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Abstract

We introduce two coproducts on mixed graphs (that is to say graphs with both oriented
and unoriented edges), the first one by separation of the vertices into two parts, and the
second one given by contraction and extractions of subgraphs. We show that, with the
disjoint union product, this gives a double bialgebra, that is to say that the first coproduct
makes it a Hopf algebra in the category of right comodules over the second coproduct.

This structures implies the existence of a unique polynomial invariant on mixed graphs
compatible with the product and both coproducts: we prove that it is the (strong) chromatic
polynomial of Beck, Bogart and Pham. Using the action of the monoid of characters, we
relate it to the weak chromatic polynomial, as well to Ehrhart polynomials and to a poly-
nomial invariants related to linear extensions. As applications, we give an algebraic proof of
the link between the values of the strong chromatic polynomial at negative values and acyclic
orientations (a result due to Beck, Blado, Crawford, Jean-Louis and Young) and obtain a
combinatorial description of the antipode of the Hopf algebra of mixed graphs.
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Introduction

Mixed graphs are graphs with both unoriented (which we will simply called edges) and oriented
edges (which we will called arcs). They are used for example to study scheduling problems with
disjunctive (represented by unoriented edges) and precedence (represented by oriented edges)
constraints [I8] I8, 12]. In this context, a notion of admissible coloring, similar to the notion
used for classical graphs, give a solution of the scheduling problem represented by the mixed
graph. These admissible colorings can be counted according to the number of colors, which gives
a chromatic polynomial [5, 4]. The aim of this text is the study of this chromatic polynomial for
mixed graphs in the context of double bialgebras, as this has been done for graphs in [9] and for
posets and finite topologies in [7]. A double bialgebra is a family (A, m, A, d) such that:

e (A,m,J) is a bialgebra.

e (A,m,A) is a bialgebra in the category of right comodules over (A, m,J), with the coaction
given by ¢ itself.

In particular, § and A satisfies the following compatibility:
(ARId)od =(Id®Id®@m) o (Id®c®Id) o (6 ®J) o A,

where ¢ : AQA — A®A is the usual flip. The counit ea of A satisfies the following compatibility
with 0: for any a € A,

(ea®Id) o d(x) =eal(z)la.

A simple example of such an object is K[ X, with its usual algebra structures and its multiplica-
tive coproducts defined by

AX)=X®1+1®X, 5(X)=X®X.

We proved in [7, O] the following results: if (A, m, A, ¢) is a double bialgebra, under a condition
of connectedness of (A, m,A),

e There exists a unique double bialgebra morphism Py : (A, m,A,d) — (K[X],m, A, ),
which can be explicitly described with iterations of the coproduct A of A and with the
counit €5 of its coproduct 9.

e Let us denote by Char(A) the set of characters of A. It inherits a convolution product *,
dual to §. We denote by Endp(A,K[X]) the set of bialgebra morphisms from (A, m,A)
to (K[X],m,A). Then [10, Proposition 2.5], the following defines an action of the monoid
(Char(A), ) on Endp(A, K[ X]):

-~ { Endp(A, K[X]) x Char(4) — Endp(A, K[X])
' (B, A) — PemA=(p@N) od.



Moreover, the two following maps are bijection, inverse one from the other:

{EndB(A,K[X]) —> Char(4) 9:{ Char(A) — Endp(A4,K[X]) (1)

¢ — €500, A — Pyem A

where here €5 is the counit of (K[X], m, ), which send any P € K[X] onto P(1).

e When (A,m,A) is a graded and connected bialgebra, then under a technical condition
on d, the set of homogeneous bialgebra morphisms from (A, m,A) to (K[X],m,A) is in
bijection with the dual of the homogeneous component A; of A of degree 1.

e If (A, m,A) is a Hopf algebra, then its antipode is given by
S=('®Id) o,

where eg‘_l is the inverse of the counit €5 of § for the convolution product * associated to
A. Moreover, for any a € A,

e (a) = Po(a)(<1).

We apply here these results on mixed graphs. In the second section, we define a structure of
double bialgebras on mixed graphs. We work in the frame of species and use the formalism built
in [11]] of contraction-extraction coproduct, which is shortly described in the first section. We first
give in Proposition to the species of mixed graphs G a bialgebra structure in the category
of species (what is commonly called a twisted bialgebra structure), and then a contraction-
extraction coproduct in Proposition Consequently, applying the bosonic Fock functor [,
we obtain a double bialgebra of mixed graphs F[G], and more generally, for any commutative
and cocommutative bialgebra V', a double bialgebra Fy/[G] of mixed graphs which vertices
are decorated by elements of V. Using Loday and Ronco’s rigidity theorem, we prove that
(Fv[G],A) is a cofree coalgebra (Corollary [2.9)).

We study certain sub-objects and quotients of G in the third section. Obviously, simple
(i.e., unoriented) graphs and oriented graphs define twisted double subbialgebras of G, denoted
respectively by G and G, (Proposition 2.1). Applying the bosonic Fock functor to G, we
obtain again the double bialgebra of graphs of [0, [I1]. We also consider the subspecies of acyclic
mixed graphs G, which turns out to be stable under the product and the first coproduct A,
but not on the second one. However, quotienting by non acyclic mixed graphs, G,. can be seen
as a twisted double bialgebra, quotient of G (Proposition 2.5). It contains a twisted double
subbialgebra of oriented acyclic mixed graphs Ggeo, which has itself for quotient the twisted
double bialgebra of topologies of 7] (Proposition 2.6).

The fourth part is devoted to polynomial invariants of mixed graphs, that is to say bial-
gebra morphisms from the bialgebra of mixed graphs (F[G],m,A) to (K[X],m,A). We first
describe the unique polynomial invariant compatible with the second coalgebraic structure of
mixed graphs: it turns out to be the strong chromatic polynomial P, ¢ of [5], see Proposition
In other words, for any mixed graph G, for any n > 1, P, (G)(n) is the number of n-valid
colorings of G, that is to say maps ¢ from the set of vertices V(G) of G to {1,...,n} such that,
for any pair of vertices z,y of G,

e If z and y are related by an edge of G, then c¢(x) # c(y).
e If x and y are related by an arc of G, then ¢(c) < ¢(y).

A notion of weak valid coloring is also defined in [5]. A weak n-valid coloring is a map c¢ from
the set of vertices V(G) of G to {1,...,n} such that, for any pair of vertices x,y of G,

e If x and y are related by an edge of G, then ¢(x) # c(y).

e If x and y are related by an arc of G, then c¢(c) < ¢(y).



The polynomial counting the number of weak n-valid colorings of G is denoted by Py, (G).
Using the the action of the monoid of characters described earlier and the character of F[G]
defined by

A (G) = 1 if G is an oriented graph,
v o otherwise,

we obtain that Py, = Peprg <~ Aw, which implies that P, is a bialgebra morphism from
(F[G],m,A) to (K[X], m,A), see Corollary Finally, using the correspondence between ho-
mogeneous polynomial invariants and elements of F[G];, we construct a homogeneous bialgebra
morphism Py from (F[G],m,A) to (K[X],m,A), related to the number of linear extensions
(Corollary and to a character A\g. When V is a commutative and cocommutative bialgebra,
similar results are given for Fy/[G], where K[X] is replaced by a double bialgebra of quasi-
shuffles, see Theorem 7?7 and Corollary ??7. After the determination of invertible characters of
F|[G] for the convolution product x dual to d, we prove that both characters Ao and Ay are
invertible, which allows to express P, in terms of Py, or Py, with the help of certain char-
acters vy and py (Proposition . This allows to give a formula for the leading monomial of
Py, (G) and Pepro(G) in Corollary with coefficients (in the case of P, ¢(G)) related to
Murua’s coefficients [16].

In the fifth section, we give an algebraic proof of the result [5], which gives a combinatorial
interpretation of P, s(G)(—1) in terms of acyclic orientations. We firstly introduce a surjec-
tive double bialgebra morphism © from F|[G] to the double bialgebra of acyclic oriented mixed
graphs F[Ggco] in Theorem The unicity of the double bialgebra morphism to K[X] imme-
diately implies for example that the strong chromatic polynomial of a graph G is the sum of the
strong chromatic polynomial of all its acyclic orientations (Corollary . Introducing two one-
parameter families of characters of F[G] in Proposition [5.4] we introduce two new polynomial
invariants, which turn out to be Ehrhart polynomials and satisfy a duality principle on acyclic
mixed graphs (Corollary . Mixing this duality principle with the morphism O, we obtain a
new proof that for any mixed graph, Pepro(G)(—1) is the number of acyclic orientations of G,
up to a sign (Corollary [5.9). This allows to give a formula for the antipode of (F[G],m,A)
involving the number of acyclic orientations of G, see Corollary [5.10}

The last section is devoted to combinatorial interpretations of special characters of mixed
graphs. We give an algebraic proof of a result of [5] in an algebraic way (Proposition and
Corollary about values of the weak chromatic polynomial on negative integers (for totally
mixed graphs only), and we give a combinatorial interpretation of vy (G) when G is a simple
graph or an oriented graph (Proposition , where vy is the inverse of Ay for the convolution
product *.

The paper ends with an appendix giving formulas for the number of N-decorated mixed,
oriented or simple graphs with a fixed number of vertices. These numbers are the the dimensions
of the homogeneous components of F/|G], when V is finite-dimensional.

Acknowledgments. The author acknowledges support from the grant ANR-20-CE40-0007
Combinatoire Algébrique, Résurgence, Probabilités Libres et Opérades.

Notations 0.1. 1. We denote by K a commutative field of characteristic zero. Any vector
space in this field will be taken over K.

2. For any n € N, we denote by [n] the set {1,...,n}. In particular, [0] = &.

3. If (C,A) is a (coassociative but not necessarily counitary) coalgebra, we denote by A



the n-th iterated coproduct of C: A = A and if n > 2,

A@>=(A@k@@AQOA@4Jm7_+C@Mﬂ.

4. If (B, m,A) is a bialgebra of unit 15 and of counit ep, let us denote by B, = Ker(ep) its
augmentation ideal. We define a coproduct on B4 by

Vx e B, Alz) = A(x) —2®1p - 1p@=.

Then (B4, A) is a coassociative (not necessarily counitary) coalgebra.

1 Species, twisted bialgebras and contractions

1.1 Species and twisted bialgebras

Recall that a species [13, [I4] is a functor from the category of finite sets with bijections, to the
category of vector spaces. We shall use the following notations: if P is a species,

e For any finite set X, the vector space associated to X by P is denoted by P[X]. We will
shorty write P[n] instead of P [[n]] for any n € N.

e For any bijection o : X — Y between two finite sets, the linear map associated to ¢ by
P is denoted by P|o] : P[X]| — P[Y].

With these notations, if 0 : X — Y and 7 : Y — Z are two bijections between finite sets,
then P[r o o] = P[r] o P[], and for any finite set X, P[ldx] = Idp[x]-

If P and Q are two species, a morphism f : P — Q is a natural transformation from P
to Q. In other terms, for any finite X, fx : P[X] — Q[X] is a linear map such that for any
bijection ¢ : X — Y between two finite sets, the following diagram commutes:

PX] L p[v]

Ko

Q[X] WQ[X]

The Cauchy tensor product of species is denoted by ®: if P and Q are two species, for any
finite set X,

PQIX]= D P[]eQqlZ]

X=YuLZ
If 0 : X — X' is a bijection between two finite sets, then
PRQr]l= @ Ployl®Qol
X=YuZ

With this tensor product, the category of species is symmetric monoidal, with the flip defined
from P®Q to QP by

PX]®Q[Y] — Q[Y]®P[X]
TRy — yYR.

ce(x),py] = (CPeQ)|P[X]RQ[Y] = {

A twisted algebra (resp. coalgebra, bialgebra) is an algebra (resp. coalgebra, bialgebra) in
this symmetric monoidal category. Let us now precise what this means. A twisted algebra P
comes with maps myy : P[X]®P[Y] — P[X 01 Y] for any finite sets X and Y, such that:



e (m is a species morphism). For any bijections ¢ : X — X’ and 7 : Y — Y’ where
(X, X') and (Y,Y”) are pairs of disjoint sets, the following diagram commutes:

mx.y

P[X]|®P[Y] P[X LY]
P[U]®P[T]\L lp[m_m']
P[X@®P[Y"] —— P[X' L Y]

where
Xuy — X' uyvy’

ocuT: reX — o(x),
yeY — 71(y).

e (Associativity of m). For any disjoint finite sets X, Y, Z, the following diagram commutes:

m d
P[X]® P[] ® P[2] 2%, p[x | Y] @ P[Z]
Idp[x]®mY,zJ/ lmxuy,z

P[X]®P[Y u Z]

P XuYuZ]

mxy.z

e There exists an element 1p € P[] such that for any finite set X, for any = € P[X],
mQ,X(lP ®x) = mx7g(1‘ X lp) =x.

e (Commutativity of m). We shall say that P is commutative if, for any finite disjoint sets
X,Y,in P[X LuY],

Vz € P[X], Vy € P[Y], myy(r®y) = myx(y®@z).

A twisted coalgebra P comes with maps Axy : P[X uY] — P[X]|®P[Y] for any disjoint
finite sets X and Y, such that:

e (A is a species morphism). For any bijections 0 : X — X’ and 7 : Y — Y’ where
(X,Y) and (X',Y") are pairs of disjoint finite sets, the following diagram commutes:

Ax )y

P[X LY] P[X]®P[Y]
P[m_lT]l J/P[O’]@P[T]
P[XII_IYI] P[X']@P[Y’]
Xy’

e (Coassociativity of A). For any disjoint finite sets X, Y, Z, the following diagram commutes:

PX LY L Z] 22 pIx LY]®@P[Z]
AXuY,Z\L lAX,Y®IdP[Z]
P[X]®P[Y u Z] P[X]®P[Y]®P[Z]

- >
ldpx1®Ay,z

e (Counit). There exists a linear map e : P[] — K such that for any finite set X, the
following diagram commutes:

P[] @ P[X] 25 P[X] — 2. P[X] @ P[¢]
P[X]



e We shall say that P is cocommutative if for any disjoint finite sets X, Y,

Ay x = cpx1p[y] © Axy-

A twisted bialgebra is both a twisted coalgebra and a twisted bialgebra, such that the counit and
the coproduct are algebra morphisms. In other words, if X is a finite set and X = TuJ = I'uJ',
the following diagram commutes:

P[I' ® P[J'] e P[I'LJ] = P[I L J]
AI’mI,I’mJ®AJ’nI,J’mJ\L
P[I' n []®P[I' n J]@P[J A [|@P[J A J] Ars

IdP[I’ ~NRCP[1 ~J],PLI n[]®IdP[J’ AJ] \L

P[I' "\ I]QP[J nI]|®P[I' A J|QP[J n J]

P[I1®P[J]

Myt g, g AT®M AT, J AT

or equivalently

Argomypry = (Mpargnr @mpnggng) o (dpiran @ cpranprran ® ldpran)

O (Aparran @ Ayar yng)-

The compatibility between the coproduct and the unit is written as Ap(lp) = 1p ® 1p and the
compatibility between the counit and the product is equivalent to

Vz,y e P[], eafzy) = ea(@)ea(y).

Let V' be a vector space. The V-colored Fock functor Fy, defined in [11 Definition 3.2],
sends any species P to

e 0]
6—) colnv(V®" @ P[n])
e 9]

_ 6_) Ve @ Pn]
ao Vect(vi ... v, @ P[o](p) — V(1) - - - Vo(n) @P | 0 € &p, pe P[n], v1,...,0p€V)
= V¥ ®s, P[n]'

If f:P — Q is a species morphism, then

_ Fv[P] — Fv[Q]
Foin) | el 2l

Note that Fy is a functor of symmetric monoidal categories, that is to say it sends the Cauchy
tensor product of two species to the tensor products of the associated vector spaces, and that it
is compatible with the flip. Consequently, it sends a twisted algebra, coalgebra or bialgebra to
an algebra, coalgebra or bialgebra.

Remark 1.1. When V = K, we obtain the bosonic Fock functor of [1]:

_ 2 P[n]
P] = @ colwv(Pln]) = © B0 =5 | v € S pe Pl

n=

7



1.2 Contraction-extraction coproducts

Let us now recall the contraction-extraction coproduct of [II]. We shall need the following
notations:

Notations 1.1. The species Com is defined by Com|[X | = K for any finite set X and Com|c]| =
Idk for any bijection ¢ between two finite sets.

Notations 1.2. 1. Let X be a finite set. We denote by £[X] the set of equivalences on X.

2. For any bijection o : X —> Y between two finite sets, for any ~e £[X], we define an
equivalence ~, on Y by

Vy,y €Y, Y~y = oy ~o ().

This defines a bijection from £ X]| to £[Y]. M Moreover, ¢ induces a bijection between
X/ ~and Y/ ~,, sending C € X/~ too(C)eY/ ~,.

3. The set £[X] is partially ordered by the refinement order:
V ~, ~e &[X], ~<~N = (Vrye X o M y= 1 ~y),
that is to say, ~<~' if the classes of ~ are unions of classes of ~'.

4. If ~'e £[X], there is a natural bijection from E[X/ ~'] to {~€ E[X], ~<~'}. From now,
we identify E[X/ ~'] and {~€ E[X], ~<~'}, as well as (X/ ~')/~ and X/ ~ through these
bijections.

Let (P,m,A) be a twisted bialgebra. A contraction-extraction coproduct on P is a family &
of maps such that for any finite set X, for any ~e £[X], i~ : P[X]| — P[X/ ~]| ® P| X], with
the following conditions:

e (Compatibility with the species structure [II, Definition 2.2, second item]). For any bi-
jection 0 : X —> Y between two finite sets, for any ~e £[X], the following diagram

commutes:

P[X] -2~ P[X/ ~] ® P[X]

P[o] iP[a/ ~|®P[0]

P[Y]—— P[Y/ ~,] ®P[Y]

~o

e (Coassociativity of § [11, Definition 2.2, third item]). If X is a finite set and ~<~'e E[X],
the following diagram commutes:

P[X] - P[X/~@P[X]

6~i \L6~®Id
|

PIX/ ~]®@P[X] {157 PIX/ ~|®P[X/ ~]®P[X]

Moreover, if ~, ~'e £[X], such that we do not have ~<~', then (Id® /) 0 6. = 0.

e (Counit [II, Definition 2.2, fourth item]). There exists a twisted algebra morphism es :
P — Com such that for any finite set X, for any ~€ £[X],

Id®esx) 0 b {IdP[X] if ~ is the equality of X,
65X OO0~ =

0 otherwise,

and

D1 (esxjn ®Id) 06 = Idpy)-
~e€[X]



e (Compatibility with the algebraic structure [I1], Proposition 2.4|). For any finite set X, for
any ~€ £[X], putting ~x=~ nX? and ~y=~ NY?2,

(mx/NX’y/NY @mX,y) 9] (Id@c@ld) e} (5~X ®5~Y) if ~=~x U~y
deomyxy = i
0 otherwise,

Moreover, d.,(1p) = 1p ® 1p, where ~ ¢ is the unique equivalence on .

e (Compatibility with the coalgebraic structure [I1l Proposition 2.4]). For any finite set
X uY, for any ~€ E[X U Y], putting ~y=~ nX? and ~y=~ NY?2,

(AX/"ny/"Y ®Id) 00, = mi,3,24 © (5"’)( ®5"’Y) o AX,Y if ~=~x L~y .
Moreover, for any z € P[],

(ea ®Id) 0 by (x) = en(z)lp.

The following result is proved in [I1}, Proposition 3.7]:

Proposition 1.1. Let (V,-,dy) be a counitary, not necessarily unitary bialgebra, and let (P, m, A)
be a twisted bialgebra with a contraction-extraction coproduct 6. Then Fy|P] is a double bialge-
bra, with the product and the two coproducts defined by the following:

m(vr ... v @PpAwW; ... wp ®q) =Plomn](mp®q)) @v1 ... 00w ... wy,

A@r o ®p) = Y, (Hu@P[oI] (p§1>)) ® (HU@P[ vl (p <2))>,

Ic[n] \iel il

(1 v, ®p) = 2( [1 Hv>®p~®v v @pL,

~€e&[n] \C class of ~ieC

where ot [m] L [n] — [m + n] is the bijection sending the elements of [m] to themselves
and any element k € [n] to k+m, oy : I —> [|I|] is the unique increasing bijection (where I is

any subset of [n]), and, with Sweedler’s notations A ,p1(p) = pg )®p(2) o~(p) =pl.®p" and
dy(v) =v" ®v".

2 The species of mixed graphs

2.1 Mixed graphs
Definition 2.1. 1. A mixed graph is a triple G = (V(G), E(G), A(G)) where:
(a) V(G) is a finite set, called the set of vertices of G,

(b) E(G) is a subset of {{x,y} € V(G), x # y}, called the set of edges of G,
(c) A(G) is a subset of {(z,y) € V(G)?, x # y}, called the set of arcs of G,

such that, for any x,y € V(Q), with x # y,

{z,y} € B(G) = (2,9) ¢ A(G) and (y,z) ¢ A(G),
(z,y) € A(G) = {z,y} ¢ E(G).

2. For any finite set X, we denote by 9[X] the set of mized graphs G such that V(G) = X.
The vector space generated by G| X | is denoted by G[X]|. This defines a species G of mized
graphs.



3. A mized graph is an oriented graph if E(G) = &: this defines a subset of 9[X]| denoted
by G, X] for any finite set X, and a subspecies of G denoted by G,.

4. A mized graph G is a simple graph if A(G) = J: this defines a subset of 9[X]| denoted by
Y[ X] for any finite set X, and a subspecies of G denoted by G.

Ezxample 2.1. There are five elements in ¢[2], which we graphically represent on the right:

(2. 2. 9). O @
([2], {{1.2}}. @), O—2
(12]. @, {(1,2)}), O—2)
(121, 2, {2, D)), O—®
(121, 2, {(1,2), (2. 1)}, O®

Moreover,
g40[2] = {G17G37G47G5}7 gg[2] = {Gl,GQ}.

Remark 2.1. In a mixed graph G, for any pair of vertices {z,y} of G, there are five possibilities
to define edges or arcs between x and y. Hence, if X is of cardinality n, then

9[X]| = 5"

Similarly,

n(n—1) n(n—1)
G [X]| = 4", G [X]) =27

These gives respectively sequences A109345, A053763 and A006125 of the OEIS [17].

Notations 2.1. Let G be a mixed graph and z,y € V(G). We shall write z % y if (z,y) € A(G)
and z € y if {z,y} € E(Q).

Definition 2.2. Let G be a mized graph.

1. An oriented path in G is a finite sequence P = (xy,...,xy,) of vertices of G such that for
any i € {0,...,n — 1}, 2; 5 x;11. The vertices xo and x,, are respectively the beginning
and the end of P.

2. A mized path in G is a finite sequence P = (xg, ..., x,) of vertices of G such that for any
i€ {0,...,n—1}, z; G w1 or x; £ xi1. The vertices xo and x, are the extremities of

P.

3. A path in G is a finite sequence P = (xo,...,x,) of vertices of G such that for any
i€{0,...,n—1}, a; G xip1 or g1 S x or 2 £ x441. The vertices xo and x,, are the
extremities of P. The mized graph G is connected if for any vertices x,y € V(G), there
exists a path of extremities x and y.

Ezample 2.2. Let us consider the mixed graphs of Example 2.1l The connected ones are Ga, Gs,
G4 and Gs.
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2.2 The twisted bialgebra of mixed graphs

We now define a product and a coproduct on the species G. Let X, Y be two finite sets, G € 4| X|
and H € 4[Y]. The mixed graph GH € 4[X w1 Y], disjoint union of G and H, is defined by

V(GH) =V(G)uV(H), E(GH)=EQG) uEH), AGH)=A(G) L AH).

This product is bilinearly extended to G. it is clearly associative, commutative and has a unit,
which is the empty graph 1 € ¥[F]. With this product, G is a commutative twisted algebra.
Note that Gs and G, are subalgebras of G.

Definition 2.3. Let G be a mized graph and let I < V(G).
1. The mized graph G|; is defined by
V(G‘I) = Ia

E(G) = {{z,y} € E(G) | z,y € I},
A(G)p) = {(z,y) € A(G) | 2,y € I}.

2. We shall say that I is an ideal of G if

Vr,ye V(Q), (rel andzSy) = (yel).

Proposition 2.4. We define a coproduct A on the species G[X] in the following way: for any
finite sets X and Y, for any mized graph G € 9[X LY,

Gx @Gy 4 Y 1s an ideal of G,

A G) =
xy (@) {O otherwise.

Together with the product defined earlier, this coproduct makes G a twisted bialgebra.

Proof. Let us first prove the coassociativity of A. Let X, Y and Z be disjoint finite sets and
Ge¥9|X uY uZ|. Then

Gix ®Gly ®G|z
(Axy ®Id) o Ax vy z(G) = if Z is an ideal of G and Y is an ideal of G|x,y,
0 otherwise.
Gix @Gy ®G|z
(Id®Ayz) o Axyuz(G) = if Y u Z is an ideal of G and Z is an ideal of G|y .z,

0 otherwise.
Moreover,

Z is an ideal of G and Y is an ideal of G|x_y
= (Vo) e V(G o Sy = (2.) ¢ (Y x X) U (Z x X)u(Z xY))

<= Y u Zisanideal of G and Z is an ideal of Gy z,

so (Axy ®Id)oAx vz = Id®Ay,z) o Axy_z. As for any graph G, J and V(G) are ideals
of G,

Aye),z(G) =G®1, Agve)(G) =1®G.
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So A is counitary, and the counit is given by

N Glgl — K
271 1 (empty graph) — 1.

Let G e ¥9[X], H e ¢9[Y] and X', Y’ be sets such that X uY = X' uY’. In GH, there is
no arc between any element of X and any element of Y, nor between any element of Y and any
element of X. Hence, the ideals of GH are of the form I 1 J, where [ is an ideal of G and J is
an ideal of H. Therefore,

G xnxHy~x ® Gxay Hy~y
Ax y(GH) = if Y n X is an ideal of G and Y’ nY is an ideal of H,

0 otherwise

= Axnx' xny' (G)Ay~x'y~y (H).
Moreover, Ag (1) =1®1. So A is a morphism of twisted algebras. O

Example 2.3. With the notations of Example (or Example 7?7 below):

Apoyo | Apper | Apnay | Ag

G| el |[(He(2)|(@)e(1)| 196

G| @1 (D) |(2)e(1)| 186,

Gz | Gs®1 @@@ 0 1®Gs

Gi| G4®1 0 |2)e1)]| 106
0

Gs | G5®1 0 1®Gs

2.3 Contraction-extraction on mixed graphs

Definition 2.5. Let G € 4[X] and ~€ E[X].
1. We define a mized graph G |~€ 9[X] by

V(G |~) = V(G),
E(G[~) = {{z,y} € E(G) | z ~y},
AG |~) = {(z,y) e A(G) | =~ y}.

In other words, G |~ is obtained from G by deleting all the edges or arcs which extremities
are not equivalent; or equivalently, G |~ is the disjoint union of the restrictions of G to the
equivalence classes of ~.

2. We define a mized graph G/ ~e 9[X/ ~] by
V(G)~) =X/ ~,

E(G/) ~) = {{cI(@),cl (W)} | {z,y} € E(G), (z,y) ¢ A(G), (y,7) ¢ A(G), cl.(z) # cl(y)},
A(G) ~) = {(c(@), el (y)) | (z,y) € A(G), cl.(z) # cl(y)}-

In other words, G/ ~ is obtained from G by identifying the vertices according to ~, then
deleting the loops created in the process and the redundant edges, giving priority to the
oriented ones.

3. We shall say that ~€ E°[G] if for any equivalence class C' of ~, G|¢ is connected.
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Proposition 2.6. We define a contraction-extraction coproduct § on G by the following: for any
finite set X, for any ~€ E[X], for any G € Y[ X],

5.(C) = {G/~®G I~ if ~e £°G],

0 otherwise.

Proof. The compatibility of § with the species structure is clear. Let us prove the coassociativity
of 0. Let X be a finite set, ~, ~'e £[X] and G € ¥[X].

If ~<~/, let us prove that ~e E°[G/ ~'| and ~'e £°G] if, and only if, ~'€ £°|G |~] and
~e E°G].

—>. Let C’ be a class of ~'. As ~'e £°G], it is a connected subgraph of G. Moreover,
as ~<~', all its elements are in the same class of ~, so G = (G| ~)‘C/: as a consequence,
(G| ~)|cr is connected, so ~'€ £°[G |~]. Let C be a class of ~, and x,y € C. As ~e E[G/ ~],
it is connected in G/ ~': there exists a path in G/ ~' from clu/(x) to clo(y). Moreover, as
~'e E°|G], each clu(z) is a connected subgraph of G, so there is a path from z to y in G:
~e E°G].

<. Let C be a class of ~. As ~e £°[G], any of its class is a connected subgraph of G, so
by contraction is a connected subgraph of G/ ~': ~e E°[G/ ~']. Let C’ be a class of ~'. As
~'e E°[G |~], it is a connected subgraph of G |~, so also of G: ~€ E°[G/ ~'].

As a conclusion,

(G ~)] ~®(G/ ~') |~ @G |~ if ~e G/ ~'] and ~'e €G],

0 otherwise

(0. ®Id) o b (G) = {

G/ ~®(G |~)) ~ (G |~) [~ if ~'e &G |~] and ~€e EG],
] 0 otherwise

= (A ®5.) 0 5-(G).

If we do not have ~<~', then at least one class C of ~ intersects two classes of ~, so in-
tersects two connected components of |~": we obtain that ~¢ E°[G |~']. So (G |~') = 0 and
finally (Id®d~) 0 d/(G) = 0.

Let us now study the counit. We define a species morphism €5 : G — Com by the following:
if Ge9[X],
1if B(G) = A(G) = &,

0 otherwise.

e[ X](G) = {

Let G € 9[X] and ~€ £[X]. If ~ is the equality of X, then ~e £°|G], G/ ~= G and G |~ as no
edge, so (Id ® ¢5[ X])(G) = G. Otherwise, either G ¢ E°[G] or at least one class of ~ contains
an edge or an arc, so €5| X|(G |~) = 0. In both cases, (Id ® ¢5| X])(G) = 0.

Let ~e E°G], such that E(G/ ~) = E(G |~) = . If two vertices of G are related by an
edge of an arc, there are necessarily equivalent, so any connected component of GG is included in
a single class of ~. As the classes of ~ are connected, ~ is the relation ~. which classes are the
connected components of G. Moreover, G/ ~. has no edge nor arc, and G |~.= G. Therefore,

D (lX/~]@1d) 0 6.(G) = >, (e[X/ ~]®1d)05-(G)

~EE[X] ~e€<[G]
= (e[ X/ ~]®@1d) 0 6..(G)
=G|~
=G.
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Let us prove the compatibility of ¢ with the algebraic structure. Obviously, 6., (1) = 1®1.
Let X and Y be two finite sets, ~e E[X 0 Y], G € ¥[X] and H € 9[Y]. If ~#~x L ~y, at
least one class C' of ~ intersects both X and Y, so is not connected in GH = mxy(G ® H).
Therefore, ~¢ E°{GH] and

doomxy(G®H) =0.

Let us assume that ~=~x u ~y. Then ~e EC[GH] if, and only if, ~x€ £°[G] and ~ye E°[H],
as the connected components of GH are the connected components of G and of H. If so,
(GH)/ ~=(G/ ~x)(H/ ~y) and (GH) |~= (G |~x)(H |~y). Therefore,

(GH)/ ~®(GH) |~ if ~e E[GH],

0 otherwise

doomxy(G®H) = {

_ )G/ ~x)(H) ~y) @ (G |~x)(H [~y) if ~xe EG] and ~ye ETH],
0 otherwise
= (mx/~X7y/~Y ®mX7y) o (Id ®C®Id) o (6~X ®5~Y)(G® H)
Let us finally prove the compatibility of 6 with the coalgebraic structure. Obviously,
(ea®Id)od (1) =1=ea(1)l.

Let X and Y be two finite sets, ~x€ £[X], ~ye £[Y] and G € Y[ X]|. We put ~=~x 1 ~y.

J(G/ )X/~ x D (G) ~) |y /oy
(Ax /ey v /oy ®ld) 06.(G) = if ~e £°[G] and Y/ ~y is an ideal of G/ ~,

0 otherwise,
J(G|X)/ ~x ®(Gy)/ ~v

m1,3.24 0 (0ny @y ) 0 Axy(G) = if Y is an ideal of G, ~x€ (G| x| and ~y€ EGy],

0 otherwise,

Let us prove that ~e £°[G]| and Y/ ~y is an ideal of G/ ~ if, and only if, Y is an ideal of G,
~x€E SC[G|X] and ~ye€ 5C[G‘y].

=. Let ye Y and z € X UY such that z % y. Then either cl_(y) = cl<(2) or cl-(y) R
clo(z). As Y/ ~y is an ideal of G/ ~, in both cases z € Y. As ~=~x L1 ~y, its classes are the
classes of ~x and ~y, and are connected by hypothesis. So ~xe £°(G|x] and ~ye E°[Gy].

—. As ~=~x U ~vy, its classes are the classes of ~x and ~y, which are connected
by hypothesis. Hence, ~e £°[G]. Let cl.(y) € Y/ ~y and cl.(2) € [X u Y]/ ~, such that
clo(y) RS clo(z). There exist 3,2/ € X uY such that y ~ ¢/, 2 ~ 2/ and o/ S 2. As
~=~x U ~y,y €Y. As Y is an ideal of G, necessarily 2/ € Y. As ~=~x 1 ~y, 2 € Y and
finally cl.(2') € Y/ ~y.

Moreover,

(G/ ~)x/~x = (Gix)/ ~X, (G/ ~)y)my = (Gly)/] ~v,
which finally proves the compatibility between § and A. O

As a consequence, by Proposition [I.] for any vector space V, we obtain a graded bialgebra
Fv[G]. This is the vector space of mixed graphs which vertices are decorated by elements of V,
any graph being linear in any of its decorations: these objects will be called V-linearly decorated
graphs. For example, if vy, v, w1, wa € V and A1, Ao, p1, 2 € K, in Fy[G], if v = Ajup + Aaveo
and w = pwi + pows,

@:@ = >\1M1@:@ + )\2ﬂ1@:@
+ /\1M2@:@ + /\2M2@:@-
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If B is a basis of V, a basis of Fy/[G] is the set of mixed graphs which vertices are decorated by
elements of B. The product is the disjoint union. For any V-linearly decorated graph G,

A@) = )Y Gueu®ar
I ideal of G

For example, if v,w eV,

AW =@®el+ieW®+e @ + @ e
AO—w) =—w@ei+1e()—w+@e W+ W e()
AO—w)=—wer+1e(®)—u +@e .
AW = o@et+1e(@ .

The counit ea sends any mixed graph G # 1 to 0. If (V,-,A) is a not necessarily unitary,
commutative and cocommutative bialgebra, then Fy/[G] inherits a second coproduct ¢: if G is
a V-linearly decorated graph,

(G = D G/~&G|~,
~e€¢[G]

where the vertices of G/ ~ ®G |~ are decorated in the following way: denoting by dg(z) the
decoration of the vertex x € V(G), any vertex cl.(z) of G/ ~ is decorated by the products of
elements dg(y)', where y € cl.(z), whereas the vertex x € V(G |~) = V(G) is decorated by
dg ()", and everything being extended by multilinearity of each decoration. The counit 5 is
given on any mixed graph G by

[T evodol@) if AG) = EG) = @,
e5(G) = < zeV(G)

0 otherwise.

This construction is functorial in V.

Ezample 2.4. If v,w € V, with Sweedler’s notation dy (u) = v’ @ u”,

O -DDe DO

O—O- D@D + () oD
(D—@) - —@ @) + () ©(H—w)
OO - TE@R@ + (9 (O=@

Remark 2.2. We shall often work with V' = K, with its usual bialgebraic structure defined by
0k (1) = 1®1. We shall then identify any V-decorated mixed graph which any vertex is decorated
by 1 with the underlying mixed graph. The double bialgebra Fy/[G] is identified with F[G] and
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has for basis the set of (isomorphism classes of) mixed graphs. The coproduct simplifies:

A(eo)=0 e R1+1Q e e +e6R e+ oQe,

A(o o):o e R1I+1IR® o e+ e RNe + o R e,

A(o—>o):o—>o@<)1—i—1@<)o—>o—i—o@)o7

A('C’): ’CO RI+1® .C.;
5(00):0.@007

5(0 o):o e RN o e o R e o

(5(o—>o):o—>o@<)oo—i—o@<)o—>o7

5(02.):.2.@0.—1—.@02.,

Remark 2.3. If V is finite-dimensional, then, considering the number of vertices, Fy/[G] is a
graded bialgebra, which homogeneous components are finite-dimensional. The dimension of the
homogeneous component of degree n of Fy[G] is given by the number of isomorphism classes
of mixed graphs which vertices are decorated by elements of [N], where N = dim(V'), see the
Appendix for more details on these numbers.

Proposition 2.7. Let V' be a (non necessarily unitary) commutative and cocommutative bialge-
bra. For any linearly V -decorated mized graph G, we denote by dg : V(G) —> V the decoration
map of G and by G the underlying mized graph. Then the following map is a double bialgebra

morphism:
FvG] — FIG]
Ov: G — H ev oda(z) |G.
zeV(G)

Proof. The counit ey : V — K is a bialgebra map. By functoriality (in V'), Oy is a double
bialgebra morphism. O

2.4 Cofreeness of the coalgebra F|[G]

Let us define a second product on F[G].

Proposition 2.8. Let G and H be two mized graphs. The mized graph G — H 1is defined by
V(G ~H)=V(G)uV(H),
E(G ~H)=E(G)uEH),
A(G ~H)=AG)uA(H)u (V(G) x V(H)).

This product is bilinearly extended to F[G]. Then (F[G], ~, A) is a unital infinitesimal bialgebra
in the sense of [15, Definition 2.1].

Proof. As we already know that A is coassociative and unitary, it remains to prove that:
1. — is associative and unitary.
2. For any z,y € F[G], A(x = y) = (2 ®1) = A(y) + A(z) = (1®y) -z ®y.

1. Let G, H, K be three mixed graphs. Then

V(G ~ H) =~ K) = V(G ~ (H~K)) = V(G) uV(H) uV(K),

E(G ~H) ~K) = E(G ~ (H ~ K)) = E(G) u E(H) u E(K),

A((G ~ H) ~ K) = AG ~ (H ~ K)) = A(G) u A(H) L A(K) U (V(G) x V(H))
L (VI(G) x V(K)) U (V(H) b V(EK)),



so (G~ H) ~K)=G —~ (H ~ K). Therefore, ~ is associative. The unit is the empty mixed
graph 1.

2. Let G, H be two mixed graph. As there is an arc from any vertex of G to any vertex of H
in G —~ H, the ideals of G —~ H are:

e [ L V(H) where I is an ideal of G. For such an ideal,
(G =~ H)jjuvmy =G —~ H, (G~ H)\ya~mnauvy) = Gven:
e Ideals J of H. For such an ideal,
(G~ H);=Hy, (G = H)yg~mng =G = Hymyg-
Note that the ideal V(H) appears twice in this list, for I = ¢J and J = V(H). Therefore,

AG~H)= Y Guen®G~H+ Y G~Hyu®H,~GoH
I ideal of G J ideal of G
—AG) ~(1®H) +(G®1) ~ A(H) — G® H. 0

From [15, Theorem 2.6]:

Corollary 2.9. The coalgebra (F[G],A) is isomorphic to the coalgebra T'(Prim(F[G])) with
the deconcatenation coproduct.

Remark 2.4. The same proof can be adapted to any Fy[G].

3 Sub-objects and quotients of mixed graphs

3.1 Simple and oriented graphs

Proposition 3.1. G and G, are twisted subbialgebras of (G, m,A) and are stable under the
contraction-extraction coproduct 9.

Proof. If G and H are simple graphs, then GH is a simple graph. If G is a simple graph, then
all its subgraphs are also simple graphs. Moreover, if ~e £°[G], then G/ ~ and G |~ are also
simple graphs. The proof is similar for oriented graphs. O

Corollary 3.2. For any vector space V, Fy[Gs| is a subbialgebra of Fy[G] and Fy[G,] is
a subbialgebra of Fy|G]. For any (non necessarily unitary) commutative and cocommutative
bialgebra V, Fy[Gs] is a double subbialgebra of Fy[G] and Fy[Gy] is a double subbialgebra of
Fv|G].

In particular, Fx[Gs] = F[Gs] is the double bialgebra of graphs of [8, @] and Fx[G,] =
F|Go] is the double bialgebra of [6].

3.2 Acyclic mixed graphs and finite topologies
Let us recall the following definition:
Definition 3.3. Let X be a finite set.
1. A topology on X is a subset O of the set of subsets of X such that:
e F and X belong to O.
e [fO1,02€ 0, then O1 nO2€ O and O1 w0 € O.
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2. The set of topologies on X is denoted by Jopo|X]| and the space generated by Jopo|X] is
denoted by Topo[X]. This defines a species Topo.

3. A topology O is Ty is for any x,y € X, with x # y, there exists O € O such that (z € O
andy¢ O) or (x ¢ O and ye O).
Ezample 3.1. Let G € 9[X] be a mixed graph. We denote by O¢ the set of ideals of G.

Let us prove this reformulation of Alexandroff’s theorem [2]:

Lemma 3.4. Let X be a finite set and O be a topology on X. There exists an oriented graph G
such that Og = O.

Proof. Let O € Jopo[X]. We define a relation < on X by the following: for any z,y € X, x <y
if any O € O containing z also contains y. We then define an oriented graph G by V(G) = X

and
E(G) ={(z,y) e X? |z # y and = < y}.

Let us prove that Og = O. Let O € O, x € O and y € X such that 2 % y. Then z < y: by
definition of <, y € O. So O € Og.Therefore, O € Og. Let O € Og. As O is an ideal of G,

O={yeX|3dze0, z <y}
= U{yeX|x$y}

zeO

Ji N o

zeX \O'eO, xzeO’

As O is a topology, O € O, so O = Og. O

Proposition 3.5. The species Topo is equipped with a twisted bialgebra structure by the follow-
mng:

e For any finite sets X,Y, for any (Ox,Oy) € Jopo|X| x Jopo|Y],
mX7y(OX X Oy) = {I L J, I e Ox, Je Oy}

e For any finite sets X,Y, for any O € Jopo[X L Y],
O‘X®O|y ZfY € O,

0 otherwise,

Axy(O) = {

where
Ox ={XnO|0OeO0}, Oy ={YnO|O€eO}.
Moreover, the following map s a surjective morphism of twisted bialgebras:
T { G — Topo
Ge¥9[X] — Oge Jopo[X].
Proof. The map T is clearly a species morphism. By Lemma[3.4] it is surjective. Let G, G, H, H'
be graphs such that Og = Og and O = Ogr. Then
Ocu = OcOn = O¢Opr = Ogr -
Therefore, the product of G is compatible with the products of G and Topo.
For any graph G € ¢[X] and for any Y < X, (Og))y = Og,,- This implies that v is

compatible with the coproducts of G and Topo. As T is surjective and G is a twisted bialgebra,
Topo is also a twisted bialgebra. O
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This map Y is not compatible with the contraction-extraction coproduct: for example, if
j— / j—
G®\ /@7 G®\ /@

then Oq, = Og, = {{1,2,3},{2,3},{2}, F}. Let us denote by ~ the equivalence with classes
{1,2} and {3}. Then

5-(G) = @::@ ®(1)—C2)(3) 5-(G") = 0.

In order to obtain a second coproduct, we have to restrict ourselves to acyclic mixed graphs:

Proposition 3.6. Let G be a mized graph. We shall say that G is acyclic if does not contain
any oriented path zo S ... 5 x, with xog = x, and n > 2. Acyclic mized graphs and acyclic
oriented graphs form two twisted subbialgebras of (G, m,A).

Proof. Obviously, if G and H are acyclic mixed graphs, then GH is acyclic; if G is acyclic and
I € V(G), then G|y is also acyclic. Therefore, Gqc is a twisted subbialgebra of G and G, is a
twisted subbialgebra of G,. O

Remark 3.1. G, is not stable under §. For example, let us consider the following acyclic oriented

graph:
(2),

Let us denote by ~ the equivalence with classes {1,2} and {3}. Then

(@) = (1.2 =®eO—2E)
Proposition 3.7. A contraction-extraction coproduct on Gg. is defined by the following: for any
acyclic graph G € 9,[X], for any ~e £[X],

5.(G) = {G/~®G |~ if ~e £5°¢[G),

G:

0 otherwise.

where E9°|G] the set of equivalences on V(G) such that the classes of G are connected and
G/ ~ is acyclic. Moreover, the following map is a surjective morphisms of twisted bialgebras,
compatible with the contraction-extraction coproducts:

G — G
T e 9[X] Gif G zs‘ acyclic, (2)
0 otherwise.

Proof. Let I be the subspecies of G of non acyclic mixed graphs. If G is a non acyclic mixed
graph, then for any mixed graph H, GH is not acyclic: I is an ideal. If I is an ideal of G, if it
contains a vertex on a cycle of G, then it contains all the vertices of the cycle: therefore, G| or
Gy is not acyclic, which proves that I is a coideal for A. Let ~e E°[G]. Let us consider a
cycle C of G. If all the vertices of C' are equivalent for ~, then G |~ contains a cycle, so is not
acyclic. Otherwise, G/ ~ contains a cycle: I is a coideal for §. Identifying the species G/I and
G via wg, G inherits a contraction-extraction coproduct d, which is precisely the one defined
in this proposition. O
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Similarly, restricting wg to Gy, its image G, inherits a contraction-extraction coproduct 6,
as a sub-quotient of G. The image of acyclic graphs by T is given by Tp-topologies:

Definition 3.8. Let X be a finite set and O a topology on X. We shall say that O is Ty if for
any v # y € X, there exists O € O such that (x € O and y ¢ O) or (x ¢ O and y € O). This
defines a subset Jopor, [X] of Fopo[X] subspecies Topor, of Topo.

Lemma 3.9. Let X be a finite set and G € 9[X]|. The topology Og is Ty if, and only if, G is
acyclic. xog S ... 5 x, with vog = x,, and n > 2.

Proof. Let us assume that G has a cycle 29 S ... % =, with 9 = z, and n > 2. Then any
ideal of G containing one of the z;’s contains all the z;’s, so Og is not Ty. Let us assume that
(G is acyclic. Let z # y € X. We consider

O, ={2€X|3FkeN, o1,...,2.€ X, 20515 5 ... Sz, 5 2},

Oy={zeX|3keN, Jy,..., X,y 5y S5 ... Sy 5z}

Both O; and O, are ideals of GG, so belong to O. Moreover, for k = 0, x € O, and y € O,. If
z € Oy and y € O, then there exists k,l € Nand x1,...,2%,y1,...,y € X such that

which contradicts the acyclicity of G. So y ¢ O, or x ¢ O,: Og is Tp. 0

Lemma 3.10. Let G be an oriented graph. Then Og is connected if and only if G is connected.

Proof. Let us assume that Og is not connected. Let O1,02 € Og, both nonempty, such that
V(G) = O1 uOs. If 5y, with 2 € Oy, then as O is an ideal, y € O1. Consequently, there is
no arc from a vertex of O; to a vertex of Oy. Symmetrically, there is no arc from a vertex of Oq
to a vertex of O1. So G is not connected. Let us assume that G is not connected. We can write
V(G) = O1 u Og, such that there is no arc from a vertex of O; to a vertex of Oz, nor from a
vertex of Os to a vertex of O1. Consequently, O1, 02 € Og, so O¢ is not connected. O

Proposition 3.11. There exists a unique product, a unique coproduct and a unique contraction-
exztraction coproduct on Topog, making the map Y\q,., : Gaco — Topog, a morphism of
twisted bialgebras, compatible with the contraction-extraction coproduct.

Proof. By Lemma 3.9, T(Gqco) = Topog,, which gives the unicity of the contraction-extraction
coproduct on Topoy, compatible with T. The product and the coproduct on Topor, are obvi-
ously the restriction of the product and of the coproduct on finite topologies.

Let X be a finite set, G, G’ € Ggeo[X] such that T(G) = T(G’), and let ~€ E[X]. Obviously,
T(G |~) = Y(G' |~). Moreover,

OG/~ = {WN(O) | Oe Og} = {ﬂ'N(O) | Oe OG’} = OG//N,

where 7. : X — X/ ~ is the canonical surjection. So Y(G/ ~) = Y(G'/ ~). Let us now prove
that £9%¢[G] = £9%°|G']. If ~e £9%°[G], then G/ ~ is acyclic, so T(G/ ~) is Tp, by Lemma
so T(G'/ ~) = Y(G/ ~) is Ty and G’/ ~ is acyclic. Moreover, by Lemma [3.10] the connected
components of T(G |~) = YT(G’ |~) are the connected components of the oriented graph G |~,
that is to say the classes of ~ as ~e £%“[G]. Consequently, if C is a class of ~, (Oar)|c is
connected: ~e £9%¢[G']. By symmetry, we obtain £9%[G] = E“*[G’].
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As a consequence, for any ~€ E[X

T(G |~) if ~e £9%|G
ror) M@ T(G |~ i ~e £5°[G]
0 otherw1se
Y(G') ~)RY(G |~) if ~e E%*[G],
0 otherwise
=(T®T)odi (G).
Consequently, Topor, inherits a contraction-extraction coproduct as a quotient of Ggco- ]

Remark 3.2. Let X be a finite set and O be a topology on X. For any z,y € X, we shall say
that z ~p y if any O € O containing x or y contains both x and y. This defines an equivalence
~o on X. Moreover, X/ ~@ inherits from O a topology, which turns out to be Ty. In other
words, we obtain that Topo[X] and @ Topoy, [X/ ~] are isomorphic, which gives a species
~ef[X

isomorphism between Topo and Topo;ﬁo ]o Com, where here o is the composition of species.
The double twisted bialgebra structure which we obtain in this way is described in [§]. Applying
Aguiar and Mahajan’s bosonic Fock functor [1], we obtain the double algebra of finite topologies
of [[7].

3.3 Totally acyclic graphs

Definition 3.12. Let G be a mized graph. We shall say that it is totally acyclic if does not
contain any mized path (zg,...,x,), with gy = x, and n = 2. Totally acyclic graphs form a
subspecies Gige of G.

Note that totally acyclic mixed graphs are simply called acyclic in [5].
Proposition 3.13. Gy, is a twisted subbialgebra of G.

Proof. If G and H are totally acyclic graphs, then GH is totally acyclic. So Gyqc is a twisted
subalgebra of G. Let G be a totally acyclic mixed graph and I € V(G). As G does not
contain any mixed cycle, so does G|;: G| is totally acyclic. As a conclusion, Gigc is a twisted
subcoalgebra of G. O

Consequently, for any vector space V, Fy[Gyac] is a subbialgebra of (Fy[G],m,A). The
subspecies Gy is not stable under §. For example, considering the mixed graph

G = (z)—=(v),

4

which is totally acyclic, the equivalence relation ~ which classes are {z,y}, {z} and {t} belongs
to £¢|G] (in fact, even to £4%|G]), and

AN
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4 Applications

4.1 Three polynomial invariants

Let (V, -, dy) be a non necessarily unitary, commutative bialgebra. From [10, Theorem 3.9], there
exists a unique morphism ¢; of double bialgebras from (Fy[G],m,A,d) onto (K[X],m,A,d)
where the two coproducts of K[X] are defined by

AX)=XQ®1+1®X, 5(X)=X®X.

Let us determine ¢, firstly when V' = K. Let G € 4[X], nonempty. Then, still by [10, Theorem
3.9],

61(G) = Y &V 6 AlD(@) Hy(X),
k=0

where Hj, is the k-th Hilbert polynomial:

H(X) - X(X—l)..k.!(X—kJrl)‘

Notations 4.1. For any k > 1, for any mixed graph G, we denote by L (G) the set of surjections
¢: V(G) — |k] such that

Ve,y e V(G), 5y = c(x) <cy).
By definition of the coproduct A, for any mixed graph G with n > 1 vertices,

A(kfl)(G) = Z G|571(1)®...®G‘671(k).
CELk(G)

This leads to the following definition:
Definition 4.1. Let G be a mized graph.

1. A walid coloring of G is a map ¢ : V(G) — N such that

Yoy e V(G), {x Sy = @) <cly),

rSy = cx) £ cy).

2. A walid coloring ¢ of G is packed if c(V(G)) = [max(c)|. The set of valid packed colorings
of G is denoted by VPC(G).

Thanks to this definition, we obtain, for any V-linearly decorated mixed graph G,
SE o AE=1(@) = |{ce VPC(G), | max(c) = K},
and finally:

Proposition 4.2. The unique morphism of double bialgebras from F|G] to K[X] is given on
any mized graph G by

PchTs (G) = Z Hmax(c)'
ceVPC(G)

Consequently, if N € N, Pepyo(G)(N) is the number of valid colorings ¢ such that max(c) < N:
we recover the (strong) chromatic polynomial Pep,o(G) of [,
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Remark 4.1. If V is a non necessarily unitary, commutative bialgebra the unique double bialgebra
morphism from (Fy[G],m,A,d) to (K[X],m,A,d) is Pprg 0 Oy (which is indeed a double
bialgebra morphism by composition). It sends any V-linearly decorated mixed graph G to

Penrg 0Oy (G) = H ey 0dg(x) | Penrs (é)
zeV(G)

where dg is the decoration map of G and G the underlying mixed graph.
Let us now recover the weak chromatic polynomial of [5].

Definition 4.3. Let G be o mized graph.
1. A weak valid coloring of G is a map ¢ : V(G) —> Nxg such that

Va,y € V(G), xSy = c(x) < c(y),

&y = c(x) #

2. A weak valid coloring ¢ of G is packed if ¢«(V(G)) = [max(c)]. The set of weak valid packed
colorings of G is denoted by WVPC(G).

We are going to use the action <~ of the monoid of characters on the set of morphisms and
the map 6 given in (I)). Let Ay : F[G] — K defined on any mixed graph G by

A (G) = {1 if £(G) =&, 3)

0 otherwise.

This is obviously a character. We consider §(Aw) = Pepry ¢« Aw = Peppy, . This is a bialgebra
morphism from (F[G],m,A) to (K[X],m,A). For any mixed graph G,

Pch?“w (G) = 2 Hmax(c)'
cE€WVPC(G)

Consequently, if N € N, Py, (G)(N) is the number of weak valid colorings ¢ such that max(c) <
N: we recover the weak chromatic polynomial of [5]. Therefore:

Corollary 4.4. Puyy, = Poprg o Aw : (FIG],m, A) — (K[X],m,A) is a Hopf algebra
morphism.

Remark 4.2. Let G € 9| X|. We denote by &f,|G] the set of equivalences ~e £°[G] such that
Vr,y e V(G), TS y= 1%y
Then, for any mixed graph G,

Py (G) = D Mw(G |~) P (G/ ~) = Z PchTs (G/ ~).
~€e€°[G] ~e&G [

Example 4.1. For n = 3, let G, be the following mixed graph:

V(Gn) = [nl], E(Gn) = {{L,n}}, A(Gp) = {(i,i+ 1) |ie[n—1]}.

In other terms,
Gn= (D). —

|

@
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Weak valid colorings of G,, are non-decreasing maps ¢ : [n] — Nxg, such that ¢(1) # c(n).
Therefore,
XX+1)...(X+n—-1)

- X.
n!

Pchrw (Gn) =

Valid colorings of G, are strictly increasing maps ¢ : [n] — N~g. Therefore,

X(X —1).. (X —n+1)
n! '

Pchrs (Gn) =

With the help of [10, Propositions 3.10 and 5.2|, we now define a homogeneous morphism
Py : FIG] — K[X] with the help of the element p € F[G]] defined by

where ® is the unique (up to an isomorphism) mixed graph with only one vertex. Then, if G is
a mixed graph,

[Lr(G)] if k = [V(G)],

0 otherwise.

,u®k o A(k_l)(G) = {

We denote by ¢(G) the cardinality of L, (G), that is to say the number of bijections ¢ : V(G) —
[n] such that

Vz,y € V(G), x5y = c(x) < c(y),
and finally:

Corollary 4.5. For any mized graph G, we put
Py(@) = Mo(G) XV,

Then Xg is a character of F|G] and Py : (F|G],m,A) — (K[ X],m, A) is a bialgebra morphism.

For any graph G, Py(G)(1) = Ao(G). From [I0, Corollary 3.11|, Py = Peppg ¢~ Ag. There-
fore:

Corollary 4.6. For any mized graph G with n vertices,

UG)X" = > UG |~)Punns (G ~).
~€e€°|G]

4.2 Invertible characters

Let us fix a non unitary, commutative and cocommutative bialgebra (V,-,dy). The product of
the dual algebra is denoted by xy; its unit is the counit ey. Let us now study the monoid of
characters of (Fy[G],m,d), which product is denoted by *, and in particular let us look for its
invertible. We shall use the following lemma:

Lemma 4.7. Let (B,m,d) be a graded bialgebra. In particular, its homogeneous component of
degree 0 is a subbialgebra. Let A\ be a character of B. Then X is an invertible character of B if,
and only if, its restriction Ao to By is invertible in the algebra Bj. In the particular case where
By is generated by a family (z;)ier of group-like elements, A is an invertible character if, and
only if, M(z;) #0 for any i € I.
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Proof. We shall denote by 75 the canonical projection on By for any k € N. We put
pr = (mo ®1d) o 9, pr = (T®mp) 0 d.

As my : B —> By is a bialgebra map, (B, pr,pr) is a Bg-bicomodule. For any x € B, with
n = 1, we put

§'(x) = 0(z) — pr(x) — pr().

By homogeneity of 9§,

5() = 3 s @ i) 0 6(2) = pi 2 (0 ® 00) 0 () +pr(a).

rs

>

5’(96)

=>. Let us denote by x the inverse of A in the monoid of characters of B. We put uo = pp,-
For any « € By,

Ao * po(z) = (A@p) o do(x) = (A®@p) 0 6(x) = A+ p(z) = €(z).
Similarly, po * Ao(x) = €(z), so Ag is invertible in Bg.

<. Let us define u, : B, — K for any n, such that if z € B,

()\@ Z ui> od(x) = e(x).
i=0

We proceed by induction on n. If n = 0, we us take po the inverse of \g in Bj. Let us assume
n =1 and po,..., tp—1 defined. We first define v : B,, — K by

Vx € By, v(z) = </\® > m) ) + pr(x)).

n—1

This is well-defined, as ¢'(z) + p(z) € B P B;.. We then put p, = (o ®v) o pr : B, — K.

1=0
As pr = (7o ®1d) o §, by homogeneity of 0, pr(By) S By ® B, and pu, is well-defined. For any
x € By,

<A ® 2 un> = (A@ ) 0 p1(2) + e(z) — v(2)

= A®uov)o(Id®pL) o pr(z) +e(x) — v(z)
= (A®uov)o (b ®Id)opr(z) + e(z) —v(z)
(Ao * po) ov) o pr(z) + €(z) — v(x)

= (o ov) o pr(x) + e(x) — p(x)

v(z) + e(x) — p(x)

e(x).

Considering pu = 2 i € B*, by construction A * u = €. Similarly, we can define p' € B* such
i=0

that p/ * A\ = €. Then, as the convolution product = is associative, ¢/ = p and X is invertible in

B*. Let us now prove that p is a character. We work in the algebra (B® B)™*, which convolution
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product is also denoted by *. For any z,y € B, with Sweedler’s notation §(z) = Z 2D @2 for

z
any z € B,

(wom) = (Aom)(z@y) = >, > uaMyI)A(zMyM)
= ) )A(()®)

= e(zy)
= e()e(y)

= eBgB(z®Y).
Similarly, (Aom) * (uom) = epgp, S0, as A is a character,
pom=MNom)* 1= AN =pupu

So p is indeed a character of B.

Let us now consider the particular case where By is generated by a family (z;);er of group-like
elements.
=. If )\ is an invertible character, denoting its inverse by pu, for any ¢ € I,

Axp(zy) = e(zi) = 1= M) (i),

so A(z;) #0.

<. Let us assume that X is a character of B such that \(x;) # 0 for any ¢ € I. In order
to prove that A is an invertible character, it is enough to prove that Ag is invertible in Bj. By
hypothesis, By has a basis (y;)es of noncommutative monomials in (x;);er. By multiplicativity,
for any j € J, y; is group-like and A(y;) # 0. We then define po € B§ by

1

VjedJ, n(y;) = o)

Then for any j € J,
Ao po(y5) = mo * Ao(y;) = Ao(y;)moy;) =1 = e(y;),
s0 Ag is invertible in Bj. O

In order to use this lemma, let us introduce a gradation of (Fy[G],m,0).

Proposition 4.8. For any V-linearly decorated mized graph G, we denote by cc(G) the number
of connected components of G and we put

deg(G) = V(G)| — ce(G).
This defines a gradation of the bialgebra (Fy |G|, m,?).

Proof. Note that for any graph G, deg(G) = 0. Let G and H be two V-linearly decorated mixed
graphs. Then

V(GH)| = V(G| + [V(H)], ce(GH) = ce(G) + ce(H),

so deg(GH) = deg(G) + deg(H). Let G be a V-linearly decorated mixed graph and ~e £[G].
We denote by cl(~) the number of equivalence classes of ~. As ~e £°[(],

V(@) = VO, ce(@ |~) = cl(~).
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Moreover, the connected components of G/ ~ are the contractions of the connected components
of G, so

IV(G/ ~) = cl(~), ce(G/ ~) = cc(G).

We obtain that deg(G/ ~) + deg(G |~) = |[V(G)| — cl(~) + cl(~) — cc(G) = deg(G). So
(Fv[G],m,0) is graded. O

For any graph G, deg(G) = 0 if, and only if, E(G) = A(G) = . The subbialgebra
Fv[Glaeg—o of elements of degree 0 is the symmetric algebra generated by elements @, with
v € V. The coproduct of such an element is given by the coproduct of V,

(@) =(v)® ().

Proposition 4.9. Let A € Char(Fy[G]). We define a map Ay € V* by

YoeV, M (v) = M(v).
Then X is invertible in (Char(Fy|G]), *) if, and only if, Ay is invertible in (V*, *y).

Proof. =>. Let us assume that A is an invertible character. Denoting by u its inverse, py
provides an inverse of Ay in V*.

<. Let us assume that Ay is invertible in V*. By Lemma [4.7] it is enough to prove that g
is invertible in the algebra Fy/[G]o. By construction of the graduation, Fi/[G]o is the symmetric
algebra generated by V. Extending multiplicatively the inverse of Ay to Fy[G]o, we obtain an
inverse of \g. O

In the particular case where V = K:

Corollary 4.10. Let X be a character of F[G]. It is invertible in the monoid (Char(F[G]), *)
if, and only if,
AN(®) 0.

Proof. This is implied by Lemma , with the family of group-like elements reduced to ®. [

In particular, Ay and A\g are invertible. Their inverses are denoted respectively by vy and
ps. We also put uw = pg* Aw. Then, as Pepry = Penrg o Aw and By = Peprg < Ao, we
obtain

PchrS:PchrwmyVVv PchrS:POMM57 PchrW:POMMW-
Proposition 4.11. For any mized graph G,

Pewrs(G) = 3, 20(G/ ~us(G |~ X = 37 1w (G [~)Penny (G/ ~),
~€e€¢[G] ~€e€°[G]

Pehry (G) = Z MG/ ~)uw (G |’“)Xd(~)a
~€e€°[G]

where cl(~) is the number of classes of ~.

Corollary 4.12. If G is a connected mized graph, then 1s(G) is the coefficient of X in Pepro(G)
whereas py (G) is the coefficient of X in Peppy, (G). Moreover, \o(G) is the coefficient of X1V(G)!
in both Pepry(G) and Pepyry, (G).

27



Proof. As G is connected, the unique element ~ of £°[G] with cl(~) = 1 is ~p, which has for
only class V(G). So the coefficient of X in Pp,,4(G) is, as Ag and e coincide on Fy[G]deg—o0,
equal to

M(G/ ~1)us(G [~rL) = (Mo ® us) 0 pr(G) = (€@ ps) © pr(G) = ps(G).
Similarly, the unique equivalence ~e £°|G| such that cl(~) = |V(G)| is ~g, which has for classes

the connected components the singletons (or in other words, ~g is the equality of V(G)). So
the coefficient of X!Vl in Pohrg(G) is, as pg and e coincide on Fy[Glgeg—0 equal to

M(G/ ~r)ps(G [~r) = (Ao ® ps) 0 pr(G) = (Ao ®€) 0 pr(G) = Ao(G).
The proof is similar for the weak chromatic polynomial. O

Remark 4.3. One can define an infinitesimal character y's by the following: for any mixed graph
G,
ps(G) if G is connected,
ps(G) = :
0 otherwise.

This infinitesimal character is equal to In(es) and is studied in [10, Proposition 4.1]. It is closely

-1 k+1
related to the eulerian idempotent. Consequently, as the coefficient of X in Hy(X) is (]z
if K > 1, we obtain that for any connected mixed graph G,

(1)max(c)+1 0 (_1)k+1
ps(G)= > —- = > |{ce VPC(G) | max(c) = k}|-——.
o max(o) k=1 k

When G is a rooted tree, we recover Murua’s coefficients [3] [16], which appeared in the analysis
of the continuous Baker-Campbell-Hausdorff problem.

Erample 4.2.
G Poprs (G) Pepry (G) Mo(G) | ps(G) | pw (G) | v (G)
*—o X(X -1) X(X-1) 1 —1 ~1 0
o o X(X —-1) X(X +1) 1 1 1 B
2 2 2 2 2
o> 0 X 0 0 1 -1
o—o o X(X —1)? X(X —1)? 1 1 1 0
o o o X(X —1)? X(X +1)(X —1) 1 1 1 0
2 2 2 2 2
o o o X(X —1)? X(X +1)(X -1) 1 1 1 0
2 2 2 2 2
—o o 0 X(X —1) 0 0 ~1 0
° ° o X(X-1)(X-2) | X((X+1D)(X+2) 1 1 1 1
6 6 6 3 3
o—eo—>o XX -1)(X-1) | XX +1)(X +1) 1 1 1 )
6 6 3 6 6
X(X +1) 1
oT—=>0 >0 0 SN T 0 0 - 1
2 2
X(X +1) 1
o0« - 7 Z 1
0 5 0 0 5
o—>o—>0 0 X 0 0 1 1
Ezample 4.3. Let us consider again the graph G, of Example We obtain
(=" _ (n—1)! n—1 1
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As an example of application:
Proposition 4.13. 1. Peprg 0omwo = Peprg-

2. Let G be an acyclic mized graph. Then Py (G) is of degree |V (G)| and its leading term
is U(G).

Proof. 1. Note that P, owg and Py, are bialgebra morphisms from F[G] to K[X]. Moreover,
€5OPchrs OTWo = €50TWo = €§ :eéopchr5~

By unicity, Pchrs oy = Pchrs-

2. Let G be an acyclic graph. As P, = Py «~ g,
P (G) = Y. ps(G|~UG/ ~) X,
~€e&.[G]

which implies that deg(Penrs (G)) < |V(G)|. If ~ is the equality of V(G), then G |~ is a graph
with no edge, so ug(G |~) = 1. We obtain that

Pos(G) = £(G) XV 4 terms of degree < |V(G)].
As G has no cycle, ((G) # 0, so deg(Penrs(G)) = |[V(G)]. O

5 From mixed graphs to acyclic oriented graphs

5.1 A double bialgebra epimorphism

Definition 5.1. Let G a mized graph. An orientation of G is an oriented graph H with V(G) =
V(H) and A(H) = A(G)uE', where E' is a set of arcs in bijection with E(G), through a bijection
respecting the extremities. Such an orientation of G is acyclic if H is an acyclic oriented graph.

We denote by Oq.(G) the set of acyclic orientations of G.

Theorem 5.2. Let G be a mized graph. We put
o= > &,
G'€040(G)

with the usual convention that this sum is 0 if Ou(G) is empty. Then © is a double twisted
bialgebra morphism from G to Ggco-

Proof. Firstly, © is indeed a species morphism from G to Gge. Let G and H be two mixed
graphs, G’ and H' be orientations of G and H. Then G'H’ is an acyclic orientation of GH
if, and only if, G’ and H’ are acyclic orientations of G and H. This implies directly that
O(GH) = ©(G)O(H). Therefore, O is a twisted algebra morphism.

Let G € G[I L J] be a mixed graph. If J is not an ideal of G, then Aj ;(G) = 0. Moreover,
for any orientation G’ of G, J is not an ideal of G’, so Ay j(G') = 0. Hence, in this case,

O®0O)oAr(G) =Ar;00(G) =0.
We now assume that J is an ideal of G. Then

(O®0)o0 A (G) = > GG,
(G",G"EDae(G 1) % Oac(G 1)

Arjo®(G)= >  H;®H;

HeOuc(G),
J ideal of H
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We put
A = O4c(G1) x Ouc(G)), B ={H € Ou4(G) | J ideal of H},

and we consider the map

B — A
w{ H —> (H|[,H‘J)

This is obviously well-defined. We now consider the map ¢’ : A — B, sending any pair (G', G")
to an orientation ¢(G’,G") = H of G defined in this way: for any edge {z,y} of G,

e If 2,y € I, then orient this edge as in G'.
e If z,y € J, then orient this edge as in G”.
e If z €] and y € J, then orient this edge from z to y.
e If x € J and y € I, then orient this edge from y to .

As there is no arc in H from J to I, J is an ideal of H. Moreover, as G’ and G” are acyclic, H
is acyclic: 1 is well-defined. We immediately obtain that 1)’ o+ = Idg and 1) o ¢/ = Id4, so ¥
and 1/ are bijections. Therefore,

O®0)oA(G)= > GG =) Hi®Hy;=A1;00(G).
(G',G"))eA HeB

S0 O : (G,m,A) — (Ggeo,m, A) is a twisted bialgebra morphism.

Let G € G[I u J] be a mixed graph and ~e £(G). If H is an orientation of G, as the paths
in G and H are the same, ~e £_(G) if, and only if, ~e E.(H). Hence, if ~¢ E.(G),

0. 00(G)=(O®O)oci.(G)=0.

Let us now assume that ~€ £.(G). Then

5.00(G)= > H/~®H|~,
HeOuc(G),
H/ ~ acyclic
(O®O)ods.(G) = > GRG"

(G,G"EO4e(G)~)x Oac(G|~)
We put
C = O0ue(G/ ~) x Oge(G |~), D ={H € Ou(G) | H/ ~ acyclic}.

If H e D, then H/ ~ is an acyclic orientation of G/ ~ by definition of D and H |~ is an acyclic
orientation of G |~ by restriction. This defines a map

¢ — D
¢'{H s (H/~ H |~).

Let us now consider (G',G") € C. We define an orientation of G in the following way: if {z,y}
is an edge of G,

e If © ~ y, then {z,y} is an edge of G |~: orient it as in G”.
e Otherwise, {Z,7} is an edge or an arc of G/ ~: orient {z,y} as {Z,7y} in G’: as G’ is acyclic,

this is unambiguous.
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Note that H/ ~= G’ and H |~= G” by construction. Moreover, this is an acyclic orientation of
G:ifwy > ... > x> 21 isacyclein H, as G’ is acyclic, necessarily #1 ~ ... ~ x}, so this is a
cycle in G”: as G” is acyclic, this is not possible. Moreover, H/ ~= G’ is acyclic, so this defines
a map ¢ : D — C such that ¢ o ¢’ = Idp.

Let He C. We put H = ¢' o ¢(H). Let (z,y) be an arc of H. If x ~ y, then (x,y) is an
arc of H |~, so is an arc of H'. Otherwise, (Z,7) is an arc of H/ ~= H'/ ~. If (y,x) is an arc
of H', then T —» § — T is a cycle in H'/ ~, so H/ ~ is not acyclic: this is a contradiction. So
(x,y) is an arc of H'. Therefore, H and H' have the same arcs, so are equal. We proved that
¢’ o ¢ =1de, so ¢ is a bijection. We obtain

5.00(G) = Y H/~®H|~= > GG =(0®06)0i.(G).
HeD (G",G"MeC

So © is compatible with §. It is obviously compatible with the unit and both counits ea and
€5. ]

Corollary 5.3. For any mized graph G,

Pchrg (G) = Z Pchrs (H)
HeOuc(G)

Proof. By functoriality, F[O] : F[G] — F[Gaco] is a double bialgebra morphism. By com-
position, P, o F[O] : F[G] — K[X] is a double bialgebra morphism. By unicity of such a
morphism,

Pchrs © -F[G] = Pchrs~ 0

5.2 Erhahrt polynomials for mixed graphs
Proposition 5.4. Let g € K. The two following maps are characters of F|G]:

FIG] — K FG] K
(@) . V(&I = (@) .
ehr'?) - . {q FAG) = 2. ehr'? { G V@I
0 otherwise,

(9)

str

with the convention ¢° = 1 even if ¢ = 0. Let Ehr,” and by Ehr(® pe Hopf algebra morphisms

from (F[G],m, A) to (K[X],m,A) given by

Ehr(q) =40 (ehr(Q)

str str

) = Poprg o ehr(Q)

str?

Ehr(® = ¢ (ehr(q)> = Poprg o chr(@.

where 0 is defined in ,

(@) _ opp(@

str str?

€s o Ehr €5 0 Ehrl® = ehr(9),

Then, for any n € N, for any mized graph G,

Ebl?(G)(n) = ¢V ON(f: V(G) — [n] |Va,y e V(G), © S y = f(z) < fy)};

EhrD(G)(n) = ¢VOI{f: V(G) — [n] | Vo,y e V(G), 2 S y = f(z) < f(1)}]-

Moreover, Enrl? o wy = Ehr? (recall that wog is defined in (@)

str str

From now, we shall write simply ehrg,., ehr, Ehrg, and Ehr for ehrgz, ehr(l), Ehrgg and
Ehr(D.
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Proof. The maps ehr® and ehrg‘g are obviously characters of F[G]. Let G be a mixed graph.
For k > 1, we denote by Si(G) the set of surjective maps f : V(G) — [k] such that for any
z,y € V(G),

x5Sy = f(z) < f(y).

Then
e}
Ehr?)(G) = Z > ehr®) (Gl -1(1y) - . ehrlfN (G p-1y) Hi( X)
k=1 feSk(G)
< 1
= Z Z 1)‘ehl‘ t)(G|f 1(1)) |f (k >|ehr( )(G‘f L(k ))Hk(X)
k=1 feSi(

ZQ‘V(G)‘Z > ehrﬁi(@f*lu)) ehfth(G\ffl(k))Hk(X)
kzlfeSk(G)

= ¢V Ehrg, (@),
Similarly, Ehr(?(@) = ¢/V(@IEhr(G). We now study Ehrg, and Ehr. Let G be a mixed graph.
o0
Ehr(G) = Y] > Hy(X
k=1 f€S,(G)

which gives the announced result. For k > 1, we denote by S;.(G) the set of surjective maps
f:V(G) — |k] such that for any z,y € V(G),

v Sy = f(z) < fy).
By definition of ehrg,.,

v}

Ehrstr 2 2 ehrstr G‘f (1)) ehrstr(GUc 1(k:) Hk Z Hk ,
k=1 feS(G k=1 fes' (G)

which implies the announced result.

Let us prove that Ehrl? o wy = Ehrl?. For this, it is enough to prove that €50 Ehr(?

str str- str O W0 =
€5 © Ehrg{z, that is to say ehrgtz o wy = ehrgtr Let G be a graph. If G is not acyclic, then
ehrg%)“ o wo(G) = 0. Moreover, necessarily A(G) # &, so ehrggz = (0. Otherwise, @wo(G) = G and
ehrgﬁ owo(G) = ehrg%)n (G). O

Remark 5.1. By [10, Corollary 3.12],
Ehrg, = Peppg ¢ ehrg,, Ehr = Pyp,g «~ ehr.

Notations 5.1. Let G be a mixed graph. We denote by S(G) the set of vertices y € V(G) such
that there exists no e € A(G) such that y is the final vertex of e (set of sources of G) and by
W (G) the set of vertices x € V(G) such that there exists no e € A(G) such that z is the initial
vertex of e (set of wells of G).

Proposition 5.5. Let q,¢' € K. For any mized graph G, denoting by = the convolution product
associated to A,

ehrgzz x ehr(1)(G) = ¢V (g 1 ¢S]
ehr(@ « ehr(q )(G) = ¢VOWO (g 4 WO,
In particular, if S(G) # & and W(G) # &,
ehr(;? « ehr(®(G) = ehr(@ « ehrg;q)(G) =0=-¢ea(G).

str
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Proof. Indeed,

where the sum is over all partitions V(G) = I u I3 such that if + S y in V(G), then (z,y) €
(I; x Iy) U I3, that is to say such that I; € S(G). Hence,

ehr®) e @)(G) = Y ilgM Ol
IlgS(G)
NIVIGNS(G) 2 gl g1S(GNA
LES(G)
_ VOSE (g 4 ¢SO

=4q

(9)

The proof is similar for ehrg, * ehr(ql)(G)7 replacing sources by wells. O

Corollary 5.6. The inverse (for the convolution product =) of the restriction of ehr(® to F|Gacl
(—a)

is the restriction of ehry, " .

Proof. Let G be an acyclic mixed graph. Obviously, if G = 1, then
ehrl, 9« ehr@(G)1 = £A(G).
Otherwise, as G is acyclic, then S(G) # & and W(G) # . We can conclude with Proposition
5.5l O
Let us now prove the duality principle for Ehrhart polynomials:
Corollary 5.7. Let G be an acyclic mized graph. Then
Ehrg, (G)(—=X) = (=1)VDERr(G)(X).

Proof. We denote by Sg,. the antipode of (F[Ggc], m, A) and by S the antipode of (K[X], m, A).
In particular, for any P € K[X], S(P(X)) = P(—=X). As Ehr : (F[Ggc],m, A) — (K[X],m, A)
is a Hopf algebra morphism,

Ehrg, (G)(—X) = S o Ehrg, (G) = Ehrg, o Sg,.(G).
Therefore, by Corollary [5.6]

Ehrg,(G)(—1) = S o Ehrg(G)(1)
= Ehrg 0 Sa,.(G)(1)
= ehrg, 0 Sqg,,(G)
= ehrl;, ' (G)

— ehr(7Y(@).
This implies that Ehrg, o S is the Hopf algebra morphism Fpp,g < ehr(1):
Ehry, 0 S(GQ) = (Peprs ® ehrl™D) 0 6(G)
= ()Y (Py,s ® ehr) 0 §(G)
= (=) DELr(G)(X). O
Corollary 5.8. Let G be an acyclic oriented graph. Then

Ehrg, (G) = Penrg (G), P (G)(=1) = (=1)IV(@
Ehr(G) = Penry, (G), Penry (G)(=1) = (=1)1"@les(@).
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Proof. We work in F[G]. For any oriented acyclic graph H,
1if A(H) = &,

ehry, (H) = es(H) =
sur(H) o(H) {O otherwise.

Hence, Ehrg,(G) = Pepry(G): the restriction of Ehr to F[Ggeo| is Peprg. Moreover,
Bhry(G)(=1) = (1) ER(G) (1) = (=) Dehn(G) = (-,
For any oriented acyclic graph H, ehr(H) =1 = A\ (H), so Ehr(G) = Py, (G). Moreover,
Eh(G)(~1) = (~)VOIBhry, (G)(1) = () @ ey (G) = (~)V@ley(@). O

From Corollary we obtain another proof of the following result, obtained in a different
way in [, Theorem 3]:

Corollary 5.9. Let G be a mized graph. Then
Peprs (G)(=1) = (=) V(D 04e(@)].
Proof. Indeed,

Penrs (G)(=1) = Paws(H)(=1) = > (=) = )V Do, (@) O
HeOuc(G) HeOuc(G)

Remark 5.2. We recover the classical result on the chromatic polynomial when this corollary is
applied to graphs [19].

From [10, Corollary 2.3]:
Corollary 5.10. Denoting by S the antipode of (F[G],m,A), for any mized graph G,

S@) = Y (=1)M0u(G/ ) (G |~).
~€e€°[G]

6 Applications to characters on mixed graphs

6.1 Weak chromatic polynomial

Proposition 6.1. Let G be a totally acyclic mized graph. Then

0 if A(G) # I,

Pchrw(G)(_l) = {(_1)V(G)||OGC(G)| otherwise.

Proof. If A(G) = &, then Pepyy, (G) = Peprg(G), and the result comes from Corollary Let us
assume that A(G) # J. We proceed by induction on |E(G)|. If E(G) = &, then by definition,
P.pry (G) = Ehr(G). By the duality principle for Ehrhart polynomials (Corollary ,

Penry (G) (1) = (=1) V(D' Ehry, (G)(1) = 0,

as A(G) # &. Let us assume the result for all acyclic graph H such that |E(G)| > |E(H)]
and A(H) # . Let e be an edge of G. We denote respectively by G/e and by G\e the mixed
graph obtained from G by contraction of the edge e respectively by deleting the edge e. From
[5, Proposition 6],

Penry (G)(=1) = Penryy (G\e)(=1) = Penry, (G/e)(=1).

Moreover, G\e and G/e are mixed graph with at least one arc and strictly less edges than G.
Moreover, as G is totally acyclic, G/e and G\e are acyclic: we deduce that P, (G\e)(—1) =
Py (G/e)(—1) = 0. Hence, Pepyy, (G)(—1) = 0. O
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Remark 6.1. If G is not totally acyclic, no interpretation of Py, (G)(—1), and even of its sign,
is known. For example, if G, is the graph of Example , then Py, (Gn)(—1) = 1 for any
n = 2.

We recover the interpretation of [4] of the values of the weak chromatic polynomial at negative
values:

Corollary 6.2. Let G be a totally acyclic mized graph and k € N. Then (—1)V( @I P, (G)(—k)
is the number of pairs (H, f) such that:

e H is an acyclic orientation of G.
o f is a k-coloring of G compatible with H, that is,

Ve.y e V(G) 5y = f(z) < fy),
Y ’ zhy = (@) < f(y).

Proof. By compatibility of P, with the coproduct A,

Pchrw(G)(_k) = Z Pchrw (G\ffl(l)) (_1)"'Pchrw (G|f*1(k)) (_1)
[V(G)—Ik],
2 Sy— f(x)<f(y)

By the Proposition , if G|y-1(;) has an arc, then Pepyy, (G|f71(1)) (—=1) = 0. Therefore,
Pchrw (G)(_k) = Z Pchrw (G\ffl(l)) (_1) s Pchrw (G\ffl(k)) (_1)

FV(G)—Ik],
2 Sy=f(x)<f(y)

k
-1 -1
_ Z (—D) T ORI R H e (Gy103) |
FV(G)—Ik], i=1
e Sy=f(x)<f(y)

k
= (-l > [ [10uc (Gip—13)) |
FV(G)—I[k], i=1
2 Cy—s f(2) < f(y)

We consider
Ak = {(f, Hl, . ,Hk) | f : V(G) — [k], H; € Oac (G|f*1(i))}7
By ={(H, f) | H€ Ou(G), f:V(G) —> |k] compatible with H}.

The map ¢ : By —> Ay which send (H,f) to (f, Hg1q1y,..., Hjf10) is well-defined. TIf
o(H, f) = ¢(H', '), then f = f'. Moreover, if {z,y} € E(G):

o If f(x) = f(y) = i, then {z,y} is oriented in the same way in H|;-1(;y and in H"f,l(i), as
these oriented graphs are equal. So {z,y} is oriented in the same way in H and in H'.

e If f(z) < f(y), as f is compatible with H and in H’, then (x,y) € E(H) and (x,y) € E(H').
o If f(x) > f(y), as f is compatible with H and in H’, then (y,z) € E(H) and (y,z) € E(H').

Therefore, H = H': ¢ is injective. Let (f, Hy,..., Hy) € Ar. We define an orientation of G by
the following: if {z,y} € E(G),

e if f(x) = f(y) =i, we keep the orientation of this edge in H;.

o If f(z) < f(y), we orient this edge in (z,y) in H.
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o If f(z) > f(y), we orient this edge in (y,z) in H.

By construction, for any i € [k], H|g-1(;y = H;. Moreover, f is compatible with H, by construc-
tion. Consequently, f is constant on any cycle of H. As the oriented graphs H; are acyclic, H
is acyclic. We obtain that (H, f) € By and ¢(H, f) = (f, H1, ..., Hy). Finally,

Ponry (G)(=k) = (=) N 4| = (=1)V (D] By|. O

6.2 The character vy
Recall that vy is the inverse of Ay (defined in (3))) for the convolution * associated to é.
Proposition 6.3. 1. For any simple graph G with at least one edge, vy (G) = 0.

2. For any oriented graph G, vy (G) = (=1)IV(Ol+ec@) ywhere cc(G) is the number of con-
nected components of G.

Proof. 1. We denote by Ay, the restriction of Ay to F[Gs|. For any simple graph G, A\w (G) =
€5(G), 80 Ajy = €57, [G.]- As F[Gs] is a double subbialgebra of F[G],

)™ = (es171G.)" " = (65" 1) 1[G = €517[G-

2. Let A be a character of F[G,], such that A\(®) # 0. Then \ is invertible for the
convolution product * associated to §: its inverse is denoted by p. Denoting by S the antipode
of (F[Go],m,A), let us prove that A o S is invertible for » and that its inverse is p * (€5 o S).
Firstly, Ao S(®) = —\(®) # 0, so Ao S is invertible. Moreover,

ANoS)y*xpux(e5oS)=(A®uoes)o(SRIA®S) o (6 ®Id) oo
=(A®uoe)o(Id®IA®S)o(§®Id)odo S
=(A®@uoes)o(d®Id)o(Id® S)odoS
=A*pu®e)o(Id®S)odo S
=6 ®eo(Id®S)odo S
=50 52
= €.

We used for the second equality that (S®Id)od = oS (see [10, Proposition 2.1]) and, for the
last equality, that S? = Id, as F[G] is commutative. So p* (€50 .5) = (Ao S)* L.

In the particular case were A = €5, then pu = €5 and we obtain that (e5 o S’)*fl =e¢e5008.

Let GG be an oriented graph. By definition of the weak Ehrhart polynomial and by the duality
principle for Ehrhart polynomial (Corollary ,

A (G) =1
= Ehry (G)(1)
= (=) NEnr(G)(-1)
(=)D 6 Ehr(G)(1)
= (-)VEnr(5(@))(1)
(— 1)|V(G)|65 o S(G).
We now consider the three characters of F[G,] defined on any oriented graph G by

MG) = €50 5(G), w(@) = () D\@), v(G) = (1)),
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We already proved that A x A = ¢5. For any graph G,

prv(G) = Y (~)VIENRCRNING) VAG | ~)
~€e€°[G]

= Y CDEONG/ MAE )

~€e€°[G]
D, MG/ ~MANG )
~€e€°G]
= A+ A(G)
= ¢5(G).

Therefore, v = u*~1. As u = Ay, we obtain that v = vy and, for any oriented graph G,
Vw(G) _ (_1)cc(G)/\(G) _ (_1)cc(G)+\V(G)\)\W(G) _ (_1)CC(G)+|V(G)|. ]
No interpretation of vy (G) is known in general. For example:

Proposition 6.4. Let G, be the mized graph of Example with the convention Go = >0
For anyn > 2, vy (Gp) = (=1)"1(n —1).

Proof. For any n > 2,

v xAw(Gn) = D vw(G/ ~)Aw (G |~) = 5(Gn) = 0.
~€e&°[Gr]
By definition of Ay, for any ~e £°[G,], Aw(G |~) = 0 if, and only if, 1 ~ n. Therefore,
the contributing terms corresponds to the equivalences which classes are intervals of [n], at the

exception of the one with only one class. For such an equivalence ~, G/ ~ is isomorphic to
Gey(~)- We obtain that if n > 3,

i D ww(Gr) =0.

k=211+...+ip=n,
01yt =1

A direct computation shows that Ay (G2) = —1. Summing, we obtain in the ring of formal series

Q[[XT]] that

0¢] 0 k

k=21i1+...+ip=n, k=2
Uyl 21

Substituting T x to X, we obtain
0 X2 ©
v (G X" = ————— = Y (=1)""(n-1)X" O
N

7 Appendix: number of mixed graphs up to isomorphism

Proposition 7.1. Let N € N, nonzero. For any n € N, we denote respectively by Gp,(N,n),
Go(N,n) and Gs(N,n) the number of isomorphism classes of mized, oriented, simple graphs with
n vertices decorated by elements of [N]. Then, for t € {m,o,s},

-1
E Ckcl(k A l) + E 7@6(1{:61@ ) E Cok
2 B
11<k<l<n 1<k<n < t )1<k<n/g

' VA

N01+...+Cn
Gt(N, n) = Z

Cl,...7Cn>0,
lei+...4nep=n

11 .. .neney!. .. ¢!
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with

Proof. We put

Fm = {(0,0),(O,—>),(—>,O),(—>,—>),(—,—)},
F, = {(an)a(07_))7(_>70)7(_>7_>)}7

Fs = {(O> O)a (_> _)}

These sets give the possibilities of edges or arcs between two vertices of a graph of the considered
graphs. For any ¢t € {m,o,s}, F; is given an involution ¢, given by the usual flip. Note that
Ay is the cardinal of F; and that B; is the number of elements of F} invariant under ¢. Then,
a graph G of type t, which set of vertices is [n], together with a map from V(G) to [N], can
be seen as a pair (dy,dg), where dy : [n] — [N] is a map and dg = Pa([n]) — F; is a
map which makes explicit the edge and arc situation between two vertices ¢, j, with ¢ < j. The
symmetric group &,, acts on these pairs (dy,dg), in the following sense: for any o € &,,, putting
o-(dy,dg) = (o -dy,o-dg),

eo-dy =dyoo !

e For any i, j € [n], with i < j,

dp({o™1(0),07 ()} if 071 (i) < o71(j),
1
(

o-dp({i,j}) = {LO dp({o71(), 071 (j)}) if o71(i) > o7 2(j).

The number of isomorphism classes G¢(IN,n) we are looking for is the number of orbits of this
action. Using Burnside’s formula,

1
Gi(N,n) = —Fix(0),
n!
where Fix(o) is the number of pairs (dy, dg) invariant under the action of o.

Let 0 € S,,. Then o - (dy,dg) = (dy,dg) if, and only if:

e For any 7,j in the same o-orbit, dy (i) = dy(j). The number of o-orbits is denoted by
n(o).

e For any orbit of the action of o on pairs {7, j}, with i < j, such that there exists k € N with
oF(i) = j and ¢*(j) = i, dg is constant on this orbit and its values is invariant under ¢.
Such an orbit will be called an orbit of type B. The number of orbits of type B is denoted

by ngp(o).

e For any orbit of the action of o on pairs {i,j}, with ¢ < j, such that for any k£ € N,
(o%(i),0%(4)) # (j,1), dE is constant on this orbit. Such an orbit will be called an orbit of
type A. The number of orbits of type A is denoted by n4(o).

Consequently,
Fix(o) = N™@) Ana(@) grs(©),

Let us decompose o into cycles with disjoint supports. For any ¢ € [N], the number of
cycles of length ¢ in this decomposition is denoted by ¢;. Then 1lc¢; + ... + nc, = n. Then
n(o) =c1+ ...+ cp.
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Let {i,j} be a pair such that i,j belong to two different cycles of 0. As o*(i) belongs to
the cycle containing i for any k € N, o*(i) # j. So the orbit of {4, 5} if of type A. Moreover,
denoting by k£ and [ the lengths of the cycle containing ¢ and j, this orbit is of cardinality k v I.

Hence, these two cycles give = k A k orbits of type A. Summing over all possible choices

L kvl
of disjoint cycles of o, we obtain

2 crep(k A D) + 2 wk

2
1<k<l<n 1<k<n

orbits of type A.

Let {i,7} be a pair such that 4, j belong to the same cycle of o. The length of this cycle is

-1
denoted by [: for a given cycle, this gives ( )

airs. Moreover, for any k € N
b ) Yy )
(%), 0" (i)} = (0,7} <= {”kf.) ‘oo {" Z.)) /

Moreover, o*(i) = i if and only if, k is a multiple of I. If 0*(i) = j and o*(j) = i, then o%¢(i) = i,
so 2k is a multiple of [. We obtain two cases:
e If [ is odd, then If 6¥(i) = j and ¢*(j) =4, | | 2k and, as [ is odd, [ | k. In other words,
{0 (), 0" ()} = {i.j} = L] k.

As a consequence, all the orbits contained in this cycle are of type A, and of cardinality .

This gives orbits of type A.
e If [ is odd, we obtain an orbit of type B: if the cycle is (i1,...,14p), this orbit is

{{ilvizﬂrl}v <o {ip’i2p}}-

l
It contains p = 3 elements. All the other orbits included in this cycle have cardinality [,

1 /(-1 l -2
S0 we obtain — ( ) —— )= orbits of type A.
[ 2 2 2

Summing over all possible choices of cycles, we obtain cg + ¢4 + ... + orbits of type B and

Z Ckk;1+ Z Ckk;Q.

1<k<n, 1<k<n,
k odd k even
Finally,
np(o) = > co,
1<k<n/2
cplcp — 1 k—1 k—2
na(o) = Z cker(k A L) + 2 (2)k+ 2 g+ Z g
1<k<I<n 1<k<n 1<k<n, 1<k<n,
k odd k even
. (kck — 1)Ck 1
= Z Cka(k? A l) + Z 9 - B Z C2k,
1<k<l<n 1<k<n 1<k<n/2

which finally gives the announced formula, as there are 11 ...1%¢;!...¢,! permutations which
decomposition in cycles with disjoint supports is given by ¢; cycles of length i for any i € [n]. O
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Ezample 7.1. Note for a given n, G¢(N,n) is a polynomial in N, A; and By.

Gt(Nvl) = N,
Gy(N,2) = AN+ BIN
) 2 9

Gy(N.3) (A?N? 4+ 3B,N +2) AN

t{iV,0) = ,

6

(V. 4) = (AN + BATBN? + BAN +6B,) AN

t(LV, = .

24
These array gives the first values of G¢(N,n). For mixed graphs,

N[ 1] 2 \ 3 \ 4 5 6
1 1 3 4 6
2 4 13 27 46 70 99
3 30 200 635 1460 2800 4780
4 785 11320 55605 173265 419550 865335
5 86130 | 2673260 | 20113890 84385520 256856275 638050530
6 || 43053850 | 2733053500 | 31051529575 | 174249075200 | 664212533500 | 1982349763225

The second row is entry A147875 of the OEIS [17]. For oriented graphs,

N[ 1 ] 2 ] 3 \ 4 5 6
1 1 2 3 4 5 6
2 10 21 36 55 78
3 16 104 328 752 1440 2456
4 218 3044 14814 45960 111010 228588
5 9608 | 291968 | 2183400 | 9133760 | 27755016 | 68869824
6 | 1540944 | 96928992 | 1098209328 | 6154473664 | 23441457680 | 69924880288

The second row is entry A014105 of the OEIS, whereas the first and second columns are entries
A000273 and A000595. For simple graphs,

N[ 1 [ 2] 3 | 4 5 6
1 1] 2 3 4
2 [ 2] 6 [ 12 20 30 42
3 [ 42 | 56 | 120 | 220 364
4 [[11 ] 90 | 357 | 996 | 2255 | 4446
5 || 34 | 544 | 3258 | 12208 | 34754 | 82608
6 [[ 156 [ 5096 | 47324 | 241520 | 871580 | 2510424

The second, third and fourth rows are respectively entries A002378, A002492 and A199394 of
the OFEIS, whereas the first and second columns are entries AO00088 and A000666.
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