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The R-Min robot is an intrinsically safe parallel manip-
ulator dedicated to pick-and-place operations. The pro-
posed architecture is based on a five-bar mechanism, with
additional passive joints in order to obtain a planar seven-
bar mechanism with two degrees of underactuation, al-
lowing the robot to reconfigure in case of a collision.
A preload bar is added between the base and the end-
effector to constrain the additional degrees of freedom.
This article presents an analysis of the workspace and of
the safety performances of the R-Min robot, and it com-
pares them with those of the five-bar mechanism, in order
to evaluate the benefits of introducing underactuation in
a parallel architecture to obtain intrinsically safer robots.
The geometrico-static model of the R-Min robot is formu-
lated as an optimisation problem. The direct and inverse
kinemato-static models are derived from the geometrico-
static model and they allow to express the singularity con-
ditions of the R-Min robot. An analysis of the singularity
loci is carried out among the robot’s workspace. A con-
troller based on the dynamic model is proposed and ex-
perimentally validated on a prototype of the R-Min robot.
Finally, the safety performances of the R-Min robot are
evaluated experimentally and they are compared with that
of an equivalent five-bar mechanism, using the maximum
impact force as a safety criteria in accordance with recent
international standards.

∗Address all correspondence to this author.

1 INTRODUCTION
1.1 Context and state of the art

The introduction, in the industry, of collaborative
robotic cells able to safely share their workspace with
humans requires finding solutions to reduce the risk to
an acceptable level. Improving the safety of robots can
be achieved by sensing or control strategies (reviews can
be found in [1, 2]). However, those strategies are limited
by the bandwidth and the response time of the controller,
making it hardly suitable to face with the highly dynamics
and unpredictable nature of human displacements. There-
fore, strategies based on the mechanical design to obtain
intrinsically safe robots are worth being deeply investi-
gated.

A first strategy consists in reducing the mass of the
robot links in order to reduce the reflected mass at the
impact [3, 4, 5] and thus to mitigate the impact severity.
However, when applied to a serial architecture, this strat-
egy is limited by the rigidity of the resulting architecture
and the accuracy of the end-effector’s position. Another
strategy consists in using intrinsically compliant actua-
tors such as SEA [6] (Series Elastic Actuators), VSA [7]
(Variable Stiffness Actuators) or the DM2 (Distributed
Macro-Mini) actuation approach [8]. This principle al-
lows to decouple the inertia of the links from that of the
motor, thus reducing the reflected mass at the impact. If
the use of SEA leads to concepts suffering from poor ac-
curacy, the VSA and DM2 lead to complex and costly ac-
tuators. Therefore, other interesting concepts have been
proposed based on the use of preloaded compliant mech-
anisms [9,10,11,12,13] or clutch mechanisms [14]. Such
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solutions have been used in multi-link serial architectures,
however the experimental evaluation of their safety are
often conducted on a single link mechanism.

The use of a parallel architecture to design safe
robots has been little investigated in the literature [15],
although it allows to reduce the mass of the moving links.
In previous works [16], we introduced the R-Min robot,
an underactuated parallel robot, whose design is based
on the architecture of the five-bar mechanism in which
two supplementary passive joints are added. The obtained
robot can self-configure in case of a collision with the en-
vironment allowing to mitigate the severity of an impact
with a human being. However, no experimental proof of
the safety performances of this concept has been provided
so far.

Assessing the safety of a collaborative robotic ap-
plication requires the use of safety-related criteria. The
automotive industry widely used the HIC [17] (Head In-
jury Criteria) to evaluate the severity of a crash accident
for human beings. However, it appears that this index
is not well suited to analyze the severity of an impact
with a robot [18, 19], since the velocity of the robot tip
is much lower than that of a car. More recently, bio-
mechanical thresholds have been furnished in the stan-
dard ISO/TS 15066 [20] for 29 different body parts, based
on the experimental analysis of the pain tolerance of 100
healthy subjects [21], following the early works of [22].
These thresholds define the maximum quasi-static (resp.
transient) force and pressure which can be continuously
(resp. temporary) applied by the robot on a human body
part.

Multiple experimental works investigated the evalu-
ation of the safety performances of new concepts of safe
robot. Early works were carried out by the DLR insti-
tute in a crash-test centre dedicated to car certification.
They used a dummy sitting in a car seat, and mounted a
force sensor at the end of the DLR LWR III robot [18].
Such an experimental setup is obviously complex and
costly to reproduce. Recently, the consortium of the Eu-
ropean project COVR, dedicated to safety-related issues,
published protocols to help end-users and system inte-
grators to measure the force and pressure during a con-
strained [23] or unconstrained impact [24] (an impact is
said to be constrained when the impacted human body
region is clamped between the robot and the wall or any
other rigid and fixed part of the workspace). This protocol
involves the use of appropriate force and pressure sensors
but also a dedicated mechanical system which imitates
the bio-mechanical properties of the human body, includ-
ing a spring to mimic the stiffness of the impacted human
body part and a foam to mimic the non-linear properties
of the skin. The characteristics of the spring (stiffness)

and the foam (thickness and hardness) are specified in a
former study [25] of the DGUV (Deutsche Gesetzliche
Unfallversicherung) institute.

1.2 Contribution highlights
The aim of this paper is to demonstrate the inter-

est of introducing underactuation and compliance in the
mechanical architecture of a parallel robot in order to
improve the safety of the robot. The performances of
the R-Min robot are thus compared with those of the
five-bar mechanism from which it is inspired. First, the
workspace of the R-Min robot is compared with that of
the five-bar mechanism. Therefore, the direct and inverse
geometrico-static model and kinemato-static model of the
R-Min robot are introduced in a forward and unified man-
ner. The geometrico-static model is formulated as an opti-
mization problem minimizing the potential energy of the
robot, and it conducts, through a numerical analysis, to
the definition of the robot’s workspace. Singularity condi-
tions are derived from the kinemato-static model allowing
to determine the singularity loci in the robot’s workspace.
Then, the safety performances of the R-Min robot are ex-
perimentally compared with those of the five-bar mech-
anism. Therefore, a prototype of the R-Min robot was
designed and manufactured. This prototype can be turned
into a five-bar mechanism with equivalent inertia proper-
ties allowing a fair comparison. Following recent interna-
tional standards, a measurement device is used to measure
the maximum impact force and evaluate the severity of an
impact. A set of experiments is defined in order to ana-
lyze the effect of multiple parameters on safety such as
the robot’s configuration at the time of impact, the posi-
tion of the contact on the robot, the velocity of the robot,
the stiffness of the preload bar.

The paper is constructed as follows: Section 2
presents the R-Min robot and the manufactured prototype.
In Section 3, the geometrico-static and kinemato-static
models of the R-Min robot are introduced and a singu-
larity analysis is presented. The Cartesian workspace of
the R-Min robot is drawn and compared with that of the
five-bar mechanism. The effect of the robot’s stiffness
on the size of the workspace is analyzed. In Section 4,
the dynamic model of the robot is presented as well as
the associated computed torque controller. The tracking
performances of the controller are then evaluated exper-
imentally, on a prototype of the R-Min robot. Section 5
presents the experimental setup and the experimental pro-
tocol designed to allow the comparison of the safety per-
formances of the R-Min robot with respect to that of the
five-bar mechanism based on the measurement of the im-
pact force. The effect of the stiffness of the preload bar on
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safety is analyzed. Conclusions are drawn in Section 6.

2 PRESENTATION OF THE R-MIN ROBOT
In this Section, the kinematic architecture of the

robot is introduced. Its behavior when faced with dif-
ferent operating scenarios (in particular during a collision
with an operator) is illustrated. The corresponding proto-
type is introduced for further numerical and experimental
analysis.

2.1 Description of the R-Min kinematic architecture
The R-Min robot is an underactuated parallel mecha-

nism designed as a proof of concept for pick-and-place
operations in a collaborative cell. Its architecture pre-
sented on Fig. 1a is inspired from the five-bar parallel
mechanism depicted on Fig. 1b. The traditional five-
bar parallel mechanism is composed of two parallel legs
made with four links in totality, which are linked through
three passive revolute joints at points O12, O22 and P and
actuated by two motors located on revolute joints at points
Oi1 (i = {1, 2} the index of the leg). The resulting five-
bar mechanism has two dofs (degrees of freedom) and is
thus fully actuated and able to position its end-effector
with a high rigidity.

Even if such a parallel architecture allows to reduce
the moving masses in comparison with a serial architec-
ture, a five-bar mechanism may still be harmful in case
of a collision with a human because of its high stiffness.
Therefore, the R-Min robot was designed so as to keep
the interesting inertia properties of the five-bar mecha-
nism while adding underactuation in the architecture in
order to bring reconfiguration possibilities in case of im-
pact. The resulting design, deeper described below, is
composed of an underactuated seven-bar mechanism and
a preload system to constrain the robot’s configuration in
the normal operating mode (Fig. 1a).

The seven-bar parallel mechanism is actuated by two
motors located on revolute joints at points Oi1, and com-
posed of passive revolute joints at points Oi2, Oi3 and P
(i = {1, 2}). All joint axes are aligned along the y-axis
normal to the plane P0 : (A,x, z). This mechanism has
four dofs (two more than the five-bar mechanism) mak-
ing it underactuated with two unconstrained dofs. At
this stage, the resulting chain O12O13PO23O22 would
have no rigidity making such robot of little practicabil-
ity. We therefore introduce a preload system whose kine-
matic chain is composed of two passive revolute joints at
points A and P (axes aligned along the y axis), a pas-
sive prismatic joint aligned along

−→
AP (thus lying in P0)

and a compression spring exerting a force between points

(a) R-Min robot

(b) Five-bar mechanism

Fig. 1: Kinematic chains of (a) the R-Min robot and (b)
the five-bar mechanism.

A and P . This preload system plays the same role as
elastic elements introduced in the design of underactu-
ated hands [26], i.e. it drives the unconstrained dofs of
the robot and kinematically constrains its configuration.
This permits to tense the two distal legs O12O13P and
O22O23P in order to obtain a robot stiff enough to be con-
trolled, but less stiff than a traditional five-bar mechanism
for safety purpose. In addition, since the preload system
is located between the two legs, it cannot collide with an
operator. This practical solution avoids adding masses on
external legs (such as installing a torsion spring on pas-
sive joints Oi3 of the seven-bar mechanism), providing a
safer design.

In Figure 2, the configuration of the R-Min robot is
illustrated in two different situations: during a pick-and-
place trajectory, when no contact occurs (Fig. 2a) and
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(a) Configuration without con-
tact.

(b) Configuration in case of
contact.

Fig. 2: Representation of the configuration of the R-Min
robot during a pick-and-place trajectory: (a) without con-
tact, the R-Min robot lies in a configuration close to
the five-bar mechanism due to the force exerted by the
preload bar so that the end-effector is precisely posi-
tioned, (b) when a collision occurs on the distal link, the
robot self-configures to mitigate the impact force.

when a collision occurs on distal links (Fig. 2b). When
the robot is subject to gravity effect only (including a pay-
load at the end-effector), points Oi2, Oi3 and P are close
to be aligned thanks to the preload system (Fig. 2a). As
a result, the configuration of the R-Min robot is close to
that of the five-bar mechanism and the position of the end-
effector can be precisely determined, making this solution
practicable for pick-and-place operations. On the other
hand, when loadings likely to appear during an impact
with a human are applied on the robot (on a distal link), it
encounters large internal reconfigurations (Fig. 2b). This
behavior should avoid transmitting a large part of the
robot’s kinetic energy during impact, since a large part of
the collision energy will be dissipated through the recon-
figuration of the robot. This behaviour makes the R-Min
robot a good candidate for safe physical interactions dur-
ing pick-and-place operations, as it will be confirmed ex-
perimentally in what follows.

2.2 Presentation of the R-Min prototype
A prototype of the R-Min robot was manufactured

based on the kinematic architecture previously defined,
and is presented in Fig. 3. The key features of the design
of this prototype are described below:

− All links are made in aluminium hollow tubes of cir-
cular cross-section, with (a) an external diameter of
30 mm, a thickness of 5 mm for proximal links 11
and 21 (Fig. 1a), and (b) an external diameter of
20 mm, a thickness of 2 mm for all other links.

Fig. 3: Prototype of the R-Min robot. This prototype can
be turned into an equivalent five-bar mechanism by re-
moving the preload system and locking the two passive
joints located at point Oi3 (i = {1, 2}).

− Passive joints are made with bronze plain bearings
instead of ball bearings, to lighten the mechanism.

− The compression spring of the preload system is re-
placed by a set of two traction springs in order to
avoid the self-locking effect of the translational guid-
ance.

− Two direct drive motors SIMOTICS S-1FL6 are used
(maximum torque of 23.9 Nm when using motor
torque control).

The geometric and inertia properties of the R-Min
robot are provided in Table 1. Two interchangeable
springs of the preload system are indicated. In the follow-
ing, the robot with the default spring (kt = 111.2 N/m)
is referred to as R-Min, while the robot with the stiffer
spring (kt = 239.2 N/m) is referred to as R-Min+.

The R-Min prototype can be turned into a five-bar
mechanism, by removing the preload system and locking
the two passive joints located at Oi3. This solution allows
to obtain two robots with comparable dimensions, iner-
tia and contact geometry, and thus to obtain a fair com-
parison of the robots performances. The geometric and
inertia properties of the obtained five-bar mechanism are

4



Table 1: Geometric, inertia properties and design param-
eters of the prototype of the R-Min robot.

Link Length Mass Inertiaa COMb

(i; j) ℓi,j mi,j Ji,j xi,j

(m) (kg) (kg.m2) (m)

(1&2;1) 0.28 6.92 0.0348 0.0148
(1&2;2) 0.2 0.302 0.007 0.126
(1&2;3) 0.2 0.250 0.0037 0.086
(-;4) 0.87 0.54 0.173 -0.429
(-;5) - 0.81 0.004 0

ℓO11O21
= 0.25 m

Parameters of the preload bar spring:
Default setting: kt = 111.2 N/m, ℓ0 = 82.7 mm
R-Min+ setting: kt = 239.2 N/m, ℓ0 = 102.5 mm

aMoments of inertia around y are provided at the COM.
bCenter of masses Sij (Fig. 1a) are located on the lines OijOij+1.

xi,j is the distance from Sij to Oij .

Table 2: Geometric, inertia properties and design param-
eters of the prototype of the equivalent five-bar mecha-
nism.

Link Length Mass Inertia COM
(i; j) ℓi,j mi,j Ji,j xi,j

(m) (kg) (kg.m2) (m)

(1&2;1) 0.28 6.92 0.0348 0.0148
(1&2;2) 0.40 0.59 0.0348 0.213

ℓO11O21
= 0.25 m

provided in Tab. 2.

3 WORKSPACE ANALYSIS OF THE R-MIN
ROBOT
In this section, the computation of the geometrico-

static model of the R-Min robot is presented (in a more
unified way than in [27]). The kinemato-static model1 is
derived from the geometrico-static model and allows to
express the singularity conditions. The workspace of the
R-Min robot is computed numerically and compared with

1Following [28], we prefer to replace the word kinetostatic by the
word kinemato-static. Indeed, the former is an assembly of the words
kinetics and statics, and is not related with our present interest in kine-
matics, i.e. with the study of the motion.

that of the five-bar mechanism.

3.1 Geometrico- and kinemato-static models of
R-Min robot

3.1.1 Geometrico-static problem
The R-Min robot being underactuated, its equilib-

rium configuration is obtained at a minimum of the po-
tential energy U . The robot configuration is parameter-
ized with the joint angles qij (with i = {1, 2} the index
of the leg and j = {1, 2, 3} the index of the link) defining
the angle between the links (i, j), q4, the direction of the
preload system and ρ its length. In what follows, we will
denote as qa = [q11 q21]

T ∈ R2 the vector of the active
joint coordinates, qd = [q12 q13 q22 q23]

T ∈ R4 the vec-
tor of the passive joint coordinates (excluding the preload
system) and p = [x z]T ∈ R2 the end-effector position
vector expressed in the frame F0.

In order to solve the geometrico-static problem, for
a given value of the motor angles qa (considered to be
blocked), it is necessary to find the configuration qdp =
[qT

d pT ]T ∈ R6 which minimizes the robot potential en-
ergy (33), under geometric constraints (1). Indeed, due
to the closed-chain nature of the robot, the variables qa,
qd and p are not independent. Four constraint equations
grouped in the vector ϕϕϕ = [ϕϕϕT

1 ϕϕϕT
2 ]

T can be defined:

ϕϕϕi = 0 =
−−−→
OOi1 + ℓi1ui1 + ℓi2ui2 + ℓi3ui3 − p (1)

with i = {1, 2} the index of the leg and uij =[
cos
(∑j

k=1 qik

)
sin
(∑j

k=1 qik

)]T
the direction vec-

tor of the link (i, j).
Mathematically speaking, the geometrico-static

problem can be formulated as:

qdp = argmin U(qa,qd,p)

subject to ϕϕϕ(qa,qd,p) = 0
(2)

The total potential energy of the robot U can be ex-
pressed as a function of the coordinates qa, qd and p.
For the sake of conciseness, details of the computation
are given in Appendix A. This optimization problem can
be reformulated using the augmented Lagrangian func-
tion defined as:

L = U(qa,qd,p) +ϕϕϕT (qa,qd,p)λ (3)

where λ ∈ R4 is a vector of Lagrange multipliers. Solu-
tions to (2) can be found by solving the first-order stabil-
ity conditions [29] ∇qdp,λL = 0, which are formulated
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as follows:

{
h(qa,qd,p,λ) = 0

ϕϕϕ(qa,qd,p) = 0
(4)

with h(qa,qd,p,λ) = ∇qdp
U + ∇qdp

ϕϕϕλ, the gradient
of the Lagrangian with respect to qdp.

The system of equations (4) is composed of 10 equa-
tions, and contains 12 unknowns (qa,qd,p,λ). There-
fore, it can be solved by fixing two of the unknowns
to a desired value, in order to get either the for-
ward geometrico-static model (FGSM) or the inverse
geometrico-static model (IGSM). Since the solutions to
Eq. (4) cannot be obtained analytically, a numerical
solver for nonlinear systems of equations must be used.
In this work, we used the Matlab implementation of
the Levenberg-Marquardt algorithm implemented in the
fsolve function.

Forward geometrico-static model By fixing the value
of qa to a given value q∗

a, it is possible to compute a so-
lution (q∗

d,p
∗,λ∗) ∈ R10 to Eq. (4).

Inverse geometrico-static model In the same manner,
by fixing the value of p to a given value p∗, a solution
(q∗

a,q
∗
d,λ

∗) ∈ R10 to Eq. (4) can be found.

Second-order stability condition The computed con-
figuration (q∗

a,q
∗
d,p

∗,λ∗) is not necessarily a stable con-
figuration, since it is not necessarily a minimizer of the
potential energy U , but could be a maximizer or a sad-
dle point. In order to assess the stability of a con-
figuration satisfying the first-order condition given in
Eq. (4), second-order conditions must be checked as de-
tailed in [29]. These conditions can be formulated using
the following two matrices:

• The Hessian matrix of the Lagrangian function with
respect to qdp:

H(q∗
a,q

∗
d,p

∗,λ∗) = ∇2
qdpqdp

L(q∗
a,q

∗
d,p

∗,λ∗)

= Dqdp
h(q∗

a,q
∗
d,p

∗,λ∗)
(5)

• A matrix Z ∈ R6×2 spanning the null space of the
transposed gradient of the constraints:

Z ∈ Ker
(
∇qdp

ϕϕϕT (q∗
a,q

∗
d,p

∗,λ∗)
)

(6)

Then, the configuration (q∗
a,q

∗
d,p

∗,λ∗) is stable if the
projected (or reduced) Hessian Hz = ZTHZ is positive
definite, i.e. if Hz ≻ 0 [29].

3.1.2 Kinemato-static modelling of the R-Min robot
The kinemato-static model of the robot can be ob-

tained by differentiating the geometrico-static model (4)
with respect to time:

{
Dqa

h q̇a +Dph ṗ+Dqd
h q̇d +Dλh λ̇ = 0

Dqa
ϕϕϕ q̇a +Dpϕϕϕ ṗ+Dqd

ϕϕϕ q̇d = 0
(7)

Equation (7) can be simplified by left-multiplying
its first line by matrix ZT defined in (6), noticing that
Dλh = ∇qdp

ϕϕϕ. We then obtain:

Aq̇a +Pṗ+Dq̇d = 0 (8)

with A =

[
ZTDqa

h
Dqa

ϕϕϕ

]
∈ R6×2, P =

[
ZTDph
Dpϕϕϕ

]
∈ R6×2

and D =

[
ZTDqd

h
Dqd

ϕϕϕ

]
∈ R6×4

The system of equations (8) is made of 6 equa-
tions, and contains 8 unknowns (q̇a, q̇d, ṗ). There-
fore, by fixing two of the unknowns to a desired value,
Eq. (8) can be solved, in order to get either the forward
kinemato-static model (FKSM) or the inverse kinemato-
static model (IKSM).

Forward kinemato-static model It allows to express
the end-effector velocity ṗ and the passive joint velocities
q̇d as a function of the motor velocities q̇a:[

ṗ
q̇d

]
= −GPD

−1Aq̇a (9)

where GPD =
[
P D

]
∈ R6×6. The conditions of de-

generacy of the matrix GPD are discussed later.

Inverse kinemato-static model It allows to express the
motor velocities q̇a and the passive joint velocities q̇d as
a function of the end-effector velocity ṗ:

[
q̇a

q̇d

]
= −GAD

−1Pṗ (10)

where GAD =
[
A D

]
∈ R6×6. The conditions of de-

generacy of the matrix GAD are discussed in the next
paragraph.

6



Singularity analysis The system of equations (8) is
analogous to that of a continuum parallel robot [30], as
detailed in [31]. Based on this paper, several types of sin-
gularities may appear for this system of equations, among
which the main ones are:

− Type 1 singularities: appear when matrix GAD is
rank deficient, while the matrices A and D are full
rank. These are singularities of the IKSM: In them,
a motion of the motors do not lead to a motion of the
end-effector in some given direction. They define the
workspace boundaries.

− Type 2 singularities: appear when matrix GPD is
rank deficient, while the matrices P and D are full
rank. These are singularities of the FKSM: For a
fixed position of the motors, a small displacement of
the end-effector is allowed. As shown in [31], they
define the boundaries of the stable configuration do-
mains and lead to a loss of stiffness of the robot.

− Type 3 singularities: appear when matrices GAD and
GPD are rank deficient at the same time, while the
matrices A, P and D are all full rank. These are a
combination of both other types of singularities.

Other types of singularity may be found, as mentioned
in [31], but do not appear in the study of the prototype of
the R-Min robot, therefore we do not recall them.

3.2 Robot workspace analysis
In what follows, the algorithm provided in [27] is

used to draw the Cartesian workspace of the R-Min robot.
Since, there exist multiple solutions to the geometrico-
static problem of the R-Min robot (as detailed in [27]),
the following inequalities are added in order to keep only
the set of solutions corresponding to the configuration of
the robot depicted in Fig. 2a:

−4π/3 < q11 < −π/6 (11)
−5π/6 < q21 < π/3 (12)

y < 0 (13)
−π/2 < qi3 < π/2 (14)

0 < θ1 < π (15)
−π < θ2 < 0 (16)

with θi being the angle between
−−−−→
Oi1Oi2 and

−−−−→
Oi2OP . The

search of the workspace is performed only in half of the
joint space since the robot is symmetric, therefore the ad-
ditional constraint π − q21 < q11 is considered.

The working mode depicted in Fig. 2a is suitable for
multiple reasons:
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(a) Inverse condition number of matrix GPD projected in the
workspace
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(b) Inverse condition number of matrix GAD in the workspace

Fig. 4: Inverse condition numbers of matrices (a) GPD

and (b) GAD plotted in the Cartesian workspace of the
R-Min robot.

− both distal arms can fold in case of a collision with a
human,

− the preload bar does not present any risk of injury
since it lies between both distal arms,

− it offers a large Cartesian space for the controlled
point,

− the weight of the payload has no (or little) effect on
the position of the end-effector, as shown in [27].

The obtained workspace for the current prototype is
represented on Fig. 4. It corresponds to the set of stable
solutions to the geometrico-static problem, satisfying in-
equalities (11)-(16). The parameters of the prototype pro-
vided in Tab. 1 have been considered for the computation
with the default setting of the preload system.

The values of the inverse condition numbers of the
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Fig. 5: Decomposition of the workspace boundaries of
the R-Min robot.

matrices GPD and GAD are respectively plotted on
Fig. 4a and Fig. 4b allowing to localize the singularity
loci2 in the Cartesian workspace. Several observations
can be made:

− Type 2 singularity loci are only present in the top of
the workspace, thus allowing to have a large region
without issues in terms of stability,

− The boundaries of the workspace are made of ei-
ther (a) singularities or (b) the joint limits given in
Eqs. (11) to (14).

Figure. 5 decomposes the boundaries of the
workspace of the R-Min robot: curves L1, L4 and L6

correspond to singularities (as it can be seen on Fig. 4),
while L2 and L3 correspond to the mechanical limits of
both motors (resp. q21 < π/3 and q11 < −π/6), L5

corresponds to the symmetry of the robot. When consid-
ering unlimited motor torques, L1 to L6 thus represent the
boundaries of the workspace for the R-Min robot. When
considering the motor torque limitations of our prototype
(23.9 Nm), a new boundary appears which depends on the
stiffness of the preload system. This boundary can signif-
icantly reduce the workspace. Thus, the curve L7 (resp.
L8) indicates the position for which one motor reaches
the maximal value 23.9 Nm for the R-Min robot (resp.
for R-Min+).

The whole workspace of the R-Min robot is drawn

2In the present work, we compute the condition number of matrices
whose components have non-homogeneous units. This is valid as long
as we intend to analyze the degeneracy of the corresponding matrices,
and not to characterize the physical performance of the robot [32], which
is not the case in this paper.

on Fig. 6a. When no limitation of the motor torque is
considered, the workspace of the R-Min robot is close to
that of the five-bar mechanism corresponding to Tab. 2
(Fig. 6b). However, when considering the maximal torque
that can be delivered by each motor (23.9 Nm for the
prototype), the size of the workspace of the R-Min robot
decreases. This workspace is represented for two inter-
changeable springs in the preload system, with a stiff-
ness kt = 111.2 N/m and a free length ℓ0 = 82.7 mm
for the R-Min robot (Fig.6c) and kt = 239.2 N/m, ℓ0 =
102.5 mm for the R-Min+ robot (Fig.6d). Indeed, when
increasing the spring stiffness, the size of the workspace
decreases because motors cannot deliver enough torque
to compensate the wrench applied by the preload system
at the end-effector.

We may thus conclude that the spring stiffness of the
preload system has a considerable impact on the size of
the robot workspace: the lower the stiffness, the larger
the workspace. In addition, a lower stiffness would in-
tuitively be related to a safer robot as will be discussed
later in section 5. However, since the R-Min robot is un-
deractuated, there exist internal oscillations of the passive
joints during a trajectory, whose amplitude is related to
the robot stiffness. These oscillations are directly related
to the positioning accuracy of the end-effector which is
evaluated in the following section.

4 DYNAMIC MODELING AND CONTROL OF
THE R-MIN ROBOT
In this section, the dynamic model of the R-Min

robot is introduced. Based on this model, a modified ver-
sion of a computed torque controller is proposed. The
tracking performances of the implemented controller are
then evaluated experimentally.

4.1 Dynamic model of the R-Min robot
The dynamic model of the R-Min robot is derived

from the Lagrange equations. Since the robot has four
dofs, it can be parameterized by four independent coor-
dinates that will be denoted by the vector qg , defined
as qg = [qT

a qT
u ]

T ∈ R4, with qa = [q11 q21]
T and

qu = [q12 q22]
T . The remaining coordinates defining

the configuration of the robot are grouped into the vector
qc = [q13 q23 pT ]T ∈ R4. The dynamic model is thus
given by:

τ0
0

+

∇qaϕϕϕ
∇qu

ϕϕϕ
∇qc

ϕϕϕ

ν =

τqa

τqu

τqc

 (17)
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(a) R-Min workspace without motor torque limitations (b) Workspace of the five-bar mechanism
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(c) R-Min workspace with motor torque limitations
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(d) R-Min+ workspace with motor torque limitations

Fig. 6: (a-b) Representation of the Cartesian workspace of the R-Min robot for two different values of the spring stiff-
ness in the preload bar considering a maximum motor torque of 23.9 Nm, compared with (c) the Cartesian workspace
of the five-bar mechanism. The robot parameters given Tab. 1 have been considered.

with τqa
, τqu

and τqc
, the generalised torques associ-

ated to the coordinates qa, qu and qc, obtained using the

equations of Lagrange τqk
= d

dt

(
∂L
∂q̇k

)T
−
(

∂L
∂qk

)T
with

k =
{
a, u, c

}
. L = E − U is the robot Lagrangian. For

the sake of conciseness, the expressions of the potential
energy U and the kinetic energy E are detailed in ap-
pendices A and B. τ ∈ R2 is the vector of the motor
input efforts and ν ∈ R4 is a vector of Lagrange mul-
tipliers (which should not be confused with vector λ in-
troduced in the augmented Lagrangian formulation of the
optimization problem in Section 3.1.1).

This model can also be rewritten under the form be-
low, by removing the Lagrange multipliers ν, using the
third line of eq. (17):

[
τ
0

]
=

[
τqa

τqu

]
−
[
∇qaϕϕϕ
∇qu

ϕϕϕ

]
(∇qc

ϕϕϕ)
−1

τqc
(18)

where ∇qc
ϕϕϕ ∈ R4×4 is a square and invertible matrix.

Finally, after some tedious undetailed mathematical
simplifications, and by replacing the expressions of the
variables in the vector qc and their time-derivatives by
their expressions as a function of qg , q̇g , q̈g , the dy-
namic model can be obtained under the following stan-
dard form [33]:

[
τ
0

]
=

[
M11(qg) M12(qg)
M21(qg) M22(qg)

] [
q̈a

q̈u

]
+

[
c1(qg, q̇g)
c2(qg, q̇g)

] (19)

where Mkl ∈ R2×2 (k, l = {1, 2}) are submatrices com-
posing the robot inertia matrix, and ck ∈ R2 are vectors
containing the centrifugal, Coriolis, gravity and spring ef-
fects. It should be noted that friction terms in the joints
could also be added in the vectors ck by using the method-
ology presented in [34].
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4.2 Robot controller
A modified version of the Computed Torque Con-

troller [33] is applied for the control of the R-Min robot.
For computing the motor torques, let us modify the equa-
tions of the dynamic model as follows. First, using the
bottom of Eq. (19), we get:

q̈u = −M−1
22 M21q̈a −M−1

22 c2 (20)

Then, introducing this expression of q̈u in the top of
Eq. (19), the input torques τ can be obtained as follows:

τ =
(
M11 −M12M

−1
22 M21

)
q̈a

+c1 −M12M
−1
22 c2

(21)

In Equation (21), the terms Mkl and ck depend ob-
viously of qa, qu and their time derivatives. However,
the R-Min prototype (presented in section 2) is equipped
with only two sensors positioned on both motors, which
is not enough to compute the full robot configuration. It
was then necessary either to predict the behaviour of the
robot or to make an assumption on the robot’s configura-
tion. In order to simplify the problem, and because the
preload system tense the distal arms, angles q13, q23 and
their time derivatives are assumed to be null at any time,
allowing to estimate qu and its time derivatives based on
the second line of Eq. (7). This hypothesis is of course
not true in practice, but this approximation will be com-
pensated when controlling the input efforts τ thanks to
the use of an integral term, as proposed in the following
equation, derived from (21):

τ =
(
M11 −M12M

−1
22 M21

)(
q̈∗
a

+ ki

∫
(q∗

a − qa) + kp (q
∗
a − qa)

+ kd (q̇
∗
a − q̇a)

)
+ c1 −M12M

−1
22 c2

(22)

with q∗
a, q̇∗

a and q̈∗
a, the desired position, velocity and ac-

celeration, respectively, and kd, kp, ki three gains defined
by [33]:

kd = (1 + 2ξ)ω (23)

kp = (1 + 2ξ)ω2 (24)

ki = ω3 (25)

0 0.1 0.2 0.3 0.4 0.5 0.6

-0.4

-0.2
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(a) Reference Trajectory for the robot end-effector.

z
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)
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−0.4
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x (m)

(b) Reference trajectory for the robot end-effector (in green)
given in the R-Min workspace with initial and median config-
uration obtained from the inverse geometrico-static model.

Fig. 7: Trajectory used for the evaluation of the controller
performances.

where, for our prototype, the damping coefficient ξ is
fixed at 0.72 and the controller cut-off pulsation ω is
experimentally set at 22 rad/s.

4.3 Experimental evaluation of the controller perfor-
mances

In this section, the tracking performances of the con-
troller are evaluated experimentally on the prototype of
the R-Min robot. A reference trajectory is defined in the
Cartesian space. It consists of a linear, horizontal trajec-
tory of 30 cm generated using a quintic polynomial mo-
tion law so as to reach a maximal linear velocity of the
end-effector of 1.5 m/s (see Fig. 7). From this trajectory,
the desired motor positions, velocities and accelerations
q∗
a(t), q̇

∗
a(t) and q̈∗

a(t) (the controller inputs) are com-
puted using the dynamic model. It should be noted that
the dynamic model was previously validated experimen-
tally by a proper comparison of simulation and experi-
mental results, whose details are not shown in this article.

The tracking errors on motor coordinates were mea-
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sured using the motor encoders. Results are presented in
Fig. 8a, showing a maximal error of 3.2 deg. This value
is relatively low regarding the simplicity of the used con-
troller and seems low enough to achieve pick-and-place
operations. The tracking error at the level of the end-
effector was obtained from a camera 3. Results are pre-
sented in Fig. 8b and show a maximal error of 17 mm
along the x direction and 14 mm along the z direction.
At the end of the motion, a residual error of 4 mm is
probably due to the presence of dry friction into the pas-
sive joints and to encoder calibration errors which are not
compensated. These errors appear to be reasonable for a
pick-and-place application. Figure 8c shows the evolu-
tion of the passive angles q13 and q23 along the trajectory.
A maximal amplitude of 9.3◦ is reached which indicates
that the amplitude of these uncontrolled internal motions
remains low enough not to represent an additional risk for
human operators.

5 EXPERIMENTAL ANALYSIS OF THE SAFETY
PERFORMANCES OF THE R-MIN ROBOT
In this section, we first introduce the experimental

setup that will be used in order to analyze experimen-
tally the safety performances of the R-Min robot and
to compare them with those of the five-bar mechanism.
Following the recommendations given in the standard
ISO 15066 [20], the maximum impact force is chosen as
the safety criteria. This impact force is measured using
a dedicated Impact Force Measurement Device (IFMD),
that will be presented below. This IFMD allows to mimic
the bio-mechanical properties of different parts of the hu-
man body, in case of a constrained impact (i.e. when the
human body is clamped between the robot and a wall or
the ground). Multiple impact scenarios are conducted in
order to evaluate the effects of different parameters on
safety such as the configuration of the robot, the location
of the impact on the robot (at the end-effector or on mid-
dle of the distal arm), the velocity of the end-effector at
the time of impact, the impacted human body part or the
stiffness of the preload spring.

5.1 Description of the experimental setup
5.1.1 Description of the compared robots

The experimental setup is constituted of two robots:
a prototype of R-Min presented in Sec. 2.2 and a five-bar
mechanism. The five-bar mechanism is obtained by lock-

3A high-frequency camera is used to obtain, a posteriori, the joint
and Cartesian coordinates of the robot. The camera used is a Mikrotron
MC4082, images were acquired at a frequency of 500 Hz with a resolu-
tion of 1500 dpi. The camera is not used in the control of the robot.
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(a) Controller tracking errors
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(b) End-effector positioning errors
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(c) Evolution of the passive angles

Fig. 8: Evolution of (a) the controller tracking errors, (b)
the positioning error at the end-effector and (c) the pas-
sive angles q13 and q23 obtained during the reference tra-
jectory with the R-Min robot (kt = 111.2 N/m).

ing the passive joints at O13 and O23 of the R-Min robot
and by removing the preload bar. This permits to obtain
two robots with comparable geometric and inertia prop-
erties. The R-Min robot is controlled using the strategy
given in Sec. 4.2, whereas the five-bar mechanism is con-
trolled using a standard Computed Torque Control [33].
Additionally, in the controller, an impact detection was
settled to avoid the application of a continuous force on
the impacted body after the collision. Once an impact is
detected, the controller generates motor torques that com-
pensate gravity effects only. As mentioned in the previ-
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ous section, a high-frequency camera allows to measure
the instant configuration of the robot and obtain its time-
derivatives numerically.

5.1.2 Impact Force Measurement Device (IFMD)
The impact force is measured using a dedicated Im-

pact Force Measurement Device (IFMD) which allows
to mimic the bio-mechanical properties of different body
parts such as the stiffness of the impacted body part
and the non-linear properties of the skin, in case of a
constrained impact. In accordance with the protocols
given in [24, 23], this system is composed of a trans-
lating impactor, a changeable spring, a changeable soft
material cover (foam) and a force sensor. The stiff-
ness of the spring and the hardness and thickness of the
foam are specified for 29 body parts in a document of
the DGUV [25]. These protocols [24, 23] also recom-
mend measuring the pressure during the collision, how-
ever, since the current paper focuses on the effect of the
robot’s architecture on safety and not on the local geom-
etry of the robot where the contact occurs, the pressure
was not measured. The clamping force, which is an-
other important safety criteria [20] when considering a
constrained impact, is not analyzed either in our evalua-
tion. Indeed, thanks to the impact detection implemented
in the controller and the subsequent reaction applied on
motor torques, the clamping force is systematically null.

For the needs of the experiments, we designed our
own IFMD (see Figs. 9a and 9b) following the recom-
mendations given in [25, 24, 23]. It is constituted of the
following parts:

− an impactor of mass mp linked to the ground through
a prismatic joint,

− a set of three foams with different Shore A hardness
and thickness ℓf (this set was provided by the Pilz
company),

− a set of three springs with different stiffnesses kh,
− a force sensor Delta IP 68, with a measurement range

of 1980 N along the impact direction, a resolution of
0.5 N, a data acquisition frequency of 7 kHz. The
signal is filtered with a 4th order low-pass butterworth
filter with a 3 dB frequency of 1 kHz,

− a stiff positioning table to position the force sensor
with respect to the chassis of the robot.

The foam and the spring were chosen to match the
properties of three different body parts: the belly, the leg
and the head, as displayed on Tab. 3. These three body
parts were selected because they represent the range of
body stiffnesses given in the standards ISO/TS15066 [20]
from 10 to 150 N/mm and use the three possible foams.

(a)

n

n

xO

z

π − θc

ℓf

impacted
robot links
foam
impactor

kh

vi

θi

sensor cell

(b)

Fig. 9: Picture of the designed Impact Force Measure-
ment Device (IFMD) mounted on the positioning table
(a) and its schematic (b).

As shown in Tab. 3, the stiffnesses of the springs selected
within the manufacturer’s catalogue differ from the rec-
ommended values in [20] for multiple reasons related to
the mechanical design. However, it is not our objective
in this article to assess the safety of the R-Min robot, but
only to compare its safety performances with respect to
the five-bar mechanism.

5.2 Experimental protocol
In the following, we explain how we designed our

experiment by detailing the impact scenarios that were
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Table 3: Parameters of the IFMD used in the experiments, kh is the stiffness given by the manufacturer, whereas krech

is the stiffness recommended in the standard [20].

Body part foam hardness lf mp kh krech

ShA mm kg N(mm)−1 N(mm)−1

belly 10 21 1.72 11.3 10

upper leg 30 14 1.64 43 50

skull and forehead 70 7 1.57 116 150

selected for testing. We therefore introduce four reference
impact configurations. From these impact configurations,
multiple impact scenarios are defined in order to evaluate
the effect of the following parameters on impact forces:
the end-effector velocity, the impacted body part and the
stiffness of the R-Min robot.

5.2.1 Definition of tested Impact Configurations (IC)
We introduce here four reference impact configura-

tions defined by the configuration of the robot at the time
of impact, the direction of the end-effector’s velocity and
the location of the impact on the robot’s arm. These im-
pact configurations are presented on Fig. 10 and can be
summarized as follows:

− Configuration “Co” corresponds to an impact on the
distal arm (in the middle of link (2, 2) for the five-bar
mechanism, on O23 for R-Min), while the robot is in
a centred configuration (Fig. 10a),

− Configuration “Cp” corresponds to an impact on the
end-effector P , while the robot is in a centred con-
figuration (Fig. 10b),

− Configuration “So” corresponds to an impact on the
distal arm (in the middle of link (2, 2) for the five-bar
mechanism, on O23 for R-Min), while the robot is in
a side-configuration (Fig. 10c),

− Configuration “Sp” corresponds to an impact on
the end-effector P , while the robot is in a side-
configuration (Fig. 10d).

We did not consider any impact with the proximal
arm (link (i, 1)), since we assume that a proper protective
housing could be designed to avoid any contact with the
proximal arm of the robot.

In the collision protocols furnished by the COVR
consortium [24, 23], it is recommended to position the
IFMD such that the foam surface is normal to the direc-
tion of the velocity of the contact point attached to the
robot vi. However, this protocol is well-adapted for se-
rial robots, when impact occurs on the end of the arm. In
our case, due to the parallel architecture of the robot and

Table 4: Set of parameters defining the four reference Im-
pact Configurations (IC). The orientation of the impact
velocity θi is computed from the quasi-static configura-
tion and may vary slightly for the R-Min robot due to in-
ternal dynamics of passive joints.

IC x(tc) z(tc) θe θc θi

m m deg deg deg

Co 0 -0.48 -37.5 -45 -38.3
Cp 0 -0.41 -30 -54 -30
So 0.15 -0.46 0 -36 -7.7
Sp 0.15 -0.48 0 -36 0

its bulky nature, the IFMD was positioned normal to the
distal arm at the time of impact (see Fig. 10), so that the
contact is punctual and takes place on the foam surface
and not on its sides.

Table 4 regroups the main parameters defining each
four impact configurations, i.e. the end-effector’s coor-
dinates at the time of impact, the orientation of the end-
effector’s velocity vector θe, the orientation of the IFMD
θc and the orientation θi of the velocity vector of the con-
tact point. This latter angle is not measured but computed
using the geometrico-static model given in Sec. 3.

5.2.2 Impact scenarios
The design of experiments is based on multiple im-

pact scenarios defined by the selected impacting robot
(R-Min, R-Min+ or five-bar mechanism), the impacted
body part (belly, leg or skull head) and the selected impact
configuration (as defined in Tab 4 and Fig. 10). Impact
scenarios have been selected in order to allow the com-
parison of the R-Min robot with the five-bar mechanism
from a safety perspective and to evaluate the effect of the
following parameters on impact forces: the configuration
of the robot, the location of the impact on the robot’s arm,
the impacted body part (belly, leg or head), the stiffness of
the preload bar and the end-effector’s velocity. Therefore,
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(d) Sp

Fig. 10: Representation of the four reference impact configurations (a) Co, (b) So, (c) Cp and (d) Sp. The trajectory
is represented in green, the robot is drawn in the initial configuration (grey) and at the time of impact (black). The
workspace is drawn for two different cases: (a-b) R-Min and (c-d) R-Min+. The velocity of the end-effector and that
of the impact point, as well as the location of the sensor are shown for each of the four reference impact configurations.

we propose the following design of experiments:

− Eight impact scenarios are defined to analyze the ef-
fect of the impact configuration on impact forces.
Both robots (R-Min and the five-bar mechanism) are
tested impacting the IFMD set to mimic the head.
The four impact configurations are considered: Co,
Cp, So, Sp.

− Eight additional impact scenarios are defined to an-
alyze the effect of the impacted body part on impact
forces. Both robots are tested impacting the IFMD in
two additional settings (belly and leg). Two impact
configurations are considered: Co, Cp.

− Two additional impact scenarios are defined to an-
alyze the effect of the stiffness of the spring of the
preload bar on impact forces. We therefore con-

sider the R-Min+ version of the R-Min robot which
uses a set of springs with a larger stiffness (kt =
231.9 N/m). This robot is thus tested impacting the
IFMD in two additional settings (belly and leg). Two
impact configurations are considered: So, Sp. Im-
pact configurations Co and Cp could be not tested for
R-Min+, because the corresponding robot configura-
tions are not inside the workspace due to the motor
torque limitations.

− The 18 previously defined impact scenarios are re-
alized imposing three different end-effector’s veloci-
ties at the time of impact ve(tc) = {1, 1.5, 2} m/s in
order to analyze its effect on impact forces.

In order to ensure the repeatability of the obtained
measures, each impact scenario was repeated 5 times for
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a given end-effector’s velocity. Experimental results are
obtained with a good reproducibility, indeed we com-
puted the standard deviation of the maximal impact force
for each impact scenario and obtained an average stan-
dard deviation of 1.7 % and a maximum one of 4.0 %
among all impact scenarios.

5.3 Experimental results and analysis
In this section, we present the experimental results

obtained from the previously presented design of experi-
ments. The time profile of the impact force was acquired
for each of the 18 impact scenarios and each of the three
end-effector’s velocities. These results allow to analyze
the effect of various parameters on safety as detailed in
the following.

5.3.1 Comparison of R-Min with the five-bar mecha-
nism

In this section, we present the impact forces obtained
using each of the two robots impacting with the IFMD set
to mimic the head with an end-effector velocity ve(tc) =
1 m/s. All four impact configurations are considered (Co,
Cp, So, Sp).

As can be seen on Fig. 11a, the maximum impact
force obtained with the R-Min robot (56 N) is much lower
than that obtained with the five-bar mechanism (226 N),
when impact occurs on the distal arm with the robot being
in a centred configuration (impact configuration Co). In
this case, the maximum impact force is divided by a mean
ratio4 of r = 4.0. It should be noted that the impact dura-
tion is also significantly lower for the R-Min robot, show-
ing that the mechanical energy transmitted to the human
body part through the impact is much lower when using
the R-Min robot.

However, when considering an impact at the level
of the end-effector (Cp), the maximum impact forces
are very similar for R-Min and the five-bar mechanism
(280 N and 272 N respectively). In this case, the obtained
mean ratio is r = 0.94. Similar results are obtained when
considering the robot in a side-configuration (So, Sp) as
depicted on Fig. 11b. We then obtain a mean ratio r = 4.6
when impact occurs on the distal arm (So) and r = 1.01
when impact occurs on the end-effector (Sp).

These results show that the underactuated architec-
ture of the R-Min robot allows to significantly reduce the
impact force when impact occurs on the middle of the
distal arm at O23, whereas the impact force can increase

4The ratio r is the division of the maximum impact force obtained
with five-bar mechanism divided by the maximum impact force obtained
with the R-Min robot. The ratio values given in this article correspond
to the mean value obtained from five repetitions of an impact scenario.
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Fig. 11: Representation of the impact force time profile
due to an impact between the R-Min robot or the five-bar
mechanism and the head, with ve(tc) = 1 m/s. The four
impact configurations are considered: (a) Co and Cp, (b)
So and Sp.

slightly when impact occurs on the end-effector. Indeed,
as shown on Fig. 12a, the robot stiffness kr 5 in the direc-
tion of impact of the R-Min robot is significantly lower
than that of the five-bar mechanism, when considering an
impact at point O23 for both centred and sided configura-
tions. Interestingly, in this case, the stiffness of the R-Min
robot is not isotropic but is particularly low in the direc-
tion of a probable impact (normal to the distal links 22
and 23), in contrast with the five-bar mechanism. Con-
versely, the R-Min stiffness is rather isotropic at the end-
effector but larger than the stiffness of the five-bar mech-

5Appendix C details how the robot stiffness is computed.
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anism (Fig. 12b).
This behaviour of the R-Min robot can be explained

by the fact that, at the instant before collision, the distal
links (i, 2) and (i, 3) are nearly aligned due to the tension
applied in the preload bar, making the robot as stiff as the
five-bar mechanism at the end-effector, independently of
the stiffness of the preload bar. Figure 13b shows that
the distal links of the R-Min robot remain aligned after
an impact at the end-effector, in contrast with an impact
at O23 as shown in Fig. 13a. For both robots, the stiff-
ness at the end-effector mainly relies on the controller
stiffness. Indeed, the stiffness of the robot mechanics at
the end-effector is infinite when considering rigid links
and joints, for both the five-bar mechanism and R-Min
(considering aligned distal links in this latter case). The
controller stiffness is given by the proportional gain kp
defined in Eq. (22), which depends on the inertia of the
robot. This explains why the R-Min robot, whose inertia
is larger than that of the five-bar mechanism, has a larger
stiffness ellipsoid.

The introduction of a mechanical stop between links
i2 and i3 on both arms, hindering the alignment of these
two links, could help reducing the stiffness and the impact
force at the end-effector, but, conversely, would increase
the stiffness and the impact force at point Oi3. Authors
believe a compromise could be found in the definition of
this mechanical stop in order to obtain a safe behaviour
at both locations, but did not investigate this idea in the
present article.

In the following two sections, we check that these
results remain true for different impacted body parts and
different values of the end-effector velocity.

5.3.2 Effect of the impacted body on safety
We now investigate the effect of the impacted body

part on the impact force. Therefore, three different set-
tings of the IFMD are considered, in order to respectively
mimic a constrained impact with the belly, the leg and the
head (see Tab. 3). Both robots are considered in a cen-
tred configuration, impacting on distal arm (Co), with an
end-effector velocity ve(tc) = 1 m/s.

The corresponding impact force time profiles are pre-
sented on Fig. 14 and show that the maximum impact
force is significantly lower for the R-Min robot than for
the five-bar mechanism for each of the three body parts.
A decreasing stiffness of the IFMD induces a decreasing
value of the maximum impact force for both R-Min and
the five-bar mechanism. A ratio r = 5.2 is obtained for
an impact on the belly, r = 4.2 on the leg and r = 4.0
on the head, showing that the R-Min has a very positive
effect on safety in each of these three cases. Considering

(a) Robot stiffness at O23

(b) Robot stiffness at the end-effector

Fig. 12: Representation of the robot stiffness ellipsoid of
the R-Min robot and the five-bar mechanism, considering
(a) an impact at the end-effector and (b) an impact at point
O23.

the impact configuration Cp, a ratio slightly lower than
one is obtained in each case, as observed in the previous
section.

To compare with, the admissible transient impact
forces given in the standard ISO/TS 15066 [20] are, re-
spectively, 260 N and 220 N for the leg and the belly. No
value is given for the head since it is a critical zone with
whom any contact must be avoided. Results depicted on
Fig. 14 show that the R-Min allows to obtain a maximum
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(a) Impact config. Co (b) Impact config. Cp

Fig. 13: Captures of the R-Min robot 100 ms after the
collision, considering impact configurations (a) Co and
(b) Cp, with ve(tc) = 1 m/s.
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Fig. 14: Representation of the impact force time profile
due to an impact between the R-Min robot (solid lines)
or the five-bar mechanism (dashed lines), with different
body parts (belly, leg and head). The impact configuration
Co is considered with ve(tc) = 1 m/s.

impact force that is significantly lower that the allowable
thresholds for the leg and the belly and, thus, would allow
operating at higher velocity, whereas the five-bar mecha-
nism is already close to the maximum value, especially
for the leg. However, this conclusion is not valid when
impact occurs on the end-effector.

5.3.3 Effect of the end-effector velocity on safety
As mentioned in multiple works [14,35], there exists

a linear relationship between the maximum impact force
and the velocity of the impact point at the time of impact
vi(tc). In what follows, we show that this linear relation
is verified for each of the 18 impact scenarios.

Indeed, a linear regression going through the origin

0 0.5 1 1.5 2
0

200

400

600 Co

Cp

So

Sp

Fig. 15: Representation of the maximum impact force as
a function of the velocity of the impact point consider-
ing the R-Min robot impacting with the head in all ref-
erence impact configurations. A linear regression is per-
formed for each impact configuration and shows a linear
behaviour of the impact force with respect to the velocity
of the impact point.

was performed for each impact scenario, considering the
three end-effector’s velocities ve(tc) = {1, 1.5, 2} m/s
(see Fig. 15). It is recalled that each impact scenario is
led five times for each end-effector’s velocity, providing
15 points for the linear regression. We obtain a maximum
error on the maximum impact force of 12.0 % using the
linear regression model, among all impact scenarios, with
a mean standard deviation of 3.7 %. Once this linear re-
lation has been determined for each scenario, it would be
possible to determine, by extrapolation, the end-effector
velocity, knowing the maximum admissible impact force
defined in the ISO/TS 15066 standard [20].

5.3.4 Effect of the stiffness of the preload bar on safety
It was shown in Sec 3.2 that the stiffness of the

preload bar influences the size of the workspace when
considering motor torque limitations (Fig. 6). In this sec-
tion, we analyze how it affects the safety performances
of the R-Min robot. The impact force is measured for
two different settings of the preload bar, for R-Min kt =
111.2 N/m and ℓ0 = 82.7 mm (see Fig.6c) for R-Min+

kt = 239.2 N/m, ℓ0 = 102.5 mm (see Fig.6d).
Results are presented on Fig. 16 considering impact

configurations So and Sp, ve(tc) = 1 m/s and an impact
with the head. These results show that the stiffness of the
preload system has a very negligible effect on the impact
force, whatever the location of the impact on the robot.
When impact occurs on Oi3, a ratio r = 5.4 (resp. r =
4.6) is obtained with R-Min+ (resp. R-Min), showing that
the maximum impact force is even decreased when using
a stiffer spring in the preload bar.
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Fig. 16: Representation of the impact force time profile
for two different stiffnesses of the preload bar: (a) R-Min
and (b) R-Min+. Scenarios So and Sp are considered,
with ve(tc) = 1 m/s and an impact with the head.

6 CONCLUSION
This paper analyzed the safety performances of the

R-Min robot, a planar underactuated parallel robot de-
signed for intrinsically safe collaborations with human.
After having introduced the mechanical architecture and
presented its prototype, the workspace of the R-Min robot
was computed numerically based on the geometrico-
static, the kinemato-static models and a singularity anal-
ysis. The obtained workspace is very close to that of
an equivalent five-bar mechanism. However, the R-Min
workspace decreases as the stiffness of the spring in the
preload bar increases due to practical motor torque lim-
itations. The dynamic model of the R-Min robot was
then introduced as well as the modified computed torque
controller. An experimental analysis showed good track-
ing performances despite the underactuated nature of this
robot.

In order to compare the safety performances of the
R-Min robot with those of the five-bar mechanism, we set
up a dedicated experimental setup, i.e. a five-bar mech-
anism with geometric and inertia properties equivalent to
that of the R-Min robot, and a bio-fidelic Impact Force
Measurement Device (IFMD). Following a detailed pro-
tocol, experimental results show that the underactuated
architecture of the R-Min robot allows to reduce by a ra-
tio of 4 to 5 the impact force with respect to the five-bar
mechanism when impact occurs on the middle of the dis-
tal arm. In the meantime, when impact occurs on the
end-effector, the impact force is similar to that obtained
with the five-bar mechanism. The effect of the stiffness of
the preload bar was shown to have a negligible effect on

the impact force. We also showed that there exists a lin-
ear relation between the impact force and the end-effector
velocity for each scenario, allowing to determine, by ex-
trapolation, the maximum end-effector velocity from the
allowable impact force defined in the ISO 15066 standard.

The proof of concept R-Min allowed us to obtain en-
couraging results showing the interest of introducing un-
deractuation in the mechanical architecture of a parallel
robot to obtain an intrinsically safer robot. Therefore, fur-
ther works will investigate strategies to reduce the impact
force when impact occurs both on the distal arm or on
the end-effector. We will also extend this planar architec-
ture to the spatial case. Simulations tools will be used to
optimize the design of such robot with respect to safety
criteria. In parallel, we will investigate the use of flexible
links in the mechanical design of a parallel robot to obtain
a highly underactuated system.

A EXPRESSION OF THE POTENTIAL ENERGY
The potential energy of the link (i, j) due to the grav-

ity field, denoted as Ui,j , depends on the links masses mij

(respectively m4 and m5 for links (4) and (5)), their cen-
tre of mass position Sij (respectively S4 and S5) and their
length ℓij . The length ℓSij is equal to ℓOijSij

. ℓS4 is the
length from P to S4, ℓS5 is the length from A to S5.

It is then possible to express the potential energy due
to the gravity for each link:

Ui,1 = gmi1ℓSi1 sin(qi1), (26)
Ui,2 = gmi2 (ℓi1 sin(qi1) + ℓSi2 sin(qi1 + qi2)) (27)

Ui,3 = gmi3 (ℓi1 sin(qi1) + ℓi2 sin(qi1 + qi2)

+ℓSi3 sin(qi1 + qi2 + qi3))
(28)

U4 = gm4z (1− ℓS4/ρ) (29)
U5 = gm5ℓS5 sin(q4) = gm5ℓS5z/ρ (30)

where the angle q4 = tan−1(z/x) and the length ρ =√
x2 + z2 parameterize the configuration of the preload

system.
The potential energy of the robot due to the gravity

can then be summarized as:

Uℓ(qa,qd,p) =

2∑
i=1

3∑
j=1

Ui,j(qa,qd) + U4(p) + U5(p)

(31)
The potential energy of the spring included in the
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preload system can be expressed as follows:

Us =
1

2
kt (ℓ4 − ρ− ℓ0)

2 (32)

where kt and l0 are respectively the stiffness and the free
length of the spring and ℓ4 is the length of the preload bar
from the spring to the end-effector position.

As a result, the total potential energy of the robot U
can be expressed as a function of the coordinates qa, qd

and p by:

U(qa,qd,p) = Uℓ(qa,qd,p) + Us(p)− pcf (33)

where f is an external force, assumed to be conservative,
applied at a contact point pc of the robot.

B EXPRESSION OF THE KINETIC ENERGY
The kinetic energy of the link (i, j) is denoted Ei,j

and obtained as follows:

Ei,1 =
1

2

(
Ji1 +mi1ℓ

2
Si1

)
q̇2i1 (34)

Ei,2 =
1

2

((
Ji2 +mi2ℓ

2
Si2

)
(q̇i1 + q̇i2)

2

+mi2ℓ
2
i1q̇

2
i1

+ 2mi2ℓi1ℓSi2q̇i1(q̇i1 + q̇i2) cos(qi2)
) (35)

Ei,3 =
1

2

((
Ji3 +mi3ℓ

2
Si3

)
(q̇i1 + q̇i2 + q̇i3)

2

+mi3ℓ
2
i1q̇

2
i1 +mi3ℓ

2
i2 (q̇i1 + q̇i2)

2

+ 2mi3

(
ℓi1ℓi2q̇i1 (q̇i1 + q̇i2) cos(qi2)

+ ℓSi3 (q̇i1 + q̇i2 + q̇i3)
(
ℓi1q̇i1 cos(qi2 + qi3)

+ ℓi2 (q̇i1 + q̇i2) cos(qi3)
)))

(36)

E4 =
1

2

((
J4 +m4ℓS4

2
)
q̇24 +m4ẋ

2 +m4ẏ
2

− 2ℓS4q̇4 (cos(q4)ẋ+ sin(q4)ẏ)
) (37)

E5 =
1

2

(
J5 +m5ℓS5

2
)
q̇24 (38)

where Jij (J4, J5, resp.) is the moment of inertia around
y of the body (i, j) (4, 5, resp.).

As a result, the total robot kinetic energy E can be
expressed as a function of the coordinates qa, qd and p,

and their time derivatives, by:

E(qa,qd,p, q̇a, q̇d, ṗ) =

2∑
i=1

3∑
j=1

Ei,j(qa,qd, q̇a, q̇d)

+ E4(p, ṗ) + E5(p, ṗ) (39)

C EXPRESSION OF THE ROBOT STIFFNESS
Let us recall the static equilibrium equation presented

on Eq. (4) :{
∇qdp

U(qa,qd,p) +∇qdp
ϕϕϕ(qa,qd,p)λ = τ e

ϕϕϕ(qa,qd,p) = 0

(40)
where τ e represents an external force applied on our
mechanism, considered constant.

From equation (22), in static, we may consider that
the controller acts like a spring system of stiffness matrix
Kp = (M11 − M12M

−1
22 M21)kp, with a potential en-

ergy: Ua = 1/2(qa − qv)
TKp(qa − qv), qv being the

motor desired reference. The equilibrium equation can be
expressed using this additional spring:



(
∇qdp

U(qa,qd,p)

∇qa
U(qa,qd,p) +Kp(qa − qv)

)

+

(
∇qdp

ϕϕϕ(qa,qd,p)

∇qa
ϕϕϕ(qa,qd,p)

)
λ =

(
τ e

0

)
ϕϕϕ(qa,qd,p) = 0

(41)

Differentiating Eq. (41), considering a small move-
ment of the robot around this equilibrium configuration,
due to an effort dτ applied on the mechanism, we obtain:{

Hdqt +∇qt
ϕϕϕdλ = dτ

∇qt
ϕϕϕ(qa,qd,p)dqt = 0

(42)

with H being the Hessian of the Lagrangian L =
U(qa,qd,p) + Ua(qa,qv) + ϕϕϕT (qa,qd,p)λ with re-
spect to variables qt =

[
qdp qa

]T
.

The second part of Eq. (42) signifies dqt lies in the
kernel of ∇ϕϕϕ. Let us define Z ∈ R8×2 a basis of the
kernel of ∇qt

ϕϕϕT , dqt can be written under the form
dqt = Zv with v ∈ R2.

Left-multiplying the first line of Eq. (42) by ZT

gives:

ZTHZv = ZTdτ (43)

19



In the absence of Type 2 singularities, the projected
Hessian Hr = ZTHZ is invertible. Left-multiplying
Eq. (43) by ZH−1

r gives:

dqt = ZH−1
r ZTdτ = Sdτ (44)

with S, being the softness matrix of the manipulator.
Considering a ponctual effort dfc applied at point pc

applied on the mechanism, we have:

dτ = JT
c dfc (45)

dpc = Jcqt (46)

with Jc the contact Jacobian matrix.
We finally obtain:

dpc = JcSJ
T
c dfc (47)

where JSJT is the softness matrix at the point of contact
and Kc =

(
JSJT

)−1
, the stiffness matrix. Projecting

Eq. (47) along a direction n, we obtain:

dpc = nTJcSJ
T
c ndfc =

dfc
kr

(48)

with kr, the robot stiffness along direction n.
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