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Abstract
The wave kinetic equation predicts the averaged temporal evolution of
a continuous spectral density of waves either randomly interacting or
scattered by the fine structure of a medium. In a wide range of sys-
tems, the wave kinetic equation is derived from a fundamental equation
of wave motion, which is symmetric through time-reversal. By contrast,
the corresponding wave kinetic equations is time-irreversible: its solu-
tions monotonically increase an entropy-like quantity. A similar paradox
appears whenever one make a mesoscopic description of the evolution
of a very large number of microscopic degrees of freedom, the paradig-
matic example being the kinetic theory of dilute gas molecules leading
to the Boltzmann equation. Since Boltzmann, it has been understood
that a probabilistic understanding solves the apparent paradox. More
recently, it has been understood that the kinetic description itself, at
a mesoscopic level, should not break time reversal symmetry [1]. The
time reversal symmetry remains a fundamental property of the meso-
scopic stochastic process: without external forcing the path probabilities
obey a detailed balance relation with respect to an equilibrium quasipo-
tential. The proper theoretical or mathematical tool to derive fully this
mesoscopic time reversal stochastic process is large deviation theory: a
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2 Large deviations for linear wave kinetic equation

large deviation principle uncovers a time reversible field theory, char-
acterized by a large deviation Hamiltonian, for which the deterministic
wave kinetic equation appears as the most probable evolution. Its irre-
versibility appears as a consequence of an incomplete description, rather
than as a consequence of the kinetic limit itself, or some related chaotic
hypothesis. This paper follows [1] and a series of other works that derive
the large deviation Hamiltonians of the main classical kinetic theories,
for instance [2] for homogeneous wave kinetics. We propose here a deriva-
tion of the large deviation principle in an inhomogeneous situation, for
the linear scattering of waves by a weak random potential. This prob-
lem involves microscopic scales corresponding to the typical wavelengths
and periods of the waves and mesoscopic ones which are the scales
of spatial inhomogeneities in the spectral density of both the random
scatterers and the wave spectrum, and the time needed for the ran-
dom scatterers to alter the wave spectrum. The main assumption of the
kinetic regime is a large separation of these microscopic and mesoscopic
scales. For the sake of simplicity, we consider a generic model of wave
scattering by weak disorder: the Schrödinger equation with a random
potential. We derive the path large deviation principle for the local spec-
tral density and discuss its main properties. We show that the mesoscopic
process obeys a time-reversal symmetry at the level of large deviations.

This publication is part of a special issue in homage of the memory of Krzysztof
Gawȩdzki. The subject of this work is large deviation theory applied to wave
turbulence. Large deviation theory applied to complex dynamics and turbulent
flows was one of the subjects for which Krzysztof Gawȩdzki made a number
of important contributions during the last few years, see for instance [3–8]. He
taught many of us, including Freddy Bouchet, many aspects of large deviation
theory. We wrote a common paper on the subject of large deviation theory
and non-equilibrium quasipotentials for stochastic particles with mean field
interactions [8]. Given his scientific qualities, and his deep sense of friendship,
it is great pleasure for us to pay homage to Krzysztof Gawȩdzki through this
modest contribution.

1 Introduction
The aim of this paper is to extend the existing kinetic theory to describe
probabilistically mesoscopic evolutions of wave fields interacting with random
potentials. We will derive for the first time a large deviation principle that
describes completely typical and rare fluctuations of the wave local spectral
density. This is also the first large deviation principle for wave kinetic theory
in an inhomogeneous setup. This work lies at the intersection of three different
active fields in theoretical and mathematical physics: the description of waves
interacting with random media and their applications to ocean and atmosphere
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dynamics, recent mathematical and theoretical advances in the kinetic theory
of wave turbulence, and large deviation theory for kinetic theories.

For the first field, we note that wave propagation in disordered media is a
ubiquitous phenomenon appearing in various areas of physics. Typical exam-
ples include light radiation through the atmosphere, acoustic or internal gravity
waves in turbulent flows, and elastic waves in solid Earth. In most cases, one
is not interested in the individual wave interference or scattering processes but
in the statistical description of the overall wave field at a mesoscopic spatial
scale much greater than the extent of disorder or wavelength. For this pur-
pose, it is customary to define the spectral density of the wave signal at each
location and investigate its statistical properties. The wave kinetic equation,
sometimes referred to as a radiative transport equation or simply as a trans-
port equation, is known as the universal model to describe the evolution of the
local spectral density. It commonly derives from elementary wave equations
and has a broad range of applications [9–14]. Recently, the evolution of wave
spectra under scattering interactions with a turbulent flow were studied in a
two-dimensional model [15].

Wave kinetic theory is of special interest in some specific areas of ocean
and atmosphere research. Since the celebrated work by Klaus Hasselmann [16],
the kinetic description of nonlinear 4-wave interactions among water waves has
been used for estimating energy transfer rates in a wind wave spectrum and
forecasting the sea surface states. The linear counterpart of the wave kinetic
equation is relevant to surface or internal wave energy dispersion in a slowly
evolving turbulent flow [12, 13, 17–19]. In these actual problems, the scale-
separation assumption at the heart of the kinetic theory might be valid, but is
not necessarily always valid. For example, internal wave activity in the ocean
is highly heterogeneous, which is imprinted on the variability of energy dissi-
pation rates on scales of order 10 to 100 km, in the mid-depth layer [20]. For
tide or wind generated waves with 10-100 km horizontal wavelengths, devia-
tions of the spectral evolutions from that predicted by the kinetic equation
may not be negligible, and a first principle theory of fluctuation is missing.
This motivates us to revisit the theoretical basis of wave kinetic theory. Our
work can be considered as the first building block for stochastic parameteriza-
tion of the local spectral density from first principles, for the specific case of
wave interacting with random potentials.

In relation with geophysical applications, several experiments with funda-
mental scopes in wave kinetic theory have been recently devised. For instance
this led to the very first observation of the regime of inertial wave turbulence
in a rotating flow [21], the identification of regimes of weakly and strongly
nonlinear internal wave turbulence in an experiment of stratified turbulence
[22], experiments on statistical properties of water waves in a large basin [23],
the validation of the inverse cascade phenomenon [24], and extension of the
range of scales for observing pure gravity wave turbulence in the laboratory
[25] using reduced gravity experiments.
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The second field, fundamental theoretical developments in wave turbulence
theory, has seen many new advances recently. For the first time, using numeri-
cal simulations of the non-linear Schrödinger wave kinetic equation, predictions
by the wave kinetic equation were tested for several kinetic times [26, 27].
Novel finite-size effects in wave turbulence were systematically studied in a
one-dimensional model using a combination of theory and numerics [28]. Sig-
nificant recent progress has been made to give a mathematical foundation for
wave turbulence theory: theorem about approximations of the dynamics for
times much shorter than the kinetic time [29–34], the understanding of propa-
gation of chaos [35], and a remarkable first full rigorous derivation of the wave
kinetic theory at the kinetic timescale, for the non-linear Schrödinger equation
[30] and for water waves equation [36]. From the point of view of these funda-
mental perspectives, our work gives for the first time a description of all the
cumulants of the local spectral density, through a large deviation principle, in
an inhomogeneous setting.

The third field is the development of large deviation principles in relation
with kinetic theory. Many classical equations of mathematical physics arise
from a law of large numbers, when faster and smaller scale degrees of free-
dom are averaged out. This is the case for all classical kinetic theories. It is
natural to extend all these theories to look for the statistics of fluctuations.
Generically, one expects to derive a large deviation principle that describes a
statistical field theory quantifying the probabilities of any fluctuations, either
typical or extremely rare, in a way analogous to macroscopic fluctuation the-
ory [37] for stochastic diffusive systems, or large deviation theory for stochastic
dynamics with mean field interaction [8]. Deriving such large deviation prin-
ciples from deterministic microscopic dynamics is a fundamental endeavor in
theoretical and mathematical physics. Recently, the large deviation principles
for a number of classical kinetic theories, starting from first principles, have
been uncovered: for discrete models that mimic dilute gases and with Boltz-
mann like behavior [38, 39], for dilute gases related to the Boltzmann equation
[1, 40], for the Kac model [41, 42], for plasma at length scales much smaller
than the Debye length related to the Landau equation [43], for homogeneous
systems with long range interactions related to the Balescu–Guernsey–Lenard
equation [44], for weakly interacting waves in a homogeneous setup [2] related
to the wave kinetic equation. The large deviation principles describe fluctua-
tions but also uncover gradient structure for the deterministic kinetic equation,
see [45] and a simple explanation in [1]. Several mathematical results, usually
valid for a fraction of the kinetic time in the spirit of Lanford results for the
deterministic equation, have been obtained for the large deviation principles,
for instance for the Boltzmann equation [40, 46], or for the Kac model with
unexpected corrections to the expected large deviation principle [41, 42] associ-
ated to giant concentrations and solutions of the Boltzmann equation without
energy conservation.

One aim of large deviation theory is to study rare events. In the context
of wave dynamics, large deviation theory has been used to study rare events
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for the evolution of the empirical spectrum [2] on the kinetic time scale, but
also for studying the appearance of very large amplitude waves [47], for the
non-linear Schrödinger dynamics for shorter time scales. Instantons structures
have been predicted and compared with experimental data taken from a 300
m long wave [47]. Large deviation principles for the wave amplitude due to
short time phase mixing has also been studied [48].

The result described in this paper is a new example of a large deviation
principle for a kinetic theory, derived from microscopic dynamics. It is the
first extension of large deviation theory for the local spectral density in an
inhomogeneous setup. It opens the way for other inhomogeneous large devia-
tion principle for wave turbulence, and for the study of new wave turbulence
phenomena where rare events play an important role.

As a generic model of waves interacting with random medium, we consider
the linear Schrödinger equation in a weak random potential

i
∂ψ

∂t
= −D

2
∇2
xψ + V ψ,

where ψ(x, t) is a wave function defined on Rd+1 and V (x) is a homogeneous
random potential. For this model, we assume a regime with a wave spectrum
which is dominated by waves of typical wavelengths λ, and with modulations
of the statistical properties of the wave spectrum on scales of order λ/µ. The
second assumption is that the typical correlation length of the potential is of
order λ and that interactions between the waves and the potential is weak,
more precise definitions are given in section 2. Then, for small value of µ, we
have a separation of scales and of the associated times, where a huge amount
of waves experience multiple scattering in domains of typical size λ/µ. It is
natural to focus on variations of the field on the mesoscopic scales of order λ/µ.
This defines a kinetic regime where such mesoscopic variations are captured by
the Wigner distribution n, that somehow measures the wave energy density in
both position and wave-vector space. After time and length rescaling t → µt
and x → µx, in the small µ limit, the wave kinetic equation is classically
derived (see for instance [9, 49]):

∂n(x,p, t)

∂t
+ p · ∇xn(x,p, t) = c

∫
dησ(p,η) (n(x,η, t)− n(x,p, t)) ,

where n(x,p, t) is the Wigner distribution at position x, wave vector p and
time t, and cσ(p1,p2) is the scattering cross section.

Interestingly, the evolution of the Wigner distribution predicted from the
wave kinetic equation is an irreversible relaxation process. For this problem, a
Lyapunov function, S =

∫
dxdp log n(x,p), monotonically increases with time,

even though the fundamental equation of motion possesses a time-reversal
symmetry. This old irreversibility paradox has been recently revisited for the
kinetic theory of particles [1], using dynamical large deviation principles, in the
case of the Boltzmann equation. It turns out that the dynamical large deviation
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principle that quantifies the probability for the evolution of any trajectory has a
time reversal symmetry. The kinetic equation corresponds to the most probable
path of the system, while the probability of a path and its time-reversed path
is related through detailed balance, a manifestation of time reversal symmetry
for the mesoscopic stochastic process. This gives an extremely simple and
enlightening explication of the irreversibility paradox. The main result of the
present paper is a large deviation principle for the Schrödinger equation in a
weak random potential, which has also a time reversal symmetry. This gives a
new very clear explanation of the time reversal paradox.

The purpose of this paper is to formulate a path large deviation principle
for wave scattering by random disorder in spatially inhomogeneous problems.
In particular, to make the discussion as concise as possible, we restrict our
attention to the simplest Schrödinger equation model. Our fundamental results
are as follows. First, (i) for a small but finite µ we show that the probability
that a path of local spectral density {nµ(t)} evolves at a vicinity of a prescribed
specific path {n(t)} satisfies a large deviation principle:

P
[
{nµ(t) = n(t)}06t6tf

]
�
µ→0

exp

(
− 1

(2πµ)d

∫ tf

0

dt sup
λ

{∫
λṅ−H[n, λ]

})
P0[n(0)],

where H is the large deviation Hamiltonian that generally governs the stochas-
tic fluctuations of macroscopic variables and P0[n(0)] is the probability of the
initial condition nµ(t = 0). Obtaining the explicit expression for H from the
microscopic equation is one of the main results of this paper. Next, (ii) we ver-
ify that the ordinary wave kinetic equation describes the path that minimizes
the exponent of the probability functional. Then, (iii) we establish a large
deviation principle for the microcanonical measure that defines the quasipo-
tential of the mesoscopic stochastic process of the local spectral density. We
analyze (iv) the property of the large deviation Hamiltonian, check its symme-
tries related to conservation laws and the time-reversal symmetry, and derive
an expression of the detailed balance that connects the probabilities of a path
and its time-reversed path. Finally (v) we study the diffusive limit when the
scales of variation of the random potential are much larger than the typical
wavelength of the waves. For this case we obtain a diffusive large deviation
Hamiltonian, for which we check all the desired symmetries.

The paper is organized in the following order. In section 2, we first set up
the basic problem, introduce scaling and statistical assumptions, and derive
the ordinary form of the wave kinetic equation. In section 3, we derive the
path large deviation principle for the temporal variations of the local spectral
density. The approach has some analogy with that of [2], with a slightly differ-
ent scaling assumption, and working with the Wigner distribution to describe
the wave local spectral density. We then show that this Hamiltonian satisfies
the expected properties. A remarkable point is that the quasipotential enter-
ing into the detailed balance relation is consistent with the one obtained from
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a direct computation of microcanonical ensemble, formulated in Appendix B.
Section 4 proposes several possible extensions in future studies.

2 Wave kinetic equation for a linear Schrödinger
equation

2.1 Problem setup
We consider the Schrödinger equation for a wave function ψ∗(x∗, t∗) : Rd+1 →
C, where t∗ is time and x∗ is the position vector, and with potential V ∗(x∗) :
Rd → R:

i
∂ψ∗

∂t∗
= −D

2
∇2
x∗ψ

∗ + V ∗ψ∗. (1)

We use an upper script ∗ to represent variables with physical dimensions. The
physical parameterD > 0 has dimension L2T−1. In absence of interaction with
the potential, the free Schrödinger equation is the dynamics of linear waves
with a dispersion relation ω(k∗) = D|k∗|2/2, where k∗ is a wave vector. A
localised wave packet propagates at group velocity ∇k∗ω(k∗) = Dk∗.

The potential V ∗(x∗) is assumed to be a spatially homogeneous random
field with zero-average, E[V ∗] = 0, with its spectral density given by

Π∗(k∗) =
1

(2π)d

∫
Rd
dy∗e−ik

∗·y∗E
[
V ∗
(
x∗ +

y∗

2

)
V ∗
(
x∗ − y

∗

2

)]
. (2)

For homogeneous fields, the two-point correlation function E [V ∗(x∗1)V ∗(x∗2)]
depends only on the point separation x∗1 − x∗2. The spectral density of
the potential is the Fourier transform of the two-point correlation function
E [V ∗(x∗1)V ∗(x∗2)] with respect to x∗1 − x∗2 and thus contains the same infor-
mation. Note that a prescription of higher order cumulants would be needed
to fully characterize the potential distribution. As we will see in the following,
the higher order statistics of the potential will not affect the dynamics of the
spectral density of the waves in the kinetic regime. Hence, although we do not
specify all the cumulants, the potential needs not to be Gaussian.

In this article, we assume that the spectral density Π∗ is concentrated
around wave vectors |k∗| ∼ 2π/λ where λ is the typical wavelength. In real
space, the wavelength λ is interpreted as the typical correlation length of the
potential. For such a potential, the Schrödinger dynamics Eq. (1) may display
many different regimes, depending on the order of magnitude of λ compared
to typical wavelengths in the initial condition of ψ∗. For instance, if the initial
condition is made of waves with wavelengths much smaller than λ, the wave-
potential interaction corresponds to random but smooth refraction that leads
to diffusion in the macroscopic limit [17–19, 50]. We will see in section 3.4
that this diffusive limit can be recovered from the wave kinetic regime. On the
other hand, if the initial waves have wavelength much greater that λ, one faces
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a homogenization problem that is not described by the wave kinetic equation
[51, 52]. In the present paper, we will focus on an intermediate regime, when
the initial condition is made of waves with typical wavelengths which are of
order λ. We also make an assumption that the potential term is very small
compared to the Laplacian term, by setting

ε ≡ λ2V0

D
� 1, (3)

where V0 is a constant scaling the potential, i.e., the potential spectrum is
typically Π∗ ∼ V 2

0 λ
d.

Wave energy or wave action measures the local amplitude of the signal.
We denote ` the typical scale for spatial variation of wave action, and call it
the mesoscopic spatial scale. We introduce the second natural dimensionless
parameter

µ ≡ λ

`
. (4)

The kinetic limit is the limit µ � 1. In the context of wave kinetics, we are
interested in the statistical behavior of the system at the mesoscopic scale,
avoiding chasing rapid phase oscillations at scale λ. Since the group velocity
of a wave packet is D|k∗| ∝ Dλ−1, the migration time of a wave packet over
a mesoscopic distance ` is λ2/Dµ. We call this time the mesoscopic time.
Choosing such mesoscopic units naturally yields the following dimensionless
coordinates

x ≡ µx
∗

λ
, p ≡ λk∗, t ≡ µDt

∗

λ2
, (5)

where the scaled wave vector is now represented by p in a customary way of
quantum mechanics with µ corresponding to the Dirac constant. Physically,
the square of the absolute value of the wave function, |ψ∗|2, represents the
wave action density that is proportional to energy, momentum, or number of
particles contained in a unit volume. Therefore, on the dimensional ground,
the wave function should be dependent on the scaling parameters as

ψµ(x) =
λd/2ψ∗(x∗)

µd/2
.

The potential and its spectrum are scaled as

V µ(x) =
V ∗(x∗)

V0
, Π(p) =

Π∗(k∗)

V 2
0 λ

d
,
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such that

Π(p) =
1

(2πµ)d

∫
Rd
dye−ip·y/µE

[
V µ
(
x+

y

2

)
V µ
(
x− y

2

)]
. (6)

In the end, the governing equation (1) is rewritten in the non-dimensional form

iµ
∂ψµ

∂t
= −µ

2

2
∇2
xψ

µ + εV µψµ, (7)

which is the fundamental model of the present work.
For ε = 0, waves ei(p·x−ωt)/µ, with ω = |p|2/2, are exact solutions of the

equations, illustrating that the microscopic time scale and spatial scales are
tm ∼ O(µ) and xm ∼ O(µ) respectively. A wave packet a(x, t)ei(p·x−ωt)/µ with
modulation of its amplitude a on spatial scales of order one (slow modulation
compared to the microscopic scale), will actually see an evolution of a on time
scales of order one, according to the group velocity p. In the limit of small ε,
the effect of the inhomogeneous potential term is very small on the microscopic
time scale. Therefore, a wave packet propagates almost freely in a microscopic
time scale. Since E[V µ] = 0 has been assumed, effects of terms proportional
to ε will vanish on average. Accumulation of the random potential effect will
then give non zero contribution of order ε2. In order for this to be on the same
order as effects of free propagation on the wave action requires

ε =
√
cµ (8)

with c > 0 a finite constant which accounts for the relative importance of the
scattering interactions with respect to propagation. The constant c is strictly
speaking not needed, and it could be absorbed in the definition of Π, but it is
useful for the physical discussion. The kinetic regime, or kinetic limit, is the
joint limit µ→ 0 with ε =

√
cµ, where c is a fixed constant. Consequently, the

pertinent equation for the kinetic scaling will be

iµ
∂ψµ

∂t
= −µ

2

2
∇2
xψ

µ +
√
cµV µψµ. (9)

In some parts of the following sections, we will perform asymptotic expansions
of the effect of the random potential by expanding (7) in power of ε, while
integrating out explicitly the wave propagation effects. For this reason, we
often consider (7) instead of (9) for those technical parts.

2.2 Local spectral density
In the regime of wave kinetics, one is interested in the amount of wave action
existing at each position and wave vector. This is provided by the (rescaled)
Wigner distribution of the signal that is defined, following previous work on
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inhomogeneous wave kinetics [9, 10], as

nµ(x,p, t) =
1

(2πµ)d

∫
Rd
dy e−ip·y/µψµ

(
x+

y

2

)
ψµ†

(
x− y

2

)
, (10)

where we have denoted by ψµ† the complex conjugate of ψµ. The Wigner
distribution function is the local spectral density of the wave action defined
in both space of position and wave vector. Indeed, the integral of nµ over
wave-vector space coincides with the action density in position space, such
that

∫
Rd dpn

µ(x,p) = |ψµ(x)|2. A caution for the physical interpretation of
nµ is that it allows the existence of negative values, in contrast to wave action
or energy that should be strictly non-negative. The negativity of nµ can be
eliminated by averaging it over a scale comparable to µ [53].

In this study, we will take the asymptotically small limit of both µ and ε.
Statistically, the limit of µ→ 0 is regarded as a kind of thermodynamic limit;
since µ represents the typical correlation length of the wave signal, the total
number of degrees of freedom increase as µ−d. In general, the thermodynamic
limit makes sense when we specify the macroscopic or mesoscopic variables,
e.g., temperature or pressure for gas molecules. In the present model, the
potential spectrum Π(p) is a mesoscopic control parameter that should not
depend on µ, and the local spectral density nµ is a mesoscopic variable to
be determined. In our formulation, a superscript µ is put on a variable that
depends on the scaling parameter. It is worth keeping in mind that, although
the spectral density function Π(p) is fixed, the corresponding potential function
V µ(x) depends on µ because its structure becomes finer and finer for µ→ 0.

2.3 Conservation properties
We consider equation (7) on a spatial domain Γ, which is either Rd or a periodic
domain V. The norm

∫
Γ
dx|ψµ(x, t)|2 is conserved by the dynamics. If Γ is

Rd, the norm can be either finite for localized solution, or infinite. A local
conservation law always exists for |ψµ(x, t)|2.

We now consider the other invariants, for equation (7), or the associated
local conservation laws. If not specified, integrations for positions and wave
vectors are always performed over Γ and Rd, respectively. For a polynomial
function f : R→ R, we define an operator Kε,µf = f(−(µ2/2)∇2

x + εV µ). Since
the Schrödinger operator is self-adjoint, a straightforward computation shows
that

〈f〉 ≡
∫
dxψµ†(x, t)Kε,µf ψµ(x, t) (11)

is independent of the time t when ψµ is a solution of Eq. (7). Equation (11) is
rewritten in terms of the local spectral density as

〈f〉 =

∫
dxdpKε,µ

f (x,p)nµ(x,p, t), (12)
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where

Kε,µ
f (x,p) =

∫
Rd
dye−ip·y/µK̂ε,µ

f

(
x+

y

2
,x− y

2

)
and K̂ε,µ

f (x1,x2) ≡ Kε,µf δ(x1 − x2)

is the Weyl symbol of the operator Kε,µf . In general, Kε,µ
f can be expanded

as a power series of ε and µ. The leading-order term is immediately obtained
as K0,0

f (x,p) = f
(
|p|2/2

)
. Therefore, for the small limit of ε and µ, we may

write the general invariant as

〈f〉 =

∫
dxdp f

(
|p|2

2

)
nµ (x,p) . (13)

Since the choice of f is arbitrary, the present system possesses an infinite
number of invariant. This property is related to wave frequency conservation.
For a scattering of wave action in spectral space by a time-independent poten-
tial, wave frequency does not change. Therefore, the amount of wave action
with frequency less than ω remains constant. Setting f(σ) = h(ω− σ) in (13),
where h is the Heaviside function and ω ∈ R+, we define

Aω[nµ] ≡
∫
dxdph

(
ω − |p|

2

2

)
nµ(x,p). (14)

Conservation of 〈f〉 for an arbitrary f is equivalent to the conservation of Aω
for an arbitrary ω ∈ R+, as 〈f〉 =

∫
R+ dω

dAω
dω f(ω).

2.4 Wave kinetic equation
In this subsection, we shall derive the classical form of the wave kinetic
equation. A common derivation of the wave kinetic equation starts from a
closed equation on the Wigner distribution and performs a multiple time-scale
expansion, see e.g. [9]. We rather adopt here a perturbative approach in ε
from the Schrödinger equation (7). This approach is also classical in the wave
turbulence literature [2, 54, 55], will appear helpful in the derivation of the
dynamical large deviation theory in section 3, and has the advantage to gen-
eralize easily to the case of the kinetic theory of non-linear waves with 3-wave
interactions.

The first step is to express the solution of the Schrödinger equation (7)
using an expansion in power of ε, such that ψµ = ψµ0 + εψµ1 + ε2ψµ2 + O(ε3).
Inserting this expansion to (7), we derive the series of equations:

iµ
∂ψµ0
∂t

= −µ
2

2
∇2
xψ

µ
0

iµ
∂ψµ1
∂t

= −µ
2

2
∇2
xψ

µ
1 + V µψµ0
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iµ
∂ψµ2
∂t

= −µ
2

2
∇2
xψ

µ
2 + V µψµ1

....

We consider this expansion for any given initial condition ψµ(x, 0) = ψµ,0(x).
We assume that the initial condition does not depend on ε, i.e., ψµ0 (x, 0) =
ψµ,0(x) and ψµj (x, 0) = 0 for j ≥ 1. To write down the solution, we introduce
the propagator Gµ(x, t) such that

(
iµ
∂

∂t
+
µ2

2
∇2
x

)
Gµ = iµδ(x)δ(t), (15)

and Gµ = 0 for t < 0. We then obtain

ψµ0 (x, t) =

∫
Rd
dξGµ(x− ξ, t)ψµ(ξ, 0) (16a)

ψµ1 (x, t) =
1

iµ

∫ t

0

dτ

∫
Rd
dξGµ(x− ξ, t− τ)V µ(ξ)ψµ0 (ξ, τ)

=
1

iµ

∫ t

0

dτ

∫
R2d

dξ12G
µ(x− ξ1, t− τ)V µ(ξ1)Gµ(ξ1 − ξ2, τ)ψµ(ξ2, 0)

(16b)

ψµ2 (x, t) =
1

iµ

∫ t

0

dτ

∫
Rd
dξGµ(x− ξ, t− τ)V µ(ξ)ψµ1 (ξ, τ)

=
1

−µ2

∫ t

0

dτ1

∫ τ1

0

dτ2

∫
R3d

dξ123G
µ(x− ξ1, t− τ1)V µ(ξ1)

×Gµ(ξ1 − ξ2, τ1 − τ2)V µ(ξ2)Gµ(ξ2 − ξ3, τ2)ψµ(ξ3, 0). (16c)

The equation for the propagator (15) is analytically solved as

Gµ(x, t) =
h(t)

(2πµ)d

∫
dpe−i|p|

2t/2µeip·x/µ, (17)

where h(t) is again the Heaviside function. Although the wave vector inte-
gration of this expression can be carried out, we keep this form because it is
convenient for later computations.

Importantly, the perturbation solution will be valid for not too large t. For
longer times, the higher order terms will not be small compared to ψµ0 even
though ε is small. As will be clear in the following discussion, we will need
the perturbative solution to be valid up to µ� t� 1; an intermediate range
between the microscopic and mesoscopic time scales.

Based on the perturbation solution of ψµ derived above, we shall consider
the evolution of the local spectral density nµ. To simplify the computation, we
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introduce the Wigner transform of two functions, f(x) and g(x), as

wµ(f, g)(x,p) ≡ 1

(2πµ)d

∫
Rd
dy f

(
x+

y

2

)
g†
(
x− y

2

)
e−ip·y/µ. (18)

Its inverse is

f(x1)g†(x2) =

∫
dpwµ

(
x1 + x2

2
,p

)
eip·(x1−x2)/µ. (19)

Basically, the local spectral density is the Wigner transform of identical wave
functions,

nµ(x,p, t) = wµ(ψµ, ψµ). (20)

Inserting ψµ = ψµ0 + εψµ1 + ε2ψµ2 + . . . to (20), and using (16), we obtain an
expansion of the local spectral density nµ in terms of ε as

nµ(x,p, t) = wµ(ψµ0 , ψ
µ
0 ) + εwµ(ψµ1 , ψ

µ
0 ) + εwµ(ψµ0 , ψ

µ
1 )

+ ε2wµ(ψµ1 , ψ
µ
1 ) + ε2wµ(ψµ2 , ψ

µ
0 ) + ε2wµ(ψµ0 , ψ

µ
2 ) +O(ε3). (21)

The first term on the right-hand side is easily computed as

wµ(ψµ0 , ψ
µ
0 ) = nµ(x− pt,p, 0). (22)

This expression means that, in absence of the potential, the propagation of free
waves transports the spatial distribution of wave action density at the group
velocity p. It is notable that Eq. (22) is valid without taking an ensemble
average or an asymptotic limit.

We shall consider the expectation of (21) with respect to the realization of
the random potential V µ. Since E[V µ] = 0 has been assumed, terms propor-
tional to ε vanish. The dominant contribution from the random potential to
the variations in local spectral density comes from terms of order ε2. Direct
computations, performed in Appendix C, yield the expectation values of per-
turbation terms at the leading-order, (114), (115) and (116). Consequently, we
obtain

E
[
ε2wµ(ψµ1 , ψ

µ
1 ) + ε2wµ(ψµ2 , ψ

µ
0 ) + ε2wµ(ψµ0 , ψ

µ
2 )
]

=
ε2t

µ

∫
dησ(p,η) (nµ(x,η, 0)− nµ(x,p, 0)) + h.o.t.

with

σ(p1,p2) ≡ 2πΠ(p1 − p2)δ

(
|p1|2

2
− |p2|2

2

)
. (23)
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Here, h.o.t. represents the higher-order terms in the expansion that are
negligible in the asymptotic limit. Setting ε =

√
cµ, we have

lim
µ→0

E[nµ(x,p, t)]− nµ(x− pt,p, 0)

t

= lim
µ→0

c

∫
dησ(p,η) (nµ(x,η, 0)− nµ(x,p, 0)) .

Taking the limit t → 0, we obtain a differential equation for the ensemble
average of the local spectral density, limµ→0 E[nµ] = n:

∂n(x,p, 0)

∂t
+ p · ∇xn(x,p, 0) = c

∫
dησ(p, η) (n(x,η, 0)− n(x,p, 0)) .

At this stage, this expression is only valid at the initial time, t = 0. One cannot
extend it to t > 0 because the wave function ψµ is a priori correlated with the
potential field V µ. However, we shall argue that the correlation between ψµ

and V µ remains always weak at any time. Indeed, in the present problem, it
is assumed that the significant modification of the wave field ψµ by scattering
on the potential occurs at a time scale of wave propagation over a mesoscopic
distance. The typical correlation length of the random potential V µ is much
shorter than this mesoscopic scale by a factor of µ. Therefore, even though
interferences of the field with the potential produce slight correlations, the
free propagation of the field makes the correlation vanishes. This situation
resembles the loss of memory for particle collision in dilute gas—the molecular
chaos hypothesis. The present weak-correlation assumption allows us to regard
the temporal evolution of nµ as a Markovian process such that the wave kinetic
equation would be valid any time as far as µ is sufficiently small. We note
that this explanation applies to d ≥ 2 cases. For one-dimensional problems, an
interesting phenomenon named localization is known to occur [56, 57]. This
localization phenomenon which invalidates the present kinetic regime [50, Sec.
5.2] is thus discarded in this paper.

Once this Markovian hypothesis is accepted, we may iterate the reasoning
expounded above for t = 0 in order to reach any time t > 0. We eventually
obtain the equation

∂n(x,p, t)

∂t
+ p · ∇xn(x,p, t) = c

∫
dησ(p,η) (n(x,η, t)− n(x,p, t)) , (24)

that is the ordinary form of the wave kinetic equation. Since the group velocity
of a free wave is now p, the second term on the left-hand side is understood
as the motion of the Wigner distribution at the group velocity due to the free
dynamics. The right-hand side represents wave scattering in wave-vector space
that occurs at microscopic scale. The function cσ(p1,p2) is the scattering cross
section determining the rate of wave action converted from wave vector p1 to
p2 per unit time.
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The wave kinetic equation inherits the conservation property of the original
Schrödinger equation, namely that dAω[n]/dt = 0. However, the wave kinetic
equation differs from the microscopic Schrödinger dynamics (7) since the for-
mer appears time-irreversible whereas the latter is time reversible. Indeed,
for a prescribed potential field V µ(x), let ψµ(x, t) be a solution of (7). Its
time-reverse counterpart is defined as ψµR(x, t) = ψ†(x,−t). As a consequence,
the time-reversed local spectral density reads as nµR(x,p, t) = nµ(x,−p,−t).
Change in sign of p is a natural outcome because the wave group veloci-
ties of the forward and the reverse paths should be opposite. If ψµ(x, t) is a
solution of the Schrödinger equation, ψµR(x, t) is also a solution. This is the
time-reversal symmetry. By contrast, the wave kinetic equation violates this
symmetry: if n is a solution, the time-reversed nR is not a solution of the wave
kinetic equation, unless both n and nR are an identical stationary state (see
Eq. (26) defined below). This irreversibility paradox is reminiscent to the one
raised by Boltzmann for the case of dilute gases. As explained in [1] for the
case of the Boltzmann equation, we will see in the next section that one can
recover time-reversibility for the kinetic theory at the large deviation level, as a
time-reversibility for the stochastic process of the local spectral density. Time-
irreversibility arises because the wave kinetic equation describes the evolution
of the average n = E[nµ] only, or equivalently in this case the most probable
evolution only. Other paths, including time-reversed paths, are possible: they
are just extremely unlikely.

Before moving toward the large deviation theory of wave kinetics, we
can remark that time-irreversibility can be also quantified by introducing a
Lyapunov function

S ≡
∫
dxdp log n(x,p). (25)

Following solutions of the wave kinetic equation, S increases monotonically
with time, dS/dt ≥ 0. If the spatial domain Γ is finite, S achieves the maxi-
mum when the spectral density n(x,p) is homogeneous in x and isotropic in
p. We write this homogeneous distribution of the spectral density under the
constraint of Aω[n] = A(ω) as

nAh (p) =
A′(|p|2/2)∫

dxdηδ(|p|2/2− |η|2/2)
, (26)

where the denominator is introduced for normalization purpose, and A′ =
dA/dω. It is obvious that n(x,p) = nAh (p) is a stationary solution of the
wave kinetic equation. We note that the Lyapunov function S is actually the
microcanonical entropy of the macrostate specified by (nµ,Aω) = (n,A) for
the Schrödinger equation as we discuss in Appendix B, and is related to the
quasipotential that appears in the discussion of the large deviation theory, as
we discuss in section 3.2.3.
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3 Large deviation formulation for random wave
scattering

In the previous section, we derived the wave kinetic equation as an equation for
the ensemble average E [nµ] of the empirical local spectral density, with respect
to the probability measure of the random potential, in the limit µ → 0. This
kinetic limit can be understood as a law of large number: limµ→0 n

µ = E [nµ],
where the limit has to be understood in a weak sense (for instance, the limit
holds when both nµ and E [nµ] are integrated over any subset U ⊂ Γ× Rd).

In statistical mechanics, it is quite common that an empirical macroscopic
quantity converges to its ensemble average for the large limit of the number
of elements. The deviation from the average is often exponentially small and
evaluated asymptotically by a large deviation principle. In this section, our
aim is to generalize the law of large number for the kinetic theory and to
compute the probability to observe any possible fluctuations for nµ, as a large
deviation principle, in the limit µ → 0. Such fluctuations are expected to be
characterized by a large deviation parameter proportional to µd, where d is
the space dimension, because the number of statistically independent degrees
of freedom is of order µ−d.

3.1 Large deviation Hamiltonian
We define the Newton ratio as the time increment for the local spectral density:
∆nµ/∆t = (nµ(∆t)− nµ(0))/∆t. We regard the temporal variations in nµ as
a stochastic process, and look for the probability to observe a value of the
Newton ratio, conditioned on the value of the local spectral density at time 0:
nµ(0) = n. Our aim is to justify that it satisfies

− lim
∆t→0

lim
µ→0
ε=
√
cµ

(2πµ)d

∆t
logP

[
∆nµ

∆t = ṅ|nµ = n
]

= L [n, ṅ] , (27)

and to derive an explicit formula for the Lagrangian L. The limit lim µ→0
ε=
√
cµ

corresponds to the kinetic limit µ → 0 where one has fixed ε =
√
cµ. Here,

L[n, ṅ] is the rate function of the probability of the Newton ratio P [ṅ|n].
Through the fast microscopic dynamics, the memory of the initial condi-

tion of the phases of ψµ are expected to be lost after some times, meaning that
two-times, or multi-times, correlation functions are expected to decay with the
time differences of two or several phase observables. Such a mixing property
is expected to be due to the conjunction of phase mixing (oscillating integrals
and the Riemann–Lebesgue lemma), spatial transport and dispersion, and the
effect of the random potential. Because the natural timescale for phase dynam-
ics is the microscopic timescale, one might expect a typical mixing time to be
much smaller than the kinetic time scale and to decay to zero in the kinetic
limit. This mixing property is required to justify a Markovian behavior and to
propagate local in time results, like the Lagrangian (27), in order to describe
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the dynamics at finite times. In none of the existing classical kinetic theories,
neither physicists nor mathematicians have been so far able to justify or prove
the requested mixing properties, in order to justify the long time validity of
kinetic theories or their probabilistic large deviation generalizations. This is
the main reason why mathematical results, for instance the celebrated Lan-
ford’s result for the Boltzmann equation [58], or its generalizations [59], are
usually valid only for a fraction of the kinetic time. As it is customary in the-
oretical physics, we will assume the validity of such a mixing property in the
following.

We now assume the natural mixing hypothesis and the related Markov
behavior of the stochastic process. As a consequence, the evolution of nµ does
not depend on its previous state. Then the path probability for the stochastic
process is Markovian, and the probability of a path of nµ for a finite time
interval, 0 6 t 6 tf , can be derived from the local in time Lagrangian (27).
The path probability conditioned on the local spectral density at the initial
time nµ(0) = n(0) is then

Pn(0)

[
{nµ(t) = n(t)}06t6tf

]
�
µ→0

exp

(
− 1

(2πµ)d

∫ tf

0

dtL[n, ṅ]

)
. (28)

This expression is analogous to the path-integral formulation for the probabil-
ity density in quantum theory. Note that the initial conditions nµ(0) = n(0) is
fixed here, but one can easily consider a set of initial condition complemented
by an initial probability density P0. In such a case, the path probability of a
trajectory {n(t)}06t6tf reads as

P
[
{nµ(t) = n(t)}06t6tf

]
�
µ→0

exp

(
− 1

(2πµ)d

∫ tf

0

dtL[n, ṅ]

)
P0[n(0)]. (29)

To compute the Lagrangian (27), we will use the Gärtner-Ellis theorem
that connects the rate function L to the cumulant-generating function, or the
Hamiltonian H defined by

H[n, λ] = lim
∆t→0

lim
µ→0
ε=
√
cµ

(2πµ)d

∆t

× logE
[
exp

(∫
dxdpλ(x,p)(nµ(x,p,∆t)− n(x,p))

(2πµ)d

)]
, (30)

through the Legendre-Fenchel transform,

L [n, ṅ] ≡ sup
λ

{∫
dxdpλ(x,p)ṅ(x,p)−H[n, λ]

}
. (31)

Our aim here is to derive the specific form of H directly from the perturbation
solutions of the original Schrödinger equation (7).
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Following [2], we first compute the moment-generating function for the
increment of nµ,

Zµ[n, λ; ∆t] ≡ E
[
exp

(∫
dxdpλ(x,p)(nµ(x,p,∆t)− n(x,p))

(2πµ)d

)]
. (32)

We insert the expansion of nµ(x,p, t) in terms of ε into (32). Since at the lead-
ing order wµ(ψµ0 , ψ

µ
0 ) is statistically independent of V µ by the weak correlation

hypothesis described before, it is possible to decompose Zµ into two parts as

Zµ = Zµ0Zµε (33a)

Zµ0 ≡ exp

(
1

(2πµ)d

∫
dxdpλ(x,p) (wµ(ψµ0 , ψ

µ
0 )− n(x,p))

)
(33b)

Zµε ≡ E

[
exp

(
1

(2πµ)d

∫
dxdpλ(x,p) (nµ(x,p,∆t)− wµ(ψµ0 , ψ

µ
0 ))

)]
. (33c)

Using (22), the first part, Zµ0 , is immediately rewritten as

Zµ0 = exp

(
1

(2πµ)d

∫
dxdpλ(x,p) (n(x− p∆t,p, 0))− n(x,p)

)
. (34)

The second part is expanded in terms of ε to obtain

Zµε = 1 + ε2Zµ2 + o(ε2), (35)

where we have used E[V µ] = 0. The Landau notation o(ε2) gathers all the
terms that are negligible compared to O(ε2) terms in the expansion. In the
following, we shall discard the higher order terms of o(ε2) and concentrate
on computing Zµ2 . Because we are considering the simultaneous limit of µ,
ε =

√
cµ, neglecting o(ε2) terms cannot be justified a priori. This kind of

problem commonly arises in wave kinetic theory [2] but we expect o(ε2) to be
negligible in the kinetic limit. The direct computation of Zµ2 yields

Zµ2 =
1

(2πµ)d

∫
dxdpλ(x,p)E [wµ(ψµ2 , ψ

µ
0 ) + wµ(ψµ0 , ψ

µ
2 ) + wµ(ψµ1 , ψ

µ
1 )]

+
1

2(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)

× E
[
(wµ(ψµ1 , ψ

µ
0 )(x1,p1) + wµ(ψµ0 , ψ

µ
1 )(x1,p1))

× (wµ(ψµ1 , ψ
µ
0 )(x2,p2) + wµ(ψµ0 , ψ

µ
1 )(x2,p2))

]
. (36)
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From the computations in Appendix C, specifically (114)-(116) and (118)-
(121), we obtain

Zµ2 =
∆t

µ(2πµ)d

∫
dxdp12

[
(λ(x,p1)− λ(x,p2))σ(p1,p2)n(x,p2)

+
1

2
(λ(x,p1)− λ(x,p2))2σ(p1,p2)n(x,p1)n(x,p2)

]
+ h.o.t.. (37)

Inserting Zµ = Zµ0
(
1 + ε2Zµ2

)
into H = lim∆t→0 lim µ→0

ε=
√
cµ

((2πµ)d/∆t) logZµ,

we obtain the Hamiltonian as

H[n, λ] = HF +HS (38a)

HF = −
∫
dxdpλ(x,p)p · ∇xn(x,p) (38b)

HS = c

∫
dxdp12

[
(λ(x,p1)− λ(x,p2))σ(p1,p2)n(x,p2)

+
1

2
(λ(x,p1)− λ(x,p2))2σ(p1,p2)n(x,p1)n(x,p2)

]
. (38c)

We have separated the Hamiltonian into two parts, HF and HS . The first part,
HF , represents the free wave propagation in position space and the second
one, HS , the wave scattering in wave-vector space by the random potential.

3.2 Properties of the large deviation Hamiltonian
Once the specific form of the Hamiltonian is obtained, we can discuss the
properties of the stochastic process governed by the path-integral formula (28)
and (31). Formulations in the paper [1] are simple and informative, and we
summarize several important properties of dynamical large deviation theory
in Appendix A. We now check the classical expected properties of H.

3.2.1 Weak noise Langevin dynamics and wave kinetic
equation

The first important property of the large deviation Hamiltonian H is that it is
quadratic and convex with respect to the conjugated field λ. This means that
the fluctuations of the infinitesimal current ṅdt are, locally in time, Gaussian.
Reading the quadratic part of the Hamiltonian (38c), we see that the local
covariance of the local in time Gaussian fluctuations are given by the diffusion
kernel

Σ[n](x; p1,p2) = −cσ(p1,p2)n(x,p1)n(x,p2)

+ c

∫
Rd
dησ(p1,η)n(x,p1)n(x,η)δ(p1 − p2). (39)
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As a consequence, in the kinetic limit µ� 1, the dynamics of the local spectral
density in the kinetic regime corresponds to a weak noise Langevin dynamics
[60, 61]

ṅ(x,p, t) = −p · ∇xn+ c

∫
dη σ(p,η) (n(x,η, t)− n(x,p, t))

+
√

2(2πµ)d/2
∫
dηΣ1/2[n](x; p,η)ξ(η, t) (40)

with ξ(p, t) a white noise such that E [ξ(p, t)ξ(η, s)] = δ(t − s)δ(p − η), and
where the kernel Σ1/2[n] is defined as a square root of diffusion kernel, meaning
that

∫
dηΣ1/2(x,p1,η)Σ1/2(x,η,p2) = Σ(x,p1,p2).

The second expected property is that the most probable path is the solution
of the wave kinetic equation. This is easily checked by noticing that the most
probable path, for which the action

∫ tf
0
L[n, ṅ]dt = 0 vanishes, satisfies

∂n

∂t
=
δH
δλ

∣∣∣∣
λ=0

(41)

(see Appendix A.1.1), and is also the linear term in λ of the HamiltonianH and
the drift term of the Langevin dynamics (40). Then, the path large deviation
analysis confirms that the wave kinetic equation can be understood as a law
of large number at the level of trajectories.

It is enlightening to rewrite the scattering part of the Hamiltonian HS in
terms of the diffusion kernel (39) as

HS =

∫
dxdp1dp2 λ(x,p1)Σ[n](x; p1,p2)

(
δS

δn(x,p2)
+ λ(x,p2)

)
, (42)

where S is the entropy (25), and the Langevin equation (40) as

ṅ(x,p, t) + p · ∇xn =

∫
dηΣ[n](x; p,η)

δS

δn(x,η)

+
√

2(2πµ)d/2
∫
dηΣ1/2[n](x; p,η)ξ(η, t). (43)

This suggestive forms immediately emphasize that S is a Lyapunov function,
and that the dynamics has a detailed balance structure, as further explained
in section 3.2.4.

3.2.2 Conservation of the wave action distribution

As we discussed in section 2.3, in the original Schrödinger equation, the quan-
tity Aω[nµ] =

∫
dxdph(ω − |p|2/2)nµ(x,p) for any ω ∈ R+ is conserved.

This conservation property has to be also verified at the large deviation
level, meaning that any trajectory {n(t)}06t6tf has to lie on the manifold
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Aω[n] = A(ω). As explained in Appendix A.2.1, this is equivalent to the
Hamiltonian symmetry

H
[
n, λ+ α

δAω
δn

]
= H [n, λ] , (44)

for an arbitrary α ∈ R, n and λ. For the specific form of the Hamiltonian
H = HF + HS (38a) with HS written in the symmetric form (42), one can
directly check the above Hamiltonian symmetry boils down to the following
property on the diffusive kernel (39)

∫
dηΣ[n](x; p,η)

δAω
δn(x,η)

= 0, (45)

for any n, x, p, and ω.

3.2.3 Stationary quasipotential

It was shown in the previous section that the wave kinetic equation possesses
an attractor which is a homogeneous distribution, nh, with the prescribed
constraints Aω[n] = A(ω), for any ω. We now consider the fluctuations of n
from nh at the large deviation level. More precisely, we define the equilibrium
distribution of the stochastic process at a large deviation level:

PµA,S [{nµ = n}] �
µ→0

exp

(
− UA[n]

(2πµ)d

)
, (46)

where PµA,S is the stationary probability measure of the microcanonical ensem-
ble which is parameterized by a small constant µ as well as a function A(ω)
specifying the action conservation constraint. The rate function UA is named
the quasipotential (see Appendix A.1).

In principle, the quasipotential can be computed from the dynamics, start-
ing from the large deviation Hamiltonian, see for instance Appendix A.1.3.
Formula (69) gives an expression for the quasipotential, in the cases when
the wave kinetic equation has a single attractor. However, when one knows
explicitly the microscopic stationary distribution, for instance in the case of
equilibrium statistical mechanics, one can compute directly the quasipotential.
It is then related to the entropy. Those different expressions have to give con-
sistent results. Indeed, one may see a simple example of the relation between
microcanonical entropy and the quasipotential for the dilute gas dynamics in
[1]. The case of spatially homogeneous weakly nonlinear wave dynamics has
been discussed in [2]. For the present problem, we compute the quasipotential
from a microcanonical ensemble for the original Schrödinger equation model
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in Appendix B. One obtains

UA[n] =

−
∫
dxdp log

(
n(x,p)

nAh (p)

)
if Aω[n] = A(ω)

+∞ otherwise
. (47)

This result is technically not obvious. As far as we know, it had never been
derived before.

As shown in Appendix A.1.4, it is a generic property of the quasipoten-
tial to play the role of a Lyapunov function for the deterministic relaxation
dynamics, in this case the wave kinetic equation. Such a property can be
derived generically from the existence of a large deviation principle, indepen-
dently on the specific form of the large deviation Hamiltonian. One can note
that the quasipotential (47) is the opposite of the entropy S (25), up to an
additive constant. The quasipotential now depends on A(ω) and satisfies the
normalization condition, minn UA[n] = 0, where the minimum is achieved when
n(x,p) = nAh (p) (26).

From Eq. (42) and the fact that UA is equal to −S up to a constant,
it is immediately checked that UA solves the stationary Hamiltonian-Jacobi
equation,

H
[
n,
δUA
δn

]
= 0. (48)

3.2.4 Time-reversal symmetry and detailed balance

Finally, we consider the time-reversal symmetry of the dynamics (see Appendix
A.2.2). For the present wave kinetic theory, we showed at the end of section
2.4 that the time-reversed local spectral density is defined as nR(x,p, t) =
n(x,−p,−t), namely that wave vector needs to change sign in addition to time-
reversal t → −t. Therefore, it is useful to introduce the involution operator I
such that I[n(x,p)] = n(x,−p).

Since the wave kinetic dynamics is an equilibrium dynamics whose sta-
tionary state is characterised by the microcanonical quasipotential (47) at the
large deviation level, we expect the fluctuating dynamics to be time-reversible.
Following Appendix A.2.2, we indeed check that the Hamiltonian satisfies the
detailed-balance condition

H
[
n, λ+

δUA
δn

]
= H [I[n],−I[λ]] , (49)

thus proving the time-reversal symmetry of the dynamics. For a trajectory that
follows the wave kinetic equation, UA monotonically decreases towards 0, and
therefore the local spectral density irreversibly approaches the homogeneous
distribution nAh . However, when µ is small but finite, there remains a possibility
that UA increases, namely that the spectrum moves away from the attractor
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nAh . This property is quantified by the fluctuation relation that is equivalent
to the detailed balance relation (49)

Pn(0)[{nµ(t) = n(t)}06t6tf ]

Pn(tf )[{nµ(t) = nR(t− tf )}06t6tf ]
�
µ→0

exp

(
UA[n(0)]− UA[n(tf )]

(2πµ)d

)
. (50)

The fluctuation relation (50) is the fundamental answer to the irreversibil-
ity paradox that arises in any classical kinetic theory, and in particular for
the classical wave kinetic theory. Indeed, let us consider a path starting from
n(0) that follows the wave kinetic equation until it reaches a state n(tf )
at some time tf > 0. Since the quasipotential UA is a Lyapunov func-
tion, one has UA[n(tf )] < UA[n(0)]. From the fluctuation relation Eq. (50),
the exact time-reversed path starting from the state n(tf ) has a probablity
∼ exp

(
−(2πµ)−d∆U

)
(with ∆U = UA[n(0)] − UA[n(tf )] > 0) to occur in the

small µ limit. The irreversibility turns into an improbability.

3.3 Decomposition of the Hamiltonian
Since a free wave packet does not change its wave vector during a free prop-
agation, and since also wave frequency is conserved during scattering by a
time-independent potential, waves with different pulsation ω(p) = |p|2/2 (i.e.
located on distinct spherical shells) do not interfere with each other. There-
fore, the dynamics can be separated into an infinite number of subsystems in
which the degrees of freedom are mutually independent. Indeed, this expec-
tation can be verified by showing that the Hamiltonian is decomposed as an
integration over frequency, as we do now.

To do so, let us rewrite the wave vector as p = peθ and define the cor-
responding frequency, ω = p2/2. The vector eθ is a unit vector whose angle
is specified by θ. Generally, the number of degrees of freedom for the angle
θ is d − 1. For example, for a d = 3 case, elevation and azimuthal angles
would be selected as a set of representative coordinate variables. The follow-
ing consideration is not dependent on the choice of these coordinates. We
just need to assume that a pair of opposite angles, θ and −θ, are defined
such that eθ = −e−θ. We decompose the wave vector integration element as
dp = pd−1dpdθ = (2ω)(d−2)/2dωdθ with dθ a surface element on a (d − 1)-
dimensional unit sphere, Sd−1. We define new variables labeled by frequency
ω as

nω(x, θ) = pd−2n(x, peθ) (51a)
λω(x, θ) = λ(x, peθ) (51b)

σω(θ1, θ2) = 2πΠ(p(eθ1 − eθ2)) (51c)

Please do not confuse nω with nµ, in the context of this section. The Hamilto-
nian is decomposed into independent subdynamics, each of which involves the
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new variables labeled by ω,

H[n, λ] =

∫
Hω[nω, λω]dω =

∫
(HωF +HωS)dω (52a)

HωF [nω, λω] = −
∫
dxdθ(2ω)1/2λω(x, θ)eθ · ∇xnω(x, θ) (52b)

HωS [nω, λω] = c

∫
dxdθ1dθ2

×

[
(2ω)(d−2)/2(λω(x, θ1)− λω(x, θ2))σω(θ1, θ2)nω(x, θ1)

+
1

2
(λω(x, θ1)− λω(x, θ2))2σω(θ1, θ2)nω(x, θ1)nω(x, θ2)

]
, (52c)

where the integration for (x, θ) is carried out over Γ× Sd−1. For this system,
the diffusion kernel and the Lyapunov function are

Σω[nω](x; θ1, θ2) = −cσω(θ1, θ2)nω(x, θ1)nω(x, θ2)

+ c

∫
dθ′σω(θ1, θ

′)nω(x, θ1)nω(x, θ′)δ(θ1 − θ2) (53a)

and Sω[nω] =

∫
dxdθ(2ω)(d−2)/2 log nω(x, θ). (53b)

The scattering part of the Hamiltonian is accordingly represented as

HωS =

∫
dxdθ1dθ2λ

ω(x, θ1)Σ[nω](x; θ1, θ2)

(
δSω

δnω(x, θ2)
+ λω(x, θ2)

)
. (54)

We may compute the probability of a path of local spectral density sepa-
rately for each frequency band. For each subsystem, the amount of wave action,
∝
∫
dxdθnω(x, θ) ≡ N [nω], is invariant. For the attractor of the wave kinetic

equation, namely the homogeneous distribution, nω is everywhere constant in
Γ× Sd−1, which we write nωh . Finally, we find that the quasipotential,

Uω[nω] =

−
∫
dxdθ(2ω)(d−2)/2 log

(
nω(x, θ)

nωh

)
if N [nω] = N [nωh ]

+∞ otherwise
(55)

satisfies the detailed balance condition, Hω[nω, λω + δUω/δnω] =
Hω[I[nω],−I[λω]] with the involution I defined as I[nω(x, θ)] = nω(x,−θ).
Consequently, the fluctuation relation for a path and its reverse applies to each
subsystem separately.
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3.4 Diffusive limit
In this paper, we have focused on the wave kinetic regime when the random
potential presents high oscillations at a scale comparable to a typical wave-
length of the wave field. Another relevant limit, referred to as the diffusive
approximation [17] or the Fokker-Planck limit [50], corresponds to the regime
when the spatial oscillations of the potential are at a scale larger than those
of the wave field. In this regime, a wave signal propagates along rays which
are randomly refracted by the potential, leading to an asymptotic diffusion
equation for the local spectral density [17, 50].

Technically, the diffusion equation on the local spectral density is often
derived from a multiscale expansion from the microscopic dynamics (7) [17, 50].
But interestingly, the diffusive limit can also be obtained from the scattering
kinetic regime that we have considered in this paper. Our goal in this sub-
section is to show how one can derive a path large deviation theory for wave
kinetics in the diffusive regime from the large deviation Hamiltonian (42). In a
recent paper, a similar weak scattering limit has been considered to derive the
path large deviation principle for plasma below the Debye length, related to
the Landau equation, from the path large deviation principle for dilute gases,
related to the Boltzmann equation [43].

In the diffusive regime, the random potential has typical variations over
large lengthscales compared to the typical wavelength of the signal. As a con-
sequence, the spectrum of the potential (6) is localised around p = 0, which
implies from the definition of the cross section (23) that incoming wave vec-
tors are randomly refracted by an infinitesimal amount at each time step by
the potential. One thus expects to obtain the path large deviation theory of
wave transport in the diffusive regime from the scattering regime by assuming
that the potential spectrum Π is supported in the vicinity of p ≈ 0.

In order to derive the diffusive limit from the large deviation Hamiltonian,
we use Eq. (42). We show in Appendix D that the diffusion kernel Σ transforms
into a differential operator such that for any test function f and g:∫

dp1dp2f(p1)Σ(x; p1,p2)g(p2) ≈
∫
dp∇pf(p) ·

[
n(x,p)2D(p)

]
· ∇pg(p).

(56)
Here, D is the diffusion matrix computed from the potential spectrum Π as

D(p) = − c
2

∫
R
∇y ⊗∇yR(ps)ds and R(y) =

∫
dηΠ(η)eiη·y. (57)

From its definition, R(y) corresponds to the rescaled two-point correlation
function of the random potential.

Using Eq. (56), the large deviation Hamiltonian in the diffusive limit reads
as

H[n, λ] =

∫
dxdpλ(x,p)p · ∇xn(x,p)
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+

∫
dxdp∇pλ(x,p) ·

[
n(x,p)2D(p)

]
· ∇p

(
δS

δn(x,p)
+ λ(x,p)

)
.

(58)

The diffusive Hamiltonian (58) conserves the spectral density at a given
pulsation ω(p) = |p|2/2 because of the fundamental property

D(p) · p = 0, (59)

which results from p · ∇R(ps) = ∂R(ps)/∂s. This property means that the
diffusion of the spectrum is always orthogonal to the group velocity.

Moreover, the expression of the Hamiltonian (58) makes it clear that the
quasipotential of the diffusive dynamics is the same as the quasipotential of the
scattering limit Eq. (47). Furthermore, one can easily check that the detailed
balance relation (49) is still satisfied by the Hamiltonian (58).

4 Conclusions and perspective
The linear wave kinetic equation is a statistical model that governs wave
action density spreading in position and wave-vector space through propaga-
tion and scattering in random media. Motivated by recent works on dynamical
large deviation principles for kinetic theory, this study has derived the large
deviation principle describing the probability of a finite-time evolution of the
local spectral density of wave action in an asymptotic limit of scale separa-
tion. Importantly, the large deviation principle that is derived in this paper
satisfies a time-reversal symmetry with respect to the microcanoical quasipo-
tential, that is directly (and independently) computed from the microcanonical
measure.

In this paper, we restrict our considerations to the simplest Schrödinger
model with a homogeneous random potential. The next step is to extend the
present formulation to a wider range of situations. Possible technical difficulties
encountered during such future works involve (i) generalization of the disper-
sion relation to a function of position and wave vector, ω(x,p), (ii) coping with
spatial inhomogeneity for the randomness, that leads to a space-dependent
scattering cross section, σ(x,p1,p2), (iii) consideration of a vector field that
involves polarized waves or multiple waves, e.g., elastic media holding com-
pressional and shear waves. Combining the present approach and a previous
work on wave turbulence [2], we have also derived a formula of path-large
deviations for inhomogeneous spectral density in nonlinear 4-wave interacting
systems [62].

In the context of geophysics, the wave kinetic equation is used to discuss
energy cascades of internal waves in the oceans and atmosphere where rotation
and density stratification play key roles [13]. Because the dispersion relation
of internal waves depends not on wave vector but on its angle against the
gravity direction, even linear theory predicts interscale energy transfer. In this
process, balanced geostrophic turbulent flow acts as a random potential. If
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assuming a stationary flow state, i.e., fixing the potential field in time, the
formulation will be analogous to the present case. On the other hand, once
we allow the temporal variations in the geostrophic flow field, the situation
essentially changes. Wave frequency is no longer conserved during propagation
and scattering. Spreading of action density in frequency space associates gain
or loss of wave energy. Quantification of the energy exchange rate between
evolving turbulent eddies and waves remains an open problem. Recently, Dong
et al. [19] discussed wave frequency diffusion in geostrophic turbulence based
on a kind of kinetic equation model. As pointed out in the present study,
the ordinary kinetic equation predicts an irreversible change in the spectral
density. In the actual environmental situation, the scale separation parameter,
µ, is not necessarily small and there should be non-negligible fluctuations in
spectral density. The large deviation formulation has a possible application for
the estimation of a fluctuating energy transfer rate, in such regime where the
kinetic theory is marginally valid.
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A Properties of the stochastic system specified
by a large deviation Hamiltonian

A.1 Path large deviation
This appendix presents some general properties of a stochastic process Xε(t)
whose probability conditioned on an initial value, Xε(ti) = X(ti), is specified
at the large deviation level via a formula,

P
[
{Xε(t) = X(t)}ti6t6tf

]
�
ε→0

exp

(
−S[X]

ε

)
(60a)

S[X] =

∫ tf

ti

dtL(X, Ẋ) ≡
∫ tf

ti

dt sup
P

{
P · Ẋ −H(X,P )

}
. (60b)

Here, Xε(t) can be a scalar, vector, or continuous function defined on some
space. Basic requirements are that an inner product is properly defined,
and the dynamical property of the system is controlled by a single non-
negative parameter ε. For the simplicity, we regard X as a scalar but the
following consideration can be immediately extended to general cases. The
large deviation Hamiltonian H(X,P ) is a convex function of P and satis-
fies H(X, 0) = 0 for any X. From the definition, the Lagrangian L satisfies
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L(X, Ẋ) ≥ P · Ẋ −H(X,P ) for any X, Ẋ and P . Therefore, inserting P = 0,
we know L ≥ 0.

A.1.1 Relaxation path

Clearly, in the limit of ε → 0, the system becomes deterministic with a sin-
gle path that minimizes the action S[X] for a prescribed initial condition
X(ti)—named the relaxation path. Since L ≥ 0, if there exists a function R(X)
that satisfies L(X,R(X)) = 0, a path solving Ẋ = R(X) minimizes the action
and yields minX S[X] = 0. From the facts that L(X, Ẋ) = P · Ẋ − H(X,P )
with P solving Ẋ − ∂H/∂P = 0 and H(X, 0) = 0 for any X, we understand
that a function R(X) = ∂H/∂P |P=0 fulfills L(X,R(X)) = 0. We thus assert
that an equation

Ẋr = R(Xr) ≡ ∂H
∂P

(Xr, 0) (61)

determines the relaxation path Xr(t).

A.1.2 Optimal path

Slightly changing the situation, if we fix both the initial and final states,
X(ti) = xi and X(tf ) = xf , respectively, the most probable path from xi to
xf , namely the optimal path, or the instanton, is obtained by again minimizing
S[X]. This problem is equivalent to the principle of least action in analytical
mechanics. In this context, P is called the generalized momenta and repre-
sented by P = ∂L/∂Ẋ which is no longer 0. The optimal path in phase space
is governed by a set of canonical equations,

Ẋ =
∂H
∂P

(62a)

Ṗ = −∂H
∂X

, (62b)

and we shall write their solutions as Xo[xf , tf ; xi, ti] and P o[xf , tf ; xi, ti].
For the simplicity, we fix the initial conditions, ti and xi, and rewrite the final
state as x and t. We then introduce the Hamilton’s principal function Q as an
integration of the action following the optimal path as

Q(x, t) =

∫ t

ti

dτL(Xo(τ), Ẋo(τ)). (63)

It is known in analytical mechanics that in this case the generalized momenta
at the final time is represented as P o(t) = ∂L/∂Ẋ

∣∣∣
t

= ∂Q/∂x, and Q solves
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the Hamilton-Jacobi equation,

∂Q
∂t

+H
(
x,
∂Q
∂x

)
= 0. (64)

In the definition of Q(x, t), a set of arguments, (x, t), is arbitrary chosen. When
we pick up an optimal path {Xo(τ), P o(τ)}, at any point on this path, the
generalized momenta P and the Hamilton’s principle function Q is related via

P o(τ) =
∂Q
∂x

(Xo(τ), τ). (65)

Therefore, combining (65) and the first line of (62), we formally obtain a single
equation determining the optimal path,

dXo

dτ
=
∂H
∂P

(
Xo,

∂Q
∂x

(Xo, τ)

)
. (66)

This equation is, however, not generally useful because Q(x, t) is inaccessible
in most cases.

A.1.3 Quasipotential and fluctuation path

Going back to the original stochastic model, the meaning of Q is understood
as the rate function for the probability that Xε reaches xf at t = tf . Indeed,
we may derive from (60) an expression

P [Xε(t) = x|Xε(ti) = xi] �
ε→0

exp

(
−Q(x, t)

ε

)
(67)

based on the contraction principle. Now, we shall consider the stationary dis-
tribution of the probability density of Xε. This can be done simply setting
ti = −∞ in (67). To make the discussion more specific, let us assume that the
relaxation dynamics (61) has a unique global attractor x0, where R(x0) = 0.
Then, we set xi = x0 and also t = 0, to write a large deviation formula for the
stationary distribution

Ps(x) �
ε→0

exp

(
−U(x)

ε

)
(68)

with

U(x) = inf
X(t)|X(−∞)=x0 and X(0)=x

∫ 0

−∞
dtL(X(t), Ẋ(t)). (69)

The rate function U is called the quasipotential. Since U is the special case of
Q but independent of t, it solves the stationary version of the Hamilton-Jacobi
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equation (64),

H
(
x,
∂U
∂x

)
= 0. (70)

For the present case, the optical pathXo(τ) represents the most probable route
from an attractor x0 to a specific point x. This route is called the fluctuation
path and is denoted by Xf (t). Once we obtain the quasipotential U(x), (66)
provides an equation determining the fluctuation path as

Ẋf = F (Xf ) ≡ ∂H
∂P

(
Xf ,

∂U
∂x

(Xf )

)
. (71)

Since the vector field F (x) does not depend on t, this equation is more useful
than the original one (66). On the fluctuation path, the generalized momenta
is computed based on (65) as P f = ∂U/∂x(Xf ). Combining (70) with the fact
that H is constant along the optical path, we understand that H(Xf , P f ) = 0
always holds.

A.1.4 Quasipotential as a Lyapunov function

A relaxation path and a fluctuation path have distinct properties for the
variations in U . For a relaxation path, we have

dU
dt

(Xr) = Ẋr ∂U
∂x

(Xr) =
∂H
∂P

(Xr, 0)
∂U
∂x

(Xr)

= H(Xr, 0)︸ ︷︷ ︸
=0

−H
(
Xr,

∂U
∂x

(Xr))

)
︸ ︷︷ ︸

=0

+
∂H
∂P

(Xr, 0)
∂U
∂x

(Xr) ≤ 0,

where we have used the general expressions, H(X, 0) = H(X, ∂U/∂x(X)) = 0,
and the convexity of H(X,P ) for P . For a fluctuation path, we have

dU
dt

(Xf ) = Ẋf ∂U
∂x

(Xf ) =
∂H
∂P

(
Xf ,

∂U
∂x

(Xf )

)
∂U
∂x

(Xf )

= H(Xf , 0)︸ ︷︷ ︸
=0

−H
(
Xf ,

∂U
∂x

(Xf ))

)
︸ ︷︷ ︸

=0

+
∂H
∂P

(
Xf ,

∂U
∂x

(Xf )

)
∂U
∂x

(Xf ) ≥ 0,

again from the convexity of H. We have thus learned that the quasipotential is
a Lyapunov function because it monotonically decreases in a relaxation path
while increases in a fluctuation path. These results are natural consequence
from a basic property that U(x) is minimum at the attractor x0 and the
relaxation and fluctuation paths represent routes to and from the attractor.
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A.2 Properties of large deviation Hamiltonian

A.2.1 Conservation law

From now on, we shall regard X and P as vectors so that there are multiple
directions in X space. For this case, when the Hamiltonian H possesses a
kind of symmetry, it is related to the conservation law of the system. More
specifically, let us suppose that we find a function C(X) that satisfies

H
(
X,P + α

∂C
∂X

)
= H(X,P ) (72)

for any X, P , and α. This condition is equivalent to

∂H
∂P

(X,P ) · ∂C
∂X

(X) = 0

for any X and P . Now that H(X, ·) is flat in the direction of ∂C/∂X, from the
property of the Legendre-Fenchel transform [63], the corresponding Lagrangian
has a property,

L(X, Ẋ) = +∞ if Ẋ · ∂C
∂X

(X) 6= 0. (73)

This expression indicates that the probability for a path crossing a contour of
C is strictly 0. This constraint applies not only to the optimal path but also to
any path with random fluctuations. We thus understand that (72) serves as a
condition for C being an invariant of the system.

A.2.2 Detailed balance

The detailed balance is a property of equilibrium states which asserts time-
reversibility of the process, meaning that the probabilities of any trajectory
and its reversed counterpart are equal. A basic expression of detailed balance
for a stationary stochastic process is P∆t(y; x)PS(x) = P∆t(x; y)PS(y), where
P∆t(y; x) is the transition probability from a state x to another state y during
a time interval ∆t, and PS(x) is the stationary probability distribution.

Since we are now considering a continuous Markov process, it is enough to
regard ∆t as arbitrary small. For the limit of ∆t→ 0, we may write y ∼ x+ẋ∆t
and redefine the transition probability as P∆t(x, ẋ) ∼ P∆t(x+ẋ∆t; x). Assum-
ing the continuity of P and PS , the detailed balance condition is rewritten
as

P∆t(x, ẋ)PS(x) ∼ P∆t(x+ ẋ∆t,−ẋ)PS(x+ ẋ∆t). (74)

For the present problem, the probability distribution is specified as P∆t(x, ẋ) �
exp(−∆tL(x, ẋ)/ε) and PS(x) � exp(−U(x)/ε). Therefore, the detailed
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balance condition (74) is rewritten as

L(x, ẋ)− L(x,−ẋ) = ẋ · ∂U
∂x

. (75)

This condition is modified in terms of the Hamiltonian via the Legendre-
Fenchel transform as

H(x,−p) = H
(
x, p+

∂U
∂x

)
. (76)

Because H(x, 0) = 0 in the current problem, the stationary Hamilton-Jacobi
equation (70) is a necessary (but not sufficient) condition for U being the
quasipotential.

Once the detailed balance condition (76) is verified, we understand that
the probabilities of a path and its reverse are related at the large deviation
level via the expression,

P
[
{Xε(t) = X(t)}ti6t6tf

]
P
[
{Xε(t) = X(tf + ti − t)}ti6t6tf

] �
ε→0

exp

(
−U(xf )− U(xi)

ε

)
, (77)

an equivalent form of the Crooks fluctuation theorem. Another outcome of
the detailed balance is that the fluctuation path is the time reverse of the
relaxation path. This property is derived from

R(X) =
∂H
∂P

(X, 0) = −∂H
∂P

(
X,

∂U
∂X

)
= −F (X).

B Microcanonical ensemble and quasi-potential
for the Schrödinger equation

In this appendix, we consider the microcanonical ensemble of the dynamics
governed by the Schrödinger equation, (7). The aim is to compute the quasipo-
tential of the local empirical spectral density, i.e., the large deviation rate
function of nµ, in the small µ limit. We will prove that

PµA,m[nµ = n] �
µ→0

exp

(
− UA[n]

(2πµ)d

)
, (78)

with PµA,m the probabilities with respect to the microcanonical measure with
the constraints,

Aω[nµ] ≡
∫
h

(
ω − |p|

2

2

)
nµ(x,p)dxdp = A(ω), (79)



Springer Nature 2021 LATEX template

Large deviations for linear wave kinetic equation 33

where h is the Heaviside function, and A : R+ → R+ is a prescribed function.
The expected form of the rate function, namely, the quasipotential, is

UA[n] =

−
∫
dxdp log

(
n(x,p)

nh(p)

)
if Aω[n] = A(ω)

+∞ otherwise
, (80)

where

nAh (p) =
A′(|p|2/2)∫

dxdηδ(|p|2/2− |η|2/2)
. (81)

In the following proof, we first define the microcanonical measure and then
derive the rate function (80).

If we consider an infinite domain with a finite amount of total wave action,∫
Rd |ψ

µ|2dx <∞, since the wave action density will be diluted to absolutely 0
everywhere, an equilibrium state of the microcanonical ensemble does not make
sense. Here, we instead assume a spatial periodicity of the scaler field ψµ(x)
and concentrate our attention on a d-dimensional cubic domain, [0, 2π)d ≡
Γ ⊂ Rd. In this setting, the empirical local spectral density (10) consists of
delta functions in wave-vector space like

nµ(x,p) =
∑

k∈(1/2)Zd
nµk(x)δ(p− µk), (82)

where nµk(x) is a discrete form of Wigner distribution adapted to periodic
domains, defined as

nµk(x) =
1

(2π)d

∫
Γ

dye−2ik·yψµ (x+ y)ψµ† (x− y) . (83)

We also introduce the Fourier coefficients of ψµ as

ψ̂µk =
1

(2π)d

∫
Γ

e−ik·xψµ(x)dx (84a)

ψµ(x) =
∑
k∈Zd

eik·xψ̂µk . (84b)

Perceval’s theorem allows us to write the wave action density per unit volume
in three forms,

1

(2π)d

∫
Γ×Rd

nµ(x,p)dxdp =
1

(2π)d

∫
Γ

|ψµ(x)|2dx =
∑
k

|ψ̂µk |
2. (85)

We shall set µ → 0 while keeping this action density finite. When we fix a
volume element in p space, the number of k vectors which are involved there
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increases as ∼ µ−d. Therefore, the typical amplitude of the Fourier coeffi-
cients depends on µ as ψ̂µk ∼ O(µd/2). Now we scale ψ̂µ by introducing a new
coefficient, aµp with p ∈ µZd, as ψ̂µk = µd/2aµµk, i.e,

aµp =
1

(2πµ1/2)d

∫
Γ

e−ip·x/µψµ(x)dx. (86)

Note that aµp remains finite for µ → 0, but its norm,
∑
p∈µZd |aµp|2 =

(2πµ)−d
∫

Γ×Rd n
µ(x,p)dxdp, diverges in the same limit.

To apply equilibrium statistical mechanics, we consider the phase space
spanned by the scaled coefficients, {aµp}p∈µZd . In this space, the Lebesgue
measure m is represented as

dm =
∏
p

daµpda
µ†
p ≡

∏
p

darpda
i
p, (87)

where aµp = (arp + iaip)/
√

2 is understood. This measure makes sense only
when an upper limit of the wave vector is set to truncate the infinite
product. As a result, the number of degrees of freedom of ψµ in physi-
cal space is also restricted. Let us define the bounded set of k as K∆ ≡
{−1/(2∆) + 1, . . . , 1/(2∆)}d, and accordingly that of p as µK∆. The number
of elements in K∆ is N ≡ 1/∆d. Then, ψµ is specified by the values at N
points, Γ∆ ≡ {0,∆, . . . , 2π −∆}d, and the values in Γ \Γ∆ are determined by
interpolation. The Lebesgue measure is now represented in either wave vector
or position space as

dm =
∏

p∈µK∆

daµpda
µ†
p = Jµ∆

∏
x∈Γ∆

dψµ(x)dψµ†(x), (88)

where Jµ∆ is the Jacobian of the function that maps aµp to ψ̂µ. To compute this
Jacobian, we consider the integral,∫

dm exp

[
− 1

(2πµ)d

∫
Γ×Rd

nµ(x,p)dxdp

]
(89)

that we express in two different ways:

∫  ∏
p∈µK∆

daµpda
µ†
p

 exp

− ∑
p∈µK∆

|aµp|2


=Jµ∆

∫ ( ∏
x∈Γ∆

dψµ(x)dψµ†(x)

)
exp

[
−
(

∆

2πµ

)d ∑
x∈Γ∆

|ψµ(x)|2
]
. (90)
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The left-hand side turns out to be (2π)N , and the right-hand side is
Jµ∆(2π)N (2πµ)dNNN . We therefore obtain Jµ∆ and, accordingly,

dm =
∏
x∈Γ∆

dψµ(x)dψµ†(x)

(2πµ)dN
. (91)

We denote by E integrals over the Lebesgue measure (91). The microcanonical
measure with constraints on A is then defined as

dmA =
Πωδ (Aω [nµ]−A(ω))

E [Πωδ (Aω [nµ]−A(ω))]
dm, (92)

where Πωδ (Aω [nµ]−A(ω)) means that we constrain the values of all the
invariants Aω for any ω.

Our goal is to compute the probability distribution of nµ for a microcanon-
ical measure constrained by A, i.e.,

PµA,m[nµ = n] =
E [δ (nµ − n) Πωδ (Aω [nµ]−A(ω))]

E [Πωδ (Aω [nµ]−A(ω))]
. (93)

It will be mathematically convenient, for intermediate computations, to use in
the following a normalizable Gaussian measure dmG,

dmG =
∏

p∈µK∆

e−|a
µ
p|

2 daµpda
µ†
p

2π

= exp

[
− 1

(2πµ)d

∫
Γ×Rd

nµ(x,p)dxdp−N log 2π

]
dm, (94)

which satisfies
∫
dmG = 1. We note that the N -dependent term diverges in

the ∆ → 0 limit, but this divergence will be compensated in PµA below. We
denote EG averages with respect to this Gaussian measure.

Then, (93) can be rewritten as

PµA,m[nµ = n]

=
exp

[
(2πµ)−d

∫
Γ×Rd n(x,p)dxdp

]
EG [δ (nµ − n) Πωδ (Aω [nµ]−A(ω))]

EG
{

exp
[
(2πµ)−d

∫
Γ×Rd n

µ(x,p)dxdp
]

Πωδ (Aω [nµ]−A(ω))
} .

(95)

In the following, when we consider the Gaussian measure mG, the continuous
limit ∆→ 0 is always understood.

We look for a large deviation principle

EG [δ (nµ − n) Πωδ (Aω [nµ]−A(ω))] �
µ→0

exp

(
−IG[n,A]

(2πµ)d

)
. (96)
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Our strategy is to compute its rescaled cumulant generating function and to
apply the Gärtner-Ellis theorem. We shall then define a free energy as

fG[λ, β] ≡− lim
µ→0

(2πµ)
d

logEG

{
exp

[
− 1

(2πµ)
d

∫
Γ×Rd

dxdp

×
(∫

R+

β(ω)h

(
ω − |p|

2

2

)
dω + λ(x,p)

)
nµ(x,p)

]}
, (97)

where β : R+ → R is a real continuous function representing the chemical
potential and λ : Γ × Rd → R is also a real continuous function. Because nµ
is quadratic in ψµ, the expectation is a Gaussian integral. To make it explicit,
the expression in the square brackets is rewritten as

− 1

(2πµ)
d

∫
ψµ†(x)Lλ̃ψ

µ(x)dx, (98)

where Lλ̃ is a pseudo-differential operator defined as

Lλ̃ψ
µ(x) ≡

∫
Lλ̃(x,x′)ψµ(x′)dx′ (99a)

Lλ̃(x,x′) =
1

(2πµ)d

∫
Rd
λ̃

(
x+ x′

2
,p

)
eip·(x−x′)/µdp (99b)

λ̃(x,p) ≡

{
λ(x,p) +

∫
R+ β(ω)h(ω − |p|2/2)dω (x ∈ Γ)

0 (x /∈ Γ).
(99c)

In (98) and (99a), the integration range is unbounded. However, Riemann-
Lebesgue lemma applied to (99b) assures that the kernel function Lλ̃ vanishes
in the limit of µ → 0 except in the vicinity of the points of x = x′. Conse-
quently, further taking into account (99c), the range of the integration of (98)
and (99a) can be reduced from Rd to Γ.

To obtain a simpler form of fG[λ, β], we need to compute the functional
determinant of Lλ̃. This is done here straightforwardly:

fG[λ, β] = − lim
µ→0

(2πµ)
d

logEG

{
exp

[
− 1

(2πµ)
d

∫
Rd
ψµ†(x)Lλ̃ψ

µ(x)dx

]}

= − lim
µ→0

lim
∆→0

(2πµ)
d

log

∫ ∏
x∈Γ∆

dψµ(x)dψµ†(x)

2π(2πµ)dN

× exp

− ∆2d

(2πµ)
d

∑
x,x′∈Γ∆

ψµ†(x)Lλ̃(x,x′)ψµ(x′)− ∆d

(2πµ)
d

∑
x∈Γ∆

|ψµ(x)|2


= lim
µ→0

lim
∆→0

(2πµ)
d

log det
(
I +L∆

λ̃

)
. (100)
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We have carried out the Gaussian integration. The problem thus reduces to
computing the determinant of an N × N matrix, I + L∆

λ̃
, where I is a unit

matrix and L∆
λ̃
consists of

{
∆dLλ̃(x,x′) | x,x′ ∈ Γ∆

}
. Let us use the following

expression,

log det
(
I +L∆

λ̃

)
= tr log

(
I +L∆

λ̃

)
= −

∞∑
j=1

(−1)j

j
trL∆j

λ̃
, (101)

which holds for sufficiently small λ̃. We know that L∆j

λ̃
consists of{

∆dLj
λ̃
(x,x′) | x,x′ ∈ Γ∆

}
where Lj

λ̃
(x,x′) corresponds to the kernel func-

tion of an operator,

Lj
λ̃
≡ Lλ̃ . . .Lλ̃︸ ︷︷ ︸

j

, (102)

in the small ∆ limit. In general, a product between pseudo-differential oper-
ators corresponds to a star product, or a Moyal product, between symbols
[64, 65]. The star product is expanded in terms of µ with the leading term
equivalent to the ordinary product. Accordingly, Lj

λ̃
= Lλ̃j +O(µ) holds, where

λ̃j is the jth power of λ̃. We thus derive

lim
∆→0

Lj
λ̃
(x,x) =

1

(2πµ)d

∫
Rd
λ̃j(x,p)dp+O(µ)

∴ lim
∆→0

trL∆j

λ̃
=

1

(2πµ)d

∫
Γ×Rd

λ̃j(x,p)dxdp+O(µ), (103)

and hence

fG[λ, β] =

∫
Γ×Rd

log

(
λ(x,p) +

∫
R+

β(ω)h

(
ω − |p|

2

2

)
dω + 1

)
dxdp. (104)

From this formula, the Gärtner-Ellis theorem yields the rate function IG (96)
as

IG[n,A] = − inf
λ,β

{∫
dxdpλ(x,p)n(x,p) +

∫
R+

dωβ(ω)A(ω)− f [λ, β]

}
,

(105)

which is computed as

IG[n,A] =

{∫
dxdp (n− 1− log n) if Aω[n] = A(ω)

+∞ otherwise
. (106)
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As should have been expected, the minimum value of IG[n,A] is 0, which is
realized when and only when n = 1 and A(ω) = Aω[1].

Based on the large deviation result (96), the numerator in (95) turns out
to be

exp

[
(2πµ)−d

∫
Γ×Rd

n(x,p)dxdp

]
EG [δ (nµ − n) Πωδ (Aω [nµ]−A(ω))]

�
µ→0

exp

(
SA[n]

(2πµ)d

)
(107)

with

SA[n] =

{∫
dxdp (1 + log n) if Aω[n] = A(ω)

−∞ otherwise
. (108)

The finite part of this function defines the entropy for a mesoscopic state
specified by n, and it coincides with the Lyapunov function (25) for the wave
kinetic equation. Because the denominator of (95) is the integration of the
numerator over all n, the Laplace’s principle enables us to compute it as

EG
{

exp

[
(2πµ)−d

∫
Γ×Rd

nµ(x,p)dxdp

]
Πωδ (Aω [nµ]−A(ω))

}
�
µ→0

exp

(
s[A]

(2πµ)d

)
, (109)

with s[A] = supn {SA[n]}. The supremum is achieved when Aω[n] = A(ω), and

n(x,p) = nAh (p) = N

(
|p|2

2

)
, (110)

that is, n is homogeneous in space and depends only on the magnitude of its
wave vector. The function N(ω) is related to A(ω) by the condition Aω[nAh ] =
A(ω). This gives formula (81) for nAh . We also have

s[A] =

∫
dxdp

(
1 + log nAh

)
. (111)

Finally, starting from (95), and using the two asymptotic relations (107) and
(109), as well as (108) and (111), we obtain

PµA,m[nµ = n] �
µ→0

exp

(
− UA[n]

(2πµ)d

)
(112)

where the quasipotential UA[n] is given by equation (80). We have established
the announced results.
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C Computations of scattering terms
This appendix describes somewhat intricate derivation of the scattering terms
that appear in the wave kinetic equation and the large deviation Hamiltonian.
For this purpose, we prepare some useful formulae,∫ t

0

dτ1e
iωτ1/µ

∫ τ1

0

dτ2e
−iωτ2/µ = πµtδ(ω) + o(µ) (113a)∫ t

0

dτ1e
iωτ1/µ

∫ t

0

dτ2e
−iωτ2/µ = 2πµtδ(ω) + o(µ) (113b)

1

(2πµ)d

∫
Rd
dξeip·(ξ−x)/µf(ξ) =

∑
|α|≥0

(−iµ)|α|

α!
∇αxf(x)∇αp δ(p). (113c)

Equations (113a) and (113b) are often used in literature of weak turbulence
[2]. The residual terms denoted by o(µ) make negligible contributions in the
limit of µ → 0 compared to the leading-order terms when integrated with
respect to ω. In (113c), a multi-index notation is used. In the following compu-
tation, integration is always carried out over Rd, except for the basic positional
coordinates represented by x whose integration range is Γ.

C.1 Terms appearing in the classical wave kinetic
equation

We first compute the scattering terms in the wave kinetic equation, specifically
E [wµ(ψµ2 , ψ

µ
0 )], E [wµ(ψµ0 , ψ

µ
2 )], and E [wµ(ψµ1 , ψ

µ
1 )]. These terms are common

with those linear to λ in the scattering part of the large deviation Hamiltonian,
HS . The computations are slightly involved but mostly straightforward. A
detailed procedure is presented only for the E [wµ(ψµ2 , ψ

µ
0 )] case.

From (16) and (18), we have

wµ(ψµ2 , ψ
µ
0 ) =

1

−µ2(2πµ)d

∫ t

0

dτ1

∫ τ1

0

dτ2

∫
dydξ1234e

−ip·y/µ

×Gµ
(
x+

y

2
− ξ1, t− τ1

)
V µ(ξ1)Gµ(ξ1 − ξ2, τ1 − τ2)V µ(ξ2)Gµ(ξ2 − ξ3, τ2)ψµ(ξ3, 0)

×Gµ†
(
x− y

2
− ξ4, t

)
ψµ†(ξ4, 0).

Taking ensemble average, writing the propagators Gµ as Fourier integrals (17)
with wave vectors η1,η2,η3 and η4 in this order, and setting

E [V µ(ξ1)V µ(ξ2)] =

∫
dη5e

iη5·(ξ1−ξ2)/µΠ(η5)

ψµ(ξ3, 0)ψµ†(ξ4, 0) =

∫
dη6e

iη6·(ξ3−ξ4)/µn((ξ3 + ξ4)/2,η6),
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we derive

E [wµ(ψµ2 , ψ
µ
0 )]

=
1

−µ2(2πµ)5d

∫
dydξ1234dη123456e

−ip·y/µ

×e−i(|η1|
2−|η4|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

∫ τ1

0

dτ2e
i(|η2|

2−|η3|
2)τ2/2µ

×eiη1·(x+y/2−ξ1)/µeiη2·(ξ1−ξ2)/µeiη3·(ξ2−ξ3)/µe−iη4·(x−y/2−ξ4)/µ

×Π(η5)eiη5·(ξ1−ξ2)n((ξ3 + ξ4)/2,η6)eiη6·(ξ3−ξ4)/µ.

Integration of this expression with respect to y, ξ1 and ξ2 yields

E [wµ(ψµ2 , ψ
µ
0 )]

=
1

−µ2(2πµ)2d

∫
dξ34dη123456

×e−i(|η1|
2−|η4|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

∫ τ1

0

dτ2e
i(|η2|

2−|η3|
2)τ2/2µ

×ei(η1·x−η3·ξ3−η4·x+η4·ξ4+η6·ξ3−η6·ξ4)/µ

×δ((η1 + η4)/2− p)δ(η1 − η2 − η5)δ(η3 − η2 − η5)

×Π(η5)n((ξ3 + ξ4)/2,η6).

We change the variables as

X =
ξ3 + ξ4

2
, Y = ξ3 − ξ4,

and carry out the integration with respect to Y to get

E [wµ(ψµ2 , ψ
µ
0 )]

=
1

−µ2(2πµ)d

∫
dXdη123456

×e−i(|η1|
2−|η4|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

∫ τ1

0

dτ2e
i(|η2|

2−|η3|
2)τ2/2µ

×ei(η1−η4)·(x−X)/µδ((η3 + η4)/2− η6)

×δ((η1 + η4)/2− p)δ(η1 − η2 − η5)δ(η3 − η2 − η5)

×Π(η5)n(X,η6).

We understand that η1 = η3 and η6 = p hold in the integrand. Integration
with respect to η3 and η6 yields

E [wµ(ψµ2 , ψ
µ
0 )]
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=
1

−µ2(2πµ)d

∫
dXdη1245

×e−i(|η1|
2−|η4|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

∫ τ1

0

dτ2e
i(|η2|

2−|η1|
2)τ2/2µ

×ei(η1−η4)·(x−X)/µδ((η1 + η4)/2− p)δ(η1 − η2 − η5)

×Π(η5)n(X,p).

We use (113a) to derive∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

∫ τ1

0

dτ2e
i(|η2|

2−|η1|
2)τ2/2µ = πµtδ

(
|η1|2

2
− |η2|2

2

)
+ o(µ).

We also use (113c) to derive

1

(2πµ)d

∫
dXdη4e

−i(|η1|
2−|η4|

2)t/2µei(η1−η4)·(x−X)/µδ((η1 + η4)/2− p)n(X,p)

=δ(η1 − p)n(X,p) +O(µ, t).

Consequently, we obtain

E [wµ(ψµ2 , ψ
µ
0 )] = − t

2µ

∫
dησ(p,η)n(x,p) + o

(
t

µ

)
. (114)

Because wµ(ψµ0 , ψ
µ
2 ) = [wµ(ψµ2 , ψ

µ
0 )]†, and σ and n are real functions, we also

have

E [wµ(ψµ0 , ψ
µ
2 )] = − t

2µ

∫
dησ(p,η)n(x,p) + o

(
t

µ

)
. (115)

Finally, we consider E[wµ(ψµ1 , ψ
µ
1 )]. From (16) and (18), we have

wµ(ψµ1 , ψ
µ
1 ) =

1

µ2(2πµ)d

∫ t

0

dτ1

∫ t

0

dτ2

∫
dydξ1234e

−ip·y/µ

×Gµ
(
x+

y

2
− ξ1, t− τ1

)
V µ(ξ1)Gµ(ξ1 − ξ2, τ1)ψµ(ξ2, 0)

×Gµ†
(
x− y

2
− ξ3, t− τ2

)
V µ(ξ3)Gµ†(ξ3 − ξ4, τ2)ψµ†(ξ4, 0).

Taking the ensemble average, introducing the Fourier integrals, and integrating
some variables in the same manner as the previous case, we derive

E [wµ(ψµ1 , ψ
µ
1 )]

=
1

µ2(2πµ)d

∫
dXdη123456
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×e−i(|η1|
2−|η3|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

∫ t

0

dτ2e
−i(|η3|

3−|η4|
2)τ2/2µ

×ei(η1−η3)·(x−X)/µδ((η2 + η4)/2− η6)

×δ((η1 + η3)/2− p)δ(η1 − η2 − η5)δ(η3 − η4 − η5)

×Π(η5)n(X,η6).

Applying (113c), understanding η1 = η3 and η2 = η4 in the integrand, using
(113b), and Integrating all the possible variables, we finally obtain

E [wµ(ψµ1 , ψ
µ
1 )] =

t

µ

∫
dη2σ(p,η2)n(x,η2) + o

(
t

µ

)
. (116)

C.2 Quadratic terms in the Hamiltonian
We compute the terms inHS quadratic in λ, originating from four expressions,

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ1 , ψ

µ
0 )(x1,p1)wµ(ψµ0 , ψ

µ
1 )(x2,p2)]

(117a)
1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ0 , ψ

µ
1 )(x1,p1)wµ(ψµ1 , ψ

µ
0 )(x2,p2)]

(117b)
1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ1 , ψ

µ
0 )(x1,p1)wµ(ψµ1 , ψ

µ
0 )(x2,p2)]

(117c)
1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ0 , ψ

µ
1 )(x1,p1)wµ(ψµ0 , ψ

µ
1 )(x2,p2)].

(117d)

Among these, the two pairs, (117a)-(117b) and (117c)-(117d), are complex
conjugate, respectively. Therefore, we need to compute only two expressions.
Although the number of factors involved in the integration is greater than
those in the linear terms, the computation procedures are largely the same.
For the sake of conciseness, we denote time t instead of ∆t.

From (16) and (18), we write the Wigner transforms in the integrand of
(117a) as

wµ(ψµ1 , ψ
µ
0 )(x1,p1) =

1

iµ(2πµ)d

∫ t

0

dτdydξ123e
−ip1·y/µ

×Gµ
(
x1 +

y

2
− ξ1, t− τ

)
V µ(ξ1)Gµ(ξ1 − ξ2, τ)ψµ(ξ2, 0)

×Gµ†
(
x1 −

y

2
− ξ3, t

)
ψµ†(ξ3, 0)
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wµ(ψµ0 , ψ
µ
1 )(x2,p2) =

1

−iµ(2πµ)d

∫ t

0

dτdydξ123e
−ip2·y/µ

×Gµ
(
x2 +

y

2
− ξ1, t

)
ψµ(ξ1, 0)

×Gµ†
(
x2 −

y

2
− ξ2, t− τ

)
V µ(ξ2)Gµ†(ξ2 − ξ3, τ)ψµ†(ξ3, 0).

Taking the ensemble average of the product of these expressions, it would be
straightforward to have

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ1 , ψ

µ
0 )(x1,p1)wµ(ψµ0 , ψ

µ
1 )(x2,p2)]

=
1

µ2(2πµ)4d

∫
dx12dp12dX12dη123456789λ(x1,p1)λ(x2,p2)

×e−i(|η1|
2−|η3|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

×e−i(|η4|
2−|η5|

2)t/2µ

∫ t

0

dτ2e
−i(|η5|

2−|η6|
2)τ2/2µ

×δ(η1/2 + η3/2− p1)δ(η4/2 + η5/2− p2)δ(η1 − η2 − η7)δ(η5 − η6 − η7)

×δ(η2/2 + η6/2− η8)δ(η3/2 + η4/2− η9)

×ei(η1−η3)·x1/µei(η4−η5)·x2/µe−i(η2−η6)·X1/µe−i(η4−η3)·X2/µ

×Π(η7)n(X1,η8)n(X2,η9).

Applying (113c) and (113a) and integrating all the possible variables yields

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ1 , ψ

µ
0 )(x1,p1)wµ(ψµ0 , ψ

µ
1 )(x2,p2)]

=
t

µ(2πµ)d

∫
dx1dp1dη2λ(x1,p1)2σ(p1,η2)n(x1,p1)n(x1,η2) + o

(
t

µ(2πµ)d

)
.

(118)

From the the condition of complex conjugate, we also have

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ0 , ψ

µ
1 )(x1,p1)wµ(ψµ1 , ψ

µ
0 )(x2,p2)]

=
t

µ(2πµ)d

∫
dx1dp1dη2λ(x1,p1)2σ(p1,η2)n(x1,p1)n(x1,η2) + o

(
t

µ(2πµ)d

)
.

(119)

For the computation of (117c), we write,

wµ(ψµ1 , ψ
µ
0 )(x1,p1) =

1

iµ(2πµ)d

∫ t

0

dτdydξ123e
−ip1·y/µ
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×Gµ
(
x1 +

y

2
− ξ1, t− τ

)
V µ(ξ1)Gµ(ξ1 − ξ2, τ)ψµ(ξ2, 0)

×Gµ†
(
x1 −

y

2
− ξ3, t

)
ψµ†(ξ3, 0)

Taking the ensemble average of the product of this expression, it would be
straightforward to have

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ1 , ψ

µ
0 )(x1,p1)wµ(ψµ1 , ψ

µ
0 )(x2,p2)]

=
1

−µ2(2πµ)4d

∫
dx12dp12dX12dη123456789λ(x1,p1)λ(x2,p2)

×e−i(|η1|
2−|η3|

2)t/2µ

∫ t

0

dτ1e
i(|η1|

2−|η2|
2)τ1/2µ

×e−i(|η4|
2−|η6|

2)t/2µ

∫ t

0

dτ2e
i(|η4|

2−|η5|
2)τ2/2µ

×δ(η1/2 + η3/2− p1)δ(η4/2 + η6/2− p2)δ(η1 − η2 − η7)δ(η4 − η5 + η7)

×δ(η2/2 + η6/2− η8)δ(η5/2 + η3/2− η9)

×ei(η1−η3)·x1/µei(η4−η6)·x2/µe−i(η2−η6)·X1/µe−i(η5−η3)·X2/µ

×Π(η7)n(X1,η8)n(X2,η9).

Applying (113c) and (113a) and integrating all the possible variables yields

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ1 , ψ

µ
0 )(x1,p1)wµ(ψµ1 , ψ

µ
0 )(x2,p2)]

=− t

µ(2πµ)d

∫
dx1dp12λ(x1,p1)λ(x,p2)σ(p1,p2)n(x,p1)n(x,p2) + o

(
t

µ(2πµ)d

)
.

(120)

Finally, from the the condition of complex conjugate, we have

1

(2πµ)2d

∫
dx12dp12λ(x1,p1)λ(x2,p2)E[wµ(ψµ0 , ψ

µ
1 )(x1,p1)wµ(ψµ0 , ψ

µ
1 )(x2,p2)]

=− t

µ(2πµ)d

∫
dx1dp12λ(x1,p1)λ(x,p2)σ(p1,p2)n(x,p1)n(x,p2) + o

(
t

µ(2πµ)d

)
.

(121)

D Derivation of the Hamiltonian in the diffusive
limit

In this appendix, we show how to obtain the large deviation Hamiltonian Eq.
(58) from Eq. (42). Since we are dealing with the scattering term that is local
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in position space, one can omit the dependence on x. As explained in the main
text, the important point is to show how the diffusion kernel Σ[n] transforms
when only infinitesimal deviation from incoming wave vector are allowed by
the cross section. For this specific purpose, we introduce a parameter ν and
write the typical correlation length of V as µ/ν. Our strategy is to expand the
Hamiltonian in terms of ν.

Because the potential spectrum Π(p) is supposed to have a finite sup-
port with the extent of O(ν), it is convenient to rewrite the cross section
as σ(p1,p2) = ν−dσ̃((p1 − p2)/ν; p1). For any test functions, f and g, the
diffusive kernel (39) satisfies∫

dp1dp2f(p1)Σ(p1,p2)g(p2)

=c

∫
dpdqf(p)n(p)σ̃(q; p)n(p− νq) [g(p)− g(p− νq)] . (122)

Taylor expanding the integrand with respect to ν, one obtains∫
dp1dp2f(p1)Σ(p1,p2)g(p2)

=c

∫
dpf(p)n(p)

{
νn(p)

d∑
n=1

(∫
dqnσ̃(q; p)qn

)
∂png(p)

−ν2
d∑

n=1

d∑
m=1

(∫
dqndqmσ̃(q; p)qnqm

)
∂pnn(p)∂pmg(p)

−ν
2

2
n(p)

d∑
n=1

d∑
m=1

(∫
dqndqmσ̃(q; p)qnqm

)
∂pn∂pmg(p) +O

(
ν3
)}
. (123)

To evaluate the integrations with respect to q, we shall exponentiate the Dirac-
δ in the definition of the cross section (23) and use the inverse Fourier transform
of Π in (57). The resulting expression is

σ̃(q; p) =
1

ν(2π)d

∫
dy

∫
R
dse−iq·yRν

(
sp+ y − ν

2
sq
)

(124)

and Rν(y) =

∫
dpΠ(p)eip·y/ν ,

where Rν(y) = R(y/ν) (see Eq. (57)) is a scaled correlation function of the
random potential with the correlation length of O(1). Again Taylor expanding
Eq. (124) with respect to ν, one gets

cν

∫
dqσ̃(q; p)qn = −ν

d∑
m=1

∂pmD
ν
nm(p) +O(ν2)
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cν2

∫
dqσ̃(q; p)qnqm = 2νDν

nm(p) +O(ν2)

withDν(p) = −(c/2)
∫
R∇⊗∇R

ν(sp)ds. Here,
∫
R∇R

ν(sp)ds vanishes because
of the point symmetry in Rν . Inserting these expressions into (123), one obtains

∫
dp1dp2f(p1)Σ(p1,p2)g(p2)

=− cν
∫
dpfn

d∑
n=1

d∑
m=1

{n∂pnDν
nm∂pmg + 2Dν

nm∂pnn∂pmg + nDν
nm∂pn∂pmg}

+O(ν2). (125)

Evidently from this result, the dominant term is of order O(ν) in the present
scaling. Therefore, in order for diffusion in wave-vector space to be comparable
to the free propagation in position space, one needs to rescale the position
coordinate. However, for the sake of simplicity here, we shall set ν = 1 while
ignoring O(ν2) terms. Consequently, after reorganizing products of derivatives
and performing integration by parts, we confirm that (125) transforms into
Eq. (56).
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