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We study synchronization in bulk suspensions of spherical microswimmers with chiral trajectories
using large scale numerics. The model is generic. It corresponds to the lowest order solution
of a general model for self-propulsion at low Reynolds numbers, consisting of a nonaxisymmetric
rotating source dipole. We show that both purely circular and helical swimmers can spontaneously
synchronize their rotation. The synchronized state corresponds to velocity alignment with high
orientational order in both the polar and azimuthal directions. Finally, we consider a racemic
mixture of helical swimmers where intraspecies synchronization is observed while the system remains
as a spatially uniform fluid. Our results demonstrate hydrodynamic synchronization as a natural
collective phenomenon for microswimmers with chiral trajectories.

Introduction.— Microswimmers are a subset of ac-
tive matter systems and correspond to microscopic ele-
ments self-propelling within a fluid environment. Nat-
ural microswimmers consist of biological microorgan-
isms [1–3] and their collective dynamics has gained a
lot of interest of late [4–12]. This has inspired research
on synthetic microswimmers, typically based on phoretic
Janus particles [13–15]. The interest for developing arti-
ficial swimmers has been fuelled by the various promiss-
ing possibilities for applications such as micro-cargo
transportation[16–19], targeted drug delivery[19–22], ar-
tificial insemination[19, 23] and microsurgery[19, 20, 24–
26].

Most theoretical studies of microswimmer suspensions
have concentrated on particles that swim in straight lines,
with simulations predicting the spontaneous formation of
collective swimming along a common direction — uni-
form polar order [27–33]. However, microorganisms typ-
ically have intrinsic chirality and tend to swim along he-
lical paths [34–44]. Similarly, any asymmetry due to im-
perfections in the shape of the colloids or in their cat-
alytic coating would also lead to chiral motion for artifical
swimmers [13, 45–48].

Continuum descriptions based on the long-range hy-
drodynamics produced by flow singularities [49–52] have
been extensively used in the past, with some works in-
cluding chiral flows [53–55]. However, these models fail
to capture near-field hydrodynamic effects, which are
believed to be crucial for the formation of polar or-
der [29, 30].

Most of the current theoretical work of active particles
moving along chiral paths relies on dry microscopic de-
scriptions such as active Brownian particle (ABP) mod-
els [56–65]. These effectively account for excluded volume
effects, but neglect hydrodynamic interactions. Simula-
tions of rotational dry models have predicted large-scale
synchronisation, when a Kuramoto-type alignment term
is included [57, 66]. Very recently, work on the hydro-
dynamics of chiral swimmers has started to emerge, but
has so far been limited to single and two particle systems
[67–72].

Explicitly incorporating chirality in hydrodynamic
models used to study microswimmer suspensions could
have an important effect regarding the emergence of col-
lective states, such as large-scale collective oscillations[73,
74], polar order [27–33] or hydrodynamic synchronisa-
tion [75–81]. While synchronisation arising from active
flows has been predicted for linear trimers [75] and for
rotors on a 2-dimensional lattice [79], the ability of mi-
croswimmers to spontaneously synchronise (or not) in
freely moving bulk suspensions, remains an open ques-
tion.

Here, we show that swimmers with chiral trajecto-
ries can synchronise their rotation in a fully three-
dimensional suspension. We consider finite sized swim-
mers, with a surface slip-flow arising from the general so-
lution for self-propulsion at low Reynolds numbers [82],
corresponding to a rotating source dipole flow inclined
at an angle ψ with respect to the particle polar direc-
tion. A synchronised state, corresponds to the alignment
of these dipoles. We study three distinct cases: circu-
lar swimmers, helical swimmers, and a racemic mixture
of left-handed and right-handed helical swimmers. In all
cases, the spontaneous formation of synchronised states
is observed.

Model for rotational squirmers.— To model the mi-
croswimmers, we consider spherical particles of radius
a, and extend the standard squirmer model [83, 84]
to include rotational slip-flows. Based on Lamb’s gen-
eral solution, the tangential slip-flow at the particle sur-
face, is given in spherical coordinates by an infinite se-
ries of modes for the polar and azimuthal components
eθ and eφ[82]. The lowest order modes correspond to
self-propulsion (source dipoles and rotlets), while the
higher order terms correspond to fluid mixing. We
choose [82, 85]

uθ|r=a = B1 sinθ + B̃11 cosθ sinφ

uφ|r=a = C1 sinθ + B̃11 cosφ.
(1)

The B1 mode corresponds to the source dipole in the
standard squirmer model (top right panel in Fig. 1a).
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FIG. 1. Model for rotational squirmers. (a) The surface slip-

flows corresponding to the different modes: B1, C1 and B̃11 in
the particle frame. The magnitude of the normalised surface
velocity (slip flow) for each mode is represented by a colour-
code and the streamlines are coloured black. (b) The particle
trajectories in the lab frame, corresponding to circular (left)
and helical (right) swimming. The unit vectors m and s cor-
respond to the particle polar and azimuthal axes respectively
and ψ is the inclination angle with respect to m. (c) Swim-
mer flow field obtained from the simulations, corresponding
to a source dipole B (neutral squirmer). The magnitude of
the fluid velocity is coloured using a logarithmic scale and
overlaid by black streamlines.

C1 leads to a rotation of the particle around its po-
lar axis z (or m) with an angular velocity ω0 = C1/a

(bottom left panel in Fig. 1a). B̃11 corresponds to a
source dipole along y (bottom right panel in Fig. 1a).
The total swimmer flow field corresponds to a single

source dipole B with magnitude B =

√
B̃2

11 +B2
1 , which

rotates around the polar axis (m) at an inclination

ψ = | tan−1(B̃11/B1)| (Fig. 1). An isolated particle
has a swimming speed v0 = 2

3B. When ψ = 90◦

(B1 = 0) the swimmers have circular trajectories in a
plane perpendicular to m (left in Fig. 1b). The ra-

dius of the trajectory is given by rt = 2B̃11a/(3C1) and
the period by T0 = 2π/ω0 = 2πa/C1. For ψ ̸= 90◦

and ψ ̸= 0◦ the trajectories become helical with pitch
length p = 4πB1a/(3C1) (right panel in Fig. 1b). To
characterise the helical swimming, we define the ratio
λ ≡ rt/p = B̃11/(2πB1) [85].

To study the collective dynamics of suspensions of N
swimmers, we use the lattice Boltzmann method [85].
The typical particle Reynolds number is Re ∼ 0.01
with simulation times ∼ 100s. (see supplementary ma-
terial [85] for details of simulations and mapping to SI
units). An orientationally ordered state, corresponds to
the alignment of the source dipoles B. The amount of
alignment can be measured by considering a velocity or-

der parameter Pv(t) =
|∑N

i v̂i|
N , where v̂i = vi/vi. To

further quantify the ordering, we measure the alignment
along the azimuthal s and polar m directions, by calcu-

FIG. 2. Synchronisation diagram for circular swimmers (ψ =
90◦) as a function of the volume fraction ϕ and particle trajec-
tory radius rt. Green circles indicate global synchronisation,
and the red triangles mark isotropic states. The synchronisa-
tion region is coloured according to a waiting time tsync/T0

corresponding to the total time elapsed from the start of the
simulation until synchronisation is reached. The white curve

corresponds to ϕ = ϕ′
c
4/3πa3

2πr2t a
with ϕ′

c = 70%. (see text and

supplementary material [85] for details).

lating Ps|m(t) =
|∑N

i si|mi|
N . Pv|s|m = 1 corresponds to

complete order, and 0 to an isotropic state.

Synchronisation of circular swimmers.— Starting
from isotropic initial conditions, we find that circular
swimmers spontaneously synchronise their rotation when
ϕ ≈ 3 . . . 23% and rt ≈ 2 . . . 5a (Fig. 2). The synchroni-
sation corresponds to the spontaneous alignment of the
particle velocities, with the growth of both azimuthal and
polar order, where typically Ps ≈ Pm ≈ Pv ≳ 0.85 at
long times (Fig. 3a). The phase locking is apparent from
the distribution of the lag angle α = αs⊥

1,2 calculated from
all the particle pairs, considering the s vectors of two
different rotors in the plane perpendicular to the global
polar director, PM ∼

∑N
i mi. The distribution of α

changes from uniform at t ≈ 0 to a normal distribu-
tion with a peak at α ≈ 0 in the globally synchronised
state (Fig. 3d). In this state, the particle trajectories
are circular and aligned perpendicularly to PM (right in
Fig. 3e). The particle positions remain isotropic with the
pair-correlation functions g(r), g(r⊥) and g(r||) showing
liquid-like structure (Fig. 3b).

The likelihood of the synchronisation depends on the
volume fraction ϕ and the trajectory radius rt (Fig. 2).
At low ϕ the system remains in an isotropic state with the
circular trajectories randomly oriented and distributed.
When ϕ is increased, the trajectories become jagged in
the isotropic state (left in Fig. 3e). At long times the tra-
jectories align (right in Fig. 3e). The distribution of rota-
tional frequencies ω has a peak at ω0 and the width likely
arises from the hydrodynamic fluctuations (Fig. 3c). In-
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FIG. 3. (a) Circular swimmers: Example of a typical time
evolution of the azimuthal Ps (red), velocity Pv (blue) and
polar Pm (black) order parameters. (b) Radial distribution
function g(r) of the system at the beginning (gray) and at
the end (black) of the simulation. The g(r⊥) (g(r||)) are
calculated perpendicular (parallel) to the polar director PM .
Probability distribution of the (c) angular velocities ω and
(d) phase lag angle α between all particle pairs, at the start
and end of the simulation. (e) Snapshots of 25 selected parti-
cles at the beginning (left) and end (right) of the simulation.
The particles are coloured according to the y−component of
their s vector. The trajectories are shown over one period and
coloured according to the x−component of the swimmer’s m
vector. (The data corresponds to ϕ ≈ 0.15 and rt ≈ 3.33a).

terestingly, the particle dynamics is reminiscent of the
active-absorbing state transition predicted for dry cir-
cular swimmers in 2-dimensions (2D) [62] — the diffu-
sive dynamics in the isotropic state becomes sub-diffusive
when the spontaneous synchronisation occurs [85]. How-
ever, in the 2D dry system, where the particles interact
exclusively via steric collisions, only local synchronisation
was observed [62]. This suggests that hydrodynamic in-
teractions are crucial for the large scale synchronisation
observed here.

Previous studies of linear squirmers predict that the
alignment of source dipoles corresponding to the forma-
tion of uniaxial polar order is dominated by near-field
hydrodynamic interactions [29, 30]. When rt ∼ a, an
isolated swimmer sweeps an area ∼ r2t during one period
T0, and can be thought to occupy an effective volume

FIG. 4. State diagram for helical swimmers as a function of
ϕ and λ = rt/p. The green circles correspond to global syn-
chronisation, and red triangles to isotropic states. The blue
diamonds mark polar order for classic linear neutral squirmers
and yellow diamonds correspond to finite polar order in the
absence of synchronisation for chiral swimmers. (data corre-
sponds to p ≈ 21a).

2πr2t a. The lower-ϕ limit for the synchronisation region,
closely corresponds to the random close packing of dis-
cotic cylinders with volume 2πr2t a [85] (white line in
Fig. 2). Above this line, the effective volumes overlap in
the isotropic state, and the swimmers have a high prob-
ability of interacting via near-field hydrodynamics.

To study the ordering dynamics, we measure the to-
tal time tsync from the beginning of the simulation until
synchronisation is reached . The fastest formation is ob-
served in the middle of the synchronised region (Fig. 2).
For a given rt, if ϕ is too large no synchronisation is ob-
served. This implies the existence of a dynamic bottle-
neck where the particles have multiple collisions during
their full-rotation time T0, hindering the growth of global
alignment. For simulations towards the high-ϕ end of the
synchronisation region, tsync is increased (Fig. 2), and
the order parameters fluctuate close to zero before the
growth of the order begins.

Helical swimmers.— The helical swimmer trajecto-
ries are characterised by the ratio between the radius of
curvature of the trajectory and the pitch length λ = rt/p
(Fig. 1b). The particle motion is 3-dimensional, leading
to an increase of the probability of near-field interactions.
Hence, synchronisation is observed at lower ϕ than in the
case of pure rotors (Fig. 2 and 4). Similarly to circular
swimmers, a high degree of order is observed in the syn-
chronised state (Fig. 5a and b), and the particles swim
along a common direction, with their helical trajectories
aligned (Fig. 5c). Interestingly, when the ratio B̃11/B1 is
decreased, the ordering dynamics is observed to change
from a smooth growth to a two-step process where the ve-
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FIG. 5. Helical swimmers: Time-evolution of the order pa-
rameters Ps (red), Pv (blue) and Pm (black) for (a) ϕ ≈ 0.083,
λ ≈ 0.19 and (b) ϕ ≈ 0.125, λ ≈ 0.1. (c) Snapshots of the
system in the synchronised state. The uwrapped trajecto-
ries of all the N = 286 helical swimmers couloured according
to mx (left). 8 selected microswimmers with their trajecto-
ries coloured as a function of time (right). The particles are
coloured according to sy. (The snapshots in (c) correspond
to ϕ ≈ 0.15, λ ≈ 0.16).

locity alignment initially corresponds only to alignment
in the polar direction (see e.g. Fig. 5a and b, for λ ≈ 0.19
and λ ≈ 0.1, respectively). Both the rotational frequency
and the phase locking show comparable behaviour to the
circular swimmers [85].

When λ = 0, the swimmers correspond to achiral neu-
tral squirmers and the formation of pure polar order
(Pm > 0; Ps ∼ 0) is observed (blue diamonds in Fig 4) in
agreement with [27–33]. Remarkably, we also find cases
with λ > 0 with stable polar order in the absence of az-
imuthal ordering (Pm > 0; Ps ≈ 0) (yellow diamonds in
Fig. 4).

The synchronisation spans to low chiralities, and is ob-
served for λ ≈ 0.03 . . . 0.22 and ϕ ≈ 2.5 . . . 20% (Fig. 4).
The λ range corresponds to experimentally observed tra-
jectories of biological swimmers such as λ = rt/p ≈
0.05 for T. thermophila [39] and λ ≈ 0.15 for the 3-
dimensional swimming of sperm [40]. We note that the
transition between synchronised chiral states and the lin-
ear polar state (λ = 0) is predicted to occur between
λ ≲ 0.03 and λ = 0 (Fig. 4). This suggests that synchro-
nisation may well be observable at lower chiralities than
λ ≈ 0.03 considered in Fig. 4.

Racemic mixture.— Finally, to study the effect of
frustration, we construct a racemic mixture composed of
right-handed and left-handed helical swimmers by choos-

FIG. 6. Racemic mixture: Distributions of the (a) spin-
ning frequency ω and (b) the phase-angle difference α calcu-
lated for all swimmer pairs (black), for clockwise (blue) and
counter-clockwise (red) rotating populations, as well as for the
cross population (orange). (c) Total (black), homochiral (vi-
olet) and heterochiral (orange) radial distribution functions.
(d) Snapshot of the unwrapped trajectories at the steady state
after 20T0. (The data corresponds to ϕ ≈ 0.1 and λ ≈ 0.16).

ing C1 = ±0.001 (Fig. 6). We start from a fully mixed
isotropic state. At the steady state, the particles, on av-
erage, swim along a common direction (Fig. 6d) and the
rotational frequency ω is observed to peak at ω0 (Fig. 6a).
The intra-species α shows strong phase-locking (blue and
red curves in Fig. 6b), whereas for the cross-species no
significant peak is observed (orange curve Fig. 6b), due to
the oppositely spinning populations. However, the dis-
tribution shows a slight preference for α = ±π, which
corresponds to a parallel orientation of the in-plane pro-
jections of the source dipoles [85]. Within the time-scale
of the simulations, we observe no spatial separation of
the swimmers — the fluid-like pair-correlation function
calculated within species and cross-species matches with
the g(r) of the whole system (Fig. 6c).

Conclusions.— Using hydrodynamic simulations we
have investigated suspensions of microswimmers with
chiral trajectories at the limit of zero thermal noise. The
results suggest the emergence of hydrodynamic synchro-
nisation as a naturally occuring collective phenomenon
for microswimmers. The predictions should be relevant
to a wide variety of experimental systems; such as he-
lically swimming bacteria [39] and sperm [40], or chi-
ral Quincke rollers [86] and spherical ciliates [87], where
rotational motion occurs naturally. The observation of
the intra-species synchronisation in the racemic mixture,
provides a surprising example of two synchronised, in-
terpenetrating, fluids. Further, it demonstrates that the
synchronisation is maintained in the presence of hydro-
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dynamic fluctuations arising from the source-dipole 1/r3

far-fields. This suggests, that it could be interesting to
(re)analyse 3-dimensional correlations in the rotational
degrees of freedom in systems exhibiting polar order, such
as areas of uniform order in bacterial systems [4–12] or
polar flocks in motile colloids [88].
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Additional details for the surface slip-flow

The purely tangential slip velocity profile on the surface of a squirmer of radius a, found in an incompressible fluid
at low Reynolds numbers, is given in spherical coordinates by an infinite series of modes for the polar and azimuthal
components eθ and eφ[82]:

ur|r=a = 0 (S1)

uθ|r=a =

∞∑
n=1

n∑
m=0

[
−2 sinθPm′

n

nan+2
(Bmn cosmφ+ B̃mn sinmφ)

+
mPm

n

an+1 sinθ
(C̃mn cosmφ− Cmn sinmφ)

] (S2)

uφ|r=a =

∞∑
n=1

n∑
m=0

[
sinθPm′

n

an+1
(Cmn cosmφ+ C̃mn sinmφ)

+
2mPm

n

nan+2 sinθ
(B̃mn cosmφ−Bmn sinmφ)

] (S3)

where Pm
n = Pm

n (x) with x = cosθ are the associated Legendre polynomials (with n ≥ 1 and 0 ≤ m ≤ n) and each

mode can be identified by its corresponding coefficient: Bmn, B̃mn, Cmn and C̃mn. The first two terms in the polar
direction (m = 0; n = 1, 2) correspond to the widely known squirmer model uθ|r=a = B1 sinθ +

1
2B2 sin2θ.

Choosing the parameters for chiral swimmers

The modes with n = 1 and m = 1 are equivalent to the n = 1 and m = 0 modes discussed above but act in different
directions, that is, their axis of symmetry is not the polar axis (or z-axis). The B11 and C11 modes are axisymmetric

about the x-axis, and the B̃11 and C̃11 modes are axisymmetric about the y-axis. Therefore, the “simplest” squirmer
that does not swim in a straight line, consisting of just a hydrodynamic source dipole in the overall flow field, can be
constructed by combining B1 with C11 or C̃11; B11 with C1 or C̃11; or B̃11 with C1 or C11. (Notice that using B1+C1,

B11 + C11, or B̃11 + C̃11 would produce squirmers that swim in a straight line while spinning around their axis of
symmetry). Each one of the six pairs of modes mentioned above leads to the squirmer having a circular trajectory in
a given plane. Going one step further, helical motion can be produced by adding another B mode in the direction
perpendicular to the plane of the circular motion. What this effectively does is lead to a situation where the induced
rotational and tranlational velocities of the squirmer are no longer perpendicular, U ×Ω ̸= 0 and U ·Ω ̸= 0, since the
superposition of the two perpendicular source dipoles leads to a source dipole along the diagonal with an angle given
by the relative strength of the initial dipoles.

Without loosing generality, in this work, we use C1 + B̃11 for circular swimmers; and B1 + C1 + B̃11 for helical
swimmers (see Fig. 1 in the main text). Hence, the boundary conditions defining the slip velocity profile of our
squirmer model are given in the polar êθ and azimuthal êφ directions, by:
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uθ|r=a = B1 sinθ + B̃11 cosθ sinφ

uφ|r=a = C1 sinθ + B̃11 cosφ,
(S4)

with B1, C1 and +B̃11 coefficients being our model parameters.
The flow field of the swimmers corresponds to a neutral squirmer (source dipole) B rotating around the polar

axis m at an angle ψ = | tan−1(B̃11/B1)| with angular velocity ω0 = C1/a. The magnitude B =

√
B̃2

11 +B2
1 ,

gives a single isolated particle swimming speed v0 = 2
3B. ψ = 90◦ corresponds to circular swimmers and ψ = 0◦

to linear squirmers. The radius of curvature of the trajectory rt, is given by rt = 2B̃11a/(3C1) and the period by

T0 = 2π/ω0 = 2πa/C1 = 2πrt/B̃11. The helical pitch corresponds to the distance p travelled along the direction
given by the particle’s polar axis during a rotational period T0 = 2πa/C1 and is given by p = 4πB1a/(3C1). To
characterise the helical swimmers 0◦ < ψ < 90◦, we define a ratio between the radius of curvature and the pitch

length λ = rt
p = B̃11

2πB1
, which gives: ψ = | tan−1 2πλ|.

Simulation details

The microswimmers are modelled as spherical squirmers, radius a, using lattice Boltzmann method [89, 90]. The
no-slip boundary condition at the particle surface [91–93], is modified to take into account the active slip-flows [94, 95].

We use lattice units where distance is given by the lattice spacing ∆x = 1 and time in simulation time-steps ∆t = 1.
Particles of radius a = 8 (diameter σ = 16) are placed within a cubic lattice Lx = Ly = Lz = 160 with periodic
boundary conditions, corresponding to a volume V = 1603. A short-range repulsive interaction is implemented to
avoid particle overlaps [89, 90] with a cut-off distance 1∆x.
The fluid density is set to ρ = 1 and dynamic viscosity to µ = 0.5. We set C1 = 0.001 leading to an intrinsic

angular velocity of ω0 = C1/a = 1.25 · 10−4 and to a rotational Reynolds number ReΩ = ρω0a
2/µ = 0.016. To realise

different trajectory radii the source dipole strength is varied B̃11 ∈ [0, 0.007]. These correspond to swimming speeds

of v0 = 2/3B̃11 ∈ [0, 4.67 · 10−3], (linear) Reynolds numbers Re = ρv0a/µ ∈ [0, 0.075] and rt = v0a/C1 ∈ [0, 4.67a].

For the helical swimmers we use B1 = 0.005 and vary B̃11 ∈ [0, 0.007] corresponding to a maximum Re ≈ 0.09. The
parameters give a pitch length p = 4πB1a/3C1 ≈ 21a for the data in Figures 4-6 in the main text.

For the initial configurations, the squirmers are homogeneouly and isotropically distributed in the simulation box.
The simulations are run for a minimum time tmax = 500T0 (where T0 = 2π/ω0 is the intrinsic period of a single rotor)
corresponding to ∼ 25×106∆t LB steps. For dilute suspensions (packing fractions up to 10%), we use tmax = 1000T0
(∼ 50× 106∆t LB steps).

Mapping to SI units

Assuming a particle radius 1µm and using the viscosity of water 10−3Pas as well as typical Re ∼ 10−2, a single
lattice length ∆x and time ∆t can be mapped to ∼ 0.1µm and ∼ 10µs, respectively. Therefore a typical simulation
run of ∼ 10× 106 LB steps corresponds to 100s in real time.
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Additional details for calculating the random close packing of the trajectories for circular swimmers

FIG. S1. The steady state diagram of the circular swimmers. Bottom left panel: mapped fits of different shapes (top panel)
at their random close packing ϕ′

c (according to eq.S5). Oblate ellipsoids corresponding to the average values of ref [96, 97]
(blue), oblate hard spherocylinders — OHSC ref. [98] (yellow), discotic cylinders ref. [99, 100] (orange), rectangular cuboids
ref. [101] (green) and spheres ref. [102–104] (purple). All oblate shapes, with volumes v′ ∼ r2tσ give a reasonable fit to the data,
while spheres, with v′ ∼ r3t , do not. Bottom right panel: random close packing for discotic cylinders in orange just as before,
according to ref. [99, 100], and assuming a constant ϕ′

c (white) for: ϕ′
c = 75%, 70% and 65%. We use ϕ′

c = 70% in the main
text.

The formation of polar order, with linear neutral squirmers has been attributed to aligning near-field hydrodynamic
interactions [29, 30]. In accordance with [29, 30], we argue that near-field interactions are important for the the
hydrodynamic synchronisation as well. Considering the circular swimmers with a trajectory radius rt, if the volume
fraction ϕ is below a threshold value, the circular swimmers are far enough from each other so that the near-field
hydrodynamic interactions are negligible, and there will be no aligning interaction between them to eventually lead
to the synchronised state. For t > T0, an isolated circular swimmer with a diameter σ encircles an area A = πr2t (in
the plane perpendicular to the polar axis). Therefore, when rt∼σ, a circular swimmer can be thought to occupy an
effective volume: veff ≈ πr2t σ, where σ = 2a is the diameter of the particle.

Consequently, we can expect the aligning interaction between two swimmers to arise when there is an overlap of
their respective effective volumes veff . The validity of this argument can be tested by studying the random close
packing ϕ′c of different oblate geometrical objects with a volume v′ and an aspect ratio w = σ/(2rt). Fig. S1 shows
the ϕ curves, given by equations S5, corresponding to the mapped ϕ′c for systems with the same number density N/V
and with particle volumes v′: Oblate ellipsoids [96, 97] (blue), oblate hard spherocylinders — OHSC [98] (yellow),
discotic cylinders [99, 100] (orange), rectangular cuboids [101] (green) and spheres using random close packing of
64% [102–104] (purple). The lower boundary data for the synchrosnisation, is generally well fitted with disk-like
objects w ∼ σ/(2rt) < 1, while spheres w = 1 (purple) fail to do so.
The mapping for each curve appearing in the steady state diagram is given by:

ϕ = ϕ′c
v

v′
(S5)

where v = 4/3πa3 is the actual volume a single spherical swimmer and ϕ′c is the random close packing for the
corresponding shape with a volume v′ at the same number density.
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In the main text (Fig. 2) we fit the boundary using discotic cylinders (v′ = πr2t σ) at ϕ′c = 70%. The bottom
right panel in Fig. S1 shows the data using the random close packing of discotic cylinders ϕ′c(w) (orange) from
references [99, 100]. The three white curves use a constant ϕ′c = 65%, ϕ′c = 70% and ϕ′c = 75% from left to right,
respectively.

We note that the above reasoning is only valid for circular swimmers with a reasonably small radius of curvature
rt ∼ a. When rt >> a the trajectories could easily interpenetrate without affecting the particle dynamics.
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Additional figures for circular swimmers: MSD and full snapshots

FIG. S2. Snapshots of the system (ϕ = 0.15 and rt = 3.33a in the steady state diagram for circular swimmers) at the beginning
(left) and end (right). The N = 286 particles are coloured according to the orientation of their s vector along the lab frame
y-axis. The full spectrum of colours is present in the system at the beginning indicating an isotropic state, whereas in the
synchronised state (right), all the particles are yellow indicating the high degree of alignment present in the system (Fig. 3 in
main text).

FIG. S3. Left panel: The mean square displacment (MSD) for the the high density isotropic state (blue) and synchronising
state (red) for circular swimmers with rt ≈ 4a. At short times, the ballistic regime corresponds to the the swimmers completing
one cycle during their intrinsic period T0. At long times, the active isotropic state shows diffusion MSD∼ t (blue), while at the
synchronised state the dynamics becomes sub-diffusive MSD∼ tα with α < 1 (the red curve at long times). The inset shows
the corresponding azimuthal Ps and polar Pm order parameters (in the same log-log scale). Right panel: Ps(t) and Pm(t) in
linear scale.
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FIG. S4. Comparison between starting the simulations form an isotropic initial state (as used in the main text) and fully
ordered states for different ϕ at constant rt. The system shows hysteresis-type behaviour within the simulation time, near the
high density transition line.
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Additional figure for the helical swimmers: Distribution of the spinning frequencies and phase angles

FIG. S5. Probability distribution for N = 286 helical swimmers corresponding to ϕ ≈ 0.15, rt ≈ 3.33a, λ ≈ 0.16 and ψ ≈ 45◦

of the (a) angular velocities ω and (b) phase lag angle α between all particle pairs, at the start and end of the simulation.
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Additional details for the racemic mixture

FIG. S6. Schematic showing the parallel (α = 0) and anti-parallel (α = ±π) configurations of a pair of rotors with opposite
chirality in the plane perpendicular to the average global polar director PM . When the lag-angle α = 0, the in-plane velocities
v1 and v2 (given by the gray arrows) are antiparallel. For α = ±π the velocites are aligned, corresponding to a polar state
in the plane perpendicular to the rotational (polar) axis. The arrows s1 and s2 mark the direction of the assigned azimuthal
directors. The polar directors m1 and m2 are perpendicular to the plane shown.


