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Dynamics of the fifth Painlevé foliation

E. Paul ∗

J.P. Ramis†

January 16, 2023

Abstract. The leaves of the Painlevé foliations appear as the isomonodromic deformations
of a rank 2 linear connection on a moduli space of connections. Therefore they are the fibers of
the Riemann-Hilbert correspondence that sends each connection on its monodromy data, and
this correspondence induces a conjugation between the dynamics of the foliation and a dynamic
on a space of representations of some fundamental groupoid (a character variety). This one
can be identified to a family of cubic surfaces through trace coordinates. We describe here the
dynamics on the character variety related to the Painlevé V equation. We have here to consider
irregular connections, and the representations of wild groupoids. We describe and compare all
the dynamics which appear on this wild character variety: the tame dynamics, the confluent
dynamics, the canonical symplectic dynamics and the wild dynamics.
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Introduction

The transverse dynamics of an holomorphic foliation is usually defined by its holonomy groupoid.
In general we use a specialization of this groupoid along a particular leaf L: the holonomy group
of L. This one is a representation of the fundamental group of the leaf on a germ of transversal,
defined by the analytic continuation of the solutions. It only describes the transverse structure
of the foliation in a neigbourhood of L.

The Painlevé foliations are holomorphic foliations defined by the Painlevé equations. These
ones are order two non linear ordinary differential equations. Their writings are available for
example in [27]. We only recall here the Painlevé VI and Painlevé V families:

(PVI)
d2w

dt2
=

1

2

[
1

w
+

1

w − 1
+

1

w − t

](
dw

dt

)2

−

[
1

w
+

1

t− 1
+

1

w − t

]
dw

dt

+
w(w − 1)(w − t)

2t2(t− 1)2

[
(α4 − 1)2 − α2

3

t

w2
+ α2

1

t− 1

(w − 1)2
+ (1− α2

2)
t(t− 1)

(w − t)2

]
,

(1)

(PV )
d2w

dt2
=

(
1

2w
+

1

w − 1

)(
dw

dt

)2

−
1

t

dw

dt
+

(w − 1)2

t2

(
α2
1

2
w −

α2
3

2w

)

+ (1− α1 − 2α2 − α3)
w

t
−

1

2

w(w + 1)

w − 1
.

(2)

They define families of one dimensional foliation on {(t, w,w′) ∈ C
3}. They share with all the

Painlevé differential equations type three properties, which will allow us to give a more global
and explicit description of their dynamics. Let us detail these properties for the Painlevé VI
foliation:

1- The Painlevé property : all the solutions (w(t), w′(t)) have a meromorphic continuation
over the universal covering the time space T = P1(C) punctured at the fixed singularities 0, 1 and
∞. This property generalizes the property of holomorphic extension of the solutions of linear
differential equations. The search of non linear differential equations satisfying this property was
the initial motivation of Painlevé and then Gambier in order to construct new transcentendal
functions. It gives rise to the six well known families of Painlevé equations.

According to this property, the movable singularities, i.e. the singularities of the solutions
outside the fixed singularities defined by the equation itself, are only poles. K. Okamoto has
introduced a semi-compactification process in order to get a foliation transverse to a fibration
over the time space. After this process, one can define the dynamic of the Painlevé foliation by
its non linear monodromy, which is defined by an action of the fundamental group of the time
space T , over the Okamoto fiber (the space of initial values). We call it the tame dynamics.

2- The isomonodromic property. In order to study the non linear monodromy of this
foliation, it is useful to introduce a conjugacy between this dynamical system and a simpler one:
the Riemann-Hilbert map. Let us recall the different ingredients involved by this property for
the Painlevé VI equation.

• The moduli space of connections MV I . We consider the family of linear connections on the
trivial bundle over P1 defined the family SV I of rank 2 trace free differential systems

(A) :
dY

dx
=

(
4∑

i=1

Ai

x− pi

)
· Y, pi 6= pj for i 6= j, Ai ∈ sl2(C),

4∑

i=1

Ai = 0, x ∈ P
1,
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up to the global gauge action: Y 7→ Y · P , P ∈ SL2(C), and to a change of the independent
variable x 7→ ϕ(x), ϕ ∈ Aut(P1). The extension of the system to x = ∞ ∈ P

1 is defined by the
change of variable z = x−1. The family SV I is a 13 dimensional space (including the variables
pi), and the above quotient is a 7 dimensional space. The local parameter space is defined by

α(A) = (det(Ai) = α2
i /4, i = 1, . . . 4),

where ±αi/2’s are the eigenvalues of each residue matrix Ai. The time parameter is the cross
ratio t ∈ T = P

1 \{0, 1,∞} of the configurations of the singular points S = {p1, p2, p3, p4}. Over
a value α, the fiber MV I(α) is a 3 dimension space, and t(A) defines a fibration of MV I(α) over
T .

• The character variety χV I as representations of a fundamental groupoid. For a system A in
SV I we can define its monodromy representation by using the analytic continuation of a local
matrix solution Y0 along any element γ of the fundamental group π1(P

1\S, x0). We consider here
another (equivalent) description of this monodromy, introduced by the authors in [53], essential
for what will follows. Instead of considering as usually a fundamental group, we consider a
fundamental groupoid, which allows to make use of several base points. A groupoid is a small
category whose morphisms are invertible. For details on groupoids see [13]. The fundamental
groupoid π1(X) of a variety X is the groupoid whose objects are the points of X and the
morphisms the paths between two points up to homotopy, with the obvious composition. In
what follows, “paths” always means “path up to an homotopy”. We consider the variety X
obtained by 4 real blowing up of the singular points pi in P

1, and we choose a base point si on
each divisor (i.e. a direction out of pi). Let S = {s1, s2, s3, s4}. The groupoid πV I

1 (X,S) is the
restriction of the fundamental groupoid π1(X) to this finite set of objects S. πV I

1 (X,S) has a
presentation given by the following picture:

 

s1

s2

s4

s3γ1,1

γ2,2

γ3,3

γ4,4

γ1,2 γ2,3

γ4,1γ3,4

Figure 1: A presentation of the groupoid πV I
1 (X,S).

The morphisms are generated by the local loops γi,i based in si homotopic to each divisor and
the paths γi,i+1 from si to si+1 satisfying the following relations:

Rext : γ1,2γ2,3γ3,4γ4,1 = ⋆1 (the trivial loop based in s1)

Rint : γ1,1γ1,2γ2,2γ2,3γ3,3γ3,4γ4,4γ4,1 = ⋆1.

A linear representation ρ of πV I
1 (X,S) is a morphism of groupoid from πV I

1 (X,S) into the
category of vector spaces. In the Painlevé context, we only consider linear representations ρ
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such that ρ(s) = Vs is a 2-dimensional vector space and ρ(γs,t) belongs to the set of linear
morphisms which preserve the area.
A choice of a basis in each Vs defines a map ρ(γs,t) ≃Mγs,t in SL2(C). We obtain a representation
of the groupoid πV I

1 (X,S) in the group SL2(C). If we change the basis in each Vs, we obtain
another representation ρ′ of πV I

1 (X,S) in the group SL2(C) which is equivalent, i.e. for any s,
there exist matrices Ps such that

M ′
γs,t = P−1

s ·Mγs,t · Pt.

Therefore a rank two trace free linear representation of πV I
1 (X,S) is also a class of equivalent

representations of πV I
1 (X,S) in SL2(C).

Definition 0.1 The character variety χV I is the categorical quotient 1 of the set of rank 2 trace
free linear representations up to the above equivalence.

The local data of an element ρ in χV I is the restriction of ρ to the groupoid πV I,loc
1 (X,S)

obtained by forgetting the generators γi,i+1. It is characterized by the class of each ρ(γi,i), or
by a = (ai = tr(ρ(γi,i), i = 1, ..., 4). We denote by χV I(a) the corresponding fiber in χV I .

• The character variety as a family of cubic surfaces CV I . Given a presentation of the groupoid
πV I
1 (X,S) by figure (1), we define the trace coordinates (a, x) by

ai(ρ) = tr(ρ(γi,i)), i = 1, · · · 4, xk(ρ) = tr(ρ(γi,iγi,jγj,j)), {i, j, k} = {1, 2, 3}.

The trace coordinates do not change in a class of equivalent representations in SL2(C). Therefore
it can be convenient to make use of normalized representations: A representation ρ of the
groupoid πV I

1 (X,S) in the group SL2(C) is normalized if for any indexes i, j, i 6= j we have:
ρ(γi,j) = I. One can always choose the representation of the objects in order to get a normalized
representation by choosing arbitrarily the representation of a first one and by representing the
further consecutive ones such that ρ(γi,i+1) = I. A normalized representation is given by 4
matrices Mi = ρ(γi,i) unique up to a common conjugacy which satisfy, according to the relation
Rint, M1M2M3M4 = I. We recover here the usual monodromy data. The trace coordinates of
a normalized representation ρ are defined by

ai = tr(Mi), i = 1, · · · 4, x1 = tr(M2M3), x2 = tr(M3M1), x3 = tr(M1M2).

Proposition 0.2 The trace map TrV I defined by (a, x) sends each χV I(a) on the cubic surface
CV I(θ) in C

3 defined by the equation FV I(x, θ) = 0 with

FV I(x, θ) = x1x2x3 + x21 + x22 + x23 − θ1x1 − θ2x2 − θ3x3 + θ4,

and θi = aia4 + ajak, {i, j, k} = {1, 2, 3}, θ4 = a1a2a3a4 +
∑

i a
2
i − 4.

From [31], this trace map is an homeomorphism only on an open set χ0
V I(a) in the character

variety. For a generic value of the local data a, we have χ0
V I(a) = χV I(a). This condition implies

that Mi 6= ±I for i = 1, 2, 3.

• The Riemann-Hilbert correspondence RHV I : MV I → χV I . Let A in MV I(α). We choose
a representative of each base point si by a fundamental system of solutions Ys of A. The
representation of a path γ from s to t is obtained by comparing the analytic continuation Ỹs

γ

of Ys along γ with Yt:

ρA(γ) =Mγ ⇔ Yt = Ỹs
γ
·Mγ .

1This means that we consider the affine variety defined by the ring of invariants functions over the set of linear
representations: see [12] or [61].
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A change of representation of the objects, or a gauge action on A gives an equivalent represen-
tation. The Riemann-Hilbert map RHV I is defined by RHV I(A) = [ρA]. The map induced by
RHV I on the local parameters is defined by

RH loc
V I(αi) = 2 cos(παi) = ai.

We do not discuss here about the surjectivity of RHV I (the so called Riemann-Hilbert prob-
lem) or its properness. For a survey on this wide subject, see [29] for the Painlevé VI case, and
[54] for the other cases.

• Isomonodromic families and Painlevé VI equation. An isomonodromic family on MV I is a
fiber of the map RHV I , parametrized by a variable t, i.e. a family of connections defined by
dY
dx = A(x, t) · Y such that the monodromy representation is locally constant in χV I along this
family. The relationship with the Painlevé VI equation was discovered by R. Fuchs in 1907.

Theorem 0.3 There exists coordinates w,w′, t over a Zariski open set in MV (α) such that the
isomonodromic families are the solutions the Painlevé VI equation (1).

A sketch of proof [30]. Given a fundamental system of solutions Y (x, t), by isomonodromy,
d
dtY (x, t) and Y (x, t) have the same behaviour along any continuation. Therefore the quotient

B(x, t) =
d

dt
Y (x, t) · Y (x, t)−1

is univalued outside the fixed singular points. Since the singular points are regular singular
points (see section 2 for the definition) B extends to the singular set in a meromorphic way.
Therefore Y (x, t) satisfies two rational linear systems dY

dx = A(x, t) ·Y and dY
dt = B(x, t) ·Y . The

compatibility condition requires that the two operators d/dx−A and d/dt−B must commute :

dA

dt
−
dB

dz
+ [B,A] = 0. (3)

The pair (A,B) is called an isomonodromic Lax pair, and the above equation the Schelsinger
equation. If A is irreducible, B is unique. Now, one can find coordinates such that the Schelsinger
equation (3) is equivalent to the Painlevé VI equation: see [30]. ✷

3- The Hamiltonian property : Any Painlevé differential equation is equivalent to a (non
autonomous) hamiltonian system. This fact was first remarked by J. Malmquist [46], and ex-
tended by K. Okamoto in [50]. For example the family of Painlevé VI equations is equivalent
to

ṗ = −
∂HV I

∂q
, q̇ =

∂HV I

∂p
, (4)

with

HV I(α) =
q(q − 1)(q − t)

t(t− 1)

(
p2 − (

α3

q
+

α1

q − 1
+
α2 − 1

q − t
)p+

β

4q(q − 1)

)
.

with β = (α1 + α2 + α3 + α4 − 2)(α1 + α2 + α3 − α4), and where the numbers ±αi/2 are the
eigenvalues of the residues matrices Ai

2.
We denote by PV I(α) the corresponding family of Painlevé vector fields, and by FV I(α) the

family of dimension one holomorphic foliations on C
3
(p,q,t) ⊂ C

2 × P1 (where P
1 is the complex

one dimensional projective space). The fibers t = 0, 1,∞ are singular and the foliation has 4
singular points on each of this fibers.

2The numbering is chosen here such that the two first indices correspond to the singularities 1 and t which are
confluent in the usual confluent process of the Painlevé equations.
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Remark 0.4 Painlevé sixth equation was not discovered by Painlevé and Gambier, using the
Painlevé property, but by Richard Fuchs, using an isomonodromic deformation. R. Fuchs consid-
ered the monodromy preserving deformation of a second order Fuchsian differential equation with
four regular singular points and an apparent singularity3 : Dy = y′′ + a1(x, t)y

′ + a2(x, t) = 0,
where a1 and a2 are rational functions on x depending holomorphically of t. We write the
Riemann scheme of Dy = 0 :





x = 0 x = 1 x = t x = q x = ∞

0 0 0 0 κ0

κ1 κ2 κ3 2 κ0 + κ4





.

In this scheme the exponents κi, i = 0, 1, 2, 3, 4 are complex parameters subject to the Fuchs
relation :

κ1 + κ2 + κ3 + κ4 + 2κ0 = −1.

The κi, i = 1, 2, 3, 4 are related to the eigenvalues ±αi/2 of the Fuchsian systems (A) by

κ1 = α1, κ2 = α2, κ3 = α3 and κ4 = α4 − 1.

For a proof, see [29]. It is easy to derive the Hamiltonian formulation (cf. [48]). The variable q
is the position of the apparent singularity, the variable p is defined by p = Resx=qa2(x, t)dx and
the hamiltonian by (4).

The family of Painlevé V equations (2) is equivalent to

ṗ = −
∂HV

∂q
, q̇ =

∂HV

∂p
, (5)

with HV (α) = t−1 (p(p+ t)q(q − 1)− α1p(q − 1) + α2qt− α3pq) .

We have used here the notations of [60]. The values
alphai/2 are not here eigenvalues of the residues matrices of the connection but are directly
related to them by an affine invertible map whose expression in available in the appendix C of
[35].

We denote by PV (α) the corresponding families of Painlevé vector fields, and by FV (α) the
family of dimension one holomorphic foliations on C

3
(p,q,t) ⊂ C

2 × P
1. There is here only two

singular fibers over t = 0 and t = ∞, with 2 singular points over 0, and 5 singular points over
∞, 3 of them are of saddle-node type i.e. with a vanishing eigenvalue.

This construction provides a symplectic structure ΩV I(α) on MV I(α) given by dq∧dp. This
Poisson structure on MV I also comes from a general construction of Atiyah and Bott [1]: the
symplectic structure on the infinite dimensional space of all the connections induces a Poisson
structure by a symplectic reduction under the gauge action. There also exists several direct
finite dimensional constructions, by using either ciliated fat graphs [24], [2], or quasi-hamiltonian
geometry and quivers varieties [10], or symplectic reduction of multi-Poisson structures [18].

On the right-hand side, the space of linear representations χV I has also a Poisson structure
which induces a symplectic form ωχV I

(a) on each fiber χV I(a). This fact was first proved by
Goldman in [26], and makes use of the Poincaré-Lefschetz duality on the tangent space. It can

3Respectively x = 0, 1, t,∞ and x = q.
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be extended to irregular cases by using the concept of decorated character variety : [15], or
quasi-hamiltonian geometry [9].

There also exists a Poisson structure on the family of cubic surfaces CV I(θ) given by:

ωV I(θ) =
dx1 ∧ dx2
FV I,x3

=
dx2 ∧ dx3
FV I,x1

=
dx3 ∧ dx1
FV I,x2

,

where FV I,xi
= ∂FV I/∂xi = xjxk + 2xi − θi = ∂FV I/∂xi for i=1,2,3. This structure obtained

by the Poincaré residue of the volume form coincide with the Goldman structure: see [31].
Finally K.Iwasaki has proved that the Riemann-Hilbert map RHV I is a Poisson morphism

from (MV I ,ΩV I) to (CV I , 2iπωV I): [32]. One can also find a proof of this fact in [40] obtained
from the Jimbo’s asymptotic formula [34]. This result has been extended for the Riemann-Hilbert
map in a local irregular case by P. Boalch: see [8].

One can summarize these three properties for the Painlevé foliation by the following state-
ment: the dynamics of the Painlevé VI foliation FV I(κ) is conjugated through the Riemann-
Hilbert map to the dynamics on CV I(θ) induces by the automorphisms of πV I

1 (X,S).
Since the inner automorphisms γi,j 7→ αi,iγi,jα

−1
j,j acts trivially on the character variety, this

action factorizes to the quotient

Out(πV I
1 (X,S)) = Aut(πV I

1 (X,S))/Inn(πV I
1 (X,S))

which is defined by pure braids over S in X. This braid group is generated by three elementary
braids b1,2, b2,3 and b3,1 such that b1,2 · b2,3 · b3,1 = 1. The action of each generator on χV I has
been first computed by Dubrovin and Mazzocco [23]. See also Iwasaki [31], or Cantat and Loray
[14] or the authors in [53] for a simple computation using groupoids instead of groups. We have

Proposition 0.5 The action of bi,j is given by the automorphism:

hi,j :





xi → −xi + xjxk + xix
2
k − θjxk + θi

xj → −xj − xixk + θj

xk → xk.

This dynamics has the remarkable “tame property”: any element and its inverse is given by
polynomials.

Contents of this article. Our aim is to present the main tools that will allow us to
extend this description for all the Painlevé equations, by considering here the first case of PV .
In this case, which can be obtained from PV I , by a confluent process, new difficulties arise:

– The monodromy around the two singular fibers 0 and ∞ do not describe the whole trans-
verse structure of the foliation. This monodromy will only give a “tame” dynamics generated
by just one element. This is a consequence of the “irregular” type of the singularities of the
foliation over ∞ which are now saddle-nodes, with non linear Stokes phenomenon.

– On the other side, the class of connections on which PV naturally arises is now a class of
irregular connections. The representation of such a connection must take into account beyond
the usual monodromy, new operators related to such singular points: the linear Stokes operators
and exponential tori.

We solve these problems by constructing a wild fundamental groupoid πV1 (X,S) with its
linear representations (modulo equivalence): the wild character variety χV . The action of
Out(πV1 (X,S)) allows us to recover the tame dynamics.

In order to complete this dynamics, one can construct a family of (non invertible) confluent
morphisms from πV1 (X,S) to π

V I
1 (X,S). The key point is that these morphisms induce families
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of birational maps between the corresponding character varieties. This will allow us to define
and compute a confluent dynamics Conf(PV ) on χV . This one was previously found by Martin
Klimes in [40]. Our technique based here on wild fundamental groupoids allows us to expect a
generalization for all the other Painlevé equations. Notice hat the dynamics that we obtain is
no longer polynomial but only a rational one.

We will also discuss about a canonical dynamic which exists on the cubic surfaces CV , with-
out any reference to a Painlevé equation. The central idea is that here the cubic surface is
symplectically birationally equivalent to

(
C2, duu ∧ dv

v

)
by a sequence of log-canonical coordi-

nates which satisfies some exchange relations, which appear in cluster algebra. The pull-back
of the symplectic Cremona group Symp

(
C
2, duu ∧ dv

v

)
delivers a very rich structure denoted by

Dyn(CV ). We will compare Conf(PV ) and Dyn(CV ).
The wild dynamics of the Painlevé V foliation is defined by the non linear monodromy, non

linear Stokes operators and non linear tori in a neighborhood of a saddle-node singular point.
Following M. Klimes [40], we will recall the definition of this dynamics and its image through the
Riemann-Hilbert map. We also recover here the canonical symplectic dynamics, thus confirming
in this case the rationality conjecture of the second author.

The last part is dedicated to open problems.

Acknowledgments. We would like to thank Martin Klimes for the discussions we had
together on this subject. His work [40] is a primary source of inspiration for this article.
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1 The moduli space MV

According to [54], the moduli space of connections on which lives the Painlevé V foliation is
defined by:

SV =

{
dY

dx
= A(x) · Y, A(x) =

A0

x− s0
+

A1

x− s1
+A∞, A0, A1, A∞ ∈ sl2(C)

}

such that A∞ is a non trivial semi-simple element. The singularities, i.e. the points s such that
A is not holomorphic around s are s0, s1 and ∞. We suppose that the eigenvalues ±t of A∞ are
distinct (t 6= 0). One can extend the basis to P1(C) by setting z = x−1:

dY

dz
= −z−2A(z−1) · Y.

As explained in the introduction, we consider this family up to a gauge action Y = PZ, which
acts on the system by A→ AP = P−1AP −P−1 dP

dx , and up to a change of independent variable
ϕ(x), ϕ in the Möbius group Aut(P1).

1.1 The local classification

Suppose that x = 0 is a singular point of a germ of connection defined by

xp+1dY

dx
= A(x) · Y, A ∈ sl2(C{x}), A0 = A(0) 6= 0, p ≥ 0.

The local formal classification is the classification of such a system up to a gauge transformation
Y = PZ, with P in SL2 (C((x))). The integer p is called the Poincaré rank of the system. It is
not a local gauge invariant. If p = 0 the singular point is called a fuchsian singularity. Given
an element of SV , the points s0 and s1 are fuchsian singularities. The local formal classification
around such a point is given by the following general result (cf [64]):

Proposition 1.1 We consider the fuchsian system xY ′ = A(x) · Y, A0 = A(0) 6= 0.

1. Suppose that the eigenvalues of A0 do not differ from a positive integer (the non resonant
case). There exists a local meromorphic gauge transformation P in SL2 (C((x))) which
conjugates the fuchsian singular system to xZ ′ = A0 · Z

2. In this case, the system (1) admits a local fundamental solution Y = P (x)xA0 , P in
SL2 (C((x))). Furthermore if A is a convergent data, then P is also a convergent matrix.

The general case reduces to the non resonant case by using shearing transformations, which can
eventually modify the Poincaré rank. We also obtain a local fundamental system Y = P (x)xL

for some constant matrix L. In any cases, the sectoral local solutions admits a moderate growth :
fuchsian singularities are regular singular points. The classification of non fuchsian singularities
is given by the Hukuhara Turritin Theorem [3] :

Theorem 1.2 We consider a sl2-system zp+1Y ′ = A(z).Y, A0 = A(0) 6= 0, p ≥ 1. There exists
a formal meromorphic gauge transformation Y = PZ and a ramification z = yk such that the
differential system has the canonical form

yZ ′ = (L+D1y
−1 + · · ·+Dmy

−m) · Z,

where the Di’s are diagonal matrices, and L commutes with the Di’s.
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If the irregular part D1y
−1+ · · ·+Dmy

−m vanishes, we still get a regular singular point. Other-
wise, the singular point is irregular, and the degree r = m/k is called the Katz invariant of the
irregular singular point.

Remark 1.3 If the eigenvalues of A0 are distincts, we do not need to use a ramification z = yk.
Otherwise, for example if A0 is a nilpotent element of sl2(C), we first have to use shearing
transformations in order to modify the leading term A0, which may change the Poincaré rank
and requires a ramification. This may occur for some Painlevé families.

Given an element A of SV , the singular point x = ∞ (z = 0) is an irregular singular point
with Katz rank 1. Since the eigenvalues ±t of A∞ are distinct, we do not need here a ramification
of z. The explicit computation of the residue matrix L∞ gives:

L∞ =




a0 + a1 0

0 −a0 − a1


 .

Therefore the system (A) has a formal fundamental matrix solution around z = 0 given by

Ŷ (z) = P (z)zL∞ expQ(z), Q(z) = diag(αz−1,−αz−1).

1.2 The global gauge moduli space

We want to compute the categorical quotient SV //Sl2(C), i.e the affine variety defined by the
ring of invariant functions under the action of the constant gauge action of Sl2(C). One can
first use a constant gauge transformation in order to diagonalize A∞:

A∞ =




t/2 0

0 −t/2


 , Ai =




ai bi

ci −ai


 , i = 0, 1.

Let S ′
V be the subset of SV defined be the above writing. For a fixed singular set s0, s1, ∞, it is

a 7-1=6 dimensional variety. The remaining gauge action which normalizes the diagonal matrix
A∞ is the group N =< T,P > generated by

T = {Tm =




m 0

0 m−1


 , m ∈ C

∗} and P =




0 1

−1 0


 .

This group acts on sl2(C) by

Tm ·




a b

c −a


 =




a bm2

cm−2 −a


 , P ·




a b

c −a


 · P−1 =




−a −c

−b a


 = −AT .

After this first reduction, SV //SL2(C) = S ′
V //N . The following functions are invariant by the

action of N :

α0 = a20 + b0c0

α1 = a21 + b1c1

α∞ = (a0 + a1)
2

τ = a0t

β0 = b0c1 + b1c0

β1 = t(b0c1 − b1c0)

(6)
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Notice that the three coordinates α = (αi), i = 0, 1,∞ are local invariants around each singular
point. As mentioned in the introduction the αi parameters used in the expressions of the Painlevé
V equation and in its hamiltonien HV are not exactly equal to the present parameters but only
related to the eigenvalues of the Ai by an affine invertible map : see [35].

Proposition 1.4 SV //SL2(C) = Spec(α0, α1, α∞, τ, β0, β1).

Proof. It suffices to prove that the map (α0, α1, α∞, τ, β0, β1) : S ′
V //SL2(C) → C

6 is
invertible over the Zariski open set a0 6= 0, b0c0 6= 0. Given a value (α0, α1, α∞, τ, β0, β1), we
first choose arbitrarily t 6= 0. Now a0 is uniquely determined by ta0 = τ , and b0c0 is uniquely
determined by α0−a

2
0. The values a

2
0 and b0c0 determine a unique class [A0] moduloN . It suffices

to prove that the choice of A0 in this class determines in a unique way the triple (A0, A1, A∞).
A∞ is uniquely defined by a0t = τ . The two last equations define a linear system in (b1, c1)
which admits a unique solution for b0c0 6= 0. The relation

2a0a1 = α2
∞ − α2

0 − α2
1 + b0c0 + b1c1

determines a unique value of a1 for a0 6= 0. Another choice of A0 in [A0] will give an equivalent
triple (A0, A1, A∞) modulo N . ✷

This quotient is endowed with a Poisson structure whose Casimir functions are α0, α1, α∞

and τ . Therefore, each fiber has a canonical symplectic structure. See the introduction for
references.

1.3 The moduli space of connections MV

We now consider the action of a global change of independent variable. We have previously
fixed one singular point at ∞. The positions s0 and s1 are now free parameters. One can use a
translation x→ x+λ in order to get s0 = 0. This action do not modify A0 A1 and A∞. Now we
want to normalize the singular point s1 to the value 1, by using the last change of independent
variable that we can use: x 7→ µx. Since s1 6= s0 = 0, we can introduce the parameter s−1

1 . The
linear system

dY = (A0 +
A1

1− s1x−1
+ xA∞)

dx

x
) · Y

is changed in

dY = (A0 +
A1

1− s1µ−1x−1
+ xµA∞)

dx

x
) · Y.

This action do not modify A0 and A1 but modify A∞ in µA∞. Therefore it keeps invariant the
local variables αi and modify the others variables by:

(τ, β0, β1, s
−1
1 ) → (µβ0, β1, µβ2, µs

−1
1 ).

The quotient of this action is the weighted projective space P3
(1,0,1,1). The usual choice of µ such

that s1 = 1, corresponds to a choice of chart in P
3
(1,0,1,1). Therefore

Proposition 1.5 The moduli space of connections MV (α) induced by SV for fixed local invari-
ants is isomorphic to P

3
(1,0,1,1).

Remark 1.6 1. This space is identical to that obtained by H. Chiba in [17] when he seeks a
natural compactification on which lives the vector field PV by using its Newton polyhedra.
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2. Since one weight vanishes, the quotient space is isomorphic to P2(C) × C, and it is not a
compact space. This fact is shared with the quotient spaces corresponding to the equations
PV I and PIII,D6

, while we obtain a compact weighted projective space for the other families
(I), (II), (IV ), (III,D7), (III,D8): [16]. To deal with this problem, we will use the
trick introduced by H. Chiba, who introduces two copies of the previous space, glued by a
convenient Bäcklund transformation.

2 The wild fundamental groupoid πV1 (X, S)

The fundamental group of π1(P1 \{s0, s1, s∞}, b0) acts on a local fundamental system Y0 around
b0 by analytic continuation of Y0 along a path in P

1 \ {s0, s1, s∞}. We first enlarge this usual
monodromy representation by considering new operators around the irregular point s∞: the
formal monodromy, the Stokes operators and the exponential torus. We first describe theses
operators in the present context, by using a point of view very similar to that introduced by
Stokes himself in [58], starting from a formal solution and using the summability theory.

2.1 Stokes operators, formal monodromy and exponential tori

Definition 2.1 1. Let k > 0. A formal power series f̂ =
∑

i≥0 aix
i is 1/k-Gevrey if there

exists M > 0 and A > 0 such that for all i |ai| ≤MAi(i!)1/k.

2. Let V be a sector at the origin and f an holomorphic function on V . f is 1/k-Gevrey
asymptotic to f̂ if for every strict subsector W in V , there exists MW > 0 and AW > 0
such that for all n ≥ 1

| (f(x)−
n−1∑

i=0

aix
i |≤MWA

n
W (n!)1/k|x|n.

We denote by C[[x]]1/k the algebra of series which are 1/k-Gevrey, A1/k(V ), the algebra
of holomorphic functions on V which are 1/k-Gevrey asymptotic to some formal series. We
mention here the following facts (for the proofs see [44]):

- If f is 1/k-Gevrey asymptotic to f̂ , then f̂ is a 1/k-Gevrey series. Therefore the Taylor
map T : A1/k(V ) → C[[x]]1/k is well defined.

- For V “narrow” i.e. with an opening ≤ π/k, the Taylor map T is surjective: this is a
Gevrey extension of the Borel-Ritt theorem.

- For V “large” i.e. with an opening > π/k, the Taylor map T is injective: this is a Gevrey
extension of the Watson Lemma.

- Any formal solution of any linear or non linear analytic differential equation is 1/k-Gevrey
for some k. This a theorem of Maillet. In the linear case, the second author gives the
optimal Gevrey index by using the Newton polyhedra. In particular, for a linear system
xk+1dY/dx = A(x) · Y , this optimal order is the Katz rank of the system.

Definition 2.2 1. Let d ∈ S1 a direction. A formal power series f̂ =
∑

k≥0 aix
i is k-

summable in the direction d if there exists a sector Vd bisected by d, whose opening is
greater than π/k and an holomorphic function f on V which is 1/k-Gevrey asymptotic to
f̂ .
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2. A formal power series f̂ is k-summable if f̂ is k-summable in any direction d excepted a
finite number of directions (the singular directions).

Let C{x}1/k,d ⊂ C[[x]]1/k be the algebra of k-summable series in the direction d, and C{x}1/k ⊂
C[[x]]1/k the algebra of k-summable series. Since Vd is a large sector, the summation operator
Σd : C{x}1/k,d → A(Vd) is an injective morphism of C-differential algebra.

Theorem 2.3 Let x2dY/dx = A(x)Y , A(x) in sl2(C{x}), be a germ at x = 0 of meromorphic
differential system. We suppose that the eigenvalues of A(0) are distincts (which avoids a rami-
fication of the independent variable), and that the singularity is irregular, with a Katz rank equal
to 1.

1. The formal series appearing in a formal fundamental system of solutions Ŷ are 1-summable.

2. For any non singular direction d, the operator Σd extends to a unique differential morphism
from the algebra C{x}1[x

λ, x−λ, exp t/x, exp(−t/x)] into O(Vd), such that this morphism
induces the identity map on C[xλ, x−λ, exp t/x, exp(−t/x)]. This allows us to define Σd(Ŷ )
for a formal matrix solution Ŷ .

3. Given a formal fundamental system of solutions

Ŷ (x) = P (x)xL expQ(x), Q(x) = diag(tx,−tx),

the singular directions d on which Σd(Ŷ ) is not defined are characterized by arg(x) = d if
and only if exp(2tx) has a maximal decay, i.e. by tx ∈ R

−.

Let Σ be the set of singular directions. The Stokes operators {Sd, d ∈ Σ} are defined in the
following way. We choose a regular direction d0. For any singular direction d, we choose two
regular directions d− and d+ such that the arc (d−, d+) contains the only one singular direction
d. We choose a determination Ŷ0 of Ŷ around a d0. This choice induces a determination Ŷ − of Ŷ
around the direction d− (resp. a determination Ŷ + of Ŷ around d+) by analytic continuation of
the logarithm along the positive arc (d0, d

−) (resp. (d0, d
+)). The summations Y − = Σd−(Ŷ

−)
and Y + = Σd+(Ŷ

+) are defined on large sectors V −
d and V +

d which intersects non trivially on an
open sector around d. Therefore there exists some constant matrix Sd such that Y + = Y −Sd.
One can easily check that Sd does not depend on the choices of d+ and d− around d. A change
of choice for Ŷ or for its determination Ŷ0 around a d0 will modify the family {Sd, d ∈ Σ} by a
common conjugation.

Remark 2.4 Starting from a formal solution Ŷ0, the Stokes operator Sd are defined by the
successive operations: analytic continuation of the formal solution Ŷ0 along an arc from d0 to
d−, summation at d−, analytic continuation of Y − until d+ on V +∩V −, anti-summation at d+

(i.e. Taylor expansion of the actual solution Y +) and finally analytic continuation of the formal
solution Ŷ + from d+ to d0.

Definition 2.5 1. The Stokes operators at each singular direction are defined by the above
composition of operators. Given a formal solution Ŷ0, they are characterized by matrices
Ud, up to a common conjugation.

2. The formal monodromy is the operator generated by a loop γ̂ around 0 acting on a de-
termination of Ŷ . For a given determination Ŷ0, it is defined by a matrix denoted by
M̂ .
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3. The geometric monodromy is the operator generated by a loop γ around 0 acting on a
determination of an actual solution Y . For the actual solution Y0 obtained by summation
of Ŷ0, it is defined by a matrix denoted by M .

4. The (formal) exponential torus is an action of the algebraic group C
∗ on Ŷ0 induced by

a rescaling of the exponential map: exp q → τ exp q. If Ŷ0 = PxL expQ is chosen such
that Q is diagonal, the action of τ is given by a diagonal matrix Tτ = diag(τ, τ−1). In the
general case Tτ is a Cartan component of SL2(C)

The motivation for the introduction of the exponential torus action is given by the following
heuristic interpretation in a one dimensional context: we consider the equation x2y′ + y = 0.
We introduce an unfolding of the irregular singularity at the origin : we replace D = x2d/dx+1
by Dε := x(x − ε)d/dx + 1 (ε ∈ C

∗). Then the irregular singularity is replaced by two regular
singularities at 0 and ε, with respective exponents 1/ε and −1/ε. An important point to notice
is the coupling between the relative positions of the singularity and the exponents. The general
solution of Dεy = 0 is y = Cx1/ε(x − ǫ)−1/ε. It is invariant by the monodromy action of a
simple loop around the two points 0 and ε but the monodromy action of a simple loop around
0 passing between the two points will transform f into e−2iπ/εf . When ε→ 0, this monodromy
action does not have a limit. However we can replace the continuous limit by a discrete limit.
We fix ε0 ∈ C

∗ and we define a sequence (εn)n∈N by 1
εn

:= 1
ε0

+ n, n ∈ N. Then the sequence

(e−2iπ/εn)n∈N is constant and we can interpret f 7→ fτ0, with τ0 := e−2iπ/ε0 as the action of a
simple loop passing between two infinitely near points4. As the choice of ε0 is arbitrary, then τ0
is arbitrary in C

∗ and we can consider the exponential torus as a generalized monodromy group.
This group is no longer discrete, it is an algebraic group of dimension one. The “monodromy of
a loop between the two infinitely near singularities” can be interpreted as a “random point” in
this group. In the unfolding bifurcation Dε there is a breaking of symmetry, the choice of ε fix
a point e−2iπ/ε ∈ C

∗ and the exponential torus is replaced by the ordinary monodromy group
generated by f 7→ e−2iπ/εf . The random point is replaced by a true point.

Proposition 2.6 1. Let d1, d2 = d1+π be the 2 singular directions of the differential system.
We have M = M̂ · Ud2 · Ud1 .

2. If Ŷ0 = PxL expQ is chosen such that Q is diagonal, Ud1 is a lower triangular unipotent
matrix and Ud2 is a upper triangular unipotent matrix. In the general case, Ud1 and Ud2

are in the two Borel components of the Cartan component of the exponential torus.

3. In the present case (a non ramified case), the formal monodromy commutes with the expo-
nential torus (and belongs to it). This fact is no longer true in the ramified case.

A Borel-Cartan configuration is a triple of subgroups (B−, C,B+) in SL2(C) such that C is a
maximal torus, isomorphic to the algebraic group C

∗, and B− and B+ are two maximal solvable
subgroups which contains C. Any Borel-Cartan configuration is conjugated to the canonical
one given by (T−,D, T+) where D is the subgroup of diagonal matrices, T− (resp. T+) the
subgroup of lower (resp. upper) triangular matrices. The unipotent subgroups of B− and B+

are respectively denoted by U− and U+.
The triple (Ud1 , M̂ , Ud2) and the triples (Ud1 , Tτ , Ud2) take their values in a unipotent Borel-

Cartan configuration (U−, C, U+).
The local wild dynamics of the irregular connection is the subgroup (well defined up to

a conjugation) of SL2(C) generated by the Stokes operators, the formal monodromy and the

4The idea of considering an irregular singularity as a pack of infinitely near regular singularities is due to René
Garnier in 1919 [25]. It will be used as a guideline in our work.
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exponential torus. According to a result of the second author [55], the Zariski closure of the
local dynamics in SL2(C) is the differential Galois group of the local linear differential system.

For the study of isomonodromic deformations, we need a parametric version of Theorem
(2.3). They are parametric variants of Gevrey power series and of Gevrey expansions (with
analytic parameters). One supposes that the estimates in definition (2.1) are uniform on the
parameter space U ⊂ C

p, or more generally on every compact K of U : one replaces MW and
AW by MW,K and AW,K (resp. uniform on the parameter space). For an open set U ⊂ C

p,
we will denote O(U)[[x]]1/k the algebra of Gevrey series of order 1/k uniformly on U . They
are also a similar parametric variant of k-summability using the uniformly parametrized 1/k-
Gevrey expansions : the definition is the same mutatis mutandis. We will speak of uniform
k-summability. Then the sums of the uniformly k-summable series in a direction d are analytic
in the variable and in the parameters.5 For more information on these subjects cf. [57].

Theorem 2.7 Let U ⊂ C
p be an open subset. Let D ⊂ C be an open disc centered at 0.

Let [A] : x2dY/dx = A(x, t)Y , where A ∈ sl2 (O(D × U)), be a parametrized meromorphic
differential system. We suppose that, for all t = (t1, . . . tp) ∈ U , the eigenvalues of A(0, t) are
distinct and that the singularity is irregular, with a Katz rank equal to 1.

(i) Locally on U , the system [A] admits a formal fundamental solution analytic in the param-
eters : F̂ = PĤxLeQ, where P ∈ SL2 (O(V )), Ĥ ∈ SL2 (O(V )[[x]]1), Ĥ(0, t) = I (for
every t ∈ V ), L ∈ sl2(C), Q = (q,−q), with q ∈ x−1O(V )[x−1].

(ii) Let t0 ∈ U and V ⊂ U a neighborhood of t0 such that the system admits on V a formal
fundamental solution analytic in the parameters as above. Let t1 ∈ U and d a nonsingular
direction for the system x2dY/dx = A(x, t1)Y . Then there exists a neighborhood W ⊂ V
of t1 such that PĤ is uniformly 1-summable in the direction d on W .

Proof. (i) Let t0 ∈ U . If an open polydisc V centered at t0 is sufficiently small, then there
exists P ∈ GL (O(V )) conjugating the restriction of A0 = A(0, t) to V to a diagonal matrix B0.
Therefore we are reduced to the case where A0 is diagonal. Then we can use a parametrized
variant of the splitting lemma of [3]. It reduces the system to two parametrized formal one
dimensional equations. The result follows easily.

(ii) A first proof. We use a parametrized generalization of the Improved Splitting Lemma of
[3] (8.1, Lemma 11, page 124). The proof is the same mutatis mutandis6.

A second proof. We imitate a proof of the unparamatrized version based on Gevrey asymp-
totics (cf. [44]), replacing the Gevrey Main Asymptotic Existence Theorem by a parametrized
version. ✷

2.2 The local wild fundamental groupoid

Following an idea which appears in a correspondence between P. Deligne B. Malgrange and the
second author [19], the Stokes operators, formal and geometric monodromy around an irregular
point appear as a representation of a “local wild fundamental groupoid”. We want to encode
all these operators by loops, or paths if we allow several base points, in a “halo” (see also [44])
around the singular point whose internal boundary describes the formal world (represented by

5when these sums exist for all values of the parameters. In general the singular directions move with the
parameters and it is necessary to reduce the domain.

6It uses the interpretation of 1-summability in terms of the Borel-Laplace method and delicate estimates in
the Borel plane.
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determinations of formal solutions) and its exterior the analytic world (represented by sectoral
holomorphic solutions).

We consider a small disc ∆0 around x = 0, and we perform a real blowing up E : X0 → ∆0

of x = 0. Let D = E−1(0) ⊂ X0. We draw a second divisor D̂ inside the disc bounded by D.
We mark two opposite directions by drawing two points p1 and p2 in the annulus. Let A be the
punctured annulus. We consider the groupoid π1(X0,D ∪ D̂) whose objects are the points of
D ∪ D̂ and whose morphisms are the paths or loops up to homotopy between two objects inside
the punctured annulus A. Let S0 = {s1, s2} two opposite directions distinct from p1 and p2.

Definition 2.8 The local wild groupoid π♭1(X0, S0) is the restriction of π1(X0,D ∪ D̂) over S0.

We define a presentation of π♭1(X0, S0) in the following way:

 

s1 s2

p2

p1
r+1 r−1

α1

γ̂−1

γ̂+1

r1 r2

γ̂r1,2

γr1,2

γ̂l1,2

γl1,2

Figure 2: A presentation of π♭1(X0, S0).

We choose rays r−i , r
+
i on the left and right side of pi for i = 1, 2. We choose two opposite

base points s1 and s2 on D on the orthogonal direction to (p1, p2), endpoints of 2 rays r1 and
r2. Let γ̂

−
i (resp.γ̂+i ) be the arc from si to the origin of r−i (resp. r+i ) in D̂, and αi the arc on D

from the end of r−i to the end of r+i on D. The two Stokes loops are the loops based in si (see
figure above):

σi = r−1
i · γ̂−i · r−i · αi · (r

+
i )

−1 · (γ̂+i )
−1ri, i = 1, 2.

Let γr1,2 and γl1,2 the lower and upper arcs from s1 to s2 on D, and γ̂r1,2 and γ̂l1,2 their analog on

D̂ by using r1, an arc on D̂, and r−1
2 . The local wild groupoid is generated by σ1, σ2, γ

r
1,2, γ

l
1,2,

γ̂r1,2 and γ̂l1,2. Let γ1,1 = γr1,2 · γ
l
1,2, γ̂1,1 = γ̂r1,2 · γ̂

l
1,2. From the above picture we have the relation

γ1,1 = σ1 · γ̂
r
1,2 · σ2 · γ̂

l
2,1.

In order to include the exponential torus in a linear representation of this groupoid, we introduce
a (non discrete) extension π1(X0, S0) of π

♭
1(X0, S0): we glue a representation of (C∗,×) by adding

two collections of loops t̂1,1(κ), κ ∈ C
∗ based in ŝ1, and t̂2,2(κ), κ ∈ C

∗ based in ŝ2. We denote:

t1,1(κ) = r−1
1 · t̂1,1(κ) · r1( based in s1), t2,2(κ) = r−1

2 · t̂2,2(κ) · r2( based in s2).
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We require the relations Rloc:

(i) ∀κ ∈ C
∗, ∀κ′ ∈ C

∗, ti,i(κκ
′) = ti,i(κ) · ti,i(κ

′), i = 1, 2;

(ii) ∀κ ∈ C
∗, [[σi, ti,i(κ)], σi] = ⋆i, i = 1, 2;

(iii) ∀κ ∈ C
∗, γ̂i,i · ti,i(κ) · γ̂

−1
i,i ti,i(κ)

−1 = ⋆i, i = 1, 2;

(iv) t1,1(κ) · γ̂
l
1,2 · t2,2(κ) · γ̂

r
2,1 = ⋆1.

Definition 2.9 The (complete) wild local groupoid is the groupoid π1(X0, S0) generated by
π♭1(X0, S0) and the families T1,1 = {t1,1(κ), κ ∈ C

∗} and T2,2 = {t2,2(κ), κ ∈ C
∗}, with the

above relations Rloc.

 

s1 s2

p2

p1

t1,1(κ) t2,2(κ)

Figure 3: A presentation of π1(X0, S0).

2.3 The global wild fundamental groupoid

The local wild fundamental groupoid suffices to deal with the Euler equation, or the Kummer
equations by adding one base point [47]. Nevertheless for the Painlevé equations, we have to
consider several regular and irregular singularities, with connecting data between them (and in
some cases an order two ramification).

In order to represent the global monodromy data together with the wild local dynamic of a
connection in MV , we consider the following groupoid. We begin with B = P

1\{p0, p1, p∞}. We
perform real blowing up at each of these points, and we obtain a variety X with divisors D0, D1

and D∞. We choose two opposite base points s1 and s2 on D∞, a base point s3 on D0, and s4 on
D1. Let S = {s1, s2, s3, s4}. We consider the groupoid whose morphisms are the paths between
the base points up to homotopy. Inside (D∞, s1, s2), we glue the local wild groupoid π♭1(X0, S0)
(resp. the complete local wild groupoid π1(X0, S0)). We obtain a new groupoid denoted by

πV,♭1 (X,S) (resp. πV1 (X,S) for the complete version). A presentation of this groupoid is given
by the figure:
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s3s4

γ2,3γ4,1

γ3,4

p1

p2

s1 s2

γ3,3γ4,4

Figure 4: A presentation of πV1 (X,S).

The relations of this presentation are generated by :
– the local relations Rloc previously defined;
– Rext: γ

l
1,2 · γ2,3 · γ3,4 · γ4,1 = ⋆1;

– Rint: γ
r
1,2 · γ2,3 · γ3,3 · γ3,4 · γ4,4 · γ4,1 = ⋆1.

We denote by πV,κ1 (X,S) the fiber of the morphism K : πV1 (X,S) → C
∗ induced by

K(t1,1(κ)) = κ.

2.4 A confluent morphism of groupoid

The comparison of πV,κ1 (X,S) with πV I
1 (X,S) is a central point in order to define the confluent

process. For this purpose, we introduce another presentation of this groupoid, setting:

t1,2(κ) = t1,1(κ
−1) · γ̂r1,2 = γ̂l1,2 · t2,2(κ

−1),

γ2,3(κ) = t2,2(κ
−1) · σ−1

2 · γ2,3.

We obtain the following figure
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≃t1,2(κ)

t1,1(κ)

t2,2(κ) γ2,3(κ)

σ1

σ2

 

t1,2(κ)

t1,1(κ)
σ1

t2,2(κ)
σ2

γ2,3(κ)

Figure 5: Another presentation for πV,κ1 (X,S).

This last figure looks like the figure (1) for the groupoid πV I
1 (X,S). More precisely, we denote

by s′i the objects of πV I
1 (X,S), and we consider a presentation {γ′i,j ,R

′
int,R

′
ext} of πV I

1 (X,S)

given by figure (1). We consider the groupoid morphism ϕκ from πV I
1 (X,S) to πV,κ1 (X,S) which

sends s′i on si and which is defined by:

• ϕκ(γ
′
3,3) = γ3,3, ϕκ(γ

′
4,4) = γ4,4, ϕκ(γ

′
3,4) = γ3,4, ϕκ(γ

′
4,1) = γ4,1,

• ϕκ(γ
′
1,1) = σ1 · t1,1(κ), ϕκ(γ

′
2,2) = σ2 · t2,2(κ),

• ϕκ(γ
′
1,2) = t1,2(κ), ϕκ(γ

′
2,3) = γ2,3(κ).

This morphism ϕκ is an injective morphim but not a surjective one: the pre-image of a
Stokes loop or a loop of an exponential tori are not defined.

Definition 2.10 The confluent morphism from ϕ : πV I
1 (X,S) → πV1 (X,S) is defined by the

family ϕ = (ϕκ)κ∈C∗ .

There exists a similar result in the context of the hypergeometric equation and the confluent
hypergeometric equation in Kummer form.

3 The character variety χV

3.1 Definition of χV

The class of rank 2 linear representations of a fundamental groupoid in SL2(C) has been defined
in the introduction. Here we are only interested in a subclass of linear representations ρ which
satisfy the following property

Definition 3.1 A representation ρ of πV1 (X,S) satisfies the property (⋆) if there exists a Borel-
Cartan configuration (B−, C,B+) such that:

1. ρ(t1,1(κ), κ ∈ C
∗) = C,

2. ρ(σ1) ∈ U−, ρ(γ̂l1,2σ2γ̂
l
2,1) ∈ U+.

If this property holds for ρ it still holds for ρ′ equivalent to ρ.
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Definition 3.2 The character variety χV is the categorical quotient of the set of linear repre-
sentations πV1 (X,S) which satisfy the property (⋆) through the equivalence of representations.

A local representation is a representation over the sub-groupoid restricted to the local loops,
generated by γ̂1,1, γ3,3, γ4,4. It is characterized by a = (a0, a3, a4) with a0 = tr(ρ(γ̂1,1)) =
tr(ρ(γ̂2,2)), a3 = tr(ρ(γ3,3)), a4 = tr(ρ(γ4,4)). Any representation ρ in χV determines a unique
local representation. The fiber of this map is denoted by χV (a).

The inclusion of πV,♭1 (X,S) in πV1 (X,S) induces by restriction a map r whose image is denoted
by χ♭

V .

Proposition 3.3 For a such that a0 6= ±2, r is a (2:1) map over the open set of χ♭
V defined by

ρ(σ1) or ρ(σ2) is a non trivial element.

Proof. If we suppose that σ1 is non trivial, one can choose Ŷ0 such that

ρ(σ1) =




1 0

u1 1


 .

In this case, ρ(t1,1(κ), κ ∈ C
∗) = C is the diagonal subgroup D of SL2(C), and we have

ρ(t1,1(κ)) =




f(κ) 0

0 f(κ−1)


 .

From the relation t1,1(κ)t1,1(κ
′) = t1,1(κκ

′) we deduce that f belongs to Aut(C∗,×), and there-
fore f(κ) = κ or f(κ) = κ−1 . ✷

Corollary 3.4 The character variety χV (a) = χ+
V (a) ∪ χ

−
V (a) with

χ+
V (a) = {(U1,M0, U2,M3,M4,Dκ)}//SL2(C),

χ−
V (a) = {(U1,M0, U2,M3,M4,D

−1
κ )}//SL2(C).

The two copies χ+
V (a) and χ−

V (a) coincide over a such that e0 = e−1
0 i.e. such that a0 = ±2.

3.2 The character variety χV and cubic surfaces

Definition 3.5 A representation of πV,♭1 (X,S) in SL2(C) is normalized if,

ρ(γl1,2) = ρ(γ2,3) = ρ(γ3,4) = I,

where the γi,j are generators of the presentation introduced in figure 4.

There always exists a normalized representation in each class of equivalent representations in
SL2(C), obtained by choosing a representation of an initial object –say s2– and by representing
the successive others objects by analytic continuation along γ2,3, γ3,4 and γ

l
2,1. From the relation

Rext, for a normalized representation we also have ρ(γ4,1) = I.

Proposition 3.6 A normalized representation of πV,♭1 (X,S) is characterized by the data

M0 = ρ(γ̂1,1), U1 = ρ(σ1), U2 = ρ(γ̂l1,2 · σ2 · γ̂
l
2,1), M3 = ρ(γ3,3),M4 = ρ(γ4,4)

such that U1M0U2M3M4 = I, up to a common conjugacy.
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Proof. We have to prove that, for a normalized representation ρ, the images of all the
generators of the groupoid by ρ are well defined. Since ρ(γl1,2) = I, we have

ρ(γ̂l1,2) = U2, ρ(γ̂
r
1,2) =M0U2, ρ(γ

r
1,2) = U1M0U2.

The relation Rint gives U1M0U2M3M4 = I. A change of representation of the initial object will
change this data by a common conjugacy. ✷

One can suppose, by using a conjugacy, that the Cartan subgroup C = {ρ(t1,1(κ)), κ ∈ C
∗} ⊂

SL2(C) is the diagonal one D. From the relation (iii) of the local groupoid presentation, M̂0

commutes with each element of C. Therefore from the relations (i) (ii) and (iii), we have:

U1 =




1 0

u1 1


 , M0 =




e0 0

0 e−1
0


 , U2 =




1 u2

0 1


 ,

M3 =




α3 β3

γ3 δ3


 , M4 =




α4 β4

γ4 δ4


 .

This data is now defined up to a conjugacy by an element of D. Finally we have

χ♭
V = {(U1,M0, U2,M3,M4) ∈ (U−,D,U+)× SL2(C)

2, U1M0U2M3M4 = I}//D.

This algebraic quotient is a 5 dimensional space. The function (a+, x+) = (e0, a3, a4, x
+
1 , x

+
2 , x

+
3 ):

e0 =M0[1, 1], a3 = tr(M3), a4 = tr(M4),

x+1 =M3[2, 2] = δ3, x
+
2 =M4[2, 2] = δ4, x

+
3 = tr(U1M0U2) = e0 + e−1

0 + e0u1u2,

is invariant under the action of D.

Proposition 3.7 The coordinates (a+, x+) define a map Tr+V , invertible for a generic a, from
χ♭
V (a) to the family affine cubic surface CV (θ

+) defined by

FV (θ
+, x) = x1x2x3 + x21 + x22 − θ+1 x1 − θ+2 x2 − θ+3 x3 + θ+4 = 0,

where θ+1 = a3 + e0a4, θ
+
2 = a4 + e0a3, θ

+
3 = e0, θ

+
4 = e20 + e0a3a4 + 1.

Lemma 3.8 We have:

e0u1u2 = x3 − e0 − e−1
0

e0γ3s2 = x2 − e0a3 + e0x1

e0β3s1 = −x1x3 + e0x1 − x2 + a4

Proof. We have x3 = e0 + e−1
0 + e0u1u2. From U1M0U2M3 =M−1

4 we obtain

δ4 = α3e0 + γ3e0u2, α4 = β3e0s1 + δ3e0u1u2 + δ3e
−1
0 .

Using αi = ai − δi, we obtain the two other equalities. ✷

Proof of Proposition (3.7). Since α3δ3 − β3γ3 = 1, we have

(e20u1u2)(α3δ3)− (e0β3u1)(e0γ3u2)− e20u1u2 = 0.
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If we replace e0s1s2, e0γ3s2 and e0β3s1 by the above expressions, we obtain the equation
FV (x, θ

+) = 0. This proves that the map (a+, x+) takes its values in the cubic surface. Given
a point in the cubic surface, we recover α3 = a3 − x1, α4 = a4 − x2, β3γ3 = 1 − x1(a3 − x1),
β4γ4 = 1−x2(a4 −x2), γ3s2 = e−1

0 x2 − a3 +x1, and therefore, for generic values, a unique point
of χ♭

V (a). ✷

Remark 3.9 It might seen more natural to consider the trace coordinates:

y1(ρ) = tr(ρ(γ̂1,1γ1,3γ3,3)), y2(ρ) = tr(ρ(γ̂2,2γ2,4γ4,4)), y3(ρ) = tr(ρ(γ3,3γ3,4γ4,4))

which, for a normalized representation, give:

y1 = tr(M0M3), y2 = tr(M0M4), y3 = tr(M3M4).

But clearly, the coordinates y1 and y2 degenerate if M0 = ±I, since we have y1 = a3 and y2 = a4
in this case. The coordinates

x+1 =
y1 − e0a3

e−1
0 − e0

= δ3, x
+
2 =

y2 − e0a4

e−1
0 − e0

= δ4, x
+
3 = y3

give an extension to this exceptional case M0 = ±I. This choice is also the usual one in the
litterature: see [54] or [40]. Since the coordinates (a+, x+) are directly related to the above trace
coordinates through an affine map, we still denote the corresponding map by Tr+V , and we call it
a trace map.

The normalization of the representation by (U1,M0, U2,M3,M4) used in order to construct Tr+V
requires that U1 is a lower triangular matrix. If we require that U1 must be an upper triangular
matrix, we obtain the data (U−

1 ,M
−
0 , U

−
2 ,M

−
3 ,M

−
4 ) which is equivalent to the first data by the

conjugacy with the matrix

P =




0 1

−1 0


 .

We define the trace map Tr−(ρ) = (a−, x−) = (e−1
0 , a3, a4, x

−
1 , x

−
2 , x

−
3 ) with

e−1
0 =M−

0 [1, 1], x−1 =M−
3 [1, 1] = α3, x

−
2 =M−

4 [1, 1] = α4, x
−
3 = tr(U−

1 M
−
0 U

−
2 ) = x+3 .

This map takes its values in the cubic surface CV (θ
−):

FV (x, θ
−) = x1x2x3 + x21 + x22 − θ−1 x1 − θ−2 x2 − θ−3 x3 + θ−4 = 0,

where θ−1 = a3 + e−1
0 a4, θ

−
2 = a4 + e−1

0 a3, θ
−
3 = e−1

0 , θ−4 = e−2
0 + e−1

0 a3a4 + 1 which can also
be identified to the categorical quotient χ♭

V (a). The points p+ ∈ CV (θ
+) and p− = Tr−V ◦

(Tr+V )
−1(p+) correspond to the same representation in χ♭

V (a).

From (3.4) we know that χV (a) = χ+
V (a) ∪ χ

−
V (a) where

χ+
V (a) = {(U1,M0, U2,M3,M4,Dκ)//SL2(C)},

χ−
V (a) = {(U1,M0, U2,M3,M4,D

−1
κ )//SL2(C)}.

Using a conjugacy with P this second data is equivalent to (U−
1 ,M

−
0 , U

−
2 ,M

−
3 ,M

−
4 , ρ(t1,1(κ)) =

Dκ), which define an element in CV (θ
−). Therefore χV (a) is identified through the trace coor-

dinates to the union of the two affine surfaces CV (θ
−) ∪ CV (θ

+)
We denote by Tr±,κ the restriction of Tr± over πV,κ1 (X,S).
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3.3 Lines and reducibility locus

For what follows in this article, excepted (5.3), we will suppose that the parameters satisfy the
generic conditions:

e0 6= ±1, e3 6= ±1, e4 6= ±1, e0e
ε3
3 e

ε4
4 6= 1 for ε3 = ±1, ε4 = ±1.

The description of the lines in cubic surfaces can be found in [22]. In particular the compacti-
fication of a generic element CV I(θ) in P

3(C) contains 27 lines. In the figure below the central
triangle is the union of the three lines at infinity:

Le1,e2 Le−1

1
,e−1

2

Le3,e4 Le−1

3
,e−1

4

Le1,e
−1

2

Le−1

1
,e2

Le3,e
−1

4

Le−1

3
,e4

Le1,e3 Le2,e3

Le−1

1
,e−1

3 Le−1

2
,e−1

3

Le1,e3

Le−1

1
,e−1

3

Le1,e
−1

3

Le−1

1
,e3

Le2,e4

Le−1

2
,e−1

4

Le2,e
−1

4

Le−1

2
,e4

Le2,e
−1

3

Le−1

2
,e3

Le1,e4

Le−1

1
,e−1

4

Le1,e
−1
4

Le−1

1
,e4

Figure 6: The 24 lines in CV I(θ).

The equations of the lines are obtained from the following decomposition which appears in [40]:

FV I(x, θ) = (xk − cei,ej)(FV I,xk
− xk + cei,ej) + lei,ej le−1

i
e−1

j
,

where FV I,xk
is the partial derivative of FV I(x, θ) with respect to the variable xk, cα,β = αβ−1+

α−1β and

lei,ej = eixi + ejxj − akeiej − a4, le−1

i ,e−1

j
= e−1

i xi + e−1
j xj − ake

−1
i e−1

j − a4.

Therefore the plane xk = cei,ej intersects the cubic surface along a degenerated conic, union of
the two lines

Lei,ej : xk = cei,ej = eie
−1
j + e−1

i ej and lei,ej = 0, Le−1

i ,e−1

j
: xk = ce−1

i ,e−1

j
and le−1

i ,e−1

j
= 0.

The compactification of CV (θ) in P
3(C) has a singular point of type A1 at infinity, and admits

21 lines, of which 18 are in the affine part:
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∆e4
∆e−1

4

∆e3
∆e−1

3

Dl
e−1

4
Dr

e3

Dl
e4 Dr

e−1

3

Dl
e3 Dr

e−1

4

Dl
e−1

3

Dr
e4

De3,e4 De−1

3
,e−1

4

De3,e
−1

4

De−1

3
,e4

Df0,f
−1

0

Df−1

0
,f0

Figure 7: The 18 lines in CV (θ).

Remark 3.10 The equations of these lines are given by

1. z0 = −x21x3 − x1x2 + θ2x1 − e0 = 0 for Dl
e3 ∪D

l
e−1

3

∪Dl
e−1

4

∪Dl
e4 ;

2. z1 = x1x2 − e0 = 0 for ∆e3 ∪∆e−1

3

∪∆e4 ∪∆e−1

4

;

3. z2 = −x22x3 − x1x2 + θ1x2 − e0 = 0 for Dr
e−1

3

∪Dr
e3 ∪D

r
e4 ∪D

r
e−1

4

;

4. x3 = ce3,e4 or ce3,e−1

4

or ce0,e−1

0

for the pairs of lines which cut the basis of the triangle.

In this section, we want to characterize the representations whose image is a point on a line.7

The local loops in πV I
1 (X,S) are the loops γi,i based in si. The local loops in πV1 (X,S) are γ3,3

in s3, γ4,4 in s4, and a generic element of the torus t1,1(κ) in s1 and t2,2(κ) in s2. In any cases,
the local loops at si are denoted below by γi.

Definition 3.11 Let γ be a morphism of the groupoid πV I
1 (X,S) or πV1 (X,S), defined by some

path from si to sj, j 6= i, γi the local loop in si and γj the local loop in si. A linear representation ρ
of the groupoid in SL2(C) is reducible along γ if ρ(γ−1γiγ) and ρ(γj) have a common eigenvector.

If ρ is the linear representation associated with a regular connection ∇, and γ is represented
by analytic continuation, it means that there exists some local solution at si which is an eigen-
vector of the local monodromy around si and whose analytic continuation along γ is also an
eigenvector of the local monodromy around sj. This semi-local solution in a neighbourhood of
γ has an abelian monodromy.

Remark 3.12 1. If ρ is reducible along the path γ, any equivalent representation is reducible
along γ.

2. The representation ρ is reducible along γ if and only ρ is reducible along γ−1.

3. If ρ(γi) = ±I, ρ is reducible along any path joining si to another base point.

7We thanks Martin Klimes for discussions on this topics (see also [40]).
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4. Let ρ be a representation in SL2(C) given by a choice of basis of solutions Xi on each Vi.
We set ρ(γi) =Mi, ρ(γ) =Mγ. ρ is reducible on γ if and only if the matrices M−1

γ MiMγ

and Mj have a common eigenvector.

5. In particular, if ρ is a normalized representation associated to the presentation given by
figure (1) of the groupoid πV I

1 (X,S), with ρ(γi) = Mi and ρ(γi,j) = I for i 6= j, ρ is
reducible on the generator path γi,j if and only if Mi and Mj have a common eigenvector.

Definition 3.13 A pair of matrices in SL2(C) is reducible if and only if they have a common
eigenvector.

Definition 3.14 1. The reducibility locus associated to a path γ is the set R(γ) of linear
representations ρ in χV I which are reducible on γ.

2. Given a presentation of πV I
1 (X,S), the generating reducibility locus is the union of the sets

R(γi,j) for all the generators γi,j, i 6= j.

3. The total reducibility locus is the set R of linear representations ρ in χV I such that there
exists a path between two distinct objects on which ρ is reducible.

Theorem 3.15 Let {γi,j),Ri} be the presentation of πV I
1 (X,S) given by the figure (1), and

TrV I : χV I(a) → CV I(θ) the trace map associated to this presentation. The 24 lines in CV I(θ)
are the reducibility locus of the 6 paths: γi,i+1, i = 1, .., 4 and γ1,3 = γ1,2 · γ2,3, γ2,4 = γ2,3 · γ3,4.

Lemma 3.16 Let M1 and M2 be two matrices in SL2(C) distinct from ±I, e1, e
−1
1 , and e2,

e−1
2 their eigenvalues (we may have e1 = e−1

1 or e2 = e−1
2 ). Let

cα,β = αβ−1 + α−1β.

The pair (M1,M2) is reducible if and only if

tr(M1M2) = ce1,e2 , or tr(M1M2) = ce1,e−1

2

.

Proof. We choose a ”mixed basis” taking an eigenvector of M2, and an eigenvector of M1.
In such a basis, we have:

M1 =




e1 0

f1 e−1
1


 , M2 =




e2 f2

0 e−1
2




or any similar writing obtained by changing e1 with e−1
1 or e2 with e−1

2 . Let Di = diag(ei, e
−1
i ).

We have

tr(M1M2) = tr(D1D2) + f1f2.

Such a pair has a common eigenvector if and only if f1 = 0 or f2 = 0, i.e. if and only if
tr(M1M2) = tr(D1D2). We have tr(D1D2) = ce1,e2 or tr(D1D2) = ce1,e−1

2

. ✷

Proof of Theorem (3.15). We consider a normalized representation ρ and the six (non ori-
ented) generating paths γi,j, i 6= j. For a normalized representation ρ, these paths satisfy:
ρ(γi,j) = I. Therefore ρ is reducible over γi,j if and only if the pair of matrices (Mi,Mj) is
reducible. For {i, j} in {1,2,3}, according to Lemma (3.16), ρ is reducible on the path γi,j if and
only if xk = cei,ej or xk = cei,e−1

j
. Therefore the reducibility locus R(γi,j) is given by the four

lines Le±1

i
,e±1

j
. ✷
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Definition 3.17 The 12 Kaneko points are the intersections

pei,ej = Lei,ej ∩ Le−1

i ,e−1

j
, pei,e−1

j
= Lei,e

−1

j
∩ Le−1

i ,ej
, {i, j} ⊂ {1, 2, 3, 4}.

Proposition 3.18 The Kaneko points pei,ej and pei,e−1

j
correspond to a normalized monodromy

representation such that Mi and Mj commute.

Proof. In a ”mixed basis”,

Mi =




ei 0

fi e−1
i


 , Mj =




ej fj

0 e−1
j


 (7)

or the same writing changing ej in e−1
j . The reducibility locus is given by fifj = 0, which

defines two components Lei,ej and Le−1

i ,e−1

j
(or Lei,e

−1

j
and Le−1

i ,ej
). Therefore pei,ej (or pei,e−1

j
)

is defined by fi = 0 and fj = 0.✷

The Painlevé VI foliation admits 12 singular points, 4 over each singular fiber. The local
description of the foliation in a neighborhood of these non linear singularities of “regular type”
can be found in the chapter 4 of [30]. The Painlevé V foliation also admits 3 non linear regular
singular points over 0. The germ of Painlevé equation admits a unique meromorphic solution
around such a singular point, defining an analytic leave for the germ of foliation: we call them
the central solutions. These solutions have been studied by K. Kaneko [36]. Furthermore, they
appears as the intersection of two codim 1 germs of invariant analytic surfaces [30].

Theorem 3.19 1. The Riemann-Hilbert correspondence RHV I sends the 12 central solutions
to the 12 Kaneko points.

2. The Riemann-Hilbert correspondence RHV I sends the local invariant varieties near a sin-
gular point to the 2 germs of lines intersecting at the corresponding Kaneko point.

Proof. We consider the 4 singular points over 0. The non linear monodromy generated
by a simple loop around 0 will keep invariant each meromorphic solutions and the analytic
invariant surfaces which intersect on it, around this singular point. Through the Riemann-Hilbert
correspondence this non linear monodromy is conjugated to one of the polynomial dynamics hi,j
given by (0.5). The central solutions are sent on fixed points of hi,j. Since each hi,j fixes 4
central points, and has no more than 4 fixed points, this proves the first point.

Now we search for invariant curves under the action of hi,j through the central point pei,ej .
Clearly the two lines Lei,ej and Le−1

i ,e−1

j
are invariant since the union of the two lines is (xk =

cei,ej) ∩ (FV I(x, θ) = 0) which is invariant. Suppose that there exists another local analytic
invariant curve transverse to dxk = 0. It cut the plane (xk = c) on a finite set of points, for any
value c near from cei,ej . This would create a periodic orbit on each (xk = c). The restriction of
hi,j on each (xk = c) is a family of affine maps, and for a generic affine map, there doesn’t exist
such a periodic orbit. Therefore the local invariant surfaces are sent on the germ of two lines
around each central point. ✷

Remark 3.20 Using Proposition (3.18) and Theorem (3.19), we recover here a result of K.
Kaneko [36]: the linear monodromy data preserved along a Kaneko solution is generated by
3 matrices with a pair of commuting matrices. In particular, it generates a solvable group.
Nevertheless, the theorem of K. Kaneko is much more precise: it describes explicitely this linear
solvable monodromy data.

27



We have a result similar to Theorem (3.15) for the Painlevé V foliation.

Theorem 3.21 Let {γi,j ,R} be the presentation of πV1 (X,S) given by figure (4), and Tr+V :
χ+
V (a) → CV (θ

+) the trace map associated to this presentation. Any line in CV (θ
+) is the image

of a reducibility locus in χV (a) for some path in πV1 (X,S).

The proof is similar to the one of Theorem (3.15, but one needs to investigate different cases.
We just mention here an example:

Lemma 3.22 The reducibility locus R(γr1,2) is given by a pair of lines defined by (x3 = a0)∩CV .

Proof. For a normalized representation ρ we have

ρ(γr1,2) = U1M0U2, ρ(γ̂1,1) = ρ(γ̂2,2) =M0.

Therefore, according to Remark (3.12), we have:

ρ ∈ R(γr1,2) ⇔ ((U1M0U2)
−1M0(U1M0U2),M0) is a reducible pair

⇔ (M−1
0 U−1

1 M0U1, U2M0U
−1
2 M−1

0 ) is a reducible pair

⇔ u1u2 = 0

⇔ tr(U1M0U2) = tr(M0),

⇔ x3 = a0 = f20 + f−2
0 where f20 = e0.

The intersection (x3 = a0) ∩ CV is given by one pair of lines. Indeed we have:

FV (x, θ) = (x3 − e0 − e−1
0 )(x1x2 − e0) + df0,f−1

0

df−1

0
,f0
,

with

df0,f−1

0

= f0x1 + f−1
0 x2 − f0a3, df−1

0
,f0

= f−1
0 x1 + f0x2 − f0a4.

Therefore the reducibility locus R(γr1,2) is given by the pair of lines:

Df0,f
−1

0

: x3 = e0 + e−1
0 and df0,f−1

0

= 0, Df−1

0
,f0

: x3 = e0 + e−1
0 and df−1

0
,f0

= 0. ✷

The others cases are treated with similar computations. Here we also have a correspondence
between the 3 Kaneko solutions described by K. Kaneko and Y. Ohyama in and [37], and the 3
Kaneko points pe3,e4 , pe3,e−1

4

and pe0,e−1

0

through RHV .

The complete reducibility locus, defined by all the paths γ of the fondamental groupoid,
contains these lines and their images by the tame dynamics. We don’t know if the lines and the
tame action generate the complete reducibility locus (maybe we have to add some parabolas).

3.4 Log-canonical coordinates on CV (θ) and cluster sequences

Let CV (θ) be the family of symplectic cubic affine surfaces in C
3 defined by FV (x, θ) = 0. The

cubic surfaces CV (θ) are birational to C
2. Indeed, since the equation FV (θ) is affine in x3, the

map π3 : CV (θ) → C
2 induced by (x1, x2, x3) → (x1, x2) is rationally invertible and therefore

birational. The polar locus of π−1
3 is given by FV,x3

= x1x2 − e0 = 0. Recall that CV (θ) has a
symplectic structure defined by

ωV (θ) =
dxi ∧ dxj
∂FV,θ/∂xk

,

for any i, j, k = 1, 2, 3. We want here to introduce symplectic birational maps:

Notations (see Appendix):
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- ωlog =
du
u ∧ dv

v : the log-canonical symplectic form on C
2;

- Bir(C2) : the group of the birational automorphisms of the complex plane;

- Symp(C2) = Symp+(C2) : the subgroup of Bir(C2) of the automorphisms which preserve
ωlog;

- Symp−(C2) : the subset of Bir(C2) of the automorphisms ϕ such that ϕ∗ωlog = −ωlog;

- Symp±(C2) : the subgroup of Bir(C2) generated by Symp+(C2) ∪ Symp−(C2).

Definition 3.23 1. A log-canonical system of coordinates on CV (θ) is a birational symplectic
morphism from (CV (θ), ωV (θ)) to (C2, ωlog).

2. A log-canonical function on CV (θ) is a component of some log-canonical system.

3. A log-canonical sequence of coordinates is a sequence of coordinates such that two consec-
utive elements define a log-canonical system of coordinates.

4. A log-anti-canonical system of coordinates on CV (θ) is a birational symplectic morphism
from (CV (θ), ωV (θ)) to (C2,−ωlog).

Remark 3.24 1. If (x, y) is a log-anti-canonical system of coordinates, (y, x) and (x−1, y)
are log-canonical systems of coordinates.

2. If (x, y) is a log-canonical system of coordinates, for any λ, µ in C
∗, (λx, µy) is a log-

canonical system of coordinates.

The cubic surface CV (θ) is symplectic birationally equivalent to (C2, ωlog). Indeed we have two
first examples of log-canonical systems of coordinates on CV (θ):

Proposition 3.25 Let y1 = x1, y2 = x2 and z1 = FV,x3
= x1x2 − e0. The pairs (y1, z1), and

(z1, y2) are log-canonical systems of coordinates on CV (θ). A map z1 such that both (y1, z1), and
(z1, y2) are log-canonical systems of coordinates is unique up to a multiplicative constant.

Proof. We have:

dy1
y1

∧
dz1
z1

=
dx1
x1

∧
x1dx2 + x2dx1

z1
=
dx1 ∧ dx2
x1x2 − e0

= ωV (θ),

and we have a similar computation for (z2, y2). All the maps such that (y1, z) is a log-canonical
system of coordinates write z = c(y1)z1. Therefore the only maps such that (y1, z), and (z, y2)
are log-canonical systems of coordinates are z = cz1 for some c in C

∗. ✷

Therefore (y1, z1, y2) is a log-canonical triple, which satisfies: z1 = y1y2−e0. In order to construct
new log-canonical or log-anti-canonical systems of coordinates we consider the two maps:

σ1(x1, x2, x3) = (x1 − FV,x1
, x2, x3) = (−x1 − x2x3 + θ1, x2, x3)

σ2(x1, x2, x3) = (x1, x2 − FV,x2
, x3) = (x1,−x2 − x1x3 + θ2, x3).

Lemma 3.26 σ1 and σ2 define polynomial involutive automorphims of CV (θ). Furthermore they
are anti-symplectic automorphisms, i.e. σ∗i ωV (θ) = −ωV (θ).
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Proof. The involutive property is a direct computation. We have FV ◦σi = FV , and therefore
the σi’s are polynomial automorphims. Finally, by using ωV (θ) =

dx2∧dx3

x2x3+2x1−θ1
(resp. ωV (θ) =

dx3∧dx1

x3x1+2x2−θ2
), we obtain σ∗1ωV (θ) = −ωV (θ) (resp. σ

∗
2ωV (θ) = −ωV (θ)). ✷

We set:

g = σ1 ◦ σ2, g−1 = σ2 ◦ σ1.

From Lemma (3.26), g is a polynomial symplectic automorphisms of (CV (θ), ωV (θ)). Therefore,
starting from the log-canonical triple (y1, z1, y2), we obtain two other log-canonical triples by
applying σ∗i , i = 1, 2 and reversing the order of the triple. We set:

(y2, z2, y3) := (σ∗1y2, σ
∗
1z1, σ

∗
1y1);

(y0, z0, y1) := (σ∗2y2, σ
∗
2z1, σ

∗
2y1).

Therefore we obtain a log-canonical sequence of length seven:

H : (y0, z0, y1, z1, y2, z2, y3).

We call it the fundamental log-canonical heptuple. Note that we have:

(y2, z2, y3) = g−1∗(y0, z0, y1).

We extend the fundamental log-canonical sequence to an infinite log-canonical sequence by
setting for any k in Z:

(y2k, z2k, y2k+1, z2k+1, y2k+2, z2k+3, y2k+3) := (g−k∗)(y0, z0, y1, z1, y2, z2, y3).

This sequence satisfies the following relations:

Proposition 3.27 [exchange relations] let AV = Z[e±0 , e
±
3 , e

±
4 ]. Let P , Q1 and Q2 in AV [t]

defined by

P (t) = t+ e0,

Q1(t) = (t− e0e
−1
4 )(t− e0e4)(t− e−1

3 )(t− e3),

Q2(t) = (t− e0e
−1
3 )(t− e0e3)(t− e−1

4 )(t− e4).

For all k in Z we have

ykyk+1 = P (zk)

z2kz2k+1 = Q1(y2k+1)

z2k+1z2k+2 = Q2(y2k+2).

Lemma 3.28 We have :

σ∗1x1 = x−1
2

(
e0 + z−1

1 Q2(x2)
)
, and σ∗2x2 = x−1

1

(
e0 + z−1

1 Q1(x1)
)
. (8)

with :

Q2(t) = t4 − θ2t
3 + θ4t

2 − e0θ1t+ e20 = (x− e0e
−1
3 )(x− e0e3)(x− e−1

4 )(x− e4), (9)

Q1(t) = t4 − θ1t
3 + θ4t

2 − e0θ2t+ e20 = (x− e0e
−1
4 )(x− e0e4)(x− e−1

3 )(x− e3). (10)

Proof.
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1. We have :

x2σ
∗
1x1 = −x1x2 − x22x3 + θ1x2

= −e0 − z1 + x22z
−1
1 (x21 + x22 − θ1x1 − θ2x2 + θ4) + θ1x2

= −e0 − z1 + z−1
1

(
(e0 + z1)

2 + x42 − θ1x2(e0 + z1)− θ2x
3
2 + θ4x

2
2

)
+ θ1x2

= e0 + z−1
1

(
e20 + x42 − θ1x2 − θ2x

3
2 + θ4x

2
2

)
= e0 + z−1

1 Q2(x2).

Hence σ∗1x1 = e0x
−1
2 + x−1

2 z−1
1 Q2(x2).

The proof of the other equality is similar.

2. If we develop the right term of (9), we get :

t4 − (a4 + e0a3)t
3 + (e0a3a4 + e20 + 1)t2 − e0(a3 + e0a4)t+ e20

= t4 − θ2t
3 + θ4t

2 − e0θ1t+ e20.

If we develop the right term of (10), we get :

t4 − (a3 + e0a4)t
3 + (e0a3a4 + e20 + 1)t2 − e0(a4 + e0a3)t+ e20

= t4 − θ1t
3 + θ4t

2 − e0θ2t+ e20. ✷

Proof of Proposition (3.27). From lemma 3.28, we get : z2 = x2σ
∗
1x1 − e0 = z−1

1 Q2(x2).
Hence z1z2 = Q2(x2). Similarly : z0 = σ∗2x2 − e0 = z−1

1 Q1(x1). Hence z0z1 = Q1(x1). The
others relations are obtained by applying g−k∗ to the previous one. ✷

Remark 3.29 1. We have Q1 = e−2
0 t4Q2(e0t

−1).

2. According to Remark (3.10), z2k = 0 are the equations of the lines Dr
· , D

l
· , or their images

by the dynamic < g >, and z2k+1 = 0 are the equations of the lines ∆· or their images by
the dynamic < g >.

3.5 The Laurent property

The exchange relations obtained at Proposition (3.27) suggests that the sequence of log-canonical
systems of coordinates is related to a structure of generalized cluster algebra. Without going
into the theory of cluster algebras (for details see [38]), we just recall here the fact that under
some hypothesis they satisfy the “Laurent property” (see also [15]):

Definition 3.30 1. A rational map r ∈ C(x, y) satifies the Laurent property if its polar set
is included in xy = 0.

2. A birational map r satifies the Laurent property if both r and r−1 have the Laurent property.

3. Let X be an affine surface, and let (yn, zn) be a sequence of algebraic morphisms from X
to C

2. This sequence satisfies the Laurent property, if given an element (yn, zn), any other
regular function ym (or zm) = r(xn, yn) satisfies the Laurent property.

We must remark that the Laurent property is not stable by composition or inversion. It
turns out that in a cluster sequence some simplications arise from the exchange relations and
give this property. A direct proof of this fact needs heavy computations. We can prove here the
Laurent property for the canonical sequence by an argument which avoid these computations
with the exchange relations.
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Proposition 3.31 The log-canonical sequence satisfies the Laurent property.

Proof. We first prove that all the log-canonical variables are polynomials in (x1, x2, x3). This
is true for (y1, z1, y2) = (x1, x1x2 − e0, x2). Recall that σ1, σ2 (and therefore g) are polynomials
in (x1, x2, x3). All the other canonical variables are obtained by the action of a word in σ∗1, σ

∗
2

from a variable in this triple. Therefore they are still polynomials in (x1, x2, x3). We set:

pn : CV (θ) → C
2, u = yn(x), v = zn(x),

qn : CV (θ) → C
2, u = zn(x), v = yn+1(x).

We claim that pn and qn satisfy the Laurent property. Since pn is polynomial, we only have to
prove that the polar set of p−1

n is included in uv = 0. This is true for p1 = (y1, z1):

x1 = y1

x2 = (z1 + e0)y
−1
1

x3 = z−1
1 (−y21 − (z1 + e0)y

−2
1 + θ1y1 + θ2(z1 + e0)y

−1
1 − θ4.

This is also true for q1 = (z1, y2) by using a similar computation. Let

ι : (u, v) → (v, u).

We have :

q0 = ι ◦ p1 ◦ σ2, p2 = ι ◦ q1 ◦ σ1.

Therefore, q0 and p2 also satisfy the Laurent property. Since the property is true for p1 and
p2, and since the tame dynamic g is a polynomial automorphism, it remains true for any pn =
g−1∗pn−2. Since the property is true for q0 and q1 it remains true for any qn = g−1∗qn−2. Finally,
since pn satisfies the Laurent property and pm is polynomial, the map

pm ◦ p−1
n : (ym, zm) = (r(yn, zn), s(ym, zm))

satisfies the Laurent property.✷

From the above proof, one can remark that the Laurent property comes from the fact that the
antisymplectic tame dynamics (σ1 and σ2) and the symplectic dynamics (g) are automorphisms
of the cubic surface.

3.6 Families of confluent and diffluent morphisms

These families were first discovered by M. Klimes in [40] through an analytic confluent process,
both on Painlevé equations and on character varieties. We recover them by using a groupoid
point of view. In definition (2.10) we have introduced a family of morphisms ϕκ : πV I

1 (X,S) →

πV,κ1 (X,S). Therefore we obtain a family

ϕ∗
κ : χκ

V (a) → χV I(aκ)

ρ→ ρ ◦ ϕκ.

On the restriction over χ±
V we have 2 families ϕ±∗

κ .

Proposition 3.32 The morphisms ϕ±∗
κ are invertible on the open set in χV I(aκ) defined by the

elements (M1,M2,M3,M4) such that (M1,M2) is a non reducible pair.
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Proof. The matrix expression of ϕ+∗
κ is

[U1,M0, U2,M3,M4]D → [U1Dκ,Dκ−1M0U2,M3,M4)]SL2(C).

Given (M1,M2,M3,M4), and a parameter κ, we search for matrices M0, U1, U2, M
′
3, M

′
4,

(U1,M0, U2) in U
− ×D × U+ and a matrix Q in SL2(C) such that





U1Dκ = Q−1M1Q

D−1
κ M0U2 = Q−1M2Q

M ′
3 = Q−1M3Q

M ′
4 = Q−1M4Q

(11)

For a given local data (a1, a2, a3, a4), and a value κ, we have only two choices for the eigenvalues
(e0, e

−1
0 ) of M0, solutions of κ

−1e0 + κe−1
0 = a2, one centered around a2κ and the other around

a2κ
−1, induced by the change κ→ κ−1. Let e±1 1, e

±
2 be the eigenvalues of M1 and M2. The two

solutions for M0 are: M0 = diag(e1e2, e
−1
1 e−1

2 ), or M0 = diag(e−1
1 e−1

2 , e1e2). We choose the first
one (the second will give a pre-image for ϕ−∗

κ ).
We recall the LDU decomposition in SL2(C):

Lemma 3.33 Let M be an element of SL2(C) such that M [1, 1] 6= 0. There exists a unique
triple (L,D,U) in U− ×D × U+ such that M = L×D × U .

Proof. We have




a b

c d


 =




1 0

l 1


×




e 0

0 e−1


×




1 u

0 1


⇔





a = e

b = eu

c = el

d = e−1 + elu

which system has the unique solution (l, e, u) = (c/a, a, b/a) if a 6= 0. ✷

We call the above decomposition the LDU -decomposition of M and we denote:

LDU(M) = (L,D,U).

Lemma 3.34 Let M1 and M2 be two non vanishing matrices in SL2(C), M1 6= ±I, M2 6= ±I,
with eigenvalues (e1, e

−1
1 ) and (e2, e

−1
2 ). Suppose that the eigenvectors related to e−1

2 and to e1
are independent. There exists a matrix Q in SL2(C) such that the diagonal component of the
decomposition LDU of Q−1M1M2Q is diag(e1e2, e

−1
1 e−1

2 ).

Proof. The hypothesis of the Lemma gives the existence of a ”mixed basis” (u, v) given by
an eigenvector u of M2 related to the eigenvalue e−1

2 , and an eigenvector v of M1 related to the
eigenvalue e1. Let Q be the matrix of this change of basis. We have:

Q−1M1Q =




e1 0

c1 e−1
1


 , Q−1M2Q =




e2 b2

0 e−1
2


 .

Therefore

Q−1M1M2Q =




e1e2 e1b2

e2c1 e−1
1 e−1

2 + b2c1


 =




1 0

c1 1


 ·




e1e2 0

0 e−1
1 e−1

2


 ·




1 b2

0 1


 .
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✷

End of the proof of Proposition (3.32). Suppose that the pair of matrices (M1,κ,M2,κ) satisfies
the hypothesis of Lemma (3.34). We choose the matrix Q given by this Lemma and we obtain
a solution of (11):

(U1,M0, U2) = LDU(Q−1M1,κM2,κQ),M ′
3 = Q−1M3Q,M

′
4 = Q−1M4Q.

A change of mixed basis will modify Q by a multiplication on the righta side with a diagonal
matrix. Therefore the class [(U1,M0, U2,M

′
3,M

′
4)]D is unique. The representations ρ for which

the hypothesis of Lemma (3.34) is not satisfied are the representations for which the eigen-
directions related to e1,κ and e−1

2,κ are the same. This defines a component –here the line Le1,e2–

of the reducibility locus along the path γ1,2 in πV I
1 (X,S). Therefore Φκ is invertible outside

Le1,e2 . Note that for the other choices of κ or e0 we shall find one of the other components of
R(γ1,2). ✷

Using the trace maps, ϕ±∗
κ induces two families of morphisms of cubic surfaces:

Φ±
κ = (Tr±κ

V )−1 ◦ ϕ±∗
κ ◦ TrV I : CV (θ

±) → CV I(κ(θ
±))

where κ(θ+) = κ(e0, a3, a4) = (κ + κ−1, e0κ
−1 + e−1

0 κ, a3, a4) and κ(a−) = κ(e−1
0 , a3, a4) =

(κ+ κ−1, e−1
0 κ−1 + e0κ, a3, a4).

Theorem 3.35 (Confluent and diffluent morphisms) The morphisms Φ±
κ are symplectic

birational morphisms from CV (θ
±) to CV I(κ(θ

±).

Proof. We have to prove that Φ+
κ has rational expression in trace coordinates and is invertible

in the class of birational transformations.

Lemma 3.36 The map Φ+
κ : CV (θ

+) to CV I(κ(θ
+) is defined by





x1,κ = e−1
0 κx1 + κ−1x2

x2,κ = −e−1
0 κx1x3 + κ−1x1 − e−1

0 κx2 + a3κ+ a4e
−1
0 κ

x3,κ = x3.

Proof. We set M1,κ = U1Dκ, M2,κ = Dκ−1M0U2. We have





x1,κ = tr(M2,κM3) = α3e0κ
−1 + e0γ3s2κ

−1 + δ3e
−1
0 κ

x2,κ = tr(M3M1,κ) = α3κ+ β3s1κ+ δ3κ
−1

x3,κ = tr(M1,κM2,κ) = e0s1s2 + e0 + e−1
0 .

Using Lemma (3.8), we obtain the expressions of Φκ in trace coordinates. ✷

Lemma 3.37 This map is invertible outside the lines Le1,κ,e2,κ ∪ Le−1

1,κ,e
−1

2,κ
in χV I(aκ) and Φ−1

κ

is given by





x1 = (−κx1,κ − e0κ
−1x2,κ + a3e0 + a4)(x3,κ − ce1,κ,e2,κ)

−1

x2 = (κx1,κx3,κ − e0κ
−1x1,κ + κx2,κ − a3κ

2 − a4κ
2e−1

0 )(x3,κ − ce1,κ,e2,κ)
−1

x3 = x3,κ.
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Proof. In order to find Φ−1
κ we solve the system

{
e−1
0 κx1 + κ−1x2 = x1,κ

(−e−1
0 κx3,κ) + κ−1)x1 − e−1

0 κx2 = x2,κ − a3κ− a4e
−1
0 κ

For a fixed value of x3 = x3,κ this system is linear and invertible outside the set

e−1
0 (x3,κ − e−1

0 κ2 − e0κ
−2) = 0.

This set is the pair of lines x3,κ = e1,κe
−1
2,κ + e1,κe

−1
2,κ = ce1,κ,e2,κ , i.e. the pair of lines Le1,κ,e2,κ ∪

Le−1

1,κ,e
−1

2,κ
in χV I(aκ). Solving this system, we obtain the expression of Φ−1

κ given in the statement

of the Lemma.✷

Finally one can prove by using the above expressions that Φ+
κ is a symplectic morphism (see

also [40]) with respects to the symplectcic forms ωκ
V (θ

+) and ωV I(θκ). We have a similar result
for Φ−

κ .

4 The Painlevé V vector field on MV .

4.1 The Riemann-Hilbert map RHV

Proposition 4.1 1. Any local connection ∇, defined by a germ of irregular sl2-system of
Katz rank 1 induces a representation ρ∇ of the local wild groupoid π1(X0, S0) in SL2(C).

2. Any connection A in CV induces a representation ρA of πV1 (X,S) in SL2(C).

Proof. The representation of the local wild fundamental groupoid induced by a local irregular
system is defined in the following way. We first consider an extension of the set of base points to
any point of D or D̂ which is an extremity of the rays ri, r

±
i , i = 1, 2. The points p1 and p2 are

defined by the singular directions of the connection. Any point of D̂ is arbitrarily represented
by a determination in the direction d of a formal fundamental system of solutions Ŷd of the
connection and any point of D is represented by an actual holomorphic fundamental system
of solutions Yd on a small sector around d. Any arc γ on D with origin a and end point b is
represented, as usually by the comparison between the analytic continuation Ỹa

γ
of Ya along γ

with of Yb, i.e. by the matrix Mγ such that

Yb = Ỹa
γ
·Mγ .

Any arc on D̂ is represented in the same way by using the formal representations of its extrem-
ities, and the analytic continuation of the logarithm. Let rd be a regular ray whose origin and
end-point are represented by Ŷd and Yd. The morphism rd is represented by the comparison
between the summation of Ŷd (the summation replace here he analytic continuation) with Yd :

Yd = Sd(Ŷd) ·Mrd .

We represent the loops ti,i(κ) in the following way. One can suppose that the matrix Ŷsi is a

diagonal matrix. Then the action of t̂i,i(κ) on Ŷsi is given by the product with the diagonal
matrix diag(κ−1, κ).Therefore ρA (ti,i(κ)) = Dκ. We have defined the representation ρ∇ on all
the generators of π1(X0, S0) and therefore on π1(X0, S0).

Given a global system A in SV , we complete the previous local wild representation to a
representation of πV1 (X,S) by defining ρ∇(γi,j), (i, j) = (2, 3), (3, 4), (4, 1), (3, 3), (4, 4) in
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the usual monodromic way, by analytic continuation along these paths or loops. A change
of representations of the objects, or a gauge action on the linear system, induce equivalent
representations, which end the proof. ✷

We have defined a Riemann-Hilbert map

RHV : MV (α) → χV (a).

The general Riemann-Hilbert problem discusses about the surjectivity of RH: in the present
context, for any irreducible representation ρ in χV , there exists a unique connection in MV on
the trivial bundle whose linear representation is ρ: for details see [54], [11].

4.2 Isomonodromic families on MV

Any isomonodromic family on MV (α) is a fiber of the map RHV , parametrized by a variable t,
i.e. a family of connections defined by

dY

dx
= A(x, t) · Y

such that the monodromy and the Stokes operators are locally constant in χV (a).

Theorem 4.2 There exists an open Zariski set in MV (α) and coordinates p, q on the fiber
MV (α) such that the isomonodromic families are solutions the Painlevé V hamiltonian differ-
ential system (5).

A sketch of proof. We follow here an argument of [54] wich extends the argument of
Schlesinger for fuchsian connections. Given a fundamental system of solutions Y (x, t), by isomon-
odromy, d

dtY (x, t) and Y (x, t) have the same behaviour by analytic continuation or under a Stokes
operator. Therefore the quotient

B(x, t) =
d

dt
Y (x, t) · Y (x, t)−1

is univalued outside the fixed singular points.

Lemma 4.3 B(x, t) extends to the singular set in a meromorphic way.

Proof. Let U ⊂ C be an open subset, and let D be an open disc centered at ∞. Let
dY/dx = A(x−1, t)Y , where A ∈ sl2(O(D × U), be a parametrized meromorphic differential
system. We suppose that, for all t ∈ U , the eigenvalues of A(0, t) are distinct and that the
singularity is irregular, with a Katz rank equal to 1. From Theorem (2.7), the system dY/dx =
AY admits, in a small neighborhood of each t0 ∈ U a formal fundamental solution analytic in
t : Ŷ = Φ̂xLeQ. The polynomials Q and the matrix L are analytic in t and the entries of Φ̂
belongs to O(V )[[x−1]], where V is a small open disc centered at t0. Moreover these coefficients
are 1-summable uniformly in t. For a direction d non-singular at t0, if |t − t0| is small, then d
remains non-singular and the 1-sum is analytic in t. Multiplying on the right by an invertible
diagonal matrix analytic in t, we get a fundamental solution with similar properties.

If the system is isomonodromic, then the matrix L is constant and it is possible to choose Ŷ
in such a way that the Stokes multipliers does not depend on t.

By a simple calculation, we see that B̂(x, t) = d
dt Ŷ (x, t) · Ŷ (x, t)−1 does not contain expo-

nentials, and is invariant by the formal monodromy and by the (constant) Stokes multipliers.
Therefore its entries belongs to O(D)((x−1)). These entries are 1-summable uniformly in t and
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are invariant by the Stokes multipliers, therefore they are meromorphic in x (with a pole at ∞)
and analytic in t. ✷

Therefore Y (x, t) satisfies two rational linear systems dY
dx = A(x, t) · Y and dY

dt = B(x, t) · Y .
The compatibility condition requires that the two operators d/dx − A and d/dt − B have to
commute :

dA

dt
−
dB

dz
+ [B,A] = 0. (12)

The pair (A,B) is called an isomonodromic Lax pair. If A is irreducible, B is unique. In [54], the
computation of B and the equivalence of the compatibility condition (12) with the hamiltonian
system of PV have been performed. ✷

4.3 Singularities of the Painlevé V vector field in the Okamoto’s compactifi-

cation of MV (α)

The Okamoto’s compactification [49], [29]. All the Painlevé foliations satisfy the Painlevé
property: any solution admits an extension along any path is the basis given by the time variable
punctured by the fixed singular points, as a meromorphic function.

In a first step, we search for a compactification on which appear the “polar” singular set,
which corresponds to the poles of the meromorphic solutions. Here, following H. Chiba [16] and
[17], we have to distinguish the equations PIV , PII and PI from PV I , PV and PIII . For the first
triple we obtain this compactification by a convenient weighted projective space. For the second
one, the natural weighted projective space presents a vanishing weight and we can’t catch all
the polar set. In this case we need to glue two copies of this weighted projective space by a
convenient Bäcklund transformation.

In a second step one can remove the polar singular set by a convenient sequence of blowing
up’s. In the version of H. Chiba, it suffices to perform only one weighted blowing up whose
weights are given by the eigenvalues of the polar singular point, which are positive integers.

The first step creates new singular points outside the polar singular set, over z = ∞, which
are saddle-nodes. We describe here this set for the PV foliation. In this case, the weights are
ω = (1, 0, 1, 1). Since the second weight vanishes, this space P

3
(1,0,1,1) is not compact and is

isomorphic to P
2 × C. This space is here a manifold (an orbifold for other Painlevé equations:

[Chiba1-2-4]), covered by 3 charts:

U1 = {(X1 : X2 : X3 : X4), X1 6= 0}, (X1 : X2 : X3 : X4) = (1 : u1 : u2 : x);

U3 = {(X1 : X2 : X3 : X4), X3 6= 0}, (X1 : X2 : X3 : X4) = (v1 : v2 : 1 : y);

U4 = {(X1 : X2 : X3 : X4), X4 6= 0}, (X1 : X2 : X3 : X4) = (w1 : w2 : z : 1).

The change of charts are given by

w1 = v1y
−1 = x−1, w2 = v2 = u1, z = y−1 = u2x

−1.

Singular points. The chart U4 is the ”initial chart”, before compactification. In this chart
the vector field corresponding to the hamiltonian zHV is defined by





zẇ1 = −2w2
1w2 + w2

1 + w1z − 2w1w2z + (α1 + α3)w1 − α2z

zẇ2 = 2w1w
2
2 − 2w1w2 − w2z + w2

2z − (α1 + α3)w2 + α1

ż = z
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For each vector field, the plane z = 0 is invariant and the singular points of the restriction of
the vector field to this plane are given by





(−2w1w2 + w1 + (α1 + α3))w1 = 0

2w1w
2
2 − 2w1w2 − (α1 + α3)w2 + α1 = 0

z = 0

For α1 6= ±α3, we obtain 2 singular points r1 and r2:

(w1, w2, z) =

(
0,

α1

α1 + α3
, 0

)
, (w1, w2, z) =

(
α1 − α3,

α1

α1 − α3
, 0

)
.

Now we search for singular points over z = ∞. In the first chart the Painlevé vector field is (see
[17]):





u̇1 = −2u1 + 2u21 − u1u2 + u21u2 + α1x− (α1 + α3)u1x

u̇2 = −u2 + 2u1u2 − u22 + u2x+ 2u1u
2
2 − (α1 + α3)u2x+ α2u

2
2x

ẋ = x(−1 + 2u1 − u2 + 2u1u2 − (α1 + α3)x+ α2u2x)

The plane (x = 0) is invariant and PV |(x=0) is the autonomous hamiltonian vector field

{
u̇1 = −2u1 + 2u21 − u1u2 + u21u2 = u1(u1 − 1)(u2 + 2)

u̇2 = −u2 + 2u1u2 − u22 + 2u1u
2
2 = u2(2u1 − 1)(u2 + 1)

We have 5 singularities p1, p2, s1, s2, s3 in this first chart, which do not depend on the parameters
αi:

(u1, u2, x) = (0, 0, 0), (1, 0, 0), (0,−1, 0), (
1

2
,−2, 0), (1,−1, 0).

The singularities p1 and p2 are polar singular points: H. Chiba has proved in [17] that they
correspond to solutions given by Laurent series at a movable pole z = z0. One can remove these
singularities by a weighted blowing up. The eigenvalues of linear part of PV are (−2,−1,−1)
and (2, 1, 1) respectively. They are analytically linearizable.

In the third chart –the Boutroux chart–, the Painlevé vector field is given by





v̇1 = v1(1 + v1 − 2v2 − 2v1v2 + (α1 + α3 − 1)y)− α2y

v̇2 = v2(−1 + v2 − 2v1 + 2v1v2 − (α1 + α3)y) + α1y

ẏ = −y2

The plane y = 0 is invariant and the restriction of the vector field at infinity is

{
v̇1 = v1(1 + v1 − 2v2 − 2v1v2) = v1(v1 + 1)(1 − 2v2)

v̇2 = v2(−1 + v2 − 2v1 + 2v1v2) = v2(v2 − 1)(2v1 + 1)

There are five singular points s1, s2, s3, s4 and s5 in y = 0 given by

(v1, v2, y) = (−1, 0, 0), (−
1

2
,
1

2
, 0), (−1, 1, 0), (0, 0, 0), (0, 1, 0).
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The polar singular set of PV contains 4 points. In order to catch the two missing polar singular

points, H. Chiba introduces a second copy of P̃3
(1,0,1,1) glued to the first one by the Bäcklund

transformation π, given in each chart by

π :(w̃1, w̃2, z̃, α̃0, α̃1, α̃2, α̃3) = (z(w2 − 1),−w1z
−1, z, α1, α2, α3, α0)

(ṽ1, ṽ2, ỹ, α̃0, α̃1, α̃2, α̃3) = (v2 − 1,−v1, y, α1, α2, α3, α0)

(ũ1, ũ2, x̃, α̃0, α̃1, α̃2, α̃3) = (−u−1
2 , (u1 − 1)−1, (u1 − 1)−1u−1

2 x, α1, α2, α3, α0)

By computing the singularities of the vector field in the chart (w̃1, w̃2, z̃), we find two singular
points r3 and r4 given by:

(w̃1, w̃2, z̃) = (α̃1 − α̃3 + 1,
α̃1

α̃1 − α̃3 + 1
, 0), (w̃1, w̃2, z̃) = (0,−

α̃1

α̃0 + α̃2
, 0).

We have r4 = r1, and therefore we obtain 3 singular points of regular type. In the chart
(ũ1, ũ2, x̃), we find five singular points:

p3 : (ũ1, ũ2, x̃) = (0, 0, 0),

p4 : (ũ1, ũ2, x̃) = (1, 0, 0),

s1 : (ũ1, ũ2, x̃) = (1,−1, 0),

s2 : (ũ1, ũ2, x̃) = (
1

2
,−2, 0),

s4 : (ũ1, ũ2, x̃) = (0,−1, 0).

According to [17], the singular points p3 and p4 are the two missing polar singular points. The
singularities s1, s2 and s4 was yet detected in the first copy. The singular points in the Boutroux
chart (ṽ1, ṽ2, y) = (v2−1,−v1, y) are s1, s2, s3, s4 and s5 without new singular point (the change
of chart is polynomial). We have obtained:

Proposition 4.4 The Painlevé vector field admits 3 singular points r1, r2, r3 of regular type
over z = 0, 4 polar singular points pi, i = 1...4 over z = ∞, which can be removed by a weighted
blowing-up, and 5 singular points si over z = ∞, of saddle-node type.

By a local study around each saddle-node singularity, one can recover the 5 solutions of A.
Parusnikova in Laurent series around z = ∞ for the Painlevé V equation: [52].

5 Dynamics on χV

5.1 The tame dynamics

As mentionned in the introduction, the dynamic of the Painlevé VI equation on χV I is induced
by the automorphisms of the groupoid, given by braids over 3 points. Here since the singular
set reduces to 3 points, the braid group over two points has only one generator, which can
be represented by the pure braid b over s3 and s4. Furthermore one can consider the “half-
monodromy” defined the (non pure) braid b3,4 which permutes the positions of s3 and s4 and
induces an involution on the local parameters. These actions induced by the trace coordinates
on CV (θ

+) has been computed by the authors in [53] and M. Klimes in [40].

Proposition 5.1 The action of the braid b3,4 : CV (θ
+
1 , θ

+
2 , e0) → CV (e

−1
0 θ+2 , e

−1
0 θ1+, e

−1
0 ) is

defined by:




x′1 = e−1
0 (−x2 − x1x3 + θ+2 )

x′2 = e−1
0 x1

x′3 = x3

and





e′0 = e−1
0

θ+1
′ = e−1

0 θ+2

θ+2
′ = e−1

0 θ+1
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The action of the pure braid b3,4 ◦ b3,4 : CV (θ
+) → CV (θ

+) is defined by:

g3,4 :





x′1 = x1x
2
3 + x2x3 − x1 − θ+2 x3 + θ+1

x′2 = −x1x3 − x2 + θ+2
x′3 = x3

As for the dynamics on CV I(θ), this dynamics and its inverse are polynomial dynamics.
This is the only part of the dynamics on χV I which do not degenerate through the confluent
morphisms from χV I to χV (see next paragraph).

Definition 5.2 The dynamics generated by g3,4 is called the tame dynamics, and denoted by
Tame(CV ) .

5.2 The confluent dynamic

Using the birational map Φκ = Φ+
κ , each dynamic hi,j on CV I(θκ) defined by the braids induces

a family of birational dynamics gi,j(κ) = φ−1
κ ◦ hi,j ◦ φκ on χ+

V (a). This one was previously
obtained by M. Klimes by using an analytic confluent process in the spaces of connections.

Definition 5.3 The confluent dynamic Conf(PV ) is the dynamic generated by g1,2(κ), g2,3(κ)
and g3,1(κ) for κ is C

∗.

We still have the relation g1,2(κ) ◦ g2,3(κ) ◦ g3,1(κ) = id. Therefore it suffices to compute g1,2(κ)
and g2,3(κ). Notice that, from the braid group relations, g1,2(κ) = g3,4(κ)

−1. By a direct
computation using proposition (3.36), it can be checked that

Proposition 5.4 The dynamic g3,4(κ) = φ−1
κ ◦ h3,4 ◦ φκ on χV (a) do not depend on κ and

generates the tame dynamic.

Remark 5.5 Since the braid between s1 and s2 (or between s3 and s4) corresponds to a loop
around 0 in the time space, g3,4 is conjugated through the Riemann-Hilbert correspondence to
the non linear monodromy of the foliation FV over z = 0.

Contrary to the previous case, the dynamics g2,3(κ) and g3,1(κ) are not generated by an
automorphism of πV1 (Y, S): indeed on the groupoid level, ϕκ is not an isomorphism. Nevertheless
they induce families of birational dynamics on CV (θ):

Proposition 5.6 The family of dynamics g2,3(κ) is defined by:

X1 =
e0
x2

X2 = x2 −
κ2

x2
+ e−1

0 κ2x1

X3 = κ−2x22x3 − (e−2
0 κ2 − κ−2)x1x2 − 2e−1

0 x22 + (e−1
0 θ2 + κ−2θ1)x2 + (e−1

0 κ2 + e0κ
−2)

The second family g3,1(κ) is given by g1,3(κ) = g1,2 ◦ g2,3(κ).

We first search for the matrix expressions of the confluent dynamics :

40



Proposition 5.7 The confluent dynamic (ϕ∗
κ)

−1 ◦ h2,3 ◦ ϕ
∗
κ : χκ

V (a) → χκ
V (a) is defined by

([U1,M0, U2,M3]D → [V1,M0, V2, N3]D with

V1 =




1 0

κ−1e0s1θ3 + κ−1e−1
0 γ3 − κe−1

0 γ3 + κ−1e0s1s2γ3 1


 ,

V2 =




1 κ−1e0s2θ3 + κ−1e0s
2
2γ3 − κ−1e0s2δ3 − κ−1e0β3 + κe−1

0 β3 + κe−1
0 s2δ3

0 1


 ,

N3 =
1

θ3 + s2γ3




θ23 + θ3γ3s2 + β3γ3 + γ3δ3s2 −e0κ
−1(θ3s2 + γ3s

2
2β3 − δ3s2)

κe−1
0 γ3 1


 .

Proof. We consider an element ρ of χV (a) given by its normalized representation in the
canonical Cartan-Borel decomposition:

ρ = [U1,M0, U2,M3,M4], (U1,M0, U2,M3) ∈ U−×D×U+×SL2(C), M4 = (U1M0U2M3)
−1.

We set:

U1 =




1 0

u1 1


 , M0 =




e0 0

0 e−1
0


 , U2 =




1 u2

0 1


 , M3 =




θ3 β3

γ3 δ3


 .

The map Φκ is defined by:

Φκ([U1,M0, U2,M3,M4]) = [M1,M2,M3,M4] with M1 = U1Dκ, M2 = D−1
κ M0U2.

Therefore

M1 =




κ 0

κu1 κ−1


 , M2 =




κ−1e0 κ−1e0u2

0 κe−1
0


 , M3 =




θ3 β3

γ3 δ3


 .

According to [53], the dynamic of h2,3 is given by

M1 → (M2M3)
−1M1(M2M3)

M2 →M2

M3 →M3

M4 → (M2M3)
−1M4(M2M3)

Since each data is given up to a common conjugacy, we can also use:

M1 →M ′
1 =M2

−1M1M2

M2 →M ′
2 =M3M2M3

−1

M3 →M ′
3 =M3

M4 →M ′
4 =M2

−1M4M2
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Now, in order to compute φ−1
κ (M ′

1,M
′
2,M

′
3,M

′
4), we make use of the matrix P given by Lemma

(3.34), defined by a mixed basis for the pair (M ′
1,M

′
2). Let (u, v) a basis of the representation

of the initial object such that the representation Φκ(ρ) is given by the matrices Mi: u is an
eigenvector of M2 for the eigenvalue e2 = κ−1e0 and v is an eigenvector of M1 for the eigenvalue
e1

−1 = κ−1. The vectors

u′ =M3 · u
′, v′ =M2

−1 · v

are eigenvectors for M ′
2 (with eigenvalue κ−1e0) and for M ′

1 (with eigenvalue κ−1). The change
of basis is given by the matrix

P =




θ3 −κ−1e0u2

γ3 κ−1e0




which is invertible outside

κ−1e0(b3 + u2γ3) = 0.

Using Lemma (3.8), this locus is given by x2 = 0. Therefore the dynamic g2,3(κ) is a rational
dynamic with polar set x2 = 0. We have:

P−1(M ′
1M

′
2)P =




e0 κ−1e20u2b3 + κ−1e20u
2
2γ3 − κ−1e20u2δ3 − κ−1e20β3 + κβ3 + κu2δ3

κ−1e20u1b3 + κ−1γ3 − κγ3 + κ−1e20u1u2γ3 ⋆


 .

where the coefficient ⋆ is not specified. The LDU-decomposition of this matrix is given by
(V1,M0, V2) with

V1 =




1 0

κ−1e0u1b3 + κ−1e−1
0 γ3 − κe−1

0 γ3 + κ−1e0u1u2γ3 1


 ,

V2 =




1 κ−1e0u2b3 + κ−1e0u
2
2γ3 − κ−1e0u2δ3 − κ−1e0β3 + κe−1

0 β3 + κe−1
0 u2δ3

0 1


 .

we have:

N3 = P−1M ′
3P =

1

b3 + u2γ3




b23 + b3γ3u2 + β3γ3 + γ3δ3u2 −e0κ
−1(b3u2 + γ3u

2
2β3 − δ3u2)

κe−1
0 γ3 1




which proves the proposition. ✷

Proof of Proposition (5.6). The image of x1 = δ3 is given by X1 = N3[2, 2] =
1

b3+u2γ3
. According

to Lemma (3.8), we have:

N3[2, 2] =
1

b3 + u2γ3
=

1

(a3 − x1) + e−1
0 (x2 − e0a3 + e0x1)

=
e0
x2
.
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The image of x2 = δ4 is given by N4[2, 2] where N4 = P−1M ′
4P . We have

N4[2, 2] =
−e−2

0 κ2γ3β4 + b3δ4 + u2γ3δ4
b3 + u2γ3

.

From M4 = (U1M0U2M3)
−1 we obtain that β4 = −e0(β3 + u2δ3). Therefore,

γ3β4 = −e0γ3β3 − e0u2γ3δ3

= −e0(b3δ3 − 1)− e0u2γ3δ3

= −e0((a3 − x1)x1 − 1)− x1(x2 + e0x1 − e0a3)

= e0 − x1x2.

From Lemma (3.8) and the above equality we obtain

X2 = N4[2, 2] = x2 − κ2x−1
2 + e−1

0 κ2x1.

We can obtain the last component by computingX3 = tr(M ′′
1M

′′
2 ) = tr(M ′

2
−1M ′

1M
′
2M

′
3M

′
2M

′
3
−1),

or by using the equation of the cubic surface:

X3 =
−X2

1 −X2
2 + θ1X1 + θ2X2 − θ4
X1X2 − e0

.

✷

5.3 The canonical dynamics on CV (θ)

In [40], Martin Klimes has computed the dynamics obtained on CV (θ) from the wild dynamics
(non linear stokes operators and non linear exponential tori of one irregular singularity of the
Painlevé foliation) through the Riemann-Hilbert morphism. It turns out that this dynamics
is a rational one on CV (θ). We enhance here that this dynamics was already present on the
cubic surface in a canonical way, using the log-canonical coordinates introduced in subsection
3.4. This section is completely independent of the other ones excepted 3.4, and only deals with
dynamics on a singular cubic surface. Nevertheless the terminology (canonical Stokes operators
etc...) is deeply influenced by the confluent dynamics. We do not need here any restriction on
the parameters.

Let y be a log-canonical function on CV (θ): there exists z such that (y, z) –or (z, y)– is a
log-canonical system of coordinates. We consider the logarithmic hamiltonian function Hy on
CV (a) such that

dHy =
dy

y
.

Let Xy be the hamiltonian vector field related to Hy for the symplectic form ωV :

ωV (Xy , ·) = −
dy

y
.

Through the symplectic morphism (y, z), the image of this vector field is z ∂
∂z (or −z ∂

∂z if y is
completed in log-canonical system of coordinates by the left side). Therefore its flow z(t) = z0e

±t

is globally defined on C, and it can be factorized through a multiplicative action of C∗ by setting
λ = et. Let Ty be this multiplicative family of (rational symplectic) automorphisms on CV .
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Definition 5.8 Ty = {tλ : (z′, y) 7→ (λ−1z′, y)} = {tλ : (y, z) 7→ (y, λz)} is the exponential
torus related to the log canonical function y.

Remark 5.9 1. Each element of Ty keeps invariant y, and the set of rational invariant
functions of Ty is C(y).

2. Consider the log-canonical pentuple (z0, y1, z1, y2, z2). The elements of Ty1 keep invariant
the reducible locus z0 = 0 and z1 = 0, and the elements of Ty2 keep invariant the reducible
locus z1 = 0 and z2 = 0.

The subgroups of Symp = Symp(C2, ωlog): Bi, B
♮
i , Ui, i = 1, 2 are defined in the Appendix.

They induce subgroups of Symp(CV , ωV ) by using a system of log-canonical coordinates. Given
a log canonical function z = zk in S, one can complete z into two log-canonical systems, either
by the left side: (y, z) or by the right side: (z, y′).

Lemma 5.10 1. We fix a canonical triple (y, z, y′). The pull-back of B2 (resp. B♮
2, U2)

by (y, z) and the pull-back of B1 (resp. B♮
1, U1) by (z, y′) define the same subgroup of

Sym(CV , ωV ).

2. We fix a canonical triple (z, y, z′). The pull-back of B2 (resp. B♮
2, U2) by (z, y) and the

pull-back of B1 (resp. B♮
1, U1) by (y, z′) define the same subgroup of Sym(CV , ωV ).

The subgroups obtained at the first point of Lemma (5.10) are denoted by Bz, B
♮
z, Uz, and the

subgroups obtained at the second point are denoted by By, B
♮
y, Uy.

Definition 5.11 Given a canonical system of coordinates (y, z) we will say that By and Bz are
the opposite Borel subgroups associated to (y, z).

Proof of Lemma (5.10). 1- The elements of the pullback of B2 by (y, z) are given by

(y, z) → (r(z)y, λz), r ∈ C(z)∗, λ ∈ C
∗,

and the elements of the pullback of B1 by (z, y′) are given by

(z, y′) → (λz, r(z)y′), r ∈ C(z)∗, λ ∈ C
∗.

Therefore using yy′ = z + e0, the elements of the first group also write

(z, y′) → (λz, r′(z)y′), with r′(z) =
λz + e0

(z + e0)r(z)
,

which proves the first point.
2- The elements of the pullback of B2 by (z, y) are given by

(z, y) → (r(y)z, λy), r ∈ C(y)∗, λ ∈ C
∗,

and the elements of the pullback of B1 by (y, z′) are given by

(y, z′) → (λy, r(y)z′), r ∈ C(y)∗, λ ∈ C
∗.

Therefore using zz′ = Q(y), where Q = Q1 or Q2 is a polynomial, the elements of the first group
also write

(y, z′) → (λy, r′(y)z′), with r′(y) =
Q(λy)

Q(y)r(y)
,

which proves the second point. ✷
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Proposition 5.12 We have Z(Ty) = By, N(Yy) = By∪B
−
y , where B

−
y = {(y, z′) → (λy, r(y)z′−1), r ∈

C(y)∗, λ ∈ C
∗}.

Proof. Let tλ : (y, z′) → (y, λz′). An element ρ of Symp(CV ), given by

ρ : (y, z′) → (Y (y, z′), Z ′(y, z′))

commutes with tλ if and only if, for any λ in C
∗,

Y (y, λz′) = Y (y, z′),

Z ′(y, λz′) = λZ ′(y, z′).

We claim that any rational function r in K(x) over a field K ⊃ C which satisfies r(λx) = λr(x)
for any λ in C

∗ is a constant function. Indeed if it was not a constant function it would admit
an infinite number of zeroes or poles in K. By applying this remark to z′ 7→ Y (y, z′) and to
z′ 7→ Z ′(y, λz′)z′−1, we conclude that Y do not depend on z′ and that Z ′ is linear in z′. There
exists two rational functions q(y) and r(y) such that

Y (y, λz′) = q(y),

Z ′(y, λz′) = r(y)z′.

We have

dY

Y
∧
dZ ′

Z ′
= q′(y)

dy

y
∧ (

r′(y)dy

y
+
dz

z
) = q′(y)

dy

y
∧
dz

z
.

Therefore q′(y) = 1, and q(y) = µ in C
∗. The elements of Z(Ty) write

(y, z′) → (µy, r(y)z′)

which prove that Z(Ty) = By.
Suppose now that an element ρ is in the normalizer of Ty. Then either it commutes whith
each element of Ty, or it anti-commutes with each element of Ty. In this last case a similar
computation proves that ρ : (y, z′) → (µy, r(y)z′−1). ✷

Proposition 5.13 Let T = (y, z, y′) be a log-canonical triple in the cluster sequence S. There
exists a unique element sT of Uz such that sTTys

−1
T

= Ty′ . This operator is given by:

sT : (y, z) → (y(1 + e−1
0 z), z) or by

(z, y′) → (z, y′(1 + e−1
0 z)−1) = (z, e0y

−1)

and we have: s−1
T

: (y, z) → (y(1 + e−1
0 z)−1, z) = (e0y

′−1, z).

Proof. We have:

Ty = {ty(λ) : (y, z) → (y, λz)},

Ty′ = {ty′(λ) : (z, y′) → (λ−1z, y′)}

= {ty′(λ) : (y, z) → (y
1 + e−1

0 λ−1z

1 + e−1
0 z

, λ−1z)},

Uz = {ur : (y, z) → (r(z)y, z), r ∈ C(z)∗, r(0) = 1}.

Therefore the element s of Uz: (y, z) → (y(1 + e−1
0 z), z) satisfies for all λ in C

∗

s ◦ ty(λ) ◦ s
−1 = ty′(λ

−1).

In order to prove the unicity of s, suppose that there exist another s′ in Uz which conjugates Ty
and Ty′ . We have : s−1 ◦ s′(Ty) = Ty i.e. s−1 ◦ s′ belongs to the normalizer N(Ty) of Ty. We
have N(Ty) ∩ Uz = {id} : this is a direct consequence of Proposition (5.12).✷
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Definition 5.14 The automorphism sT is the canonical Stokes operator induced by the triple
T = (y, z, y′).

Proposition 5.15 1. The automorphism sT writes in the coordinates h = log y, l = log(1 +
e−1
0 z): (h, l) → (h+ l, l).

2. sT is a pseudo-generator of Uz, that is to say the family {ty(λ) ◦ sT ◦ ty(λ)
−1, λ ∈ C

∗}

generates Uz. Consequently, B♮
z :=< Uz, Ty >=< sT, Ty >.

3. Let sk be the canonical Stokes operator related to the triple (yk, zk, yk+1). We have: σ1 ◦
s1 ◦ σ

−1
1 = s−1

2 ; g ◦ sk ◦ g
−1 = sk+2.

4. For i = 1, 2, si keeps invariant the lines zi = 0, and the restriction of si on each line is a
translation. More generally, sk keeps invariant zk = 0, and the restriction of sk to the set
of rational curves zk = 0 has no fixed point.

Proof.

1. This first point is trivial.

2. We have:

{ty(λ) ◦ sT ◦ ty(λ)
−1, λ ∈ C

∗} = {(y, z) → (y(1 + νz), z), ν ∈ C
∗}

The statement comes from the fact that any rational function r such that r(0) = 1 writes
r(z) =

∏
i(1 − µiz)

∏
j(1 − νjz)

−1 where the µ−1
i are the zeroes of r and the ν−1

j are the
poles of r.

3. We have:

s1 : (y1, z1) → (y1(1 + e−1
0 z1, z1)

s2 : (z2, y3) → (z2, y3(1 + e−1
0 z2)

−1).

Since σ1 : (y1, z1) → (y3, z2), we have σ1 ◦ s1 ◦ σ
−1
1 = s−1

2 .
The automorphism g−1 send the triple (yk, zk, yk+1) on (yk+2, zk+2, yk+3). Therefore sk =
g−1 ◦ sk+2 ◦ g.

4. From the previous point, it suffices to prove the result for s1. We lift the expression of s1
in the coordinate system (y1, z1, x3):

s1 : (y1, z1, x3) → (e−1
0 y1(z1 + e0), z1,X3).

The equation of the character variety CV (θ) is given by

x3z1 + y21 + (z1 + e0)
2y−2

1 − θ1y1 − θ2(z1 + e0)y
−1
1 + θ4 = 0,

which is equivalent to

x3z1 + y−2
1 z21 + 2e0y

−2
1 z1 − θ2y

−1
1 z1 = −y21 − e20y

−2
1 + θ1y1 + θ2e0y

−1
1 − θ4.

We have:

X3z1 + e−2
0 y21(z1 + e0)

2 + e20y
−2
1 − θ1e

−1
0 y1(z1 + e0)− θ2e0y

−1
1 + θ4 = 0.
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Therefore,

X3z1 = −e−2
0 y21z

2
1 − 2e−1

0 y21z1 + θ1e
−1
0 y1z1 − y21 − e20y

−2
1 + θ1y1 + θ2e0y

−1
1 − θ4

= −e−2
0 y21z

2
1 − 2e−1

0 y21z1 + θ1e
−1
0 y1z1 + x3z1 + y−2

1 z21 + 2e0y
−2
1 z1 − θ2y

−1
1 z1.

We obtain:

X3 = −e−2
0 y21z1 − 2e−1

0 y21 + θ1e
−1
0 y1 + x3 + y−2

1 z1 + 2e0y
−2
1 − θ2y

−1
1 .

Therefore the restriction of s1 to z1 = 0 is given by

x3 → x3 + θ1e
−1
0 y1 − θ2y

−1
1 .

On each component of z1 = 0, y1 is constant (= e±3 or e0e
±1
4 ) and this map is a translation.

✷

Definition 5.16 The canonical dynamics induced by the canonical triple T = (y, z, y′) is the
subgroup Dyn(T) =< Ty, sT, Ty′ > of Symp(CV ) generated by Ty, sT, and Ty′ .

Proposition 5.17 We have : Dyn(T) =< Ty, sT >= B♮
z.

Proof. The first equality is a consequence of the relation sTTys
−1
T

= Ty′ obtained in Propo-
sition (5.13), and the second one was obtained at the second point of Proposition (5.15). ✷

Definition 5.18 The canonical dynamics Dyn(CV ) induced by the fundamental canonical se-
quence {y0, z0, y1, z1, y2, z2, y3} is the rational symplectic dynamic generated by:

g : (y2, z2) → (y0, z0), Ty1 , s1 = s(y1,z1,y2), s2 = s(y2,z2,y3).

The subgroup Tame(CV ) of Dyn(CV ) generated by g is the tame canonical dynamics.

Remark 5.19 1. From Proposition (3.25), the canonical sequence is almost unique, that is
we can only replace zk with czk. This action is an element of Tyk and therefore do not
change the dynamics. This dynamics only depends on the polynomial FV , which justify the
notation.

2. Dyn(CV ) also contains Ty0 = g∗Ty2 and s0 = s(y0, z0, y1) = g∗s2, and more generally all
the Tyk and all the sk for k in Z.

3. Dyn(CV ) =< B♮
z1 , B

♮
z2 , g > .

Proposition 5.20 The element m̂ of Dyn(CV ) such that g = s2 ◦ m̂ ◦ s1 is defined by

(y2, z2) → (y2, e
2
0z2y

−4
2 ).

Proof. We have

s∗1z2 = s∗1Q2(y2)z
−1
1 = Q2(e0y

−1
1 )z−1

1 = e20y
−4
1 Q1(y1)z

−1
1 = e20y

−4
1 z0.

Therefore,

g−1∗s∗1z2 = e20y
−4
3 z2,

s∗2g
−1∗s∗1z2 = e−2

0 y42z2.

We also have

s∗2g
−1∗s∗1y2 = s∗2g

−1∗(e0y
−1
1 ) = s∗2(e0y

−1
3 ) = y2,

which proves that m̂−1 = s1 ◦ g
−1 ◦ s2 is defined by (y2, z2) → (y2, e

−2
0 z2y

4
2). ✷

Definition 5.21 The element m̂ in Dyn(CV ) is the canonical formal monodromy.

Note that m̂ = t2(e
2
0y

−4
2 ). In particular, m̂ is in the centralizer Z(Ty2) = By2 of Ty2 , and

preserves y2.
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5.4 Comparison between the confluent and the canonical dynamics

We have previously found that the confluent dynamics and the canonical dynamics are both
extensions of the tame dynamics. In order to compare Dyn(CV ) and Conf(PV ), we write
the confluent dynamic in the canonical coordinates. The confluent dynamic is generated by
g1,2 = g−1

3,4 given by Proposition (5.4), the family g2,3(κ) given by Proposition (5.6) and the
family g3,1(κ), which satisfies the relation g1,2 ◦ g2,3(κ) ◦ g3,1(κ) = id.

Proposition 5.22 We have:

(i) We have g1,2 = g. Hence g1,2 : (yn, zn) → (yn−2, zn−2).

(ii) The automorphism g2,3(κ) and its inverse are given in canonical coordinate systems by

g2,3(κ) : (z1, y2) → (κ2z1y
−2
2 , (1 + κ2e−1

0 z1y
−2
2 )y2),

g3,2(κ) : (y1, z1) → (y1 + e0κ
−2z1y

−1
1 , e20κ

−2z1y
−2
1 ).

(iii) The automorphism g3,1(κ) and its inverse are given in canonical coordinate systems by

g3,1(κ) : (z2, y3) → (κ2z2y
−2
3 , (1 + κ2e−1

0 z2y
−2
3 )y3),

g1,3(κ) : (y2, z2) → (y2 + e0κ
−2z2y

−1
2 , e20κ

−2z2y
−2
2 ).

Proof.
(i) We have g = σ1 ◦ σ2, with

σ1(x1, x2, x3) = (x1 − FV,x1
, x2, x3) = (−x1 − x2x3 + θ1, x2, x3)

σ2(x1, x2, x3) = (x1, x2 − FV,x2
, x3) = (x1,−x2 − x1x3 + θ2, x3).

Therefore,

(σ1 ◦ σ2)
∗x1 = σ∗2(−x1 − x2x3 + θ1)

= −x1 + x2x3 + x1x
2
3 − θ2x3 + θ1 = (g1,2)

∗x1.

(σ1 ◦ σ2)
∗x2 = σ∗2(x2)

= −x2 − x1x3 + θ2 = (g1,2)
∗x2.

Hence, g = g1,2.

(ii) From Proposition (5.6) we have:

g2,3(κ)
∗z1 = e0x

−1
2 (x2 − κ2x−1

2 + e−1
0 κ2x1)− e0

= e0 + κ2x−2
2 (x1x2 − e0)− e0

= κ2z1y
−2
2 .

g2,3(κ)
∗y2 = g2,3(κ)

∗((z1 + e0)y
−1
1 )

= (κ2z1y
−2
2 + e0)e

−1
0 y2

= y2(1 + e−1
0 κ2z1y

−2
2 ).

We obtain g3,2(κ) by reversing the map (z1, y2) → (Z1, Y2):

z1 = κ−2Y 2
2 (1 + e−1

0 Z1)
−2, y2 = Y2(1 + e−1

0 Z1)
−1,

and by using the change of canonical coordinates (z1, y2) → (y1 = (z1 + e0)y
−1
2 , z1).
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(iii) We have g1,3(κ) = g ◦ g2,3(κ). We set Z2 := κ2z2y
−2
3 , Y3 := y3

(
1 + κ2e−1

0 z2y
−2
3

)
. We have

to prove that g1,3(κ)
∗Z2 = z2 and g1,3(κ)

∗Y3 = y3.

g1,3(κ)
∗Z2 = g2,3(κ)

∗ ◦ g∗(κ2z2y
−2
3 ) = g2,3(κ)

∗(κ2z0y
−2
1 ).

g1,3(κ)
∗Y3 = g2,3(κ)

∗ ◦ g∗Y3 = g2,3(κ)
∗
(
y1(1 + κ2e−1

0 z0y
−2
1 )
)
.

We compute g2,3(κ)
∗z0 and g2,3(κ)

∗y1. We have z0 = z−1
1 Q1(y1), therefore :

g2,3(κ)
∗z0 = (g2,3(κ)

∗z0)
−1Q1 (g2,3(κ)

∗y1) = κ−2z−1
1 y22Q1

(
e0y

−1
2

)
.

We recall (cf. the remark 3.29) that Q1(e0t
−1) = e−2

0 t4Q2(t). We obtain :

g2,3(κ)
∗z0 = κ−2e20y

−2
2 z−1

1 e20y
4
2Q1

(
e0y

−1
2

)
= κ−2e20y

−2
2 z−1

1 Q2(y2) = e20κ
−2y−2

2 z2.

Since y1 = (z1 + e0)y
−1
2 , by using (ii) we have

g2,3(κ)
∗y1 = (κ2z1y

−2
2 + e0)(y2 + κ2e−1

0 z1y
−1
2 )−1 = e0y

−1
2 .

Finally,

g1,3(κ)
∗Z2 = g2,3(κ)

∗(κ2z0y
−2
1 )

= κ2(e20κ
−2y−2

2 z2)(e0y
−1
2 )−2 = z2.

g1,3(κ)
∗Y3 = g2,3(κ)

∗
(
y1(1 + κ2e−1

0 z0y
−2
1 )
)

= e0y
−1
2

(
1 + κ2e−1

0 (e20κ
−2z2y

−2
2 )(e0y

−1
2 )−2

)

= e0y
−1
2 (1 + e−1

0 z2) = e0y
−1
2

(
1 + e−1

0 (y2y3 − e0)
)
= y3.

Therefore, g3,1(κ) : (z2, y3) → (Z2, Y3). The computation of its inverse g3,1(κ) in the chart
(y2, z2) is similar to the computation of the inverse of the g2,3(κ) in point (ii).✷

Remark 5.23 The transformations g2,3(κ) and g3,1(κ) are conjugated by the map ξ : (y1, z2) →
(y2, z3). Nevertheless, this conjugation ξ does not belong to the canonical dynamics.

The following equalities are consequences of the points (ii) and (iii) in Proposition (5.22):

Corollary 5.24 For all κ in C
∗ we have:

1. g2,3(κ) = g2,3(1) ◦ ty2(κ
2) = ty1(κ

−2) ◦ g2,3(1);

2. g1,3(κ) = g1,3(1) ◦ ty2(κ
2) = ty3(κ

−2) ◦ g1,3(1).

In particular, g2,3(κ) conjugates Ty1 and Ty2 : g2,3(κ) ◦ ty2(κ
2) ◦ g2,3(κ) = ty1(κ

−2), and g3,1(κ)
conjugates Ty2 and Ty3 : g3,1(κ) ◦ ty3(κ

2) ◦ g1,3(κ) = ty1(κ
−2).

From these preliminary results we immediately obtain:

Proposition 5.25 1. The tame dynamic generated by g = σ1 ◦ σ2 is included in Conf(PV ).

2. For any n in Z, Tyn ⊂ Conf(PV ).
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Proof. The first point is a direct consequence of g = g1,2.
The second one is obtained for n = 1 or n = 2 from the first item of Corollary (5.24). The others
tori are obtained from Ty1 or Ty2 by a conjugation with an element of the tame dynamic. ✷

Nevertheless, the canonical Stokes operators do not belong to Conf(PV ). The reason is the
following one: both g2,3(κ) and s1 keep invariant ∆ : z1 = 0. The restriction of s1 to each
component of ∆ is a translation: see Proposition (5.15). One can compute the restriction of
g2,3(κ) on each each line of ∆.

g2,3(κ)
∗x3 = κ−2x22x3 + β(κ, x1, x2),

where β(κ, x1, x2) only depends on κ, x1, and x2. On ∆, x1 = e±1
3 , e0e

±1
4 , x2 = e0e

±1
3 , e±1

4 ,
therefore the restriction of the g2,3(κ) are affine transformations on each line. The same property
holds for g3,1(κ). Nevertheless, we cannot find κ in C

∗ such that κ−2x22 = 1 simultaneously on
each component of ∆.

This remark suggests to introduce an extension of the confluent dynamics. The only way to
obtain from the family g2,3(κ) an element which is a translation on ∆ is to introduce a functional
time for the elements of Tt2 , setting κ = x2. Therefore if we expect to obtain the canonical stokes
operators from the confluent dynamic, we have to extend it by the element ty2(y

−2
2 ).

Another motivation in order to introduce this element is purely algebraic and makes use of
the structure induced by the symplectic Cremona group. We recall the subgroups of Bir(CV )
generated from the Borel-Cartan structure of Symp(C2) by the canonical triple (y1, z1, y2) :

By1 = {by1(λ, r) : (y1, z1) → (λy1, z1r(y1)), r ∈ C(y1)
∗, λ ∈ C

∗}

By2 = {by2(λ, r) : (z1, y2) → (z1r(y2), λ
−1y2), r ∈ C(y2)

∗, λ ∈ C
∗}

Ty1 = {ty1(λ) : (y1, z1) → (y1, λz1), λ ∈ C
∗}

Ty2 = {ty2(λ) : (z1, y2) → (λ−1z1, y2), λ ∈ C
∗}

Uz1 = {uz1(r) : (z1, y2) → (z1, y2r(z1)), r ∈ C(z1)
∗, r(0) = 1}.

and we set :

Ty2 (C(y2)) = {(z1, y2) → (z1r(y2), y2), r ∈ C(y2)
∗}

= {by2(1, r), r ∈ C(y2)
∗} ⊂ By2 ;

Ty1 (C(y1)) = {(z1, y2) → (y1, z1r(y1)), r ∈ C(y1)
∗}

= {by1(1, r), r ∈ C(y1)
∗} ⊂ By1 .

Proposition 5.26

(i) There exists a unique pair (by2 , uz1) in Ty2 (C(y2))× Uz1 , such that :
g2,3(1) = uz1 ◦ by2 . Moreover by2 = ty2(y

−2
2 ) ∈ Ty2 (C(y2)) and uz1 = s−1

1 .

(ii) There exists a unique pair (by1 , vz1) in Ty1 (C(y1))× Uz1 , such that :
g3,2(1) = vz1 ◦ by1 . Moreover by1 = ty1(e

−2
0 y21) ∈ Ty1 (C(y1)) and vz1 = s1.

Proof. (i) We set :

by2 : (z1, y2) 7→ (z1y
−2
2 , y2),

uz1 : (z1, y2) 7→ (z1, (1 + e−1
0 z1)y2).

We have g2,3(1) = uz1 ◦ by2 . The unicity of this decomposition is a consequence of Ty2 (C(y2)) ∩
Uz1 = {id}. One recognizes here that by2 = ty2(y

−2
2 ) and uz1 = s−1

1 .
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(ii) We set :

by1 : (y1, z1) 7→ (y1, e
2
0z1y

−2
1 )

vz1 : (y1, z1) 7→
(
(1 + e−1

0 z1)y1, z1
)
.

We have g3,1(1) = vz1 ◦ by1 . The unicity of this decomposition is a consequence of Ty1 (C(y1)) ∩
Uz1 = {id}. One recognizes here that by1 = ty1(e

−2
0 y21) and vz1 = s1. ✷

By using g2,3(κ) = g2,3(1) ◦ ty2(κ
2), and Z(Ty2) = By2 , we obtain:

g2,3(κ) = uz1 ◦ by2 ◦ ty2(κ
2) = uz1 ◦ ty2(κ

2) ◦ by2 .

Since g3,1(κ) is conjugated to g2,3(κ) by (z1, y2) → (z2, y3) we have a similar decomposition of
the family g3,1(κ) in Uz2 ×B1

y3 × Ty3 :

g3,1(κ) = uz2 ◦ by3 ◦ ty3(κ
2) = uz2 ◦ ty3(κ

2) ◦ by3 , uz2 = s−1
2 , by3 = ty3(y

−2
3 ).

Notice that b−1
y2 = ty2(y

2
2) : (z1, y2) → (z1y

2
2, y2) is a ramified blowing-up in the canonical chart

(z1, y2). We extend the confluent dynamic by this element:

Definition 5.27 The extended confluent dynamic is defined by

Conf ♯(PV ) =< Conf(PV ), ty2(y
2
2) > .

We recall that, according to Proposition (5.20), the element m̂ ofDyn(CV ) such that g = s2◦m̂◦s1
is defined by m̂ = ty2(e

−2
0 y42). We consider a square root of m̂ defined by:

m̂1/2 : (y2, z2) → (y2, e
−1
0 y22z2).

Definition 5.28 The extended confluent canonical dynamic is defined by

Dyn♯(CV ) =< Dyn♯(CV ), m̂
1/2 > .

Theorem 5.29 Conf ♯(PV ) = Dyn♯(CV ).

Proof.. We first prove that Dyn(CV )
♯ ⊂ Conf ♯(PV ). Dyn

♯(CV ) is generated by g, Ty1 , s1,
s2 and m̂1/2. From Proposition (5.26), since s−1

1 = g2,3(1) ◦ ty2(y
2
2), Conf

♯(PV ) contains s1. We
have:

m̂ = ty2(e
−2
0 y42) =

(
ty2(e

−1
0 ) ◦ ty2(y

2
2)
)◦2

.

Hence, Conf ♯(PV ) also contains m̂. According to the relation g = s2 ◦ m̂ ◦ s1, s2 also belongs
to Conf ♯(PV ). Finally since m̂1/2 = ty2(e0) ◦ ty2(y

2
2), we obtain the inclusion Dyn(CV )

♯ ⊂
Conf ♯(PV ).
Now we prove that Conf ♯(PV ) ⊂ Dyn(CV )

♯. The relation

g2,3(κ) = s−1
1 ◦ ty2(y

−2
2 ) ◦ ty2(κ

2)

proves that g2,3(κ) belongs to Dyn(CV ) for any κ in C
∗. Since g1,2 = g belongs to Dyn(CV ),

from the relation g1,2 ◦ g2,3(κ) ◦ g3,1(κ) = id, g3,1(κ) also belongs to Dyn(CV ) for any κ in C
∗.

Finally ty2(y
2
2) = m̂1/2 ◦ tt2(e

−1
0 ) belongs to Dyn(CV )

♯.✷
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5.5 Comparison with the wild dynamics

The wild dynamics is a pseudogroup of non linear dynamics induced by the Painlevé V foliation
PV (κ) in a neighborhood of each singular point of saddle-node type. We will recall here the
construction of its generators: the non linear stokes operators, non linear tori, and formal and
analytic non linear monodromy. Through the Riemann-Hilbert map RHV it induces an (a priori)
local dynamics on CV (θ). The second author formulates the Wuhan conjecture which claims that
this dynamics extends into a symplectic rational dynamics. This conjecture has been proved
for the Painlevé V equation by M. Klimes in [40] (there is also a very clear presentation of this
work in Klimes’s lecture [41]). His method uses a description of the confluence on the foliations
of the Hamiltonian systems on the left side and on the linear isomonodromic systems and on
the associated character variety on the right side. An essential tool is the discretization of the
confluence as indicated in section 2.1 on the baby model of confluence x(x− ε) → x2y′ + y = 0,
first introduced by C. Zhang for the confluence for the hypergeometric equations [65]. We will
present here this result of M. Klimes, and compare this dynamics with the canonical dynamics
Dyn(CV ) on the cubic surfaces.

Definition of the wild dynamics. The Painlevé V foliation is given under its hamiltonian
form by (5). From section 4.3, the irregular singular points si all appear in the Boutroux chart.
Around each irregular singular point of Painlevé V of saddle-node type si the formal and sectoral
normal forms are given by [40]:

Theorem 5.30 Let α0 = 2α1 + α2 − 1.
1- In a neighborhood of a saddle-node si, the hamiltonian system (5) can be brought to a

formal normal form :

x2
du

dx
= (1− α0x+ 4xu1u2)



1 0

0 −1


u, u =



u1

u2


 (13)

by means of a formal transversally symplectic change of coordinates :



q

p


 := Ψ̂(u, x) =

∑

k≥0

ψ(k)(u)xk

where the ψ(k) are analytic on a polydisc P = {|u1|, |u2| < δ} (δ > 0).
2- The formal normal form (13) is integrable in closed form :

{
u1(x, c1) = c1e

−1/xx−α0+4c1c2

u2(x, c2) = c2e
1/xxα0−4c1c2 .

(14)

and this local hamiltonian vector field (for du1 ∧ du2 and h = x−2(1−α0x)u1u2, also admits the
analytic first integral u1u2.

3- The formal series Ψ̂ ∈ O(P )[[x]] is uniformly 1-summable with a pair of 1-sums Ψ↑(u, x),
Ψ↓(u, x), defined respectively above the sectors

U↑ := {| arg x− π/2| < π − η, |x| < δ′} and U↓ := {| arg x− π/2| < π − η, |x| < δ′}

for some 0 < η < π/2 arbitrary small and some δ′ > 0 (depending on η), and u ∈ P .
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Remark 5.31 The formal Takano’s normal form [59] used here to define the non linear Stokes
operators will not suffice for the other Painlevé equations in order to obtain overlapping open sec-
tors. We will have to make use of the Bittman’s normal forms, which are no longer polynomials:
see [4], [5] and [6].

Corollary 5.32 On each sector U• (• =↑ or ↓),

1. the system (5) has a unique analytic bounded solution f• which is the 1-sum of the formal
solution f̂ : u1(x, 0) = u2(x, 0) = 0. We call these solutions the sectoral center solutions.
They are pole-free on the corresponding sector and they are characterized by this property.

2. the system (5) has a 2-parameters family of solutions f̂c1,c2:

(q•, p•)(x, c1, c2) = Ψ•(u(x, c1, c2), x).

We consider the left and right intersection sectors of the overlapping sectors U↑ and U↓

V l := U↑ ∩ U↓ ∩ {ℜx < 0} and V r := U↑ ∩ U↓ ∩ {ℜx > 0}.

The non linear Stokes multipliers are defined by

S2 = (Ψ↑)−1 ◦Ψ↓ on V r, S1 = (Ψ↑)−1 ◦Ψ↓ on V l.

The formal non linear monodromy is defined by the action induced by x 7→ e2iπx on the space
of formal solutions f̂c1,c2 :

N̂ : (c1, c2) 7→ (e2iπ(−α0+4c1c2)c1, e
2iπ(α0−4c1c2)c2).

The formal non linear exponential torus is defined by the analytic symplectic symmetries of the
formal normal forms (14):

tα : (c1, c2) 7→
(
eα(c1c2)c1, e

−α(c1c2)c2

)
, α ∈ O(C, 0).

Using Ψ↑ and Ψ↓, the formal exponential torus induces two sectoral exponential tori T ↑ and T ↓

and the formal first integral h = c1c2 induces 2 sectoral first integrals h↑ and h↓.

Definition 5.33 The wild dynamics Wild(PV , f
↑) based in the central solution f↑ is the pseudo-

group generated by S1, S2, N̂ , and T = {tα}.

Wild(PV , f
↑) also contains the actual monodromy N generated by a loop around x = ∞,

according to the relation S2 ◦ N̂
↑ ◦ S1 = N̂ , where N̂↑ = Ψ↑ ◦ N̂ ◦ (Ψ↑)−1.

The wild dynamics through the Riemann-Hilbert map RHV . We fix a value x0 in a
neighborhood of ∞, and we consider the Okamoto space of initial condition Vx0

over x0. Let

m• = (q•, p•)(x, 0, 0)

be the two points on Vx0
corresponding to the two central varieties in a neighborhood of a singular

point s. We denote by (c•1, c
•
2)(q, p) the inverse maps of (q•, p•)(x0, c1, c2). The equations c

•
2 = 0

define two germs of curves δ• in m•. The equations c•1 = 0 define two germs of curves d• in m•.
On the rightside, we consider the 12 lines ∆·, D

r
· , Dl· in the configuration of lines in χV : see

figure 7. We can group them in four triples (∆i,Dri ,Dli) such that ∆i∩Dri 6= ∅ and ∆i∩Dli 6= ∅.
We set pri = ∆i ∩Dri , pli = ∆i ∩Dli .
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Now we consider the confluent process between PV I and PV defined by

tV I = 1 + εtV , α3 = 1/ε, α2,V I = α̃2 = −
1

ε
+ α2,V , x =

1

tV
+ ε, α1,V I = α1,V (15)

which sends the three fixed singularities to tV = −1/ε, 0,∞. This change of variables transforms
εHV I into Hε

V I and the PV I Hamiltonian system into :

dq

dt
=
∂Hε

V I

∂p
,
dp

dt
= −

∂Hε
V I

∂q
,

When ε → 0, the simple singular points −1/ε and ∞ merge into a double singular point, an
irregular singularity at infinity, and the limit of Hε

V I is HV . The four pairs of singularities over
−1/ε and ∞ merges to 4 saddle-nodes (the confluent saddle-nodes) among the five saddle nodes
si over ∞. In what follows, we suppose that s is one of these 4 singularities. We summarize the
results of Martin Klimes [40] by the following theorem:

Theorem 5.34 We consider the Riemann-Hilbert map RHV between an open set in the space
of initial condition Vx0

induced by a neighborhood of a confluent singularity s and the character
variety χV . The choice of s determines a triple of lines (∆,Dr,Dl) among the four triples
(∆i,D

r
i ,D

l
i) such that

1. RHV (m
↑) = ∆ ∩Dr = pr, RHV (m

↓) = ∆ ∩Dl = pl.

2. RHV (δ
↑) = (∆, pr) (the germ of line at pr), RHV (δ

↓) = (∆, pl). Furthermore, the germs δ↑

and δ↓ extend to a same analytic curve δ in Vx0
isomorphic to C, such that RHV (δ) = ∆.

3. RHV (d
↑) = (Dr, pr), RHV (d

↓) = (Dl, pl). Furthermore the germs of curves d↑ and d↓

extends to 2 curves dr and dl isomorphic to C in Vx0
, such that RHV (dr) = Dr and

RHV (dl) = Dl.

4. Let (y1, z1, y2) be the triple of canonical coordinates (3.25). We have:

RH∗
V y1 = y1(pr)e

h↑

, RH∗
V y2 = y2(pr)e

−h↓

, RH∗
V z1 = e0(e

(h↑−h↓) − 1).

5. Let g, s1, s2, be the generators of the canonical dynamics defined in 5.18, let m̂ be the
canonical formal monodromy defined by 5.20 and Ty1, Ty2 the canonical exponential tori.
We have:

RH∗
V g = N, RH∗

V S1 = s1, RH
∗
V S2 = s2, RH

∗
V m̂ = N̂, RH∗

V T
↓ = Ty1 , RH

∗
V T

↑ = Ty2 .

Therefore the dynamics induced by Wild(PV , f
↑) through the Riemann-Hilbert correspondence

RHV extends to a rational symplectic dynamics Wild(PV ) on χV , and we have Wild(PV ) =
Dyn(CV ). This proves the Wuhan conjecture of the second author for the PV foliation.

The main ingredients of the proof of this result in [40] are:
- an unfolded version of Theorem 5.30 for the hamiltonian system related to Hε

V I ;
- a discretization of the confluent parameter by setting ε−1 = ε−1

0 +n, n ∈ Z
+, along which the

monodromies of the unfolded system, a priori divergent, converge. The choice of this sequence
depends on a parameter κ = e2iπ/ε.

- a confluence on the rightside between χV I and χV which allows to compare these limits to
the wild dynamics Wild(PV , f

↑).
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6 Conclusion and open questions

Conclusion. Several dynamics related to the Painlevé V foliation through the Riemann-Hilbert
map RHV has been described here on the wild character variety χV (a) identified to the cubic
symplectic surface CV (θ) for generic parameters θ. The tame dynamics is induced here by only
one braid. We first extended the tame dynamics by using a confluent dynamics obtained from
the Painlevé VI dynamics by a birational confluent morphism between χV I and χV . This one,
first discovered by M. Klimes, is obtained here by a confluent process between the corresponding
groupoids (after an extension with families of exponential loops).

We have constructed the canonical symplectic birational dynamics defined on the cubic
symplectic surface CV (θ). This one is the pullback of symplectic dynamics on C

2 by a canonical
sequence of coordinates satisfying cluster-type relations. This birational dynamics coincides with
the dynamics obtained by M. Klimes from the wild dynamics defined by a confluent irregular
singular point of the foliation. After and extension by one element, confluent dynamics and
canonical dynamics also coincide.

The cubic symplectic surface CV (θ) contains a skeleton generated by 18 lines and their im-
ages through the action of the tame dynamics. We have characterized this set by a condition of
reducibility of the corresponding linear representations. Some intersections between these lines
correspond to particular solutions of the Painlevé V equation : Kaneko solutions, or central so-
lutions. The restriction of the dynamics on this skeleton is an important tool in the comparisons
between these dynamics.

Open problems. The equations of the character varieties χJ for the other Painlevé equations
PJ , J = Vdeg, IV , III(D6), III(D7), III(D8), II(JM), II(FN), I (with the notations of [54])
are known. We already know that each of them can be obtained as a quotient of a space of
linear representations of a wild groupoid, and that there exists canonical cluster sequences of
coordinates on each χJ , inducing a canonical birational symplectic dynamic DynJ which can be
explicitely computed. We conjecture that for all J :

- All the lines in χJ are a reducibility locus of some path in the groupoid;
- the wild dynamics of all the Painlevé equations (induced by non linear monodromies, non
linear Stokes operators and exponential tori) around an irregular singular point obtained by a
confluent process coincide with these canonical birational symplectic dynamics DynJ on χJ .

We already know that these dynamics coincide on the skeleton generated by the lines for PI and
PII . With M. Klimes we also conjecture that

- There is a diagram of families of birational symplectic confluences between the χJ , which par-
allels the diagram of confluence of Ohyama and Okumura [51].

We expect that we can prove this fact by a confluent process between the groupoids (extended
by families of exponential loops).

Finally we mention here the initial motivation of this study. In [14] S. Cantat and F. Loray
proved the irreducibility of PV I for generic parameters, by using the Malgrange closure of its
dynamics [45]. The aim of the Wuhan conjectures of the second author was to extend their
proof in the general case. In the PV I case, the dynamics obviously belongs to the Malgrange
groupoid which is a closure of its holonomy pseudogroup. In the general case, we conjecture that
the wild dynamics is contained in the Malgrange pseudogroup, but now it is far from obvious.
Modulo this conjecture, we would obtain a proof of the irreducibility of the Painlevé V equation
for generic values of the parameters. Indeed since the extended canonical dynamic contains the
confluent dynamic, it contains a copy of the dynamics of a PV I and we can use Theorem D of
[14] in order to prove that its Malgrange closure is maximal.
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Appendix. Structure of the symplectic Cremona group

The Cremona group Cr = Cr2 is the group of birational automorphisms of P2(C). It does not
depend on the representative X in the birational class of P2: C

2, P1 × P1...
The symplectic Cremona group is the subgroup Symp of Cr ≃ Bir(P1(C) × P1(C)) of the
elements which preserve the differential form ω = du

u ∧ dv
v . The Cremona group is an old topic

which appears at the end of the XIX-th century. One can find an introductive text in [43]. For
a study of its subgroups, see [21]. To the contrary, the study of its symplectic subgroup Symp
has been developed only since 2005, first by A. Usnich [62, 63] and then J. Blanc [7]. We present
here without proofs the main results about subgroups of Symp. Some of them are new results.
Our terminology is inspired by the algebraic groups, due to some similarities in this non linear
infinite dimensional context. We denote

T = {t(λ, µ) : (u, v) 7→ (λu, µv), (λ, µ) ∈ C
∗ × C

∗}.

We have T ⊂ Symp. We denote by Z(T ) its centralizor, and N(T ) its normalizor in Symp. We
consider the subgroup W of Symp of the monomial maps:

W = {(u, v) 7→ (uavb, ucvd),




a b

c d


 ∈ SL2(Z)}.

Proposition 6.1 We have:

1. T is an algebraic abelian maximal subgroup of Symp;

2. Z(T ) = T ;

3. N(T ) =W ⋉ T .

Proof. T is an algebraic abelian maximal subgroup of Cr [56], which preserve ω.
The centralizor and normalizor of T in Cr has been computed by [20], since C is algebraically
closed. We have: NSymp(T ) = NCr(T ) ∩ Symp =W . ✷

Furthermore, according to a theorem of J. Blanc [7], Symp is generated by N(T ) and the order
five element p defined by:

(u, v) 7→

(
v,

1 + v

u

)
.

The Cartan subgroups.

Definition 6.2 A Cartan subgroup of Symp is an algebraic abelian maximal subgroup of rank
two in Symp. T is the standard Cartan subgroup of Symp, and W is the Weyl group associated
to T .

We have T = T1 × T2, where

T1 = {t1(λ) = t(λ, 1), λ ∈ C
∗}, T2 = {t2(µ) = t(1, µ), µ ∈ C

∗}.

All the Cartan subgroups are conjugated. 8

8We have no reference for this fact; the proof will be delivered in a forthcoming publication. This proof uses
a result of J. Blanc [7].
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Borel subgroups. Let dJ1 be the subgroup of Cr ≃ Bir(P1 × P1) of the De Jonquières maps,
i.e. the rational maps which preserve the first projection:

dJ1 = {dj1 : (u, v) 7→ (a(u), b(u, v)), a ∈ PGL2(C), b(·, v) ∈ PGL2(C(u))}.

Let dJS1 be the subgroup in Symp of the symplectic De Jonquières maps. For any λ in C
∗, any

r in C(X)∗, the maps:

dj1(λ, r) : (u, v) 7→ (λu, r(u)v), σ : (u, v) 7→ (u−1, v−1)

are examples of elements in dJS1. We set

B1 = {dj1(λ, r), λ ∈ C
∗, r ∈ C(u)∗} =< T1, T2(C(u)) >, B

−
1 = {b1 ◦ σ, b1 ∈ B1}.

Proposition 6.3 We have dJS1 = B1 ∪B
−
1 = B1 ⋊ Z/2Z.

We also define dJ2, dJS2, B2 with respect to the second projection. We have B1 ∩B2 = T , and
any pair (wB1w

−1, w′B2w
′−1), w,w′ ∈W also satisfies this equality.

Definition 6.4 (B1, B2) is the standard pair of Borel subgroups.
Any pair (wB1w

−1, w′B2w
′−1), w,w′ ∈ W is a pair of Borel subgroups related to the standard

Cartan subgroup T .

Notice that the Borel subgroups are no longer algebraic subgroups since there are infinite di-
mensional groups. It can be proved that B1 and B2 generate Symp.

Definition 6.5 The subgroup U1 of B1 of the “unipotent” elements is defined by:

U1 = {dj1(1, r), r(0) = 1}.

Proposition 6.6 We have:

1. U1 is an abelian subgroup;

2. U1 is generated by the family dj1(1, 1 + νu), ν ∈ C
∗, or by one element dj1(1, 1 + u) and

its conjugations with an element of T1 (we say that this element is a pseudo generator of
U1);

3. [B1, B1] = {dj1(1, r), r(0) = 1, deg(r) = 0.} Therefore, [B1, B1] ⊂ U1 and B1 is meta-
abelian.

In this non linear context, we clearly have some analogies with the structure of the algebraic
group SL2(C) but we also have some differences:
- the inclusion [B1, B1] ⊂ U1 is a strict one, [B1, B1] is an invariant subgroup of U1 and we have
U1/[B1, B1] =< dj1(1, 1 + u) >≃ Z.

- let B♮
1 =< U1, T1 >. B

♮
1 is also a meta-abelian group which contains U1, but it contains only a

maximal torus of rank 1. We call B♮
1 a Borel of rank one.
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