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The resource theory of quantum thermodynamics has been a very successful theory and has generated
much follow-up work in the community. It requires energy-preserving unitary operations to be
implemented over a system, bath, and catalyst as part of its paradigm. So far, such unitary operations
have been considered a “free” resource in the theory. However, this is only an idealization of a necessarily
inexact process. Here, we include an additional auxiliary control system which can autonomously
implement the unitary by turning an interaction “on or off.” However, the control system will inevitably be
degraded by the backaction caused by the implementation of the unitary. We derive conditions on the
quality of the control device so that the laws of thermodynamics do not change and prove—by utilizing a
good quantum clock—that the laws of quantum mechanics allow the backreaction to be small enough so
that these conditions are satisfiable. Our inclusion of nonidealized control into the resource framework also
raises interesting prospects, which were absent when considering idealized control. Among other things,
the emergence of a third law without the need for the assumption of a light cone. Our results and framework
unify the field of autonomous thermal machines with the thermodynamic quantum resource-theoretic one,
and lay the groundwork for all quantum processing devices to be unified with fully autonomous machines.

DOI: 10.1103/PhysRevX.13.011016 Subject Areas: Quantum Physics, Quantum Information

I. INTRODUCTION

Thermodynamics has been tremendously successful in
describing the world around us. It has also been at the heart
of developing new technologies, such as heat engines
which powered the Industrial Revolution, and jet and space
rocket propulsion, just to name a few. In more recent times,
scientists have been developing a theoretical understanding
of thermodynamics for tiny systems for which often
quantum effects cannot be ignored. These ongoing devel-
opments are influential in optimizing current quantum
technologies or understanding important physical proc-
esses. Take, for example, molecular machines or nano-
machines such as molecular motors [1], which are
important in biological processes [2], or distant technolo-
gies such as nanorobots [3], where quantum effects on the
control mechanism and the backreaction they incur are
likely to be significant due to their small size.

The modern quantum thermodynamics literature tends
to be about two types of processes: those which are
fully autonomous (i.e., the processes described by time-
independent Hamiltonians) and thosewhich assume implicit
external control at no extra cost (i.e., the processes described
by time-dependent Hamiltonians). An example of processes
described by a constant Hamiltonian is the Brownian ratchet
popularized byFeynman et al. [4],which simply sits between
two thermal baths and extracts work in situ. There are many
autonomous quantum thermal machines built on similar
principles [5–16]. However, there are a number of processes,
such as quantum Carnot cycles, that are described by time-
dependent Hamiltonians and thus require external control.
This is true both in theory [17–22] and in experiment [23].
See Fig. 1 for a comparison of autonomous and nonauton-
omous processes.
The nonautonomous engines of the kind depicted in Fig. 1

require an external agent that makes the changes. This does
not happen in the engines used in our daily life. E.g., car
engines do not require any external control; the passage via
different strokes during the cycle is caused by suitable
feedback mechanisms. An example of a thermal machine
that requires switching between the strokes by an external
agent is the quantum heat engine of Ref. [23], where
alternating coupling to the hot and the cold bath is imple-
mented by switching between two lasers—one producing
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thermal light of high temperature while the other one
producing light at low temperature.
In this context, the following problem appears. While the

nonautonomous machines involve additional systems
responsible for making the changes, those additional
systems are by definition not considered explicitly. For
microscopic engines, such systems might actually be a
place where a significant amount of entropy and/or energy
is being deposited. Such entropy production is actually
likely to occur in microscopic regimes due to the quantum
backreaction occurring between the controlling unit and the
controlled system. Thus, there may be hidden thermody-
namic costs which are not accounted for. Hence, the
following question can be posed: Given a nonautonomous
thermal machine, is it possible to provide an explicit control
scheme, such that the overall (now autonomous) machine
will exhibit no additional cost?
This question is especially relevant in the context of the

recently developed resource theory of thermodynamics [26],
where any process is supposed to arise from the concatena-
tion of basic operations which are energy-preserving unitary
transformations over a microscopic system of interest and a

thermal bath. Thus, here we deal with external control
represented by a time-dependent Hamiltonian that imple-
ments the subsequent unitaries. In such a microscopic
regime, the hidden costs acquired by the control system
may be indeed high, as is indicated by the phenomenon of so-
called embezzling [27,28] (see Sec. II B).
The problem of the cost of making the resource-theoretic

thermal machines autonomous was considered in Ref. [29].
The control device was implemented by means of an
idealized momentum clock. Actually, any conceivable
control system that enables one to go from a time-
dependent Hamiltonian description to a time-independent
one must involve a clock as part of the control unit. I.e., a
device for which the change in its state, due to time
evolution, allows one to predict time.
E.g., in a car engine the role of the clock is played by

periodic motion of the piston (arising via so-called self-
oscillation [30]), or in the already mentioned single-ion
heat engine of Ref. [23], the timing involved in the
changing of the lasers is ultimately due to an external
electronic device, which is a kind of clock.
Unfortunately, the clock used in Ref. [29] requires

infinite energy. It was first noted by Pauli that such clocks
are unphysical [31], and we provide more weight to Pauli’s
argument in this paper.
In this paper, the question of whether one can make the

resource-theoretic thermal machines autonomous without
incurring an extra thermodynamic cost is reconsidered and
positively answered.
Namely, we start with nonautonomous scenario, where

an external agent performs energy-preserving unitary on
system plus bath. We then examine the clock which turns
on and off the interactions implementing the unitaries (as
per Fig. 2) and derive conditions so that the change in the
clock’s state due to the backreaction on it has a vanishingly
small thermodynamic cost. We then show that clocks exist
which satisfy our criterion. In particular, we find a family of

FIG. 1. Fully autonomous thermal machines vs a type of
nonautonomous cycle-based machine. (a) Depiction of a quan-
tum thermal-absorption machine. These devices do not need
external control to operate; i.e., they are governed by time-
independent Hamiltonians. Given enough time, they settle into
a functioning steady state where heat from a heat bath is
converted via a machine (composed of fine-tuned energy
levels and couplings) into a low-entropy useful state (such as
a charged battery) and a high-entropy “waste” state (such as a
room-temperature thermal state). See Refs. [5,24] for reviews.
(b) Schematic of a nonautonomous thermal machine. In this
resource-based framework [25], an energy-preserving unitary is
performed over a heat bath and initial system state. The unitary is
chosen so that the transformed system state is of high value (e.g.,
it could represent a charged battery). The control required to per-
form the energy-preserving unitary necessitates a time-dependent
Hamiltonian and may not be thermodynamically cost-free.

FIG. 2. Schematic of the autonomous quantum devices we
focus on: a nonautonomous thermal machine complemented by a
quantum clock. The system in the dotted-line box is the same as
in Fig. 1(b). It depicts the standard systems involved in the
resource-theoretic approach to thermodynamics. If no other
systems are involved, its dynamics are described by a time-
dependent Hamiltonian. If one includes an additional quantum
system whose state changes in a predictable fashion with the
passing of time, i.e., a clock, then it can turn on and off interaction
terms at specific times, leading to an autonomous implementation
of the resource-theoretic approach to thermodynamics. Hence, we
use a clock as a control device.
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clocks with different dimensions, for which there is no
change in energy while the difference in entropy relative to
before and after the unitary has been performed is vanish-
ingly small as the clock increases in size. Importantly, since
our clocks use finite energy, they avoid the issues of the
clock of Ref. [29]. Our work thus demonstrates that the
control needed to implement thermodynamic transforma-
tions in the resource-theoretic paradigm can indeed be
neglected under certain achievable circumstances. In this
way, we show that nonautonomous resource-theoretic
thermal machines can be recast into autonomous ones
without additional cost.
As a by-product, our necessary conditions for the change

in the clock to not have a significant additional thermo-
dynamic cost reveal the emergence of a third law: If the
clock implements the unitary too quickly (relative to the
free dynamics of the system and clock), it will suffer a large
backreaction and will represent a significant additional
thermodynamic cost in addition to failing to implement
correctly the required unitary. The minimum time interval
in which the unitary can be implemented without the clock
suffering significant backreaction is limited by the dimen-
sion of the clock. This demonstrates the emergence of a
third law without the need to impose a light cone or locality
condition on how the unitary is implemented [32].
The rest of this paper is divided into five main sections:

Setting II, Results III, Discussion IV, and Conclusions V. In
the Setting section, we start by describing the thermody-
namic transformations under the convention of idealized
control. This is summarized in Definition 1. Then, in
Sec. II B, we describe how to explicitly implement the
control via time-independent dynamics on the system of
interest and an additional system called a “clock.” Finally,
before moving to the Results section, we show why the cost
of control can be counterintuitive by showing how it is
related to the established phenomenon of catalytic embez-
zlement and how idealized control requires infinite energy
(see Proposition 3). Our results discussed in Sec. III start
with the simplest case possible: the control of so-called
noisy operations, in which baths are a source of entropy but
not heat. The result is quantified in Theorems 1 and 2. The
core of Theorem 1 is what we can call “no-embezzling
conditions.” Namely, for the first time, we give a lower
bound for the value of error on the catalyst that does not
cause deviation from the second laws, i.e., from the
limitations for transitions via noisy operations at zero error
on the catalyst. We then move on to consider the full
paradigm of control of thermodynamic operations in which
the baths are a source of entropy and heat—the so-called
thermal operations. This case is summarized in Theorems 3
and 4. In both cases (i.e., noisy and thermal operations), we
allow for catalysts and provide conditions under which the
cost of control is neglectable. The situation is more nuanced
in the case of thermal operations and has unforeseen
consequences which we discuss. Finally, in the last two
sections (Discussion IV and Conclusions V), we discuss in

more detail the implications of our work followed by a
summary.
The proofs of our results are given in the Appendix.

Additional technical details required for the proofs are
relegated to the Supplemental Material [33].

II. SETTING

A. Types of thermodynamic transformations

1. Background: Thermal operations and variants

Resource theories have been applied to the study of
quantum thermodynamics. In this setting, one considers
transformations from a state ρ0A to ρ1A for which there exists a
unitary UAG over system A and a Gibbs state τG such that
ρ1A ¼ trG½UAGðρ0A ⊗ τGÞU†

AG�. This setup is entropy pre-
serving since it is a unitary transformation. In order to call it a
thermal operation (TO), we further require the process to be
energy preserving, namely, ½UAG; ĤA þ ĤG� ¼ 0, where
ĤA is the local Hamiltonian of the A system and ĤG that
of the thermal bath [54]. These operations can be extended to
the strictly larger class of catalytic TOs (CTOs) by consid-
ering additional “free” objects called catalysts ρ0Cat. In this
case, the A system is bipartite with the requirement that the
catalyst is returned to its initial state after the transfor-
mation ρ1S⊗ρ0Cat¼ trG½USCatGðρ0S⊗ρ0Cat⊗τGÞU†

SCatG�, with
a Hamiltonian ĤA of the form ĤS þ ĤCat. The bath provides
a source of entropy and heat. In the special case in which its
Hamiltonian is completely degenerate, its Gibbs state τG
becomes the maximally mixed state τG ∝ 1G, and the bath
can now provide only entropy. These are known as catalytic
noisy operations (CNOs), or simply, noisy operations (NOs)
when there is no catalyst involved [55,56]. It is known
that CNOs allow for transitions that are not possible by
NOs [57,58].
In these frameworks, the operations (NOs, CNOs, TOs,

and CTOs) are considered to be free from the resource
perspective, since they preserve entropy and energy over
system A and the bath G—the two resources in thermo-
dynamics. However, note that there is the assumption that
the external control (i.e., the ability to apply energy-
preserving unitaries over the setup) is “perfect.” In order
to challenge this perspective, we now introduce an auxiliary
system to represent explicitly the system which implements
the external control, while aiming to show to what extent it
can be free, from the resource-theory perspective.

2. t-catalytic thermal operations

If the control system is a thermodynamically free
resource, its final state after the transition must be as
useful as the state it would have been in had it not
implemented the unitary, and instead evolved unitarily
according to its free Hamiltonian. One way to realize this
within the resource-theoretic paradigm is to choose a
control device whose free evolution is periodic and let

AUTONOMOUS QUANTUM DEVICES: WHEN ARE THEY … PHYS. REV. X 13, 011016 (2023)

011016-3



the time taken to apply the unitary be an integer multiple of
its period. In this scenario, the control device fits nicely
within the resource-theory framework, since when viewed
at integer multiples of the period, the control device is a
catalyst according to CTOs.
The downside with this approach is that the times

corresponding to multiples of the period are a measure zero
of all possible times. Consequently, not only would one need
an idealized clock which can tell the time with zero
uncertainty to discern these particular times, but one
would like to be able to say whether the transition was
thermodynamically allowed during proper intervals of time.
Fortunately, there is a simple generalization of CTOs [59]
which naturally resolves this issue. We introduce t-CTOs
which take into account that the transition is not instanta-
neous, but moreover occurs over a finite time interval. In the
following definition, one should think of the catalyst system
as playing the role of the external control device.
Definition 1. (t-CTO and t-CNO) A transition from

ρ0Sðt1Þ to ρ1Sðt2Þ with t1 ≤ t2 is possible under t-CTO if and
only if there exists a finite-dimensional quantum state ρCat
with Hamiltonian ĤCat such that

ρ0Sð0Þ ⊗ ρ0Catð0Þ⟶TO σ̄SðtÞ ⊗ ρ0CatðtÞ; ð1Þ

where

σ̄SðtÞ ¼
�
ρ0SðtÞ if t ∈ ½0; t1�;
ρ1SðtÞ if t ∈ ½t2; t3�;

ð2Þ

ρnDðtÞ ≔ e−itĤDρnDe
itĤD , D ∈ fS;Catg; n ∈ f0; 1g, and t1 is

called “the time when the TO began,” while t2 “the time at
which the TO was finalized.” ½0; t1Þ and ðt2; t3� are both
proper intervals called “the time before the TO began” and
“the time after the TO was finalized,” respectively. In the
special cases where the bath can be only maximally mixed
τG ∝ 1G, it is denoted τ̃G and we call the transition a t-CNO.
Unless stated otherwise, we always use the notation ρnDðtÞ,

n ∈ f0; 1g to denote the free evolution of a normalized
quantum state ρnD on some Hilbert spaceHD according to its
free Hamiltonian ĤD, namely, ρnDðtÞ ¼ e−itĤDρnDe

itĤD .
Definition 1 captures two notions: on the one hand, that the

individual subsystems are effectively noninteracting before
and after the transition has taken place, and on the other hand,
that during the time interval ðt1; t2Þ in which the transition
occurs, arbitrarily strong interactions could be realized.
Note that there are two special cases for which t-CTOs
reduce to CTOs at times t1, t2: when the Hamiltonian of the
catalyst is trivial (i.e., if ĤCat ∝ 1Cat), andwhen the catalyst is
periodic with t1, t2 integer multiples of its period T0 [i.e.,
if ρ0Catðt1Þ ¼ ρ0Catðt2Þ ¼ ρ0CatðT0Þ].
From the resource-theoretic perspective, the characteri-

zation of t-CTOs is the same as CTOs as the following
proposition shows.

Proposition 2. (t-CTO and CTO operational equiva-
lence) A t-CTO from ρ0Sðt1Þ to ρ1Sðt2Þ using a catalyst
ρ0Catð0Þ exists if and only if a CTO from ρ0S to ρ1S exists
using catalyst ρ0Catð0Þ. In other words,

ρ0Sð0Þ ⊗ ρ0Catð0Þ⟶TO σ̄SðtÞ ⊗ ρ0CatðtÞ; ð3Þ

where σ̄SðtÞ is defined in Eq. (2) if and only if

ρ0S ⊗ ρ0Catð0Þ⟶TO ρ1S ⊗ ρ0Catð0Þ: ð4Þ

Proof.—It is simple. For t ∈ ½0; t1�, Eq. (3) always holds
since the lhs and rhs differ only by an energy-preserving
unitary on the catalyst, which is a valid TO. Therefore, the
only nontrivial instance of Eq. (3) is for t ∈ ½t2; t3�. Let us
now compare Eqs. (3) and (4) for t ∈ ½t2; t3�: The only
difference is an energy-preserving unitary transformation on
the catalyst state on the rhs. However, all energy-preserving
unitary translations are TOs. Therefore, one can always go
from the rhs of Eq. (4) to the rhs of Eq. (3) via a TO. This
proves the “if” part of the proposition. Conversely, since the
inverse of an energy-preserving unitary is another energy-
preserving unitary, one can always go from the rhs of Eq. (3)
to the rhs of Eq. (4) via a TO. ▪
While the generalization to t-CTOs is admittedly quite

trivial in nature, it is nevertheless important when considering
the autonomous implementation of CTOs. So far, the
t-CTOs only allow us to include the external control mecha-
nism explicitly into the CTOs paradigm in such a way that
they constitute a free resource. In the next section,we see how
this free resource unfortunately corresponds to unphysical
time evolution governed by an idealized clock. It, however,
sets the benchmark for what we should be aiming to achieve,
if only approximately, with a more realistic control device.

B. Idealized control, clocks,
and embezzling catalysts

When a dynamical catalyst in a t-CTO is responsible for
autonomously implementing the transition, it must have its
own internal notion of time in order to implement the
unitary between times t1 and t2. While in practice, the clock
part may form only a small part of the full dynamical
catalyst system, for convenience of expression, we refer to
such dynamical catalysts as a clock and denote the state of
the clock with the subscript Cl. Specifically, we require
the clock to induce dynamics on a system A which
corresponds to a t-CTO on A. In other words, evolution
of the form ρFAClGðtÞ ¼ e−itĤAClGðρ0A ⊗ ρ0Cl ⊗ τGÞeitĤAClG

where ρFAClGðtÞ satisfies [60]

ρFAClðtÞ ¼ ρFAðtÞ ⊗ ρ0ClðtÞ; ρFAðtÞ ¼
�
ρ0AðtÞ if t ∈ ½0; t1�;
ρ1AðtÞ if t ∈ ½t2; t3�:

ð5Þ
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Here, ρ0ClðtÞ denotes the free evolution of the clock,

ρ0ClðtÞ ¼ e−itĤClρ0Cle
itĤCl : ð6Þ

In the case in which the clock aims to implement autono-
mously a TO, we have that the rhs of Eq. (5) satisfies
ρ0AðtÞ ¼ ρ0SðtÞ and ρ1AðtÞ ¼ ρ1SðtÞ, while in the case of a
CTO, ρ0AðtÞ ¼ ρ0SðtÞ ⊗ ρ0CatðtÞ and ρ1AðtÞ ¼ ρ1SðtÞ⊗ ρ0CatðtÞ.
In this latter case, we see that we have two catalysts. The
first one ρ0Cat simply allows for a transition on S which
would otherwise be forbidden under TOs, while the second
one ρ0Cl is the clock which implements the transition
autonomously. Furthermore, note that while the rhs of
Eq. (5) is evolving according to the free Hamiltonian
ĤA þ ĤCl, the Hamiltonian ĤAClG can, in principle, be
of any form such that Eq. (5) holds.
The following rules out the possibility of dynamics of the

form Eq. (5) for a wide class of clock Hamiltonians even
when Eq. (5) is relaxed to include correlations between
system A and the clock.
Proposition 3. (Idealized control no-go) Consider a

time-independent Hamiltonian ĤAClG on HAG ⊗ HCl
where HAG is finite dimensional and HCl arbitrary,
which, without loss of generality, we expand in the form

ĤAClG ¼ ĤAG ⊗ 1Cl þ
PdAdG

l;m¼1 jElihEmjAG ⊗ Ĥðl;mÞ
Cl , where

fjEliAGgdAdGl¼1 are the energy eigenstates of ĤAG ¼ ĤAþ ĤG,
the free Hamiltonian on HA and the bath. Both of the
following two assertions cannot simultaneously hold:

Case 1. For all k; l ¼ 1; 2;…; dAdG; k ≠ l, the power-
series expansion in t,

tr½e−itĤðk;kÞ
Cl ρ0Cle

itĤðl;lÞ
Cl � ð7Þ

¼
X∞
n;m¼0

tr

�ð−iĤðk;kÞ
Cl Þn
n!

ρ0Cl
ðiĤðl;lÞ

Cl Þm
m!

�
tnþm ð8Þ

has a radius of convergence r > t2.
Case 2. For some 0 < t1 < t2 < t3, there exists a TO
from ρ0AðtÞ to

ρFAðtÞ ¼
�
ρ0AðtÞ for t∈ ½0; t1�
trG½UAG(ρ

0
AðtÞ⊗ τG)U

†
AG� for t∈ ½t2; t3�;

ð9Þ

which is implementable via unitary dynamics of the
form

ρFAðtÞ ¼ trGCl½e−itĤAClGðρ0A ⊗ ρ0Cl ⊗ τGÞeitĤAClG �; ð10Þ

where UAG in Eq. (9) has a nondegenerate spectrum,
and it is an energy-preserving unitary, namely,
½UAG ⊗ 1Cl; ĤAGCl� ¼ 0.

See the Appendix Sec. A 1 for a proof by contradiction.
The requirement of nondegenerate spectrum in Case 2 for
UAG allows for exclusion of the trivial casesUAG ∝ 1AG for
which Cases 1 and 2 can simultaneously hold [61].
Furthermore, the no-go proposition also covers the more
relaxed setting in which the clock (or any catalyst included
in A) is allowed to become correlated with the system. The
correlated scenario is also important and studied within the
context of idealized control in Refs. [62–64].
Physical intuition suggests that if the Hamiltonian ĤAClG

is infinite dimensional, the dynamics it induces can be
arbitrarily well approximated by replacing it by a projec-
tion onto an arbitrarily large finite-dimensional subspace.
However, such a projection would imply that the terms

Ĥðl;mÞ
Cl found in the Hamiltonian ĤAClG are replaced with

finite-dimensional matrices, and the series in line (7) would
converge. Therefore, according to the above proposition, if
Case 1 holds, the Hamiltonian ĤAClG cannot be approxi-
mated as one would expect.
On the other hand, Case 2 includes the desirable scenario

of idealized control discussed at the beginning of Sec. II B.
Therefore, the no-go proposition tells us that if ideali-
zed control is possible, it requires infinite-dimensional
Hamiltonians which cannot be approximated in the way
one might expect.
It can also be seen that the contradicting statements,

Cases 1 and 2 in Proposition 3 are not due to a necessity to
implement Case 2 with “abruptly changing” dynamics,
since the unitary UAG facilitating the TO from ρ0A to ρ1A
can be implemented via a smooth function of t, namely,
UAGðtÞ ¼ exp½−iĤu

R
t
t1
δ̄ðxÞdx�, with δ̄ðtÞ a normalized

bump function with support on some interval ⊆ ½t1; t2�
and Ĥu an appropriately chosen time-independent
Hamiltonian.
The no-go proposition thus rules out physical imple-

mentation of idealized control for a number of cases. We
now give some examples in which Case 1 or 2 holds.
Proposition 3, Case 1 holds when ρ0Cl is an analytic vector
[65]. The simplest example of this is when ρ0Cl has bounded
support on the spectral measures of the Hamiltonians

fĤðk;kÞ
Cl gdAdClk¼1 , such as in the finite-dimensional clock case.

One can, however, find examples for Proposition 3 in
which Case 2 is fulfilled while Case 1 is not. This
corresponds to the case of the idealized momentum clock
used for control in Ref. [29]. In this case, the Hamiltonian
ĤAGCl from Proposition 3 can be written in the form
ĤAGCl ¼ ĤAG ⊗ 1Cl þ

PdAdG
n¼1 ΩnjEnihEnjAG ⊗ gðx̂ClÞþ

1AG ⊗ p̂Cl, with x̂Cl, p̂Cl canonical position and momen-
tum operators of a particle on a line. When g and the initial
clock state have bounded support in position, Case 2 in
Proposition 3 is satisfied, but Case 1 is not. Unfortu-
nately, such a clock state is so spread out in momentum, the
power-series expansion Exp½−itp̂Cl� ¼

P∞
n¼0ð−itp̂ClÞn=n!

diverges in norm when evaluated on it. This is closely
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related to another unphysical property of such clock states,
namely, that the Hamiltonian has no ground state, as first
pointed out by Pauli [31]. We also see how this idealized
control allows one to violate the third law or thermody-
namics in Sec. III B—something which should not be
possible with control coming from a physical system.
We thus refer to dynamics for which ρFAClðtÞ satisfies
Eq. (5) as idealized dynamics.

At first sight, these observations may appear to be of
little practical relevance, since indeed, one does not care
about implementing the transition from ρ0S to ρ

1
S exactly, but

only to a good approximation. Furthermore, for a suffi-
ciently large clock, one might reasonably envisage being
able to implement all transformations whose final states
ρFS ðtÞ are in an epsilon ball of those reachable under t-CNO
(and not a larger set) to arbitrary small epsilon as long as
the final clock state becomes arbitrarily close in trace
distance to the idealized case, namely, if kρFClðtÞ − ρ0ClðtÞk1
tends to zero as the dimension of the clock becomes large
and approaches an idealized clock of infinite energy.
Unfortunately, this intuitive reasoning may be false due
to a phenomenon known as embezzlement. Indeed, when
Eq. (5) is not satisfied, the clock is disturbed by the act of
implementing the unitary. As such, it is no longer a catalyst,
but only an inexact one. Inexact catalysis has been studied
in the literature with some counterintuitive findings. In
Ref. [28], an inexact catalysis pair ρ0Cat, ρ

1
Cat of dimension

dCat was found such that for any dS-dimensional system,
their trace distance vanished in the large-dCat limit:

kρ0Cat − ρ1Catk1 ¼
dS

1þ ðdS − 1Þ logdS dCat
: ð11Þ

Yet the noisy operation ρ0S ⊗ ρ0Cat ⟶NO
ρ1S ⊗ ρ1cat becomes

valid for all states ρ0S, ρ
1
S in the large-dCat limit. In other

words, they showed that the actual transition laws for the
achievable state ρ1S given an initial state ρ0S cannot be
approximated by those of CNOs; they are completely
trivial, since all transformations are allowed. This para-
doxical phenomenon is known as work embezzlement [66]
and stems from the concept of entanglement embezzle-
ment [27].
By virtue of Proposition 2, the above example shows that

simply finding a clock satisfying kρFClðtÞ − ρ0ClðtÞk1 → 0 as
dCl → ∞ is not sufficient to conclude that the set of allowed
transformations generated by t-CNOs (and thus, CTOs)

corresponds to the set of transformations which can
actually be implemented with physical control systems.
A thought experiment illustrating such phenomena can
be found at the classical level in Fig. 3.

III. RESULTS

We start with the easier case of CNOs in Sec. III A
before moving on to the more demanding setting of CTOs
in Sec. III B.

A. Autonomous control for catalytic noisy operations

In this section, we provide two theorems which together
show that there exist clocks which are sufficiently accurate
to allow the full realization of t-CNOs to arbitrarily high
precision. Our first result gives a sufficient condition on the
clock so as to be guaranteed that the achieved dynamics of
the system are close to a transition permitted under t-CNOs.
It can be viewed as a converse theorem to the result in
Ref. [28] discussed at the end of Sec. II B.
In the following theorem, let VSCatClGðtÞ ¼ e−itĤSCatClG be

an arbitrary unitary implemented via a time-independent
Hamiltonian ĤSCatClG over ρ0S ⊗ ρ0Cat ⊗ ρ0Cl ⊗ τ̃G and sup-
pose that the final state at time t ≥ 0,

FIG. 3. The counterintuitive phenomenon of embezzlement.
Consider a thought experiment in which an athlete who has to
push a mass M a distance ΔX against a resistive force F ¼ Mg
due to gravity pushing down on the weight. Suppose the distance
the athlete has to push the weight is given by ΔX ¼ fðMÞ, where
fðMÞ → 0 as M → ∞. The work done by the athlete pushing the
weight is W ¼ μ0FΔX ¼ μ0gMfðMÞ, for some coefficient of
resistance μ0. One might be inclined to reason that the amount of
work the athlete has to do in the limit of infinite mass M is zero,
since the distance ΔX the weight has to be pushed is zero in this
limit. However, a closer analysis would reveal that this is only
correct if fðMÞ decays sufficiently quickly—quicker than an
inverse power. An analogous phenomenon is at play in our
control setting. There, in the case of the idealized clock, Eq. (5)
holds, yet this is unachievable since it requires infinite energy.
However, all finite clocks suffer a minimal backreaction, and
even though this backreaction can vanish in the large-dimension
or -energy limit [cf. Eq. (11)], this is not sufficient to conclude
that the set of implementable transformations are close to those
implementable via the idealized clock. Moreover, the rate at
which the error needs to vanish and whether this is physically
achievable were (prior to this work) completely unknown.

Take home message from Proposition 3: Control
devices which do not suffer any backreaction
when implementing a thermodynamic transition,
arguably necessitate unphysical Hamiltonians.
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ρFSCatClGðtÞ ¼ VSCatClGðtÞðρ0S ⊗ ρ0Cat ⊗ ρ0Cl ⊗ τ̃GÞV†
SCatClGðtÞ

ð12Þ
deviates from the idealized dynamics by an amount

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1
≤ ϵembðt; dS; dCatdClÞ; ð13Þ

where recall that ρ0ClðtÞ is the free evolution of the
clock according to its free, time-independent Hamiltonian
ĤCl [Eq. (6)] and likewise for ρ0CatðtÞ with arbitrary
Hamiltonian ĤCat.
Theorem 1. (Sufficient conditions for t-CNOs). For all

states ρ0S not of full rank, and for all catalysts ρ0Cat, clocks
ρ0Cl, and maximally mixed states τ̃G, there exists a state
σSðtÞ which is ϵres close to ρFS ðtÞ,
kσSðtÞ − ρFS ðtÞk1 ≤ ϵres(dS; dCatdCl; ϵembðt; dS; dCatdClÞ);

ð14Þ
such that for all times t ≥ 0, a transition from

ρ0S ⊗ ρ0Cat ⊗ ρ0Cl to σSðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞ ð15Þ

is possible via a NO [i.e., ρ0S to σSðtÞ via t-CNO].
Specifically, for fixed dS and in the limit that dCatdCl
and 1=ϵemb tend to infinity:

ϵresðdS; dCatdCl; ϵembÞ

¼ 15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dS lnðdCatdClÞ
ln ð1=ϵembÞ

ð1þ dCatdClϵ
1=7
embÞ

s
: ð16Þ

Explicitly, one possible choice for σSðtÞ is

σSðtÞ¼
�
1S=dS ifkρFS ðtÞ−1S=dSk1<ϵres;

ð1−ϵresÞρFS ðtÞþϵres1S=dS ifkρFS ðtÞ−1S=dSk1≥ϵres:

See Appendix Sec. A 2 for a proof and an expression for
ϵres which holds when dCatdCl and ϵemb are finite. Note that
this theorem also holds more generally if one replaces
ĤSCatClG with any time-dependent Hamiltonian. However,
the time-independent Hamiltonian case is better physically
motivated.
Before we move on, let us understand the physical

meaning of the terms ϵemb, ϵres. By comparing the definition
of ϵemb in Eq. (13) with that of Eq. (5), we see that it is the
difference in trace distance between the dynamics achieved
with the idealized clock and the actual dynamics achieved
by the clock. Thus, the quantity ϵemb upper bounds how
much one can embezzle from the resulting unavoidable
inexact catalysis of the clock. Then, ϵres (which is a
function of ϵemb) characterizes the resolution, i.e., how
far from a t-CNO transition one can achieve due to

embezzlement from the inexact catalysis. For example,
consider a hypothetical clock for which ϵemb decays as an
inverse power with dCl. Then, ϵres would diverge with
increasing dCl and Theorem 1 would not tell us anything
useful. On the other hand, if we have a more precise clock
with, for example, ϵemb exponentially small in dCl, then
Theorem 1 would tell us that ϵres converges to zero as dCl
increases.

Whether ϵemb and ϵres can both be simultaneously small
depends on both the quality of the clock used and the
transition one wishes to implement. Two examples at
opposite extremes are as follows. Both ϵemb and ϵres are
trivially arbitrarily small (zero in fact), and the conditions in
Theorem 1 are satisfied when the t-CTO transition is the
identity transition (i.e., ρ0S to ρ0S). At the opposite extreme,
both ϵemb and ϵres cannot be small or vanishing when one
attempts a nontrivial t-CNO transition which occurs
instantaneously, i.e., one for which ρFS ðtÞ ¼ ρ0S for t ∈
½0; t1� and ρFS ðtÞ ¼ ρ1S for t ∈ ðt1; t3�.
Our next theorem shows how one can implement to

arbitrary approximation all t-CTO transitions, over any fixed
time interval ðt1; t2Þ, yet without allowing for a larger class,
as the examples in Eq. (11) and Fig. 4(b) do. To achieve this,
onemust choose the time-independent Hamiltonian ĤSCatClG
and initial clock state ρ0Cl appropriately. The theorem will use

FIG. 4. Possible scenarios resulting from the physical imple-
mentation of t-CNOs. Given a state ρ0S, the above blue Venn
diagrams represent the set of states ρ1S which can be reached
under t-CNOs. The orange Venn diagrams represent possible
scenarios of reachable states when attempting to implement a
t-CNO, while gray represents the intersection of the two sets.
Because of the apparent impossibility of perfect control and that
embezzlement can occur [see Eq. (11)], all options (a) to (d) are,
in principle, open. Theorem 1 gives sufficient conditions on the
control (clock) so that either (a) or (d) occur. Theorem 2 shows
that transitions implemented via the quasi-ideal clock can achieve
(d) under reasonable circumstances.

Take home message from Theorem 1: There is a
threshold on the amount of backreaction the
control system can incur, above which the laws
of thermodynamics have to bemodified to include
the thermodynamics of the control system.
Theorem 1 provides a bound on this threshold
when the bath transfers entropy but not heat.
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the quasi-ideal clock [67] discussed in detail in the Appendix
Sec. A 3 for the clock system onHCl. The quasi-ideal clock
has been proven to be optimal for some tasks related to
reference frames [68–70] and clocks [71,72], and it is also
believed to be optimal for others [73]. In the following, T0

denotes the period of the quasi-ideal clock (when evolving
under its free evolution), i.e., ρ0ClðT0Þ ¼ ρ0Clð0Þ.
Theorem 2. (Achieving t-CNOs). Consider the quasi-ideal
clock [67] detailed in Sec. A 3 a with a time-independent

Hamiltonian of the form ĤSCatClG ¼ ĤS þ ĤCat þ ĤG þ
ÎSCatClG þ ĤCl giving rise to unitary dynamics

ρFSCatClGðtÞ ¼ VSCatClGðtÞðρ0S ⊗ ρ0Cat ⊗ ρ0Cl ⊗ τ̃GÞV†
SCatClGðtÞ:

For every pair ρ0S,ρ
1
S forwhich there exists a t-CNO fromρ0S to

ρ1S using a catalyst ρ0Cat, there exists an interaction term
ÎSCatClG such that the following hold.
(1) σSðtÞ satisfies Eq. (15) and is of the form

σSðtÞ ¼
�
ρ0SðtÞ for times t ∈ ½0; t1� ði:e:; “before” the transitionÞ;
ρ1SðtÞ for times t ∈ ½t2; T0� ði:e:; “after” the transitionÞ:

(2) ϵemb ([satisfying Eq. (13)] is given by

ϵemb ¼ ð2þ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCat

p
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εClðdClÞ

p
; ð17Þ

for all t ∈ ½0; t1� ∪ ½t2; T0�, where εClð·Þ is indepen-
dent of dS, dCat, dG and is of order

εClðdClÞ ¼ OðpolyðdClÞ exp ½−cd1=4Cl �Þ; ð18Þ
as dCl → ∞, with c ¼ cðt1; t2; T0Þ > 0 for all
0 < t1 < t2 < T0, and it is independent of dCl.

See the Appendix Sec. A 4 a for a proof.
As a direct consequence of Theorem 1, in the scenario

described in Theorem 2, ϵres is of power-law decay in dCl as
dCl → ∞, and thus, both ϵemb and ϵres are simultaneously
small. Therefore, the quasi-ideal clock allows all t-CNOs to
be implemented without additional costs not captured by
the resource theory.

The property that τ̃G is a maximally mixed state for CNOs
is at the heart of two important aspects involved in proving
Theorems 1 and 2. On the one hand, all CNOs (and hence, all
t-CNOs by virtue of Proposition 2), which are implemented
via an arbitrary finite-dimensional catalyst ρCat can be done
so with maximally mixed states τ̃G of finite dimension
[74,75]. The other relevant aspect is that they are the only
states which are not “disturbed” by the action of a unitary,
namely, UGτ̃GU

†
G ¼ τ̃G for all unitaries UG. Together, these

mean that the clock needed only to control a system of finite
size, and thus, the backreaction it experiences is limited and
independent of the dimension dG [76].

Onewould like to prove analogous theorems to Theorems
1 and 2 for t-CTOs. Unfortunately, their Gibbs states satisfy
neither of these two aforementioned properties. Indeed, there
exist CTOs on finite-dimensional systemsHS which require
infinite-dimensional Gibbs states of infinite mean energy to
implement them [32,75,77]. This observation combinedwith
the fact that Gibbs states are also generally disturbed by the
CTO in the sense that UGτGU

†
G ≠ τG for some UG suggests

that a theorem like Theorem 2 for which ϵres fromTheorem 1
vanishes is not possible since the backreaction on any finite
energy or dimensional clockwould be infinite in some cases.
Furthermore, there is a technical problem which prevents
such theorems. The proof of Theorem 1 uses the known,
necessary, and sufficient transformation laws for noisy
operations (the nonincrease of the so-called Rényi α entro-
pies). However, only necessary (but not sufficient) second
laws are known for CTOs (themost well-known ofwhich are
the nonincreases of the so-called Rényi α divergences [25]).

B. Autonomous control for catalytic
thermal operations

In order to circumvent the dilemma explained at the end
of the previous section, we now examine how well the
energy-preserving unitary of t-CTOs can be implemented
when one restricts to attempting to implement t-CTOs
which can be implemented with finite baths. We also
allow for some uncertainty in our knowledge, or ability
to prepare, the time-independent Hamiltonian which imple-
ments the transition. Specifically, we consider

ĤSCatClG ¼ ĤS þ ĤCat þ ĤG þ Ĥint
SCatG ⊗ Ĥint

Cl þ ĤCl;

ð19Þ
where

½ĤS þ ĤCat þ ĤG; Ĥ
int
SCatG� ¼ 0; ð20Þ

and normalization chosen such that the interaction term
has eigenvalues bounded by pi: kĤint

SCatGk∞ ≤ π. With the
interaction term Ĥint

SCatG in the Hamiltonian Eq. (19), and the
aid of the thermal bath and clock, we are targeting to
implement the joint system-catalyst state

Take home message from Theorem 2: There exist
control systems whose incurred backreaction is
small enough that one is below the threshold
mentioned in the previous box. Hence, in
conjunction with Theorem 1, it implies that the
laws of thermodynamics (for baths that transfer
only entropy and not heat) do not need to be
modifiedby taking into account the control device.
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σ1SCat ≔ trG½e−iĤint
SCatGðρ0S ⊗ ρ0Cat ⊗ τGÞeiĤint

SCatG �: ð21Þ

From Eq. (21), we can observe that the interaction term
Ĥint

SCatG already allows for potential Hamiltonian engineer-
ing imperfections, since ideally, the interaction term
should leave the final state σ1SCat in Eq. (21) in a product
state of the form ρ1S ⊗ ρ0Cat. To capture these imperfections
in Ĥint

SCatG, we introduce ÎintSCatG which, for the initial state
ρ0S ⊗ ρ0Cat ⊗ τG, implements an uncorrelated system-
catalyst state:

ρ1S ⊗ ρ0Cat ¼ trG½e−iÎintSCatGðρ0S ⊗ ρ0Cat ⊗ τGÞeiÎintSCatG �: ð22Þ
Here, ρ1S is an arbitrary state that can be produced by
such a transformation; i.e., it is an arbitrary state that can be
obtained from ρ0S via a CTO. Note that the evolution
according the total Hamiltonian in Eq. (19) will not
produce such a transformation through time evolution even
if we have the term ÎintSCatG instead of Ĥint

SCatG since the clock
is not ideal.
If we denote the difference between the states in

Eqs. (21) and (22) by

ϵH ≔ kσ1SCat − ρ1S ⊗ ρ0Catk1; ð23Þ
then Proposition 45 states that ϵH is upper bounded by

ϵH ≤ 2kδÎintSCatGk∞ þ kδÎintSCatGk2∞; ð24Þ

where kδÎintSCatGk∞ denotes the largest eigenvalue in mag-
nitude of the imperfection in the Hamiltonian preparation:
δÎintSCatG ≔ Ĥint

SCatG − ÎintSCatG. Note that there is also some
freedom in the definition of ÎintSCatG in Eq. (22) since the final
state of the bath is traced out and hence irrelevant. One can
minimize kδÎintSCatGk∞ over this degree of freedom, reducing
the control requirements over the bath degrees of freedom
and improving the bounds on ϵH.
We now introduce a state ρtargetSCatGðtÞ, which we call the

target state. It is the state which we would be able to
implement with the Hamiltonian in Eq. (19) if we had
access to an idealized clock. Hence, any deviations from
this will be due to using physical clocks in the control. It is
given by

ρtargetSCatGðtÞ≔Utarget
SCatGðtÞ½ρ0SðtÞ⊗ρ0CatðtÞ⊗ τG�Utarget†

SCatGðtÞ; ð25Þ

where Utarget
SCatGðtÞ ¼ e−iθðtÞĤ

int
SCatG with

θðtÞ ¼
�
0 for t ∈ ½0; t1�;
1 for t ∈ ½t2; t3�:

ð26Þ

(Recall that the physical meaning of t1, t2, and t3 can be
found in Definition 1.) Therefore, tracing out the bath, we
have for t ∈ ½0; t1�,

ρtargetSCat ðtÞ ¼ ρ0SðtÞ ⊗ ρ0CatðtÞ; ð27Þ

while for t ∈ ½t2; t3�,

ρtargetSCat ðtÞ ¼ e−itðĤSþĤCatÞσ1SCate
itðĤSþĤCatÞ: ð28Þ

We now define a quantity Δðt; x; yÞ which depends only on
properties of the clock system:

Δðt; x; yÞ ≔ hρ0CljΓ̂†
Clðx; tÞΓ̂Clðy; tÞjρ0Cli; ð29Þ

Γ̂Clðx; tÞ ≔ e−itĤClþixðθðtÞ1Cl−tĤint
Cl Þ; x; t ∈ R: ð30Þ

The following theorem states that if Δðt; x; yÞ is small for
all x; y ∈ ½−π; π� and the dimension of the bath dG is not
too large, then the clock can implement a unitary over
the system, catalyst, and clock which is close to a t-CTO
using the time-independent Hamiltonian in Eq. (19).
Furthermore, the clock itself is not disturbed much during
the process.
Theorem 3. (Sufficient conditions for t-CTOs) For all

states ρ0S and ρ
0
Cat, consider unitary dynamics VSCatClGðtÞ ¼

e−itĤSCatClG implemented via any Hamiltonian of the form
Eq. (19), with an initial pure clock state ρ0Cl ¼ jρ0Clihρ0Clj.
Namely, ρFSCatClGðtÞ ¼ VSCatClGðtÞðρ0S ⊗ ρ0Cat ⊗ ρ0Cl ⊗ τGÞ×
V†
SCatClGðtÞ. Then, the following hold.
(1) The deviation from the idealized dynamics is

bounded by

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1 ≤ 2ϵHθðtÞ
þ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdGtr½τ2G�

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max

x;y∈½−π;π�
j1 − Δ2ðt; x; yÞj

r
:

ð31Þ
(2) The final state ρFS ðtÞ is

kρFS ðtÞ− ρtargetS ðtÞk1 ≤ ϵHθðtÞ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdGtr½τ2G�

q
max

x;y∈½−π;π�
j1−Δ2ðt;x; yÞj; ð32Þ

close to one which can be reached via t-CTO: For all
t ∈ ½0; t1� ∪ ½t2; t3�, the transition

ρ0S ⊗ ρ0Cat ⊗ ρ0Cl to ρtargetS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞ
ð33Þ

is possible via a TO, i.e., ρ0S to ρtargetS via a t-CTO.
A proof can be found in the Appendix Sec. A 5.
Since the definition of the target state in Eq. (25) allows

one to reach all t-CTOs which are implementable with a dG-
dimensional bath [78], Theorem 3 provides sufficient
conditions for the implementation of all t-CTOs which
are implementable via such baths. As long as the set of
CTOs with finite bath size is a dense subset of the set of all
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CTOs, Theorem 3 provides sufficient conditions for imple-
menting a dense subset of CTOs. While the TO in Eq. (33)
for t ∈ ½0; t1� is “trivial” in the sense that it does not involve
interactions between the subsystems or requires the thermal
bath, it is nevertheless important since it captures the notion
of “turning on” the unitary—an essential step in the
implementation of any unitary operation.
Intuitively, in order for Δðt; x; yÞ ≈ 1 for all

x; y ∈ ½−π; π�, we see from Eq. (30) that we want the
initial clock state jρ0Cli to be orthogonal to the interaction
term Ĥint

Cl initially, and subsequently the dynamics of the
clock according to its free Hamiltonian ĤCl to “rotate” the
initial clock state jρ0Cli to a state which is no longer
orthogonal to Ĥint

Cl after a time t1 when the interaction
starts to happen. Similarly, the evolution induced by ĤCl

should make the state jρ0Cli orthogonal to Ĥint
Cl after time t2.

Meanwhile, the interaction term Ĥint
Cl should have imprinted

a phase of approximately e−ix onto the state jρ0Cli during the
time interval ðt1; t2Þ to cancel out the phase factor eixθðtÞ in
Eq. (30). So we can think of the quantity Δðt; x; yÞ as a
formal mathematical expression which quantifies the intui-
tive physical picture of “turning on and off an interaction.”
The quasi-ideal clock, which recall is of dimension dCl

and period T0 (when evolving under its free evolution), can
realize the above intuition to a very good approximation.
Indeed, the following theorem bounds the quantities on the
rhs of Eqs. (31) and (32) up to engineering errors ϵH by
setting t3 ¼ T0 in Theorem 3.
Theorem 4. [Achieving t-CTOs] For the quasi-ideal

clock, we have

max
x;y∈½−π;π�

j1 − Δ2ðt; x; yÞj

≤ OðpolyðdClÞ exp ½−cd1=4Cl �Þ ð34Þ

as dCl → ∞ for all t ∈ ½0; t1� ∪ ½t2; T0�, where Δ2ðt; x; yÞ is
defined in Eq. (30) and where c ¼ cðt1; t2; T0Þ > 0 for all
0 < t1 < t2 < T0 and is independent of dCl.
See the Appendix for the proof. On the other hand, it

turns out that the idealized momentum clock discussed in
Sec. II B satisfies Δðt; x; yÞ ¼ 1 for all x; y ∈ ½−π; π� for
an appropriate parameter choice in which Case 1 in
Proposition 3 fails (see Sec. A 6 in the Appendix). Thus,
the rhs of Eqs. (31) and (32) is exactly zero for all t1 < t2 in
this case. This observation highlights another point of
failure for this clock: It allows for the violation of the third
law of thermodynamics. The third law states that any
system cannot be cooled to absolute zero (its ground state)
in finite time. In Refs. [75,77], it was shown that under
CTOs, both the mean energy and dimension dG of the bath
need to diverge in order to cool a dS-dimensional system to
the ground state. The inability to do this in finite time by
any realistic control system on HCl manifests itself in that
maxx;y∈½−π;π� j1 − Δ2ðt; x; yÞj cannot be exactly zero in this

case, so that the rhs of Eq. (32) becomes large due to the
factor dGtr½τ2G� diverging [79]. However, for the idealized
momentum clock, the rhs of Eqs. (31) and (32) is exactly
zero even in the limit dGtr½τ2G� → ∞, thus allowing one to
cool the system on HS to absolute zero in any finite time
interval ½t1; t2�. Finally, it is also worth noting that the
change in von Neumann entropy of the clock between
before and after the unitary is implemented is vanishingly
small for the quasi-ideal clock as its dimension increases.
This follows from applying the Fannes inequality to the
results of Theorems 3 and 4. This is because the Fannes
inequality implies that the change in von Neumann entropy
between two states approaches zero when the trace distance
between said states decreases faster than 1= logðdÞ, where d
is the dimension of the system in question.

IV. DISCUSSION

Other than the fact that Theorem 1 provides the neces-
sary conditions for implementation of t-CNOs while
Theorem 3 for implementation of t-CTOs, there are two
main differences between them. The first is that Theorem 1
applies to any time-independent Hamiltonian, while
Theorem 3 to Hamiltonians of a particular form. The other
main difference is that Theorem 1 provides bounds in terms
of how close the catalyst and clock are in trace distance to
their desired states, while Theorem 3 provides bounds in

Take home message from Theorem 3: The result
provides bounds which characterize the
backreaction incurred on any control device
implementing an arbitrary thermodynamic
transition, i.e., with baths which transfer both
entropy and heat. It includes and quantifies
engineering imperfections and has important
physical consequences for nonequilibrium
physics and the third law.

Take home message from Theorem 4: There
exists a control device, such that the bounds in
Theorem 3 for the incurred backreaction are, up
to engineering inaccuracies, exponentially small
in the device’s dimension. Thus, Theorems 3 and
4 together imply the existence of control devices
such that the laws of thermodynamics are not
modified for baths that can transmit both entropy
and heat.
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terms of how close Δðt; x; yÞ is to unity. While the latter
condition implies small trace distance between the clock
and its free evolution, the converse is not necessarily true.
Fortunately, whileΔðt; x; yÞ ≈ 1 is a stronger constraint, we
show that it can be satisfied by the quasi-ideal clock (this is
Theorem 4). However, from a practical point of view, its
fulfillment is likely harder to verify experimentally since
quantum measurements can be used to evaluate trace
distances, while the ability to experimentally determine
maxx;y∈½−π;π�Δðt; x; yÞ is less clear.
Observe how the bounds in Theorems 1 and 3 increase

with dCat, the dimension of the catalyst. This aspect of the
bound is also relevant in some important cases. Most
exemplary is the setting of the important results of
Ref. [62] which show that if one allows the catalysts to
become correlated, then, up to an arbitrarily small error ϵ,
there exists a catalyst and energy-preserving unitary which
achieves any TO between states block diagonal in the
energy basis if and only if the second law (nonincrease of
von Neumann free energy) is satisfied. Here, the dimension
of the catalyst diverges as ϵ converges to zero. The setting
considered is that of idealized control, and thus the
divergence of the catalyst does not affect the implementa-
tion of transitions. However, if one were to consider
realistic control such as in our paradigm, the rate at which
the catalyst diverges would be an important factor in
determining how much backreaction the clock would
receive and consequently how large it would have to be
to counteract this effect and achieve small errors in the
implementation of the control.
There are various results regarding the costs of imple-

menting unitary operations [80–88]. These all have in
common the assumption of implicit external control, while
restricting only the set of allowed unitaries which is
implemented by the external control. The allowed set of
unitaries is motivated physically by demanding that they
obey conservation laws (such as energy conservation) or by
comparing unitaries which allow for coherent vs incoherent
operations. So while these works consider interesting
paradigms, the questions they can address are of a very
different nature from those posed and answered in this
paper. In particular, the assumption of perfect control on the
allowed set of unitaries means that effects such as back-
reaction or degradation of the control device are neglected.
While other bounds do impose limitations arising from

dynamics, these bounds are not of the right form to address
the problem at hand in this paper. Perhaps one of the most
well-known results in this direction is the so-called quan-
tum speed limit which characterizes the minimum time
required for a quantum state to become orthogonal to itself
or more generally, to within a certain trace distance of itself.
Indeed, such results have been applied to thermodynamics,
metrology, and the study of the rate at which information
can be transmitted from a quantum system to an observer
[89,90]. In our context, the promise is of a different form,

namely, rather than the final state being a certain distance
away from the initial state, we need it to be a state which is
close to one permissible via the transformation laws of the
resource theory (t-CNOs or t-CTOs). Similar difficulties
arise when aiming to apply other results from the literature.
Perhaps most markedly is Ref. [91]. Here, the necessary
conditions in terms of bounds on the fidelity to which a
unitary can be performed on a system via a control device
are derived. Unfortunately, this result is unsuitable for our
purposes for two reasons. First, their bounds become trivial
in the case that the unitary over the system to be
implemented commutes with the Hamiltonian of the system
(as is the case in this paper). Second, since catalysis is
involved in our setting, bounds in trace distance for
deviations in the state of the clock due to the implementa-
tion of a unitary, are not meaningful due to the embezzling
problem discussed in Sec. II B. The latter problem is also
why one cannot arrive at the conclusions of this paper from
Ref. [67] alone.
This work opens up interesting new questions for

future research. In macroscopic thermodynamics, the
second law applies to transitions between states which
are in thermodynamic equilibrium. Such a notion is not
present in the CTOs, since the second laws governing
transitions apply always, regardless of the nature of the
state. One intriguing possibility which comes into view
with the results in this paper is that the CTOs actually
hold only in equilibrium, and the apparent absence of this
property has been hidden in the unrealistic assumption of
idealized control. To see why, observe that we prove
only that the transition laws for t-CTOs hold for times
t ∈ ½0; t1� ∪ ½t2; t3� where the unitary implementing the
transition occurs within the time interval ðt1; t2Þ. It
appears that CTOs are not satisfied for the state during
the transition period ðt1; t2Þ. If this can be confirmed and
proven to hold in general, then this suggests that the
CTOs actually hold only in equilibrium. A potential
physical mechanism explaining this could be that at times
around t1 the clock sucks up entropy from the system it
is controlling, allowing it to become more pure after
finally releasing entropy back around the t2 time so that
the system can then become mixed enough to satisfy the
second laws.
Another aspect which the introduction of the paradigm

of physical control into the paradigm of CTOs has given
rise to naturally is the variant of the third law of thermo-
dynamics stating that one cannot cool to absolute zero in
finite time. It is noticeably absent from the CTO formalism.
Future work could now investigate this property in more
depth. Previous characterizations of the third law [32] had
to assume that the spatial area which the unitaries in the
idealized control could act upon satisfied a light-cone
bound. While this is indeed a realistic assumption, it did
not arise from the mathematics. Here it arises naturally even
without the need for a light-cone bound assumption.
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Introducing similar nonidealized control for other re-
source theories [92,93] could allow us to understand the
requirements of these paradigms.

V. CONCLUSIONS

The resource-theory approach to quantum thermody-
namics has been immensely popular over the last few years.
However, to date the conditions under which its underlying
assumptions of idealized external control can be fulfilled
have not been justified. While it is generally appreciated
that they cannot be achieved perfectly, to what extent and
under what circumstances they can be approximately
achieved remained elusive. Our paper addresses this issue,
providing sufficient conditions which we prove are satisfi-
able. In doing so, our work unites two very popular yet
starkly different paradigms: fully autonomous thermal
machines and resource-theoretic nonautonomous ones.
Our approach and methods set the groundwork for future
unifications of generic quantum processing machines, of
which resource-theoretic thermal machines can be seen as a
particular example, with generic autonomous quantum
processes.
Not only could these results be instrumental for future

experimental realizations of the second laws of quantum
thermodynamics, but they can also open up new avenues of
research into the third law of thermodynamics and the role
of nonequilibrium physics.
In particular, we introduce a paradigm in which the

cost of control in the resource-theory approach of
quantum thermodynamics using CNOs and CTOs can be

characterized. This is achieved via the introduction of t-
CNOs and t-CTOs in which control devices fit naturally
into this thermodynamic setting as dynamic catalysts.
We then derive sufficient conditions on how much the

global dynamics including the control device can deviate
from the idealized case in order for the achieved state
transition to be close to one permissible via CNOs. This is
followed by examples of a control device which achieves
this level of precision.
Finally, we introduce Hamiltonians which lead us to a

criterion for all CTOs with a finite-dimensional bath. The
bound captures the requirement of better quality control, as
the bath size needed to implement the CTO gets larger.
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Unless stated otherwise, the below commonly used notation has the indicated meaning.
(i) Abbreviations for transformations: NO, CNO, TO, and CTO. The prefix “t-” can be added to any of these

abbreviations and stands for time. See Sec. II A for their definitions.
(ii) Subscripts: The following subscripts are added to states to indicate the subsystem they belong to. Subscript S is

the system, Cat is the catalyst, Cl is the clock, G is the bath. A result with a subscript A means the result holds for
both cases A ¼ S and A ¼ SCat.

(iii) Partial trace: We use the quantum-information notation for partial trace. For a generic bipartite quantum state
ρX1X2

, we denote the state on subsystem x1 after tracing out subsystem x2 by ρX1
.

(iv) Time dependence: ρ0X or σ0X is the initial state on subsystem X. ρ1X or σ1X is the state on subsystem X after the
application of a fixed transformation to the initial state ρ1X or σ1X, respectively. ρ

n
XðtÞ or σnXðtÞ for n ¼ 0, 1 is the

dynamically evolved state ρnX or σnX according to its local Hamiltonian: ρnXðtÞ ¼ eitĤXρnXe
−itĤX or

σnXðtÞ ¼ eitĤXσnXe
−itĤX . These definitions are introduced in Sec. II A. The notation ρFX1;…;Xl

ðtÞ refers to a state
on subsystems X1;…; Xl at time t whose time evolution is not given (in general) by the sum of the local
Hamiltonians ĤX1

þ; � � � ;þHXl
. Its exact definition is context dependent and given locally in the text.

(v) Dimensions: dX is the Hilbert space dimension of subsystem X.
(vi) Thermal states: τX is the Gibbs state of subsystem X, i.e., τX ¼ e−ĤX=T=Z, where Z is the partition function, and T

is the temperature in appropriate units. The maximally mixed state denoted τ̃X is a special Gibbs state
corresponding to when ĤX is proportional to the identity 1X. It takes on the form τ̃X ¼ 1X=dX.
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APPENDIX: PROOF OVERVIEWS

In this appendix, we provide the proofs of the results in
the maim text. Owing to the complexity of some of these
proofs, with the exception of Proposition 3, the others have
a high-level overview of the proof here, with details
relegated to the Supplemental Material [33].

1. Proof of Proposition 3

Here we prove Proposition 3. We assume the assertions
in both cases in the proposition and culminate in a
contradiction, hence showing that the assertions cannot
simultaneously hold. To start with, we denote the unitary
transformation implementing the TO from ρ0AGðtÞ to ρ1AGðtÞ
by UAGðtÞ ¼ e−iδðtÞĤu where

δðtÞ ¼
�
0 if t ∈ ½0; t1�;
1 if t ∈ ½t2; t3�:

ðA1Þ

By definition of TOs, UAGðtÞ is an energy-preserving
unitary which must commute with ĤAG ¼ ĤA ⊗
1G þ 1A ⊗ ĤG ¼PdAdG

n¼1 EnjEnihEnjAG and can therefore
be chosen to be of the form Ĥu ¼

PdAdG
n¼0 ΩnjEnihEnjAG

with Ωn ∈ ½−π; πÞ. In order to avoid trivial unitaries, we
also assume that the phases are nondegenerateΩn ≠ Ωp for
n ≠ p. It then follows from ½UAG ⊗ 1Cl; ĤAGCl� ¼ 0 that

Ĥðk;lÞ
Cl ¼ 0 ðA2Þ

for k ≠ l. Using the expansion of ĤAGCl from the prepo-
sition, it then follows that

ĤAGCl ¼ ĤAG ⊗ 1Cl þ
XdAdG
n¼1

jEnihEnjAG ⊗ Ĥðn;nÞ
Cl : ðA3Þ

Expanding the state ρAG in the energy basis ρAG ¼PdAdG
l;m¼1 Al;mjElihEmjAG, we find from the definition of

ρFAGClðtÞ,

hEljρFAGðtÞjEmi ¼ Al;mðtÞtr½e−itĤ
ðl;lÞ
Cl ρCle

itĤðm;mÞ
Cl �; ðA4Þ

where the time dependence of the coefficients
Al;mðtÞ is defined via ρAGðtÞ¼e−itĤAGρAGeitĤAG ¼PdAdG

l;m¼1Al;mðtÞjElihEmjAG. On the other hand,

hEljUAGðtÞρAGðtÞU†
AGðtÞjEmi ¼ Al;mðtÞe−itðΩm−ΩlÞδðtÞ:

ðA5Þ

We now proceed to show the contradicting statement. Let
us assume we can equate Eqs. (9) and (10) and furthermore
assume that the power series in Eq. (8) is convergent in the
neighborhood of either t1 or t2. Since Eq. (A5) holds in the

case of Eq. (9), and Eq. (A4) holds in the case of Eq. (10),
we find by equating these equations for all m ≠ l,
m; l ¼ 1; 2;…; dAdG:

e−itðΩm−ΩlÞδðtÞ ¼ tr½e−itĤðl;lÞ
Cl ρ0Cle

itĤðm;mÞ
Cl �: ðA6Þ

Hence, if the power-series expansion Eq. (8) holds,

e−itðΩm−ΩlÞδðtÞ ðA7Þ

¼
X∞
n;p¼0

tr

�ð−iĤðl;lÞ
Cl Þn

n!
ρ0Cl

ðiĤðm;mÞ
Cl Þp
p!

�
tnþp: ðA8Þ

However, for t ∈ ½0; t1� we have that δðtÞ ¼ 0; thus, since
0 < t1 < r, with r the radius of convergence of the power
series, for any t̃ ∈ ð0; t1Þ, we find [94]

dq

dtq
e−itðΩm−ΩlÞδðtÞjt¼t̃ ¼ 0 for q ∈ Nþ: ðA9Þ

If we take derivatives of the rhs of Eq. (A8), evaluate at
t ¼ t̃, and set to zero, we find

tr

�ð−iĤðl;lÞ
Cl Þn

n!
ρ0Cl

ðiĤðm;mÞ
Cl Þp
p!

�
¼ δ0;nδ0;p; ðA10Þ

where δn;p denotes the Kronecker delta function. Yet if we
plug this solution into the rhs of Eq. (A8), we find a
contradiction for t ∈ ½t2; rÞ ≠ ∅.

2. Proof of Theorem 1

In this section we prove Theorem 1. We also need the
results from Appendix Secs. A 1–A 5 to aid the proof.
The below theorem is a slightly more general version of

Theorem 1 in three ways:
(1) In the below theorem, no time dependence is

assumed, since while it is physically reasonable to
do so, it is not necessary from a mathematical
perspective to prove our theorem.

(2) We denote by ρ0Cat a generic catalyst of dimension
DCat. To achieve the version of Theorem 1 in the
main text, one makes the identification ρ0Cat in the
below theorem with ρ0Cat ⊗ ρ0Cl in Theorem 1 and
letting DCat ¼ dCatdCl. The motivation for this re-
labeling is that for the purposes of this proof, there is
no point in distinguishing between the clock catalyst
(which controls the interaction) and the other cata-
lyst, which allows for thermodynamic transitions,
which would otherwise not be permitted under TOs.
In other words, it is only in later theorems that we
care about actual dynamics where the distinction
between the two types of catalysts is important.

(3) The bound on ϵresðϵemb; dS; DCatÞ in Eq. (A14) is a
more general version than that stated in Theorem 1
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in the main text. A proof that Eq. (A14) implies the
version stated in the main text can be found in
Corollary 33.

Theorem 5. [Sufficient conditions for implementing
CNOs] Consider arbitrary initial state ρ0S of not full rank
and arbitrary catalyst ρ0Cat. Consider arbitrary unitary VSCatG

over ρ0S ⊗ ρ0Cat ⊗ τ̃G, and suppose that the final state
ρFSCatG ¼ VSCatGðρ0S ⊗ ρ0Cat ⊗ τ̃GÞV†

SCatG satisfies

kρFSCat − ρFS ⊗ ρ0Catk1 ≤ ϵemb: ðA11Þ

Then there exists a state σS which is close to ρFS ,

kσS − ρFSk1 ≤ ϵres; ðA12Þ

such that

ρ0S ⊗ ρ̃Cat≻σS ⊗ ρ̃Cat ðA13Þ

for some finite-dimensional catalyst ρ̃Cat. Here, ϵres ¼
ϵresðϵemb; dS; DCatÞ, where dS, DCat are the dimensions of
system ρ0S and catalyst ρ0Cat, respectively. Specifically,

ϵresðϵemb; dS; DCatÞ ¼ 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d5=3S þ 4ðln dSDCatÞ ln dS

lnð1=ϵembÞ
þ dSDCatϵ

1=6
emb þ 5

 
ðdSDCatÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵemb

dSDCat

r
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSDCat

ϵemb

s !2
3

vuut : ðA14Þ

Explicitly, one possible choice for σS is

σS ¼
�
1S=dS if kρFS − 1S=dSk1 < ϵres;

ð1− ϵresÞρFS þ ϵres1S=dS if kρFS − 1S=dSk1 ≥ ϵres:

ðA15Þ

a. Overview of the proof

We show that catalytic majorization holds by using the
Klimesh conditions given in Theorem 6. Since we assume
that the initial state is not of full rank, and the final state σS by
definition is of full rank, it is enough to show that for α > 0,
gαðρ0SÞ is strictly larger than gαðσSÞ. In terms of simpler
functions fα given by Eq. (A4), we need to show that

fαðρ0SÞ > fαðσSÞ for α > 1;

fαðρ0SÞ < fαðσSÞ for α ∈ ð0; 1�: ðA16Þ

In particular f1 is the Shannon entropy, so the condition for
α ¼ 1 can also be written as

S1ðρ0SÞ < S1ðσSÞ: ðA17Þ

There are other equivalent ways of writing the conditions
using the Tsallis-Aczel-Daroczy entropy (in short, Tsallis
entropy) defined inEq. (A6), orRenyi entropyofDefinition 8,

Tαðρ0SÞ < TαðσSÞ for α > 0; ðA18Þ
Sαðρ0SÞ < SαðσSÞ for α > 0: ðA19Þ

It is in onewaymore convenient than the condition in terms of
fα. Namely, the caseα ¼ 1 is not given by a separate formula.
Indeed, T1 ¼ limα→1 Tα (the same for Sα). Note here that for
each single α, the inequality with Renyi entropy Sα is

equivalent to inequality for Tα. Thus, for some α’s we may
show the inequality for Tα while for others for Sα. Now, let us
sketch how we approach this problem.
(1) Showing the inequalities (A18) for states ρ0S and ρFS

up to term ηα.
By assumption, the initial state ρ0S ⊗ ρ0Cat ⊗ ρ0G is

unitarily transformed into ρFSCatG. This transforma-
tion does not change functions like fα, Tα, Sα. Then,
going back and forth between fα’s and Tα’s, and
using the continuity of Tα from Theorem 7, we
obtain

Tαðρ0SÞ ≤ TαðρFS Þ þ ηαDα
Cat for α > 0 ðA20Þ

with ηα satisfying

ηα ≥ 6D
�
ϵemb

D

�
α

for α ∈ ð0; 1=2�; ðA21Þ

ηα ≥ −32D
ffiffiffiffiffiffiffiffiffi
ϵemb

D

r
ln

ffiffiffiffiffiffiffiffiffi
ϵemb

D

r
for ϵemb ≤

1

32D2
;

α ∈
�
1

2
; 2

�
;

ηα ≥ 6
ffiffiffiffiffiffiffiffiffiffiffiffi
Dϵemb

p
for α ∈ ½2;∞Þ; ðA22Þ

where D ¼ dSDCat. Anticipating that there may be
problems with α around∞ (this becomes clear later)
we also obtain a similar inequality for the Renyi S∞
entropy:

S∞ðρ0SÞ ≤ S∞ðρFS Þ þ η∞ ðA23Þ

with

η∞ ¼ DCatϵemb: ðA24Þ
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(2) Removing term ηα by replacing ρFS with its approxi-
mated version σS.
The inequalities (A20) are not yet satisfactory,

since we need strict inequalities, while the above
ones are not only not strict, but also there are
terms ηα. Fortunately, we want to show the strict
inequality not for the state ρFS itself, but for its
approximated version σS. The state σS is just ρFS with
admixture of the maximally mixed state when it is
far from it, and it is just the maximally mixed state
when it is close to it.

The idea now is to show that due to this
admixture, σS will have larger values of entropies
than ρFS by such an amount that it will allow one to
bypass the η’s and obtain the needed strict inequal-
ities. A crucial step is done in Proposition 19, where
for ϵemb ≤ ð1=32D2Þ we obtain the following in-
equalities:

Tαðρ0SÞ < TαðσFS (ϵ̃TðαÞ)Þ for α > 0; ðA25Þ

where

ϵ̃TðαÞ ≤

8>><
>>:

ð96D ϵαemb
α Þ13 ≕ ϵ̄TminðαÞ for α ∈ ð0; 1=2�;

ð−1024D2
ffiffiffiffiffiffiϵemb
D

p
ln

ffiffiffiffiffiffiϵemb
D

p Þ13 ≕ ϵ̄Tmid for all α ∈ ð1=2; 2�;
ð96 ffiffiffiffiffiffiffiffiffiffiffiffi

Dϵemb
p

DαÞ13 ≕ ϵ̄TmaxðαÞ for α ∈ ð2;∞Þ:
ðA26Þ

It may appear like the end of the story is near. We
need just to choose some ϵres which is larger than all
of the three values above. The Tsallis entropies on
the rhs will then just grow (as the entropies grow
when we increase the admixture with identity or if
we replace with identity; see Lemma 20); hence, the
inequalities will be still satisfied. Thus, for so-
chosen ϵres we obtain Eq. (A18) [where recall that
σF depends on ϵres as in Eq. (A15)]. However, there
is a problem with α around 0 and around ∞. For the
α’s, the above bounds for ϵ̃T become large, while we
want them to tend to zero for ϵemb going to zero. In
other words, we do not have a uniform bound for ϵ̃T
for all α’s at the moment.
For α lying in those regions, we turn to Renyi

entropies and prove inequality (A19) rather than
Eq. (A18). To deal with large values of α, we use
Eq. (A23) in conjunction with Proposition 19 to
show that for α > 1,

Sαðρ0SÞ < SαðσFS (ϵ∞ðαÞ)Þ ðA27Þ

with

ϵ∞ðαÞ ≤ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln dS
α

þDϵemb

r
≕ ϵ̄∞ðαÞ: ðA28Þ

To deal with values of α around zero, we prove in
Proposition 19 that for α ∈ ð0; 1Þ,

Sαðρ0SÞ < SαðσFS (ϵ0ðαÞ)Þ ðA29Þ

for

ϵ0ðαÞ ≤
�
dS − 1

dS

� 1
2α

≕ ϵ̄0ðαÞ: ðA30Þ

In this latter case, we use our assumption that the
rank of the initial state ρ0S is not full. Note that the
above ϵ’s behave reasonably for large (or small)
values of α. The ϵ̄0ðαÞ goes to zero as α goes to zero,
and ϵ̄∞ tends to 4

ffiffiffiffiffiffiffiffiffiffiffiffi
Dϵemb

p
. We then choose some

αmin and αmax, and below αmin as well as above αmax
we use the inequalities for Renyi entropies (A19),
while between αmin and αmax, we use inequalities for
Tallis entropy (A18). The rest of the proof is to
choose αmin and αmax in such a way that the resulting
common bound ϵres for all five types of ϵ’s [i.e., three
coming from Eq. (A26) and the other two from
Eqs. (A28) and (A30)] is the smallest possible.
Finally, one may ask why we do not use the Renyi
entropy everywhere. We do not use it because it is
easier to deal with Tsallis entropies for this region of
α in Proposition 19.
Now we are ready to present the full proof of the

theorem, with most of the technical lemmas rel-
egated to the Supplemental Material [33].

Proof.—Since ρ0S is not of full rank, and the final state σS
is by definition of full rank, we need only to consider
Klimesh conditions from Theorem 6 for α > 0. Consider
first α > 0, α ≠ 1. If for some unitary U we have

Uρ0S ⊗ ρ0Cat ⊗ τ̃GU† ¼ ρFSCatG; ðA31Þ

then
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fαðρ0S ⊗ ρ0Cat ⊗ τ̃GÞ ¼ fαðρFSCatGÞ; ðA32Þ

where fα is defined in Appendix Sec. A 1. Because of
convexity or concavity of fα and their multiplicativity, by
Lemma 11, putting A ¼ SCat and B ¼ G, we obtain

fαðρ0S ⊗ ρ0CatÞ ≥ fαðρFSCatÞ; for α > 1;

fαðρ0S ⊗ ρ0CatÞ ≤ fαðρFSCatÞ; for α ∈ ð0; 1Þ: ðA33Þ

This implies, by the definition of Tsallis entropy Tα

[Eq. (A6)], that for all α > 0, α ≠ 1 we have

Tαðρ0S ⊗ ρ0CatÞ ≤ TαðρFSCatÞ: ðA34Þ

We now use kρFSCat − ρFS ⊗ ρ0Catk1 ≤ ϵemb and the continu-
ity Lemma 21 to find for α > 0,

TαðρFSCatÞ ≤ TαðρFS ⊗ ρ0CatÞ þ ηα ðA35Þ

for all ηα satisfying

ηα ≥ 6D

�
ϵemb

D

�
α

for α ∈ ð0; 1=2�; ðA36Þ

ηα ≥ −32D
ffiffiffiffiffiffiffiffiffi
ϵemb

D

r
ln

ffiffiffiffiffiffiffiffiffi
ϵemb

D

r

for ϵemb ≤
1

32D2
; α ∈

�
1

2
; 2

�
; ðA37Þ

ηα ≥ 6
ffiffiffiffiffiffiffiffiffiffiffiffi
Dϵemb

p
for α ∈ ½2;∞Þ; ðA38Þ

where D ¼ dSDCat. We rewrite the above equation back in
terms of functions fα, which gives

fαðρFSCatÞ ≥ fαðρFS ⊗ ρ0CatÞ − ðα − 1Þηα for α > 1;

fαðρFSCatÞ ≤ fαðρFS ⊗ ρ0CatÞ − ðα − 1Þηα for α ∈ ð0; 1Þ:
ðA39Þ

Then, by using Eq. (A33) followed by the multiplicativity
of the fα’s, we obtain from the above equations

fαðρ0SÞ ≥ fαðρFS Þ −
ðα − 1Þ
fαðρ0CatÞ

ηα for α > 1; ðA40Þ

fαðρ0SÞ ≤ fαðρFS Þ −
ðα − 1Þ
fαðρ0CatÞ

ηα for α ∈ ð0; 1Þ: ðA41Þ

Finally, using fαðpÞ ≥ d1−α for α > 1 and fαðpÞ ≥ 1 for
α ∈ ð0; 1Þ [these inequalities follow from setting r ¼ 1,
p ¼ α, and r ¼ α, p ¼ 1, respectively, in Eq. (A268) in
Lemma (29)] rewriting back in terms of Tα’s we obtain

Tαðρ0SÞ ≤ TαðρFS Þ þ ηαDα−1
Cat for α ≥ 1; ðA42Þ

Tαðρ0SÞ ≤ TαðρFS Þ þ ηα for α ∈ ð0; 1Þ: ðA43Þ

Here we include the case α ¼ 1, which is obtained by
taking the limit α → 1 [95]. We can somewhat crudely
unify this equation into

Tαðρ0SÞ ≤ TαðρFS Þ þ ηαDα
Cat for α > 0: ðA44Þ

Furthermore, Eq. (A33) implies that for α > 1,

Sαðρ0S ⊗ ρ0CatÞ ≤ SαðρFSCatÞ; ðA45Þ

and by taking limit α → ∞, we get

S∞ðρ0S ⊗ ρ0CatÞ ≤ S∞ðρFSCatÞ; ðA46Þ

which by Lemma 21 and additivity of S∞ gives

S∞ðρ0SÞ ≤ S∞ðρFS Þ þ η∞; ðA47Þ

where

η∞ ¼ DCatϵemb: ðA48Þ

Let us now define as in Proposition 19

σFS ðϵÞ ¼
�
1S=dS when kρFS − 1S=dSk1 < ϵ;

ð1− ϵÞρFS þ ϵ1S=dS when kρFS − 1S=dSk1 ≥ ϵ:

ðA49Þ

Equations (A44) and (A47) by using Proposition 19 lead to
the following conclusion: For

ϵ̃TðαÞ ¼
� ð16ηαDα

Catd
α−1
S Þ13 for α ≥ 1;

ð16ηαDα
Catd

α−1
S α−1Þ13 for α ∈ ð0; 1Þ;

ðA50Þ

ϵ∞ðαÞ ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln dS
α

þ η∞

r
for α > 1; ðA51Þ

ϵ0ðαÞ ¼
�
1 −

1

dS

� 1
2α

for α ∈ ð0; 1Þ; ðA52Þ

we have

Tαðρ0SÞ ≤ TαðσFS (ϵ̃TðαÞ)Þ
−min fDα

Catηα; Tαð1=dSÞ − Tαðρ0SÞg for α > 0;

ðA53Þ
Sαðρ0SÞ ≤ SαðσFS (ϵ∞ðαÞ)Þ −min fDα

Catηα; ln dS − S1ðρ0SÞg
for α > 1; ðA54Þ
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Sαðρ0SÞ ≤ SαðσFS (ϵ0ðαÞ)Þ ðA55Þ

−
1

2
ln

�
dS

dS − 1

�
for α ∈ ð0; 1Þ; ðA56Þ

from which we achieve

Tαðρ0SÞ < TαðσFS (ϵ̃TðαÞ)Þ for α > 0; ðA57Þ

Sαðρ0SÞ < SαðσFS (ϵ∞ðαÞ)Þ for α > 1; ðA58Þ

Sαðρ0SÞ < SαðσFS (ϵ0ðαÞ)Þ for α ∈ ð0; 1Þ: ðA59Þ

Let us now insert explicitly the η’s from Eqs. (A36)–
(A38) and Eq. (A48) into Eqs. (A50)–(A52). For

ϵemb ≤
1

32D2
; ðA60Þ

we achieve the upper bounds

ϵ̃TðαÞ ≤
�
96D

ϵαemb

α

�1
3

≕ ϵ̄TminðαÞ for α ∈ ð0; 1=2�; ðA61Þ

�
−1024D2

ffiffiffiffiffiffiffiffiffi
ϵemb

D

r
ln

ffiffiffiffiffiffiffiffiffi
ϵemb

D

r �1
3

≕ ϵ̄Tmid for α ∈ ð1=2; 2�; ðA62Þ

ð96
ffiffiffiffiffiffiffiffiffiffiffiffi
Dϵemb

p
DαÞ13 ≕ ϵ̄TmaxðαÞ for α ∈ ð2;∞Þ; ðA63Þ

ϵ∞ðαÞ ≤ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln dS
α

þDϵemb

r
≕ ϵ̄∞ðαÞ for α ∈ ½1;∞Þ; ðA64Þ

ϵ0ðαÞ ≤
�
dS − 1

dS

� 1
2α

≕ ϵ̄0ðαÞ for α ∈ ð0; 1Þ; ðA65Þ

where D ¼ dSDCat. We now divide the set ð0;∞Þ into five subintervals (some of which may be empty). For αmin ∈ ð0; 1Þ,
αmax ∈ ½2;∞Þ, we have ð0;∞Þ ¼ ð0; αmin� ∪ ðαmin; 1=2� ∪ ð1=2; 2� ∪ ½2; αmax� ∪ ðαmax;∞Þ. For each of these intervals, we
compute upper bounds on our epsilons. Specifically, from Eqs. (A61), (A64), and (A65), we observe that

ϵ0ðαÞ ≤ ϵ̄0ðαminÞ ∀ α ∈ ð0; αminÞ; ∀ αmin ∈ ð0; 1Þ; ðA66Þ

ϵ̃TðαÞ ≤
8<
:

ϵ̄TminðαminÞ ∀ α ∈ ðαmin; 1=2�; ∀ αmin ∈ ð0; 1=2�;
ϵ̄Tmid ∀ α ∈ ð1=2; 2�;
ϵ̄TmaxðαmaxÞ ∀ α ∈ ½2; αmax�; ∀ αmax ∈ ½2;∞Þ;

ðA67Þ

ϵ∞ðαÞ ≤ ϵ̄∞ðαmaxÞ ∀ α ∈ ðαmax;∞Þ; ∀ αmax ∈ ½1;∞Þ: ðA68Þ

Now we define ϵres as any value satisfying

ϵresðαmin; αmaxÞ ≥ max fεminðαminÞ; εmaxðαmaxÞ; ϵ̄Tmidg; ðA69Þ

where

εminðαminÞ ¼ max fϵ̄TminðαminÞ; ϵ̄0ðαminÞg; ðA70Þ

εmaxðαmaxÞ ¼ max fϵ̄TmaxðαmaxÞ; ϵ̄∞ðαmaxÞg: ðA71Þ

Thus, using Lemma 20, we have

Sαðρ0SÞ < SαðσFS (ϵ̄0ðαminÞ)Þ < SαðσFS (ϵresðαmin; αmaxÞ)Þ ∀ α ∈ ð0; αminÞ; ðA72Þ

Tαðρ0SÞ < TαðσFS (ϵ̄TminðαminÞ)Þ < TαðσFS (ϵresðαmin; αmaxÞ)Þ ∀ α ∈ ðαmin; 1=2Þ; ðA73Þ
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Tαðρ0SÞ < Tα(σ
F
S ðϵ̄TmidÞ) < TαðσFS (ϵresðαmin; αmaxÞ)Þ ∀ α ∈ ½1=2; 2�; ðA74Þ

Tαðρ0SÞ < TαðσFS (ϵ̄TmaxðαmaxÞ)Þ < TαðσFS (ϵresðαmin; αmaxÞ)Þ ∀ α ∈ ½2;αmaxÞ; ðA75Þ

Sαðρ0SÞ < SαðσFS (ϵ̄∞ðαmaxÞ)Þ < SαðσFS (ϵresðαmin; αmaxÞ)Þ ∀ α ∈ ½αmax;∞Þ ðA76Þ

holds for all αmin ∈ ð0; 1Þ, αmax ∈ ð2;∞Þ [96].
Thus, for any particular choice of αmin ∈ ð0; 1Þ and

αmax ∈ ð2;∞Þ, ϵresðαmin; αmaxÞ is such that the Klimesh
conditions are satisfied, so that for any ρ0S there exists
catalyst ρ̃Cat such that

ρ0S ⊗ ρ̃Cat≻σFS ðϵresÞ ⊗ ρ̃Cat: ðA77Þ

Our next aim is to find an explicit expression for
ϵresðαmin; αmaxÞ with the aim of choosing the parameters
αmin, αmax, so that ϵresðαmin; αmaxÞ is not too large. In
Lemma 22, we show that the ϵres given in the statement of
the theorem upper bounds ϵresðαmin; αmaxÞ for some αmin
and αmax. This finalizes the proof. ▪
To see how to write Theorem 5 in the form of Theorem 1,

see Corollary 33 in the Supplemental Material [33].

3. Introduction to the quasi-ideal clock
and proof of Theorem 2

In the following subsection, we start with a brief over-
view of the properties of the quasi-ideal clock. These are
necessary for the proof of Theorem 2, which is in Appendix
Sec. A 4 a.

a. Brief overview of the quasi-ideal clock

In this section, we recall the clock construction from
Ref. [67] which is subsequently used to prove Proposition
4, which in turn leads to the proof of Theorem 2.
The time-independent total Hamiltonian over system

ρA ⊗ ρCl is

ĤACl ¼ ĤA ⊗ 1Cl þ Ĥint
A ⊗ V̂d þ 1A ⊗ ĤCl; ðA78Þ

where ĤA is the system Hamiltonian which commutes with
the target unitary Utarget

A . The term Ĥint
A encodes the target

unitary via the relation Utarget
A ¼ e−iĤ

int
A with

Hint
A ¼

XdA
n¼1

Ωnjnihnj: ðA79Þ

The clock’s free Hamiltonian ĤCl is a truncated
harmonic oscillator Hamiltonian. Namely, ĤCl ¼P

d−1
n¼0 ωnjnihnj. The free evolution of any initial clock

state under this Hamiltonian has a period of T0 ¼ 2π=ω,
specifically, e−iT0ĤClρCleiT0ĤCl ¼ ρCl for all ρCl. The clock
interaction term V̂d takes the form

V̂d ¼
d
T0

Xd−1
k¼0

VdðkÞjθkihθkj; ðA80Þ

where the basis fjθkigd−1k¼0 is the Fourier transform of the
energy eigenbasis fjnigd−1n¼0. The function Vd∶R ↦ R will
be called potential and is defined by

VdðyÞ ¼
2π

d
V0

�
2π

d
ðy − y0Þ

�
; ðA81Þ

where V0 is an infinitely differentiable periodic function of
period 2π centered on 0 (so that Vd has period d and is
centered on y0). A lot of results hold for this general form of
potential. To obtain all the results, we need a specialized
form of potential given by

V0ðxÞ ¼ Accos2n
�
x
2

�
with Ac ¼

22n

2πð2nn Þ
; ðA82Þ

and where n is later taken to be a suitable function of the
clock dimension (specifically, later we take n ∼ d1=4). Here,
Ac is a normalization constant so that

R
π
−π V0ðxÞdx ¼ 1. It is

important that V0 has exponentially decaying tails

ϵ̃V ≔
Z

−2πδV

−2πð1−δV Þ
V0ðxÞdx ≤

1

δV
e−δ

2
Vn for δV ∈ ð0; πÞ:

ðA83Þ
The bound in Ref. [67] is tighter and does not diverge as
δV → 0þ, but the present one is just enough, as we care just
about scaling for the proof anyway (see Lemma 36).
Recall that for the quasi-ideal clock, the initial state is

pure ρCl ¼ jΨnorðk0ÞihΨnorðk0Þj, where
jΨnorðk0Þi ¼

X
k∈Sdðk0Þ

ψðk0; kÞjθki; ðA84Þ

ψðk0; xÞ ¼ Ae−
π
σ2
ðx−k0Þ2ei2πn0ðx−k0Þ=d; x ∈ R ðA85Þ

with σ ∈ ð0; dÞ, n0 ∈ ð0; d − 1Þ, k0 ∈ R, A ∈ Rþ, and
Sdðk0Þ is the set of d integers closest to k0 defined as

Sdðk0Þ ¼
�
k∶k ∈ Z and −

d
2
≤ k0 − k <

d
2

�
: ðA86Þ

Note that for k larger than d − 1 or smaller than 0, we
define θk as θk mod d. The quantity A is defined so that the
state is normalized, namely,
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A ¼ Aðσ; k0Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

k∈Sdðk0Þe
−2π
σ2
ðk−k0Þ2

q ¼ O
��

2

σ2

�1
4

�
:

ðA87Þ

The parameter n0 is approximately the mean energy of the
clock, and for good clock performance, it should be not too
close to 0 or to d. We later set it to ðd − 1Þ=2 as suggested
in Ref. [67]; see Definition 1.

4. Small error on the clock

Here we prove a proposition that is crucial to prove
Theorem 2. The proposition states that for the clock
described above, the state of the clock acquires a
small error.
Proposition 4. Consider the quasi-ideal clock described

above. Consider times t1, t2 satisfying 0 < t1 < t2 < T0.
Then for the potential Vd determined by Eqs. (A81) and
(A82) with y0 ¼ ðt1 − t2Þd=T0 and n ¼ ⌈d1=4⌉, we have

kρFClðtÞ − ρ0ClðtÞk1 ≤
1

t2 − t1
polyðdÞe−c2d1=4 ; ðA88Þ

where c2 ¼ minf 1
64π ; ðt2 − t1Þ2=ð32T2

0Þg.
Remark 5.—The unbounded from above factor

1=ðt2 − t1Þ is not necessary, and in the original paper
[67] it did not appear. Here it is the price for a simpler
proof of potential concentration properties.
Proof.—Let us set arbitrary times t1 and t2. We want to

show that we can choose the potential in the clock
described in Appendix Sec. A 3 a so that, apart from times
near the boundaries (i.e., those not satisfying
0 < t1 < t2 < T0), it will be close to the free evolution
of the clock state. In other words, the evolution may be
different in the “interaction zones.” The potential has been
already determined with two free parameters: the peak
position y0 and n determining the concentration of the
potential around the peak. As we argue later, the clock state
(we call it pointer) will approximately travel around the
circle with linear speed d=T0, so that to times t1 and t2 there
correspond positions y1 ¼ t1d=T0 and y2 ¼ t2d=T0 (see
Fig. 5). Since the interaction can take place on the interval
where the potential is non-negligible, we aim to have the
potential concentrated in the area between y1 and y2. To this
end, we choose the peak of the potential to be in the middle
between y1 and y2:

y0 ¼
y1 þ y2

2
¼ t2 þ t2

2

d
T0

: ðA89Þ

The concentration parameter n is chosen later. With such a
potential, we want to estimate the following quantity:

kρFClðtÞ − ρ0ClðtÞk1: ðA90Þ

To this end, we evaluate the fidelity and use kρ − σk ≤
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fðρ; σÞ2

p
. In Ref. [67] (see the proof of Lemma

10.0.3, page 192) after a bit of algebra, the following is
obtained:

ρClðtÞ ¼
XdA
n¼1

ρn;nð0ÞjΦ̄nðtÞihΦ̄nðtÞjCl; ðA91Þ

where fρn;nð0Þgn are the eigenvalues of the initial system
state ρA, and thus also constitute a set of normalized
probabilities. jΦ̄nðtÞiCl is defined by

jΦ̄nðtÞiCl ¼ Γ̂nðtÞjΨnorðk0ÞiCl; ðA92Þ

Γ̂ðt;ΩnÞ ¼ e−itðΩnV̂dþĤClÞ; ðA93Þ

where fΩn ∈ ½−π; π�gdAn¼1 is a set of phases which deter-
mine the target unitary one wishes to apply [see Eq. (A79)].
Using Fðρ;ψÞ ¼ hψ jρjψi, we get

F(ρ0ClðtÞ; ρClðtÞ)

¼
XdCl
n¼1

ρn;nð0ÞjhΨnorðk0ÞjeitĤCl Γ̂ðt;ΩnÞjΨnorðk0Þij2 ðA94Þ

≥ min
Ω∈½−π;π�

jhΨnorðk0ÞjeitĤCl Γ̂ðt;ΩÞjΨnorðk0Þij2: ðA95Þ

We thus aim to show that the following states

FIG. 5. Dynamics of the clock. The circumference of the circle
is d. The red profile represents the amplitudes of the clock state
(called pointer) with the weight concentrated within �δψd from
the center. It moves around approximately with speed d=T0. The
potential Vd has peak at y0. The positions y1 and y2 are
determined by the times t1 and t2 and denote places which the
peak of the clock state will reach at times t1 and t2.
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e−itĤCl jΨnorðk0Þi and Γ̂ðt;ΩÞjΨnorðk0Þi ðA96Þ

have overlap close to 1, irrespective of phaseΩ. To this end,
we use the core theorems in Ref, [67] (Theorem VIII.1 on
page 19 and Theorem IX.1 on page 35). They say that

(i) under evolution eitĤCl the state jΨnorðk0Þi up to a
small correction evolves in a trivial way; namely, its
peak undergoes translation

(ii) under evolution ΓðΩ; tÞ the above translation occurs
too, but in addition, the kth amplitude of the state
acquires phase equal to the potential integrated over
the interval that k traveled

More specifically, for n0 ¼ ðd − 1Þ=2 (cf. Definition 2 in
Ref. [67]), which means that n0, which has the interpre-
tation of the average energy, is not too close to 0 or to the
maximal energy, we have

e−itĤCl jΨnorðk0Þi ðA97Þ

¼ jΨnorðk0 þ td=T0Þi þ jεci ðA98Þ

¼
X

k∈Sdðk0þtd=T0Þ
ψðk0 þ td=T0; kÞjθki þ jεci; ðA99Þ

Γðt;ΩÞjΨnorðk0Þi ðA100Þ

¼ jΨ̄norðk0 þ td=T0; td=T0Þi þ jενi ðA101Þ

¼
X

k∈Sdðk0þtd=T0Þ
e−iϕkðtÞψðk0þ td=T0;kÞjθkiþjενi; ðA102Þ

where the phase acquired by the kth amplitude is given by

ϕkðtÞ ¼ Ω
Z

k

k−td=T0

dyVdðyÞ: ðA103Þ

Now, for σ ¼ ffiffiffi
d

p
and for n ¼ 1

2
⌈d1=4⌉ in the potential form

of Eq. (A82) we have (see Lemma 37)

kjενik2 ≕ εν ≲ tpolyðdÞe− 1
16πd

1=4
;

kjεcik2≕ εc ¼ OðpolyðdClÞe−π
4
dClÞ: ðA104Þ

Actually, only the estimate on εν depends on the potential
form. The bound for εc holds for arbitrary periodic V0.

Now, since for normalized jψi; jϕi and jxi; jyi such that
kjxik; kjyik ≤ 1, we have jðhψ j þ hxjÞjðjϕi þ jyiÞj2 ≥
jhψ jϕij2 − 3kjxik − 3kjyik, we obtain from Eq. (A94)

F(ρ0ClðtÞ; ρClðtÞ)
≥ min

Ω∈½−π;π�
jhΨnorðk0 þ td=T0ÞjΨ̄norðk0 þ td=T0; td=T0Þij2

ðA105Þ
−3εν − 3εc: ðA106Þ

We thus have the situation that Ψnorðk0 þ td=T0Þ and
Ψ̄norðk0 þ td=T0Þ have the peak moving around with speed
d=T0, while Ψ̄nor in addition acquires phase. We now write
explicitly the above inner product

ΔðΩÞ ≔ hΨnorðk0 þ td=T0ÞjΨ̄norðk0 þ td=T0; td=T0Þi
ðA107Þ

¼
X

k∈Sdðk0þtd=T0Þ
e
−iΩ
R

k

k−td=T0
dyVdðyÞjψnorðk0 þ td=T0; kÞj2;

ðA108Þ
and the goal is to show that it is close to 1 independent of Ω
for all times before t1 and after t2.
The idea to prove this (along the lines of Ref. [67]) is the

following (see also Fig. 5). Let us denote the position of
the peak of the pointer by k0ðtÞ ¼ k0 þ td=T0. We set the
initial pointer’s peak to be at 12 o’clock, i.e., k0 ¼ 0. First,
since Gaussians have rapidly decaying tails, we have (see
Lemma 35)

εLR ≔
X

k∶jk−k0j≥δψd
jψnorðk0; kÞj2 ≤ polyðdÞe−δψ 2

d ðA109Þ

for δψ > 0. We can restrict the sum in Eq. (A107) and leave
only k0s lying within the interval k0ðtÞ � δψd. Since the
pointer’s peak travels with speed d=T0, i.e., k0ðtÞ ¼ td=T0,
for times “before the interaction,” i.e., t ≤ t1, the k’s will be
to the left of y1 þ δψd, and for times “after the interaction,”
i.e., t ≥ t2, they will be to the right of y2 − δψd.
The potential is strongly peaked around y0 which sits

between those two positions. Thus, for times t ≤ t1 the k0s
are traveling within the tail of the potential, while for times
t ≥ t2, all the k’s have passed the “body” of the potential.
Thus, for times t ≤ t1, by virtue of Eq. (A103), the acquired
phase for all those k’s will be close to zero (less than Ωϵ̃V ,
where ϵV is the area of the tail), while for times t ≥ t2, the
phase will be close to Ω [larger than Ωð1 − ϵ̃V), since the
total integral of the potential is 1].
We now write it rigorously. First of all, we cut the tails of

the pointer. We split ΔðΩÞ as

ΔðΩÞ ¼ ΔCðΩÞ þ ΔLRðΩÞ ðA110Þ

with

ΔCðΩÞ ðA111Þ

≔
X

jk−td=T0j≤δψd
e
−iΩ
R

k

k−td=T0
dyVdðyÞjψnorðtd=T0;kÞj2; ðA112Þ
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ΔLRðΩÞ ðA113Þ

≔
X

δψd<jk−td=T0j≤d=2
e
−iΩ
R

k

k−td=T0
dyVdðyÞjψnorðtd=T0; kÞj2:

ðA114Þ

We then have

jΔLRðΩÞj ðA115Þ

≤
X

k∶jk−k0j≥δψd
jψnorðk0;kÞj2¼ εLR≤polyðdÞe−δψ 2d; ðA116Þ

where the tail bound is, for completeness, given in Lemma
35. By the tail estimate (A115), for εLR ≤ 1 we then get

jΔðΩÞj2 ≥ jΔCðΩÞj2 − 2εLR; ðA117Þ

so that it is enough to show that ΔCðΩÞ is close to 1
irrespective of Ω.
We now bound the phase ϕkðtÞ for our restricted set

of k’s.
Times before interaction: Consider time t ≤ t1, and as

said we are restricting to k such that jk − td=T0j ≤ δψd.
This implies

k ≤ td=T0 þ δψd ≤ t1d=T0 þ δψd ¼ y1 þ δψd;

k − td=T0 ≥ −δψd; ðA118Þ

which gives (see Fig. 6)

ϕkðtÞ ¼ Ω
Z

k

k−td=T0

VdðyÞdy ≤ Ω
Z

y1þδψd

−δψd
VdðyÞdy

ðA119Þ

≤ Ω
Z

y0−δVd

y0þδVd−d
VdðyÞdy ¼ Ω

Z
−2πδV

−2πð1−δVÞ
V0ðxÞdx ¼ ϵ̃V;

ðA120Þ

where δV is determined by δVd ¼ y0 − y1 − δψd. Denoting
t2 − t1 ¼ Δt, we have δV þ δψ ¼ Δt=T0, and we may
choose δV ¼ δψ ¼ Δt=ð4T0Þ. We know from Eq. (A83)
that ϵ̃V decays exponentially in the concentration parameter
n of the potential.

Times after interaction: Now we consider t ≥ t2. Similar
to before, the condition jk − td=T0j ≤ δψ implies

k ≥ td=T0 − δψd ≥ t2d=T0 − δψd ¼ y2 − δψd;

k − td=T0 ≤ δψd; ðA121Þ

hence,

ϕkðtÞ¼Ω
Z

k

k−td=T0

VdðyÞdy≥Ω
Z

y2−δψd

δψd
VdðyÞdy ðA122Þ

≥ Ω
Z

y0þδVd

y0−δVd
VdðyÞdy ¼ Ω

Z
2πδV

−2πδV
V0ðxÞdx ðA123Þ

¼ Ωð1 − ϵ̃VÞ: ðA124Þ

Altogether, for times t ≤ t1 and t ≥ t2, respectively, we
obtain

jϕk − 0j ≤ Ωϵ̃V; jϕk −Ωj ≤ Ωϵ̃V: ðA125Þ

We can now come back to the estimation of ΔC. Denoting

Ak ¼ jψnorðtd=T0; kÞj2; ðA126Þ

we have

ΔC ¼
X

jk−td=T0j≤δψd
e−iϕkAk: ðA127Þ

Because of normalization and the tail estimate of
Eq. (A115), we have

1 − εLR ≤
X

jk−td=T0j≤δψd
Ak ≤ 1: ðA128Þ

Thus, we have an expression where the Ak’s are almost
normalized, and the ϕk’s almost equal to each other; hence,
the expression must be close to 1. Indeed, Lemma 34
implies that

jΔCðΩÞj ≥ 1 − εLR − πϵ̃V; ðA129Þ

irrespective of whether we are before or after the interaction
(i.e., whether t ≤ t1 or t ≥ t2) because we use only the fact
that the phase is approximately equal, which happens in
both cases as in Eq. (A125).
We can now come back to the fidelity. From estimates

(A105), (A117), and (A129), we have

F(ρ0ClðtÞ;ρClðtÞ)≥ min
Ω∈½−π;π�

jΔðΩÞj2−6εν ðA130Þ

≥ min
Ω∈½−π;π�

jΔCðΩÞj2−2εLR−6εν ðA131Þ

≥1−εLR−πϵ̃V −2εLR−3εν−3εν: ðA132Þ

We now use the exponential bounds on all the ϵ’s. Recall
that εLR and ϵ̃V are tails of the pointer shape and the
potential, and that εν, εc describe deviations of the pointer
evolution from the simple picture of movement and phase
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acquisition. Here we write the bounds for those quantities
given by Eqs. (A104), (A115), and (A83),

εν ≲ tpolyðdÞe− 1
32πd

1=4
;

εc ≲ polyðdClÞe−π
4
dCl ;

εLR ≤ polyðdÞe−δψ 2d;

ϵ̃V ≤
1

δV
e−δV

2n; ðA133Þ

where we choose δψ ¼ δV ¼ ðt2 − t1Þ=ð4T0Þ, and to get the
estimate for εν, we choose the potential concentration
parameter n to be n ¼ ⌈d1=4⌉; hence, we also have

ϵ̃V ≤
1

δV
e−δV

2d1=4 : ðA134Þ

We thus have

F(ρ0ClðtÞ; ρClðtÞ)≲ 1 −
1

t2 − t1
polyðdÞe−c1d1=4 ; ðA135Þ

where c1 ¼ minf 1
32π ; ðt2 − t1Þ2=ð16T2

0Þg. We now use

kρ − σk1 ≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fðρ; σÞ2

q
; ðA136Þ

so that F ≥ 1 − ϵ implies kρ − σk1 ≤ 2
ffiffiffi
2

p ffiffiffi
ϵ

p
. Using this,

we obtain that for times t satisfying t ≤ t1 or t ≥ t2,

FIG. 6. Acquiring phase by the clock states jθki. The quantities area ( ) and area ( ) are the areas of the orange and blue
regions, respectively. (a) Times t ≤ t1. For such times, the peak of the pointer will travel with speed d=T0 up to y1, so that the body of the
pointer (i.e., the part within �δψd from the peak) will always be within the blue area. We consider arbitrary k within the body of the
pointer at time t (the left dashed pointer) and its past position k − td=T0. The phase ϕkðtÞ acquired by jθki is proportional to the yellow
area, which is contained in the blue one, which in turn is the tail of the potential and therefore small. (b) Times t ≥ t2. In this case, the
pointer is initially before the blue area (the body of the potential) and ends up after it. Thus, any k from the body of the pointer at time t
had to travel through the blue area from its past position k − td=t0. The acquired phase ϕkðtÞ is proportional to the yellow area. The latter
for any k is larger than the blue one (body of the potential) and therefore the phase is close to Ω.
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kρ0ClðtÞ; ρClðtÞk≲ 1

t2 − t1
polyðdÞe−c2d1=4 ; ðA137Þ

where c2 ¼ minf 1
64π ; ðt2 − t1Þ2=ð32T2

0Þg. (We can put
t2 − t1 instead of

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − t1

p
in front of poly, as the

differences are bounded from above by T0, so for scaling,
the small values of the differences are relevant, so this
rough estimate is legitimate.) ▪

a. Proof of Theorem 2

We start with a definition and proposition whose use-
fulness is soon apparent in the proof of Theorem 2 below.
Definition 6. (Autonomous control device error). Let

ρtargetA ðtÞ denote the idealized or targeted control of system
A, namely,

ρtargetA ðtÞ ¼
�
ρ0A for t ∈ ½0; t1�;
Utarget

A ρ0AU
target†
A for t ∈ ½t2; T0�;

ðA138Þ

where we associate the time interval ½t1; t2� with the time in
which the CPTP (completely positive and trace preserving)
map is being implemented in the ideal case. Furthermore,
let ρFAClðtÞ denote the autonomous evolution of A and the
control system (the clock cl),

ρFAClðtÞ ¼ e−itĤAClðρA ⊗ ρClÞeitĤACl : ðA139Þ
Let εAðt; dCl; dAÞ and εClðt; dClÞ be defined by the relations

kρFAðtÞ − ρtargetA ðtÞk1 ≤ εAðt; dCl; dAÞ; ðA140Þ
kρFClðtÞ − ρ0ClðtÞk1 ≤ εClðt; dClÞ; ðA141Þ

where ρ0ClðtÞ is the free evolution of the clock,

ρ0ClðtÞ ≔ e−itĤClρCleitĤCl : ðA142Þ

Proposition 7. There exists a clock state ρCl and time-
independent Hamiltonian called the quasi-ideal clock [67]
such that for all t ∈ ½0; t1� ∪ ½t2; T0� and for all fixed
0 < t1 < t2 < T0, the error terms εA, εCl are given by

εAðt; dCl; dAÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dAtr½ρ2Að0Þ�

q
εðdClÞ; ðA143Þ

εClðt; dClÞ ¼ εðdClÞ; ðA144Þ

where εðdClÞ is independent of the system A parameters
and is of order

εðdClÞ ¼ OðpolyðdClÞ exp ½−cd1=4Cl �Þ; as dCl → ∞;

ðA145Þ

where the constant c > 0 depends on t1, t2, and polyðdClÞ is
a polynomial in dCl.

Proof.—This proposition is a direct consequence of
Proposition 4 and the results in Ref. [67]. Proposition 4
proves estimate (A144) with the constant in the exponent
given by c2, i.e., the constant used in estimate Eq. (A88) in
Proposition 4. In Ref. [67] [see section Examples: 2)
System error faster than power-law decay, page 47], the
following estimate is proven:

kρAðtÞ − σAðtÞk1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dAtr½ρ2Að0Þ�

p ¼ OðtpolyðdClÞe−2c0d
1=4
Cl

ffiffiffiffiffiffiffiffi
ln dCl

p
Þ ðA146Þ

for all t ∈ ½0; t1� ∪ ½t2; T0� and for all fixed 0 < t1 <
t2 < T0. Here we define 2c0 ≔ ðπ=4Þα20χ22, where α0, χ
are constants defined in Ref. [67]. So this proves
Eq. (A143) with constant c0. Taking c ¼ minf2c0; c2g
finalizes the proof. ▪
This proposition is a generalization of the results from

Ref. [67]. Specifically, these results are proven for the
special case in which t ¼ T0 in Eq. (A144).
We are now ready to provide the proof of Theorem 2

located in the main text. We precede the proof with a short
overview.
Overview of the proof of Theorem 2.—The aim of the

theorem is to show that in our autonomous setup, the final
state of the system, catalyst, and clock is close to product.
Indeed, now that the catalyst and clock play the role of the
total catalyst state, in order to prevent embezzling, we have
to make sure that the total catalyst will not be polluted too
much. Of course, the final state on the system is to be close
to the required state. Proposition 4 implies that on the
system and catalyst we get a state close to the required state,
and we have a small error on the clock.
To pass from this outcome to what we want, we note that

the initial clock state is pure. Thus, having a small error on
the clock means also that the total state stays approximately
product between the system-catalyst state and the clock. In
the proof, we express this in terms of fidelity.
We now present the full proof.
Proof.—We start by demonstrating part 1 of the theorem.

Define

USCatGðtÞ ¼
�
1SCatG if t ∈ ½0; t1�;
U0

SCatG if t ∈ ½t2; T0�;
ðA147Þ

where U0
SCatG satisfies

trG½U0
SCatGðρ0S ⊗ ρ0Cat ⊗ τ̃GÞU0†

SCatG� ¼ ρ1S ⊗ ρ0Cat: ðA148Þ

Define

σSCatGðtÞ ≔ U0
SCatGðtÞðρ0S ⊗ ρ0Cat ⊗ τ̃GÞU0†

SCatGðtÞ: ðA149Þ

It follows by the definition of t-CNO (Definition 1 and
Proposition 2) that for every pair ρ0S, ρ

1
S for which there

exists a t-CNO from ρ0S to ρ1S, there exists a unitary USCatG
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satisfying the above criteria. Since the catalyst ρ0Cat is
arbitrary, this is true if and only if Eq. (15) holds. Therefore,
σSðtÞ in Eq. (A149) fulfills part 1 of the theorem.
We now proceed with proving part 2 of the theorem.

Recalling Definition 6 and Proposition 7, and using the
identifications A ¼ SCatG, Utarget

A ¼ U0
SCatG, for every

unitary USCatG above, there exists an interaction term
ÎSCatClG such that using the quasi-ideal clock we have

kρFSCatGðtÞ − σSCatGðtÞk1 ≤ εA ðA150Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdG

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr½ðρ0S ⊗ ρ0Cat ⊗ τ̃GÞ2�

q
εClðdClÞ

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCat

p
εClðdClÞ; ðA151Þ

kρFClðtÞ − ρ0ClðtÞk1 ≤ εClðdClÞ; ðA152Þ

where in the last line of Eq. (A150) we take into account
that τ̃G ¼ 1=dG. Recall that an expression for εðdClÞ is
given by Eq. (A145). We now apply Proposition 14 with
the identifications

ρFSCatGðtÞ≕ρA; ρFClðtÞ≕ρA; ρFSCatGClðtÞ≕ρAB; ðA153Þ

σSCatGðtÞ≕ σA; ρ0ClðtÞ≕ σB; ðA154Þ

σSCatGðtÞ ⊗ ρ0ClðtÞ≕ σAB; ðA155Þ

hence,

ϵ1 ¼ εA; ϵ2 ¼ εCl; ϵ3 ¼ 0 ðA156Þ

[ε3 vanishes because ρ0ClðtÞ is a pure state] to achieve

kρFSCatGClðtÞ − σSCatGðtÞ ⊗ ρ0ClðtÞk1 ≤ 2
ffiffiffiffiffiffi
εCl

p þ εA ðA157Þ

for all t ∈ ½0; t1� ∪ ½t2; T0�, and where εA, εCl are given in
Eqs. (A150) and (A152). Applying the data processing
inequality, we find

kρFSCatClðtÞ − σSCatðtÞ ⊗ ρ0ClðtÞk1 ≤ 2
ffiffiffiffiffiffi
εCl

p þ εA ðA158Þ

for all t ∈ ½0; t1� ∪ ½t2; T0�. Using the triangle inequality, we
have

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0Cat ⊗ ρ0ClðtÞk1 ðA159Þ

≤kρFSCatClðtÞ − σSCatðtÞ ⊗ ρ0ClðtÞk1 ðA160Þ

þkσSCatðtÞ⊗ρ0ClðtÞ−ρFS ðtÞ⊗ρ0Cat⊗ρ0ClðtÞk1 ðA161Þ

≤ 2
ffiffiffiffiffiffiffiffiffiffiffi
εClðtÞ

p
þ εAðtÞþkσSCatðtÞ− ρFS ðtÞ⊗ ρ0Catk1: ðA162Þ

Now we note that by definition, it follows that σSCatðtÞ ¼
σSðtÞ ⊗ ρ0Cat for all t ∈ ½0; t1� ∪ ½t2; T0�. Plugging into
Eq. (A162), we achieve

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0Cat ⊗ ρ0ClðtÞk1 ðA163Þ

≤ 2
ffiffiffiffiffiffi
εCl

p þ εA þ kσSðtÞ − ρFS ðtÞk1 ðA164Þ

≤ 2
ffiffiffiffiffiffi
εCl

p þ 2εA ðA165Þ

for all t ∈ ½0; t1� ∪ ½t2; T0� and where in the last line, we use
Eq. (A150) after applying the data processing inequality to
it. Without loss of generality, assume that εCl ≤ 2 (if this
does not hold, then the following bound holds anyway
since the trace distance between any two states is upper
bounded by 2), so that εCl ≤

ffiffiffiffiffiffiffiffi
2εCl

p
and using Eq. (A150)

we achieve

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0Cat ⊗ ρ0ClðtÞk1 ðA166Þ

≤ 2
ffiffiffiffiffiffi
εCl

p þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCat

p
εCl ðA167Þ

≤ ð2þ 2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCat

p
Þ ffiffiffiffiffiffi

εCl
p ðA168Þ

≤ ð2þ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCat

p
Þ ffiffiffiffiffiffi

εCl
p ðA169Þ

¼ ϵemb ðA170Þ

for all t ∈ ½0; t1� ∪ ½t2; T0�. Now, recalling that εCl is
independent of dS, dCat, dG, and only a function of
dCl; t1; t2; T0, we obtain estimate Eq. (17) of part 2 of
the theorem. Next, the formula (A145) from Proposition 7
gives the estimate (18) concluding the proof of
Theorem 2. ▪

5. Proof of Theorem 3

In this section, we prove Theorem 3 in the main text.
Proof of Theorem 3.—The proof is divided into two

parts labeled A and B.
Part A consists of proving that the theorem statements 1

and 2 hold under a different set from those of the theorem.
Namely, that 1 and 2 hold when the following two
conditions both simultaneously hold:
(a) The final joint system-catalyst-bath state is very close

to that of the target joint system-catalyst-bath state.
(b) The final clock state is very close to its free state. The

proof of part A uses basic relationships between
quantum states (such as trace distance and fidelity),
but it does not take into account any dynamical
properties.

Part B consists of proving that the conditions in the theorem
from which 1 and 2 should follow, do indeed imply
conditions a and b from part A. The proof uses the
dynamical properties of the states.
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a. Part A of the proof of Theorem 3

We start with a comment on notation and a few immediate
consequences. We denote Utarget

SCatGðtÞ ¼ e−iθðtÞĤ
int
SCatG from the

main text by UtargetðϵHÞ
SCatG ðtÞ ¼ e−iθðtÞĤ

int
SCatG here to remind

ourselves that Ĥint
SCatG induces a small error ϵH onto the final

catalyst and system state [see Eqs. (21) and (23)]. We also

denoteUtargetð0Þ
SCatG ðtÞ ≔ e−iθðtÞÎ

int
SCatG , since ÎintSCatG corresponds to

the case of no error, i.e., ϵH ¼ 0 [see Eq. (22)]. Accordingly,
we denote

ρtargetð0ÞSCatG ðtÞ ðA171Þ

≔ Utargetð0Þ
SCatG ðtÞ½ρ0SðtÞ ⊗ ρ0CatðtÞ ⊗ τG�Utargetð0Þ†

SCatG ðtÞ; ðA172Þ

ρtargetðϵHÞSCatG ðtÞ ðA173Þ

≔UtargetðϵHÞ
SCatG ðtÞ½ρ0SðtÞ⊗ρ0CatðtÞ⊗ τG�UtargetðϵHÞ†

SCatG ðtÞ: ðA174Þ

Recall that

θðtÞ ¼
�
0 if t ∈ ½0; t1�;
1 if t ∈ ½t2; t3�:

ðA175Þ

Therefore, similar to Eqs. (27) and (28), we have for
t ∈ ½0; t1�,

ρtargetð0ÞSCat ðtÞ ¼ ρ0SðtÞ ⊗ ρ0CatðtÞ; ðA176Þ
while for t ∈ ½t2; t3�,

ρtargetð0ÞSCat ðtÞ ¼ e−itðĤSþĤCatÞρ1S ⊗ ρ0Cate
itðĤSþĤCatÞ ðA177Þ

¼ ρ1SðtÞ ⊗ ρ0CatðtÞ: ðA178Þ

Hence, Eqs. (A176) and (A177) together imply

ρtargetð0ÞSCat ðtÞ ¼ ρtargetð0ÞS ðtÞ ⊗ ρ0CatðtÞ ðA179Þ

for t ∈ ½0; t1� ∪ ½t2; t3�.
Part A consists of proving that the following holds. Let

εSCatGðϵH; tÞ > 0 and εClðtÞ > 0 satisfy

kρFSCatGðtÞ − ρtargetðϵHÞSCatG ðtÞk1 ≤ εSCatGðϵH; tÞ; ðA180Þ

kρFClðtÞ − ρ0ClðtÞk1 ≤ εClðtÞ: ðA181Þ

It follows that
(1) The deviation from the idealized dynamics is

bounded by

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1 ðA182Þ

≤ 2εSCatGðϵH; tÞ þ 2
ffiffiffiffiffiffiffiffiffiffiffi
εClðtÞ

p
þ 2ϵHθðtÞ: ðA183Þ

(2) The final state ρFS ðtÞ is

kρFS ðtÞ − ρtargetð0ÞS ðtÞk1 ≤ εSCatGðϵH; tÞ þ ϵHθðtÞ
ðA184Þ

close to the one which can be reached via t-CTO: For
all t ∈ ½0; t1� ∪ ½t2; t3�, the transition

ρ0S ⊗ ρ0Cat ⊗ ρ0Cl to ρtargetð0ÞS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞ
ðA185Þ

is possible via a TO, i.e., ρ0S to ρtargetð0ÞS via a t-CTO.
We begin with proving item 2. To prove the Eqs. (A184)

and (A185), we start by extending the definitions of

ρtargetðϵHÞSCatG ðtÞ and ρtargetð0ÞSCatG ðtÞ in Eqs. (A176) and (A177) to
include the clock system:

ρtargetðϵHÞSCatGCl ðtÞ ¼ ρtargetðϵHÞSCatG ðtÞ ⊗ ρ0ClðtÞ; ðA186Þ

ρtargetð0ÞSCatGClðtÞ ¼ ρtargetð0ÞSCatG ðtÞ ⊗ ρ0ClðtÞ; ðA187Þ

where ρ0ClðtÞ is the free evolution of the clock defined in
Eq. (6). Therefore, from Eq. (A179), it follows that the
reduced state after tracing out the Gibbs state on G is

ρtargetð0ÞSCatCl ðtÞ ¼ ρtargetð0ÞS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞ ðA188Þ

for t ∈ ½0; t1� ∪ ½t2; t3�. Thus, taking into account property
Eq. (20), it follows by definition of CTOs and t-CTOs

that a transition from ρ0S to ρtargetð0ÞS ðtÞ is possible via a
t-CTO. Finally, applying the data processing inequality to
Eq. (A180), we achieve

kρFS ðtÞ − ρtargetðϵHÞS ðtÞk1 ≤ εSCatGðϵH; tÞ; ðA189Þ

while applying the date processing inequality to Eqs. (A172)

and (A174), we find kρtargetð0ÞS ðtÞ − ρtargetðϵHÞS ðtÞk1 ¼ 0 for

t ∈ ½0; t1�, while from Eqs. (21)–(23), we see kρtargetð0ÞS ðtÞ −
ρtargetðϵHÞS ðtÞk1 ≤ ϵH for t ∈ ½t2; t3�. Hence, combining both

equations, we have kρtargetð0ÞS ðtÞ − ρtargetðϵHÞS ðtÞk1 ≤ ϵHθðtÞ
for t ∈ ½0; t1� ∪ ½t2; t3�. Then, Eq. (A184) in item 2 above
follows from the triangle inequality:

kρFS ðtÞ − ρtargetð0ÞS ðtÞk1 ≤ kρFS ðtÞ − ρtargetðϵHÞS ðtÞk1 ðA190Þ

þkρtargetðϵHÞS ðtÞ − ρtargetð0ÞS ðtÞk1 ≤ εSCatGðϵH; tÞ ðA191Þ

þϵHθðtÞ: ðA192Þ

We now prove the above item 1 [i.e., the estimate (A183)].
We begin by using the triangle inequality followed by the
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identity ρtargetð0ÞSCat ðtÞ ¼ ρtargetð0ÞS ðtÞ ⊗ ρ0CatðtÞ, which follows
from Eq. (A188),

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1 ðA193Þ

¼ kρFSCatClðtÞ − ρtargetðϵHÞSCat ðtÞ ⊗ ρ0ClðtÞ ðA194Þ

þ ρtargetðϵHÞSCat ðtÞ ⊗ ρ0ClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1
ðA195Þ

≤kρFSCatClðtÞ − ρtargetðϵHÞSCat ðtÞ ⊗ ρ0ClðtÞk1 ðA196Þ

þkρtargetðϵHÞSCat ðtÞ⊗ρ0ClðtÞ−ρtargetð0ÞSCat ðtÞ⊗ρ0ClðtÞk1 ðA197Þ

þ kρtargetð0ÞSCat ðtÞ⊗ ρ0ClðtÞ− ρFS ðtÞ ⊗ ρ0CatðtÞ⊗ ρ0ClðtÞk1
ðA198Þ

¼kρFSCatClðtÞ − ρtargetðϵHÞSCat ðtÞ ⊗ ρ0ClðtÞk1 ðA199Þ

þkρtargetðϵHÞSCat ðtÞ − ρtargetð0ÞSCat ðtÞk1 ðA200Þ

þ kρtargetð0ÞS ⊗ ρ0CatðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞk1
≤ kρFSCatClðtÞ − ρtargetðϵHÞSCat ðtÞ ⊗ ρ0ClðtÞk1 ðA201Þ

þϵHθðtÞ þ kρtargetð0ÞS − ρFS ðtÞk1 ðA202Þ

≤kρFSCatClðtÞ − ρtargetðϵHÞSCat ðtÞ ⊗ ρ0ClðtÞk1 ðA203Þ

þ2ϵHθðtÞ þ εSCatGðϵH; tÞ; ðA204Þ

wherewe apply the data processing inequality to Eq. (A180)
and use the resultant equation in the last line. Now we make
the following identifications, noting that ρ0ClðtÞ all t ∈ R is
pure by assumption of the theorem,

ρFSCatGðtÞ≕ ρA; ρFClðtÞ≕ ρB; ρFSCatGClðtÞ≕ ρAB; ðA205Þ

ρtargetðϵHÞSCatG ðtÞ≕ σA; ρ0ClðtÞ≕ σB; ðA206Þ

ρtargetðϵHÞSCatG ðtÞ ⊗ ρ0ClðtÞ≕ σAB; ðA207Þ

and applyProposition 14with use of Eqs. (A180) and (A181)
arriving at

ϵ1 ¼ εSCatGðϵH; tÞ; ϵ2 ¼ εClðtÞ; ϵ3 ¼ 0; ðA208Þ

and thus,

kρFSCatGClðtÞ − ρtargetðϵHÞSCatG ðtÞ ⊗ ρ0ClðtÞk1 ðA209Þ

≤ 2
ffiffiffiffiffiffiffiffiffiffiffi
εClðtÞ

p
þ εSCatGðϵH; tÞ: ðA210Þ

Applying the data processing inequality to the above
equation, followed by substituting into Eq. (A204), gives

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1 ðA211Þ

≤ 2
ffiffiffiffiffiffiffiffiffiffiffi
εClðtÞ

p
þ εSCatGðϵH; tÞ þ εSCatGðϵH; tÞ þ 2ϵHθðtÞ

¼ 2εSCatGðϵH; tÞ þ 2
ffiffiffiffiffiffiffiffiffiffiffi
εClðtÞ

p
þ 2ϵHθðtÞ: ðA212Þ

b. Part B of the proof of Theorem 3

We now set out to prove the second part, which consists
of deriving expressions for εSCatGðϵH; tÞ and εClðtÞ such that
the contents of items 1 and 2 above are consistent with the
claims in 1 and 2 of the theorem.
To start with, since ĤS þ ĤCat þ ĤG and Ĥint

SCatG com-
mute, they share a common eigenbasis which we
denote fjEjigj. We can write the interaction term in terms

of this basis as follows: Ĥint
SCatG ¼PdSdCatdG

j¼1 ΩjjEjihEjj
with eigenvalues Ωj in the range Ωj ∈ ½−π; π� since
kĤint

SCatGk∞ ≤ π. We can also expand the state ρ0S ⊗ ρ0Cat ⊗
τG in the energy eigenbasis fjEjigj. Doing so allows one to
simplify the expression for ρFSCatGClðtÞ. We find

ρFSCatGClðtÞ ¼ e−itðĤSþĤCatþĤGþĤint
SCatG⊗Ĥint

ClþĤClÞρ0S ⊗ ρ0Cat ⊗ τG ⊗ jρ0Clihρ0CljeitðĤSþĤCatþĤGþĤint
SCatG⊗Ĥint

ClþĤClÞ ðA213Þ

¼
XdSdCatdG
j;j0¼1

e−itðĤSþĤCatþĤGþΩjĤ
int
ClþĤClÞρ0SCatG;j;j0 jEjihEj0 j ⊗ jρ0Clihρ0CljeitðĤSþĤCatþĤGþΩj0 Ĥ

int
ClþĤClÞ ðA214Þ

¼
XdSdCatdG
j;j0¼1

ρ0SCatG;j;j0 ðtÞjEjihEj0 j⊗ jρ0Cl;jðtÞihρ0Cl;j0 ðtÞj; ðA215Þ
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where

XdSdCatdG
j;j0¼1

ρ0SCatG;j;j0 ðtÞjEjihEj0 j¼ρSðtÞ⊗ρ0CatðtÞ⊗τG; ðA216Þ

jρ0Cl;jðtÞi ¼ e−itðΩjĤ
int
ClþĤClÞjρ0Cli: ðA217Þ

We thus have by taking partial traces

ρFSCatGðtÞ ðA218Þ

¼
XdSdCatdG
j;j0¼1

ρ0SCatG;j;j0 ðtÞjEjihEj0 jhρ0Cl;j0 ðtÞjρ0Cl;jðtÞi; ðA219Þ

ρFClðtÞ ¼
XdSdCatdG
j¼1

ρ0SCatG;j;jjρ0Cl;jðtÞihρ0Cl;jðtÞj: ðA220Þ

Similarly,

ρtargetðϵHÞSCatG ðtÞ ðA221Þ

¼ UtargetðϵHÞ
SCatG ðtÞ½ρ0SðtÞ ⊗ ρ0CatðtÞ ⊗�UtargetðϵHÞ†

SCatG ðtÞ ðA222Þ

¼ e−itθðtÞĤ
int
SCatG ðA223Þ

� XdSdCatdG
j;j0¼1

ρ0SCatG;j;j0 ðtÞjEjihEj0 j
�
eitθðtÞĤ

int
SCatG ðA224Þ

¼
XdSdCatdG
j;j0¼1

ρ0SCatG;j;j0 ðtÞe−itðΩj−Ωj0 ÞθðtÞjEjihEj0 j: ðA225Þ

Noting that the Frobenious norm k · kF upper bounds the
trace distance by the inequality k · kF ≥ k · k1=

ffiffiffi
d

p
for a

d-dimensional space, we find

kρFSCatGðtÞ − ρtargetðϵHÞSCatG ðtÞk1 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdG

p
kρFSCatGðtÞ − ρtargetðϵHÞSCatG ðtÞkF ðA226Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdG

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXdSdCatdG
j;j0¼1

jρ0SCatG;j;j0 ðtÞj2je−itðΩj−Ωj0 ÞθðtÞ − hρ0Cl;j0 ðtÞjρ0Cl;jðtÞij2
vuut ðA227Þ

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdG

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXdSdCatdG
j;j0¼1

jρ0SCatG;j;j0 ðtÞj2ðmax
m;n

je−itðΩm−ΩnÞθðtÞ − hρ0Cl;nðtÞjρ0Cl;mðtÞij2Þ
vuut ðA228Þ

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dSdCatdG

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr½ρ0SðtÞ2 ⊗ ρ0CatðtÞ2 ⊗ τ2G�ðmax

m;n
je−itðΩm−ΩnÞθðtÞ − hρ0Cl;nðtÞjρ0Cl;mðtÞij2Þ

r
ðA229Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dStr½ρ0S2�dCattr½ρ0Cat2�dGtr½τG2�

q
max
m;n

je−itðΩm−ΩnÞθðtÞ − hρ0Cl;nðtÞjρ0Cl;mðtÞij ðA230Þ

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dStr½ρ0S2�dCattr½ρ0Cat2�dGtr½τG2�

q
max

x;y∈½−π;π�
j1 − hρ0CljΓ̂†ðx; tÞΓ̂ðy; tÞjρ0Clij ðA231Þ

¼ A max
x;y∈½−π;π�

j1 − Δðt; x; yÞj; ðA232Þ

where we denote

Δðt; x; yÞ ≔ hρ0CljΓ†ðx; tÞΓðy; tÞjρ0Cli; ðA233Þ

A ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dStr½ρ0S2�dCattr½ρ0Cat2�dGtr½τG2�

q
: ðA234Þ

(Note here that since dtr½ρ2� ≥ 1 for any d-dimensional
state, we have A ≥ 1.) Thus, εSCatGðϵH; tÞ from Eq. (A180),
we set as

εSCatGðϵH; tÞ ¼ A max
x;y∈½−π;π�

j1 − Δðt; x; yÞj: ðA235Þ

Noting that the fidelity F between a pure state
jρ0ClðtÞi ¼ e−itĤCl jρ0Cli and a state ρFClðtÞ is given by F ¼
hρ0ClðtÞjρFClðtÞjρ0ClðtÞi using Eq. (A220) and the usual
bound for the trace distance in terms of the fidelity,
we find

kρFClðtÞ − ρ0ClðtÞk1 ðA236Þ

AUTONOMOUS QUANTUM DEVICES: WHEN ARE THEY … PHYS. REV. X 13, 011016 (2023)

011016-27



≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − F(ρFClðtÞ; jρ0ClðtÞi)

q
ðA237Þ

¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − hρ0ClðtÞjρFClðtÞjρ0ClðtÞi

q
ðA238Þ

¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

XdSdCatdG
j¼1

ρ0SCatG;j;jhρ0ClðtÞjρ0Cl;jðtÞihρ0Cl;jðtÞjρ0ClðtÞi
vuut

≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −min

j
jhρ0ClðtÞjρ0Cl;jðtÞij2

r
ðA239Þ

≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − min

x∈½−π;π�
jhρ0ClðtÞje−ixθðtÞΓðx; tÞjρ0Clij2

r
ðA240Þ

¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − min

x∈½−π;π�
jhρ0CljΓ†ð0; tÞΓðx; tÞjρ0Clij2

r
ðA241Þ

≤ 2 max
x;y∈½−π;π�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhρ0CljΓ†ðy; tÞΓðx; tÞjρ0Clij2

q
ðA242Þ

¼ 2 max
x;y∈½−π;π�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jΔðt; x; yÞj2

q
; ðA243Þ

so that we can set εClðtÞ from Eq. (A181) to

εClðtÞ ¼ 2 max
x;y∈½−π;π�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jΔðt; x; yÞj2

q
: ðA244Þ

Inserting Eqs. (A244) and (A235) into Eqs. (A183) and
(A184), we conclude

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1 ðA245Þ

≤ 2
ffiffiffiffi
A

p
max

x;y∈½−π;π�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − Δðt; x; yÞj

p
ðA246Þ

þ4 max
x;y∈½−π;π�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jΔðt; x; yÞj2

q
þ2ϵHθðtÞ; ðA247Þ

and

kρFS ðtÞ − ρtargetð0ÞS ðtÞk1 ðA248Þ

≤ ϵHθðtÞ þ 2 max
x;y∈½−π;π�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jΔðt; x; yÞj2

q
: ðA249Þ

Finally, to finish the proof we need to find some simplifying
upper bounds to the rhs of Eqs. (A247) and (A249) to
conclude the bounds stated in Theorem 3.
To this end, we apply Lemma 38, which implies, by

identifying c ¼ Δðt; x; yÞ,

1 − jΔðt; x; yÞj2 ≤ j1 − Δðt; x; yÞ2j; ðA250Þ

j1 − Δðt; x; yÞj ≤ j1 − Δðt; x; yÞ2j: ðA251Þ

Observe that we can make the identification c ¼ Δðt; x; yÞ
since jΔðt; x; yÞj ≤ 1 follows from unitarity and j1 − cj ¼
j1 − Δðt; x; yÞj ≤ 1 can be assumed without loss of general-
ity. Indeed, if j1 − Δðt; x; yÞj > 1, then the bounds would
be greater than 2 [see Eqs. (A247) and (A249) and recall
A ≥ 1], hence, not relevant, since the trace norm is always
no greater than 2.
We then obtain

kρFSCatClðtÞ − ρFS ðtÞ ⊗ ρ0CatðtÞ ⊗ ρ0ClðtÞk1 ðA252Þ

≤ 2ϵHθðtÞ þ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A max
x;y∈½−π;π�

j1 − Δ2ðt; x; yÞj
r

; ðA253Þ

where we use A ≥ 1 and

kρFS ðtÞ − ρtargetð0ÞS ðtÞk1 ≤ ϵHθðtÞ ðA254Þ

þ
ffiffiffiffi
A

p
max

x;y∈½−π;π�
j1 − Δ2ðt; x; yÞj; ðA255Þ

▪
where A and Δðt; x; yÞ are given by Eq. (A233). Finally,

since tr½ρ2� ≤ 1 for any normalized density matrix ρ, we
have

A ≤ dSdCatdGtr½τG2�: ðA256Þ

Inserting this into Eqs. (A253) and (A255), we get the
thesis of Theorem 3.

6. Calculating Δðt; x;yÞ for the idealized
momentum clock

In the case of the idealized momentum clock, we have
ĤCl ¼ p̂, Ĥint

Cl ¼ gðx̂Þ, where x̂ and p̂ are the position and
momentum operators of a particle in one dimension satisfy-
ing the Weyl form of the canonical commutation relations
½x̂; p̂� ¼ i, while g is an integrable function from the reals to
the reals, normalized such that

R
R gðxÞdx ¼ 1 [97].

Therefore, we find for the idealized momentum clock, for
z; y ∈ R,

Δðt; z; yÞ ðA257Þ

¼ hρ0CljΓ̂†
Clðz; tÞΓ̂Clðy; tÞjρ0Cli ðA258Þ

¼ e−iðz−yÞθðtÞhρ0Cljeitp̂þiztgðx̂Þe−itp̂−iytgðx̂Þjρ0Cli ðA259Þ

¼ e−iðz−yÞθðtÞ
Z
R
dxhρ0Cljeitp̂þiztgðx̂Þjxihxje−itp̂−iytgðx̂Þjρ0Cli:

ðA260Þ
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We can now use the relation p̂ ¼ −ið∂=∂xÞ and solve the
first-order two-variable differential equation resulting from
the Schrödinger equation for the Hamiltonian p̂þ ygðx̂Þ
and initial wave function hxjρ0Cli. Plugging the solution into
the above, we arrive at

Δðt; z; yÞ ¼ e−iðz−yÞθðtÞ
Z
R
dxjhxjρ0Clij2e−iðy−zÞ

R
xþt

x
gðx0Þdx0 :

ðA261Þ

We now choose the support of the initial wave function
hxjρ0Cli to be x ∈ ½xψl; xψr� and the support of gðxÞ to be
x ∈ ½xgl; xgr�. Noting that

Z
xþt

x
gðx0Þdx0 ¼

�
0 if xþ t≤ xgl;

1 if x≤ xgl and xþ t≥ xgr;
ðA262Þ

and taking into account the support interval of hxjρ0Cli, we
conclude Z

R
dxjhxjρ0Clij2e−iðy−zÞ

R
xþt

x
gðx0Þdx0 ðA263Þ

¼
�
1 if t ≤ xgl − xψr;

eiðz−yÞ if t ≥ xgr − xψl:
ðA264Þ

Therefore, choosing t1 ¼ xgr − xψl and t2 ¼ xgr − xψl,
from Eq. (A261) we arrive at

Δðt; x; yÞ ¼ 1 ∀ x; y ∈ ½−π; π�; ðA265Þ

as we claim in Sec. III B of the main text. Furthermore, note
that the derivation holds for all t1 < t2 by appropriately
choosing the parameters xgr; xψl; xgr; xψl.
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Quantum Machine to Measure the Thermodynamic Arrow
of Time, njp Quantum Inf. 4, 59 (2018).

[13] P. Erker, M. T. Mitchison, R. Silva, M. P. Woods, N.
Brunner, and M. Huber, Autonomous Quantum Clocks:
Does Thermodynamics Limit Our Ability to Measure Time?,
Phys. Rev. X 7, 031022 (2017).

[14] R. Uzdin, A. Levy, and R. Kosloff, Equivalence of Quantum
Heat Machines, and Quantum-Thermodynamic Signatures,
Phys. Rev. X 5, 031044 (2015).

[15] A. Hewgill, J. O. González, J. P. Palao, D. Alonso, A.
Ferraro, and G. De Chiara, Three-Qubit Refrigerator with
Two-Body Interactions, Phys. Rev. E 101, 012109 (2020).

[16] P. P. Hofer, M. Perarnau-Llobet, J. B. Brask, R. Silva, M.
Huber, and N. Brunner, Autonomous Quantum Refrigerator
in a Circuit QED Architecture Based on a Josephson
Junction, Phys. Rev. B 94, 235420 (2016).

[17] R. Alicki, The Quantum Open System as a Model of the
Heat Engine, J. Phys. A 12, L103 (1979).

[18] D. Gelbwaser-Klimovsky and G. Kurizki, Heat-Machine
Control by Quantum-State Preparation: From Quantum
Engines to Refrigerators, Phys. Rev. E 90, 022102 (2014).

[19] J. E. Geusic, E. O. Schulz-DuBios, and H. E. D. Scovil,
Quantum Equivalent of the Carnot Cycle, Phys. Rev. 156,
343 (1967).

[20] M. P. Woods, N. Ng, and S. Wehner, The Maximum
Efficiency of Nano Heat Engines Depends on More than
Temperature, Quantum 3, 177 (2019).

[21] N. Ng, M. P. Woods, and S. Wehner, Surpassing the Carnot
Efficiency by Extracting Imperfect Work, New J. Phys. 19,
113005 (2017).

[22] N. Yunger Halpern and D. T. Limmer, Fundamental
Limitations on Photoisomerization from Thermodynamic
Resource Theories, Phys. Rev. A 101, 042116 (2020).

[23] J. Roßnagel, S. T. Dawkins, K. N. Tolazzi, O. Abah, E. Lutz,
F. Schmidt-Kaler, and K. Singer, A Single-Atom Heat
Engine, Science 352, 325 (2016).

[24] G. Benenti, G. Casati, K. Saito, and R. S. Whitney,
Fundamental Aspects of Steady-State Conversion of Heat
to Work at the Nanoscale, Phys. Rep. 694, 1 (2017).

[25] F. Brandão, M. Horodecki, N. Ng, J. Oppenheim, and S.
Wehner, The Second Laws of Quantum Thermodynamics,
Proc. Natl. Acad. Sci. U.S.A. 112, 3275 (2015).

[26] D. Janzing, P. Wocjan, R. Zeier, R. Geiss, and T. Beth,
Thermodynamic Cost of Reliability and Low Temperatures:

AUTONOMOUS QUANTUM DEVICES: WHEN ARE THEY … PHYS. REV. X 13, 011016 (2023)

011016-29

https://doi.org/10.1038/39247
https://doi.org/10.1126/science.1214081
https://doi.org/10.1080/00107514.2019.1631555
https://doi.org/10.1080/00107514.2019.1631555
https://doi.org/10.1103/PhysRevLett.105.130401
https://doi.org/10.1209/0295-5075/103/60005
https://doi.org/10.1088/1367-2630/17/11/113029
https://doi.org/10.1088/1367-2630/17/11/113029
https://doi.org/10.1088/1367-2630/17/11/115013
https://doi.org/10.1088/2058-9565/1/1/015001
https://doi.org/10.1088/2058-9565/1/1/015001
https://doi.org/10.1038/s41467-018-08090-0
https://doi.org/10.1038/s41534-018-0109-8
https://doi.org/10.1103/PhysRevX.7.031022
https://doi.org/10.1103/PhysRevX.5.031044
https://doi.org/10.1103/PhysRevE.101.012109
https://doi.org/10.1103/PhysRevB.94.235420
https://doi.org/10.1088/0305-4470/12/5/007
https://doi.org/10.1103/PhysRevE.90.022102
https://doi.org/10.1103/PhysRev.156.343
https://doi.org/10.1103/PhysRev.156.343
https://doi.org/10.22331/q-2019-08-19-177
https://doi.org/10.1088/1367-2630/aa8ced
https://doi.org/10.1088/1367-2630/aa8ced
https://doi.org/10.1103/PhysRevA.101.042116
https://doi.org/10.1126/science.aad6320
https://doi.org/10.1016/j.physrep.2017.05.008
https://doi.org/10.1073/pnas.1411728112


Tightening Landauer’s Principle and the Second Law, Int. J.
Theor. Phys. 39, 2717 (2000).

[27] W. van Dam and P. Hayden, Universal Entanglement
Transformations without Communication, Phys. Rev. A
67, 060302(R) (2003).

[28] N. Ng, L. Mančinska, C. Cirstoiu, J. Eisert, and S. Wehner,
Limits to Catalysis in Quantum Thermodynamics, New J.
Phys. 17, 085004 (2015).

[29] A. S. L. Malabarba, A. J. Short, and P. Kammerlander,
Clock-Driven Quantum Thermal Engines, New J. Phys.
17, 045027 (2015).

[30] A. Jenkins, Self-Oscillation,, Phys. Rep. 525, 167
(2013).

[31] W. Pauli, Die Allgemeinen Prinzipien der Wellenmechanik,
Handb. Phys. 5, 1 (1958).

[32] L. Masanes and J. Oppenheim, A General Derivation and
Quantification of the Third Law of Thermodynamics, Nat.
Commun. 8, 14538 (2017).

[33] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevX.13.011016, which in-
cludes Refs. [34–53], for full technical details of the proofs.
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[55] M. Horodecki, P. Horodecki, and J. Oppenheim, Reversible
Transformations from Pure to Mixed States and the
Unique Measure of Information, Phys. Rev. A 67,
062104 (2003).

[56] K. Życzkowski and I. Bengtsson, On Duality between
Quantum Maps and Quantum States, Open Syst. Inf.
Dyn. 11, 3 (2004).

[57] D. Jonathan and M. B. Plenio, Entanglement-Assisted Local
Manipulation of Pure Quantum States, Phys. Rev. Lett. 83,
3566 (1999).

[58] G. Gour, M. P. Müller, V. Narasimhachar, R. W. Spekkens,
and N. Y. Halpern, The Resource Theory of Informational
Nonequilibrium in Thermodynamics, Phys. Rep. 583, 1
(2015).

[59] Note that this generalization also generalizes NOs, CNOs,
and CTOs by allowing for the inclusion of a catalyst in the
initial and final states of the transition and or specializing to
the case of a maximally mixed Gibbs state.

[60] For any bipartite state ρA, we use the notation of reduced
states ρA ≔ trBðρABÞ, ρB ≔ trAðρBAÞ.

[61] It is likely that the no-go theorem holds for all nontrivial
UAG, i.e., all cases for which there exists t ∈ ½0; t1� ∪ ½t2; t3�
such that ρFAðtÞ ≠ ρ0AðtÞ. However, the point of the no-go
theorem is simply to show that the problem is nontrivial for
most cases of interest.

[62] M. P. Müller, Correlating Thermal Machines and the
Second Law at the Nanoscale, Phys. Rev. X 8, 041051
(2018).

[63] A. M. Alhambra, S. Wehner, M. M. Wilde, and M. P.
Woods, Work and Reversibility in Quantum Thermodynam-
ics, Phys. Rev. A 97, 062114 (2018).

[64] P. Boes, J. Eisert, R. Gallego, M. P. Müller, and H. Wilming,
von Neumann Entropy from Unitarity, Phys. Rev. Lett. 122,
210402 (2019).

[65] M. Reed and B. Simon, II: Fourier Analysis, Self-
Adjointness, Methods of Modern Mathematical Physics
(Elsevier Science, New York, 1975).

MISCHA P. WOODS and MICHAŁ HORODECKI PHYS. REV. X 13, 011016 (2023)

011016-30

https://doi.org/10.1023/A:1026422630734
https://doi.org/10.1023/A:1026422630734
https://doi.org/10.1103/PhysRevA.67.060302
https://doi.org/10.1103/PhysRevA.67.060302
https://doi.org/10.1088/1367-2630/17/8/085004
https://doi.org/10.1088/1367-2630/17/8/085004
https://doi.org/10.1088/1367-2630/17/4/045027
https://doi.org/10.1088/1367-2630/17/4/045027
https://doi.org/10.1016/j.physrep.2012.10.007
https://doi.org/10.1016/j.physrep.2012.10.007
https://doi.org/10.1038/ncomms14538
https://doi.org/10.1038/ncomms14538
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
http://link.aps.org/supplemental/10.1103/PhysRevX.13.011016
https://doi.org/10.1103/PhysRevA.67.062104
https://doi.org/10.1103/PhysRevA.67.062104
https://arXiv.org/abs/0709.3680
https://arXiv.org/abs/0709.3680
https://doi.org/10.1088/1751-8113/40/40/012
https://arXiv.org/abs/1707.04249
https://doi.org/10.1109/TIT.2014.2320500
https://doi.org/10.1109/TIT.2014.2320500
https://doi.org/10.1007/BF01646490
https://doi.org/10.1007/BF01646490
https://doi.org/10.1088/1751-8113/40/28/S18
https://doi.org/10.1007/s00220-016-2609-8
https://doi.org/10.1007/s00220-016-2609-8
https://doi.org/10.1017/S0004972700007449
https://doi.org/10.1017/S0004972700007449
https://doi.org/10.1017/S0013091500008786
https://doi.org/10.1103/PhysRevA.67.062104
https://doi.org/10.1103/PhysRevA.67.062104
https://doi.org/10.1023/B:OPSY.0000024753.05661.c2
https://doi.org/10.1023/B:OPSY.0000024753.05661.c2
https://doi.org/10.1103/PhysRevLett.83.3566
https://doi.org/10.1103/PhysRevLett.83.3566
https://doi.org/10.1016/j.physrep.2015.04.003
https://doi.org/10.1016/j.physrep.2015.04.003
https://doi.org/10.1103/PhysRevX.8.041051
https://doi.org/10.1103/PhysRevX.8.041051
https://doi.org/10.1103/PhysRevA.97.062114
https://doi.org/10.1103/PhysRevLett.122.210402
https://doi.org/10.1103/PhysRevLett.122.210402


[66] This is because in order for all states in the system Hilbert
space to be reachable by an initial state under CNOs, the
initial state needs to be supplemented with a work bit which
is depleted in the process.

[67] M. P. Woods, R. Silva, and J. Oppenheim, Autonomous
Quantum Machines and Finite-Sized Clocks, Ann. Inst.
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