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Electromagnetic radiation within the terahertz (THz) frequency range is of great interest for applications
in remote sensing and time-domain spectroscopy. The laser-induced plasmas are promising mediums for
generating THz radiation. It has been recently reported that focusing femtosecond Bessel pulses inside
dielectrics induces a high aspect ratio over-critical plasmas. Here we show that the intense resonantly driven
electrostatic fields at the so-called critical surface lead to THz radiation emission. Through three-dimensional
particle-in-cell simulation and analytical derivation, we have investigated the emission of THz radiation. We
show that the THz radiation is associated with a hot population of electrons trapped in ambipolar electric
fields of the double layers.

I. INTRODUCTION

Terahertz (THz) radiation, typically referred to as the
frequency band 100 GHz − 10 THz, in the infrared and
microwaves ranges, has been attracting ongoing interest
because of its broad applications ranging from biomedical
imaging, security or packaged goods inspection, to time-
domain spectroscopy.1–4 Using femtosecond laser pulses,
the techniques for generating THz radiation are gen-
erally classified as either optical rectification,5–11 tran-
sient current sources,2,12–23 or a combination of these two
mechanisms.24

Optical rectification can induce THz radiation in
non-centrosymmetric crystals, e.g., ZnTe and GaAs, in
which the fundamental frequency of an infrared fem-
tosecond laser pulse is down-converted to the THz fre-
quency via the second-order susceptibility where the po-
larization reads P (ωTHz) = χ(2)E(ω + ωTHz)E∗(ω).5,7

The frequency of the rectified pulse envelope is in
the range of 3-10 THz.7 In the centrosymmetric me-
dia, e.g., gases, two-color illumination can be used
to mix the fundamental frequency with the second-
harmonic in a four-wave mixing process as P (ωTHz) =
χ(3)E(2ω −ωTHz)E∗(ω)E∗(ω).8,11 Correspondingly, the
THz component might match with the fundamental one
in an inverse process and leads to second-harmonic gen-
eration, which is a method for THz detection. A THz
emission with an estimated field strength ∼ 400 kV/cm
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has been reported in which the presence of plasma was
essential for the high-efficiency process.10

Laser-induced plasmas are attractive for THz radia-
tion generation because of their ability to sustain ex-
tremely intense electromagnetic fields.13,14,25–27 In this
context, femtosecond laser-induced breakdown of gases
is investigated widely,28,29 mostly using the two-color
approach.8 The peak of the THz field however satu-
rates for laser intensities higher than 1015 W/cm2 be-
cause of the strong THz absorption in the long (∼7 mm)
air plasma.17 Plasma generation in laser-solid interac-
tions offer an alternative: experiments of ultrashort laser
pulses-solid interaction have shown a monotonous in-
crease in THz radiation with the incident laser intensity
up to 1019 W/cm2.18,19,21

Illumination of solid targets by intense ultrashort laser
beams results in the generation of hot electron currents
that are the source of the secondary electromagnetic ra-
diation ranging from x-rays30–33 to THz radiation.19 Un-
der p−polarized laser illumination of a short-scale inho-
mogeneous plasma, for moderate laser intensities (bellow
1014 W/cm2), resonance absorption is the main mecha-
nism for hot electron generation.34–36

In previous papers, we have reported that over-critical
plasmas, i.e. with density above the reflection density for
the incident laser wavelength, are generated by focusing
Bessel beams with moderate intensities on the order of
1014 W/cm2 inside sapphire.37–39 A Bessel beam is a so-
lution of the wave equation in which the wave amplitude
is defined by the Bessel function of the first kind.40 Im-
portantly, the axial intensity profile of the Bessel beam is
propagation invariant. Therefore, all segments of the di-
electric along the Bessel zone will receive simultaneously



2

FIG. 1. The energy spectrum of the radiation emitted by a population of hot electrons: (a) the spatially averaged, (b) angular
distribution, and (c) spatial distribution averaged in the frequency range of 1-30 rad/ps. The hot electrons are randomly
selected.

the same amount of energy which results in a high aspect
ratio plasma rod.

In the first article of this series (Ardaneh et al.,38 Pa-
per I hereafter), we confirmed that the resonance of the
plasma waves can explain the experimental diagnostics
of total absorption, and far-field intensity pattern. We
reported electron acceleration up to several keV while
surfing the plasma waves. In the outward propagation of
hot electrons, electrostatic ambipolar fields form at the
plasma surface due to the different inertia of the electron
and ion. Moreover, in the second article of this series
(Ardaneh et al.,39 Paper II hereafter), we reported the
second-harmonic generation by a second-order current
of hot electrons near the critical surface. The electron
currents form by the resonance absorption and radiation
force of the incident laser wave.

In the current work as the third in this series, we estab-
lish a link between resonance absorption-driven currents
and THz radiation. This is based on calculating the co-
herent radiation spectrum of the hot electrons for the
performed Particle-In-Cell (PIC) simulation. The sim-
ulation consists of electron-ion plasma initially induced
by multi-photon and collisional ionizations. The dipole
moments are induced due to the radiation force of the
resonance fields. For a laser field with frequency ω0, this
force induces a second-harmonic component at 2ω0 and
a low-frequency component by separating the light elec-
trons from the heavy ions. We have developed an ana-
lytical model for THz generation in laser-plasma inter-
actions to explain the underlying physics, in particular,
how the dipole moment is created in the plasma and the
characteristics of the radiation spectrum.

We organized the paper as follows. In Sec. II, we re-
call the setup of the PIC simulation as discussed in Paper
I38, we detail the radiation diagnostic, and the results of
the simulation. Then, in Sec. III, we derive an analyti-
cal solution for the current source of THz radiation, and
the radiated electromagnetic fields with their frequency

spectrums.

TABLE I. Simulation setup.

Parameter Value
Simulation volume 15× 15× 30 µm3

Grid resolution ∆x:yk
0
r = 0.04a, ∆zk

0
z = 0.1b

FDTD order Second-order
BC for fieldsc Perfectly matched layers
BC for particles Outflow
Pulse energy (Ep) 1.2 µJ
Pulse frequency (ω0) 2.35 rad/fs
Pulse cone angle (θ) 25◦

Pulse temporal profile exp[−(t− tc)2/T 2]
Central time (tc) 130 fs

Pulse FWHM =
√

2 ln 2T 100 fs
Pulse spatial profile exp(−r2/w2

0)
Pulse spatial waist (w0) 10 µm
Maximum density (nmax) 5nc

Density profile (axial) tanh(zµm)
Mass ratio (mi/me) 102× 1836d

Plasma distribution [f(ve:i)] Maxwellian
Plasma temperature (Te:i) 1 eV
Particles per cell per species 32
Particle shape function triangle
Time step ∆tω0 = 0.07
Simulation time 320 fs
a k0r = k0 sin θ.
b k0z = k0 cos θ.
c BC: Boundary condition.
d 102 is the sapphire molar mass.

II. PIC SIMULATION

We performed self-consistent PIC simulation using
the three-dimensional massively parallel electromag-
netic code EPOCH41. In our simulation, we used
the plasma parameters that could reproduce our ex-
perimental measurements (far-field, near-field, absorp-
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tion) as reported in Paper I,38 and II.39 The simula-
tion setup is summarized in Table I. The plasma is
fully ionized and composed of electrons and ions with
equal densities (to preserve electric neutrality) given
by n = nmax exp(−x2/w2

x) exp(−y2/w2
y) tanh(zµm) with

FWHMx =
√

2 ln 2wx = 250 nm, and FWHMy =√
2 ln 2wy = 600 nm. There are initially 32 particles

per cell per species leading to the total number of parti-
cles in the simulation ∼ 109. The collisions are modeled
through a binary model as presented in Refs.41,42.

We injected from the zmin boundary a linearly
x−polarized Gaussian pulse propagating along the pos-
itive z−direction. We applied a phase to the Gaussian
beam to create a Bessel-Gauss beam.43 The peak inten-
sity in the Bessel zone is 6 × 1014 W/cm2 in absence of
plasma. The time step is limited by the Courant con-
dition. The minimum frequency in the simulation is
1.5 rad/ps which is well below the peak frequency of the
THz spectrum at 30 rad/ps.

One of the primary advantages of PIC codes is the pos-
sibility to access full information about the particles. We
have developed a radiation diagnostic that utilizes the
position and momentum of particles over time and cal-
culates the radiated fields and energy. For this purpose,
let us consider a particle at position r (t) at time t. At the
same time, we observe the radiated electromagnetic fields
from the particle at position x. Due to the finite velocity
of light, we observe the particle at an earlier position r (t′)
where it was at the retarded time t′ = t−R (t′) /c, where
R (t′) = |x− r (t′)| is the distance from the charged par-
ticle (at the retarded time t′) to the observer. The mag-
netic and electric fields produced from a moving point
charge can be calculated directly from their scalar and
vector potentials known as the Liénard–Wiechert poten-
tials. The electric field reads:44

E(x, t) =

Velocity field︷ ︸︸ ︷
e

[
n− β

γ2(1− β · n)3R2

]
ret

+

Acceleration field︷ ︸︸ ︷
e

c

[
n× {(n− β)× β̇}

(1− β · n)3R

]
ret

(1)

where n = R (t′) / |R (t′)| is a unit vector pointing
from the particle retarded position to the observer, β =
v/c the particle instantaneous velocity, β̇ = dβ/dt is
the acceleration divided by c, γ is the Lorentz fac-
tor. The spatial spectra are obtained by the choice of
n
(
n2

x + n2
y + n2

z = 1
)
. The field in Eq. (1) divides itself

into ”velocity fields,” which are independent of acceler-
ation, and ”acceleration fields,” which depend linearly
on β̇. The velocity field is a static field decreasing as
R−2 while the acceleration field is a radiation field, be-
ing transverse to the radius vector and falling off as R−1.
The total energy W radiated per unit solid angle dΩ per
unit frequency dω from the accelerated charged particle

reads:44

d2W

dωdΩ
=
e2ω2

4π2c

∣∣∣∣∫ ∞
−∞

dt′n̂× (n̂× β)ejω(t′+R(t′)/c)

∣∣∣∣2 (2)

In our simulations, we collected the THz radiation
emissions from the hot electrons as follows. We have
tracked 105 electrons in the simulations and recorded the
information of these electrons. We calculated the energy
spectrum of the radiation emitted by 100 randomly se-
lected electrons according to Eq. (2). The result is shown
in Fig. 1(a). We see two peaks around ω = 0, with
a width of typically 50 rad/ps. We note that, because
of computing memory limitations, the time resolution of
the particle positions is insufficient to capture the second
harmonic emission. The angular and spatial distribu-
tions of the THz emission are obtained by averaging the
energy spectrum in the frequency range of 1-30 rad/ps
[Figs. 1(b) and 1(c)].

As one expects, the energy spectrum has sharp max-
ima at the laser frequency ω0 due to strong electron ac-
celeration in resonantly driven plasma waves at the crit-
ical surfaces. The spectrum also has maxima at ω ≈
30 rad/ps. The angular distribution of this THz radia-
tion in Fig. 1(b) shows maxima around (θ, φ) ≈ (0, π/2)
and (0, 3π/2), perpendicular to the electron acceleration
which is mainly in the x−direction. The small tilt in
Fig. 1(c) is due to the asymmetric distribution of the
randomly selected electrons in xy−space over the inte-
grated time (a similar deviation occurred for another set
of 100 electrons).

We select some representative electrons to calculate
the radiated fields in a spatial window |x| 6 45 µm and
|y| 6 45 µm at z = 0. Using a time window, we also ex-
amined in which part of the trajectory, the electron emits
electromagnetic radiation in the THz frequency range
[Figs. 2(a)]. For each time window, we calculated the
intensity distribution I(ωTHz, x, y) by performing a dis-
crete Fourier transform on each component of the electric
field, Ex:y:z(t, x, y) and averaging in the frequency range
of 1-30 rad/ps [Figs. 2(b)-2(f)].

Figure 2(a) shows the time evolution of the Ex com-
ponent, parallel to the incident laser polarization over-
plotted with the trajectory of a representative electron.
One can see the resonance plasma waves induced at the
critical surfaces (x = ±0.2µm), in the time between 70-
200 fs (See Fig. 4 in Paper I38 for more details). Near
the peak of the laser field, the intense ambipolar fields
propagating with the sound speed are generated at the
surface of the plasma (dashed lines). The ambipolar field
sign is positive for x > 0 and negative for x < 0. The ra-
diation force (See Appendix A) due to the intense, local-
ized resonance field ejects electrons from the resonance
region. The electrons are ejected from the critical sur-
faces in the positive x−direction where x > 0 and nega-
tive x−direction where x < 0 as shown in Fig. 6 Paper I.
Therefore, the electrons ejected with energy less than the
potential barrier of the ambipolar field will be reflected by
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FIG. 2. THz radiation from an electron trapped in the ambipolar electric fields of double layers. Shown are: (a) x−component
of the electric field over-plotted by the trajectory of a representative electron, electron emission for a time window between:
(b) 20-150 fs [shown by blue

⊗
symbols in panel (a), and blue line in panel (b)], and 182-312 fs [shown by red

⊗
symbols in

panel (a) and red line in panel (b)], (c-f) cE2
x/8π, cE2

y/8π, cE2
z /8π and the total intensity of the THz radiation emitted by

the electron for the time window between 182-224 fs. The dashed lines in panel (a) show the expansion of the plasma at the
sound velocity. The color in the electron trajectory reflects its energy based on the color bar of the panel (b).

−eE force. Consequently, these electrons will be trapped
between the ambipolar electric fields on either side of the
plasma. An ejected electron oscillates between the am-
bipolar fields with a period that increases with time due
to the energy exchange between the electrons and ions.

We monitored the electron radiation using a time win-
dow of 130 fs. The electron emission between 20-150 fs
[shown by blue

⊗
symbols in panel (a)], is sharply

peaked at the laser frequency ω0 [blue line in panel (b)].
This emission is due to the electron acceleration while
surfing the resonantly driven plasma waves (See Paper
I38 for more details). During the time interval 182-312 fs
[shown by red

⊗
symbols in panel (a)], the electron is

trapped between two ambipolar fields and emits the THz
radiation with a peak frequency at ω = 24 rad/ps [red
line in panel (b)]. Figures 2(c-f) show respectively the
intensity of the electric field components computed using
Eq. (1), c(E2

x , E
2
y , E

2
z )/8π, and the total intensity radi-

ated by the electron during the time between 182-312 fs.
The THz radiation is mainly polarized in the x−direction
because Ex component is dominant in the radiated field.

This polarization is the same as the incident pulse and
second-harmonic detailed in Paper II39. In Sec. III, we
will show that the emission pattern corresponds with an
electron current in the x−direction.

III. ELECTRON THZ EMISSION IN AMBIPOLAR
ELECTRIC FIELDS

The starting point in understanding the mechanism
responsible for THz radiation is the identification of its
current sources. We have seen earlier, in Figs. 2, that
the electrons emit THz radiation while they are trapped
in the ambipolar electric fields of plasma double lay-
ers. Taking the strength of the resonance electric field
of about 50 GV/m integrated over its width of 70 nm
(See Paper I38), one arrives at a potential of about a few
keV which corresponds to the temperature of the hottest
electrons in the simulation. The hot electrons propagate
outside of the plasma and consequently, the separation of
charges forms an electric double layer where an ambipo-
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lar electric field is present. An analytical solution for this
field is possible by using the two-fluid plasma equations
for continuity and momentum (See Appendix B).

Here for simplicity, we considered a s−polarized
monochromatic laser wave as E = Es(r) cos(ω0t) where
Es(r) includes the spatial dependence. The ambipo-
lar electric field Ea is described by an inhomogeneous
second-order differential equation for a classical, damped,
driven harmonic oscillator given by [See Eq. (B7) in Ap-
pendix B]:

∂2
tEa + 2Γ∂tEa + Ω2

pEa = Ω2
p [E0 + E2 cos(2ω0t)] (3)

where Γ = νei/2 (1 + Zme/mi), νei is the electron-ion
collision frequency, Ω2

p = ω2
pe (1 + Zme/mi), ωpe =

(4πnee
2/me)1/2 is the electron plasma frequency (in cgs

units), and

E0 =
4πe

Ω2
p

[
∂x

(
Z
Pi

mi
− Pe

me
+ Zniv

2
i − nev

2
e

)]
− 4πe

meΩ2
p

ω2
pe

ω2
0

∂x

〈
E2

8π

〉 (4a)

E2 =− 4πe

meΩ2
p

ω2
pe

ω2
0

∂x

〈
E2

8π

〉
(4b)

with the standard notation (t, x, v, P,ms, ns, Z) for the
time, space, velocity, pressure, mass and density of a
particle of species s, and ion charge respectively. The
〈〉 denotes an average over a laser cycle. The coupling
to the laser was included in the momentum equation via
the radiation force density fRF = (ε − 1)/8π∇E2 where
ε is the plasma permittivity (See Appendix A). One can
find an equation similar to Eq. (3) in Refs.2,16,20,24 but
with a different right-hand side (different current sources
of the THz radiation).

The solution of Eq. (3) under the initial conditions of
(Ea, ∂tEa) = (0, 0) reads (See for example Ref.45):

Ea(t) =

Terahertz oscillation︷ ︸︸ ︷
E0

{
1− exp (−Γt)

[
cos ($t) +

Γ

$
sin ($t)

]}

+

Second-harmonic oscillation︷ ︸︸ ︷
Ω2

pE2

(
Ω2

p − 4ω2
0

)
cos(2ω0t) + 4ω0Γ sin(2ω0t)(

Ω2
p − 4ω2

0

)2
+ 16Γ2ω2

0

(5)

where $2 = Ω2
p − Γ2. This solution includes two com-

ponents. The first component oscillates with a frequency
close to the plasma frequency ωpe when ωpe � νei. This
oscillation, however, decays exponentially at a rate close
to the collision frequency. This component is established
by the spatial gradients of the pressure difference between
the light electrons and the heavy ions as represented in

Eq. (4a). This part induces the dipole moment in the
plasma by separating the electrons from the ions. After
a time t � 1/νei, neglecting the electron and ion veloc-
ities and assuming Te � Ti (See Paper I38), a nearly
constant electric field remains eEa ≈ −1/nedPe/dx =
−γTed lnne/dx, considering an adiabatic equation of
state with the adiabatic index γ. Therefore, the ambipo-
lar field oscillations are driven by the electron density
gradient. The work function of the electrons that moved
from the plasma interior (density n1) to the exterior (den-
sity n2) then reads −e∆φ = γTe ln(n1/n2) ≈ 4 keV.

The second part in Eq. 5 arises where gradients of
the laser intensity induce a second harmonic longitu-
dinal field oscillation. This term has a resonance at
2ω = Ωp ≈ ωpe (four times the critical density) for
the evanescent part of the wave causing a very steep in-
crease of the oscillation amplitude. This resonance for
s−polarized lasers is different from the Denisov reso-
nance absorption occurring under oblique incidence of
p−polarized lasers.46,47

An example of the electric field given by Eq. (5) is
shown in Fig. 3(a) for $ = 30 rad/ps (corresponds to an
edge plasma density of n2/nc = 10−4), and Γ = 3 rad/ps
where we have supposed that the electron collision fre-
quency is small compared to the plasma frequency. The
wave shows 2-3 oscillations and damps out within a time
scale of ∼ 2 ps. The Fourier spectrum of the elec-
tric current associated with the quasi-static electric field,
4πJa(ω) = jωEa(ω)/(1 + jνei/ω), is shown in Fig. 3(b).
As one can see, it has a maximum at ω ≈ $ = 30 rad/ps.

To compare with the numerical results of the radi-
ated emission in Fig. 1(b), we derive the angular dis-
tribution of the radiated energy from a current source.
For a number of accelerated charges, the integrand
in Eq. (2) involves the replacement eβejωR(t′)/c →∑N

m=1 emβme
jωRm(t′)/c. In the limit of a continu-

ous distribution of charge, the summation becomes an
integral over the current density as eβejωR(t′)/c →
1/c

∫
d3r′ J(r′, t′)ejωR(t′)/c. Hence, the radiation en-

ergy per solid angle per frequency of the current source
reads:44

d2W

dωdΩ
=

ω2

4π2c3

∣∣∣∣∫ dt′
∫

d3r′ n̂× [n̂× J(r′, t′)] ejω[t′+R(t′)/c]

∣∣∣∣2
(6)

We consider an emission length of L for the plasma
rod oriented parallel to the z−direction, and a cur-
rent of electron in the x−direction as J(r′, t′) =
x̂Ja(t′)δ(x′)δ(y′) exp (jkz′). For a coordinate system
with the spherical angle θ = cos−1 (z/r) and the azimuth
angle φ = tan−1 (y/x) defining the direction of observa-
tion n, Eq. (6) reduces to:
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FIG. 3. Temporal profile of the THz component of the ambipolar electric field from Eq. 5, panel (a), the frequency spectrum
of the electromagnetic radiation, panel (b), angular distributions of the radiated energy from Eq. 7(b), panel (c), and electric
field components, panels (d)-(f).

d2W

dωdΩ
=
|Ja(ω)|2

π2c
f(φ, θ) (7a)

f(φ, θ) =
sin2 θ sin2 φ+ cos2 θ

(1− cos θ)
2 sin2

(
Lk sin2 θ

2

)
(7b)

where k is the emission wave-vector.

The angular distribution given in Eq. (7b) is shown in
Fig. 3(c) for an emission length of L = 10µm. It fits well
with the distribution obtained from the PIC simulation
in Fig. 1(b) where the emission is beamed in the posi-
tive z−direction and has two maxima in the y−direction,
perpendicular to the current source. The vector poten-
tial for this current source is in the x−direction and at
far-field, it reads:44

A(x, ω) =
1

c

ejkR

R

∫
d3r′J (r′, ω) e−jkn·r

′

=x̂
2Ja(ω)

c

ejkR

kR

sin
(
Lk sin2 θ

2

)
1− cos θ

(8)

One can derive the scalar potential Φ using the Lorenz
gauge and then the components of the electric field as
follows:

∇ ·A =− 1

c

∂Φ

∂t
(9a)

E =− 1

c

∂A

∂t
−∇Φ (9b)

The components of the radiated electric field calculated
using Eq. (9b) are shown in Fig. 3(d)-(f). In agreement
with the results of the PIC simulation [Figs. 2(c-d)], the
radiated emission is polarized in the x−direction. More-
over, the angular distributions of the electric field compo-
nents agree with the results of the PIC simulation [Figs.
2(c)-(e)]. The quadrupole pattern in Fig. 2(d) is not
symmetric like Fig. 3(e). The asymmetry is because the
trajectory of the electron is not symmetric as the electron
spends more time in the x > 0 region relative to x < 0
[Fig. 2(a)].

This analytical model allows us to explain the THz ra-
diation emission in PIC simulations. (i) We show that
the current source of the THz emission originates from
the electrons which are trapped between the double lay-
ers. (ii) The current source is parallel to the incident laser
polarization, and consequently, the THz radiation is po-
larized like the incident laser polarization. (iii) The THz
radiation shows a much higher signal along the angles
corresponding to the forward direction (0◦ < θ ≤ 90◦)
than for the backward direction (90◦ < θ ≤ 180◦). This
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FIG. 4. The frequency spectrum of the THz wave [Eq. (5)]
is shown for different plasma frequencies, panel (a), different
electron-ion collision frequencies, panel (b), different pulse du-
rations, panel (c), and for different pulse central wavelengths,
panel (d).

is due to the coherence of the phases of the dipole mo-
ments induced along the plasma rod [Eq. (7)].

It would be of interest to see what parameters affect the
THz radiation. The THz radiation forms due to the os-
cillating dipole moments in the plasma. Hence, the peak
frequency of the THz spectrum is determined by plasma
frequency ($2 = Ω2

p−Γ2) as shown in Fig. 4(a). A higher
plasma frequency will cause a greater radiation force and
increases the energy of THz radiation. The electron-ion
collision frequency Γ is one of the important factors af-
fecting the THz spectrum. Increasing the collision time
slows down the thermal equilibrium between the elec-
trons and ions and leads to a longer-lasting ambipolar
electric field and a broader THz spectrum as shown in
Fig. 4(b).

The THz wave amplitude is proportional to the radia-
tion force driven E0 field as expressed in Eq. (5). To have
an estimate of this amplitude, let us suppose a pulse in-
tensity given by I = I0/

√
π exp

(
−r2/w2

0

)
exp

(
−t2/T 2

)
,

where T is the duration of the pulse, and w0 the waist
of the pulse. Under the equilibrium between radia-
tion and space charge forces, the THz wave amplitude
reads E0 = 4E2

p/(ecω
2
0T

3), where the pulse energy is

Ep = I0πw
2
0T . Hence, reducing the pulse duration while

keeping the pulse energy constant strongly increases the
radiated THz energy [Fig. 4(c)]. This is due to the higher
peak intensity of the incident field. Moreover, increasing
the laser wavelength enforces the exerted radiation force
on electrons during a laser cycle [Eq. (A2)]. It leads to

a stronger net electron current and amplification of the
THz radiation [Fig. 4(d)].

IV. DISCUSSION

In this work, we have extended our study of femtosec-
ond Bessel beam-induced plasmas inside the dielectrics.
A single-shot Bessel beam can generate a high aspect ra-
tio over-critical plasma inside the dielectric.37 The gen-
erated plasma offers a promising medium for the THz
radiation due to the current hot electrons driven by the
resonance absorption.

Based on an analytical approach, we derived the cur-
rent source, the electric field components, and the angu-
lar distribution of THz radiation. The analytical deriva-
tion reproduces the main characteristics of the THz ra-
diation calculated using the radiation diagnostic of PIC
simulation. Under the linear mode conversion, the radia-
tion force of the resonantly driven plasma waves kicks the
electrons from the critical surfaces. Due to the different
mobility of the plasma species, charge separations known
as double layers, and consequently, ambipolar electric
fields form at the plasma surfaces. Most of the ejected
electrons from the critical surfaces trap in the potentials
of the ambipolar electric fields at plasma edges. The
trapped electrons oscillate with a period of around 130 fs
and radiate in the THz frequency domain.

Although in this work we have examined the over-
critical plasma, the presented study is valid for the sub-
critical plasma, because the radiation force of an intense
laser (& 1018 W/cm2) can also induce the quasi-static
fields and the associated THz radiation. The second-
harmonic part of the ambipolar field offers an experi-
mental diagnostic for the detection of THz radiation. Its
pattern at the far-field (a central spot) differs from the
one generated at the critical surfaces (two lobes parallel
with the incident laser polarization discussed in Paper
II39).

To estimate power radiated within the THz range,
equating the radiation force with the force due to the
space charge field generated from electron-ion separa-
tion gives an acceleration a = eE0/m = 4E2

p/(mcω
2
0T

3),

and the power using the Larmor formula44 P =
2e2a2/3c3, is P = 32e2E2

p/(3m
2c5ω4

0T
6), or PW ≈

108
[
EµJ

p (λµm
0 )2/(T fs)3

]2
.

Assuming a microjoule laser pulse with a duration of
100 fs at 800 nm wavelength, the laser to THz efficiency
is predicted to be about ∼ 10−8. This value appears
to be very small compared with the THz efficiency of
∼ 10−3− 10−6 for femtosecond pulses with the energy of
∼ 10−3 − 1 Joules.19,23,48 Unlike our works, the absorp-
tion process for interactions of 10−3−1 Joules class lasers
with solids relies on the Brunel mechanism49,50 and THz
radiation generation is due to the surface currents18,48

or highly relativistic particles passing through the differ-
ent dielectrics, the so-called transition radiation.23 The
THz energy might be improved using the Bessel beams.
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The long plasma (recently, we reached cm-scale over-
critical plasmas inside dielectrics)51 created by Bessel
beams yields a longer double layer at the plasma surface.
A longer double layer traps the ejected hot electrons from
the critical surface on a longer distance, for a longer time
which results in a longer THz pulse.

Assuming that individual electrons radiate incoher-
ently, we might estimate the THz intensity and conver-
sion efficiency in the presented PIC simulation. As re-
ported in Paper I38, the high-energy electrons represent
around 4% of the electrons in the simulation (∼ 109).
Considering the THz intensity for a single electron of
0.04 W/cm2 [Fig. 2(f)], the radiated THz intensity
amounts to about 106 W/cm2, corresponding to a con-
version efficiency of 10−8, in agreement with the above
predicted efficiency.

We require a picosecond timescale to observe the com-
plete process of the THz wave generation (for example,
a THz wave at 0.5 THz corresponds to a timescale of 2
ps). However, the numerical heating appearing for high-
density plasmas in several picoseconds imposes a limita-
tion on the maximum duration of the PIC simulations.41

For this reason, we did not run our simulations beyond
320 fs. The THz radiation corresponds to a frequency
around 30 rad/s. Another challenge is calculating the
radiation integral using the whole set of electrons in the
PIC simulation. This requires the implementation of the
radiation integral in the MPI-based parallel PIC codes,
as done in Refs.52,53
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Appendix A: Radiation force density

The radiation force per unit volume, force density fRF,
on the free electrons can be written:54

fRF =
ε− 1

8π
∇E2 +

ε− 1

4πc
∂t(E×B) (A1)

Usually, the average values of the force density dur-
ing one period of the laser wave are considered. This
is because the time envelope of the laser wave is much
slower in comparison with the frequency of the laser
wave. Hence, one can neglect the time average of the
Poynting term, the last term in Eq. (A1). Let us con-
sider the monochromatic solutions of the wave equation
E = Es(r) cos(ω0t) where Es(r) includes the field’s spa-
tial dependence. The radiation force density then reads

fRF =−
ω2

pe

8πω2
0

cos2(ω0t)∇E2
s

=−
ω2

pe

16πω2
0

∇E2
s −

ω2
pe

16πω2
0

cos(2ω0t)∇E2
s

=−
ω2

pe

ω2
0

∇
〈
E2

8π

〉
−
ω2

pe

ω2
0

cos(2ω0t)∇
〈
E2

8π

〉 (A2)

We have used
〈
E2
〉

= E2
s /2 in Eq. (A2).

Appendix B: Ambipolar electric field of double layer

Following Refs.,46,47,55 we use the two-fluid plasma
equations for continuity and momentum to derive an an-
alytical solution for the ambipolar electric field of the
double layer. The continuity equations read

∂t (neme) + ∂x (nemeve) =0 (B1a)

∂t (nimi) + ∂x (nimivi) =0 (B1b)

where indexes e and i refer to electrons and ions, re-
spectively. The equations for conservation of momentum
read:

∂t (nemeve) =− ∂x

(
nemev

2
e

)
− ∂xPe − eneEa

− nemeνei (ve − vi) + fRF

(B2a)

∂t (nimivi) =− ∂x

(
nimiv

2
i

)
− ∂xPi + eniZEa

+ nemeνei (ve − vi)
(B2b)

In Eq. (B2a), the radiation force density is given by Eq.
(A2). We have neglected the radiation force on the ions
Zme/mifRF in Eq. (B2b).

The Gauss law for the electric field Ea reads:

∂xEa = −4πe (ne − Zni) (B3)

Taking the time derivative of the Gauss law, using the
equations of continuity in Eqs. (B1), and spatial integra-
tion gives:

∂tEa = 4πe (neve − Znivi) (B4)
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The second derivative in time results in:

∂2
tEa = 4πe [∂t (neve)− Z∂t (nivi)] (B5)

Substituting from the equations of momentum in Eqs.
(B2) results in

1

4πe
∂2

tEa = −∂x

(
nev

2
e

)
− 1

me
∂xPx −

eneEa

me

+νeine (vi − ve) +
fRF

me

+Z∂x

(
niv

2
i

)
+

Z

mi
∂xPi −

Z2eniEa

mi

+Zνeine (vi − ve)
me

mi

(B6)

The rearrangements of the terms result in the following
differential equation that described a damped oscillator
subjected to an external force (inhomogeneous second-
order differential equation).

∂2
tEa + 2Γ∂tEa + Ω2

pEa = Ω2
p [E0 + E2 cos(2ω0t)] (B7)

where

Γ =
νei

2

(
1 +

Zme

mi

)
(B8a)

Ω2
p =ω2

pe

(
1 +

Zme

mi

)
(B8b)

E0 =
4πe

Ω2
p

[
∂x

(
Z
Pi

mi
− Pe

me
+ Zniv

2
i − nev

2
e

)]
− 4πe

meΩ2
p

ω2
pe

ω2
0

∂x

〈
E2

8π

〉 (B8c)

E2 =− 4πe

meΩ2
p

ω2
pe

ω2
0

∂x

〈
E2

8π

〉
(B8d)
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