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Abstract

We introduce two coproducts on mixed graphs (that is to say graphs with both oriented
and unoriented edges), the �rst one by separation of the vertices into two parts, and the
second one given by contraction and extractions of subgraphs. We show that, with the
disjoint union product, this gives a double bialgebra, that is to say that the �rst coproduct
makes it a Hopf algebra in the category of right comodules over the second coproduct.

This structures implies the existence of a unique polynomial invariant on mixed graphs
compatible with the product and both coproducts: we prove that it is the (strong) chromatic
polynomial of Beck, Bogart and Pham. Using the action of the monoid of characters, we
relate it to the weak chromatic polynomial, as well to Ehrhart polynomials and to a poly-
nomial invariants related to linear extensions. As applications, we give an algebraic proof of
the link between the values of the strong chromatic polynomial at negative values and acyclic
orientations (a result due to Beck, Blado, Crawford, Jean-Louis and Young) and obtain a
combinatorial description of the antipode of the Hopf algebra of mixed graphs.
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Introduction

Mixed graphs are graphs with both unoriented (which we will simply called edges) and oriented
edges (which we will called arcs). They are used for example to study scheduling problems with
disjunctive (represented by unoriented edges) and precedence (represented by oriented edges)
constraints [18, 18, 12]. In this context, a notion of admissible coloring, similar to the notion
used for classical graphs, give a solution of the scheduling problem represented by the mixed
graph. These admissible colorings can be counted according to the number of colors, which gives
a chromatic polynomial [5, 4]. The aim of this text is the study of this chromatic polynomial for
mixed graphs in the context of double bialgebras, as this has been done for graphs in [9] and for
posets and �nite topologies in [7]. A double bialgebra is a family pA,m,∆, δq such that:

� pA,m, δq is a bialgebra.

� pA,m,∆q is a bialgebra in the category of right comodules over pA,m, δq, with the coaction
given by δ itself.

In particular, δ and ∆ satis�es the following compatibility:

p∆b Idq � δ � pIdb Idbmq � pIdb cb Idq � pδ b δq �∆,

where c : AbA ÝÑ AbA is the usual �ip. The counit ε∆ of∆ satis�es the following compatibility
with δ: for any a P A,

pε∆ b Idq � δpxq � ε∆pxq1A.
A simple example of such an object is KrXs, with its usual algebra structures and its multiplica-
tive coproducts de�ned by

∆pXq � X b 1� 1bX, δpXq � X bX.

We proved in [7, 9] the following results: if pA,m,∆, δq is a double bialgebra, under a condition
of connectedness of pA,m,∆q,

� There exists a unique double bialgebra morphism P0 : pA,m,∆, δq ÝÑ pKrXs,m,∆, δq,
which can be explicitly described with iterations of the coproduct ∆ of A and with the
counit ϵδ of its coproduct δ.

� Let us denote by CharpAq the set of characters of A. It inherits a convolution product �,
dual to δ. We denote by EndBpA,KrXsq the set of bialgebra morphisms from pA,m,∆q
to pKrXs,m,∆q. Then [10, Proposition 2.5], the following de�nes an action of the monoid
pCharpAq, �q on EndBpA,KrXsq:

ø :

"
EndBpA,KrXsq � CharpAq ÝÑ EndBpA,KrXsq

pϕ, λq ÞÝÑ ϕø λ � pϕb λq � δ.
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Moreover, the two following maps are bijection, inverse one from the other:"
EndBpA,KrXsq ÝÑ CharpAq

ϕ ÞÝÑ ϵδ � ϕ, θ :

"
CharpAq ÝÑ EndBpA,KrXsq

λ ÞÝÑ P0ø λ,
(1)

where here ϵδ is the counit of pKrXs,m, δq, which send any P P KrXs onto P p1q.
� When pA,m,∆q is a graded and connected bialgebra, then under a technical condition
on δ, the set of homogeneous bialgebra morphisms from pA,m,∆q to pKrXs,m,∆q is in
bijection with the dual of the homogeneous component A1 of A of degree 1.

� If pA,m,∆q is a Hopf algebra, then its antipode is given by

S � pϵ��1
δ b Idq � δ,

where ϵ��1
δ is the inverse of the counit ϵδ of δ for the convolution product � associated to

∆. Moreover, for any a P A,
ϵ��1
δ paq � P0paqp�1q.

We apply here these results on mixed graphs. In the second section, we de�ne a structure of
double bialgebras on mixed graphs. We work in the frame of species and use the formalism built
in [11] of contraction-extraction coproduct, which is shortly described in the �rst section. We �rst
give in Proposition 2.4 to the species of mixed graphs G a bialgebra structure in the category
of species (what is commonly called a twisted bialgebra structure), and then a contraction-
extraction coproduct in Proposition 2.6. Consequently, applying the bosonic Fock functor [1],
we obtain a double bialgebra of mixed graphs FrGs, and more generally, for any commutative
and cocommutative bialgebra V , a double bialgebra FV rGs of mixed graphs which vertices
are decorated by elements of V . Using Loday and Ronco's rigidity theorem, we prove that
pFV rGs,∆q is a cofree coalgebra (Corollary 2.9).

We study certain sub-objects and quotients of G in the third section. Obviously, simple
(i.e., unoriented) graphs and oriented graphs de�ne twisted double subbialgebras of G, denoted
respectively by Gs and Go (Proposition 2.1). Applying the bosonic Fock functor to Gs, we
obtain again the double bialgebra of graphs of [9, 11]. We also consider the subspecies of acyclic
mixed graphs Gaco, which turns out to be stable under the product and the �rst coproduct ∆,
but not on the second one. However, quotienting by non acyclic mixed graphs, Gac can be seen
as a twisted double bialgebra, quotient of G (Proposition 2.5). It contains a twisted double
subbialgebra of oriented acyclic mixed graphs Gaco, which has itself for quotient the twisted
double bialgebra of topologies of [7] (Proposition 2.6).

The fourth part is devoted to polynomial invariants of mixed graphs, that is to say bial-
gebra morphisms from the bialgebra of mixed graphs pFrGs,m,∆q to pKrXs,m,∆q. We �rst
describe the unique polynomial invariant compatible with the second coalgebraic structure of
mixed graphs: it turns out to be the strong chromatic polynomial PchrS of [5], see Proposition
4.2. In other words, for any mixed graph G, for any n ¥ 1, PchrS pGqpnq is the number of n-valid
colorings of G, that is to say maps c from the set of vertices V pGq of G to t1, . . . , nu such that,
for any pair of vertices x, y of G,

� If x and y are related by an edge of G, then cpxq � cpyq.
� If x and y are related by an arc of G, then cpcq   cpyq.

A notion of weak valid coloring is also de�ned in [5]. A weak n-valid coloring is a map c from
the set of vertices V pGq of G to t1, . . . , nu such that, for any pair of vertices x, y of G,

� If x and y are related by an edge of G, then cpxq � cpyq.
� If x and y are related by an arc of G, then cpcq ¤ cpyq.
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The polynomial counting the number of weak n-valid colorings of G is denoted by PchrW pGq.
Using the the action of the monoid of characters described earlier and the character of FrGs
de�ned by

λW pGq �
#
1 if G is an oriented graph,

0 otherwise,

we obtain that PchrW � PchrS ø λW , which implies that Pchrw is a bialgebra morphism from
pFrGs,m,∆q to pKrXs,m,∆q, see Corollary 4.4. Finally, using the correspondence between ho-
mogeneous polynomial invariants and elements of FrGs1, we construct a homogeneous bialgebra
morphism P0 from pFrGs,m,∆q to pKrXs,m,∆q, related to the number of linear extensions
(Corollary 4.5) and to a character λ0. When V is a commutative and cocommutative bialgebra,
similar results are given for FV rGs, where KrXs is replaced by a double bialgebra of quasi-
shu�es, see Theorem ?? and Corollary ??. After the determination of invertible characters of
FrGs for the convolution product � dual to δ, we prove that both characters λ0 and λW are
invertible, which allows to express PchrS in terms of PchrW or P0, with the help of certain char-
acters νW and µW (Proposition 4.11). This allows to give a formula for the leading monomial of
PchrW pGq and PchrS pGq in Corollary 4.12, with coe�cients (in the case of PchrS pGq) related to
Murua's coe�cients [16].

In the �fth section, we give an algebraic proof of the result [5], which gives a combinatorial
interpretation of PchrS pGqp�1q in terms of acyclic orientations. We �rstly introduce a surjec-
tive double bialgebra morphism Θ from FrGs to the double bialgebra of acyclic oriented mixed
graphs FrGacos in Theorem 5.2. The unicity of the double bialgebra morphism to KrXs imme-
diately implies for example that the strong chromatic polynomial of a graph G is the sum of the
strong chromatic polynomial of all its acyclic orientations (Corollary 5.3). Introducing two one-
parameter families of characters of FrGs in Proposition 5.4, we introduce two new polynomial
invariants, which turn out to be Ehrhart polynomials and satisfy a duality principle on acyclic
mixed graphs (Corollary 5.7). Mixing this duality principle with the morphism Θ, we obtain a
new proof that for any mixed graph, PchrS pGqp�1q is the number of acyclic orientations of G,
up to a sign (Corollary 5.9). This allows to give a formula for the antipode of pFrGs,m,∆q
involving the number of acyclic orientations of G, see Corollary 5.10.

The last section is devoted to combinatorial interpretations of special characters of mixed
graphs. We give an algebraic proof of a result of [5] in an algebraic way (Proposition 6.1 and
Corollary 6.2) about values of the weak chromatic polynomial on negative integers (for totally
mixed graphs only), and we give a combinatorial interpretation of νW pGq when G is a simple
graph or an oriented graph (Proposition 6.3), where νW is the inverse of λW for the convolution
product �.

The paper ends with an appendix giving formulas for the number of N -decorated mixed,
oriented or simple graphs with a �xed number of vertices. These numbers are the the dimensions
of the homogeneous components of FV rGs, when V is �nite-dimensional.

Acknowledgments. The author acknowledges support from the grant ANR-20-CE40-0007
Combinatoire Algébrique, Résurgence, Probabilités Libres et Opérades.

Notations 0.1. 1. We denote by K a commutative �eld of characteristic zero. Any vector
space in this �eld will be taken over K.

2. For any n P N, we denote by rns the set t1, . . . , nu. In particular, r0s � H.

3. If pC,∆q is a (coassociative but not necessarily counitary) coalgebra, we denote by ∆pnq
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the n-th iterated coproduct of C: ∆p1q � ∆ and if n ¥ 2,

∆pnq �
�
∆b Idbpn�1q

	
�∆pn�1q : C ÝÑ Cbpn�1q.

4. If pB,m,∆q is a bialgebra of unit 1B and of counit εB, let us denote by B� � KerpεBq its
augmentation ideal. We de�ne a coproduct on B� by

@x P B�, ∆̃pxq � ∆pxq � xb 1B � 1B b x.

Then pB�, ∆̃q is a coassociative (not necessarily counitary) coalgebra.

1 Species, twisted bialgebras and contractions

1.1 Species and twisted bialgebras

Recall that a species [13, 14] is a functor from the category of �nite sets with bijections, to the
category of vector spaces. We shall use the following notations: if P is a species,

� For any �nite set X, the vector space associated to X by P is denoted by PrXs. We will
shorty write Prns instead of P rrnss for any n P N.

� For any bijection σ : X ÝÑ Y between two �nite sets, the linear map associated to σ by
P is denoted by Prσs : PrXs ÝÑ PrY s.

With these notations, if σ : X ÝÑ Y and τ : Y ÝÑ Z are two bijections between �nite sets,
then Prτ � σs � Prτ s �Prσs, and for any �nite set X, PrIdXs � IdPrXs.

If P and Q are two species, a morphism f : P ÝÑ Q is a natural transformation from P
to Q. In other terms, for any �nite X, fX : PrXs ÝÑ QrXs is a linear map such that for any
bijection σ : X ÝÑ Y between two �nite sets, the following diagram commutes:

PrXs Prσs //

fX
��

PrY s
fY
��

QrXs
Qrσs

// QrXs

The Cauchy tensor product of species is denoted by b: if P and Q are two species, for any
�nite set X,

PbQrXs � à
X�Y\Z

PrY s bQrZs.

If σ : X ÝÑ X 1 is a bijection between two �nite sets, then

PbQrσs � à
X�Y\Z

Prσ|Y s bQrσ|Zs.

With this tensor product, the category of species is symmetric monoidal, with the �ip de�ned
from PbQ to QbP by

cPrXs,PrY s � pcPbQq|PrXsbQrY s �
"

PrXs bQrY s ÝÑ QrY s bPrXs
xb y ÞÝÑ y b x.

A twisted algebra (resp. coalgebra, bialgebra) is an algebra (resp. coalgebra, bialgebra) in
this symmetric monoidal category. Let us now precise what this means. A twisted algebra P
comes with maps mX,Y : PrXs bPrY s ÝÑ PrX \ Y s for any �nite sets X and Y , such that:
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� (m is a species morphism). For any bijections σ : X ÝÑ X 1 and τ : Y ÝÑ Y 1, where
pX,X 1q and pY, Y 1q are pairs of disjoint sets, the following diagram commutes:

PrXs bPrY s mX,Y //

PrσsbPrτ s
��

PrX \ Y s
Prσ\τ s
��

PrX 1s bPrY 1s mX1,Y 1
// PrX 1 \ Y 1s

where

σ \ τ :

$&
%

X \ Y ÝÑ X 1 \ Y 1

x P X ÝÑ σpxq,
y P Y ÝÑ τpyq.

� (Associativity of m). For any disjoint �nite sets X,Y, Z, the following diagram commutes:

PrXs bPrY s bPrZs
IdPrXsbmY,Z

��

mX,Y bIdPrZs // PrX \ Y s bPrZs
mX\Y,Z

��
PrXs bPrY \ Zs mX,Y\Z

// PrX \ Y \ Zs

� There exists an element 1P P PrHs such that for any �nite set X, for any x P PrXs,
mH,Xp1P b xq � mX,Hpxb 1Pq � x.

� (Commutativity of m). We shall say that P is commutative if, for any �nite disjoint sets
X,Y , in PrX \ Y s,

@x P PrXs, @y P PrY s, mX,Y pxb yq � mY,Xpy b xq.

A twisted coalgebra P comes with maps ∆X,Y : PrX \Y s ÝÑ PrXs bPrY s for any disjoint
�nite sets X and Y , such that:

� (∆ is a species morphism). For any bijections σ : X ÝÑ X 1 and τ : Y ÝÑ Y 1, where
pX,Y q and pX 1, Y 1q are pairs of disjoint �nite sets, the following diagram commutes:

PrX \ Y s ∆X,Y //

Prσ\τ s
��

PrXs bPrY s
PrσsbPrτ s
��

PrX 1 \ Y 1s
∆X1,Y 1

// PrX 1s bPrY 1s

� (Coassociativity of∆). For any disjoint �nite setsX,Y, Z, the following diagram commutes:

PrX \ Y \ Zs ∆X\Y,Z //

∆X\Y,Z

��

PrX \ Y s bPrZs
∆X,Y bIdPrZs

��
PrXs bPrY \ Zs

IdPrXsb∆Y,Z

// PrXs bPrY s bPrZs

� (Counit). There exists a linear map ε∆ : PrHs ÝÑ K such that for any �nite set X, the
following diagram commutes:

PrHs bPrXs

ε∆bIdPrXs ))SSS
SSS

SSS
SSS

SSS
PrXs∆H,Xoo

∆X,H //

IdPrXs

��

PrXs bPrHs

IdPrXsbε∆uukkkk
kkk

kkk
kkk

kk

PrXs
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� We shall say that P is cocommutative if for any disjoint �nite sets X,Y ,

∆Y,X � cPrXs,PrY s �∆X,Y .

A twisted bialgebra is both a twisted coalgebra and a twisted bialgebra, such that the counit and
the coproduct are algebra morphisms. In other words, if X is a �nite set and X � I\J � I 1\J 1,
the following diagram commutes:

PrI 1s bPrJ 1s mI1,J1 //

∆I1XI,I1XJb∆J1XI,J1XJ

��

PrI 1 \ J 1s � PrI \ Js

∆I,J

��

PrI 1 X Is bPrI 1 X Js bPrJ 1 X Is bPrJ 1 X Js
IdPrI1XIsbcPrI1XJs,PrJ1XIsbIdPrJ1XJs

��
PrI 1 X Is bPrJ 1 X Is bPrI 1 X Js bPrJ 1 X Js

mI1XI,J1XIbmI1XJ,J1XJ

// PrIs bPrJs

or equivalently

∆I,J �mI,1J 1 � pmI 1XI,J 1XI bmI 1XJ,J 1XJq � pIdPrIXIs b cPrI 1XJs,PrJ 1XIs b IdPrJ 1XJsq
� p∆I 1XI,I 1XJ b∆J 1XI,J 1XJq.

The compatibility between the coproduct and the unit is written as ∆Pp1Pq � 1P b 1P and the
compatibility between the counit and the product is equivalent to

@x, y P PrHs, ε∆pxyq � ε∆pxqε∆pyq.

Let V be a vector space. The V -colored Fock functor FV , de�ned in [11, De�nition 3.2],
sends any species P to

FV rPs �
8à

n�0

coInvpV bn bPrnsq

�
8à

n�0

V bn bPrns
Vectpv1 . . . vn bPrσsppq � vσp1q . . . vσpnq b p | σ P Sn, p P Prns, v1, . . . , vn P V q

� V bn bSn Prns.

If f : P ÝÑ Q is a species morphism, then

FV pfq :
"

FV rPs ÞÝÑ FV rQs
v1 . . . vn b p ÞÝÑ v1 . . . vn b fppq.

Note that FV is a functor of symmetric monoidal categories, that is to say it sends the Cauchy
tensor product of two species to the tensor products of the associated vector spaces, and that it
is compatible with the �ip. Consequently, it sends a twisted algebra, coalgebra or bialgebra to
an algebra, coalgebra or bialgebra.

Remark 1.1. When V � K, we obtain the bosonic Fock functor of [1]:

FrPs �
8à

n�0

coInvpPrnsq �
8à

n�0

Prns
VectpPrσsppq � p | σ P Sn, p P Prnsq .
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1.2 Contraction-extraction coproducts

Let us now recall the contraction-extraction coproduct of [11]. We shall need the following
notations:

Notations 1.1. The species Com is de�ned by ComrXs � K for any �nite set X and Comrσs �
IdK for any bijection σ between two �nite sets.

Notations 1.2. 1. Let X be a �nite set. We denote by ErXs the set of equivalences on X.

2. For any bijection σ : X ÝÑ Y between two �nite sets, for any �P ErXs, we de�ne an
equivalence �σ on Y by

@y, y1 P Y, y �σ y
1 ðñ σ�1pyq � σ�1py1q.

This de�nes a bijection from ErXs to ErY s. M Moreover, σ induces a bijection between
X{ � and Y { �σ, sending C P X{ � to σpCq P Y { �σ.

3. The set ErXs is partially ordered by the re�nement order:

@ �,�1P ErXs, �¤�1 ðñ p@x, y P X, x �1 y ùñ x � yq,
that is to say, �¤�1 if the classes of � are unions of classes of �1.

4. If �1P ErXs, there is a natural bijection from ErX{ �1s to t�P ErXs, �¤�1u. From now,
we identify ErX{ �1s and t�P ErXs, �¤�1u, as well as pX{ �1q{� and X{ � through these
bijections.

Let pP,m,∆q be a twisted bialgebra. A contraction-extraction coproduct on P is a family δ
of maps such that for any �nite set X, for any �P ErXs, δ� : PrXs ÝÑ PrX{ �s bPrXs, with
the following conditions:

� (Compatibility with the species structure [11, De�nition 2.2, second item]). For any bi-
jection σ : X ÝÑ Y between two �nite sets, for any �P ErXs, the following diagram
commutes:

PrXs δ� //

Prσs
��

PrX{ �s bPrXs
Prσ{�sbPrσs
��

PrY s
δ�σ

// PrY { �σs bPrY s

� (Coassociativity of δ [11, De�nition 2.2, third item]). If X is a �nite set and �¤�1P ErXs,
the following diagram commutes:

PrXs δ�1 //

δ�
��

PrX{ �1s bPrXs
δ�bId
��

PrX{ �s bPrXs
Idbδ�1

// PrX{ �s bPrX{ �1s bPrXs

Moreover, if �,�1P ErXs, such that we do not have �¤�1, then pIdb δ�1q � δ� � 0.

� (Counit [11, De�nition 2.2, fourth item]). There exists a twisted algebra morphism ϵδ :
P ÝÑ Com such that for any �nite set X, for any �P ErXs,

pIdb ϵδXq � δ� �
#
IdPrXs if � is the equality of X,

0 otherwise,

and ¸
�PErXs

pϵδX{� b Idq � δ� � IdPrXs.
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� (Compatibility with the algebraic structure [11, Proposition 2.4]). For any �nite set X, for
any �P ErXs, putting �X�� XX2 and �Y�� XY 2,

δ� �mX,Y �
#
pmX{�X ,Y {�Y

bmX,Y q � pIdb cb Idq � pδ�X b δ�Y q if ���X \ �Y ,

0 otherwise,

Moreover, δ�H
p1Pq � 1P b 1P, where �H is the unique equivalence on H.

� (Compatibility with the coalgebraic structure [11, Proposition 2.4]). For any �nite set
X \ Y , for any �P ErX \ Y s, putting �X�� XX2 and �Y�� XY 2,

p∆X{�X ,Y {�Y
b Idq � δ� � m1,3,24 � pδ�X b δ�Y q �∆X,Y if ���X \ �Y .

Moreover, for any x P PrHs,

pε∆ b Idq � δ�H
pxq � ε∆pxq1P.

The following result is proved in [11, Proposition 3.7]:

Proposition 1.1. Let pV, �, δV q be a counitary, not necessarily unitary bialgebra, and let pP,m,∆q
be a twisted bialgebra with a contraction-extraction coproduct δ. Then FV rPs is a double bialge-
bra, with the product and the two coproducts de�ned by the following:

mpv1 . . . vm b pb w1 . . . wn b qq � Prσm,nspmppb qqq b v1 . . . vmw1 . . . wn,

∆pv1 . . . vn b pq �
¸

I�rns

�¹
iPI

vi bPrσIs
�
p
p1q
I

	�
b
�¹

iRI

vi bPrσrnszIs
�
p
p2q
I

	�
,

δpv1 . . . vn b pq �
¸

�PErns

� ¹
C class of �

�¹
iPC

v1i

�
b p1� b v21 . . . v

2
n b p2�,

where σm,n : rms \ rns ÝÑ rm � ns is the bijection sending the elements of rms to themselves
and any element k P rns to k �m, σI : I ÝÑ r|I|s is the unique increasing bijection (where I is

any subset of rns), and, with Sweedler's notations ∆I,rnszIppq � p
p1q
I b pp2qI , δ�ppq � p1� b p2� and

δV pvq � v1 b v2.

2 The species of mixed graphs

2.1 Mixed graphs

De�nition 2.1. 1. A mixed graph is a triple G � pV pGq, EpGq, ApGqq where:
(a) V pGq is a �nite set, called the set of vertices of G,

(b) EpGq is a subset of ttx, yu � V pGq, x � yu, called the set of edges of G,

(c) ApGq is a subset of tpx, yq P V pGq2, x � yu, called the set of arcs of G,

such that, for any x, y P V pGq, with x � y,

tx, yu P EpGq ùñ px, yq R ApGq and py, xq R ApGq,
px, yq P ApGq ùñ tx, yu R EpGq.

2. For any �nite set X, we denote by G rXs the set of mixed graphs G such that V pGq � X.
The vector space generated by G rXs is denoted by GrXs. This de�nes a species G of mixed
graphs.
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3. A mixed graph is an oriented graph if EpGq � H: this de�nes a subset of G rXs denoted
by GorXs for any �nite set X, and a subspecies of G denoted by Go.

4. A mixed graph G is a simple graph if ApGq � H: this de�nes a subset of G rXs denoted by
GsrXs for any �nite set X, and a subspecies of G denoted by Gs.

Example 2.1. There are �ve elements in G r2s, which we graphically represent on the right:

G1 � pr2s,H,Hq, ?>=<89:;1 ?>=<89:;2

G2 � pr2s, tt1, 2uu,Hq, ?>=<89:;1 ?>=<89:;2

G3 � pr2s,H, tp1, 2quq, ?>=<89:;1 // ?>=<89:;2

G4 � pr2s,H, tp2, 1quq, ?>=<89:;1 ?>=<89:;2oo

G5 � pr2s,H, tp1, 2q, p2, 1quq, ?>=<89:;1 44 ?>=<89:;2
tt

Moreover,

Gor2s � tG1, G3, G4, G5u, Gsr2s � tG1, G2u.

Remark 2.1. In a mixed graph G, for any pair of vertices tx, yu of G, there are �ve possibilities
to de�ne edges or arcs between x and y. Hence, if X is of cardinality n, then

|G rXs| � 5
npn�1q

2 .

Similarly,

|GorXs| � 4
npn�1q

2 , |GsrXs| � 2
npn�1q

2 .

These gives respectively sequences A109345, A053763 and A006125 of the OEIS [17].

Notations 2.1. Let G be a mixed graph and x, y P V pGq. We shall write x GÑ y if px, yq P ApGq
and x GÝ y if tx, yu P EpGq.

De�nition 2.2. Let G be a mixed graph.

1. An oriented path in G is a �nite sequence P � px0, . . . , xnq of vertices of G such that for
any i P t0, . . . , n � 1u, xi GÑ xi�1. The vertices x0 and xn are respectively the beginning
and the end of P .

2. A mixed path in G is a �nite sequence P � px0, . . . , xnq of vertices of G such that for any
i P t0, . . . , n � 1u, xi GÑ xi�1 or xi

GÝ xi�1. The vertices x0 and xn are the extremities of
P .

3. A path in G is a �nite sequence P � px0, . . . , xnq of vertices of G such that for any
i P t0, . . . , n � 1u, xi GÑ xi�1 or xi�1

GÑ xi or xi
GÝ xi�1. The vertices x0 and xn are the

extremities of P . The mixed graph G is connected if for any vertices x, y P V pGq, there
exists a path of extremities x and y.

Example 2.2. Let us consider the mixed graphs of Example 2.1. The connected ones are G2, G3,
G4 and G5.
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2.2 The twisted bialgebra of mixed graphs

We now de�ne a product and a coproduct on the speciesG. LetX,Y be two �nite sets, G P G rXs
and H P G rY s. The mixed graph GH P G rX \ Y s, disjoint union of G and H, is de�ned by

V pGHq � V pGq \ V pHq, EpGHq � EpGq \ EpHq, ApGHq � ApGq \ApHq.

This product is bilinearly extended to G. it is clearly associative, commutative and has a unit,
which is the empty graph 1 P G rHs. With this product, G is a commutative twisted algebra.
Note that Gs and Go are subalgebras of G.

De�nition 2.3. Let G be a mixed graph and let I � V pGq.

1. The mixed graph G|I is de�ned by

V pG|Iq � I,

EpG|Iq � ttx, yu P EpGq | x, y P Iu,
ApG|Iq � tpx, yq P ApGq | x, y P Iu.

2. We shall say that I is an ideal of G if

@x, y P V pGq, px P I and x GÑ yq ùñ py P Iq.

Proposition 2.4. We de�ne a coproduct ∆ on the species GrXs in the following way: for any
�nite sets X and Y , for any mixed graph G P G rX \ Y s,

∆X,Y pGq �
#
G|X bG|Y if Y is an ideal of G,

0 otherwise.

Together with the product de�ned earlier, this coproduct makes G a twisted bialgebra.

Proof. Let us �rst prove the coassociativity of ∆. Let X, Y and Z be disjoint �nite sets and
G P G rX \ Y \ Zs. Then

p∆X,Y b Idq �∆X\Y,ZpGq �

$'&
'%
G|X bG|Y bG|Z

if Z is an ideal of G and Y is an ideal of G|X\Y ,

0 otherwise.

pIdb∆Y,Zq �∆X,Y\ZpGq �

$'&
'%
G|X bG|Y bG|Z

if Y \ Z is an ideal of G and Z is an ideal of G|Y\Z ,

0 otherwise.

Moreover,

Z is an ideal of G and Y is an ideal of G|X\Y

ðñ
�
@px, yq P V pGq2, x GÑ y ùñ px, yq R pY �Xq \ pZ �Xq \ pZ � Y q

	
ðñ Y \ Z is an ideal of G and Z is an ideal of G|Y\Z ,

so p∆X,Y b Idq �∆X\Y,Z � pIdb∆Y,Zq �∆X,Y\Z . As for any graph G, H and V pGq are ideals
of G,

∆V pGq,HpGq � Gb 1, ∆H,V pGqpGq � 1bG.
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So ∆ is counitary, and the counit is given by

ε∆ :

"
GrHs ÝÑ K

1 (empty graph) ÝÑ 1.

Let G P G rXs, H P G rY s and X 1, Y 1 be sets such that X \ Y � X 1 \ Y 1. In GH, there is
no arc between any element of X and any element of Y , nor between any element of Y and any
element of X. Hence, the ideals of GH are of the form I \ J , where I is an ideal of G and J is
an ideal of H. Therefore,

∆X 1,Y 1pGHq �

$'&
'%
G|XXX 1H|YXX 1 bG|XXY 1H|YXY 1

if Y 1 XX is an ideal of G and Y 1 X Y is an ideal of H,

0 otherwise

� ∆XXX 1,XXY 1pGq∆YXX 1,YXY 1pHq.

Moreover, ∆H,Hp1q � 1b 1. So ∆ is a morphism of twisted algebras.

Example 2.3. With the notations of Example 2.1 (or Example ?? below):

∆t1,2u,H ∆t1u,t2u ∆t2u,t1u ∆H,t1,2u

G1 G1 b 1 ?>=<89:;1 b ?>=<89:;2 ?>=<89:;2 b ?>=<89:;1 1bG1

G2 G2 b 1 ?>=<89:;1 b ?>=<89:;2 ?>=<89:;2 b ?>=<89:;1 1bG2

G3 G3 b 1 ?>=<89:;1 b ?>=<89:;2 0 1bG3

G4 G4 b 1 0 ?>=<89:;2 b ?>=<89:;1 1bG4

G5 G5 b 1 0 0 1bG5

2.3 Contraction-extraction on mixed graphs

De�nition 2.5. Let G P G rXs and �P ErXs.

1. We de�ne a mixed graph G |�P G rXs by

V pG |�q � V pGq,
EpG |�q � ttx, yu P EpGq | x � yu,
ApG |�q � tpx, yq P ApGq | x � yu.

In other words, G |� is obtained from G by deleting all the edges or arcs which extremities
are not equivalent; or equivalently, G |� is the disjoint union of the restrictions of G to the
equivalence classes of �.

2. We de�ne a mixed graph G{ �P G rX{ �s by

V pG{ �q � X{ �,
EpG{ �q � ttcl�pxq, cl�pyqu | tx, yu P EpGq, px, yq R ApGq, py, xq R ApGq, cl�pxq � cl�pyqu,
ApG{ �q � tpcl�pxq, cl�pyqq | px, yq P ApGq, cl�pxq � cl�pyqu.

In other words, G{ � is obtained from G by identifying the vertices according to �, then
deleting the loops created in the process and the redundant edges, giving priority to the
oriented ones.

3. We shall say that �P EcrGs if for any equivalence class C of �, G|C is connected.
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Proposition 2.6. We de�ne a contraction-extraction coproduct δ on G by the following: for any
�nite set X, for any �P ErXs, for any G P G rXs,

δ�pGq �
#
G{ � bG |� if �P EcrGs,
0 otherwise.

Proof. The compatibility of δ with the species structure is clear. Let us prove the coassociativity
of δ. Let X be a �nite set, �,�1P ErXs and G P G rXs.

If �¤�1, let us prove that �P EcrG{ �1s and �1P EcrGs if, and only if, �1P EcrG |�s and
�P EcrGs.

ùñ. Let C 1 be a class of �1. As �1P EcrGs, it is a connected subgraph of G. Moreover,
as �¤�1, all its elements are in the same class of �, so G|C1 � pG| �q|C1 : as a consequence,
pG| �q|C1 is connected, so �1P EcrG |�s. Let C be a class of �, and x, y P C. As �P EcrG{ �1s,
it is connected in G{ �1: there exists a path in G{ �1 from cl�1pxq to cl�1pyq. Moreover, as
�1P EcrGs, each cl�1pzq is a connected subgraph of G, so there is a path from x to y in G:
�P EcrGs.

ðù. Let C be a class of �. As �P EcrGs, any of its class is a connected subgraph of G, so
by contraction is a connected subgraph of G{ �1: �P EcrG{ �1s. Let C 1 be a class of �1. As
�1P EcrG |�s, it is a connected subgraph of G |�, so also of G: �P EcrG{ �1s.

As a conclusion,

pδ� b Idq � δ�1pGq �
#
pG{ �1q{ � bpG{ �1q |� bG |�1 if �P EcrG{ �1s and �1P EcrGs,
0 otherwise

�
#
G{ � bpG |�q{ �1 bpG |�q |�1 if �1P EcrG |�s and �P EcrGs,
0 otherwise

� pIdb δ�1q � δ�pGq.

If we do not have �¤�1, then at least one class C of � intersects two classes of �1, so in-
tersects two connected components of |�1: we obtain that �R EcrG |�1s. So δ�pG |�1q � 0 and
�nally pIdb δ�q � δ�1pGq � 0.

Let us now study the counit. We de�ne a species morphism ϵδ : G ÝÑ Com by the following:
if G P G rXs,

ϵδrXspGq �
#
1 if EpGq � ApGq � H,
0 otherwise.

Let G P G rXs and �P ErXs. If � is the equality of X, then �P EcrGs, G{ �� G and G |� as no
edge, so pId b ϵδrXsqpGq � G. Otherwise, either G R EcrGs or at least one class of � contains
an edge or an arc, so ϵδrXspG |�q � 0. In both cases, pIdb ϵδrXsqpGq � 0.

Let �P EcrGs, such that EpG{ �q � EpG |�q � H. If two vertices of G are related by an
edge of an arc, there are necessarily equivalent, so any connected component of G is included in
a single class of �. As the classes of � are connected, � is the relation �c which classes are the
connected components of G. Moreover, G{ �c has no edge nor arc, and G |�c� G. Therefore,¸

�PErXs
pϵδrX{ �s b Idq � δ�pGq �

¸
�PEcrGs

pϵδrX{ �s b Idq � δ�pGq

� pϵδrX{ �s b Idq � δ�cpGq
� G |�c

� G.
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Let us prove the compatibility of δ with the algebraic structure. Obviously, δ�H
p1q � 1b 1.

Let X and Y be two �nite sets, �P ErX \ Y s, G P G rXs and H P G rY s. If ���X \ �Y , at
least one class C of � intersects both X and Y , so is not connected in GH � mX,Y pG b Hq.
Therefore, �R EcrGHs and

δ� �mX,Y pGbHq � 0.

Let us assume that ���X \ �Y . Then �P EcrGHs if, and only if, �XP EcrGs and �Y P EcrHs,
as the connected components of GH are the connected components of G and of H. If so,
pGHq{ �� pG{ �XqpH{ �Y q and pGHq |�� pG |�XqpH |�Y q. Therefore,

δ� �mX,Y pGbHq �
#
pGHq{ � bpGHq |� if �P EcrGHs,
0 otherwise

�
#
pG{ �XqpH{ �Y q b pG |�XqpH |�Y q if �XP EcrGs and �Y P EcrHs,
0 otherwise

� pmX{�X ,Y {�Y
bmX,Y q � pIdb cb Idq � pδ�X b δ�Y qpGbHq.

Let us �nally prove the compatibility of δ with the coalgebraic structure. Obviously,

pε∆ b Idq � δ�H
p1q � 1 � ε∆p1q1.

Let X and Y be two �nite sets, �XP ErXs, �Y P ErY s and G P G rXs. We put ���X \ �Y .

p∆X{�X ,Y {�Y
b Idq � δ�pGq �

$'&
'%
pG{ �q|X{�X

b pG{ �q|Y {�Y

if �P EcrGs and Y { �Y is an ideal of G{ �,
0 otherwise,

m1,3,24 � pδ�X b δ�Y q �∆X,Y pGq �

$'&
'%
pG|Xq{ �X bpG|Y q{ �Y

if Y is an ideal of G, �XP EcrG|Xs and �Y P EcrG|Y s,
0 otherwise,

Let us prove that �P EcrGs and Y { �Y is an ideal of G{ � if, and only if, Y is an ideal of G,
�XP EcrG|Xs and �Y P EcrG|Y s.

ùñ. Let y P Y and z P X \ Y such that x GÑ y. Then either cl�pyq � cl�pzq or cl�pyq G{�Ñ
cl�pzq. As Y { �Y is an ideal of G{ �, in both cases z P Y . As ���X \ �Y , its classes are the
classes of �X and �Y , and are connected by hypothesis. So �XP EcrG|Xs and �Y P EcrG|Y s.

ðù. As ���X \ �Y , its classes are the classes of �X and �Y , which are connected
by hypothesis. Hence, �P EcrGs. Let cl�pyq P Y { �Y and cl�pzq P rX \ Y s{ �, such that

cl�pyq G{�Ñ cl�pzq. There exist y1, z1 P X \ Y such that y � y1, z � z1 and y1 GÑ z1. As
���X \ �Y , y

1 P Y . As Y is an ideal of G, necessarily z1 P Y . As ���X \ �Y , z
1 P Y and

�nally cl�pz1q P Y { �Y .
Moreover,

pG{ �q|X{�X
� pG|Xq{ �X , pG{ �q|Y {�Y

� pG|Y q{ �Y ,

which �nally proves the compatibility between δ and ∆.

As a consequence, by Proposition 1.1, for any vector space V , we obtain a graded bialgebra
FV rGs. This is the vector space of mixed graphs which vertices are decorated by elements of V ,
any graph being linear in any of its decorations: these objects will be called V -linearly decorated
graphs. For example, if v1, v2, w1, w2 P V and λ1, λ2, µ1, µ2 P K, in FV rGs, if v � λ1v1 � λ2v2
and w � µ1w1 � µ2w2,

?>=<89:;v 44 ?>=<89:;wtt � λ1µ1 GFED@ABCv1 33 GFED@ABCw1
ss � λ2µ1 GFED@ABCv2 33 GFED@ABCw1

ss

� λ1µ2 GFED@ABCv1 33 GFED@ABCw2
ss � λ2µ2 GFED@ABCv2 33 GFED@ABCw2

ss
.

14



If B is a basis of V , a basis of FV rGs is the set of mixed graphs which vertices are decorated by
elements of B. The product is the disjoint union. For any V -linearly decorated graph G,

∆pGq �
¸

I ideal of G

G|V pGqzI bG|I .

For example, if v, w P V ,

∆p ?>=<89:;v ?>=<89:;w q � ?>=<89:;v ?>=<89:;w b 1� 1b ?>=<89:;v ?>=<89:;w � ?>=<89:;v b ?>=<89:;w � ?>=<89:;w b ?>=<89:;v ,

∆p ?>=<89:;v ?>=<89:;w q � ?>=<89:;v ?>=<89:;w b 1� 1b ?>=<89:;v ?>=<89:;w � ?>=<89:;v b ?>=<89:;w � ?>=<89:;w b ?>=<89:;v ,

∆p ?>=<89:;v // ?>=<89:;w q � ?>=<89:;v // ?>=<89:;w b 1� 1b ?>=<89:;v // ?>=<89:;w � ?>=<89:;v b ?>=<89:;w ,

∆p ?>=<89:;v 44 ?>=<89:;wtt q � ?>=<89:;v 44 ?>=<89:;wtt b 1� 1b ?>=<89:;v 44 ?>=<89:;wtt
.

The counit ε∆ sends any mixed graph G � 1 to 0. If pV, �,∆q is a not necessarily unitary,
commutative and cocommutative bialgebra, then FV rGs inherits a second coproduct δ: if G is
a V -linearly decorated graph,

δpGq �
¸

�PEcrGs

G{ � bG |�,

where the vertices of G{ � bG |� are decorated in the following way: denoting by dGpxq the
decoration of the vertex x P V pGq, any vertex cl�pxq of G{ � is decorated by the products of
elements dGpyq1, where y P cl�pxq, whereas the vertex x P V pG |�q � V pGq is decorated by
dGpxq2, and everything being extended by multilinearity of each decoration. The counit ϵδ is
given on any mixed graph G by

ϵδpGq �

$'&
'%
¹

xPV pGq

ϵV � dGpxq if ApGq � EpGq � H,

0 otherwise.

This construction is functorial in V .

Example 2.4. If v, w P V , with Sweedler's notation δV puq � u1 b u2,

δp ?>=<89:;v ?>=<89:;w q � GFED@ABCv1 GFED@ABCw1 b GFED@ABCv2 GFED@ABCw2 ,

δp ?>=<89:;v ?>=<89:;w q � GFED@ABCv1 GFED@ABCw2 b GFED@ABCv2 GFED@ABCw2 � WVUTPQRSv1 � w1 b GFED@ABCv2 GFED@ABCw2 ,

δp ?>=<89:;v // ?>=<89:;w q � GFED@ABCv1 // GFED@ABCw1 b GFED@ABCv2 GFED@ABCw2 � WVUTPQRSv1 � w1 b GFED@ABCv2 // GFED@ABCw2 ,

δp ?>=<89:;v 44 ?>=<89:;wtt q � GFED@ABCv1 33 GFED@ABCw1
tt b GFED@ABCv2 GFED@ABCw2 � WVUTPQRSv1 � w1 b GFED@ABCv2 33 GFED@ABCw2

ss
.

Remark 2.2. We shall often work with V � K, with its usual bialgebraic structure de�ned by
δKp1q � 1b1. We shall then identify any V -decorated mixed graph which any vertex is decorated
by 1 with the underlying mixed graph. The double bialgebra FV rGs is identi�ed with FrGs and
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has for basis the set of (isomorphism classes of) mixed graphs. The coproduct simpli�es:

∆p 
 
 q � 
 
 b 1� 1b 
 
 � 
 b 
 � 
 b 
 ,
∆p 
 
 q � 
 
 b 1� 1b 
 
 � 
 b 
 � 
 b 
 ,
∆p 
 // 
 q � 
 // 
 b 1� 1b 
 // 
 � 
 b 
 ,
∆p 
 66 
vv q � 
 66 
vv b 1� 1b 
 66 
vv

;

δp 
 
 q � 
 
 b 
 
 ,
δp 
 
 q � 
 
 b 
 
 � 
 b 
 
 ,

δp 
 // 
 q � 
 // 
 b 
 
 � 
 b 
 // 
 ,

δp 
 66 
vv q � 
 66 
vv b 
 
 � 
 b 
 66 
vv
.

Remark 2.3. If V is �nite-dimensional, then, considering the number of vertices, FV rGs is a
graded bialgebra, which homogeneous components are �nite-dimensional. The dimension of the
homogeneous component of degree n of FV rGs is given by the number of isomorphism classes
of mixed graphs which vertices are decorated by elements of rN s, where N � dimpV q, see the
Appendix for more details on these numbers.

Proposition 2.7. Let V be a (non necessarily unitary) commutative and cocommutative bialge-
bra. For any linearly V -decorated mixed graph G, we denote by dG : V pGq ÝÑ V the decoration
map of G and by G the underlying mixed graph. Then the following map is a double bialgebra
morphism:

ΘV :

$''&
''%

FV rGs ÝÑ FrGs

G ÞÝÑ
�
� ¹

xPV pGq

ϵV � dGpxq
�

G.

Proof. The counit ϵV : V ÝÑ K is a bialgebra map. By functoriality (in V ), ΘV is a double
bialgebra morphism.

2.4 Cofreeness of the coalgebra FrGs

Let us de�ne a second product on FrGs.
Proposition 2.8. Let G and H be two mixed graphs. The mixed graph Gñ H is de�ned by

V pGñ Hq � V pGq \ V pHq,
EpGñ Hq � EpGq \ EpHq,
ApGñ Hq � ApGq \ApHq \ pV pGq � V pHqq.

This product is bilinearly extended to FrGs. Then pFrGs,ñ,∆q is a unital in�nitesimal bialgebra
in the sense of [15, De�nition 2.1].

Proof. As we already know that ∆ is coassociative and unitary, it remains to prove that:

1. ñ is associative and unitary.

2. For any x, y P FrGs, ∆pxñ yq � pxb 1qñ ∆pyq �∆pxqñ p1b yq � xb y.

1. Let G,H,K be three mixed graphs. Then

V ppGñ Hqñ Kq � V pGñ pH ñ Kqq � V pGq \ V pHq \ V pKq,
EppGñ Hqñ Kq � EpGñ pH ñ Kqq � EpGq \ EpHq \ EpKq,
AppGñ Hqñ Kq � ApGñ pH ñ Kqq � ApGq \ApHq \ApKq \ pV pGq � V pHqq

\ pV pGq � V pKqq \ pV pHq \ V pKqq,
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so pGñ Hqñ Kq � Gñ pH ñ Kq. Therefore, ñ is associative. The unit is the empty mixed
graph 1.

2. Let G,H be two mixed graph. As there is an arc from any vertex of G to any vertex of H
in Gñ H, the ideals of Gñ H are:

� I \ V pHq where I is an ideal of G. For such an ideal,

pGñ Hq|I\V pHq � G|I ñ H, pGñ Hq|V pGñHqzpI\V pHqq � G|V pGqzI .

� Ideals J of H. For such an ideal,

pGñ Hq|J � H|J , pGñ Hq|V pGñHqzJ � Gñ H|V pHqzJ .

Note that the ideal V pHq appears twice in this list, for I � H and J � V pHq. Therefore,

∆pGñ Hq �
¸

I ideal of G

G|V pGqzI bG|I ñ H �
¸

J ideal of G

Gñ H|V pHqzJ bH|J �GbH

� ∆pGqñ p1bHq � pGb 1qñ ∆pHq �GbH.

From [15, Theorem 2.6]:

Corollary 2.9. The coalgebra pFrGs,∆q is isomorphic to the coalgebra T pPrimpFrGsqq with
the deconcatenation coproduct.

Remark 2.4. The same proof can be adapted to any FV rGs.

3 Sub-objects and quotients of mixed graphs

3.1 Simple and oriented graphs

Proposition 3.1. Gs and Go are twisted subbialgebras of pG,m,∆q and are stable under the
contraction-extraction coproduct δ.

Proof. If G and H are simple graphs, then GH is a simple graph. If G is a simple graph, then
all its subgraphs are also simple graphs. Moreover, if �P EcrGs, then G{ � and G |� are also
simple graphs. The proof is similar for oriented graphs.

Corollary 3.2. For any vector space V , FV rGss is a subbialgebra of FV rGs and FV rGos is
a subbialgebra of FV rGs. For any (non necessarily unitary) commutative and cocommutative
bialgebra V , FV rGss is a double subbialgebra of FV rGs and FV rGos is a double subbialgebra of
FV rGs.

In particular, FKrGss � FrGss is the double bialgebra of graphs of [8, 9] and FKrGos �
FrGos is the double bialgebra of [6].

3.2 Acyclic mixed graphs and �nite topologies

Let us recall the following de�nition:

De�nition 3.3. Let X be a �nite set.

1. A topology on X is a subset O of the set of subsets of X such that:

� H and X belong to O.

� If O1, O2 P O, then O1 XO2 P O and O1 YO2 P O.
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2. The set of topologies on X is denoted by ToporXs and the space generated by ToporXs is
denoted by ToporXs. This de�nes a species Topo.

3. A topology O is T0 is for any x, y P X, with x � y, there exists O P O such that px P O
and y R O) or (x R O and y P O).

Example 3.1. Let G P G rXs be a mixed graph. We denote by OG the set of ideals of G.

Let us prove this reformulation of Alexandro�'s theorem [2]:

Lemma 3.4. Let X be a �nite set and O be a topology on X. There exists an oriented graph G
such that OG � O.

Proof. Let O P ToporXs. We de�ne a relation ¨ on X by the following: for any x, y P X, x ¨ y
if any O P O containing x also contains y. We then de�ne an oriented graph G by V pGq � X
and

EpGq � tpx, yq P X2 | x � y and x ¨ yu.
Let us prove that OG � O. Let O P O, x P O and y P X such that x GÑ y. Then x ¨ y: by
de�nition of ¨, y P O. So O P OG.Therefore, O � OG. Let O P OG. As O is an ideal of G,

O � ty P X | Dx P O, x ¨ yu
�
¤
xPO

ty P X | x ¨ yu

�
¤
xPX

�
� £

O1PO, xPO1

O1

�

.

As O is a topology, O P O, so O � OG.

Proposition 3.5. The species Topo is equipped with a twisted bialgebra structure by the follow-
ing:

� For any �nite sets X,Y , for any pOX ,OY q P ToporXs �ToporY s,
mX,Y pOX �OY q � tI \ J, I P OX , J P OY u.

� For any �nite sets X,Y , for any O P ToporX \ Y s,

∆X,Y pOq �
#
O|X bO|Y if Y P O,
0 otherwise,

where

O|X � tX XO | O P Ou, O|Y � tY XO | O P Ou.
Moreover, the following map is a surjective morphism of twisted bialgebras:

Υ :

"
G ÝÑ Topo

G P G rXs ÝÑ OG P ToporXs.

Proof. The map Υ is clearly a species morphism. By Lemma 3.4, it is surjective. Let G,G1, H,H 1

be graphs such that OG � OG1 and OH � OH 1 . Then

OGH � OGOH � OG1OH 1 � OG1H 1 .

Therefore, the product of G is compatible with the products of G and Topo.

For any graph G P G rXs and for any Y � X, pOGq|Y � OG|Y
. This implies that υ is

compatible with the coproducts of G and Topo. As Υ is surjective and G is a twisted bialgebra,
Topo is also a twisted bialgebra.
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This map Υ is not compatible with the contraction-extraction coproduct: for example, if

G � ?>=<89:;1

��>
>>

>>
>>

>>
?>=<89:;2

?>=<89:;3

@@���������

, G1 � ?>=<89:;1

��>
>>

>>
>>

>>
?>=<89:;2

?>=<89:;3

@@���������

.

then OG1 � OG2 � tt1, 2, 3u, t2, 3u, t2u,Hu. Let us denote by � the equivalence with classes
t1, 2u and t3u. Then

δ�pGq � ONMLHIJK1, 2 44 ?>=<89:;3
rr b ?>=<89:;1 ?>=<89:;2 ?>=<89:;3 , δ�pG1q � 0.

In order to obtain a second coproduct, we have to restrict ourselves to acyclic mixed graphs:

Proposition 3.6. Let G be a mixed graph. We shall say that G is acyclic if does not contain
any oriented path x0

GÑ . . . GÑ xn with x0 � xn and n ¥ 2. Acyclic mixed graphs and acyclic
oriented graphs form two twisted subbialgebras of pG,m,∆q.
Proof. Obviously, if G and H are acyclic mixed graphs, then GH is acyclic; if G is acyclic and
I � V pGq, then G|I is also acyclic. Therefore, Gac is a twisted subbialgebra of G and Gaco is a
twisted subbialgebra of Go.

Remark 3.1. Gac is not stable under δ. For example, let us consider the following acyclic oriented
graph:

G � ?>=<89:;1 //

��>
>>

>>
>>

>>
?>=<89:;2

?>=<89:;3

@@���������

,

Let us denote by � the equivalence with classes t1, 2u and t3u. Then

δ�pGq � ONMLHIJK1, 2 44 ?>=<89:;3
rr b ?>=<89:;1 // ?>=<89:;2 ?>=<89:;3 .

Proposition 3.7. A contraction-extraction coproduct on Gac is de�ned by the following: for any
acyclic graph G P GacrXs, for any �P ErXs,

δ�pGq �
#
G{ � bG |� if �P Ec,acrGs,
0 otherwise.

where Ec,acrGs the set of equivalences on V pGq such that the classes of G are connected and
G{ � is acyclic. Moreover, the following map is a surjective morphisms of twisted bialgebras,
compatible with the contraction-extraction coproducts:

ϖ0 :

$'&
'%

G ÝÑ Gac

G P G rXs ÞÝÑ
#
G if G is acyclic,

0 otherwise.

(2)

Proof. Let I be the subspecies of G of non acyclic mixed graphs. If G is a non acyclic mixed
graph, then for any mixed graph H, GH is not acyclic: I is an ideal. If I is an ideal of G, if it
contains a vertex on a cycle of G, then it contains all the vertices of the cycle: therefore, G|I or
GV pGqzI is not acyclic, which proves that I is a coideal for ∆. Let �P EcrGs. Let us consider a
cycle C of G. If all the vertices of C are equivalent for �, then G |� contains a cycle, so is not
acyclic. Otherwise, G{ � contains a cycle: I is a coideal for δ. Identifying the species G{I and
Gac via ϖ0, Gac inherits a contraction-extraction coproduct δ, which is precisely the one de�ned
in this proposition.
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Similarly, restricting ϖ0 to Go, its image Gaco inherits a contraction-extraction coproduct δ,
as a sub-quotient of G. The image of acyclic graphs by Υ is given by T0-topologies:

De�nition 3.8. Let X be a �nite set and O a topology on X. We shall say that O is T0 if for
any x � y P X, there exists O P O such that px P O and y R O) or (x R O and y P O). This
de�nes a subset TopoT0

rXs of ToporXs subspecies TopoT0
of Topo.

Lemma 3.9. Let X be a �nite set and G P G rXs. The topology OG is T0 if, and only if, G is
acyclic. x0

GÑ . . . GÑ xn with x0 � xn and n ¥ 2.

Proof. Let us assume that G has a cycle x0
GÑ . . . GÑ xn with x0 � xn and n ¥ 2. Then any

ideal of G containing one of the xi's contains all the xi's, so OG is not T0. Let us assume that
G is acyclic. Let x � y P X. We consider

Ox � tz P X | Dk P N, Dx1, . . . , xk P X, x GÑ x1
GÑ . . . GÑ xk

GÑ zu,
Oy � tz P X | Dk P N, Dy1, . . . , yk P X, y GÑ y1

GÑ . . . GÑ yk
GÑ zu.

Both Ox and Oy are ideals of G, so belong to O. Moreover, for k � 0, x P Ox and y P Oy. If
x P Oy and y P Ox, then there exists k, l P N and x1, . . . , xk, y1, . . . , yl P X such that

: x GÑ x1 . . .
GÑ xk

GÑ y GÑ y1 . . .
GÑ yl

GÑ x,

which contradicts the acyclicity of G. So y R Ox or x R Oy: OG is T0.

Lemma 3.10. Let G be an oriented graph. Then OG is connected if and only if G is connected.

Proof. Let us assume that OG is not connected. Let O1, O2 P OG, both nonempty, such that
V pGq � O1 \ O2. If x

GÑ y, with x P O1, then as O1 is an ideal, y P O1. Consequently, there is
no arc from a vertex of O1 to a vertex of O2. Symmetrically, there is no arc from a vertex of O2

to a vertex of O1. So G is not connected. Let us assume that G is not connected. We can write
V pGq � O1 \ O2, such that there is no arc from a vertex of O1 to a vertex of O2, nor from a
vertex of O2 to a vertex of O1. Consequently, O1, O2 P OG, so OG is not connected.

Proposition 3.11. There exists a unique product, a unique coproduct and a unique contraction-
extraction coproduct on TopoT0

making the map Υ|Gaco
: Gaco ÝÑ TopoT0

a morphism of
twisted bialgebras, compatible with the contraction-extraction coproduct.

Proof. By Lemma 3.9, ΥpGacoq � TopoT0
, which gives the unicity of the contraction-extraction

coproduct on TopoT0
compatible with Υ. The product and the coproduct on TopoT0

are obvi-
ously the restriction of the product and of the coproduct on �nite topologies.

Let X be a �nite set, G,G1 P GacorXs such that ΥpGq � ΥpG1q, and let �P ErXs. Obviously,
ΥpG |�q � ΥpG1 |�q. Moreover,

OG{� � tπ�pOq | O P OGu � tπ�pOq | O P OG1u � OG1{�,

where π� : X ÝÑ X{ � is the canonical surjection. So ΥpG{ �q � ΥpG1{ �q. Let us now prove
that Ec,acrGs � Ec,acrG1s. If �P Ec,acrGs, then G{ � is acyclic, so ΥpG{ �q is T0, by Lemma 3.9,
so ΥpG1{ �q � ΥpG{ �q is T0 and G1{ � is acyclic. Moreover, by Lemma 3.10, the connected
components of ΥpG |�q � ΥpG1 |�q are the connected components of the oriented graph G |�,
that is to say the classes of � as �P Ec,acrGs. Consequently, if C is a class of �, pOG1q|C is
connected: �P Ec,acrG1s. By symmetry, we obtain Ec,acrGs � Ec,acrG1s.
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As a consequence, for any �P ErXs,

pΥbΥq � δ�pGq �
#
ΥpG{ �q bΥpG |�q if �P Ec,acrGs,
0 otherwise

�
#
ΥpG1{ �q bΥpG1 |�q if �P Ec,acrG1s,
0 otherwise

� pΥbΥq � δ�pGq.

Consequently, TopoT0
inherits a contraction-extraction coproduct as a quotient of Gaco.

Remark 3.2. Let X be a �nite set and O be a topology on X. For any x, y P X, we shall say
that x �O y if any O P O containing x or y contains both x and y. This de�nes an equivalence
�O on X. Moreover, X{ �O inherits from O a topology, which turns out to be T0. In other
words, we obtain that ToporXs and à

�PErXs
TopoT0

rX{ �s are isomorphic, which gives a species

isomorphism between Topo and TopoT0
� Com, where here � is the composition of species.

The double twisted bialgebra structure which we obtain in this way is described in [8]. Applying
Aguiar and Mahajan's bosonic Fock functor [1], we obtain the double algebra of �nite topologies
of [7].

3.3 Totally acyclic graphs

De�nition 3.12. Let G be a mixed graph. We shall say that it is totally acyclic if does not
contain any mixed path px0, . . . , xnq, with x0 � xn and n ¥ 2. Totally acyclic graphs form a
subspecies Gtac of G.

Note that totally acyclic mixed graphs are simply called acyclic in [5].

Proposition 3.13. Gtac is a twisted subbialgebra of G.

Proof. If G and H are totally acyclic graphs, then GH is totally acyclic. So Gtac is a twisted
subalgebra of G. Let G be a totally acyclic mixed graph and I � V pGq. As G does not
contain any mixed cycle, so does G|I : G|I is totally acyclic. As a conclusion, Gtac is a twisted
subcoalgebra of G.

Consequently, for any vector space V , FV rGtacs is a subbialgebra of pFV rGs,m,∆q. The
subspecies Gtac is not stable under δ. For example, considering the mixed graph

G � ?>=<89:;x // ?>=<89:;y

?>=<89:;z ?>=<89:;t

OO
,

which is totally acyclic, the equivalence relation � which classes are tx, yu, tzu and ttu belongs
to EcrGs (in fact, even to Ec,acrGs), and

G{ �� GFED@ABCx, y

?>=<89:;z

||||||||| ?>=<89:;t

`B̀BBBBBBBB

is clearly not totally acyclic.
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4 Applications

4.1 Three polynomial invariants

Let pV, �, δV q be a non necessarily unitary, commutative bialgebra. From [10, Theorem 3.9], there
exists a unique morphism ϕ1 of double bialgebras from pFV rGs,m,∆, δq onto pKrXs,m,∆, δq
where the two coproducts of KrXs are de�ned by

∆pXq � X b 1� 1bX, δpXq � X bX.

Let us determine ϕ1, �rstly when V � K. Let G P G rXs, nonempty. Then, still by [10, Theorem
3.9],

ϕ1pGq �
8̧

k�0

ϵ
bpk�1q
δ � ∆̃pk�1qpGqHkpXq,

where Hk is the k-th Hilbert polynomial:

HkpXq � XpX � 1q . . . pX � k � 1q
k!

.

Notations 4.1. For any k ¥ 1, for any mixed graph G, we denote by LkpGq the set of surjections
c : V pGq ÝÑ rks such that

@x, y P V pGq, x GÑ y ùñ cpxq ¤ cpyq.

By de�nition of the coproduct ∆, for any mixed graph G with n ¥ 1 vertices,

∆̃pk�1qpGq �
¸

cPLkpGq

G|c�1p1q b . . .bG|c�1pkq.

This leads to the following de�nition:

De�nition 4.1. Let G be a mixed graph.

1. A valid coloring of G is a map c : V pGq ÝÑ N¡0 such that

@x, y P V pGq,
#
x GÑ y ùñ cpxq   cpyq,
x GÝ y ùñ cpxq � cpyq.

2. A valid coloring c of G is packed if cpV pGqq � rmaxpcqs. The set of valid packed colorings
of G is denoted by VPCpGq.

Thanks to this de�nition, we obtain, for any V -linearly decorated mixed graph G,

ϵ
bpk�1q
δ � ∆̃pk�1qpGq � |tc P VPCpGq, | maxpcq � ku|,

and �nally:

Proposition 4.2. The unique morphism of double bialgebras from FrGs to KrXs is given on
any mixed graph G by

PchrS pGq �
¸

cPVPCpGq

Hmaxpcq.

Consequently, if N P N, PchrS pGqpNq is the number of valid colorings c such that maxpcq ¤ N :
we recover the (strong) chromatic polynomial PchrS pGq of [5].
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Remark 4.1. If V is a non necessarily unitary, commutative bialgebra, the unique double bialgebra
morphism from pFV rGs,m,∆, δq to pKrXs,m,∆, δq is PchrS � ΘV (which is indeed a double
bialgebra morphism by composition). It sends any V -linearly decorated mixed graph G to

PchrS �ΘV pGq �
�
� ¹

xPV pGq

ϵV � dGpxq
�

PchrS pGq,

where dG is the decoration map of G and G the underlying mixed graph.

Let us now recover the weak chromatic polynomial of [5].

De�nition 4.3. Let G be a mixed graph.

1. A weak valid coloring of G is a map c : V pGq ÝÑ N¡0 such that

@x, y P V pGq, x GÑ y ùñ cpxq ¤ cpyq,
x GÝ y ùñ cpxq � cpyq.

2. A weak valid coloring c of G is packed if cpV pGqq � rmaxpcqs. The set of weak valid packed
colorings of G is denoted by WVPCpGq.

We are going to use the actionø of the monoid of characters on the set of morphisms and
the map θ given in (1). Let λW : FrGs ÝÑ K de�ned on any mixed graph G by

λW pGq �
#
1 if EpGq � H,
0 otherwise.

(3)

This is obviously a character. We consider θpλW q � PchrS ø λW � PchrW . This is a bialgebra
morphism from pFrGs,m,∆q to pKrXs,m,∆q. For any mixed graph G,

PchrW pGq �
¸

cPWVPCpGq

Hmaxpcq.

Consequently, if N P N, PchrW pGqpNq is the number of weak valid colorings c such that maxpcq ¤
N : we recover the weak chromatic polynomial of [5]. Therefore:

Corollary 4.4. PchrW � PchrS ø λW : pFrGs,m,∆q ÝÑ pKrXs,m,∆q is a Hopf algebra
morphism.

Remark 4.2. Let G P G rXs. We denote by Ec
W rGs the set of equivalences �P EcrGs such that

@x, y P V pGq, x GÑ y ùñ x � y.

Then, for any mixed graph G,

PchrW pGq �
¸

�PEcrGs

λW pG |�qPchrS pG{ �q �
¸

�PEc
W rGs

PchrS pG{ �q.

Example 4.1. For n ¥ 3, let Gn be the following mixed graph:

V pGnq � rns, EpGnq � tt1, nuu, ApGnq � tpi, i� 1q | i P rn� 1su.
In other terms,

Gn � ?>=<89:;2 // . . . // WVUTPQRSn� 1

��?>=<89:;1

OO

?>=<89:;n

.
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Weak valid colorings of Gn are non-decreasing maps c : rns ÝÑ N¡0, such that cp1q � cpnq.
Therefore,

PchrW pGnq � XpX � 1q . . . pX � n� 1q
n!

�X.

Valid colorings of Gn are strictly increasing maps c : rns ÝÑ N¡0. Therefore,

PchrS pGnq � XpX � 1q . . . pX � n� 1q
n!

.

With the help of [10, Propositions 3.10 and 5.2], we now de�ne a homogeneous morphism
P0 : FrGs ÝÑ KrXs with the help of the element µ P FrGs�1 de�ned by

µp q � 1,

where is the unique (up to an isomorphism) mixed graph with only one vertex. Then, if G is
a mixed graph,

µbk � ∆̃pk�1qpGq �
#
|LkpGq| if k � |V pGq|,
0 otherwise.

We denote by ℓpGq the cardinality of LnpGq, that is to say the number of bijections c : V pGq ÝÑ
rns such that

@x, y P V pGq, x GÑ y ùñ cpxq   cpyq,

and �nally:

Corollary 4.5. For any mixed graph G, we put

λ0pGq � ℓpGq
|V pGq|! , P0pGq � λ0pGqX |V pGq|.

Then λ0 is a character of FrGs and P0 : pFrGs,m,∆q ÝÑ pKrXs,m,∆q is a bialgebra morphism.

For any graph G, P0pGqp1q � λ0pGq. From [10, Corollary 3.11], P0 � PchrS ø λ0. There-
fore:

Corollary 4.6. For any mixed graph G with n vertices,

ℓpGqXn �
¸

�PEcrGs

ℓpG |�qPchrS pG{ �q.

4.2 Invertible characters

Let us �x a non unitary, commutative and cocommutative bialgebra pV, �, δV q. The product of
the dual algebra is denoted by �V ; its unit is the counit ϵV . Let us now study the monoid of
characters of pFV rGs,m, δq, which product is denoted by �, and in particular let us look for its
invertible. We shall use the following lemma:

Lemma 4.7. Let pB,m, δq be a graded bialgebra. In particular, its homogeneous component of
degree 0 is a subbialgebra. Let λ be a character of B. Then λ is an invertible character of B if,
and only if, its restriction λ0 to B0 is invertible in the algebra B�

0 . In the particular case where
B0 is generated by a family pxiqiPI of group-like elements, λ is an invertible character if, and
only if, λpxiq � 0 for any i P I.
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Proof. We shall denote by πk the canonical projection on Bk for any k P N. We put

ρL � pπ0 b Idq � δ, ρR � pπ b π0q � δ.

As π0 : B ÝÑ B0 is a bialgebra map, pB, ρL, ρRq is a B0-bicomodule. For any x P Bn with
n ¥ 1, we put

δ1pxq � δpxq � ρLpxq � ρRpxq.
By homogeneity of δ,

δpxq �
ņ

i�0

pπi b πn�iq � δpxq � ρLpxq �
n�1̧

i�1

pπi b πn�iq � δpxqloooooooooooomoooooooooooon
δ1pxq

�ρRpxq.

ùñ. Let us denote by µ the inverse of λ in the monoid of characters of B. We put µ0 � µ|B0
.

For any x P B0,

λ0 � µ0pxq � pλb µq � δ0pxq � pλb µq � δpxq � λ � µpxq � ϵpxq.

Similarly, µ0 � λ0pxq � ϵpxq, so λ0 is invertible in B�
0 .

ðù. Let us de�ne µn : Bn ÝÑ K for any n, such that if x P Bn,�
λb

ņ

i�0

µi

�
� δpxq � ϵpxq.

We proceed by induction on n. If n � 0, we us take µ0 the inverse of λ0 in B�
0 . Let us assume

n ¥ 1 and µ0, . . . , µn�1 de�ned. We �rst de�ne ν : Bn ÝÑ K by

@x P Bn, νpxq � ϵpxq �
�
λb

n�1̧

i�0

µi

�
pδ1pxq � ρRpxqq.

This is well-de�ned, as δ1pxq � ρpxq P B b
n�1à
i�0

Bi.. We then put µn � pµ0 b νq � ρL : Bn ÝÑ K.

As ρL � pπ0 b Idq � δ, by homogeneity of δ, ρLpBnq � B0 b Bn and µn is well-de�ned. For any
x P Bn, �

λb
ņ

i�0

µn

�
� δpxq � pλb µnq � ρLpxq � ϵpxq � νpxq

� pλb µ � νq � pIdb ρLq � ρLpxq � ϵpxq � νpxq
� pλb µ � νq � pδ0 b Idq � ρLpxq � ϵpxq � νpxq
� ppλ0 � µ0q � νq � ρLpxq � ϵpxq � νpxq
� pϵ0 � νq � ρLpxq � ϵpxq � µpxq
� νpxq � ϵpxq � µpxq
� ϵpxq.

Considering µ �
8̧

i�0

µi P B�, by construction λ �µ � ϵ. Similarly, we can de�ne µ1 P B� such

that µ1 � λ � ϵ. Then, as the convolution product � is associative, µ1 � µ and λ is invertible in
B�. Let us now prove that µ is a character. We work in the algebra pBbBq�, which convolution
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product is also denoted by �. For any x, y P B, with Sweedler's notation δpzq �
¸
z

zp1qb zp2q for
any z P B,

pµ �mq � pλ �mqpxb yq �
¸
x

¸
y

µpxp1qyp1qqλpxp1qyp1qq

�
¸
xy

µppxyqp1qqλppxyqp2qq

� ϵpxyq
� ϵpxqϵpyq
� ϵBbBpxb yq.

Similarly, pλ �mq � pµ �mq � ϵBbB, so, as λ is a character,

µ �m � pλ �mq��1 � pλb λq��1 � µb µ.

So µ is indeed a character of B.

Let us now consider the particular case where B0 is generated by a family pxiqiPI of group-like
elements.

ùñ. If λ is an invertible character, denoting its inverse by µ, for any i P I,

λ � µpxiq � ϵpxiq � 1 � λpxiqµpxiq,

so λpxiq � 0.
ðù. Let us assume that λ is a character of B such that λpxiq � 0 for any i P I. In order

to prove that λ is an invertible character, it is enough to prove that λ0 is invertible in B�
0 . By

hypothesis, B0 has a basis pyjqjPJ of noncommutative monomials in pxiqiPI . By multiplicativity,
for any j P J , yj is group-like and λpyjq � 0. We then de�ne µ0 P B�

0 by

@j P J, µpyjq � 1

λpyjq .

Then for any j P J ,

λ0 � µ0pyjq � µ0 � λ0pyjq � λ0pyjqµ0pyjq � 1 � ϵpyjq,

so λ0 is invertible in B
�
0 .

In order to use this lemma, let us introduce a gradation of pFV rGs,m, δq.
Proposition 4.8. For any V -linearly decorated mixed graph G, we denote by ccpGq the number
of connected components of G and we put

degpGq � |V pGq| � ccpGq.

This de�nes a gradation of the bialgebra pFV rGs,m, δq.
Proof. Note that for any graph G, degpGq ¥ 0. Let G and H be two V -linearly decorated mixed
graphs. Then

|V pGHq| � |V pGq| � |V pHq|, ccpGHq � ccpGq � ccpHq,

so degpGHq � degpGq � degpHq. Let G be a V -linearly decorated mixed graph and �P EcrGs.
We denote by clp�q the number of equivalence classes of �. As �P EcrGs,

|V pG |�q| � |V pGq|, ccpG |�q � clp�q.
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Moreover, the connected components of G{ � are the contractions of the connected components
of G, so

|V pG{ �q| � clp�q, ccpG{ �q � ccpGq.

We obtain that degpG{ �q � degpG |�q � |V pGq| � clp�q � clp�q � ccpGq � degpGq. So
pFV rGs,m, δq is graded.

For any graph G, degpGq � 0 if, and only if, EpGq � ApGq � H. The subbialgebra

FV rGsdeg�0 of elements of degree 0 is the symmetric algebra generated by elements ?>=<89:;v , with
v P V . The coproduct of such an element is given by the coproduct of V ,

δp ?>=<89:;v q � GFED@ABCv1 b GFED@ABCv2 .

Proposition 4.9. Let λ P CharpFV rGsq. We de�ne a map λV P V � by

@v P V, λV pvq � λp ?>=<89:;v q.

Then λ is invertible in pCharpFV rGsq, �q if, and only if, λV is invertible in pV �, �V q.

Proof. ùñ. Let us assume that λ is an invertible character. Denoting by µ its inverse, µ|V
provides an inverse of λV in V �.

ðù. Let us assume that λV is invertible in V �. By Lemma 4.7, it is enough to prove that λ0
is invertible in the algebra FV rGs0. By construction of the graduation, FV rGs0 is the symmetric
algebra generated by V . Extending multiplicatively the inverse of λV to FV rGs0, we obtain an
inverse of λ0.

In the particular case where V � K:

Corollary 4.10. Let λ be a character of FrGs. It is invertible in the monoid pCharpFrGsq, �q
if, and only if,

λp q � 0.

Proof. This is implied by Lemma 4.7, with the family of group-like elements reduced to .

In particular, λW and λ0 are invertible. Their inverses are denoted respectively by νW and
µS . We also put µW � µS � λW . Then, as PchrW � PchrS ø λW and P0 � PchrS ø λ0, we
obtain

PchrS � PchrW ø νW , PchrS � P0ø µS , PchrW � P0ø µW .

Proposition 4.11. For any mixed graph G,

PchrS pGq �
¸

�PEcrGs

λ0pG{ �qµSpG |�qXclp�q �
¸

�PEcrGs

νW pG |�qPchrW pG{ �q,

PchrW pGq �
¸

�PEcrGs

λ0pG{ �qµW pG |�qXclp�q,

where clp�q is the number of classes of �.

Corollary 4.12. If G is a connected mixed graph, then µSpGq is the coe�cient of X in PchrS pGq
whereas µW pGq is the coe�cient of X in PchrW pGq. Moreover, λ0pGq is the coe�cient of X |V pGq|

in both PchrS pGq and PchrW pGq.
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Proof. As G is connected, the unique element � of EcrGs with clp�q � 1 is �L, which has for
only class V pGq. So the coe�cient of X in PchrS pGq is, as λ0 and ϵ coincide on FV rGsdeg�0,
equal to

λ0pG{ �LqµSpG |�Lq � pλ0 b µSq � ρLpGq � pϵb µSq � ρLpGq � µSpGq.
Similarly, the unique equivalence �P EcrGs such that clp�q � |V pGq| is �R, which has for classes
the connected components the singletons (or in other words, �R is the equality of V pGq). So
the coe�cient of X |V pGq| in PchrS pGq is, as µS and ϵ coincide on FV rGsdeg�0 equal to

λ0pG{ �RqµSpG |�Rq � pλ0 b µSq � ρRpGq � pλ0 b ϵq � ρRpGq � λ0pGq.
The proof is similar for the weak chromatic polynomial.

Remark 4.3. One can de�ne an in�nitesimal character µ1S by the following: for any mixed graph
G,

µ1SpGq �
#
µSpGq if G is connected,

0 otherwise.

This in�nitesimal character is equal to lnpϵδq and is studied in [10, Proposition 4.1]. It is closely

related to the eulerian idempotent. Consequently, as the coe�cient of X in HkpXq is p�1q
k�1

k
if k ¥ 1, we obtain that for any connected mixed graph G,

µSpGq �
¸

cPVPCpGq

p1qmaxpcq�1

maxpcq �
8̧

k�1

|tc P VPCpGq | maxpcq � ku|p�1q
k�1

k
.

When G is a rooted tree, we recover Murua's coe�cients [3, 16], which appeared in the analysis
of the continuous Baker�Campbell�Hausdor� problem.

Example 4.2.

G PchrS pGq PchrW pGq λ0pGq µSpGq µW pGq νW pGq
XpX � 1q XpX � 1q 1 �1 �1 0

XpX � 1q
2

XpX � 1q
2

1

2
�1

2

1

2
�1

0 X 0 0 1 �1
XpX � 1q2 XpX � 1q2 1 1 1 0

XpX � 1q2
2

XpX � 1qpX � 1q
2

1

2

1

2
�1

2
0

XpX � 1q2
2

XpX � 1qpX � 1q
2

1

2

1

2
�1

2
0

0 XpX � 1q 0 0 �1 0

XpX � 1qpX � 2q
6

XpX � 1qpX � 2q
6

1

6

1

3

1

3
1

Xp2X � 1qpX � 1q
6

Xp2X � 1qpX � 1q
6

1

3

1

6

1

6
1

0
XpX � 1q

2
0 0

1

2
1

0
XpX � 1q

2
0 0

1

2
1

0 X 0 0 1 1

Example 4.3. Let us consider again the graph Gn of Example 4.1. We obtain

µSpGnq � p�1qn
n!

, µW pGnq � pn� 1q!
n!

� 1 � �n� 1

n
, λ0pGnq � 1

n!
.
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As an example of application:

Proposition 4.13. 1. PchrS �ϖ0 � PchrS .

2. Let G be an acyclic mixed graph. Then PchrS pGq is of degree |V pGq| and its leading term
is ℓpGq.

Proof. 1. Note that PchrS �ϖ0 and PchrS are bialgebra morphisms from FrGs to KrXs. Moreover,

ϵδ � PchrS �ϖ0 � ϵδ �ϖ0 � ϵδ � ϵδ � PchrS .

By unicity, PchrS �ϖ0 � PchrS .

2. Let G be an acyclic graph. As PchrS � P0ø µS ,

PchrS pGq �
¸

�PEcrGs
µSpG |�qℓpG{ �qXclp�q,

which implies that degpPchrS pGqq ¤ |V pGq|. If � is the equality of V pGq, then G |� is a graph
with no edge, so µSpG |�q � 1. We obtain that

PchrS pGq � ℓpGqX |V pGq| � terms of degree   |V pGq|.
As G has no cycle, ℓpGq � 0, so degpPchrS pGqq � |V pGq|.

5 From mixed graphs to acyclic oriented graphs

5.1 A double bialgebra epimorphism

De�nition 5.1. Let G a mixed graph. An orientation of G is an oriented graph H with V pGq �
V pHq and ApHq � ApGq\E1, where E1 is a set of arcs in bijection with EpGq, through a bijection
respecting the extremities. Such an orientation of G is acyclic if H is an acyclic oriented graph.
We denote by OacpGq the set of acyclic orientations of G.

Theorem 5.2. Let G be a mixed graph. We put

ΘpGq �
¸

G1POacpGq

G1,

with the usual convention that this sum is 0 if OacpGq is empty. Then Θ is a double twisted
bialgebra morphism from G to Gaco.

Proof. Firstly, Θ is indeed a species morphism from G to Gaco. Let G and H be two mixed
graphs, G1 and H 1 be orientations of G and H. Then G1H 1 is an acyclic orientation of GH
if, and only if, G1 and H 1 are acyclic orientations of G and H. This implies directly that
ΘpGHq � ΘpGqΘpHq. Therefore, Θ is a twisted algebra morphism.

Let G P GrI \ Js be a mixed graph. If J is not an ideal of G, then ∆I,JpGq � 0. Moreover,
for any orientation G1 of G, J is not an ideal of G1, so ∆I,JpG1q � 0. Hence, in this case,

pΘbΘq �∆I,JpGq � ∆I,J �ΘpGq � 0.

We now assume that J is an ideal of G. Then

pΘbΘq �∆I,JpGq �
¸

pG1,G2qPOacpG|Iq�OacpG|J q

G1 bG2,

∆I,J �ΘpGq �
¸

HPOacpGq,
J ideal of H

H|I bH|J .
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We put

A � OacpG|Iq �OacpG|Jq, B � tH P OacpGq | J ideal of Hu,

and we consider the map

ψ :

"
B ÝÑ A
H ÝÑ pH|I , H|Jq.

This is obviously well-de�ned. We now consider the map ψ1 : A ÝÑ B, sending any pair pG1, G2q
to an orientation ψpG1, G2q � H of G de�ned in this way: for any edge tx, yu of G,

� If x, y P I, then orient this edge as in G1.

� If x, y P J , then orient this edge as in G2.

� If x P I and y P J , then orient this edge from x to y.

� If x P J and y P I, then orient this edge from y to x.

As there is no arc in H from J to I, J is an ideal of H. Moreover, as G1 and G2 are acyclic, H
is acyclic: ψ1 is well-de�ned. We immediately obtain that ψ1 � ψ � IdB and ψ � ψ1 � IdA, so ψ
and ψ1 are bijections. Therefore,

pΘbΘq �∆I,JpGq �
¸

pG1,G1qqPA

G1 bG2 �
¸
HPB

H|I bH|J � ∆I,J �ΘpGq.

So Θ : pG,m,∆q ÝÑ pGaco,m,∆q is a twisted bialgebra morphism.

Let G P GrI \ Js be a mixed graph and �P EpGq. If H is an orientation of G, as the paths
in G and H are the same, �P E�pGq if, and only if, �P E�pHq. Hence, if �R EcpGq,

δ� �ΘpGq � pΘbΘq � δ�pGq � 0.

Let us now assume that �P EcpGq. Then

δ� �ΘpGq �
¸

HPOacpGq,
H{ � acyclic

H{ � bH |�,

pΘbΘq � δ�pGq �
¸

pG1,G2qPOacpG{�q�OacpG|�q

G1 bG2.

We put

C � OacpG{ �q �OacpG |�q, D � tH P OacpGq | H{ � acyclicu.

If H P D, then H{ � is an acyclic orientation of G{ � by de�nition of D and H |� is an acyclic
orientation of G |� by restriction. This de�nes a map

ϕ :

"
C ÝÑ D
H ÝÑ pH{ �, H |�q.

Let us now consider pG1, G2q P C. We de�ne an orientation of G in the following way: if tx, yu
is an edge of G,

� If x � y, then tx, yu is an edge of G |�: orient it as in G2.

� Otherwise, tx, yu is an edge or an arc of G{ �: orient tx, yu as tx, yu in G1: as G1 is acyclic,
this is unambiguous.
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Note that H{ �� G1 and H |�� G2 by construction. Moreover, this is an acyclic orientation of
G: if x1 Ñ . . .Ñ xk Ñ x1 is a cycle in H, as G1 is acyclic, necessarily x1 � . . . � xk, so this is a
cycle in G2: as G2 is acyclic, this is not possible. Moreover, H{ �� G1 is acyclic, so this de�nes
a map ϕ1 : D ÝÑ C such that ϕ � ϕ1 � IdD.

Let H P C. We put H 1 � ϕ1 � ϕpHq. Let px, yq be an arc of H. If x � y, then px, yq is an
arc of H |�, so is an arc of H 1. Otherwise, px, yq is an arc of H{ �� H 1{ �. If py, xq is an arc
of H 1, then x Ñ y Ñ x is a cycle in H 1{ �, so H{ � is not acyclic: this is a contradiction. So
px, yq is an arc of H 1. Therefore, H and H 1 have the same arcs, so are equal. We proved that
ϕ1 � ϕ � IdC , so ϕ is a bijection. We obtain

δ� �ΘpGq �
¸
HPD

H{ � bH |��
¸

pG1,G2qPC

G1 bG2 � pΘbΘq � δ�pGq.

So Θ is compatible with δ. It is obviously compatible with the unit and both counits ε∆ and
ϵδ.

Corollary 5.3. For any mixed graph G,

PchrS pGq �
¸

HPOacpGq

PchrS pHq.

Proof. By functoriality, FrΘs : FrGs ÝÑ FrGacos is a double bialgebra morphism. By com-
position, PchrS � FrΘs : FrGs ÝÑ KrXs is a double bialgebra morphism. By unicity of such a
morphism,

PchrS � FrΘs � PchrS .

5.2 Erhahrt polynomials for mixed graphs

Proposition 5.4. Let q P K. The two following maps are characters of FrGs:

ehr
pqq
str :

$'&
'%

FrGs ÝÑ K

G ÞÝÑ
#
q|V pGq| if ApGq � H,
0 otherwise,

ehrpqq :

"
FrGs ÝÑ K

G ÞÝÑ q|V pGq|,

with the convention q0 � 1 even if q � 0. Let Ehr
pqq
str and by Ehrpqq be Hopf algebra morphisms

from pFrGs,m,∆q to pKrXs,m,∆q given by

Ehr
pqq
str � θ

�
ehr

pqq
str

	
� PchrS ø ehr

pqq
str,

Ehrpqq � θ
�
ehrpqq

	
� PchrS ø ehrpqq.

where θ is de�ned in (1).

ϵδ � Ehrpqqstr � ehr
pqq
str, ϵδ � Ehrpqq � ehrpqq.

Then, for any n P N, for any mixed graph G,

Ehr
pqq
strpGqpnq � q|V pGq||tf : V pGq ÝÑ rns | @x, y P V pGq, x GÑ y ùñ fpxq   fpyqu|,

EhrpqqpGqpnq � q|V pGq||tf : V pGq ÝÑ rns | @x, y P V pGq, x GÑ y ùñ fpxq ¤ fpyqu|.

Moreover, Ehr
pqq
str �ϖ0 � Ehr

pqq
str (recall that ϖ0 is de�ned in (2)).

From now, we shall write simply ehrstr, ehr, Ehrstr and Ehr for ehr
p1q
str, ehr

p1q, Ehr
p1q
str and

Ehrp1q.
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Proof. The maps ehrpqq and ehr
pqq
str are obviously characters of FrGs. Let G be a mixed graph.

For k ¥ 1, we denote by SkpGq the set of surjective maps f : V pGq ÝÑ rks such that for any
x, y P V pGq,

x GÑ y ùñ fpxq ¤ fpyq.
Then

Ehr
pqq
strpGq �

8̧

k�1

¸
fPSkpGq

ehr
pqq
strpG|f�1p1qq . . . ehrpqqstrpG|f�1pkqqHkpXq

�
8̧

k�1

¸
fPSkpGq

q|f
�1p1q|ehr

p1q
strpG|f�1p1qq . . . q|f

�1pkq|ehr
p1q
strpG|f�1pkqqHkpXq

� q|V pGq|
8̧

k�1

¸
fPSkpGq

ehr
p1q
strpG|f�1p1qq . . . ehrp1qstrpG|f�1pkqqHkpXq

� q|V pGq|EhrstrpGq,
Similarly, EhrpqqpGq � q|V pGq|EhrpGq. We now study Ehrstr and Ehr. Let G be a mixed graph.

EhrpGq �
8̧

k�1

¸
fPSkpGq

HkpXq,

which gives the announced result. For k ¥ 1, we denote by S1kpGq the set of surjective maps
f : V pGq ÝÑ rks such that for any x, y P V pGq,

x GÑ y ùñ fpxq   fpyq.
By de�nition of ehrstr,

EhrstrpGq �
8̧

k�1

¸
fPSkpGq

ehrstrpG|f�1p1qq . . . ehrstrpG|f�1pkqqHkpXq �
8̧

k�1

¸
fPS1kpGq

HkpXq,

which implies the announced result.

Let us prove that Ehr
pqq
str �ϖ0 � Ehr

pqq
str. For this, it is enough to prove that ϵδ �Ehrpqqstr �ϖ0 �

ϵδ � Ehrpqqstr, that is to say ehr
pqq
str � ϖ0 � ehr

pqq
str. Let G be a graph. If G is not acyclic, then

ehr
pqq
str �ϖ0pGq � 0. Moreover, necessarily ApGq � H, so ehr

pqq
str � 0. Otherwise, ϖ0pGq � G and

ehr
pqq
str �ϖ0pGq � ehr

pqq
strpGq.

Remark 5.1. By [10, Corollary 3.12],

Ehrstr � PchrS ø ehrstr, Ehr � PchrS ø ehr.

Notations 5.1. Let G be a mixed graph. We denote by SpGq the set of vertices y P V pGq such
that there exists no e P ApGq such that y is the �nal vertex of e (set of sources of G) and by
W pGq the set of vertices x P V pGq such that there exists no e P ApGq such that x is the initial
vertex of e (set of wells of G).

Proposition 5.5. Let q, q1 P K. For any mixed graph G, denoting by � the convolution product
associated to ∆,

ehr
pqq
str � ehrpq

1qpGq � q1|V pGqzSpGq|pq � q1q|SpGq|,
ehrpqq � ehrpq1qstr pGq � q1|V pGqzW pGq|pq � q1q|W pGq|.

In particular, if SpGq � H and W pGq � H,

ehr
p�qq
str � ehrpqqpGq � ehrpqq � ehrp�qq

str pGq � 0 � ε∆pGq.
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Proof. Indeed,

ehr
pqq
str � ehrpq

1qpGq �
¸
q|I1|q1|I2|,

where the sum is over all partitions V pGq � I1 \ I2 such that if x GÑ y in V pGq, then px, yq P
pI1 � I2q Y I22 , that is to say such that I1 � SpGq. Hence,

ehr
pqq
str � ehrpq

1qpGq �
¸

I1�SpGq

q|I1|q1|V pGqzI1|

� q1|V pGqzSpGq|
¸

I1�SpGq

q|I1|q1|SpGqzI1|

� q1|V pGqzSpGq|pq � q1q|SpGq|.

The proof is similar for ehr
pqq
str � ehrpq

1qpGq, replacing sources by wells.

Corollary 5.6. The inverse (for the convolution product �) of the restriction of ehrpqq to FrGacs
is the restriction of ehr

p�qq
str .

Proof. Let G be an acyclic mixed graph. Obviously, if G � 1, then

ehr
p�qq
str � ehrpqqpGq1 � ε∆pGq.

Otherwise, as G is acyclic, then SpGq � H and W pGq � H. We can conclude with Proposition
5.5.

Let us now prove the duality principle for Ehrhart polynomials:

Corollary 5.7. Let G be an acyclic mixed graph. Then

EhrstrpGqp�Xq � p�1q|V pGq|EhrpGqpXq.
Proof. We denote by SGac the antipode of pFrGacs,m,∆q and by S the antipode of pKrXs,m,∆q.
In particular, for any P P KrXs, SpP pXqq � P p�Xq. As Ehr : pFrGacs,m,∆q ÝÑ pKrXs,m,∆q
is a Hopf algebra morphism,

EhrstrpGqp�Xq � S � EhrstrpGq � Ehrstr � SGacpGq.
Therefore, by Corollary 5.6,

EhrstrpGqp�1q � S � EhrstrpGqp1q
� Ehrstr � SGacpGqp1q
� ehrstr � SGacpGq
� ehr��1

str pGq
� ehrp�1qpGq.

This implies that Ehrstr � S is the Hopf algebra morphism PchrS ø ehrp�1q:

Ehrstr � SpGq � pPchrS b ehrp�1qq � δpGq
� p�1q|V pGq|pPchrS b ehrq � δpGq
� p�1q|V pGq|EhrpGqpXq.

Corollary 5.8. Let G be an acyclic oriented graph. Then

EhrstrpGq � PchrS pGq, PchrS pGqp�1q � p�1q|V pGq|,
EhrpGq � PchrW pGq, PchrW pGqp�1q � p�1q|V pGq|ϵδpGq.
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Proof. We work in FrGs. For any oriented acyclic graph H,

ehrstrpHq � ϵδpHq �
#
1 if ApHq � H,
0 otherwise.

Hence, EhrstrpGq � PchrS pGq: the restriction of Ehr to FrGacos is PchrS . Moreover,

EhrstrpGqp�1q � p�1q|V pGq|EhrpGqp1q � p�1q|V pGq|ehrpGq � p�1q|V pGq|.
For any oriented acyclic graph H, ehrpHq � 1 � λW pHq, so EhrpGq � PchrW pGq. Moreover,

EhrpGqp�1q � p�1q|V pGq|EhrstrpGqp1q � p�1q|V pGq|ehrstrpGq � p�1q|V pGq|ϵδpGq.
From Corollary 5.3, we obtain another proof of the following result, obtained in a di�erent

way in [5, Theorem 3]:

Corollary 5.9. Let G be a mixed graph. Then

PchrS pGqp�1q � p�1q|V pGq||OacpGq|.
Proof. Indeed,

PchrS pGqp�1q �
¸

HPOacpGq

PchrS pHqp�1q �
¸

HPOacpGq

p�1q|V pHq| � p�1q|V pGq||OacpGq|.

Remark 5.2. We recover the classical result on the chromatic polynomial when this corollary is
applied to graphs [19].

From [10, Corollary 2.3]:

Corollary 5.10. Denoting by S the antipode of pFrGs,m,∆q, for any mixed graph G,

SpGq �
¸

�PEcrGs

p�1qclp�q|OacpG{ �q| pG |�q.

6 Applications to characters on mixed graphs

6.1 Weak chromatic polynomial

Proposition 6.1. Let G be a totally acyclic mixed graph. Then

PchrW pGqp�1q �
#
0 if ApGq � H,
p�1q|V pGq||OacpGq| otherwise.

Proof. If ApGq � H, then PchrW pGq � PchrS pGq, and the result comes from Corollary 5.9. Let us
assume that ApGq � H. We proceed by induction on |EpGq|. If EpGq � H, then by de�nition,
PchrW pGq � EhrpGq. By the duality principle for Ehrhart polynomials (Corollary 5.7),

PchrW pGqp�1q � p�1q|V pGq|EhrstrpGqp1q � 0,

as ApGq � H. Let us assume the result for all acyclic graph H such that |EpGq| ¡ |EpHq|
and ApHq � H. Let e be an edge of G. We denote respectively by G{e and by Gze the mixed
graph obtained from G by contraction of the edge e respectively by deleting the edge e. From
[5, Proposition 6],

PchrW pGqp�1q � PchrW pGzeqp�1q � PchrW pG{eqp�1q.
Moreover, Gze and G{e are mixed graph with at least one arc and strictly less edges than G.
Moreover, as G is totally acyclic, G{e and Gze are acyclic: we deduce that PchrW pGzeqp�1q �
PchrW pG{eqp�1q � 0. Hence, PchrW pGqp�1q � 0.
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Remark 6.1. If G is not totally acyclic, no interpretation of PchrW pGqp�1q, and even of its sign,
is known. For example, if Gn is the graph of Example 4.1, then PchrW pGnqp�1q � 1 for any
n ¥ 2.

We recover the interpretation of [4] of the values of the weak chromatic polynomial at negative
values:

Corollary 6.2. Let G be a totally acyclic mixed graph and k P N. Then p�1q|V pGq|PchrW pGqp�kq
is the number of pairs pH, fq such that:

� H is an acyclic orientation of G.

� f is a k-coloring of G compatible with H, that is,

@x, y P V pGq,
#
x GÑ y ùñ fpxq   fpyq,
x HÑ y ùñ fpxq ¤ fpyq.

Proof. By compatibility of PchrW with the coproduct ∆,

PchrW pGqp�kq �
¸

f :V pGqÝÑrks,

xGÑyùñfpxq¤fpyq

PchrW

�
G|f�1p1q

� p�1q . . . PchrW

�
G|f�1pkq

� p�1q.

By the Proposition 6.1, if G|f�1piq has an arc, then PchrW

�
G|f�1p1q

� p�1q � 0. Therefore,

PchrW pGqp�kq �
¸

f :V pGqÝÑrks,

xGÑyùñfpxq fpyq

PchrW

�
G|f�1p1q

� p�1q . . . PchrW

�
G|f�1pkq

� p�1q

�
¸

f :V pGqÝÑrks,

xGÑyùñfpxq fpyq

p�1q|f�1p1q|�...�|f�1pkq|
k¹

i�1

|Oac

�
G|f�1piq

� |

� p�1q|V pGq|
¸

f :V pGqÝÑrks,

xGÑyùñfpxq fpyq

k¹
i�1

|Oac

�
G|f�1piq

� |.

We consider

Ak � tpf,H1, . . . ,Hkq | f : V pGq ÝÑ rks, Hi P Oac

�
G|f�1piq

�u,
Bk � tpH, fq | H P OacpGq, f : V pGq ÝÑ rks compatible with Hu.

The map ϕ : Bk ÝÑ Ak which send pH, fq to pf,H|f�1p1q, . . . ,H|f�1pkqq is well-de�ned. If
ϕpH, fq � ϕpH 1, f 1q, then f � f 1. Moreover, if tx, yu P EpGq:

� If fpxq � fpyq � i, then tx, yu is oriented in the same way in H|f�1piq and in H 1
|f�1piq, as

these oriented graphs are equal. So tx, yu is oriented in the same way in H and in H 1.

� If fpxq   fpyq, as f is compatible withH and inH 1, then px, yq P EpHq and px, yq P EpH 1q.
� If fpxq ¡ fpyq, as f is compatible withH and inH 1, then py, xq P EpHq and py, xq P EpH 1q.

Therefore, H � H 1: ϕ is injective. Let pf,H1, . . . ,Hkq P Ak. We de�ne an orientation of G by
the following: if tx, yu P EpGq,

� if fpxq � fpyq � i, we keep the orientation of this edge in Hi.

� If fpxq   fpyq, we orient this edge in px, yq in H.
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� If fpxq ¡ fpyq, we orient this edge in py, xq in H.

By construction, for any i P rks, H|f�1piq � Hi. Moreover, f is compatible with H, by construc-
tion. Consequently, f is constant on any cycle of H. As the oriented graphs Hi are acyclic, H
is acyclic. We obtain that pH, fq P Bk and ϕpH, fq � pf,H1, . . . ,Hkq. Finally,

PchrW pGqp�kq � p�1q|V pGq||Ak| � p�1q|V pGq||Bk|.

6.2 The character νW

Recall that νW is the inverse of λW (de�ned in (3)) for the convolution � associated to δ.

Proposition 6.3. 1. For any simple graph G with at least one edge, νW pGq � 0.

2. For any oriented graph G, νW pGq � p�1q|V pGq|�ccpGq, where ccpGq is the number of con-
nected components of G.

Proof. 1. We denote by λsW the restriction of λW to FrGss. For any simple graph G, λW pGq �
ϵδpGq, so λsW � ϵδ |FV rGss. As FrGss is a double subbialgebra of FrGs,

pλsW q��1 � pϵδ |FrGssq��1 � pϵδ��1q|FrGss � ϵδ |FrGss.

2. Let λ be a character of FrGos, such that λp q � 0. Then λ is invertible for the
convolution product � associated to δ: its inverse is denoted by µ. Denoting by S the antipode
of pFrGos,m,∆q, let us prove that λ � S is invertible for � and that its inverse is µ � pϵδ � Sq.
Firstly, λ � Sp q � �λp q � 0, so λ � S is invertible. Moreover,

pλ � Sq � µ � pϵδ � Sq � pλb µ � ϵδq � pS b Idb Sq � pδ b Idq � δ
� pλb µ � ϵδq � pIdb Idb Sq � pδ b Idq � δ � S
� pλb µ � ϵδq � pδ b Idq � pIdb Sq � δ � S
� pλ � µb ϵδq � pIdb Sq � δ � S
� ϵδ b ϵδ � pIdb Sq � δ � S
� ϵδ � S2

� ϵδ.

We used for the second equality that pS b Idq � δ � δ � S (see [10, Proposition 2.1]) and, for the
last equality, that S2 � Id, as FrGs is commutative. So µ � pϵδ � Sq � pλ � Sq��1.

In the particular case were λ � ϵδ, then µ � ϵδ and we obtain that pϵδ � Sq��1 � ϵδ � S.

Let G be an oriented graph. By de�nition of the weak Ehrhart polynomial and by the duality
principle for Ehrhart polynomial (Corollary 5.7),

λW pGq � 1

� EhrW pGqp1q
� p�1q|V pGq|EhrpGqp�1q
� p�1q|V pGq|S � EhrpGqp1q
� p�1q|V pGq|EhrpSpGqqp1q
� p�1q|V pGq|ϵδ � SpGq.

We now consider the three characters of FrGos de�ned on any oriented graph G by

λpGq � ϵδ � SpGq, µpGq � p�1q|V pGq|λpGq, νpGq � p�1qccpGqλpGq.
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We already proved that λ � λ � ϵδ. For any graph G,

µ � νpGq �
¸

�PEcrGs

p�1q|V pG{�q|�ccpG|�qλpG{ �qλpG |�q

�
¸

�PEcrGs

p�1q2clp�qλpG{ �qλpG |�q

�
¸

�PEcrGs

λpG{ �qλpG |�q

� λ � λpGq
� ϵδpGq.

Therefore, ν � µ��1. As µ � λW , we obtain that ν � νW and, for any oriented graph G,

νW pGq � p�1qccpGqλpGq � p�1qccpGq�|V pGq|λW pGq � p�1qccpGq�|V pGq|.
No interpretation of νW pGq is known in general. For example:

Proposition 6.4. Let Gn be the mixed graph of Example 4.1, with the convention G2 � .
For any n ¥ 2, νW pGnq � p�1qn�1pn� 1q.
Proof. For any n ¥ 2,

νW � λW pGnq �
¸

�PEcrGns

νW pG{ �qλW pG |�q � ϵδpGnq � 0.

By de�nition of λW , for any �P EcrGns, λW pG |�q � 0 if, and only if, 1 � n. Therefore,
the contributing terms corresponds to the equivalences which classes are intervals of rns, at the
exception of the one with only one class. For such an equivalence �, G{ � is isomorphic to
Gclp�q. We obtain that if n ¥ 3,

ņ

k�2

¸
i1�...�ik�n,
i1,...,ik¥1

νW pGkq � 0.

A direct computation shows that λW pG2q � �1. Summing, we obtain in the ring of formal series
QrrXss that

8̧

k�2

¸
i1�...�ik�n,
i1,...,ik¥1

νW pGkqXi1�...�in �
8̧

k�2

νW pGkq
�

X

1�X


k

� �X2.

Substituting
X

1�X
to X, we obtain

8̧

n�2

νW pGnqXn � � X2

p1�Xq2 �
8̧

n�2

p�1qn�1pn� 1qXn.

7 Appendix: number of mixed graphs up to isomorphism

Proposition 7.1. Let N P N, nonzero. For any n P N , we denote respectively by GmpN,nq,
GopN,nq and GspN,nq the number of isomorphism classes of mixed, oriented, simple graphs with
n vertices decorated by elements of rN s. Then, for t P tm, o, su,

GtpN,nq �
¸

c1,...,cn¥0,
1c1�...�ncn�n

N c1�...�cn

1c1 . . . ncnc1! . . . cn!
A

¸
1¤k l¤n

ckclpk ^ lq �
¸

1¤k¤n

ckpkck � 1q
2

t

�
Bt?
At


 ¸
1¤k¤n{2

c2k

,
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with
t At Bt

m 5 3

o 4 2

s 2 2

Proof. We put

Fm � tp0, 0q, p0,Ñq, pÑ, 0q, pÑ,Ñq, p�,�qu,
Fo � tp0, 0q, p0,Ñq, pÑ, 0q, pÑ,Ñqu,
Fs � tp0, 0q, p�,�qu.

These sets give the possibilities of edges or arcs between two vertices of a graph of the considered
graphs. For any t P tm, o, su, Ft is given an involution ι, given by the usual �ip. Note that
At is the cardinal of Ft and that Bt is the number of elements of Ft invariant under ι. Then,
a graph G of type t, which set of vertices is rns, together with a map from V pGq to rN s, can
be seen as a pair pdV , dEq, where dV : rns ÝÑ rN s is a map and dE � P2prnsq ÝÑ Ft is a
map which makes explicit the edge and arc situation between two vertices i, j, with i   j. The
symmetric group Sn acts on these pairs pdV , dEq, in the following sense: for any σ P Sn, putting
σ � pdV , dEq � pσ � dV , σ � dEq,

� σ � dV � dV � σ�1.

� For any i, j P rns, with i   j,

σ � dEpti, juq �
#
dEptσ�1piq, σ�1pjquq if σ�1piq   σ�1pjq,
ι � dEptσ�1piq, σ�1pjquq if σ�1piq ¡ σ�1pjq.

The number of isomorphism classes GtpN,nq we are looking for is the number of orbits of this
action. Using Burnside's formula,

GtpN,nq � 1

n!
Fixpσq,

where Fixpσq is the number of pairs pdV , dEq invariant under the action of σ.

Let σ P Sn. Then σ � pdV , dEq � pdV , dEq if, and only if:

� For any i, j in the same σ-orbit, dV piq � dV pjq. The number of σ-orbits is denoted by
npσq.

� For any orbit of the action of σ on pairs ti, ju, with i   j, such that there exists k P N with
σkpiq � j and σkpjq � i, dE is constant on this orbit and its values is invariant under ι.
Such an orbit will be called an orbit of type B. The number of orbits of type B is denoted
by nBpσq.

� For any orbit of the action of σ on pairs ti, ju, with i   j, such that for any k P N,
pσkpiq, σkpjqq � pj, iq, dE is constant on this orbit. Such an orbit will be called an orbit of
type A. The number of orbits of type A is denoted by nApσq.

Consequently,
Fixpσq � NnpσqAnApσqBnBpσq.

Let us decompose σ into cycles with disjoint supports. For any i P rN s, the number of
cycles of length i in this decomposition is denoted by ci. Then 1c1 � . . . � ncn � n. Then
npσq � c1 � . . .� cn.
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Let ti, ju be a pair such that i, j belong to two di�erent cycles of σ. As σkpiq belongs to
the cycle containing i for any k P N, σkpiq � j. So the orbit of ti, ju if of type A. Moreover,
denoting by k and l the lengths of the cycle containing i and j, this orbit is of cardinality k _ l.

Hence, these two cycles give
kl

k _ l
� k ^ k orbits of type A. Summing over all possible choices

of disjoint cycles of σ, we obtain

¸
1¤k l¤n

ckckpk ^ lq �
¸

1¤k¤n

ckpck � 1q
2

k

orbits of type A.

Let ti, ju be a pair such that i, j belong to the same cycle of σ. The length of this cycle is

denoted by l: for a given cycle, this gives
lpl � 1q

2
pairs. Moreover, for any k P N,

tσkpiq, σkpjqu � ti, ju ðñ
#
σkpiq � i

σkpjq � j
or

#
σkpiq � j

σkpjq � i.

Moreover, σkpiq � i if and only if, k is a multiple of l. If σkpiq � j and σkpjq � i, then σ2kpiq � i,
so 2k is a multiple of l. We obtain two cases:

� If l is odd, then If σkpiq � j and σkpjq � i, l | 2k and, as l is odd, l | k. In other words,

tσkpiq, σkpjqu � ti, ju ðñ l | k.

As a consequence, all the orbits contained in this cycle are of type A, and of cardinality l.

This gives
l � 1

2
orbits of type A.

� If l is odd, we obtain an orbit of type B: if the cycle is pi1, . . . , i2pq, this orbit is

tti1, ip�1u, . . . tip, i2puu.

It contains p � l

2
elements. All the other orbits included in this cycle have cardinality l,

so we obtain
1

l

�
lpl � 1q

2
� l

2



� l � 2

2
orbits of type A.

Summing over all possible choices of cycles, we obtain c2 � c4 � . . .� orbits of type B and

¸
1¤k¤n,
k odd

ck
k � 1

2
�

¸
1¤k¤n,
k even

ck
k � 2

2
.

Finally,

nBpσq �
¸

1¤k¤n{2

c2k,

nApσq �
¸

1¤k l¤n

ckckpk ^ lq �
¸

1¤k¤n

ckpck � 1q
2

k �
¸

1¤k¤n,
k odd

ck
k � 1

2
�

¸
1¤k¤n,
k even

ck
k � 2

2

�
¸

1¤k l¤n

ckckpk ^ lq �
¸

1¤k¤n

pkck � 1qck
2

� 1

2

¸
1¤k¤n{2

c2k,

which �nally gives the announced formula, as there are 1c1 . . . 1cnc1! . . . cn! permutations which
decomposition in cycles with disjoint supports is given by ci cycles of length i for any i P rns.
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Example 7.1. Note for a given n, GtpN,nq is a polynomial in N , At and Bt.

GtpN, 1q � N,

GtpN, 2q � pAtN �BtqN
2

,

GtpN, 3q � pA2
tN

2 � 3BtN � 2qAtN

6
,

GtpN, 4q � pA5
tN

3 � 6A2
tBtN

2 � 8AtN � 6BtqAtN

24
.

These array gives the �rst values of GtpN,nq. For mixed graphs,

nzN 1 2 3 4 5 6

1 1 2 3 4 5 6

2 4 13 27 46 70 99

3 30 200 635 1460 2800 4780

4 785 11320 55605 173265 419550 865335

5 86130 2673260 20113890 84385520 256856275 638050530

6 43053850 2733053500 31051529575 174249075200 664212533500 1982349763225

The second row is entry A147875 of the OEIS [17]. For oriented graphs,

nzN 1 2 3 4 5 6

1 1 2 3 4 5 6

2 3 10 21 36 55 78

3 16 104 328 752 1440 2456

4 218 3044 14814 45960 111010 228588

5 9608 291968 2183400 9133760 27755016 68869824

6 1540944 96928992 1098209328 6154473664 23441457680 69924880288

The second row is entry A014105 of the OEIS, whereas the �rst and second columns are entries
A000273 and A000595. For simple graphs,

nzN 1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 6 12 20 30 42

3 4 20 56 120 220 364

4 11 90 357 996 2255 4446

5 34 544 3258 12208 34754 82608

6 156 5096 47324 241520 871580 2510424

The second, third and fourth rows are respectively entries A002378, A002492 and A199394 of
the OEIS, whereas the �rst and second columns are entries A000088 and A000666.
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