N

HAL

open science

Dynamics of the fifth Painlevé foliation

Emmanuel Paul, Jean-Pierre Ramis

» To cite this version:

Emmanuel Paul, Jean-Pierre Ramis. Dynamics of the fifth Painlevé foliation. Handbook of geometry and
topology of singularities VI: foliations, Springer, pp 307-381, 2024, <10.1007/978-3-031-54172-8_9). <hal-

03941706)

HAL Id: hal-03941706
https://hal.science/hal-03941706v1

Submitted on 16 Jan 2023

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':izition
HAL Authorization


https://hal.science/hal-03941706v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Dynamics of the fifth Painlevé foliation

E. Paul *

J.P. Ramis'

January 16, 2023

Abstract. The leaves of the Painlevé foliations appear as the isomonodromic deformations

of a rank 2 linear connection on a moduli space of connections. Therefore they are the fibers of
the Riemann-Hilbert correspondence that sends each connection on its monodromy data, and
this correspondence induces a conjugation between the dynamics of the foliation and a dynamic
on a space of representations of some fundamental groupoid (a character variety). This one
can be identified to a family of cubic surfaces through trace coordinates. We describe here the
dynamics on the character variety related to the Painlevé V equation. We have here to consider
irregular connections, and the representations of wild groupoids. We describe and compare all
the dynamics which appear on this wild character variety: the tame dynamics, the confluent

dynamics, the canonical symplectic dynamics and the wild dynamics.
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Introduction

The transverse dynamics of an holomorphic foliation is usually defined by its holonomy groupoid.
In general we use a specialization of this groupoid along a particular leaf L: the holonomy group
of L. This one is a representation of the fundamental group of the leaf on a germ of transversal,
defined by the analytic continuation of the solutions. It only describes the transverse structure
of the foliation in a neigbourhood of L.

The Painlevé foliations are holomorphic foliations defined by the Painlevé equations. These
ones are order two non linear ordinary differential equations. Their writings are available for
example in [27]. We only recall here the Painlevé VI and Painlevé V families:

2w 11 1 1 dw\? [1 1 1 7 dw
(Pv1) F25[5+ﬁ+m] <E> ‘[aﬂ_—ﬁm]a )
w(w — 1)(w — — —1
(2t2(t)—(1)2 : [(a4_ b’ _agu; +a%(uf—1)2 T —a%)(tg_t)l] ’

d?w 1 1 dw\? ldw (w—1)% [a? a?
P — = — - ) = 7 (A, 3
(Pv) T <2w+w—1><dt> T <2w 2w>

(2)

They define families of one dimensional foliation on {(t,w,w’) € C3}. They share with all the
Painlevé differential equations type three properties, which will allow us to give a more global
and explicit description of their dynamics. Let us detail these properties for the Painlevé VI
foliation:

1- The Painlevé property : all the solutions (w(t),w’(t)) have a meromorphic continuation
over the universal covering the time space T' = P (C) punctured at the fixed singularities 0, 1 and
oo. This property generalizes the property of holomorphic extension of the solutions of linear
differential equations. The search of non linear differential equations satisfying this property was
the initial motivation of Painlevé and then Gambier in order to construct new transcentendal
functions. It gives rise to the six well known families of Painlevé equations.

According to this property, the movable singularities, i.e. the singularities of the solutions
outside the fixed singularities defined by the equation itself, are only poles. K. Okamoto has
introduced a semi-compactification process in order to get a foliation transverse to a fibration
over the time space. After this process, one can define the dynamic of the Painlevé foliation by
its non linear monodromy, which is defined by an action of the fundamental group of the time
space T', over the Okamoto fiber (the space of initial values). We call it the tame dynamics.

2- The isomonodromic property. In order to study the non linear monodromy of this
foliation, it is useful to introduce a conjugacy between this dynamical system and a simpler one:
the Riemann-Hilbert map. Let us recall the different ingredients involved by this property for
the Painlevé VI equation.

e The moduli space of connections My ;. We consider the family of linear connections on the
trivial bundle over P! defined the family Sy of rank 2 trace free differential systems

dy 14 4
A — = L)y, p, for i # §, A; A = P!
R P B S
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up to the global gauge action: Y — Y - P, P € SLy(C), and to a change of the independent
variable x + (), ¢ € Aut(P1). The extension of the system to x = oo € P! is defined by the
change of variable z = x=!. The family Sy is a 13 dimensional space (including the variables
p;), and the above quotient is a 7 dimensional space. The local parameter space is defined by

a(A) = (det(4;) = a2 /4, i=1,...4),

where +a;/2’s are the eigenvalues of each residue matrix A;. The time parameter is the cross
ratio t € T = P1\ {0, 1, 00} of the configurations of the singular points S = {p1, p2, p3, p4}. Over
a value «, the fiber My () is a 3 dimension space, and t(A) defines a fibration of My r(a) over
T.

e The character variety xv as representations of a fundamental groupoid. For a system A in
Sy we can define its monodromy representation by using the analytic continuation of a local
matrix solution Yy along any element v of the fundamental group 71 (P'\ S, zg). We consider here
another (equivalent) description of this monodromy, introduced by the authors in [53], essential
for what will follows. Instead of considering as usually a fundamental group, we consider a
fundamental groupoid, which allows to make use of several base points. A groupoid is a small
category whose morphisms are invertible. For details on groupoids see [13]. The fundamental
groupoid 71(X) of a variety X is the groupoid whose objects are the points of X and the
morphisms the paths between two points up to homotopy, with the obvious composition. In
what follows, “paths” always means “path up to an homotopy”. We consider the variety X
obtained by 4 real blowing up of the singular points p; in P', and we choose a base point s; on
each divisor (i.e. a direction out of p;). Let S = {s1, 52,53, 54}. The groupoid 7} 7(X, S) is the
restriction of the fundamental groupoid 71(X) to this finite set of objects S. 7/ /(X,S) has a
presentation given by the following picture:

Figure 1: A presentation of the groupoid 7} /(X S).

The morphisms are generated by the local loops v;; based in s; homotopic to each divisor and
the paths 7; ;41 from s; to s;;1 satisfying the following relations:

Reat © 71,272,373,474,1 = *1 (the trivial loop based in s;)
Rint = 71,171,272,272,373,373,474,474,1 = *1.

A linear representation p of 7} 7(X,S) is a morphism of groupoid from 7} 7(X,S) into the
category of vector spaces. In the Painlevé context, we only consider linear representations p



such that p(s) = V; is a 2-dimensional vector space and p(7vs:) belongs to the set of linear
morphisms which preserve the area.
A choice of a basis in each V; defines a map p(7s,:) ~ M,,, in SLy(C). We obtain a representation
of the groupoid 7} 7(X,S) in the group SLy(C). If we change the basis in each V;, we obtain
another representation p’ of 7}/(X,S) in the group SLo(C) which is equivalent, i.e. for any s,
there exist matrices P, such that
-1

M:/s,t =P, - M,,, P
Therefore a rank two trace free linear representation of 7 /(X,S) is also a class of equivalent
representations of 7}/ (X, S) in SLy(C).

Definition 0.1 The character variety xvr is the categorical quotient ' of the set of rank 2 trace
free linear representations up to the above equivalence.

The local data of an element p in xyy is the restriction of p to the groupoid 7TY ”OC(X, S)

obtained by forgetting the generators ;1. It is characterized by the class of each p(7;;), or
by a = (a; = tr(p(vii), ¢ =1,...,4). We denote by xy(a) the corresponding fiber in xy.

e The character variety as a family of cubic surfaces Cy . Given a presentation of the groupoid
mV1(X, S) by figure (1), we define the trace coordinates (a,z) by

CLZ(/)) = tr(p(/}/i,i))ai = 17 te 47 Ilfk(p) = tr(p(’Yi,i/Yi,j/ijj))ﬂ {i7j7 k} = {17273}

The trace coordinates do not change in a class of equivalent representations in SLy(C). Therefore
it can be convenient to make use of mormalized representations: A representation p of the
groupoid 7} 7(X,S) in the group SLy(C) is normalized if for any indexes i, j, i # j we have:
p(7i,j;) = I. One can always choose the representation of the objects in order to get a normalized
representation by choosing arbitrarily the representation of a first one and by representing the
further consecutive ones such that p(;;4+1) = I. A normalized representation is given by 4
matrices M; = p(7; ;) unique up to a common conjugacy which satisfy, according to the relation
Rint, MiMoMsM, = I. We recover here the usual monodromy data. The trace coordinates of
a normalized representation p are defined by

a; = tT(MZ'),’i =1,---4, x1 = t?“(MgMg,), T = tr(M3M1), xr3 = t’r’(MlMg).

Proposition 0.2 The trace map Tryy defined by (a,x) sends each xvi(a) on the cubic surface
Cyr(0) in C3 defined by the equation Fyr(x,0) =0 with

ij(x, 9) = T1Zox3 + x% + x% + l’?:, — 0121 — O30 — O313 + 04,
and 0; = a;as + ajar, {i,75,k} ={1,2,3}, 04 = arazazas + ), a? — 4.

From [31], this trace map is an homeomorphism only on an open set x{;(a) in the character
variety. For a generic value of the local data a, we have x{,;(a) = xvs(a). This condition implies
that M; # +1 for i =1,2,3.

e The Riemann-Hilbert correspondence RHyr : Myr — xvri. Let A in My (a). We choose
a representative of each base point s; by a fundamental system of solutions Yy of A. The
representation of a path v from s to t is obtained by comparing the analytic continuation 37;7
of Y; along v with Y;:

pa(y) =M, &Y =Y, - M,.

!This means that we consider the affine variety defined by the ring of invariants functions over the set of linear
representations: see [12] or [61].



A change of representation of the objects, or a gauge action on A gives an equivalent represen-
tation. The Riemann-Hilbert map RHy is defined by RHy(A) = [pa]. The map induced by
RHy 1 on the local parameters is defined by

RHS () = 2 cos(may) = a;.

We do not discuss here about the surjectivity of RHy (the so called Riemann-Hilbert prob-
lem) or its properness. For a survey on this wide subject, see [29] for the Painlevé VI case, and
[54] for the other cases.

e [somonodromic families and Painlevé VI equation. An isomonodromic family on My is a
fiber of the map RHy, parametrized by a variable ¢, i.e. a family of connections defined by
% = A(z,t) - Y such that the monodromy representation is locally constant in xy; along this
family. The relationship with the Painlevé VI equation was discovered by R. Fuchs in 1907.

Theorem 0.3 There exists coordinates w,w',t over a Zariski open set in My («) such that the

isomonodromic families are the solutions the Painlevé VI equation (1).

A sketch of proof [30]. Given a fundamental system of solutions Y (x,t), by isomonodromy,
4Y (z,t) and Y (z,t) have the same behaviour along any continuation. Therefore the quotient

d
B($7 t) = %Y(l" t) : Y(aj’ t)_l
is univalued outside the fixed singular points. Since the singular points are regular singular
points (see section 2 for the definition) B extends to the singular set in a meromorphic way.
Therefore Y (z, t) satisfies two rational linear systems 49X = A(xz,t)-Y and % = B(x,t)-Y. The

dx
compatibility condition requires that the two operators d/dx — A and d/dt — B must commute :
dA dB
— — — +[B,A] =0. 3
-t 1B.A )

The pair (A, B) is called an isomonodromic Lax pair, and the above equation the Schelsinger
equation. If Aisirreducible, B is unique. Now, one can find coordinates such that the Schelsinger
equation (3) is equivalent to the Painlevé VI equation: see [30]. O

3- The Hamiltonian property : Any Painlevé differential equation is equivalent to a (non
autonomous) hamiltonian system. This fact was first remarked by J. Malmquist [46], and ex-
tended by K. Okamoto in [50]. For example the family of Painlevé VI equations is equivalent
to

. OHyr . OHy;
with
Q(q—l)(q—t)<2 a3 o ag—1 B >
Hyj() = = (1 = (== + + .
vie) t(t—1) (q q—1 q—t)p 4q(q — 1)

with 8 = (a1 + ag + ag + g — 2)(a1 + ag + ag — ay), and where the numbers +a;/2 are the
eigenvalues of the residues matrices A4;2.

We denote by Py () the corresponding family of Painlevé vector fields, and by Fyr(«) the
family of dimension one holomorphic foliations on (Ci()’p’q’ pn C C? x Py (where P! is the complex
one dimensional projective space). The fibers ¢t = 0,1, 00 are singular and the foliation has 4

singular points on each of this fibers.

2The numbering is chosen here such that the two first indices correspond to the singularities 1 and ¢ which are
confluent in the usual confluent process of the Painlevé equations.



Remark 0.4 Painlevé sixth equation was not discovered by Painlevé and Gambier, using the
Painlevé property, but by Richard Fuchs, using an isomonodromic deformation. R. Fuchs consid-
ered the monodromy preserving deformation of a second order Fuchsian differential equation with
four reqular singular points and an apparent singularity® : Dy = y" + a1(z,t)y’ + az(x,t) = 0,
where a1 and ay are rational functions on x depending holomorphically of t. We write the
Riemann scheme of Dy =10 :

0 0 0 0 Ko
K1 Ko K3 2 Ko + K4

In this scheme the exponents k;, 1 = 0,1,2,3,4 are complex parameters subject to the Fuchs
relation :

K1+ ko + K3+ Kg + 260 = —1.
The ki, i = 1,2,3,4 are related to the eigenvalues £a;/2 of the Fuchsian systems (A) by
K1 = Qq, kg = o, K3 = ag and Kq4 = ayg — 1.

For a proof, see [29]. It is easy to derive the Hamiltonian formulation (cf. [48]). The variable q
is the position of the apparent singularity, the variable p is defined by p = Resy—qas(x,t)dx and
the hamiltonian by (4).

The family of Painlevé V equations (2) is equivalent to

_ oHy . oHy

with Hy (a) =t (p(p +t)q(q — 1) — arp(q — 1) + azqt — azpq) .

We have used here the notations of [60]. The values

alpha;/2 are not here eigenvalues of the residues matrices of the connection but are directly
related to them by an affine invertible map whose expression in available in the appendix C of
[35].

We denote by Py («) the corresponding families of Painlevé vector fields, and by Fy («) the
family of dimension one holomorphic foliations on (Cz()’pﬂ’t) C C2? x P'. There is here only two
singular fibers over ¢t = 0 and ¢ = oo, with 2 singular points over 0, and 5 singular points over
00, 3 of them are of saddle-node type i.e. with a vanishing eigenvalue.

This construction provides a symplectic structure Qy (o) on My (a) given by dg Adp. This
Poisson structure on My also comes from a general construction of Atiyah and Bott [1]: the
symplectic structure on the infinite dimensional space of all the connections induces a Poisson
structure by a symplectic reduction under the gauge action. There also exists several direct
finite dimensional constructions, by using either ciliated fat graphs [24], [2], or quasi-hamiltonian
geometry and quivers varieties [10], or symplectic reduction of multi-Poisson structures [18].

On the right-hand side, the space of linear representations xy 7 has also a Poisson structure
which induces a symplectic form w,,,,(a) on each fiber xyr(a). This fact was first proved by
Goldman in [26], and makes use of the Poincaré-Lefschetz duality on the tangent space. It can

3Respectively = 0,1,¢,00 and = = q.



be extended to irregular cases by using the concept of decorated character variety : [15], or
quasi-hamiltonian geometry [9].
There also exists a Poisson structure on the family of cubic surfaces Cy1(6) given by:
_dxy Ndry  dway Ndrz  dxz ANdxy

wyr(0) = = = :
Fyvr e, Fyre, Fyvrz,

where Fy ., = 0Fyr/0x; = o), + 22, — 0; = 0Fy/0x; for i=1,2,3. This structure obtained
by the Poincaré residue of the volume form coincide with the Goldman structure: see [31].

Finally K.Iwasaki has proved that the Riemann-Hilbert map RHy is a Poisson morphism
from (Myr,Qvr) to (Cyr,2imwyr): [32]. One can also find a proof of this fact in [40] obtained
from the Jimbo’s asymptotic formula [34]. This result has been extended for the Riemann-Hilbert
map in a local irregular case by P. Boalch: see [8].

One can summarize these three properties for the Painlevé foliation by the following state-
ment: the dynamics of the Painlevé VI foliation Fy (k) is conjugated through the Riemann-
Hilbert map to the dynamics on Cy;(6) induces by the automorphisms of 71 /(X, S).

Since the inner automorphisms ; ; — ai7¢7¢,jaj_7; acts trivially on the character variety, this
action factorizes to the quotient

Out(r{1(X,8)) = Aut(n{ (X, S))/Inn(x{ (X, S))

which is defined by pure braids over S in X. This braid group is generated by three elementary
braids by 2, ba 3 and b3 1 such that by 2 - b3 -b31 = 1. The action of each generator on xy has
been first computed by Dubrovin and Mazzocco [23]. See also Iwasaki [31], or Cantat and Loray
[14] or the authors in [53] for a simple computation using groupoids instead of groups. We have

Proposition 0.5 The action of b; ; is given by the automorphism:

x; — —x; + zjaE + 2iwh — 0525 + 0;
hij: §x; — —x; —x;x) + 0,

T — Tk.

This dynamics has the remarkable “tame property”: any element and its inverse is given by
polynomials.

Contents of this article. Our aim is to present the main tools that will allow us to
extend this description for all the Painlevé equations, by considering here the first case of Py .
In this case, which can be obtained from Py 7, by a confluent process, new difficulties arise:

— The monodromy around the two singular fibers 0 and co do not describe the whole trans-
verse structure of the foliation. This monodromy will only give a “tame” dynamics generated
by just one element. This is a consequence of the “irregular” type of the singularities of the
foliation over co which are now saddle-nodes, with non linear Stokes phenomenon.

— On the other side, the class of connections on which Py naturally arises is now a class of
irregular connections. The representation of such a connection must take into account beyond
the usual monodromy, new operators related to such singular points: the linear Stokes operators
and exponential tori.

We solve these problems by constructing a wild fundamental groupoid WY(X ,S) with its
linear representations (modulo equivalence): the wild character variety yy. The action of
Out(m} (X, S)) allows us to recover the tame dynamics.

In order to complete this dynamics, one can construct a family of (non invertible) confluent
morphisms from 7} (X, S) to 7} 7(X,S). The key point is that these morphisms induce families



of birational maps between the corresponding character varieties. This will allow us to define
and compute a confluent dynamics Conf(Py) on yy. This one was previously found by Martin
Klimes in [40]. Our technique based here on wild fundamental groupoids allows us to expect a
generalization for all the other Painlevé equations. Notice hat the dynamics that we obtain is
no longer polynomial but only a rational one.

We will also discuss about a canonical dynamic which exists on the cubic surfaces Cy, with-
out any reference to a Painlevé equation. The central idea is that here the cubic surface is
symplectically birationally equivalent to ((CQ, %“ A Ci—”) by a sequence of log-canonical coordi-
nates which satisfies some exchange relations, which appear in cluster algebra. The pull-back
of the symplectic Cremona group Symp ((CQ, %“ A %) delivers a very rich structure denoted by
Dyn(Cy). We will compare Conf(Py) and Dyn(Cy ).

The wild dynamics of the Painlevé V foliation is defined by the non linear monodromy, non
linear Stokes operators and non linear tori in a neighborhood of a saddle-node singular point.
Following M. Klimes [40], we will recall the definition of this dynamics and its image through the
Riemann-Hilbert map. We also recover here the canonical symplectic dynamics, thus confirming
in this case the rationality conjecture of the second author.

The last part is dedicated to open problems.

Acknowledgments. We would like to thank Martin Klimes for the discussions we had
together on this subject. His work [40] is a primary source of inspiration for this article.



1 The moduli space My

According to [54], the moduli space of connections on which lives the Painlevé V foliation is
defined by:

svz{ﬂ:A(x).y, Aw)y= 20 A Al A A AmeSZQ«C)}
dx r—Sy T —S1

such that A, is a non trivial semi-simple element. The singularities, i.e. the points s such that
A is not holomorphic around s are sg, s1 and co. We suppose that the eigenvalues £t of Ay, are
distinct (¢ # 0). One can extend the basis to P;(C) by setting z = 27!

dy -2 40.—1

2,72y Y.

- 2 TA(Z)

As explained in the introduction, we consider this family up to a gauge action Y = PZ, which
acts on the system by A — AP = P~1AP — P_l%, and up to a change of independent variable
o(z), ¢ in the Mobius group Aut(Py).

1.1 The local classification
Suppose that £ = 0 is a singular point of a germ of connection defined by

14V

P+
s
dzx

A(z)-Y, A€ sla(C{zx}), Ag=A(0)#0, p>0.

The local formal classification is the classification of such a system up to a gauge transformation
Y = PZ, with P in SLs (C((x))). The integer p is called the Poincaré rank of the system. It is
not a local gauge invariant. If p = 0 the singular point is called a fuchsian singularity. Given
an element of Sy, the points sy and s are fuchsian singularities. The local formal classification
around such a point is given by the following general result (cf [64]):

Proposition 1.1 We consider the fuchsian system zY' = A(x)-Y, Ag = A(0) # 0.

1. Suppose that the eigenvalues of Ay do not differ from a positive integer (the non resonant
case). There exists a local meromorphic gauge transformation P in SLo (C((z))) which
conjugates the fuchsian singular system to xZ' = Ay - Z

2. In this case, the system (1) admits a local fundamental solution Y = P(z)z4°, P in
SLs (C((x))). Furthermore if A is a convergent data, then P is also a convergent matrix.

The general case reduces to the non resonant case by using shearing transformations, which can
eventually modify the Poincaré rank. We also obtain a local fundamental system Y = P(x)z’
for some constant matrix L. In any cases, the sectoral local solutions admits a moderate growth :
fuchsian singularities are regular singular points. The classification of non fuchsian singularities
is given by the Hukuhara Turritin Theorem [3] :

Theorem 1.2 We consider a sly-system zPTY’ = A(2).Y, Ag = A(0) # 0, p > 1. There exists
a formal meromorphic gauge transformation Y = PZ and a ramification z = y* such that the
differential system has the canonical form

yZ'=(L+ Dy '+ +Dpy ™) - Z,

where the D;’s are diagonal matrices, and L commutes with the D;’s.

10



If the irregular part Dyy~!' + - -+ D,,y~"™ vanishes, we still get a regular singular point. Other-
wise, the singular point is irregular, and the degree r = m/k is called the Katz invariant of the
irregular singular point.

Remark 1.3 If the eigenvalues of Ay are distincts, we do not need to use a ramification z = y*.
Otherwise, for example if Ao is a nilpotent element of sly(C), we first have to use shearing
transformations in order to modify the leading term Ag, which may change the Poincaré rank
and requires a ramification. This may occur for some Painlevé families.

Given an element A of Sy, the singular point 2 = co (z = 0) is an irregular singular point
with Katz rank 1. Since the eigenvalues £t of A, are distinct, we do not need here a ramification
of z. The explicit computation of the residue matrix L., gives:

ap + a1 0
Loo =
0 —ap — aj

Therefore the system (A) has a formal fundamental matrix solution around z = 0 given by

Y(z) = P(2)2"> exp Q(2), Q(z) = diag(az", —az"").

1.2 The global gauge moduli space

We want to compute the categorical quotient Sy //Sl2(C), i.e the affine variety defined by the
ring of invariant functions under the action of the constant gauge action of Sl3(C). One can
first use a constant gauge transformation in order to diagonalize A.:

t/2 0 a; bl
Ao = A = L i=0,1.
0 —t/2 G —a;
Let Sj, be the subset of Sy defined be the above writing. For a fixed singular set sg, s1, 00, it is

a 7-1=6 dimensional variety. The remaining gauge action which normalizes the diagonal matrix
A is the group N =< T, P > generated by

m 0 0 1

T={T, = , me C*} and P =
0 m! -1 0

Ty - = , P Pl = = AT,
c —a cm™°  —a c —a b a

After this first reduction, Sy //SLs(C) = S{,//N. The following functions are invariant by the
action of N:

g = a% + b()Co

a1 = (I% + blcl

oo = (a9 + ay)?

T = aot

Bo = boc1 + bico

B1 = t(bocr — bico)

11



Notice that the three coordinates o = («v;), i = 0, 1, 00 are local invariants around each singular
point. As mentioned in the introduction the «; parameters used in the expressions of the Painlevé
V equation and in its hamiltonien Hy are not exactly equal to the present parameters but only
related to the eigenvalues of the A; by an affine invertible map : see [35].

Proposition 1.4 Sy //SLy(C) = Spec(ag, a1, oo, T, Bo, f1)-

Proof. Tt suffices to prove that the map (g, a1, 0w, T, B0,51) @ S'v//SLa(C) — CC is
invertible over the Zariski open set ag # 0, boco # 0. Given a value (g, a1, Qoo, T, B0, 51), We
first choose arbitrarily ¢ # 0. Now ag is uniquely determined by tag = 7, and bycy is uniquely
determined by ao—a%. The values a% and bpcy determine a unique class [Ag] modulo N. It suffices
to prove that the choice of Ap in this class determines in a unique way the triple (Ag, 41, Ao)-
A is uniquely defined by agt = 7. The two last equations define a linear system in (b1, c1)
which admits a unique solution for bycy # 0. The relation

2apa1 = Oégo — 04(2) — Oé% + boco + bicy
determines a unique value of a; for ag # 0. Another choice of Ay in [Ag] will give an equivalent
triple (Ap, A1, As) modulo N. O

This quotient is endowed with a Poisson structure whose Casimir functions are aq, a1, Qo
and 7. Therefore, each fiber has a canonical symplectic structure. See the introduction for
references.

1.3 The moduli space of connections My,

We now consider the action of a global change of independent variable. We have previously
fixed one singular point at co. The positions sy and s; are now free parameters. One can use a
translation x — x+ A in order to get sg = 0. This action do not modify Ag A; and A,,. Now we
want to normalize the singular point s; to the value 1, by using the last change of independent
variable that we can use: x — px. Since s1 # sg = 0, we can introduce the parameter 81_1. The
linear system

Al dx
dY = (AO + 1 81{1}_1 + IL’AOO)?) . Y
is changed in
Ay
Y =(A A)—) Y
4Y = (4o + T + o) )

This action do not modify Ay and Ay but modify A in pAs. Therefore it keeps invariant the
local variables «; and modify the others variables by:

(7—7 /807 /817 81_1) — (Mﬁ()v /817 Mﬁ?) Msl_l)'

The quotient of this action is the weighted projective space IP’:()’I 0,1,1)" The usual choice of p such

that s; = 1, corresponds to a choice of chart in ]P’?

1,0,1,1)° Therefore

Proposition 1.5 The moduli space of connections My («) induced by Sy for fixed local invari-

. . 3
ants is 1somorphic to P(l,o,l,l)'

Remark 1.6 1. This space is identical to that obtained by H. Chiba in [17] when he seeks a
natural compactification on which lives the vector field Py by using its Newton polyhedra.
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2.

Since one weight vanishes, the quotient space is isomorphic to Po(C) x C, and it is not a
compact space. This fact is shared with the quotient spaces corresponding to the equations
Py and Prrr,pg, while we obtain a compact weighted projective space for the other families
(I), (II), (IV), (I11,Dy), (I11,Dg): [16]. To deal with this problem, we will use the
trick introduced by H. Chiba, who introduces two copies of the previous space, glued by a
convenient Bdcklund transformation.

2 The wild fundamental groupoid 7} (X, S5)

The fundamental group of 7! (P! \ {s¢, 51, S0}, bo) acts on a local fundamental system Yy around
bo by analytic continuation of Y along a path in P!\ {sq, 51, 500 }. We first enlarge this usual
monodromy representation by considering new operators around the irregular point s..: the
formal monodromy, the Stokes operators and the exponential torus. We first describe theses
operators in the present context, by using a point of view very similar to that introduced by
Stokes himself in [58], starting from a formal solution and using the summability theory.

2.1

Stokes operators, formal monodromy and exponential tori

Definition 2.1 1. Let k > 0. A formal power series f: Zizo a;xt is 1/k-Gevrey if there

2.

exists M > 0 and A > 0 such that for all i |a;] < MA i)Yk,

Let V' be a sector at the origin and f an holomorphic function on V. [ is 1/k-Gevrey
asymptotic to f if for every strict subsector W in V, there exists My > 0 and Aw > 0
such that for allm > 1

n—1

| (f(2) =) aga’ [< My Afy (n)/Fla]".
1=0

We denote by C[[x]],/;, the algebra of series which are 1/k-Gevrey, A,/ (V), the algebra
of holomorphic functions on V' which are 1/k-Gevrey asymptotic to some formal series. We
mention here the following facts (for the proofs see [44]):

If fis 1/k-Gevrey asymptotic to ]?, then fis a 1/k-Gevrey series. Therefore the Taylor
map T : Ay, (V) — C[[z]]; 4 is well defined.

For V' “narrow” i.e. with an opening < 7/k, the Taylor map T is surjective: this is a
Gevrey extension of the Borel-Ritt theorem.

For V “large” i.e. with an opening > 7 /k, the Taylor map T is injective: this is a Gevrey
extension of the Watson Lemma.

Any formal solution of any linear or non linear analytic differential equation is 1/k-Gevrey
for some k. This a theorem of Maillet. In the linear case, the second author gives the
optimal Gevrey index by using the Newton polyhedra. In particular, for a linear system
2*1dY /dx = A(x) - Y, this optimal order is the Katz rank of the system.

Definition 2.2 1. Let d € S' a direction. A formal power series f = D k>0 a;x’ is k-

summable in the direction d if there exists a sector Vy bisected by d, whose opening is
greater than m/k and an holomorphic function f on V which is 1/k-Gevrey asymptotic to

f.
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2. A formal power series f is k-summable if f is k-summable in any direction d excepted a
finite number of directions (the singular directions).

Let C{x}/r,q C C[[x]]1/ be the algebra of k-summable series in the direction d, and C{z},/;, C
Cl[z]]1/ the algebra of k-summable series. Since Vj is a large sector, the summation operator
Yaq: C{z}i/pq — A(Va) is an injective morphism of C-differential algebra.

Theorem 2.3 Let 22dY/dz = A(z)Y, A(z) in slo(C{z}), be a germ at x = 0 of meromorphic
differential system. We suppose that the eigenvalues of A(0) are distincts (which avoids a rami-
fication of the independent variable), and that the singularity is irreqular, with a Katz rank equal
to 1.

1. The formal series appearing in a formal fundamental system of solutions Y are 1-summable.

2. For any non singular direction d, the operator ¥4 extends to a unique differential morphism
from the algebra C{x}i[z*, = expt/z,exp(—t/x)] into O(Vy), such that this morphism
induces the identity map on (Claf‘, x7 expt/x,exp(—t/z)]. This allows us to define Zd(?)
for a formal matriz solution Y .

3. Given a formal fundamental system of solutions

}A’(aj) = P(x)acL exp Q(z), Q(x) = diag(tx, —tx),

the singular directions d on which Zd(f’) is not defined are characterized by arg(x) = d if
and only if exp(2tx) has a mazximal decay, i.e. by tx € R™.

Let ¥ be the set of singular directions. The Stokes operators {Sy, d € X} are defined in the
following way. We choose a regular direction dg. For any singular direction d, we choose two
regular directions d~ and d such that the arc (d~,d") contains the only one singular direction
d. We choose a determination Yo of Y around a do ThlS choice induces a determination Y~ of ¥
around the direction d~ (resp. a determination Y+ of Y around d™) by analytic continuation of
the logarithm along the positive arc (do,d™) (resp. (do,d")). The summations Y~ = $,- (Y ™)
and Y =X 4 (?Jr) are defined on large sectors V;” and Vd+ which intersects non trivially on an
open sector around d. Therefore there exists some constant matrix Sy such that Y = Y ~5;.
One can easily check that Sy does not depend on the choices of d™ and d~ around d. A change
of choice for Y or for its determination YO around a dy will modify the family {S;, d € X} by a
common conjugation.

Remark 2.4 Starting from a formal solution 170, the Stokes operator Sy are defined by the
successive operations: analytic continuation of the formal solution 170 along an arc from dg to
d—, summation at d—, analytic continuation of Y~ until d* on VTNV ™, anti-summation at d™
(i.e. Taylor expansion of the actual solution Y ) and finally analytic continuation of the formal
solution Y+ from d* to d.

Definition 2.5 1. The Stokes operators at each singular direction are defined by the above
composition of operators. Given a formal solution Yy, they are characterized by matrices
Ug, up to a common conjugation.

2. The formal monodromy is the operator generated by a loop ~ around 0 acting on a de-
termination of Y. For a given determination Yy, it is defined by a matriz denoted by
M.
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3. The geometric monodromy s the operator generated by a loop v around 0 acting on a
determination of an actual solution Y. For the actual solution Yy obtained by summation
of Yy, it is defined by a matriz denoted by M.

4. The (formal) exponential torus is an action of the algebraic group C* on }70 induced by
a rescaling of the exponential map: expq — Texpq. If Yo = Pzl expQ is chosen such
that Q is diagonal, the action of T is given by a diagonal matriz T, = diag(t,7~'). In the
general case T: is a Cartan component of SLy(C)

The motivation for the introduction of the exponential torus action is given by the following
heuristic interpretation in a one dimensional context: we consider the equation 2%y’ +y = 0.
We introduce an unfolding of the irregular singularity at the origin : we replace D = z2d/dx + 1
by D, := x(x —¢)d/dx + 1 (¢ € C*). Then the irregular singularity is replaced by two regular
singularities at 0 and e, with respective exponents 1/¢ and —1/e. An important point to notice
is the coupling between the relative positions of the singularity and the exponents. The general
solution of D,y = 0 is y = le/a(m — e)_l/e. It is invariant by the monodromy action of a
simple loop around the two points 0 and € but the monodromy action of a simple loop around
0 passing between the two points will transform f into e~ 2im/e f. When € — 0, this monodromy
action does not have a limit. However we can replace the continuous limit by a discrete limit.
We fix ¢g € C* and we define a sequence (ey,)nen by i = % +n, n € N. Then the sequence
(6_2”/5")neN is constant and we can interpret f — fro, with 79 := e 27/0 ag the action of a
simple loop passing between two infinitely near points*. As the choice of g is arbitrary, then
is arbitrary in C* and we can consider the exponential torus as a generalized monodromy group.
This group is no longer discrete, it is an algebraic group of dimension one. The “monodromy of
a loop between the two infinitely near singularities” can be interpreted as a “random point” in
this group. In the unfolding bifurcation D, there is a breaking of symmetry, the choice of € fix
a point e~ 27/¢ ¢ C* and the exponential torus is replaced by the ordinary monodromy group
generated by f — e~27/¢ f. The random point is replaced by a true point.

Proposition 2.6 1. Letdy, dy = di+m be the 2 singular directions of the differential system.
We have M = M - Uy, - Uy, .

2. If 170 = Pzl expQ is chosen such that Q is diagonal, Uqg, is a lower triangular unipotent
matriz and Ug, ts a upper triangular unipotent matriz. In the general case, Ug, and Uy,
are in the two Borel components of the Cartan component of the exponential torus.

3. In the present case (a non ramified case), the formal monodromy commautes with the expo-
nential torus (and belongs to it). This fact is no longer true in the ramified case.

A Borel-Cartan configuration is a triple of subgroups (B~,C, B™) in SLy(C) such that C'is a
maximal torus, isomorphic to the algebraic group C*, and B~ and BT are two maximal solvable
subgroups which contains C. Any Borel-Cartan configuration is conjugated to the canonical
one given by (T, D,T") where D is the subgroup of diagonal matrices, T~ (resp. T'") the
subgroup of lower (resp. upper) triangular matrices. The unipotent subgroups of B~ and B™
are respectively denoted by U™ and U +.

The triple (Ug,, M,Ug,) and the triples (Uy,, Tr, Ug,) take their values in a unipotent Borel-
Cartan configuration (U~,C,U™).

The local wild dynamics of the irregular connection is the subgroup (well defined up to
a conjugation) of SLy(C) generated by the Stokes operators, the formal monodromy and the

4The idea of considering an irregular singularity as a pack of infinitely near reqular singularities is due to René
Garnier in 1919 [25]. It will be used as a guideline in our work.
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exponential torus. According to a result of the second author [55], the Zariski closure of the
local dynamics in SL9(C) is the differential Galois group of the local linear differential system.

For the study of isomonodromic deformations, we need a parametric version of Theorem
(2.3). They are parametric variants of Gevrey power series and of Gevrey expansions (with
analytic parameters). One supposes that the estimates in definition (2.1) are uniform on the
parameter space U C CP, or more generally on every compact K of U : one replaces My, and
Aw by My g and Aw g (resp. uniform on the parameter space). For an open set U C CP,
we will denote O(U)[[x]],/; the algebra of Gevrey series of order 1/k uniformly on U. They
are also a similar parametric variant of k-summability using the uniformly parametrized 1/k-
Gevrey expansions : the definition is the same mutatis mutandis. We will speak of uniform
k-summability. Then the sums of the uniformly k-summable series in a direction d are analytic
in the variable and in the parameters.’ For more information on these subjects cf. [57].

Theorem 2.7 Let U C CP be an open subset. Let D C C be an open disc centered at 0.
Let [A] : 22dY/dx = A(z,t)Y, where A € sly (O(D x U)), be a parametrized meromorphic
differential system. We suppose that, for all t = (t1,...t,) € U, the eigenvalues of A(0,t) are
distinct and that the singularity is irreqular, with a Katz rank equal to 1.

(i) Locally on U, the system [A] admits a formal fundamental solution analytic in the param-
eters : ' = PHxleQ, where P € SLy (O(V)), H € SLy (O(V)[[]]1), H(0,t) = I (for
everyt € V), L € sla(C), Q = (¢, —q), with ¢ € x 1OV [z~ 1].

(ii) Let to € U and V C U a neighborhood of ty such that the system admits on V a formal
fundamental solution analytic in the parameters as above. Let t1 € U and d a nonsingular
direction for the system z2dY/dx = A(x,t1)Y. Then there exists a neighborhood W C V
of t1 such that PH is uniformly 1-summable in the direction d on W.

Proof. (i) Let ty € U. If an open polydisc V' centered at t( is sufficiently small, then there
exists P € GL (O(V)) conjugating the restriction of Ay = A(0,t) to V to a diagonal matrix Bjy.
Therefore we are reduced to the case where Ag is diagonal. Then we can use a parametrized
variant of the splitting lemma of [3]. It reduces the system to two parametrized formal one
dimensional equations. The result follows easily.

(ii) A first proof. We use a parametrized generalization of the Improved Splitting Lemma of
[3] (8.1, Lemma 11, page 124). The proof is the same mutatis mutandis®.

A second proof. We imitate a proof of the unparamatrized version based on Gevrey asymp-
totics (cf. [44]), replacing the Gevrey Main Asymptotic Existence Theorem by a parametrized
version. O

2.2 The local wild fundamental groupoid

Following an idea which appears in a correspondence between P. Deligne B. Malgrange and the
second author [19], the Stokes operators, formal and geometric monodromy around an irregular
point appear as a representation of a “local wild fundamental groupoid”. We want to encode
all these operators by loops, or paths if we allow several base points, in a “halo” (see also [44])
around the singular point whose internal boundary describes the formal world (represented by

Swhen these sums exist for all values of the parameters. In general the singular directions move with the
parameters and it is necessary to reduce the domain.

STt uses the interpretation of 1-summability in terms of the Borel-Laplace method and delicate estimates in
the Borel plane.
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determinations of formal solutions) and its exterior the analytic world (represented by sectoral
holomorphic solutions).

We consider a small disc Ag around z = 0, and we perform a real blowing up £ : Xg — Ag
of x = 0. Let D = E~1(0) C X,. We draw a second divisor D inside the disc bounded by D.
We mark two opposite directions by drawing two points p; and ps in the annulus. Let A be the
punctured annulus. We consider the groupoid m1(Xo, D U 13) whose objects are the points of
D U D and whose morphisms are the paths or loops up to homotopy between two objects inside
the punctured annulus A. Let Sy = {s1, s2} two opposite directions distinct from p; and ps.

Definition 2.8 The local wild groupoid 5 (Xo, So) is the restriction of m(Xo, D U 15) over Sg.

We define a presentation of 7 (X, Sp) in the following way:

S1 52

aq
Figure 2: A presentation of 7} (Xo, Sp).

We choose rays r;”, rj on the left and right side of p; for ¢ = 1,2. We choose two opposite
base points s; and sy on D on the orthogonal direction to (pi1,p2), endpoints of 2 rays r; and
r9. Let 7, (resp.q;") be the arc from s; to the origin of r; (resp. r;") in D, and o the arc on D
from the end of r;” to the end of rf on D. The two Stokes loops are the loops based in s; (see
figure above):

cap - (e ) T, i = 1,2,

—1 ~— _
Oip=7"T; - T f

)

Let 71 5 and 7{72 the lower and upper arcs from s; to s on D, and 77 5 and ;}7{2 their analog on
D by using 71, an arc on 15, and ry 1 The local wild groupoid is generated by o1, o9, V.25 7{’2,
12 and %2 Let vi,1 =171 '7%727 .1 =2 %2 From the above picture we have the relation

~r ~l
Y1,1 =01-71,2°02"V21-

In order to include the exponential torus in a linear representation of this groupoid, we introduce
a (non discrete) extension 71 (Xg, So) of 75 (X, So): we glue a representation of (C*, x) by adding
two collections of loops t11(k), & € C* based in 51, and t22(k), £ € C* based in 5. We denote:

t11(k) = 7‘1_1 -tAl,l(ﬁ) -r1( based in s1), t22(k) = r2_1 '2\2,2(%) - ro( based in s9).
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We require the relations R,
(Z) Vk € (C*, VK € (C*, ti,i(ﬁﬁl) = tiﬂ;(/i) . tiﬂ'(/i,), 1=1,2;

(ZZ) Vk € (C*, [[Uiati,i("i)]ao'i] =%, 1 =1,2;

(ZZZ) Vk € C*,;}’\iﬂ; . tiﬂ'(ﬁ) . ;Y\;zltij(/i)_l =%, ¢t =1,2;

(

2

) t11(k) -l - too(k) -5y = *1.

Definition 2.9 The (complete) wild local groupoid is the groupoid 71 (Xo,So) generated by
(X0, S0) and the families Ty = {t1.1(k), k € C*} and Too = {taa(k), k € C*}, with the
above relations Riye.

Figure 3: A presentation of 71 (X, So).

2.3 The global wild fundamental groupoid

The local wild fundamental groupoid suffices to deal with the Euler equation, or the Kummer
equations by adding one base point [47]. Nevertheless for the Painlevé equations, we have to
consider several regular and irregular singularities, with connecting data between them (and in
some cases an order two ramification).

In order to represent the global monodromy data together with the wild local dynamic of a
connection in My, we consider the following groupoid. We begin with B = P!\ {pg, p1, poo }. We
perform real blowing up at each of these points, and we obtain a variety X with divisors Dy, D1
and D.,. We choose two opposite base points s; and so on D, a base point s3 on Dg, and s4 on
D;. Let S ={s1, $2, 83,84} We consider the groupoid whose morphisms are the paths between
the base points up to homotopy. Inside (D, s1, s2), we glue the local wild groupoid w? (X0, 50)
(resp. the complete local wild groupoid m1(Xg, Sp)). We obtain a new groupoid denoted by
WY’b(X ,S) (resp. 7/ (X,S) for the complete version). A presentation of this groupoid is given
by the figure:
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V4,4

O

S
4 V3,4

Figure 4: A presentation of 7} (X, S).

The relations of this presentation are generated by :
— the local relations R;,. previously defined;

— Reat: ’Y{,z “Y2,3 1 V3,4 V4,1 = *1;

~ Rint: Y2723 V3,3 13,4 V44 - Va1 = *1.

We denote by WY’“(X, S) the fiber of the morphism K : 7} (X,S) — C* induced by
K(tl,l(/@)) = K.

2.4 A confluent morphism of groupoid

The comparison of 7T¥ (X, S) with 7/'7(X, S) is a central point in order to define the confluent
process. For this purpose, we introduce another presentation of this groupoid, setting:

t1a(k) = t11(K ) Ao = Aho ta2(k7),

Yo3(k) =tap(k™) 05" Y23

We obtain the following figure
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Figure 5: Another presentation for 7} (X, 5).

This last figure looks like the figure (1) for the groupoid 7 (X, S). More precisely, we denote
by s} the objects of 7/ (X, S), and we consider a presentation 1> Riges Rean} of 1 1(X,9)

int?
given by figure (1). We consider the groupoid morphism ¢, from 7} ?(X, S) to WY’R(X ,S) which
sends s, on s; and which is defined by:

o 0:(133) = 133 Pu(Via) = a4, 0x(V34) = V3,45 Pu(Va1) = Y21,
* 0u(111) =01 t11(K), Pu(V2) = 02 - t22(K),

* 0u(1.2) = t12(K), Yx(733) = 72,3(K).

This morphism ¢, is an injective morphim but not a surjective one: the pre-image of a
Stokes loop or a loop of an exponential tori are not defined.

Definition 2.10 The confluent morphism from ¢ : w/1(X,8) — 7V (X,S) is defined by the
Jamily o = (QDE)EG(C* .

There exists a similar result in the context of the hypergeometric equation and the confluent
hypergeometric equation in Kummer form.

3 The character variety yy

3.1 Definition of yy

The class of rank 2 linear representations of a fundamental groupoid in SLy(C) has been defined
in the introduction. Here we are only interested in a subclass of linear representations p which
satisfy the following property

Definition 3.1 A representation p of n{ (X, S) satisfies the property (x) if there exists a Borel-
Cartan configuration (B~,C, B") such that:

1. p(tLl(/{), K € (C*) =C,
2. plo1) € U™, p(3h4003,) € U™,

If this property holds for p it still holds for p’ equivalent to p.
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Definition 3.2 The character variety xy is the categorical quotient of the set of linear repre-
sentations 7T¥(X ,S) which satisfy the property (x) through the equivalence of representations.

A local representation is a representation over the sub-groupoid restricted to the local loops,
generated by 711, 73,3, Y44. It is characterized by a = (ao,as,as) with a9 = tr(p(11)) =
tr(p(72,2)), az = tr(p(v3,3)), as = tr(p(ys4)). Any representation p in xy determines a unique
local representation. The fiber of this map is denoted by xv(a).

The inclusion of 7T¥’b (X, S) in 7} (X, S) induces by restriction a map r whose image is denoted

by X?/-

Proposition 3.3 For a such that ag # £2, r is a (2:1) map over the open set of X?/ defined by
p(o1) or p(o2) is a non trivial element.

Proof. If we suppose that o1 is non trivial, one can choose Y’E such that

In this case, p(t1,1(k), k € C*) = C is the diagonal subgroup D of SLy(C), and we have

fw) 0
0 f(x71)

p(t1(k)) =

From the relation ¢y 1(k)t1,1(k") = t1,1(kk") we deduce that f belongs to Aut(C*, x), and there-
fore f(k) =k or f(k)=rk"1.0O
Corollary 3.4 The character variety xv(a) = xi-(a) U x7,(a) with

(
v

X;(a) = {(Ul,MO,UQ,Mg,Mz},DK)}//SLQ((C),
Xy (a) = {(Uy, Mo, Uz, M3, My, D, ")}/ /SLy(C).

The two copies x{:(a) and xy,(a) coincide over a such that eg = ey i.e. such that ag = £2.

3.2 The character variety yy and cubic surfaces

Definition 3.5 A representation of wY’b(X, S) in SLy(C) is normalized if,
p(V2) = p(12.3) = p(y34) = 1,

where the v; ; are generators of the presentation introduced in figure 4.

There always exists a normalized representation in each class of equivalent representations in
SLs(C), obtained by choosing a representation of an initial object —say so— and by representing
the successive others objects by analytic continuation along 72 3, 3,4 and 7571. From the relation
Rext, for a normalized representation we also have p(y41) = 1.

Proposition 3.6 A normalized representation of wY’b(X, S) is characterized by the data

My = p(1,1): Ui = p(01), Uz = p(A1 202 Fs1), Ms = p(333), My = p(7a,4)

such that Uy MoUs MMy = I, up to a common conjugacy.
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Proof. We have to prove that, for a normalized representation p, the images of all the
generators of the groupoid by p are well defined. Since P(’Yi,z) = I, we have

p(Vi2) = Ua, p(A19) = MoUs, p(71 ) = Ut MoUs.

The relation R;p; gives Uy MoUsMsMy = 1. A change of representation of the initial object will
change this data by a common conjugacy. O

One can suppose, by using a conjugacy, that the Cartan subgroup C = {p(t1,1(x)), k € C*} C

SLs(C) is the diagonal one D. From the relation (iii) of the local groupoid presentation, M
commutes with each element of C'. Therefore from the relations (i) (ii) and (iii), we have:

1 0 €0 0 1 (5
Ul = ; MO - 9 U2 = 9
up 1 0 egl 0 1
az  f33 oy Ba
M3z = , My =
V3 03 Y4 04

This data is now defined up to a conjugacy by an element of D. Finally we have
Xv = {(U1, Mo, Up, M3, My) € (U™, D,U") x SLy(C)?, Uy MUz M3My = 1}//D.
This algebraic quotient is a 5 dimensional space. The function (a*,z") = (eg, a3, as, 27, 25,23 ):

€) = Mo[l, 1], az = t?“(Mg), as = t?“(M4),
wf = M3[2, 2] = I3, 1‘;_ = M4[2, 2] = 4, l‘g_ = t’l"(UlM()Ug) =e9 + 661 + epuiug,

is invariant under the action of D.

Proposition 3.7 The coordinates (a™,z ") define a map TT‘J;, invertible for a generic a, from
X?,(a) to the family affine cubic surface Cy (0F) defined by

Fy (0%, x) = mywoxs + a3 + 23 — 0721 — 0520 — 0523 + 07 =0,
where 0 = ag + epas, 05 = as + epaz, 05 = eo, 0 = €2 + epazay + 1.

Lemma 3.8 We have:

eguUlUy = T3 — €y — egl

€0Y3S2 = T2 — €9a3 + egT1

€381 = —T123 + egxr1 — T2 + a4
Proof. We have x3 = eg + eal + eguiug. From Uy MgUs M3 = M4_l we obtain
04 = azeq + y3equo, ayg = P3egs1 + dzequiuo + 53651.
Using «; = a; — 9;, we obtain the two other equalities. O
Proof of Proposition (3.7). Since asds — B33 = 1, we have

(eBurug)(azds) — (eoBsur)(eoysus) — eauiug = 0.
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If we replace egs1s2, egyzse and egf3sy by the above expressions, we obtain the equation
Fy(x,0%) = 0. This proves that the map (a™,2™) takes its values in the cubic surface. Given
a point in the cubic surface, we recover ag = az — x1, ay = ag — x2, B3y3 = 1 — z1(ag — x1),
Bays =1 —xo(ag — x32), ¥382 = ealxg — ag + x1, and therefore, for generic values, a unique point
of \?

Xy (a). O

Remark 3.9 It might seen more natural to consider the trace coordinates:

y1(p) = tr(p(h1,1m,373,3)), y2(p) = tr(p(V2,272,471,4)), y3(p) = tr(p(v3,373,474,4))
which, for a normalized representation, give:

y1 = tr(MoMs), yo = tr(MoMy),ys = tr(MsMy).

But clearly, the coordinates y1 and yo degenerate if My = +1, since we have y1 = a3 and ys = aq
in this case. The coordinates

Y1 — epas
ay

_ _ + Y2 —€paq
= =03, Ty ="

_ + _
—547 T3 = Y3

give an extenston to this exceptional case My = +I. This choice is also the usual one in the
litterature: see [54] or [40]. Since the coordinates (a™,zm) are directly related to the above trace
coordinates through an affine map, we still denote the corresponding map by TT‘J;, and we call it
a trace map.

The normalization of the representation by (Uy, My, Us, M3, My) used in order to construct Tr‘J}
requires that U is a lower triangular matrix. If we require that U; must be an upper triangular
matrix, we obtain the data (U, M ,U, , M5 , M, ) which is equivalent to the first data by the
conjugacy with the matrix

P
-1 0
We define the trace map Tr~(p) = (¢~ ,27) = (egl, as, a4,y , 25, T3 ) with
egt =My [1,1], 27 = My [1,1] = a3, x5 = M, [1,1] = a4, 25 = tr(U; My Uy ) = a3
This map takes its values in the cubic surface Cy (67):
Fy(2,07) = zyzoxs + a3 + 03 — 0721 — 0520 — O3 23 + 0, =0,

where 0, = a3 + eala4, 0y, = a4+ 661(13, 05 = eal, 0, = 662 + eala3a4 + 1 which can also
be identified to the categorical quotient % (a). The points p* € Cy(6F) and p~ = Try, o
(Tr)~Y(p*) correspond to the same representation in x}(a).

From (3.4) we know that yv(a) = xi-(a) U x;,(a) where
xv(a) = {(U1, Mo, Uz, M3, My, D.)/ /SL2(C)},
xv(a) = {(U1, Mo, Uz, M3, My, DY)/ /SL2(C)}.

Using a conjugacy with P this second data is equivalent to (U; , My , Uy , My , My, p(t1,1(k)) =
D,;), which define an element in Cy(67). Therefore xy (a) is identified through the trace coor-
dinates to the union of the two affine surfaces Cy (0~) U Cy (01)

We denote by Tr™* the restriction of Tr* over WY’R(X, S).
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3.3 Lines and reducibility locus

For what follows in this article, excepted (5.3), we will suppose that the parameters satisfy the
generic conditions:

eo # £1, e3 # £1, eq # £1, epes’ey* # 1 for e3 = £1, g4 = £1.

The description of the lines in cubic surfaces can be found in [22]. In particular the compacti-
fication of a generic element Cy(6) in P3(C) contains 27 lines. In the figure below the central
triangle is the union of the three lines at infinity:

XKXA

Le, e, e—l eyt Lees egl,ezl

Figure 6: The 24 lines in Cy(0).

The equations of the lines are obtained from the following decomposition which appears in [40]:
FVI(:Ev 0) = (:L'k: - Cei,ej)(FVI,ﬂck — Tk + Cemej) + lei’e].le;le;l,
where Fyj,, is the partial derivative of Fy r(z,0) with respect to the variable xy, cq 3 = af !+

a 15 and

-1 -1,_-1
lei,ej = e;T; + €jTj — Q€€ — G4, l 2—17 J—l = 6 IL’Z‘ + ej Tj — age€; ej — Q4.

Therefore the plane xy = c, ¢, intersects the cubic surface along a degenerated conic, union of
the two lines

. _ I -1, .
Lei,ej- DX = Ceyey = elej =+ €; €; and lei,ej 0 L 1—1’ ]—1 DX =C, 1—17%—1 and [ 1—1’ ]—1 =0.

The compactification of Cy () in P3(C) has a singular point of type A; at infinity, and admits
21 lines, of which 18 are in the affine part:
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D 1 D

fo.fot Ffe i fo

De3,?4)<De31,e41 D ADQI,

Figure 7: The 18 lines in Cy (9).

Remark 3.10 The equations of these lines are given by

€4’

1. 2z = —a3w3 — 2122 + Oo21 — €9 = 0 for DL, U Digl U Digl uD! -
2. z1 =x122 —eg =0 for A, U Ae;1 UAe, U Aell;

3. 2= —x%mg —x122 + 0129 — g = 0 for ngl UDg, UD;, U DZZI;

4. T3 = Cegey OT Cogie? OF Cegert for the pairs of lines which cut the basis of the triangle.

In this section, we want to characterize the representations whose image is a point on a line.”
The local loops in 71 (X, S) are the loops 7;; based in s;. The local loops in 7} (X, S) are 33
in s3, 74,4 in s4, and a generic element of the torus ¢1 1(k) in s; and ¢y 2(k) in so. In any cases,
the local loops at s; are denoted below by ;.

Definition 3.11 Let v be a morphism of the groupoid ©/1(X,S) or ) (X, S), defined by some
path from s; to s;, j # i, 7; the local loop in s; and ~y; the local loop in s;. A linear representation p
of the groupoid in S Ly (C) is reducible along ~y if p(v~ vi7y) and p(v;) have a common eigenvector.

If p is the linear representation associated with a regular connection V, and + is represented
by analytic continuation, it means that there exists some local solution at s; which is an eigen-
vector of the local monodromy around s; and whose analytic continuation along v is also an
eigenvector of the local monodromy around s;. This semi-local solution in a neighbourhood of
~ has an abelian monodromy.

Remark 3.12 1. If p is reducible along the path v, any equivalent representation is reducible
along .

2. The representation p is reducible along v if and only p is reducible along v~ ".

3. If p(vi) = =1, p is reducible along any path joining s; to another base point.

"We thanks Martin Klimes for discussions on this topics (see also [40]).

25



4. Let p be a representation in SLy(C) given by a choice of basis of solutions X; on each V.
We set p(vi) = M, p(y) = M. p is reducible on v if and only if the matrices May_lMZ-M7
and M; have a common eigenvector.

5. In particular, if p is a normalized representation associated to the presentation given by
figure (1) of the groupoid m{1(X,S), with p(v;) = M; and p(vij;) = I for i # j, p is
reducible on the generator path vy; ; if and only if M; and M; have a common eigenvector.

Definition 3.13 A pair of matrices in SLy(C) is reducible if and only if they have a common
ergenvector.

Definition 3.14 1. The reducibility locus associated to a path ~y is the set R(y) of linear
representations p in xv; which are reducible on ~y.

2. Given a presentation Ofﬂ'YI(X, S), the generating reducibility locus is the union of the sets
R(7i,5) for all the generators ~; j, i # j.

3. The total reducibility locus is the set R of linear representations p in xvy such that there
exists a path between two distinct objects on which p is reducible.

Theorem 3.15 Let {v;;),Ri} be the presentation of ©{(X,S) given by the figure (1), and
Tryr: xvi(a) = Cyr(0) the trace map associated to this presentation. The 24 lines in Cy1(0)
are the reducibility locus of the 6 paths: ;11,1 =1,..,4 and v13 = Y12 - 72,3, V2,4 = V2,3 - V3.4

Lemma 3.16 Let My and My be two matrices in SLo(C) distinct from +1, eq, 61_1, and es,
62_1 their eigenvalues (we may have e; = el_l or ey = 62_1). Let

Cap = af P+ alp.
The pair (M1, Ms) is reducible if and only if
tr(MiMa) = Cey e, or tr(MiMs) = Ce,

-1
;€9

Proof. We choose a "mixed basis” taking an eigenvector of M>, and an eigenvector of Mj.
In such a basis, we have:

or any similar writing obtained by changing e; with 61_1 or e with 62_1. Let D; = diag(e;, el-_l).
We have

tr(My My) = tr(D1D2) + f1fa.

Such a pair has a common eigenvector if and only if f; = 0 or fo = 0, i.e. if and only if
tr(MyMy) = tr(D1D3). We have tr(D1D3) = cey e, Or tr(D1D3) = Coppegts O

Proof of Theorem (3.15). We consider a normalized representation p and the six (non ori-
ented) generating paths 7;;, ¢ # j. For a normalized representation p, these paths satisfy:
p(7vij) = I. Therefore p is reducible over =; ; if and only if the pair of matrices (M;, M;) is
reducible. For {i,j} in {1,2,3}, according to Lemma (3.16), p is reducible on the path ~; ; if and
only if zp = ce;e; Or T} = Coperls Therefore the reducibility locus R(7;;) is given by the four
lines L _+1 +1. O ’

]
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Definition 3.17 The 12 Kaneko points are the intersections

Peie; = Leje; N Leifl’ejfl, p 1 =1 el N Le;17ej, {i,7} € {1,2,3,4}.

ei,e. e
(2] ,]

Proposition 3.18 The Kaneko points pe,e; and p, 1 correspond to a normalized monodromy
(2] ,]

representation such that M; and M; commute.

Proof. In a "mixed basis”,

e; O e;i f;
M; = , Mj= S (7)

fi el 0 el
or the same writing changing e; in e; The reducibility locus is given by f;f; = 0, which
defines two components Le, . and L et (or L cirey! and L e, ej). Therefore pe, ¢; (or p o, ej—l)
is defined by f; = 0 and f; = 0.0

The Painlevé VI foliation admits 12 singular points, 4 over each singular fiber. The local
description of the foliation in a neighborhood of these non linear singularities of “regular type”
can be found in the chapter 4 of [30]. The Painlevé V foliation also admits 3 non linear regular
singular points over 0. The germ of Painlevé equation admits a unique meromorphic solution
around such a singular point, defining an analytic leave for the germ of foliation: we call them
the central solutions. These solutions have been studied by K. Kaneko [36]. Furthermore, they
appears as the intersection of two codim 1 germs of invariant analytic surfaces [30].

Theorem 3.19 1. The Riemann-Hilbert correspondence RHy 1 sends the 12 central solutions
to the 12 Kaneko points.

2. The Riemann-Hilbert correspondence RHvy 1 sends the local invariant varieties near a sin-
gular point to the 2 germs of lines intersecting at the corresponding Kaneko point.

Proof. We consider the 4 singular points over 0. The non linear monodromy generated
by a simple loop around 0 will keep invariant each meromorphic solutions and the analytic
invariant surfaces which intersect on it, around this singular point. Through the Riemann-Hilbert
correspondence this non linear monodromy is conjugated to one of the polynomial dynamics h; ;
given by (0.5). The central solutions are sent on fixed points of h; ;. Since each h;; fixes 4
central points, and has no more than 4 fixed points, this proves the first point.

Now we search for invariant curves under the action of h; ; through the central point Peie;-
Clearly the two lines Lei’ej and Le;176;1 are invariant since the union of the two lines is (2} =
Cese;) N (Fyvr(w,0) = 0) which is invariant. Suppose that there exists another local analytic
invariant curve transverse to dry = 0. It cut the plane (z; = ¢) on a finite set of points, for any
value ¢ near from Ceie; This would create a periodic orbit on each (z; = ¢). The restriction of
hi j on each (zj = c) is a family of affine maps, and for a generic affine map, there doesn’t exist
such a periodic orbit. Therefore the local invariant surfaces are sent on the germ of two lines
around each central point. O

Remark 3.20 Using Proposition (3.18) and Theorem (3.19), we recover here a result of K.
Kaneko [36]: the linear monodromy data preserved along a Kaneko solution is generated by
3 matrices with a pair of commuting matrices. In particular, it generates a solvable group.
Nevertheless, the theorem of K. Kaneko is much more precise: it describes explicitely this linear
solvable monodromy data.
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We have a result similar to Theorem (3.15) for the Painlevé V foliation.

Theorem 3.21 Let {v; ;, R} be the presentation of 7/ (X,S) given by figure (4), and Tr‘J} :
xi-(a) = Cy(0%) the trace map associated to this presentation. Any line in Cy (1) is the image
of a reducibility locus in xv(a) for some path in 7} (X, 9).

The proof is similar to the one of Theorem (3.15, but one needs to investigate different cases.
We just mention here an example:

Lemma 3.22 The reducibility locus R(7] 5) is given by a pair of lines defined by (x3 = ag)NCy .

Proof. For a normalized representation p we have

p(1,2) = UiMoUs, p(31,1) = p(h2,2) = Mo.
Therefore, according to Remark (3.12), we have:
pER(M )& (U1 MoUs) ™! Mo (U MoUs), M) is a reducible pair
& (My U MoUy, Us MUy M t) s a reducible pair
S ugug =0
= t’l"(UlM()UQ) = t?“(M()),
<:>a:3:a0:f§—|—f0_2 where fozzeo.
The intersection (x3 = ag) N Cy is given by one pair of lines. Indeed we have:
Fv(:L‘, 9) = (:173 — €0 — 651)(:131:132 — 60) + dfo,f(fldf(fl,fo’
with
df(),fofl = for1 + fy ‘a2 — foas, dfO*17fO = fo w1 + foxa — foas.
Therefore the reducibility locus R('yiz) is given by the pair of lines:
Dy jirias=eoteg anddy o =0, Dy ay=eotep’ anddgp g =0.0

The others cases are treated with similar computations. Here we also have a correspondence
between the 3 Kaneko solutions described by K. Kaneko and Y. Ohyama in and [37], and the 3
Kaneko points pe, ¢, Peser? and Peg et through RHy, .

The complete reducibility locus, defined by all the paths ~ of the fondamental groupoid,
contains these lines and their images by the tame dynamics. We don’t know if the lines and the

tame action generate the complete reducibility locus (maybe we have to add some parabolas).

3.4 Log-canonical coordinates on Cy(f) and cluster sequences

Let Cy(6) be the family of symplectic cubic affine surfaces in C? defined by Fy (x,0) = 0. The
cubic surfaces Cy (f) are birational to C2. Indeed, since the equation Fy/(6) is affine in z3, the
map 73 : Cy(0) — C? induced by (z1,x2,23) — (z1,22) is rationally invertible and therefore
birational. The polar locus of 773_1 is given by Fy ., = x122 — eg = 0. Recall that Cy(0) has a
symplectic structure defined by

dr; \Ndz;
0) = fo—t
wv( 8FV79/8:L‘]€’

for any 4,7,k = 1,2,3. We want here to introduce symplectic birational maps:

Notations (see Appendix):
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- Wiog = %“ A % . the log-canonical symplectic form on C?;

Bir(C?) : the group of the birational automorphisms of the complex plane;

Symp(C?) = Sympt(C?) : the subgroup of Bir(C?) of the automorphisms which preserve
Wiogs

Symp~(C?) : the subset of Bir(C?) of the automorphisms ¢ such that ¢*wiey = —wiey;

Symp™(C?) : the subgroup of Bir(C?) generated by Symp*(C?) U Symp~(C?).

Definition 3.23 1. A log-canonical system of coordinates on Cy(0) is a birational symplectic
morphism from (Cy(8),wy (0)) to (C% wipg).

2. A log-canonical function on Cy(0) is a component of some log-canonical system.

3. A log-canonical sequence of coordinates is a sequence of coordinates such that two consec-
utive elements define a log-canonical system of coordinates.

4. A log-anti-canonical system of coordinates on Cy(6) is a birational symplectic morphism
from (Cy (), wy (0)) to (C?, —Wiog)-

1

Remark 3.24 1. If (x,y) is a log-anti-canonical system of coordinates, (y,x) and (z7",y)

are log-canonical systems of coordinates.

2. If (z,y) is a log-canonical system of coordinates, for any X\, p in C*, (A\z,py) is a log-
canonical system of coordinates.

The cubic surface Cy (6) is symplectic birationally equivalent to (C?,wj,,). Indeed we have two
first examples of log-canonical systems of coordinates on Cy (0):

Proposition 3.25 Let y; = z1, y2 = z2 and 21 = Fy,, = x122 — eg. The pairs (y1,21), and
(z1,Y2) are log-canonical systems of coordinates on Cy(6). A map z1 such that both (y1, 21), and
(21,y2) are log-canonical systems of coordinates is unique up to a multiplicative constant.

Proof. We have:

d dz dx z1dry + xodx dri N dx
ﬂ/\_1:_1/\ 14X2 2021 1 2:wv(9),
Y1 21 X1 21 T1X2 — €9

and we have a similar computation for (zo9,y2). All the maps such that (yi, 2) is a log-canonical
system of coordinates write z = ¢(y1)z1. Therefore the only maps such that (yi1,2), and (z,y2)
are log-canonical systems of coordinates are z = cz; for some c in C*. O

Therefore (y1, 21, y2) is a log-canonical triple, which satisfies: z; = y1y2—ep. In order to construct
new log-canonical or log-anti-canonical systems of coordinates we consider the two maps:

o1(z1, 22, 23) = (1 — Fyg,, 22, 23) = (—x1 — 223 + 01,22, 73)

oo(x1, 22, 23) = (21,22 — Fy gy, 03) = (1, =2 — 123 + 2, 23).

Lemma 3.26 o1 and o9 define polynomial involutive automorphims of Cy (6). Furthermore they
are anti-symplectic automorphisms, i.e. ofwy(0) = —wy ().
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Proof. The involutive property is a direct computation. We have Fy oo; = Fy, and therefore

the o;’s are polynomial automorphims. Finally, by using wy () = % (resp. wy(0) =

drsNdxy
x3x1+2x2—02

), we obtain ojwy (0) = —wy (0) (resp. oswy (0) = —wy (0)). O
We set:
g=o0100y, g ' =o0y001.

From Lemma (3.26), g is a polynomial symplectic automorphisms of (Cy (6),wy (6)). Therefore,
starting from the log-canonical triple (y1, 21,¥y2), we obtain two other log-canonical triples by
applying o7, ¢ = 1,2 and reversing the order of the triple. We set:

(y2, 22, y3) = (01Y2,0121,0741);
(Yo, 20, Y1) := (03Y2, 0521, 0541).

Therefore we obtain a log-canonical sequence of length seven:
H: (Yo, 20, Y1, 21, Y2, 22, Y3)-

We call it the fundamental log-canonical heptuple. Note that we have:

(y2) 22, y3) = g_l* (y07 205 yl)

We extend the fundamental log-canonical sequence to an infinite log-canonical sequence by
setting for any k in Z:

(Y2ks 22k> Y2k+15 22115 Y2k+2> 22k+3, Y2k +3) 1= (g_k*)(yo, 20, Y1, 21, Y2, 22, Y3)-
This sequence satisfies the following relations:

Proposition 3.27 [exchange relations] let Ay = Z[eF, e, ef]. Let P, Q1 and Qq in Ay[t]
defined by

P(t) =1+ eo,
Qu(t) = (t — eoey ') (t — egeq)(t — e37)(t — e3),
Qa(t) = (t — epez M) (t — epes)(t — eg 1) (t — eq).

For all k in Z we have

YrYr+1 = P(2)
ZokZok+1 = Q1(Y2k+1)
Zok122k+2 = Q2(Y2r+2)-

Lemma 3.28 We have :

otz =25 (eo + 27 'Qa2(x2)),  and osme =7 (eg + 27 ' Q1(z1)) . (8)
with :
Qa(t) = t* — Oat® + 041% — eobrt + €} = (x — epez ') (z — eges)(z — ey V) (z — eq), (9)
Qu(t) = t* — 011> + 041% — egbat + €& = (x — epey V) (z — egeq)(z — e31)(z — e3). (10)
Proof.
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1. We have :

To0]T] = —X1X9 — x%xg + 0119
= —eg— 21 + x%zfl(m% + x% — 0121 — O2x9 + 04) + 0122
= —€p — 21 + Zl_l ((60 + 21)2 + x% — 91%2(60 + Zl) — 92%% + (941’%) + (91:L’2

=eg+ 21 (€} + 35 — 0139 — 0223 + 0473) = eg + 27 ' Q2(w2).

Hence o}z = eomgl + mglzl_ng(xg).

The proof of the other equality is similar.

2. If we develop the right term of (9), we get :

t* — (a4 + epaz)t® + (epazaq + €2 + 1)t* — eg(az + epas)t + €3

= t4 — 92t3 + (94t2 — 60(91t + 6%.
If we develop the right term of (10), we get :

t — (as + eoa4)t3 + (epagay + 6(2) + 1)152 —eg(aq + epas)t + 6(2)

=t* — 1% + 041* — epbat + €2 O

Proof of Proposition (3.27). From lemma 3.28, we get : zo = xoojz1 — €9 = zleg(ajg).
Hence z129 = Qa(x2). Similarly : 29 = o522 —eg = zl_lQl(azl). Hence zpz1 = Q1(x1). The
others relations are obtained by applying ¢~** to the previous one. O

Remark 3.29 1. We have Q1 = 662t4Q2(60t_1).

2. According to Remark (3.10), zor, = 0 are the equations of the lines D', D!, or their images
by the dynamic < g >, and zok11 = 0 are the equations of the lines A. or their images by
the dynamic < g >.

3.5 The Laurent property

The exchange relations obtained at Proposition (3.27) suggests that the sequence of log-canonical
systems of coordinates is related to a structure of generalized cluster algebra. Without going
into the theory of cluster algebras (for details see [38]), we just recall here the fact that under
some hypothesis they satisfy the “Laurent property” (see also [15]):

Definition 3.30 1. A rational map r € C(z,y) satifies the Laurent property if its polar set
1s included in xy = 0.

2. A birational map r satifies the Laurent property if both r and r—1 have the Laurent property.

3. Let X be an affine surface, and let (yn, zn) be a sequence of algebraic morphisms from X
to C2. This sequence satisfies the Laurent property, if given an element (yn, z,), any other
reqular function ym, (or zm) = r(xn,yn) satisfies the Laurent property.

We must remark that the Laurent property is not stable by composition or inversion. It
turns out that in a cluster sequence some simplications arise from the exchange relations and
give this property. A direct proof of this fact needs heavy computations. We can prove here the
Laurent property for the canonical sequence by an argument which avoid these computations
with the exchange relations.

31



Proposition 3.31 The log-canonical sequence satisfies the Laurent property.

Proof. We first prove that all the log-canonical variables are polynomials in (z1, z2, z3). This
is true for (yi, 21, y2) = (z1,z122 — €, z2). Recall that o1, oo (and therefore g) are polynomials
in (z1,22,x3). All the other canonical variables are obtained by the action of a word in o7, o3
from a variable in this triple. Therefore they are still polynomials in (x1,x2,x3). We set:

Pn: Cy(0) = Cu = yn(x),v = 2n(x),
gn: Cy(0) = C% u=z,(x),v = ypi1(x).

We claim that p,, and ¢, satisfy the Laurent property. Since p,, is polynomial, we only have to
prove that the polar set of p, ! is included in uv = 0. This is true for p; = (y1, 21):

r1 =Y
To = (21 + 60)y1_1
x5 =27 (=Yt — (21 + e0)y; * + O1yr + O2(z1 + eo)y; ' — Oa

This is also true for g; = (21, y2) by using a similar computation. Let
v (u,v) = (v,u).
We have :

qo =10pP1©02, P2 =1041°01.

Therefore, gy and po also satisfy the Laurent property. Since the property is true for p; and
po, and since the tame dynamic g is a polynomial automorphism, it remains true for any p, =
g Y pn_o. Since the property is true for gy and ¢; it remains true for any ¢, = g~ *¢,_2. Finally,
since p,, satisfies the Laurent property and p,, is polynomial, the map

Pm OPEI : (ymyzm) = (T(ymzn)ys(ymyzm))

satisfies the Laurent property.O

From the above proof, one can remark that the Laurent property comes from the fact that the
antisymplectic tame dynamics (o7 and o2) and the symplectic dynamics (g) are automorphisms
of the cubic surface.

3.6 Families of confluent and difluent morphisms

These families were first discovered by M. Klimes in [40] through an analytic confluent process,
both on Painlevé equations and on character varieties. We recover them by using a groupoid
point of view. In definition (2.10) we have introduced a family of morphisms ¢, : 7} 1(X,S) —
WY’R(X ,S). Therefore we obtain a family

i s xv(a) = xvi(as)
P = PO P
On the restriction over X‘jﬁ we have 2 families p*.

Proposition 3.32 The morphisms ¢* are invertible on the open set in xvr(a.) defined by the

elements (My, Mo, Ms, My) such that (M, Ms) is a non reducible pair.
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Proof. The matrix expression of p* is
(U1, Mo, Uz, M3, My]p — [U1 Dy, D,.-1 MoUs, M3, My)] s, (c)-

Given (M, My, M3, My), and a parameter k, we search for matrices My, Uy, U, Mj, M},
(U1, My,Us) in U~ x D x U and a matrix @ in SLy(C) such that
U1Dy = Q7' M:1Q
D' MyUs = Q7' MQ
My = Q™' M3Q
My =Q ' MyQ

(11)

For a given local data (a1, a9, as,a4), and a value &, we have only two choices for the eigenvalues
(€0, eq 1) of My, solutions of kK tey + Kegy - as, one centered around ask and the other around
ask ™1, induced by the change k — x~!. Let efl, eét be the eigenvalues of My and Ms. The two
solutions for My are: My = diag(e;ea, 61_162_1), or My = diag(el_legl, erez). We choose the first
one (the second will give a pre-image for ¢, *).

We recall the LDU decomposition in SLa(C):

Lemma 3.33 Let M be an element of SLa(C) such that M[1,1] # 0. There exists a unique
triple (L, D,U) in U~ x D x U" such that M = L x D x U.

Proof. We have

a=e
a b 10 e O 1 u b=-eu
= X X & o
¢ d I 1 0 e 0 1 c=c
d=e 1 +elu

which system has the unique solution (I,e,u) = (¢/a,a,b/a) if a #0. O
We call the above decomposition the LDU-decomposition of M and we denote:
LDU(M) = (L,D,U).

Lemma 3.34 Let M; and My be two non vanishing matrices in SLo(C), My # I, My # £1,
with eigenvalues (61,61_1) and (62,62_1). Suppose that the eigenvectors related to 62_1 and to e;
are independent. There exists a matriz Q in SLy(C) such that the diagonal component of the
decomposition LDU of Q' My M>Q is diag(eyes, 61_162_1).

Proof. The hypothesis of the Lemma gives the existence of a "mixed basis” (u,v) given by
an eigenvector u of M» related to the eigenvalue e; ! and an eigenvector v of M related to the
eigenvalue e;. Let @) be the matrix of this change of basis. We have:

1 €1 0 1 €9 b2
Q MQ = , Q7 M@ =
c1 el_l 0 62_1
Therefore
1 €1€2 €1b2 1 0 €1€2 0 1 b2
Q™ M MQ = = : :
escy 61_162_1 + bocy c 1 0 61_162_1 0 1
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End of the proof of Proposition (3.32). Suppose that the pair of matrices (M ., My ) satisfies
the hypothesis of Lemma (3.34). We choose the matrix @ given by this Lemma and we obtain
a solution of (11):

(U1, My, Uz) = LDU(Q ™' My . M> ,Q), M}, = Q' M3Q, M = Q™ MyQ.

A change of mixed basis will modify @ by a multiplication on the righta side with a diagonal
matrix. Therefore the class [(U1, Mo, Ua, M3, Mj)]p is unique. The representations p for which
the hypothesis of Lemma (3.34) is not satisfied are the representations for which the eigen-
directions related to ey ,, and e, }; are the same. This defines a component —here the line L, ¢,—

of the reducibility locus along the path v; 2 in 7{/(X,S). Therefore ®, is invertible outside
Le, e,. Note that for the other choices of x or eg we shall find one of the other components of

R(m2). O

+x%

—* induces two families of morphisms of cubic surfaces:

Using the trace maps, ¢
(I)i = (TT"%R)_I o gof* oTryr: Cv(ai) — CV_[(K/(Hi))

where 1(07) = k(ep,as,as) = (k + k1 eor ! + eg 'k, a3,a4) and k(a™) = k(ey',as,as) =

1 1 _
(k+r ey 'K + ek, as, aq).

Theorem 3.35 (Confluent and difluent morphisms) The morphisms ®F are symplectic
birational morphisms from Cy (6%) to Cyr(k(6F).

Proof. We have to prove that ®;" has rational expression in trace coordinates and is invertible
in the class of birational transformations.

Lemma 3.36 The map @7 : Cy(0") to Cyr(k(0T) is defined by

T, = eglmzl + ﬁ_lxg
To, = —eglﬁmlmg + ﬁ_lxl — eglmcg + ask + a4eglﬁ

:L’gﬁ = 3.
Proof. We set M ,, = U1D,;, M, = D,—1MoUs. We have

x1,, = tr(My  M3) = agepr !+ egy3sak T + 53661,%
T, = tr(MsM ) = ask + 381K + S3k 1

T34 = tT(M1,5M27H) = epS182 + €9 + eal.
Using Lemma (3.8), we obtain the expressions of ®, in trace coordinates. O

Lemma 3.37 This map is invertible outside the lines Le, , ¢,, UL -1 -1 in xvi(as) and Pt
A 1,k°2,k
s given by
-1 -1
T1 = (—KT1k — €K T2, + a3eq + a4)(T3x = Ceppien)
-1 2 2, -1 -1
Ty = (KT1,xT3x — €OK Tl + KT, — A3K° — a4k € ) (T35 — Cey o e0.,)

I3 = IL’37,{.
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Proof. In order to find ®_! we solve the system

{eglmzl + /€_1:L‘2 =Tk

(—eglngﬁ) + m_l)xl — eglng = X9, — A3K — a4eglm
For a fixed value of x3 = x3  this system is linear and invertible outside the set
-1 -1,2 -2
ey (3, —eg K”—egr ©) =0.

This set is the pair of lines x3 , = 61,;«”62_,{” + 617,{62_,1€ = Cey ,.,e2.,.» 1-€. the pair of lines L, ¢, U
. . . . . _l . .

L erlegl I XV 1(ay). Solving this system, we obtain the expression of ®,_* given in the statement

of the Lemma.O

Finally one can prove by using the above expressions that ®; is a symplectic morphism (see
also [40]) with respects to the symplectcic forms w{i(07) and wy(6,). We have a similar result
for @ .

4 The Painlevé V vector field on My,.

4.1 The Riemann-Hilbert map RHy

Proposition 4.1 1. Any local connection V, defined by a germ of irreqular sly-system of
Katz rank 1 induces a representation py of the local wild groupoid m1(Xo, So) in SLa(C).

2. Any connection A in Cy induces a representation pa of ©{ (X, S) in SLy(C).

Proof. The representation of the local wild fundamental groupoid induced by a local irregular
system is defined in the following way. We first consider an extension of the set of base points to
any point of D or D which is an extremity of the rays r;, rii, i = 1,2. The points p; and py are
defined by the singular directions of the connection. Any point of D is arbitrarily represented
by a determination in the direction d of a formal fundamental system of solutions ?d of the
connection and any point of D is represented by an actual holomorphic fundamental system
of solutions Yy on a small sector around d. Any arc v on D with origin a and end point b is
represented, as usually by the comparison between the analytic continuation Y, of Y, along ~
with of Y}, i.e. by the matrix M, such that

Yy =Y, - M,

Any arc on D is represented in the same way by using the formal representations of its extrem-
ities, and the analytic continuation of the logarithm. Let 74 be a regular ray whose origin and
end-point are represented by Yy and Y. The morphism rg4 is represented by the comparison
between the summation of Y, (the summation replace here he analytic continuation) with Yy :

Yy = 84(Yy) - M,,.

We represent the loops ¢; (k) in the following way. One can suppose that the matrix XA/SZ is a
diagonal matrix. Then the action of f”(ﬁ) on 1781 is given by the product with the diagonal
matrix diag(k~1, k). Therefore p4 (t;;(k)) = Dx. We have defined the representation py on all
the generators of m1(Xg, Sp) and therefore on 71 (X, Sp).

Given a global system A in Sy, we complete the previous local wild representation to a
representation of 7} (X,S) by defining pv(vi;), (i,7) = (2,3), (3,4), (4,1), (3,3), (4,4) in
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the usual monodromic way, by analytic continuation along these paths or loops. A change
of representations of the objects, or a gauge action on the linear system, induce equivalent
representations, which end the proof. O

We have defined a Riemann-Hilbert map
RHy : My (a) = xv(a).

The general Riemann-Hilbert problem discusses about the surjectivity of RH: in the present
context, for any irreducible representation p in xy,, there exists a unique connection in My on
the trivial bundle whose linear representation is p: for details see [54], [11].

4.2 Isomonodromic families on My

Any isomonodromic family on My («) is a fiber of the map RHy , parametrized by a variable t,
i.e. a family of connections defined by

ay

O Al t) Y

such that the monodromy and the Stokes operators are locally constant in yy (a).

Theorem 4.2 There exists an open Zariski set in My («) and coordinates p,q on the fiber
My () such that the isomonodromic families are solutions the Painlevé V hamiltonian differ-
ential system (5).

A sketch of proof. We follow here an argument of [54] wich extends the argument of
Schlesinger for fuchsian connections. Given a fundamental system of solutions Y (z, t), by isomon-
odromy, %Y(m, t) and Y (z,t) have the same behaviour by analytic continuation or under a Stokes
operator. Therefore the quotient

B(z,t) = %Y(m,t) Y (x, )7t

is univalued outside the fixed singular points.
Lemma 4.3 B(z,t) extends to the singular set in a meromorphic way.

Proof. Let U C C be an open subset, and let D be an open disc centered at oco. Let
dY/dr = A(x=1,t)Y, where A € slo(O(D x U), be a parametrized meromorphic differential
system. We suppose that, for all t € U, the eigenvalues of A(0,¢) are distinct and that the
singularity is irregular, with a Katz rank equal to 1. From Theorem (2.7), the system dY/dz =
AY admits, in a small neighborhood of each ¢ty € U a formal fundamental solution analytic in
t: Y = dale?. The polynomials () and the matrix L are analytic in ¢ and the entries of o
belongs to O(V)[[z~!]], where V is a small open disc centered at ty. Moreover these coefficients
are l-summable uniformly in t. For a direction d non-singular at t, if |t — o] is small, then d
remains non-singular and the 1-sum is analytic in ¢. Multiplying on the right by an invertible
diagonal matrix analytic in ¢, we get a fundamental solution with similar properties. R

If the system is isomonodromic, then the matrix L is constant and it is possible to choose Y
in such a way that the Stokes multipliers does not depend on ¢.

By a simple calculation, we see that B(z,t) = %Y (z,t) - Y (2,t)~! does not contain expo-
nentials, and is invariant by the formal monodromy and by the (constant) Stokes multipliers.
Therefore its entries belongs to O(D)((x~1)). These entries are 1-summable uniformly in t and
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are invariant by the Stokes multipliers, therefore they are meromorphic in z (with a pole at co)
and analytic in ¢t. O

Therefore Y (z,t) satisfies two rational linear systems 2¥ = A(z,t) Y and & = B(x,t)- Y.
The compatibility condition requires that the two operators d/dx — A and d/dt — B have to
commute :

dA dB

— ——+[B,A]=0. 12

7 g, T1BAl=0 (12)
The pair (A, B) is called an isomonodromic Lax pair. If A is irreducible, B is unique. In [54], the
computation of B and the equivalence of the compatibility condition (12) with the hamiltonian
system of Py have been performed. O

4.3 Singularities of the Painlevé V vector field in the Okamoto’s compactifi-
cation of My («)

The Okamoto’s compactification [49], [29]. All the Painlevé foliations satisfy the Painlevé
property: any solution admits an extension along any path is the basis given by the time variable
punctured by the fixed singular points, as a meromorphic function.

In a first step, we search for a compactification on which appear the “polar” singular set,
which corresponds to the poles of the meromorphic solutions. Here, following H. Chiba [16] and
[17], we have to distinguish the equations Py, Prr and Py from Py, Py and Prrr. For the first
triple we obtain this compactification by a convenient weighted projective space. For the second
one, the natural weighted projective space presents a vanishing weight and we can’t catch all
the polar set. In this case we need to glue two copies of this weighted projective space by a
convenient Backlund transformation.

In a second step one can remove the polar singular set by a convenient sequence of blowing
up’s. In the version of H. Chiba, it suffices to perform only one weighted blowing up whose
weights are given by the eigenvalues of the polar singular point, which are positive integers.

The first step creates new singular points outside the polar singular set, over z = co, which
are saddle-nodes. We describe here this set for the Py foliation. In this case, the weights are
w = (1,0,1,1). Since the second weight vanishes, this space P?l,O,l,l) is not compact and is
isomorphic to P? x C. This space is here a manifold (an orbifold for other Painlevé equations:
[Chibal-2-4]), covered by 3 charts:

Uy ={(X1:X9:X3:Xy), X1 #0}, (X7:Xo:X3:Xy)=(1:u1:u9:x);
Us ={(X1: X2 : X5: Xy), X3 #0}, (X1:Xp:X5:Xy)=(vi:0v2:1:);
U4:{(X12X21X31X4), X47£0}, (X1:XQ:X3:X4):(w1:w2:z:1).

The change of charts are given by

1 -1

— -1
wp=ny =T , W2=0V2="U1, =Y

= ugx_l.

Singular points. The chart Uy is the ”initial chart”, before compactification. In this chart
the vector field corresponding to the hamiltonian zHy is defined by

2wy = —2wiwy + w4 w1z — 2wiwaz + (o + az)wi — agz
ZW9 = 2w1w§ — 2wy wy — woz + w%z — (a1 + az)ws +

z=z
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For each vector field, the plane z = 0 is invariant and the singular points of the restriction of
the vector field to this plane are given by

(—2wiwe + w1 + (a1 + ag))w; =0
2w1w§ —2wywy — (o1 + az)wy + a1 =0
z=0

For a; # +as, we obtain 2 singular points r; and ro:

a1 ]
wy,we,2) =0, ——,0 ), (wi,we,2)=|a; —a3, —,0].
<12><a1+a3><12><1 3@1_%)

Now we search for singular points over z = oo. In the first chart the Painlevé vector field is (see
[17]):

U = —2uy + 2u% — uqug + u%ug + a1z — (a1 + az)ugz

U = —Ug + 2uiUy — u% + uox + 2u1u% — (a1 + as)ugx + agu%x

T =x(—14 2u; —ug + 2uug — (aq + ag)x + agusx)

The plane (z = 0) is invariant and Py |(,—g) is the autonomous hamiltonian vector field

Uy = —2up + 2u3 — ugug 4+ udug = uy (uy — 1)(ug + 2)
Uy = —Ug + 2ujus — u% + 2u1u% = uz(2uy — 1)(uz +1)

We have 5 singularities p1, pa, 1, So2, 3 in this first chart, which do not depend on the parameters
Q5

(ur, 19, 7) = (0,0,0), (1,0,0), (0,~1,0), (=

-2 1,—1,0).
27 70)7 (7 70)

The singularities p; and py are polar singular points: H. Chiba has proved in [17] that they
correspond to solutions given by Laurent series at a movable pole z = zy. One can remove these
singularities by a weighted blowing up. The eigenvalues of linear part of Py are (—2,—1,—1)
and (2,1,1) respectively. They are analytically linearizable.

In the third chart —the Boutrouz chart—, the Painlevé vector field is given by

vy = v1(1+v1 — 202 — 2v1v2 + (a1 + a3 — 1)y) — agy
Uy = va(—14 vy — 201 + 20103 — (1 + @3)y) + a1y
j=-y

The plane y = 0 is invariant and the restriction of the vector field at infinity is

U] = ’U1(1 + vy — 209 — 2111112) = Ul(’Ul + 1)(1 — 2’02)
vy = va(—1 4 vy — 201 + 201v3) = va(ve — 1)(2v1 + 1)

There are five singular points s1, s2, s3, s4 and s5 in y = 0 given by

11

(vl,vg,y):(—l,0,0), (_57570)7 (_1’170)7 (0’070)7 (071’0)
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The polar singular set of Py contains 4 points. In order to catch the two missing polar singular
points, H. Chiba introduces a second copy of ]P)S(LO,LI) glued to the first one by the Backlund
transformation 7, given in each chart by
m :(@17 @27 27 d07 dl7 d27 d?)) = (Z('U)Q - 1)7 —'LUlz_l, Z,00, 02,3, O[O)

({}17 ’527 g) 540, dl) d?y d3) = (UQ - 17 —V1,Y,01, 02,03, Oé())

(@1, Gz, &, Go, G, G2, &3) = (—up ' (g — 1)70 (wn — 1) " Huy 2, g, a3, a0)
By computing the singularities of the vector field in the chart (i, w2, Z), we find two singular
points r3 and 74 given by:

aq

ag + o’

o 5 5 «
(01,9, 2) = (61 — a3 + 1, = ~1

mﬂ)’ (w1, w2, 2) = (0, —

0).

We have r4y = rq, and therefore we obtain 3 singular points of regular type. In the chart
(U1, U, &), we find five singular points:

ﬂflaﬂ’?a‘%) = (07070)7

ﬂflaﬂ’?a‘%) = (17070)7
uy

7'&2,5)) = (]-7 _]-7 0)7

p3: (
pa: (
S1 - (

( %7_270)7

sq: (Gy,t2,2) = (0,—1,0).

S9 . al,{@,i) = (

According to [17], the singular points ps and p4 are the two missing polar singular points. The
singularities s1, so and s4 was yet detected in the first copy. The singular points in the Boutroux
chart (01,02,y) = (va—1,—v1,y) are s1, S2, S3, S4 and s5 without new singular point (the change
of chart is polynomial). We have obtained:

Proposition 4.4 The Painlevé vector field admits 3 singular points r1, ro, 73 of reqular type
over z = 0, 4 polar singular points p;, © = 1...4 over z = 0o, which can be removed by a weighted
blowing-up, and 5 singular points s; over z = oo, of saddle-node type.

By a local study around each saddle-node singularity, one can recover the 5 solutions of A.
Parusnikova in Laurent series around z = oo for the Painlevé V equation: [52].

5 Dynamics on Yy

5.1 The tame dynamics

As mentionned in the introduction, the dynamic of the Painlevé VI equation on xy is induced
by the automorphisms of the groupoid, given by braids over 3 points. Here since the singular
set reduces to 3 points, the braid group over two points has only one generator, which can
be represented by the pure braid b over s3 and s4. Furthermore one can consider the “half-
monodromy” defined the (non pure) braid b3 4 which permutes the positions of s3 and s and
induces an involution on the local parameters. These actions induced by the trace coordinates
on Cy (™) has been computed by the authors in [53] and M. Klimes in [40].

Proposition 5.1 The action of the braid bs4 : Cy (07,05 ,e0) — Cv(e(;l@;,ealﬁl—l—,eal) 18
defined by:

r -1 + =1
zy =e€, (—x2 —z123 +63) ey = €
zh = eglay and { 07" =e; 05
Th = x3 0F " = ey 10
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The action of the pure braid b4 0bs 4 : Cy(67) — Cy(07) is defined by:

/ 2
T, = T1T3 + Tax3 — T1 — 0;:1:3 + Hfr
. r_ +
934 : § To=—T173 — T2 + 0,

Th = x3

As for the dynamics on Cyy(6), this dynamics and its inverse are polynomial dynamics.
This is the only part of the dynamics on yy; which do not degenerate through the confluent
morphisms from yy to xy (see next paragraph).

Definition 5.2 The dynamics generated by g3 4 is called the tame dynamics, and denoted by
Tame(Cy) .

5.2 The confluent dynamic

Using the birational map ®, = ®;f, each dynamic h; ; on Cy(6,) defined by the braids induces
a family of birational dynamics g; j(k) = @' 0 h;; o ¢, on X‘J;(a). This one was previously
obtained by M. Klimes by using an analytic confluent process in the spaces of connections.

Definition 5.3 The confluent dynamic Conf(Py) is the dynamic generated by g1 2(k), g23(K)
and g31(k) for K is C*.

We still have the relation g1 2(k) 0 g2.3(k) © g3,1(x) = id. Therefore it suffices to compute g1 2(x)
and go3(k). Notice that, from the braid group relations, gia(k) = g34(k)~!. By a direct
computation using proposition (3.36), it can be checked that

Proposition 5.4 The dynamic g3 4(k) = gzb;l o h3a o ¢y on xv(a) do not depend on k and
generates the tame dynamic.

Remark 5.5 Since the braid between s and so (or between ss and sy) corresponds to a loop
around 0 in the time space, g3 4 is conjugated through the Riemann-Hilbert correspondence to
the non linear monodromy of the foliation Fy over z = 0.

Contrary to the previous case, the dynamics g2 3(k) and g3 1(k) are not generated by an
automorphism of 7TY (Y, S): indeed on the groupoid level, ¢, is not an isomorphism. Nevertheless
they induce families of birational dynamics on Cy(6):

Proposition 5.6 The family of dynamics g2 3(k) is defined by:

€0
T2

X =
2
K
Xo =29 — — + 661/%21‘1
Z2
X3 = k22323 — (eg 2% — k™ 2)w1me — 2¢5 a3 + (eg 02 + w7201 )ze + (g 'K2 + eor™?)
The second family g3 1(k) is given by g1 3(k) = g1,2 © g2,3(K).

We first search for the matrix expressions of the confluent dynamics :
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Proposition 5.7 The confluent dynamic (oF)~!

([Ur, Moy, Ua, M3|p — [Vi, My, Vo, N3]p with

o hazogl: xy(a) = xi(a) is defined by

1 0
Vi= ,
-1 B | -1
K repsi03 + K ey v3 — Key 73+ K egs1sayz 1
1 klegsabs + H_leosg’}/g — Kk Yegsads — K teg By + Heal,ﬁg + /@6818253
Vo = )
0 1
N 1 0% + 037382 + B33 + 130352 —eok ™ (O35 + V35353 — 0352)
3=
03 + s27v3 P 1

Proof. We consider an element p of xy(a) given by its normalized representation in the
canonical Cartan-Borel decomposition:

p= [Ul,Mo,UQ,Mg,M4], (Ul,Mo,UQ,Mg) eU xDxUT XSLQ((C), My = (UlMoUgMg)_l.

We set:

1 0 eco O 1 uy 03 ps3
Ur = , Mo = , Up = , M3 =

up 1 0 eyt 0 1 Y3 03
The map P, is defined by:
®,.([U1, My, Uy, M3, My)) = [My, Mo, Ms, My with My = Uy Dy, My = D' MyUs.
Therefore

K 0 K leg Kk legus 03 B3

Mlz 7M2: 7M3:

kup KL 0 /1661 v3 03

According to [53], the dynamic of hg 3 is given by

My — (MyMs) ™ My (Mo M)
M2 — M2
M3 — Mg
My — (MyMs) ™' My(MaMs)

Since each data is given up to a common conjugacy, we can also use:

My — Mj = My ' My M,
My — My = MsMyMz ™
Mz — M} = My

My — My = My ' MM,
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Now, in order to compute ¢ 1(M], M4, M}, M}), we make use of the matrix P given by Lemma
(3.34), defined by a mixed basis for the pair (M7, M}). Let (u,v) a basis of the representation
of the initial object such that the representation ®,(p) is given by the matrices M;: w is an
eigenvector of My for the eigenvalue e; = k™ 1eg and v is an eigenvector of M for the eigenvalue

e;~! = k~L. The vectors

u =My -, V=Mt v
are eigenvectors for M} (with eigenvalue k= leg) and for M| (with eigenvalue x~!). The change

of basis is given by the matrix

03 —H_leoug
P =

3 k™ teg

which is invertible outside
H_leo(bg + ugvy3) = 0.

Using Lemma (3.8), this locus is given by xo = 0. Therefore the dynamic g 3(k) is a rational
dynamic with polar set x9 = 0. We have:

-1,2 ~1,2,2 -1,2 -1,2
ep Kk efjugbs + KT efuyys — K eguads — K ejf3 + K83 4 Kugds3
P~ (M M) P =

ﬁ_le%ulbg + k3 — Ky + ﬂ_le%uluyyg *

where the coefficient x is not specified. The LDU-decomposition of this matrix is given by
(‘/1, M(), Vg) with

1 0
Vi = ,
-1 1 -1, -1 -1
K eouibs + K ey 3 — Keg ¥z + K eguiugys 1
1 Kk lequabs + ktegudys — Kk tequads — ke B3 + /@ealﬁg + K/eal’LLQ(Sg
Vo =
0 1
we have:
o 1 b3 + bayzuz + B373 + y303uz  —eor (baug + Y3u3 B — dzuz)
N3 - P M3P - ﬁ
3 T U273 %65173 1

which proves the proposition. O

Proof of Proposition (5.6). The image of x; = d3 is given by X; = N3[2,2] =

1 .
= m ACCOI'leg
to Lemma (3.8), we have:

1 1 €0
N3[2,2] = = — = —.
bs +uzys  (as —x1) + ey (w2 — epas + egr1) T2
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The image of x5 = &, is given by Ny[2,2] where Ny = P~1 M} P. We have

—eg 2k%y3B1 + b3ds + uay3dy

Ny[2.2] =
12.2] b3 + u2y3

From M, = (U MoUyM3)~! we obtain that 84 = —eg(B3 + u203). Therefore,

V384 = —eoy383 — egu2y303
= —ep(b3dz — 1) — equay3d3
= —60((613 — :L‘l)l‘l — 1) — 1‘1(1‘2 + €1 — 60&3)

=€) — L1T2.
From Lemma (3.8) and the above equality we obtain
Xo = Ny[2,2] =z — /{2:1:2_1 + 661/%21‘1.

We can obtain the last component by computing X3 = tr(M}' M) = tr(My " M| MjM4MyM;™),
or by using the equation of the cubic surface:

Y. — —X12 —X22 + 601 X7 + 60Xy — 0y
o X1X2 — e '

O

5.3 The canonical dynamics on Cy(6)

In [40], Martin Klimes has computed the dynamics obtained on Cy () from the wild dynamics
(non linear stokes operators and non linear exponential tori of one irregular singularity of the
Painlevé foliation) through the Riemann-Hilbert morphism. It turns out that this dynamics
is a rational one on Cy(f). We enhance here that this dynamics was already present on the
cubic surface in a canonical way, using the log-canonical coordinates introduced in subsection
3.4. This section is completely independent of the other ones excepted 3.4, and only deals with
dynamics on a singular cubic surface. Nevertheless the terminology (canonical Stokes operators
etc...) is deeply influenced by the confluent dynamics. We do not need here any restriction on
the parameters.

Let y be a log-canonical function on Cy(f): there exists z such that (y,z) —or (z,y)- is a
log-canonical system of coordinates. We consider the logarithmic hamiltonian function H, on
Cv(a) such that

_

dH
Yy

Let X, be the hamiltonian vector field related to H, for the symplectic form wy :

4

wv(Xy,') = Y

Through the symplectic morphism (y, z), the image of this vector field is z% (or —z% if y is
completed in log-canonical system of coordinates by the left side). Therefore its flow z(t) = zge*!
is globally defined on C, and it can be factorized through a multiplicative action of C* by setting
A =el. Let T, be this multiplicative family of (rational symplectic) automorphisms on Cy.
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Definition 5.8 T, = {t) : (/,y) = A\ 12, 9)} = {tr : (y,2) = (y,\2)} is the exponential
torus related to the log canonical function y.

Remark 5.9 1. Fach element of T, keeps invariant y, and the set of rational invariant
functions of Ty, is C(y).

2. Consider the log-canonical pentuple (zo,y1,21,Y2,22). The elements of T, keep invariant
the reducible locus zo = 0 and z1 = 0, and the elements of T, keep invariant the reducible
locus z1 = 0 and z9 = 0.

The subgroups of Symp = Symp(C?,wyeg): Bi, BE, U;, i = 1,2 are defined in the Appendix.
They induce subgroups of Symp(Cy,wy ) by using a system of log-canonical coordinates. Given
a log canonical function z = z; in S, one can complete z into two log-canonical systems, either
by the left side: (y,2) or by the right side: (z,y’).

Lemma 5.10 1. We fiz a canonical triple (y,z,y’). The pull-back of Bo (resp. Bg, Us)
by (y,z) and the pull-back of By (resp. BT, Ui) by (z,vy') define the same subgroup of
Sym(Cy,wy).

2. We fiz a canonical triple (z,y,2"). The pull-back of B (resp. Bg, Us) by (z,y) and the
pull-back of By (resp. Bi, Up) by (y,2') define the same subgroup of Sym(Cy,wy ).

The subgroups obtained at the first point of Lemma (5.10) are denoted by B., BE, U,, and the
subgroups obtained at the second point are denoted by B,, th/, Uy.

Definition 5.11 Given a canonical system of coordinates (y, z) we will say that B, and B, are
the opposite Borel subgroups associated to (y, z).

Proof of Lemma (5.10). 1- The elements of the pullback of By by (y, z) are given by
(y,2) = (r(2)y, \z), r € C(2)*, A € C*,
and the elements of the pullback of B; by (z,y’) are given by
(2,9") = (Az,r(2)y), r € C(2)*, A € C*.
Therefore using yy' = z + eg, the elements of the first group also write

Az + e

(z,9) = (Az,7'(2)y), with 7/(2) = m,

which proves the first point.
2- The elements of the pullback of By by (z,y) are given by

(z,9) = (r(y)z, Ay), € Cy)", Ae C,
and the elements of the pullback of By by (y,2’) are given by
(y:2") = Ay, r(y)Z'), r € C(y)", A€ C".

Therefore using zz' = Q(y), where Q = Q1 or Q2 is a polynomial, the elements of the first group
also write

(y,2') = (\y, 7' (y)2), with r'(y) =

which proves the second point. O
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Proposition 5.12 We have Z(T,) = By, N(Y,) = B,UB,, where B, = {(y,2') = (\y,r(y)z""1), r €
C(y)*, xe C*}.

Proof. Let ty: (y,2') = (y,Az’). An element p of Symp(Cy), given by
p: (y,2) = (Y(y,2), Z'(y,~))

commutes with ¢, if and only if, for any A in C*,

Y(y,A) =Y (y,2),

Z'(y, \) = A\Z'(y, 7).
We claim that any rational function r in K (z) over a field K D C which satisfies r(A\x) = Ar(z)
for any X in C* is a constant function. Indeed if it was not a constant function it would admit
an infinite number of zeroes or poles in K. By applying this remark to 2’ — Y (y,2’) and to

2 v Z'(y,\2')2'~1, we conclude that Y do not depend on z’ and that Z’ is linear in 2’. There
exists two rational functions ¢(y) and r(y) such that

Y(y,A\Z') = q(y),
Z'(y, \2') = r(y)2.

We have
avy dz'  , dy r'(y)dy dz ;o dy dz
AN =g )2 A (L = ()2 A
v i (y)y ( ) +—) q(y)y .

Therefore ¢'(y) = 1, and ¢(y) = p in C*. The elements of Z(T}) write

(y,2") = (ny,r(y)2")

which prove that Z(T,) = B,.

Suppose now that an element p is in the normalizer of T,. Then either it commutes whith
each element of T}, or it anti-commutes with each element of Tj. In this last case a similar
computation proves that p: (y,2') — (uy,r(y)2'~1). O

Proposition 5.13 Let ¥ = (y,z,y’) be a log-canonical triple in the cluster sequence &. There
exists a unique element s of U, such that s;Tysgl = T,. This operator is given by:

st (y,2) = (y(1+ep'z),2) or by
(2.9) = (¢ (L+ e 2) ") = (2,009 ™)
and we have: sz': (y,2) = (y(1 +ex'2)7 2) = (eoy' 1, 2).
Proof. We have:
Ty ={ty(N) : (y,2) = (y,A2)},
Ty ={ty(\): (zy) = A2y}

1+e a1z
= {ty’(A) : (y7 Z) - (y 0 —1 >\ lz)}v
l+ey 2

Uz ={ur: (y,2) = (r(2)y, 2),7 € C(2)",7(0) = 1}.
Therefore the element s of U,: (y,2) — (y(1 + ey '2), 2) satisfies for all A in C*
soty(\)os Tt =t,(\71).

In order to prove the unicity of s, suppose that there exist another s’ in U, which conjugates Ty,
and T,;. We have : s~ os/'(T,) = T, i.e. s~!os’ belongs to the normalizer N(T},) of T,. We
have N(T,) N U, = {id} : this is a direct consequence of Proposition (5.12).0
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Definition 5.14 The automorphism ss is the canonical Stokes operator induced by the triple
T=(y.2Y).

Proposition 5.15 1. The automorphism st writes in the coordinates h =logy,l = log(1 +
e '2): (h1) — (h+1,0).

2. sz is a pseudo-generator of U,, that is to say the family {t,(\) o sz o t,(A\)~!, X € C*}
generates U,. Consequently, BE =< U,, T, >=<s55,T, >.

3. Let s be the canonical Stokes operator related to the triple (Y, 2k, Yk+1). We have: o1 o

-1 _ -1, -1 _
8100, =89 ; §OSLOG =~ = Sky2.

4. Fori=1,2, s; keeps invariant the lines z; = 0, and the restriction of s; on each line is a
translation. More generally, si keeps invariant zx = 0, and the restriction of sy to the set
of rational curves z = 0 has no fized point.

Proof.
1. This first point is trivial.

2. We have:
{ty(\) oszot,(N)™, AeC*} = {(y,2) = (y(1 +v2),2), v € C*}

The statement comes from the fact that any rational function r such that r(0) = 1 writes
r(z) = [[;(1 — piz) [T;(1 - v;jz)~! where the p; ! are the zeroes of r and the I/j_l are the
poles of r.

3. We have:

st (y1,21) = (Wi(l+eg'z1,21)
so: (22,93) = (22,y3(1 +e5tza) ).

. ) -1 _ -1
Since o1 : (y1,21) = (3, 22), we have 01051007 =55 .

The automorphism g~! send the triple (yx, zx, Yx+1) o0 (Yrt2, k42, Yut3). Therefore s, =

—1
g osk120g.

4. From the previous point, it suffices to prove the result for s;. We lift the expression of s;
in the coordinate system (y1, 21, z3):

s1: (y1,21,m3) — (g y1 (21 + eo), 21, X3).
The equation of the character variety Cy (0) is given by

x321 + Y2 + (21 + e0)?y; 2 — O1y1 — 02(21 + eo)y; * + 04 = 0,
which is equivalent to

w321 + Yy 21 + 2e0yy C21 — Oayt Tz = —ui — egyi” + O1y1 + Oaeoyy T — ba
We have:

X321 + eSny(zl + 60)2 + e%yl_2 — 91egly1(z1 +ep) — 02€0y1_1 +0, =0.
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Therefore,
Xsz1 = —ey Y12t — 2eq ' yizn + Oreg vz — v — efyy 2 + O1y1 + b2eoyy "t — Oa
= —ea2y%zf — Qealy%zl + 91ealy121 + x321 + yf?zf + Zeoyfzzl — 02y1_1z1.
We obtain:
X3 = —egylz — 2eq 'yt + Oreg tyr + x5+ yp 2z + 2e0yy 2 — Ooyy L
Therefore the restriction of s; to z1 = 0 is given by
r3 — T3+ 91ealy1 — 92y1_1.

On each component of z; = 0, y; is constant (= e?jf or eoefl) and this map is a translation.

|

Definition 5.16 The canonical dynamics induced by the canonical triple ¥ = (y,z,y’) is the
subgroup Dyn(T) =< Ty, sz, T,y > of Symp(Cv) generated by Ty, sz, and Tyy.

Proposition 5.17 We have : Dyn(T) =< T,, sz >= B

Proof. The first equality is a consequence of the relation sgT, sz L= T, obtained in Propo-
sition (5.13), and the second one was obtained at the second point of Proposition (5.15). O

Definition 5.18 The canonical dynamics Dyn(Cy) induced by the fundamental canonical se-
quence {yYo, 20, Y1, 21, Y2, 22, Y3} s the rational symplectic dynamic generated by:

g+ (Y2.22) = (0. 20), Tyis 51= S(y1,20,50): 52 = S(y2,22,98)-
The subgroup Tame(Cy) of Dyn(Cy) generated by g is the tame canonical dynamics.

Remark 5.19 1. From Proposition (3.25), the canonical sequence is almost unique, that is
we can only replace z, with cz. This action is an element of Ty, and therefore do not
change the dynamics. This dynamics only depends on the polynomial Fy, , which justify the
notation.

2. Dyn(Cv) also contains T, = g*T,, and so = s(yo, 20,y1) = ¢g*s2, and more generally all
the Ty, and all the sy for k in Z.

3. Dyn(Cy) =< Bgl,BEQ,g > .
Proposition 5.20 The element m of Dyn(Cy) such that g = sy 0 m o sy is defined by

(y2, 22) = (y2, €522y3 ).
Proof. We have

sizo = 57Q2(y2)21 " = Qaleoyy )z = edyr *Q1(y1)2 " = egyr *20.

Therefore,
— 1% % 2, —4
g §1%22 = €pY3 22,
* —1% % -2 4
S90 T S122 = €4 Yo 22.

We also have

P siys = ssg ey ) = s3eoys ') = vo,

1

59~
which proves that m =1 = 51 0 g~1 0 59 is defined by (y2,22) = (92, 682223/%). O
Definition 5.21 The element m in Dyn(Cy) is the canonical formal monodromy.

Note that m = ta(edy; *). In particular, M is in the centralizer Z(T,,) = By, of Ty,, and
preserves ys.
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5.4 Comparison between the confluent and the canonical dynamics

We have previously found that the confluent dynamics and the canonical dynamics are both
extensions of the tame dynamics. In order to compare Dyn(Cy) and Conf(Py), we write
the confluent dynamic in the canonical coordinates. The confluent dynamic is generated by
g12 = 93 i given by Proposition (5.4), the family g2 3(k) given by Proposition (5.6) and the
family g3 1(x), which satisfies the relation g; 2 0 g2 3(k) 0 g3.1(Kk) = id.

Proposition 5.22 We have:
(i) We have g12 = g. Hence gia: (Yn,2n) = (Yn—2, 2n—2)-
(i1) The automorphism gs 3(k) and its inverse are given in canonical coordinate systems by

g23(k) : (21,92) — (’“@2212527 1+ H2€5121y2_2)y2),

g32(k) + (y1,21) = (Y1 + eor 2z1yy s egr 2 21yy2).
(i1i) The automorphism g3 1(k) and its inverse are given in canonical coordinate systems by

93,1(k) © (22,y3) — (/@2221527 1+ %26512293_2)113),

913(K) © (y2,22) — (ya + eor 22015, 6(2)H_2Z2y2_2)-

Proof.
(i) We have g = 07 o 09, with
Ul($17$27$3) - (l’l - FV,$17$27x3) - (_':El — T2T3 + 017$27$3)

oo(x1, 22, 23) = (21,22 — Fy gy, x3) = (1, =22 — 123 + 2, 23).
Therefore,

(01 009) w1 = 05(—21 — X223 + 61)

= —x1 + Tox3 + xlwg — O3+ 61 = (g12)" 1.
(01 002) 2 = 05(x2)

= —xp — 123 + 02 = (g1,2) " 22.

Hence, g = g1,2.

(ii) From Proposition (5.6) we have:

2

92.3(K)* 21 = eoxy (o — KAyt 4 eg LR m1) — e

=ey+ /{2:172_2(3313:2 —ep) — €
= /1221y2_2.
92,3(k) Y2 = g2,3(k)* (21 + e0)yy ')
= (K*21y5 > + eo)eg 2
=y9(l+ 661/@2z1y2_2).
We obtain g3 2(k) by reversing the map (z1,y2) — (21, Y2):
2 =rYs(1+eg"'Z1)72, o =Yo(l+ €5 Z1) 7",

and by using the change of canonical coordinates (z1,y2) — (y1 = (21 + €0)ys -, 21)-
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iii) We have g1 3(k) = go ga3(k). We set Zy := k?29y5 ~, Y3 := y3 (1 + k%ey 22y5 ). We have
iii) We h : : We set Z 2209y3 %, Y- 1+ r%e; ' 20y3%). We h
to prove that g1 3(k)*Z2 = 22 and g 3(k)*Y3 = ys.

913(K)* Za = ga3(K)* 0 g% (K? 205 %) = g2.3(k)* (K*20u1 2).
913(K)*Ys = ga3(k)* 0 g*Y3 = go3(r)* (y1(1 + K%e5 ' 2097 %)) -

We compute g2 3(k)*20 and go 3(k)*y1. We have zg = zl_lQl(yl), therefore :

92,3(8) 20 = (923(K)*20) " Q1 (923(K)*w1) = K227 '43Q1 (eoyy ')
We recall (cf. the remark 3.29) that Q;(eot™ ") = ey t*Qa(t). We obtain :
g23(K) 20 = K 2efyy *21 TeqaQu (eoyz ') = w7 2ehys Tor Qalyz) = efn2ys "z,

Since y1 = (21 + eo)ygl, by using (ii) we have

1

92,3(K) Y1 = (K 21952 + o) (y2 + w2eg 213 1) ! = ey

Finally,

913(r)* Z2 = g23(r)* (K2 2097 )

= 1% (efryy ") (eoyy )P = 2.

918(5)"Ys = ga3(k)* (y1(1 + K7€ 2097 %))
= eoy2_1 (1 + /12651(e%m_222y2_2)(60y2_1)_2)

=eoy; (L +eg'22) =eoys ' (1+ ey  (y2ys —€o0)) = v

Therefore, g31(k) : (22,y3) — (Z2,Y3). The computation of its inverse g31(x) in the chart
(y2, 22) is similar to the computation of the inverse of the g2 3(x) in point (ii).O

Remark 5.23 The transformations g2 3(k) and g3 1(k) are conjugated by the map & : (y1, z2) —
(y2, z3). Nevertheless, this conjugation & does not belong to the canonical dynamics.

The following equalities are consequences of the points (ii) and (iii) in Proposition (5.22):

Corollary 5.24 For all k in C* we have:
1. g23(K) = ga,3(1) 0ty (k%) = ty, (K72) 0 g2,3(1);
2. g1,3(k) = g1,3(1) 0y, (K?) =ty (v72) © g1,3(1).

In particular, go3(K) conjugates Ty, and Ty,: ga3(k) o ty,(K%) o gas(k) = ty, (K72), and gs1(k)
conjugates Ty, and Tyy: g31(k) o ty, (k%) 0 g1.3(k) = ty, (K72).

From these preliminary results we immediately obtain:

Proposition 5.25 1. The tame dynamic generated by g = o1 0 o9 is included in Conf(Py).
2. For any n in Z, T,, C Conf(Py).
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Proof. The first point is a direct consequence of g = g1 2.
The second one is obtained for n = 1 or n = 2 from the first item of Corollary (5.24). The others
tori are obtained from T,, or T}, by a conjugation with an element of the tame dynamic. O

Nevertheless, the canonical Stokes operators do not belong to Conf(Py). The reason is the
following one: both g 3(x) and s; keep invariant A : z; = 0. The restriction of s; to each
component of A is a translation: see Proposition (5.15). One can compute the restriction of
g2,3(k) on each each line of A.

g2,3(K) x3 = /€_2:L’§IL’3 + B(k, x1,x2),

where (B(k,z1,x2) only depends on k, x1, and x3. On A, 27 = egﬂ,eoef, Ty = eoefl,efl,

therefore the restriction of the g2 3(k) are affine transformations on each line. The same property
holds for g31(x). Nevertheless, we cannot find x in C* such that =223 = 1 simultaneously on
each component of A.

This remark suggests to introduce an extension of the confluent dynamics. The only way to
obtain from the family g 3(x) an element which is a translation on A is to introduce a functional
time for the elements of T3,, setting k = x2. Therefore if we expect to obtain the canonical stokes
operators from the confluent dynamic, we have to extend it by the element ¢,, (v, 2).

Another motivation in order to introduce this element is purely algebraic and makes use of
the structure induced by the symplectic Cremona group. We recall the subgroups of Bir(Cy)
generated from the Borel-Cartan structure of Symp(C?) by the canonical triple (yi,21,¥2) :

By, = {by, (A, 7
By, = {by,(\,7) 1 (21,92) = (217(y2), A 1y2), 7 € C(ya)*, X € C*}
Ty, = {ty, (N : (y1,21) = (y1,A21), A € C*}

Ty, = {tyy(N) : (21,92) = (A 21,92), A € C*}

Us, = {usy (1) 0 (21,92) = (21,y27(21)), 7 € C(21)", r(0) = 1}.

1) (Y, 21) = (Ayn, z21ir(y1)), 7€ Clyr)™, A e C*}

and we set :

Ty, (Cly2)) = {(21,92) = (217 (y2),42), v € C(y2)"}
= {by,(1,7), 7 € C(y2)"} C By,;

Ty, (C(y1)) = {(21,92) = (y1, 217(31)), v € C(11)"}
= {by,(1,7), 7 € C(y1)*} C By,.

Proposition 5.26

(i) There exists a unique pair (by,,us,) in Ty, (C(y2)) x U,,, such that :
92,3(1) = uy, o by,. Moreover by, = t,, (y2_2) € Ty, (C(y2)) and u,, = sy .

(it) There exists a unique pair (by,,vs,) in Ty, (C(y1)) x Us,, such that :
g3.2(1) = v, o by, . Moreover by, = tyl(eo_2y%) € Ty, (C(y1)) and vy, = s7.

Proof. (i) We set :
by, + (21,2) = (2195 %, 92),
Uz - (21792) = (217 (1 + ealzl)y2)-

We have g23(1) = uz, o by,. The unicity of this decomposition is a consequence of T}, (C(y2)) N

U., = {id}. One recognizes here that b,, = t,,(y,>) and u,, = s7 .
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(ii) We set :
. 2 2
by, © (y1,21) = (Y1, egz1y1 ")
va (1, 21) = (L +eg 21y, 21) -

We have g31(1) = v, o by,. The unicity of this decomposition is a consequence of T}, (C(y1)) N
U., = {id}. One recognizes here that b,, = t,,(e;*y?) and v,, = s;. O

By using g23(k) = g2.3(1) o ty,(k?), and Z(Ty,) = By,, we obtain:
92,3(K) = Uz, 0 by, 01y, (K?) = sy 0 by, (K) 0 by,

Since g3,1(k) is conjugated to g2 3(k) by (21,y2) — (22,y3) we have a similar decomposition of
the family g3 1(x) in U,, x Bl X T,:

93,1(K) = Uz, 0 by 0 ty3(“2) = Uz © ty3(“2) 0 byg, Uz = 32_17 by, = ty3(y3_2)_

Notice that bt = ¢, (y3) : (21,y2) — (2193, y2) is a ramified blowing-up in the canonical chart
Y2 y2\Y2 b
(21,y2). We extend the confluent dynamic by this element:

Definition 5.27 The extended confluent dynamic is defined by
Confi(Py) =< Conf(Py), ty, (43) > -

We recall that, according to Proposition (5.20), the element m of Dyn(Cy ) such that g = sgomos;
is defined by m = t,,(eg 2y3). We consider a square root of m defined by:

M2 (g2, 20) = (y2,¢5 Y3 22)-

Definition 5.28 The extended confluent canonical dynamic is defined by
Dyn*(Cy) =< Dynf(Cy),m"/? > .

Theorem 5.29 Conf*(Py) = Dyn(Cy).

Proof.. We first prove that Dyn(Cy)! € Confi(Py). Dyn?(Cy) is generated by g, Ty, 51,
so and Mm!/2. From Proposition (5.26), since s;' = ga.3(1) ot,, (y3), Conf?(Py) contains s;. We
have:

~ _ _ 02
M = ty,(eg 2ys) = (tys (eg Ho ty2(y%)) .

Hence, Con f*(Py) also contains . According to the relation g = sy o m o s, s5 also belongs
to Conff(Py). Finally since m'/? = t,,(e) o t,,(y3), we obtain the inclusion Dyn(Cy)* C
Conf(Py).

Now we prove that Conf*(Py) C Dyn(Cy)*. The relation

g2,3(K) = 57" 0 by, (y5 ) 0 ty, (k)

proves that gs3(k) belongs to Dyn(Cy) for any x in C*. Since gi2 = g belongs to Dyn(Cy),
from the relation g2 o g2 3(k) © g3,1(k) = id, g3,1(k) also belongs to Dyn(Cy) for any « in C*.
Finally t,,(y3) = m'/2 o ty,(ey ) belongs to Dyn(Cy)f.O
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5.5 Comparison with the wild dynamics

The wild dynamics is a pseudogroup of non linear dynamics induced by the Painlevé V foliation
Py (k) in a neighborhood of each singular point of saddle-node type. We will recall here the
construction of its generators: the non linear stokes operators, non linear tori, and formal and
analytic non linear monodromy. Through the Riemann-Hilbert map RHy it induces an (a priori)
local dynamics on Cy (). The second author formulates the Wuhan conjecture which claims that
this dynamics extends into a symplectic rational dynamics. This conjecture has been proved
for the Painlevé V equation by M. Klimes in [40] (there is also a very clear presentation of this
work in Klimes’s lecture [41]). His method uses a description of the confluence on the foliations
of the Hamiltonian systems on the left side and on the linear isomonodromic systems and on
the associated character variety on the right side. An essential tool is the discretization of the
confluence as indicated in section 2.1 on the baby model of confluence z(z — &) — 2%y’ +y = 0,
first introduced by C. Zhang for the confluence for the hypergeometric equations [65]. We will
present here this result of M. Klimes, and compare this dynamics with the canonical dynamics
Dyn(Cy) on the cubic surfaces.

Definition of the wild dynamics. The Painlevé V foliation is given under its hamiltonian
form by (5). From section 4.3, the irregular singular points s; all appear in the Boutroux chart.
Around each irregular singular point of Painlevé V of saddle-node type s; the formal and sectoral
normal forms are given by [40]:

Theorem 5.30 Let ag = 2a1 + oo — 1.
1- In a neighborhood of a saddle-node s;, the hamiltonian system (5) can be brought to a
formal normal form :

d 1 0 (1
xzd—u = (1 — apx + 4zugug) u, U= (13)
x

by means of a formal transversally symplectic change of coordinates :

! = U(u,z) = Z?[)(k) (u)z"

P k>0

where the Y*¥) are analytic on a polydisc P = {|uy|, |uz| < 8} (6 >0).
2- The formal normal form (13) is integrable in closed form :

{Ul (:E, Cl) = Cle_l/xw_a0+40102 (14)

ug(z,cg) = coel/Tgoo—deicz

and this local hamiltonian vector field (for duy Adug and h = x~2(1 — agx)usus, also admits the
analytic first integral uyus.

3- The formal series S O(P)|[z]] is uniformly 1-summable with a pair of 1-sums V' (u, x),
U (u, ), defined respectively above the sectors

UM = {large — /2| <7 —n,|z| <&} and UY:={|argz —7/2| <7 —n,|z| <}

for some 0 < n < 7/2 arbitrary small and some &' > 0 (depending on n), and u € P.
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Remark 5.31 The formal Takano’s normal form [59] used here to define the non linear Stokes
operators will not suffice for the other Painlevé equations in order to obtain overlapping open sec-
tors. We will have to make use of the Bittman’s normal forms, which are no longer polynomials:

see [4], [5] and [6].
Corollary 5.32 On each sector U® (e =1 or ),

1. the system (5) has a unique analytic bounded solution f*® which is the 1-sum of the formal
solution f: uy(z,0) = ua(x,0) = 0. We call these solutions the sectoral center solutions.
They are pole-free on the corresponding sector and they are characterized by this property.

2. the system (5) has a 2-parameters family of solutions fcm :
(%, p°)(x,c1,¢0) = U (u(x,c1,c2), ).
We consider the left and right intersection sectors of the overlapping sectors UT and UV
Vi=UTNUYN{Rz <0} and V" :=U" U N {Rz > 0}.
The non linear Stokes multipliers are defined by
Sy = (U LoWton V", S = (¥ Lot on V8

The formal non linear monodromy is defined by the action induced by z +— €™

of formal solutions fe, c,:

x on the space

~

N : (Cl7 02) — (62i7r(—o¢o+4c1cg)cb 627;”(0[0_46102)62).

The formal non linear exponential torus is defined by the analytic symplectic symmetries of the
formal normal forms (14):

to: (c1,c2) — (eo‘(0162)cl,e_°‘(0102)02) , a€0(C0).

Using ¥T and U+, the formal exponential torus induces two sectoral exponential tori 7T and T+
and the formal first integral h = ¢;¢o induces 2 sectoral first integrals AT and h'.

Definition 5.33 The wild dynamics Wild(Py, f1) based in the central solution 7 is the pseudo-
group generated by Sy, Sa, N, and T = {ty}.

Wild(Py, f1) also contains the actual monodromy N generated by a loop around z = oo,
according to the relation Sy 0 NT o S; = N, where NT = ¥UT o N o (1)1,

The wild dynamics through the Riemann-Hilbert map RHy. We fix a value zg in a
neighborhood of oo, and we consider the Okamoto space of initial condition V,, over zg. Let

m* = (¢*,p®)(z,0,0)

be the two points on V,,, corresponding to the two central varieties in a neighborhood of a singular
point s. We denote by (¢}, c3)(q, p) the inverse maps of (¢°, p*®)(zo, c1,c2). The equations ¢§ =0
define two germs of curves 6* in m®. The equations ¢} = 0 define two germs of curves d* in m®.
On the rightside, we consider the 12 lines A.; D", D;- in the configuration of lines in xy: see
figure 7. We can group them in four triples (A;, D,,, D;,) such that A;ND,, # 0 and A;ND;, # 0.
We set p,, = AN Dy, pi, = AN Dy,
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Now we consider the confluent process between Py and Py defined by

. 1 1
tyr =1+ ety, a3:1/57 a27VI:a2:—g+a27v, T = t——|—€,0(17\/]:0417v (15)
1%
which sends the three fixed singularities to ¢ty = —1/¢e, 0, 00. This change of variables transforms

eHy into Hy,; and the Py Hamiltonian system into :

dg OHY, dp  OH,
a  9p ' dt  9q

When ¢ — 0, the simple singular points —1/¢ and oo merge into a double singular point, an
irregular singularity at infinity, and the limit of Hy,; is Hy. The four pairs of singularities over
—1/e and oo merges to 4 saddle-nodes (the confluent saddle-nodes) among the five saddle nodes
s; over co. In what follows, we suppose that s is one of these 4 singularities. We summarize the
results of Martin Klimes [40] by the following theorem:

Theorem 5.34 We consider the Riemann-Hilbert map RHy between an open set in the space
of initial condition Vy, induced by a neighborhood of a confluent singularity s and the character
variety xyv. The choice of s determines a triple of lines (A, D,,D;) among the four triples
(A;, DI, DY) such that

1. RHy(m") = AND, = p,, RHy(m*) = AND; =p,.

2. RHy(67) = (A, p,) (the germ of line at p, ), RHy (6%) = (A, p;). Furthermore, the germs 6"
and &% extend to a same analytic curve § in V,, isomorphic to C, such that RHy (8) = A.

3. RHy(d") = (D,,p,), RHy(d*) = (Dy,p;). Furthermore the germs of curves d' and d*
extends to 2 curves d, and d; isomorphic to C in Vi, such that RHy(d,) = D, and
RHy(d;) = Dy.

4. Let (y1,21,y2) be the triple of canonical coordinates (3.25). We have:
X X _pt . _pt
RHy1 = yl(pr)em, RHy2 = ya(pr)e o RH{;z = eo(e(hT ) 1).

5. Let g, s1, s2, be the generators of the canonical dynamics defined in 5.18, let m be the
canonical formal monodromy defined by 5.20 and T,,, T, the canonical exponential tori.
We have:

RH{g= N, RH$S, = s1, RH{Sy = sy, RHin = N, RHTY = T,,, RHSTT = T,,.

Therefore the dynamics induced by Wild(Py, f7) through the Riemann-Hilbert correspondence
RHy extends to a rational symplectic dynamics Wild(Py) on xy, and we have Wild(Py) =
Dyn(Cy). This proves the Wuhan conjecture of the second author for the Py foliation.

The main ingredients of the proof of this result in [40] are:

- an unfolded version of Theorem 5.30 for the hamiltonian system related to Hy,;

- a discretization of the confluent parameter by setting e =1 = € '4n,n e Zt, along which the
monodromies of the unfolded system, a priori divergent, converge. The choice of this sequence
depends on a parameter r = e2i7/¢.

- a confluence on the rightside between xy; and xy which allows to compare these limits to
the wild dynamics Wild(Py, f1).
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6 Conclusion and open questions

Conclusion. Several dynamics related to the Painlevé V foliation through the Riemann-Hilbert
map RHy has been described here on the wild character variety xy (a) identified to the cubic
symplectic surface Cy (6) for generic parameters 6. The tame dynamics is induced here by only
one braid. We first extended the tame dynamics by using a confluent dynamics obtained from
the Painlevé VI dynamics by a birational confluent morphism between yy; and xy. This one,
first discovered by M. Klimes, is obtained here by a confluent process between the corresponding
groupoids (after an extension with families of exponential loops).

We have constructed the canonical symplectic birational dynamics defined on the cubic
symplectic surface Cy/ (). This one is the pullback of symplectic dynamics on C? by a canonical
sequence of coordinates satisfying cluster-type relations. This birational dynamics coincides with
the dynamics obtained by M. Klimes from the wild dynamics defined by a confluent irregular
singular point of the foliation. After and extension by one element, confluent dynamics and
canonical dynamics also coincide.

The cubic symplectic surface Cy (6) contains a skeleton generated by 18 lines and their im-
ages through the action of the tame dynamics. We have characterized this set by a condition of
reducibility of the corresponding linear representations. Some intersections between these lines
correspond to particular solutions of the Painlevé V equation : Kaneko solutions, or central so-
lutions. The restriction of the dynamics on this skeleton is an important tool in the comparisons
between these dynamics.

Open problems. The equations of the character varieties x s for the other Painlevé equations
Py, J = Vyeq, IV, I11(Ds), 111(D7), I11(Dg), I1(JM), II(FN), I (with the notations of [54])
are known. We already know that each of them can be obtained as a quotient of a space of
linear representations of a wild groupoid, and that there exists canonical cluster sequences of
coordinates on each x s, inducing a canonical birational symplectic dynamic Dyn; which can be
explicitely computed. We conjecture that for all J:

- All the lines in Y j are a reducibility locus of some path in the groupoid;

- the wild dynamics of all the Painlevé equations (induced by non linear monodromies, non
linear Stokes operators and exponential tori) around an irregular singular point obtained by a
confluent process coincide with these canonical birational symplectic dynamics Dynj on X j.

We already know that these dynamics coincide on the skeleton generated by the lines for P; and
Prr. With M. Klimes we also conjecture that

- There is a diagram of families of birational symplectic confluences between the x j, which par-
allels the diagram of confluence of Ohyama and Okumura [51].

We expect that we can prove this fact by a confluent process between the groupoids (extended
by families of exponential loops).

Finally we mention here the initial motivation of this study. In [14] S. Cantat and F. Loray
proved the irreducibility of Py for generic parameters, by using the Malgrange closure of its
dynamics [45]. The aim of the Wuhan conjectures of the second author was to extend their
proof in the general case. In the Py case, the dynamics obviously belongs to the Malgrange
groupoid which is a closure of its holonomy pseudogroup. In the general case, we conjecture that
the wild dynamics is contained in the Malgrange pseudogroup, but now it is far from obvious.
Modulo this conjecture, we would obtain a proof of the irreducibility of the Painlevé V equation
for generic values of the parameters. Indeed since the extended canonical dynamic contains the
confluent dynamic, it contains a copy of the dynamics of a Py and we can use Theorem D of
[14] in order to prove that its Malgrange closure is maximal.
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Appendix. Structure of the symplectic Cremona group

The Cremona group Cr = Cry is the group of birational automorphisms of Po(C). It does not
depend on the representative X in the birational class of Py: C2, Py x Py...

The symplectic Cremona group is the subgroup Symp of Cr ~ Bir(P;(C) x P1(C)) of the
elements which preserve the differential form w = %“ A %. The Cremona group is an old topic
which appears at the end of the XIX-th century. One can find an introductive text in [43]. For
a study of its subgroups, see [21]. To the contrary, the study of its symplectic subgroup Symp
has been developed only since 2005, first by A. Usnich [62, 63] and then J. Blanc [7]. We present
here without proofs the main results about subgroups of Symp. Some of them are new results.
Our terminology is inspired by the algebraic groups, due to some similarities in this non linear
infinite dimensional context. We denote

T ={t(\p): (u,v) = (Au, pv), (A, u) € C* x C*}.

We have T' C Symp. We denote by Z(T) its centralizor, and N(T') its normalizor in Symp. We
consider the subgroup W of Symp of the monomial maps:

W = {(u,v) —~ (u%®, uv?), € SLy(Z)}.

Proposition 6.1 We have:
1. T is an algebraic abelian mazimal subgroup of Symp;
2. Z(T)=1T;
3 NT)=WxT.

Proof. T is an algebraic abelian maximal subgroup of Cr [56], which preserve w.
The centralizor and normalizor of T in Cr has been computed by [20], since C is algebraically
closed. We have: Ngymp(T) = Ncp(T) N Symp =W. O

Furthermore, according to a theorem of J. Blanc [7], Symp is generated by N(T') and the order
five element p defined by:

(u,v)H(v,lzv>.

The Cartan subgroups.

Definition 6.2 A Cartan subgroup of Symp is an algebraic abelian mazximal subgroup of rank
two in Symp. T is the standard Cartan subgroup of Symp, and W is the Weyl group associated
toT.

We have T' = T x T5, where
Ty = {L(\) = A1), A€ ), Ty = {ta(pr) = t(1, ), € C*}.

All the Cartan subgroups are conjugated. 8

8We have no reference for this fact; the proof will be delivered in a forthcoming publication. This proof uses
a result of J. Blanc [7].
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Borel subgroups. Let dJ; be the subgroup of Cr ~ Bir(P; x P1) of the De Jonquiéres maps,
i.e. the rational maps which preserve the first projection:

dJ; = {dj1 : (u,v) = (a(u),b(u,v)), a € PGLy(C), b(-,v) € PGLy(C(u))}.

Let dJS be the subgroup in Symp of the symplectic De Jonquiéres maps. For any A in C*, any
r in C(X)*, the maps:

djit(\ 1) (u,0) = O, r(w)), o (u,v) — (u o)
are examples of elements in dJ.S;. We set

By ={dji(\,r), AeC*, r € C(u)"} =< T, T2(C(u)) >, By ={bjoo, by € By}.
Proposition 6.3 We have dJS, = By UB] = By x Z/2Z.

We also define dJs, dJSs, By with respect to the second projection. We have By N By = T, and
any pair (wBjw ™!, w' Bow'™1), w,w’ € W also satisfies this equality.

Definition 6.4 (Bj, Bs) is the standard pair of Borel subgroups.
Any pair (wB1w™, w' Bow'™Y), w,w’ € W is a pair of Borel subgroups related to the standard
Cartan subgroup T .

Notice that the Borel subgroups are no longer algebraic subgroups since there are infinite di-
mensional groups. It can be proved that By and Bs generate Symp.

Definition 6.5 The subgroup Uy of B1 of the “unipotent” elements is defined by:
U1 = {djl(l,"f’), T‘(O) = 1}
Proposition 6.6 We have:

1. Uy is an abelian subgroup;

2. Uy is generated by the family dj(1,1 + vu), v € C*, or by one element dj; (1,1 4+ u) and
its conjugations with an element of Ty (we say that this element is a pseudo generator of
U1);

3. [B1,B1] = {dj1(1,7), r(0) = 1, deg(r) = 0.} Therefore, [Bi,B1] C Uy and B is meta-
abelian.

In this non linear context, we clearly have some analogies with the structure of the algebraic
group SLy(C) but we also have some differences:

- the inclusion [By, B1| C Uy is a strict one, [By, By] is an invariant subgroup of U; and we have
Ul/[Bl, Bl] =<< djl(l, 1+ u) >~ 7.

-let BY =< Uy, T >. BE is also a meta-abelian group which contains Uy, but it contains only a
maximal torus of rank 1. We call BE a Borel of rank one.
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