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BOUNDED COMPLEXITY, MEAN EQUICONTINUITY AND DISCRETE
SPECTRUM

WEN HUANG, JIAN LI, JEAN-PAUL THOUVENOT, LEIYE XU AND XIANGDONG YE

ABSTRACT. We study dynamical systems which have bounded complexity with respect to
three kinds metrics: the Bowen metric d,,, the max-mean metric d,, and the mean metric

dp, both in topological dynamics and ergodic theory.

It is shown that a topological dynamical system (X, T') has bounded complexity with
respect to d,, (resp. d,) if and only if it is equicontinuous (resp. equicontinuous in the
mean). However, we construct minimal systems which have bounded complexity with
respect to d,, but not equicontinuous in the mean.

It turns out that an invariant measure y on (X, T') has bounded complexity with respect
to d,, if and only if (X, T) is u-equicontinuous. Meanwhile, it is shown that y has bounded
complexity with respect to d, if and only if ¢ has bounded complexity with respect to d,,
if and only if (X, T') is u-mean equicontinuous if and only if it has discrete spectrum.

1. INTRODUCTION

Throughout this paper, by a topological dynamical system (t.d.s. for short) we mean a
pair (X, T), where X is a compact metric space with a metric d and T is a continuous map
from X to itself. Let By be the Borel o-algebra on X and u be a probability measure on
(X, Bx). We say that u is an invariant measure for T if for every B € By, u(T~'B) = u(B).

Entropy is a very useful invariant to describe the complexity of a dynamical system
which measures the rate of the exponential growth of the orbits. For some simple systems
(for example dynamical systems with zero entropy) it is useful to consider the complexity
function itself. This kind of considerations can be traced back to the work by Morse
and Hedlund, who studied the complexity function of a subshift and proved that the
boundedness of the function is equivalent to the eventual periodicity of the system (for
progress on the high dimensional analogue see [3]). In [10], Ferenczi studied measure-
theoretic complexity of ergodic systems using a@-names of a partition and the Hamming
distance. He proved that when the measure is ergodic, the complexity function is bounded
if and only if the system has discrete spectrum (for the result dealing with non-ergodic
case, see [35]). In [21] Katok introduced a notion using the modified notion of spanning
sets with respect to an invariant measure u and an error €, which can be used to define the
complexity function. In [2], Blanchard, Host and Maass studied topological complexity
via the complexity function of an open cover and showed that the complexity function is
bounded for any open cover if and only if the system is equicontinuous.

Recently, in the investigation of the Sarnak’s conjecture, Huang, Wang and Ye [18]
introduced the measure complexity of an invariant measure y similar to the one introduced
by Katok [21], by using the mean metric instead of the Bowen metric (for discussion and
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results related to mean metric, see also [27, 34]). They showed that if an invariant measure
has discrete spectrum, then the measure complexity with respect to this invariant measure is
bounded. An open question was posed as whether the converse statement holds. Motivated
by this open question and inspired by the discussions in [10, 21, 2, 17, 25, 12, 13, 16],
in this paper, we study topological and measure-theoretic complexity via a sequence of
metrics induced by a metric d, namely the metrics d,,, dAn and d,.

To be precise, for n € N, we define three metrics on X as follows. For x, y € X, let
o ) =
dy(x,y) =max{d(T'x,T'y): 0 <i <n-1}, dy(x,y) = — Z d(T'x,T'y)
n
i=0
and
du(x,y) = max{d_k(x, y):1<k< n}

It is clear that for all x,y € X,

dn(x,y) = dy(x,¥) = dy(x, y).

For x € X, & > 0 and a metric pon X, let B,(x, &) = {y € X: p(x,y) < &}. We say that
a dynamical system (X, 7') has bounded topological complexity with respect to a sequence
of metrics {p, } if for every & > 0 there exists a positive integer C such that for each n € N
there are points xi, x2,..., %, € X withm < C satjsfying X = U;.Zl By, (xi,&). In this
paper we will focus on the situation when p, = d,, d, and d,,.

We also study the measure-theoretic complexity of invariant measures. That is, for a
given € > 0 and an invariant measure y we consider the measure complexity with respect

to {pn} with p, = d,, d, and d,,, defined by
min{m € Z, : 3xy,...,xu € X, u(U, By, (x;,€)) > 1 - &}.

As expected, the bounded complexity of a topological dynamical system or a measure
preserving system is related to various notions of equicontinuity.

It is shown that (see Theorem 3.1 and Theorem 3.5) a topological dynamical system
(X, T) has bounded complexity with respect to d,, (resp. d,,) if and only if it is equicontin-
uous (resp. equicontinuous in the mean). At the same time, we construct minimal systems
which have bounded complexity with respect to d, but not equicontinuous in the mean,
which are not uniquely ergodic or uniquely ergodic (see Proposition 3.8 and Proposition
3.9).

It turns out that an invariant measure u on (X, T') has bounded complexity with respect
to d, if and only if (X, T) is u-equicontinuous (see Theorem 4.1). Meanwhile, it is shown
that i has bounded complexity with respect to d, if and only if 4 has bounded complexity
with respect to d,, if and only if (X, T) is pu-mean equicontinuous if and only if (X, T) is
p{-equicontinuous in the mean if and only if it has discrete spectrum (see Theorem 4.3,
Theorem 4.4 and Theorem 4.7).

The structure of the paper is the following. In Section 2, we recall some basic notions
which we will use in the paper. In Section 3, we prove the topological results for systems
with bounded complexity with respect to three kinds of metrics. In Section 4, we consider
the corresponding results in the measure-theoretical setting. In the Appendix we give
some examples.
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2. PRELIMINARIES

In this section we recall some notions and aspects of dynamical systems which will be
used later.

2.1. General notions. In the article, the sets of integers, nonnegative integers and natural
numbers are denoted by Z, Z, and N, respectively. We use #(A) to denote the number of
elements of a finite set A.

A tds. (X,T) is transitive if for each pair of non-empty open subsets U and V,
NWU,V)={n€Z; : UNT™"V # 0} is infinite; it is totally transitive if (X, T") is transitive
for each n € N; and it is weakly mixing if (X X X, T x T) is transitive. We say that x € X
is a transitive point if its orbit Orb(x,T) = {x, Tx, T?x,...} is dense in X. The set of
transitive points is denoted by Trans(X, 7). It is well known that if (X, T') is transitive, then
Trans(X, T) is a dense G subset of X.

A td.s. (X,T) is minimal if Trans(X,T) = X, i.e., it contains no proper subsystems.
A point x € X is called a minimal point or almost periodic point if (Orb(x,T),T) is a
minimal subsystem of (X, T).

2.2. Equicontinuity and mean equicontinuity. A t.d.s. (X, T) is called equicontinuous
if for every & > 0 there is a & > 0 such that whenever x,y € X with d(x,y) < 6,
d(T"x,T"y) < e forn = 0,1,2,.... It is well known that a t.d.s. (X,T) with T being
surjective is equicontinuous if and only if there exists a compatible metric p on X such
that 7 acts on X as an isometry, i.e., o(Tx,Ty) = p(x, y) for any x, y € X. Moreover, a
transitive equicontinuous system is conjugate to a minimal rotation on a compact abelian
metric group, and (X, T, i) has discrete spectrum, where y is the unique normalized Haar
measure on X.

When studying dynamical systems with discrete spectrum, Fomin [11] introduced a
notion called stable in the mean in the sense of Lyapunov or simply mean-L-stable. A
t.d.s. (X, T) is mean-L-stable if for every € > 0, there is a § > 0 such that d(x,y) < ¢
implies d(T"x,T"y) < ¢ for all n € Z, except a set of upper density less than &. Fomin
proved that if a minimal system is mean-L-stable then it is uniquely ergodic. Mean-L-stable
systems are also discussed briefly by Oxtoby in [28], and he proved that each transitive
mean-L-stable system is uniquely ergodic. Auslander in [1] systematically studied mean-
L-stable systems, and provided new examples. See Scarpellini [29] for a related work. It
was an open question whether every ergodic invariant measure on a mean-L-stable system
has discrete spectrum [29]. This question was answered affirmatively by Li, Tu and Ye in
[25].

A td.s. (X,T) is called mean equicontinuous (resp. equicontinuous in the mean) if
for every € > 0, there exists a & > 0 such that whenever x,y € X with d(x,y) < 6,
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lim sup,_, ., du(x,y) < & (resp. dy(x,y) < & for each n € N). It is not hard to show that
a dynamical system is mean equicontinuous if and only if it is mean-L-stable. For works
related to mean equicontinuity, we refer to [25, 7, 13, 14, 26]. We remark that by the result
in [7], a minimal null or tame system is mean equicontinuous. We will show in this paper
that a minimal system is mean equicontinuous if and only if it is equicontinuous in the
mean (for the proof for the general case, see [31]).

2.3. p-equicontinuity and p-mean equicontinuity. When studying the chaotic behav-
iors of dynamical systems, Huang, Lu and Ye [17] introduced a notion which connects the
equicontinuity with respect to a subset or a measure.

Following [17], for a t.d.s. (X, T), we say that a subset K of X is equicontinuous if for
every € > 0, there exists a & > 0 such that d(T"x,T"y) < e foralln € Z, and all x,y € K
with d(x, y) < 8. For an invariant measure p on (X, T'), we say that T is u-equicontinuous if
for any 7 > 0 there exists a T-equicontinuous measurable subset K of X with u(K) > 1-7.
It was shown in [17] that if (X, T) is u-equicontinuous and u is ergodic then u has discrete
spectrum. We note that y-equicontinuity was studied further in [12].

In the process to study mean equicontinuity, the above notions were generalized to mean
equicontinuity with respect to an invariant measure by Garcia-Ramos in [13]. Particularly,
he proved that for an ergodic invariant measure y, (X, T) is yu-mean equicontinuous if and
only if u has discrete spectrum. For a different approach, see [24].

2.4. Hausdorff metric. Let K(X) be the hyperspace on X, i.e., the space of non-empty
closed subsets of X equipped with the Hausdorff metric dy defined by

dy(A, B) = max{max mind(x, y), max min d(x, y)} for A, B € K(X).
xeA yeB yeB xeA

As (X, d) is compact, (K(X), dy) is also compact. For n € N, it is easy to see that the map
X" - K(X), (x1,...,x,) > {x1,...,x,}, is continuous. Then {A € K(X): #(A) < n} is
a closed subset of K(X).

2.5. Discrete spectrum. Let (X, T) be an invertible t.d.s., that is, 7 is a homeomorphism
on X. Let u be an invariant measure on (X, T) and let L?(u) = L*(X, By, u) for short. An
eigenfunction for y is some non-zero function f € L?(u) such that Uf := foT = Af
for some A € C. In this case, A is called the eigenvalue corresponding to f. It is easy to
see every eigenvalue has norm one, that is |[A| = 1. If f € L?(u) is an eigenfunction, then
{U"f : n € Z} is precompact in L?(y), that is the closure of {U"f : n € Z} is compact
in L>(u). Generally, we say that f is almost periodic if {U"f : n € Z} is precompact
in L?(u). Tt is well known that the set of all bounded almost periodic functions forms a
U-invariant and conjugation-invariant subalgebra of L?(u) (denoted by A.). The set of all
almost periodic functions is just the closure of A, (denoted by H,), and is also spanned
by the set of eigenfunctions. The invariant measure y is said to have discrete spectrum if
L?(u) is spanned by the set of eigenfunctions, that is H. = L?(u). We remark that when
u is not ergodic, the structure of a system (X, 7, u) with discrete spectrum can be very
complicated, we refer to [23, 8] and the example we provide at the end of Section 4 for
details.
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3. TOPOLOGICAL DYNAMICAL SYSTEMS WITH BOUNDED TOPOLOGICAL COMPLEXITY

In this section we will study the topological complexity of dynamical systems with
respect to three kinds of metrics.

3.1. Topological complexity with respect to {d,}. Let (X,T) be a t.d.s. For n € N and
x,y € X, define

d,(x,y) = max{d(T'x,T'y): i =0,1,...,n—1}.

It is easy to see that for each n € N, d, is a metric on X which is topologically equivalent
to the metric d. Let x € X and & > 0. The open ball of centre x and radius & in the metric
d, is

n—1

By (x.e)={y € X: dy(x,y) < &} = ﬂ T B(T'x, &).

i=0
Let K be a subset of X, n € N and € > 0. A subset F of K is said to (n, &)-span K with
respect to T if for every x € K there exists y € F with d,(x, y) < &, that is

K c U By, (x, €).
xeF
Let spang(n, €) denote the smallest cardinality of any (n, £)-spanning set for K with respect
to K, that is

spang(n, €) = min{#(F): FcKCc U By, (x, s)}.
xeFr
We say that a subset K of X has bounded topological complexity with respect to {d,} if
for every & > 0 there exists a positive integer C = C(g) such that spang(n, ) < C for all
n > 1. If the whole set X has bounded topological complexity with respect to {d, }, we
will say that the dynamical system (X, T') has the property.
We first show that a subset with bounded topological complexity with respect to {d,}
is equivalent to the equicontinuity property.

Theorem 3.1. Let (X,T) be a t.d.s. and K C X be a compact set. Then K has bounded
topological complexity with respect to {d,} if and only if it is equicontinuous.

Proof. (<) Fix € > 0. By the definition of equicontinuity, there exists 6 > 0 such that
d(T"x,T"y) < gforalln € Z, and all x, y € K with d(x, y) < §. By the compactness of K,
there exists a finite subset F' of K such that K C |J,cr B(x,6). Then K C J,cr Bg,(x, &)
for all n > 1. So K has bounded topological complexity with respect to {d, }.

(=) Assume the contrary that K is not equicontinuous. There exists & > 0 such
1

that for any k > 1 there are xi,yx € K and m; € N such that d(xt, y¢) < 1 and
d(T™ xy, Ty ) > €. Without loss of generality, we may assume that x; — xp as k — oo.
Then we have xo € K and y; — xg as k — oo. For any k € N, by the triangle inequality,
either d(T"* xy, T™*xo) = 5§ or d(T"*yy, T"*x) > 5. Without loss of generality, we always
have d(T™*xy, T" xo) > % for all k € N. Then d,+1(x0, xx) > £/2 for all k € N.

As K has bounded topological complexity with respect to {d,}, for the constant £/6,
there exists C > 0 such that for every n > 1 there exists a subset F;, of K with #(F},,) < C
suchthat K C (U, cf, Ba,(x, £/6). We view {F,} as a sequence in the hyperspace K(X). By
the compactness of K(X), thereis a subsequence F;,, — F asi — oo inthe Hausdorff metric

dy. As F, c K and K is compact, we have F C K. By the fact {A € K(X): #(A) < C} is
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closed, we have #(F) < C. For any i € N and any x € K, there exists z,, € F}, such that
dy,(x, zp,) < £/6. Without loss of generality, assume that z,, — z asi — co. Then z € F.
As the sequence {d, } of metrics is increasing, that is d,,(u, v) < d,+1(u,v) forall u,v € X
and n € N, we have d, (x, zn;) < dy;(x, zy;) < € for all j > i. Letting j go to infinity, we
get dy,(x, z) < £/6. This implies that

K C U{x €K:d,(x,z) <e/6}
zeF
for all n;. By the monotonicity of {d,}, we have
K C U{x e K: dy(x,z) < €/6}
zeF

for all n € N. Enumerate F as {zy, .. ., z»} and let

K= ﬂ{x € K: dy(x,z;) < &/6}
n=1
for j = 1,...,m. Then each K; is a closed set. By the monotonicity of {d,}, we have
K = UL K;.

For the sequence {x;} in K, passing to a subsequence if necessary we assume that the
sequence {xi} is in the same K;. As K; is closed, x¢ is also in K;. Note that for any
u,v € Kj and any n > 1, d,(u,v) < dn(u, zj) + dy(zj,v) < /3. Particularly, we have
dpm+1(x0, xx) < &/3 for any k € N, which is a contradiction. O

Remark 3.2. In the definition of (n, &£)-spanning set F' of K, we require F to be a subset
of K. In fact we can define

span’y(n, £) = min{#(F): F ¢ X and K C U By (x,8)}.
xeF

It is clear that span(n, 2¢) < span}(n, &) < spang(n, £). So Proposition 3.1 still holds if
in the definition of topological complexity with respect to {d, } we replace spang(n, €) by
span’(n, ).

Corollary 3.3. A dynamical system (X, T) is equicontinuous if and only if for every € > 0
there exists a positive integer C such that spany(n,&) < C foralln > 1.

Remark 3.4. It is shown in [2] that the complexity defined by using the open covers is
bounded if and only if the system is equicontinuous. In fact, we can prove Corollary 3.3
by using this result and the the fact that [33, Theorem 7.7] if  is an open cover of X with
Lebesgue number 6 then

N(v?:_o1 T~'a) < spany(n, §/2).

3.2. Topological complexity with respect to {d,}. Forn € N and x, y € X, define
= o
d,(x,y) = max{— Z dT'x,T'y): k=1,2,..., n}
ks

It is easy to see that for each n € N, d,, is a metric on X which is topologically equivalent
to the metric d. For x € X and & > 0, let B; (x,&) = {y € X: du(x,y) < &}. Let K be a
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subset of X. Forn € N and &€ > 0, define

span (n, &) = min{#(F): FcKc U B (x, g)}.
xeF
We say that a subset K of X has bounded topological complexity with respect to {d,} if
for every & > 0 there exists a positive integer C = C(¢) such that Span(n, £) < C for all
n>1.

As dy(x,y) < dy(x,y) for all n € N and x,y € X, if K has bounded topological
complexity with respect to {d,} then it is also bounded topological complexity with
respect to {d,}. We say that a subset K of X is equicontinuous in the mean if for every
€ > 0, there exists a § > 0 such that d,(x,y) < e forall n € Z, and all x, y € K with
d(x,y) <6.

The following result follows the same lines in Theorem 3.1, just replace the distance d,
by d,, as the sequence {d,} of metrics is also increasing.

Theorem 3.5. Let (X,T) be at.d.s. and K be a compact subset of X. Then K has bounded
topological complexity with respect to d,, if and only if it is equicontinuous in the mean.

We say that a subset K of X is mean equicontinuous if for every € > 0, there exists a
0 > 0 such that

lim sup — Z d(T'x,T'y) < &
n—oo N
for all x, y € K with d(x, y) < 6. If X is mean equicontinuous then we say that (X, T) is
mean equicontinuous. It is clear that if K is equicontinuous in the mean then it is mean
equicontinuous. We can show that for minimal systems they are equivalent.

Proposition 3.6. Let (X, T) be a minimal t.d.s. Then (X, T) is mean equicontinuous if and
only if equicontinuous in the mean.

Proof. It is clear that equicontinuity in the mean implies mean equicontinuity.
Assume that (X, T') is mean equicontinuous. For each & > 0 there is §; > 0 such that if
d(x,y) < & then

n—1

lim sup — Zd(T’x T'y) <Z

n—oo
10

Fix z € X. Foreach N € N, let

AN—{xeB(z,él/Z) Zd(T’x T'z) :N,N+1,...}.

g
=3
Then Ay is closed and B(z,61/2) = Uy _, An. By the Baire Category Theorem, there is
N; € N such that Ay, contains an open subset U of X. By the minimality we know that
there is N, € N with va:zo_ 'T-1U = X. Let 02 be the Lebesgue number of the open cover
{T7U : 0 <i < Ny—1}of X. Let N = max{Ny,2N,}. By the continuity of 7', there
exists 03 > 0 such that if d(x, y) < 63 implies that d(T"x,T'y) < § forany 0 <i < N. Put
6 = min{dy, d3}. Let x,y € X withd(x,y) <dandn € N. If n < N, then

1 . , 1 &
- dT'x,T'y) < —-n-—-<e.
ng (T T'y) n " 4 &
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If n > N, there exists 0 < iyp < N, — 1 such that x, y € T™°U, i.e., T"x, Ty € U, and then
1 n—1 . . ip—1 -1
= > AT T'y) < ~ Z d(T'x, T'y) + — Z d(T'Tx, T'Ty)
n i=0 i=0 i=0

1 n—l

BN
|

<! d(T'Tx, T'z) + ~ Zd(T’T’Ox T'z)
4 n —
<2+2if <8
4 4 4
Therefore dy(x,y) < € for all n € Z,. This implies that (X, T') is equicontinuous in the

mean. a

Remark 3.7. When this paper was finished, we became aware of the work of [31] that
Qiu and Zhao can show that in general a t.d.s. is mean equicontinuous if and only if it is
equicontinuous in the mean.

3.3. Topological complexity with respect to {d,}. Forn € N and x, y € X, define
_ =
dy(x,y) = = > d(T'x, T'y).
n
i=0

It is easy to see that for each n € N, d,, is a metric on X which is topologically equivalent
to the metric d. For x € X and & > 0, let B; (x,&) = {y € X: du(x,y) < &}. Forn € N
and ¢ > 0, define

spany(n, £) = min{#(F): FcKc U By (x, 8)}.

xeF

We say that a subset K of X has bounded topological complexity with respect to {d,} if
for every & > 0 there exists a positive integer C = C(g) such that spang(n, &) < C for all
n>1.

As dy(x,y) < dy(x,y) for all n € N and x,y € X, if K has bounded topological
complexity with respect to {d,} then it also has bounded topological complexity with
respect to {d, }. Intuitively, dynamical systems with bounded topological complexity with
respect to {d,} have similar properties of ones with respect to {d,} or {d,}. But we will
see that this is far from being true. The key point is that the sequence {d,} of metrics
may be not monotonous. If a dynamical system has bounded topological complexity with
respect to {d, }, then by Theorem 4.7 in next section, every invariant measure has discrete
spectrum. So it is simple in the measure-theoretic sense. But we have the following
proposition which is a surprise in some sense. Since the construction is somewhat long
and complicated, we move it to the Appendix.

Proposition 3.8. There is a distal, non-equicontinuous, non-uniquely ergodic, minimal
system, which has bounded topological complexity with respect to {d,}.

We can modify the example in Proposition 3.8 to be uniquely ergodic and also present
the construction in the Appendix.

Proposition 3.9. There is a distal, non-equicontinuous, uniquely ergodic, minimal system,
which has bounded topological complexity with respect to {d,}.
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Remark 3.10. As each distal mean equicontinuous minimal system is equicontinuous, the
systems constructed in Propositions 3.8 and 3.9 are not mean equicontinuous.

We have a natural question.

Question 1. Is there a non-trivial weakly mixing, even strongly mixing minimal system
with bounded topological complexity with respect to {d,}?

We are just informed by Huang and Xu [19] the above question has an affirmative answer
for weakly mixing minimal systems. The question if there is a non-trivial strongly mixing
minimal system with bounded topological complexity with respect to {d, } is still open.

4. INVARIANT MEASURES WITH BOUNDED MEASURE-THEORETIC COMPLEXITY

In this section, we will study the measure-theoretic complexity of invariant (Borel
probability) measures with respect to three kinds of metrics.

4.1. Measure-theoretic complexity with respect to {d,}. Let (X,T)be at.d.s. and u be
an invariant measure on (X, 7). Forn € N and € > 0, let

span ,(n, &) = min{#(F): F c X and ,u(U By, (x, a)) >1- s}.
xeF
Recall that this is the same notion defined in [21] by Katok. We say that u has bounded
complexity with respect to {d,} if for every £ > 0 there exists a positive integer C = C(&)
such that span (n,&) < C foralln > 1.
We will show that an invariant measure with bounded complexity with respect to {d,}
is equivalent to the u-equicontinuity property.

Theorem 4.1. Let (X, T) be a t.d.s. and u be an invariant measure on (X, T). Then u has
bounded complexity with respect to {d,} if and only if T is u-equicontinuous.

Proof. (<) First assume that (X, T) is u-equicontinuous. Fix & > 0. There exists a
T-equicontinuous measurable subset K of X with u(K) > 1 — &. As the measure u is
regular, we can require the set K to be compact. Now the result follows from Theorem 3.1,
as span,,(n, &) < spang(n, €).

(=) For any 7 > 0, we need to find a T-equicontinuous set K with u(K) > 1 — 7. Now
fix 7 > 0. As u has bounded complexity with respect to {d,}, for any M > 0, there exists
C = Cy > 0 such that for every n > 1 there exists a subset F,, of X with #(F,,) < C such

that
1 T
”(U Bdn(x’ﬁ)) > 1= S

xeFy,

As the measure y is regular, pick a compact subset K, of (,cf, Ba,(x, %) with u(K,) >
1- ﬁ Without loss of generality, assume that F;, — Fj, K,, — Kj; as n — oo in the
Hausdorff metric. Then #(F);) < C. As K, is closed,
) T
u(Ky) = hnm_>Sol:P u(Ky) = 1 - M
For any x € Kj; and n € N, there exists an N > 0 such that for any k > N there exists
x;r € Ki and y; € Fy such that d,(x, x;) < ﬁ and di(xg, yr) < % Without loss of
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generality, assume that yy — y as k — oo. Then y € F);. By the monotonicity of {d,},
we have

dn(X, k) < dn(x, Xi) + d(xXps Yi) < d(x, x8) + dic (o, Y1) < 2

Letting k go to infinity, one has d,(x,y) < Z. Then Ky C Uxer,, Ba,(x, %) and

M
spang (n, %) < #(Fy) < Cy.
Let K = (};_; Km. Then u(K) > 1 -7 and forany M > 1,

spang(n, %) < spang, (n, %) <Cuy

for all n > 1. Now by Theorem 3.1, K is T-equicontinuous. This proves that (X, T) is

H-equicontinuous. O

Remark 4.2. Similar to the observation in Remark 3.4, the open cover version of Theorem
4.1 was proved in [17, Proposition 3.3].

4.2. Measure-theoretic complexity with respect to {d,}. Forn € N and & > 0, let

span,,(n, &) = min{#(F): F c X and ,u(U B (x, a)) >1- s}.

xeF

We say that i has bounded complexity with respect to {d,} if for every & > 0 there exists
a positive integer C = C(¢) such that span ,(n, &) < C foralln > 1.

We will show that an invariant measure with bounded complexity with respect to {d,, }
is equivalent to the following two kinds of measure-theoretic equicontinuity. We say that
T is p-equicontinuous in the mean if for any 7 > 0 there exists a measurable subset K of
X with u(K) > 1 — 7 which is equicontinuous in the mean, and u-mean equicontinuous it
for any 7 > 0 there exists a measurable subset K of X with u(K) > 1 — 7 which is mean
equicontinuous.

Theorem 4.3. Let (X, T) be a t.d.s. and u be an invariant measure on (X,T). Then the
Jollowing statements are equivalent:

(1) u has bounded complexity with respect to d,;
(2) T is u-equicontinuous in the mean;
(3) T is u-mean equicontinuous.

Proof. (1) = (2) Following the proof of Theorem 4.1, we know that for a given 7 > 0,
there is a compact subset K such that 4(K) > 1 —7 and for any M > 1, Spang(n, &) < Cy
for all n > 1. By Theorem 3.5, K is equicontinuous in the mean. This proves that (X, T)
is u-equicontinuous in the mean.

(2) = (3) is obvious.

(3) = (1) Now assume that (X, T') is u-mean equicontinuous. Fix & > 0. Then there is
a compact K = K(g) c X such that u(K) > 1 — 2& and K is mean equicontinuous. There
exists a 0 > 0 such that

n—1

1 o
lim sup — Z dT'x,T'y) < ¢/4
n

n—00 .
i=0
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for all x, y € K with d(x, y) < 6. As K is compact, there exists a finite subset F' of K such
that K C (J,cp B(x, ). Enumerate F as {x1, xp,...,Xx,}. Forj=1,...,mand N € N, let

n—1
An(xj) = {y € B(xj,6)NK: % d(Ti)c_i, T'y) < e/2, n=N,N+1,.. }
i=0

It is easy to see that for each j = 1,...,m, {Ay(x;)}y_, is an increasing sequence and
B(xj,6)NK = Jy_, An(x;). Choose N; € N and acompact subset K of Ay, (x) such that
u(K;) > u(B(xj,0) N K) — 5. Choose N, € N and a compact subset K> of Ay,(x2) such
that K1 NK, = 0 and u(K1 UK>) > pu((B(x1,6)UB(x2,6))NK) - 22. By induction, we can
choose compact subsets K; of Ay, (x;) forj = 1,.. ., mwith,u(U;”:1 K;j) > u(K)-% > 1-¢
andK,-ﬂKj =Qforl <i<j<m.

Let Ky = ’]’.1:1 Kjand Ny = max{N;: j = 1,2,...,m}. There exists §; > 0 such that
for every x,y € K with d(x,y) < 0; there exists j € {1,2,...,m} with x,y € K;. By
the continuity of 7, there exists 6, > 0 such that dy(x,y) < & for every x,y € X with
d(x,y) < 8. Let 63 = min{d1, 5, }. By the compactness of K, there exists a finite subset
H of Ky such that H € |J,cgy B(x,03). Fixn > 1 and y € Ky. There exists x € H

with d(x, y) < 63. If n < Np, then d,(x,y) < dn,(x,y) < e. If n > Np, there exists

j€{L,2,...,m} with x,y € K; C Ay,(x;). By the construction of Ay,(x;) and n > N;,

n—1 n—1 n—1

o 1 o 1 S
Z d(T'x,T'y) < - ; d(T'x,T'x;) + - Z dT'x;,T'y) < g/2+¢/2 = &.

1
n
i=0 i=0

For any n > 1, we have d,(x, y) < &. Then

Ky C U B, (x, &)

xeH
and
ﬂ(U B (x, 8)) > p(Ko) > 1 - e.
xeH
This implies that span u(n,&) < #(H) for all n > 1. Then u has bounded complexity with
respect to {d, }. O

4.3. Measure-theoretic complexity with respect to {d,}. Forn € N, & > 0, let

W#(n, g) = min{#(F): F c X and ,u(U B; (x, e)) >1- 8}.
xeF
We say that i has bounded complexity with respect to {d,} if for every & > 0 there exists
a positive integer C = C(e) such that span(n,&) < Cforalln > 1.
Unlike the topological case, we can prove that bounded measure-theoretic complexity
with respect {d,} and {d,} are equivalent.

Theorem 4.4. Let (X,T) be a t.d.s. and pu be an invariant measure on (X,T). Then p
has bounded complexity with respect to {d,} if and only if it has bounded complexity with
respect to {d,}.

Proof. It is clear that if u has has bounded complexity with respect to {d,} then by
definition it also has has bounded complexity with respect to {d, }.
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Now assume that g has bounded complexity with respect to {d,}. Let & > 0. There is
C = C(¢) such that for any n € N, there is F,, € X with #(F,) < C such that

ﬂ(U B; (x, 8/8)) >1-g/8.

xeF,

By the Birkhoff pointwise ergodic theorem for u X p a.e. (x,y) € X?
= o
dy(x.y) = ~ ZO d(T'x.T'y) — d"(x.y).

So for a given 0 < r < min{l, 5%}, by the Egorov’s theorem there are R C X? with
ux u(R) > 1 —r?and Ny € N such that if (x, y) € R then
|dn(x, y) = dyy(x, )| < r, forn = No.

By the Fubini’s theorem there is A ¢ X such that u(A) > 1 —r and for any x € A,
u(Ry) > 1 —r, where

R.={yeX:(x,y) € R}.
Enumerate Fy, = {x1,x2, ..., Xp}. Thenm < C. LetI = {1 <i < m: AﬂBd-NO(xi, e/8) #
0}. Denote #(I) = m’. Then 1 < m’ < m. For eachi € I, pick y; € AN Bd'NO(X[, £/8).
Then we have Bd-NO(x,-, g/8) C Bd-NO(y,-, g/4)foralliel. As

,u(AﬂﬂRyi N U BJNO(x,s/S)) >1-r-mr-¢/8>1-¢g,

iel xeFNO

choose a compact subset

KcAﬂﬂRyiﬂ U By, (x./8)

iel xeFNO

with u(K) > 1 —&. If x € K, there exists i € I such that x € R, N BJNO(Yi’8/4)' Then
(yi, x) € R. By the construction of R, for any n > N,
du(x, y1) = du(yir x) < dny(yis X) + 1 < /4 +71 < &/2.

Let 6; > 0be a Lebesgue number of the open cover of K by {K N BJNO (yi,e/4): i € I}. By

the continuity of 7', there exists 0 < ¢ < ¢; such that if d(x, x2) < ¢ then dy,(x1, x2) < &.
Let x1, xo € K with d(x1, x2) < 6. Thereisi € I such that x1, x, € Ay, OBJNO(yi, e/4). Fix

n>1.Ifn < Ny, dy(x1, x2) < dn,(x1,x2) < &. If n > Ny,
dn(x1, X2) < dy(x1, yi) + du(x2, yi) < €/2+2r < €.

Then d,(x1, x2) < € forall n > 1. By the compactness of K, there exists a finite subset H
of K such that K C |J,cy B(x, ). For any n > 1, we have

K C U B, (x,&)
xeH
and then

,u(U B; (x, 8)) > u(K)>1-¢.

xeH
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This implies that span,,(n, &) < #(H) for all n > 1. Then u has bounded complexity with
respect to {d, }. O

We can restate Proposition 4.1 of [18] as follows.

Proposition 4.5. Let (X, T) be an invertible t.d.s. and u be an invariant measure on (X, T).
If 1 has discrete spectrum, then it has bounded complexity with respect to {d,}.

It is conjectured in [18] that the converse of Proposition 4.5 is also true. If u is ergodic,
by [13, Corollary 39], we know that u has discrete spectrum and if and only if u is mean
equicontinuous. So by Theorem 4.3, if an ergodic measure u has bounded complexity
with respect to {d,}, then it has discrete spectrum. We will show in Theorem 4.7 that that
in general the converse of Proposition 4.5 is also true.

The following result was proved in [24, Theorem 2.7], see also [13, Corollary 39]. Here
we provide a different direct proof.

Proposition 4.6. Let (X, T) be a t.d.s. and u be an ergodic invariant measure on (X, T).
If u does not have discrete spectrum, then there exists a > 0 such that for u X p-almost
every pair (x,y) € X X X,
1 n—1 . .
liminf — Z d(T'x,T'y) > a.

n—oo n 4

i=0

Proof. Let B, be the completion of the Borel o-algebra By of X with respect to u.
Corresponding to the discrete part of the spectrum of the action of 7', there exists a compact
metric abelian group (G, +) with Haar measure v, an element 7 of G such that (G, B,, v, S)
is the Kronecker factor of (X, 8,, u, T) with an associated factor map 7 : X — G, where
8B, be the completion of the Borel o--algebra of G with respect to v and S is the translation
by 7 on G.

Let u = /G u.dv(z) be the disintegration of the measure u over v. For s € G, let

As = / Hz X Hzts dV(Z).
G

It is a classical result (see e.g. [15, §4.3.1 Theorem 18]) that there is Go € G with
v(Gy) = 1 such that for every s € Gy, the system (X X X, A, T x T) is ergodic and

yx,u://lsdv(s)
G

is the ergodic decomposition y X g under 7' X T
By the Birkhoff ergodic theorem, the limit

lim d,(x,y)
n—+oo
exists and equals to

/ d(x1, x2) dAs(x1, x2)
XXX

for some s = s(x, y) € Gg for u x p-a.e. (x,y) € X°.
Now it is sufficient to show that if (X, 8, u, T) does not have discrete spectrum, then
there exists @ > 0 such that /Xxx d(x1, xp)dAg(x1, x2) > a for all s € Gy.
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As X is compact, pick a countable dense subset {y,: n € N} in X. For z € G,

() = inf /X 4, o) dpts ().

It is clear that ¢(z) > 0 if and only if y, is not a Dirac measure. Moreover, c(-) is a
non-negative measurable function on G. Put

a/::/Gc(z)dv(z).

Since (X, B, u, T) is ergodic and does not have discrete spectrum, by Rohlin’s theorem
U, is not a Dirac measure for v-a.e. z € G. This means that ¢(z) > O for v-ae. z € G
and thus @ > 0. For each y € X, there exists a subsequence {n;} such that y,, — y as
i — oo. Then for each x € X, d(x, y,,) — d(x,y) asi — oco. By the Lebesgue dominated
convergence theorem, for each z € Gy,

/ d(x.y) dpiz(x) = lim / 4%, o) dpic(x) > €(2).
X i—e Jx

Thus, for each s € Gy,
/XXX d(x1, xp)dAg(x1, xp) = /G(/Xxx d(x, y)du, X . s(x, y))dv(z)
= [ (L] 5 ) ) v
/ / c(z)dptz+5(y) dv(z)

= / c(z)dv(z) = a > 0.
G
This finishes the proof. O
Now we are able to show the converse of Proposition 4.5.

Theorem 4.7. Let (X, T) be an invertible t.d.s. and u be an invariant measure on (X, T).
If i has bounded complexity with respect to {d,}, then it has discrete spectrum.

Proof. Let A be the collection of points z € X which are generic to some ergodic measure,
that is, for each z € A, %Z?;OI Ori, — Mz as n — oo and u, is ergodic. Then A is
measurable and p(A) = 1. We first prove the following Claim.

Claim 1: g, has discrete spectrum for p-a.e. z € A.

Proof of the Claim 1. Let A} = {z € A: u, does not has discrete spectrum}. We need to
prove that A; is measurable and has zero u-measure. The ergodic decomposition of u can
be expressed as y = /A u, du(z) (see e.g. [30, Theorem 6.4]). For k € N and z € A, put

Fi(z) = g X /,tz({(x y) € X X X: liminf — Zd(T’x T'y) > })

n—oo n

As fA Uy X p.du(z) is an invariant measure on (X X X, T x T), for each k € N, Fj is
a measurable function on A. By Theorem 4.6, we know that u, does not have discrete
spectrum if and only if there exists k € N such that Fi(z) = 1. Then A = Uen{z €
A: Fir(z) = 1} and it is measurable. Now it is sufficient to prove u(Gy) = 0. If not,
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then u(A;) > 0 and there exists k € N such that u({z € A: Fi(z) = 1}) > 0. Let
Ay ={z € A: Fx(z) = 1} and put r = u(Az). Then for every z € A, and for u, X u,-a.e.
(x,y) € X X X,

1 n—1 . . 1
1 lim inf — d(T'x, T'y) > —.
(1 minf ~ ZO] (T'x.T'y) >
By Theorems 4.3 and 4.4, (X, T) is u-mean equicontinuous. Then there exists M Cc X
with y(M) > 1 - é such that M is mean equicontinuous. By regularity of u, we can

assume that M is compact and M C A. Let A3 = {z € A: u,(M) > 1 - 5}. Then Aj is
measurable, as y = fA u; du(z) is the ergodic decomposition of u. We have
2

=D < ) = /A (M) dpu(z) < /A () 4uc) + /A B GG)

< p(A3)+ (1= p(AR))(1 = 5),

which implies that u(A3) > 1 — 5. Then u(A2 N A3) > r+(1-%5)-1=5 > 0. Pick
7 € AN A3z. As M is mean equicontinuous, there exists a & > 0 such that for any x, y € M
with d(x, y) < 8,
15 1

limsup— Y d(T'x,T'y) < —.

im sup - ; T'xTy) <+
As M is compact, there exists a finite open cover {Uy, Ua, ..., U,} of M with diameter
less than 6. Since z € A3, u (M) > 1 — 5. Then there exists i € {1,...,m} such that
u-(U;) > 0 and also u, X u,(U;) > 0. Note that the diameter of U; is less than ¢, so for
any x,y € U,

n—1
. 1 i i 1
lim sup — ,_EO d(T'x,T'y) < T
which contradicts to (1). This ends the proof of Claim 1. O

Let
Ag = {z € A: u, has discrete spectrum}.

By Claim 1, we have u(Ap) = 1. Let f € C(X) be a Lipschitz continuous function on X.
Then there exists C > 0 such that | f(x) — f(y)| < Cd(x, y) for all x,y € X.

Recall that the associated operator U: L?(u) — L?(u) is defined by Uf = f o T for all
f € L*(u). Inspired by the idea of [29, Theorem 1], we have the following Claim.

Claim 2: For any 7 > 0, there exists M* € B with u(M*) > 1 — 7 such that f - 1y~ is
almost periodic, i.e., {U"(f - 13+): n € Z} is precompact in L>(y).

Proof of the Claim 2. By Theorems 4.3 and 4.4, (X, T) is u-mean equicontinuous. Fix
a constant 7 > 0. Then there exists M C X with u(M) > 1 — 7 such that M is mean
equicontinuous. Let M* = |J,,cz T™"M. To show that f - 1)+ is almost periodic, we only
need to prove for any sequence {¢,} in Z there exists a subsequence {s,} of {t,} such that
{U**(f - 13+)} is a Cauchy sequence in L?(u).

By regularity of u, we can assume that M is compact and M C Ap. Choose a countable
dense subset {z,,} in M. As p., has discrete spectrum, there exists a subsequence {#,}
of {t,} such that {U™! f: n € N} is a Cauchy sequence in L*(u;,). Inductively assume
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that for each i < m — 1 we have defined {#,;} (which is a subsequence of {#,;_1}) such
that {U™ f: n € N} is a Cauchy sequence in L?(u,,). As u,, has discrete spectrum, there
exists a subsequence {t,,,,} of {#,,,—1} such that {U™m f: n € N} is a Cauchy sequence in
L*(u.,). Let s, = t,, forn > 1. By the usual diagonal procedure, {U* f: n € N} is a
Cauchy sequence in L?(u;,, ) for all m > 1.

Fix € > 0. As M is mean equicontinuous in (X, T'), there exists 6 > 0 such that for any
X,y € M withd(x,y) <6,

n—1

1 . - \2
lim sup — Z (d(T’x, T’y)) <e.

n—oo .
i=0

Fix z € M. There exists m € N such that d(z, z,,) < 6. Forany j # k € N,

A . 1 " .
1O f = U fllfs,, , = / U f = U fIP dpz = Tim — > | F(T9*2) = f(T*¥2)P
z X n—0oo n l:()

n—1

2 1 ' N
< 2 lim - (d(TSf“z, Tsk“z))
n—oo 1 4

i=0

1 n-1 . ) 2
<C? (lim sup — Z (d(TSfHZ, TSfHZm))
i=0

n—oo M 4

n—1

1 . . 2
+ 1 _ (d TSk+l ,Tsk+l " )
im sup ~ E ( Z Zm)

n—oo :
i=0

n—1

1 , C\2
+ lim — (d(TSfHZm, TSj+lZm)) )

n—oon
i=0

< (264 U f = U I, )
As {U* f: n € N} is a Cauchy sequence in L*(u,, ) forall m > 1, {U* f: n € N} is also
a Cauchy sequence in L?(u). Then for each z € M,

lim sup / \US f — U f|*du, = 0.

For each y € M", there exists n € Z and z € M such that 7"z = y. Then u, = u,. For
7 € M*, put

fu(2) = sup /X U% f — U £ dus.

Jj.k=N

By the dominated convergence theorem,

@) tim [ @ duc) = / Jimfy(x) duz) = 0.

5

M*



BOUNDED COMPLEXITY, MEAN EQUICONTINUITY AND DISCRETE SPECTRUM 17

It is easy to see that

5 - Sk 2 Sj _ Sk 2
sup/*/xlU f=U*f] dﬂzdﬂ(Z)S/*(sup‘/XW f—=U*f]| d,uz)d,u(z)

J.k>=N J.k=N
= fn(z)du(z),
M*

from where we deduce

lim | sup /*/XIUSff—Uskﬂzd,uZd,u(z)) =0 by (2).

N —’°°(j,kzN

As fM* gdu = fM*(fg dp.)du(z) for any g € L?(u) we have

lim ( sup / |US f — Uskf|2d,u(z)) =0.

Note that T(M*) = M*, so

[ wss - v sPau = 109G 1) = 0 L) P

Thus {U*"(f - 1p4+)} is a Cauchy sequence in L?(u), which ends the proof of Claim 2. O

Note that The collection of almost periodic functions g is closed in L>(u). As the
measure of M* in Claim 2 can be arbitrary close to 1, f is also an almost periodic function
in L?(u). As the collection of Lipschitz continuous functions in dense in C(X) (see e.g.
[5, Theorem 11.2.4.]) and C(X) is dense in L?(u), then for every function g € L?(u) is
almost periodic in L?(u), that is u has discrete spectrum. O

Remark 4.8. After we have finished this paper, Nhan-Phu Chung informed us that The-
orem 4.7 was also proved in [32, Theorem 3.2] with a different method. Note that an
invariant measure ¢ has bounded complexity with respect to {d,,} in our sense if and only
if every € > 0, the scaling sequences with respect to u and d are bounded as in [32,
Definition 3.1]. It should be noticed that in the introduction of [32] it requires a mild
condition that the standard (Lebesgue) space (X, u) is non-atomic.

In Theorem 4.7, we show that if an invariant measure u of a t.d.s. (X, T) has bounded
complexity with respect to {d,}, then almost all the ergodic components in the ergodic
decomposition of u have discrete spectrum. In the following remark we provide an
example which shows that it may happen there are uncountably many pairwise non-
isomorphic ergodic components in the ergodic decomposition, and the set of unions of all
eigenvalues of the ergodic components are countable.

Remark 4.9. The space X is the product {0, 1} x (S")Y. Let {r;: i € N} be a family of
irrational numbers independent over the rational numbers. The measure u is the product
of the Bernoulli measure (%, %) on {0, 1}'' and the product measure Ay on (S"), where
each coordinate is equipped with the Lebesgue measure A.

The transformation T : X — X is defined in the following way: letw = (w;);»1 € {0, 1}"
and w = (W)i»1 € (SHY. Define T(w,w) = (w,w’), where (W); = w; if w; = 0 and
(w"); = Tyw; if w; = 1, where T; is the translation by 7; on (ShH;. Ttis easy to see that
{w} x (SHY is T-invariant for any w € {0, 1},
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Let the distance on X be the sum of the distances

’ 1 ’ ’ 1 ’ ’
d(@.o) =) o~ )| addy(s.s) = ) —d'(si5])
i>1 i>1

where d’ is the distance on the circle S!, so that d((w, s), (&', 5")) = d1(w, W’) + do(s, 5").
It is not difficult to see that 7 has bounded complexity with respect to {d,,}. Note that

the ergodic components are {w} X (W, H,-|wi:1(Sl),~), where w’ € H,~|wi:0(S1),-.

Remark 4.10. Assume that (X,7) is a minimal system with bounded complexity with
respect to {d,} for an invariant measure y. It is interesting to know whether almost all
the ergodic measures in the ergodic decomposition of u are isomorphic. After the first
draft version of this paper was finished, Cyr and Kra informed us in [4] that there exists
an example dose not satisfy the condition, see Proposition B.1 in Appendix B.

APPENDIX A. TWO EXAMPLES

The aim of this appendix is to construct two examples announced in Section 3. We
remark that the measure complexity for a minimal distal system can be very complicated,
see for example [20].

A.1. The construction of the system in Proposition 3.8. We view the unit circle T as
R/Zand alsoas [0, 1) (mod 1). Fora € Rwelet ||a]| = min{|a—z| : z € Z} which induces
a distance on T. Let @ € R\ Q be an irrational number and R, : T — T,x — x + « the
rotation on T by «. In this subsection we will construct a skew product map T : T?> — T2
with T(x,y) = (x + @, y + h(x)) for any x, y € T, where h : T — R is continuous and will
be defined below.

The general idea to construct 4 is the following. First we choose some disjoint intervals
(see (3)) in T and define A : T — R such that h; takes positive values in some intervals,
negative values in the rest intervals and zero in rest points (see (10) below). This results
that Z?:_Ol hi(R! x) is small under some conditions (see Lemmas A.1 and A.2). Then we
choose smaller disjoint intervals (see (7)) in T and define &, : T — R such that &, takes
smaller positive values in some intervals, smaller negative values in the rest intervals and
zero in the rest pionts. We do this for each /; and finally we put 4 = 37, hy. Note that for

neNandx,y €T, T"(x,y) = (Rgx, y+ er.‘;ol h(RfIx)). When calculating er.‘;ol h(R! x),

we only need to take care Z?:_OI (Zf:1 h;)(R! x) when k large enough (see (15)). By careful
choosing hj; we can show the minimality, non-equicontinuity and non-unique ergodicity.
Now let us begin the construction.

Letn = ﬁ, M; = 10and N; = 10M,. As « is irrational, the two-side orbit {na: n € Z}
of 0 under the rotation R, are pairwise distinct. Choose ¢; > 0 small enough such that
the intervals
[ia—dl,ia +51], i=-1,0,1,---,2N;
are pairwise disjoint on T. Put
2N;-1
3) Ey= | ] lio = 61,ia +61)
i=0
and
F| = {ia—&l,ia/+(51: i=0,1,---,2N; — 1}.
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The total length of intervals in Ej is 4NV;0;. Shrinking ¢ if necessary, we can require
4N,6; < n/2. Put

Iy =min{[[x = y|l : x,y € Fi,x # y}

and Yo = 21;.

For k = 2,3,4,---, we will define My, Ni, 6k, Ex, Fi, [y and y,_; by induction. Assume
that My_1, Nx—1, 0k—1, Ex—1, Fx—1, [x—1 and yx_> have been defined such that the total length
of intervals in E}_ is less than % As R, is uniquely ergodic on T, choose My > Nj_;
large enough such that for any x, y € T, one has

(4) (0<i<M-1:R xe(y,y+L_1)}#0.
and for any n > My and any x € T,

1 .
(5) “#{0<i<n-1:RxeE_ )< —1.
n a k-1
Let Ny = 10KM;. Choose 6; > 0 small enough such that
{iaiék: i=0,1,2,--- 2Ny — l}ﬂFk_l =0,

and
lia — 6k, i+ 6], i =—-1,0,1,--- 2Ny

are pairwise disjoint intervals on T. Choose 0 < ;-1 < d;—; small enough such that

(6) i — yr—1,ia + yi—1], —2Np <i < 2Ny + 2Ni_g
are pairwise disjoint intervals on T. Put
2N;—1
(7) Ey = U lia — O, i + O]
i=0
and
(8) Fr =F 1 U{ia+ 0, ia—0,:i=0,1,---,2N, — 1}

The total length of intervals in Ey is 4Ny 6. Shrinking 6y if necessary, we can require
4Ny o) < zik Let

9) I :min({||x—y||: X,y € Fi, x ¢y} U {ZLklz =12 k- 1})

This finishes the induction.

For each k € N, define &}, hy : R — [-1/2,1/2) such that

1 x—m )
h(x) = Vk(l ~| Yk ), forx € [m—yr,m+y;]withm e Z,
k .
0, otherwise,

and
Ni—1 2N;—1

hi(x) = Z h(x —ia) - Z hi(x —ia).
i=0

i=Nj
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As the intervals in Ej are pairwise disjoint and y; < dy, it is easy to check that for any
x €R,

(10)
hi(x —ia), ifx€lia—ypia+y] (mod1),i=0,1,2--- Ny~ 1,
hi(x) = {=h(x —ia), ifx€[ia—yia+y] (mod 1), i=Ng,--- 2N, —1,
0, otherwise.
In particular, Az (x) = 0 for x ¢ E; (mod 1),

. fori=0,1,..., Ny — 1,

hi(ia) = N
eia) {—le, fori = Np, Ny +1,...,2N; — 1,
and for any z € [0y, 6],
2Np-1
(11) Z hk(R.z) = 0.
s=0

It is also easy to see that for any x € R,
1 1 1
12 h < —=— < —,
(12) < 0= Torg, = Tox

and Ay is Lipschitz continuous with a Lipschitz constant ﬁ, that is, for any x, y € R,

(13) |hi(x) = hi(¥)| < lx =yl

Ny

For any x € R, we have hi(x + 1) = hi(x), so we can regard &y as a function from T to R.
Now, define 7: T — Rasforeachx € T

h(x) = Z hi(x).
k=1

It is easy to see that 4 is continuous since

(o) (o)

1 1
|hk(X)| < _k < —.
kzz; kzz; 10 2
For k > 1, we set
k )
(14) hiax) = ) i) and hyeo(x) = 3 ().
i=1 i=k
Then
h(x) = hik(x) + hjt1,00(x)
and

(o)

> 1 1 1 1 1 1
15) [|Akeo < hi(x)|| < AN TR A '
(19 Wik < QWO < 0 i < 30 275 = 3 51007 < 571007

(o)

Finally, we define a skew product map as follows:

T:T> > T2 (xy) - (x+ay+h().
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It is clear that T is continuous. We will show that the system (T2, T) is as required. By the
definition, it is clear that (T, 7)) is distal.
For any real function g on T and x € T, we set Hé" = (0 and

n—1
Hi(x) = > g(RLx)
i=0
for n > 1. Recall that h(x) = 27| hi(x), so
7 h B 1,00
HE(x) = > Ht(x) = Hy ™ (x) + Hy " (x).
i=1

We choose a compatible metric d on T? by

d((x1, y1), (x2, y2)) = [lx1 = x2|| + [[y1 = y2ll,
for any (x1, y1), (x2, y2) € T?. We remark that forn e Nand x,y € T
n—1
n _ n i _ n h
T (.X, )’) - (Ra-x’ y + Z h(Ra/x)) - (Ra/-x’ y + Hn ()C))
i=0

To estimate the orbit of (x, y), the key point is to control H"(x). The following two lemmas
will be useful in the estimation.

Lemma A.1. Assume x € T, i € Nand m € N. If x, Ryx € Ef U[~6;, 6;], then one has
H'(x)=0.
Proof. LetJ={0<j<m-1: Réx € [-6;,0;]}. We first claim that

(0<k<m-1:RixeE}=| Jij+1:0<1<2N, -1}
jed

To see this equality firstly we note that if j € J, then R,x € [~6;,6;]. This implies that
Rfflx € [la=6;,la+0;] C Ejfor0 <1 < 2N;—1. Since j < m—1and Ryx € Ef U[6;, 6],
onehas j +2N;— 1 <mandthen {j+1:0<1<2N; -1} c{0,1,2,--- ,m — 1}. Thus,
{0<k<m-1:R\xeE}DUjes{j+1:0<1<2N;—1}.

Conversely, if k € {0,1,2,---,m — 1} with R¥x € E;. This means that R¥x € [sa -
O, sa + 0;] forsome 0 < s <2N; — 1. If k < s, then x € [(s — k)a — ;, (s — k)a + 6],
which contradicts to the assumption x € Ef U [=6;,6;]. This implies k¥ > 5. Hence we
have k —se Jandk € {(k—s)+1:0<1<2N;—1}. Thusweget{0 <k <m-1:
Rfx e Ej} Ujes{j +1:0 <[ <2N; - 1}. This proves the claim.

By the claim, we have

Hy(x)= > h(REx)+ > hi(REx)

0<k<m-1 0<k<m-1
Rk x¢E; RExeE;
2N;—1 .
=0+ > > h(RL(RAx)=0. by (l1)
jel 1=0

This finishes the proof of Lemma A.1. O
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Lemma A.2. Assume x € T, mk e Nand 1 < j < k- 1. If ||me|| < Iy and x, R]}x €
lice = 6j i + 6] for some 0 < i <2N; — 1, then one has

1

1H (Il < — 2

Proof. First, by (9), one has
Iy <min{||(ia + ;) — ja+ )| : 0<i<j<2Np-1}

= min |[re|.
0<r<2N;-1

Thus, m > 2Ny since ||ma|| < [;. Next, by the construction of E;, one has

2N;—i _ Rm ZNJ(RZN —i

R,V x, R™ x) € E§ U [-6;,6;]

a

2Nj—i

since x, Rl)x € [ia — 6j,ia +6;]. By Lemma A.1, one has H N, (R, ” x)=0and

H, (x) = Hy () + H,y (RS

() + H (R x)

xX) + H; j(RZHx)
N szjv —i
= (HY), () + H"(Ryx)) + (H (R} ) ~ HP (R, )
= Hy\ (Ry'x) + (H} (R} ™) = HI" (R x).

Notice that R,'x € [-6;,6;]. By (11), one has

2N;-1
h. 3 o
Hy, (R, x) = Z hi(RS(R;'x)) = 0
s=0

This implies that
hj -
1Hy (Ol < IIH Y (R x) - H (R )|

Z |h (Rm l+Sx) h (R—l+sx)||
s=0

1
il
Nﬂ’]
where the last inequality follows from (13) and ||R,""x — R""x|| = ||ma| < I for
s =0,1,2---,i — 1. Finally, by (9),
j 1 1
I GOl < 2N 2 - — = =
2](2 Njyj k2
This finishes the proof of Lemma A.2. O

Proposition A.3. (T2 T) is minimal.

Proof. We need to show every point (x, y) has a dense orbit. Fix (x,y) € T2, 0 < e < 1
and k € N. There exists n; € N such that R}'x € [—eyr, eyi]. Let (x1,y1) = T"(x, y).
Then x; = R)'x and ||x1]| < eyx.

Now fix (x’,y") € T2. Note that points in Fi_; divide the unite circle into open arcs
with length not less than [;_;. The collection of these arcs is denoted by #—_;. There
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exists (ay, ap) € Fr—1 suchthat x” € [ay, az). As (ay,ar) N Fr_1 = 0, either (a1, ar) C Ej_q
or (aj,a) C E If (a1, az) C Ej—1, then [ay,a2) C [ja — Ok—1, ja + 6;—1] for some
0<j< 2Nk 1 — 1 and we take a = ja + 6x—1. If (a1, an) C Ek » we take a € (a1, az)
such that x” € [a,a + [;—1) C [ay, ay) since the length of [a], ay) is not less than [;_;. Note
that in any case (a, a + [;_1) is a subset of some (b, by) € F;—1. Forany 1 <i < k-2, as
F; € Fy_1, (b1, b)) N E; = 0. Then (by, by) is either a subset of [ja — &;, ja + ;] for some
0 <j <2N; -1 orasubset of E. Summing up the above arguments, one has:

() (a,a + k1) € E;_; and min{||x" — x"||: x” € (a,a + [r-1)} < 20k-1;
(ii) forall 1 <i < k-2, either (a,a+[x-1) C [ja—0;, ja+6;] forsome0 < j < 2N;—1
or (a,a + lk—l) C El.c.

By (4), there exists an integer n, € [0, My) such that R}>(x1) € (a,a + ly_1). Suppose
Y = (1 + Hy,(x1)) = b(mod 1).

Then b € [0, 1). By (4), there exists an integer n3 € [[10¥b]My, ([10%b] + 1)M}.) such that
n3 > ny and R (x1) € (a,a + l[;—1). Note that n3 < 10fM;, = Ny and

kpy _ k
b i < ([10 b] 1)Mk < n3 —np < ([10 b]+ 1)Mk <b+ i
10k Ny Ny Ny 10k

By (i) and Lemma A.1, one has H,?f:,;z(RZle) = 0. By (ii) and Lemmas A.1 and A.2, one
has

1
hi
| Hypiny (R x1)| < *k-17

for 1 <i < k — 2. Thus, one has

1Y = 1+ HE )l = 11y = (1 + Hyy () = n3-n2(R"2x1)||

= |- Z i (REx1) - Z (R

h
< 1b = Hyy—p, (R 1)

* Z 1Hyi_ n2<R"2x1)||+Z|| (R 01|

i=k+1

< ”b n3 nz(nZCy)” + ” n3 ng(HZQ') n3 nz(n20’+xl)||

+Z"3 (k—z)-(k_ll)2

i=k+1

n3 —np = 1 1
b—(n3 - —H+ + — + —
H (3 =m) || + e ,;ﬂ 10 k-1

IA
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We deduces

d((x,’ y,)’ T (X, )’)) = d((x,’ y,)’ " (X1, )’1))

= |lx" = RPxill + 1y = (v + HE (x1)|
1

3
< -1 + 26 +——+2€+—.
R T/

This implies that (x’, y’) € Orb((x, y), T) if we let k — +oco and € — 0. Hence (T2, T) is

minimal. O

For1l < j <k, welet

k
Ejx = U E;.
i=j

By (5), forany n > My, and x € T,

k
1 . : n o]
(16) ;#({09Sn—lzRéerf”‘})<,Z_,;2_<zz )

Proposition A.4. (T2, T) is not equicontinuous.
Proof. To show that (T2, T) is not equicontinuous, it is sufficient to show that for any
€ > 0, there exist (x1, y1), (x2, y2) € T? and n € N such that d((x1, y1), (x2, y2)) < € and
d(T"(x1, 1), T"(x2, y2)) = 5.

Fix € > 0. There exists k € N such that [y + 6; < €. Put x’ = §; + 3l;. One has
R.x" € E; and hi(R,x") = 0fori =0,1,---,Ny — 1. By (16), we can choose integers
ny € [0,M; —1]and ny € [%Nk - M, %Nk — 1] such that

RO, RI X', RO, R X € Ef, .
By using Lemma A.1 and the fact R,'x’, R)>’x’ € E ¢, we have

(RM0) = Hy" (R10) + H™,, (RY0) + Hy k= (RM0)

nz—nl

h Niet1,00
= ank—nl(RZl 0) + Hngk—ili] (RZI 0)

n2 ni

1 Bics1.00
= (ny — n1) vt H, " (RG'0)

and
h h Ric+ 1,00
H) _, (RYX') = Hy ' (R X') + Hy' L (R X)) + Hy 5 (R x7)
h [
H, 20 (Ry x).

Note that %Nk —2M; <np,—n; < %Nk and Ny = 10kMk, SO

1

1
< _ _
< (ny nl)N 5

(S0l )
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By (12), we have

(o)

Rkt 1,00 Rkt 1,00 ’ hi hi 4
VL (RA0) = i (RN <Y (IH -, (REO) + IIHL -, (R

i=k+1
S 1 < 2N
< Z 2(n2—n1)ﬁi < Z N
i=k+1 i=k+1
SR 2
<2 =—
B Z 10 9
i=k+1
Thus,
16 , 65
50 < M- (RS'0) = Hy,_y (REXI| < o,
and
d(T™"(R,'0,0), T (R, ", 0))
= d((Ry?0, Hy,_, (R 0)), (R, Hy, _, (Ry' X))
, 16 1
2 (| Hyy, (R3'0) = Hy o (R X 2 55 2 5
with .
d((R;!0.0). (R'x',0)) = IR0 = R'x'|| = |lx'[] = 6 + 56k < e.
This implies that (T2, T) is not equicontinuous. O

Proposition A.5. (T2, T) is not uniquely ergodic.

Proof. Let mp2 be the unique normalized Haar measure on T2. For any mqp2-integrable
function f(x, y), by the Fubini’s theorem, one has

‘/11*2 foT(x,y)dmp = /T/Tf(Rax, y + h(x))dmt(y) dmr(x)
_ / / F(Rax, y) dm(y) dm(x)
TJT
_ / / (e, y) dm(y) dmer(x)
TJT
= / f(x,y)dmqpa.
TZ

Therefore m2 is T-invariant.
If (T2, T) is uniquely ergodic, then my2 is the unique invariant measure. We take a
measurable function

f(x’ )’) = 1T)<[(),%)(-x’ )’) - lTx[%,])(x’ )’)
Note that the boundary of T X [0, %) and T X [%, 1) have zero mp2-measure. By unique

ergodicity, we have

1 n—1 .
(17) lim — Z AT (x, y) = / fdmp =0
n—oon ‘= T2
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for each (x, y) € T2.
For k > 1, put

1 1 4
A :{ { : I } RS0 = E}
k 10Nk 10Nk + 10Nk QO sa € O j

Fori € Ay, it is clear that O, R’ 0e ﬂk ! EC U [0}, 6;], so we have that by Lemma A.1
Hh(0>——:2 1(0>—— =Y H 1(0>——— Z H}(0)
: :k ] k+l

where in the last equality we use the fact that Hl.hk 0) = Z;;(l) hi(RL0) = NLk by (10). Notice
that

i1
h; / 1
H.’(0)] < hi(R,0)|| < —.
15 (O)l] ,Z; (RO < 5
Therefore
i
|0 H Z H, J(O)H Z IHOl < Y
j=k+ 1
. M; = 101 10
It is clear that 5 1 NL < 14—0. So Hl.h(O) e [0, %) and
(18) f(T(0,0) = f((ia, H'(0))) = 1.
Put S, = {0, 1,---, N, - 1} and By = {s € Sx : R50 € E| -1}, and by the construction
@)
k-1
#(B 1
<23 <11
Ne T
Hence

Since f(T'(0,0)) = 1 fori € Ay and f(T%(0,0)) € {-1,1} fori € S; \ Ax, we have

INe-1
o X [0 = (3 oy s 3 o)
2Nk i3 7 NVk €Ay €Sk \ A
1
> %(#(Ak) — #(Sk \ Ax))
59 41 18
> =

100 100 100



BOUNDED COMPLEXITY, MEAN EQUICONTINUITY AND DISCRETE SPECTRUM 27

Thus
I N1

; 18
li — 7'(0,0)) > — > 0,
imsup ZO] FT0.0)) = 1o

which contradicts (17). Therefore (T2, T) is not uniquely ergodic. This completes the
proof. O

For any real function g on T, n € Nand x, y € X, we set
~ 1 n—1
di(x,y) 1= = 3" ||Hfy(x) = Hy ).
n m=0

Then for any (x1, y1), (x2, y2) € T2, we have

n—1

du((x1, y1), (x2, y2)) = % Z d((R2x1, y1 + HE (x0)), (R0 x0, y1 + HJ(x2)))

m=0
< |lxr = x| + lly1 = yall + d"(x1, x2).

The main result of this subsection is as follows.
Proposition A.6. (T2, T) has bounded topological complexity with respect to {d,}.

Proof. 1t is sufficient to show that for any € € (0, 11@), there exist two constants C(e) > 0
and K(e) € N such that span(n, 17¢) < C(e) for any n > K(¢).

First, we choose an integer g € N such that

(o)

n 1
(19) i;} S <eand o <e.

Then there exists 6(€) > 0 such that
q
(20) DUIH () = H ()l < &
i=1

forany 0 < s < M,y — 1 and any x, y € T with ||x — y|| < d(e).
Put ¢, = |’g| and ¢s = [%]. Let
C(e) = IOOC;IC(g and K(€) = 2Ny .

In the following, we are going to show that for any n > K(e) there exists a cover 7~ of T?
(that depends on n), such that

#(T) < C(e) and dy((x1, y1), (x2, y2)) < 17€
for any (x1, y1), (x2, y2) € W € 7. This will imply span(n, 17¢) < C(e) for any n > K(€).
Now fix an integer n > K(€). There exists a unique integer k > ¢ + 2 such that
2N < n < 2Ny

Recall that
h = hyg-1+ hi + hip1 + hig2,00,

d((x1, y1), (X2, ¥2)) < [|1x1 = 22| + [ly1 = y2ll + d(x1, x2),
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and
d(x1, x2) < dy (e, x2) + A (o, x2) + P (1, x2) + Ay (o, x2).

We divide the remaining proof into four steps, bounding each term of the sum above.

Step 1: We will construct a finite cover P of T such that
#(P) < csc? and A (y, y) < 6€

forx,y € P € P.

Firstly, for any x € T and ¢ > 2, we define

ny(x) =min{i > 0: R x e Ef, tandx, = RZ}()‘)x.

Clearly, n;(x) < My — 1 by (4). By Lemma A.1, if Rj/x € Ef forsome 1 <i < {—1and
m > My, one has HZi_n;(x)(x;) = 0 and then

21) Hiix)y=H" (x)+H" . ()=H" (x).
ny(x) m-nj(x) t ny(x)
Next, let
+1
Plz{[i,J )2OS]SC(3—1},
Cs Cs
py=lxeT: S Hh A2 L PN
2 = {{x e ' ; n2+1(x)(x) S I:C_G, e )} S ]S Ce— }’
= joj+1
_ . hi J . . _
P = {{x €T: Z H)Y () € [Ce, - )} 0<j<ce 1}.
i=q

Put P = P VP, V Ps. Itis clear that P is a partition of T and #(P) < csc?.
Fix two points x, y which are in the same atom of #. If there exists m > M with

R'x, Ry € ch+1,k—1’ then by (21) we have forg + 1 <i < k — 1,
Hyi(x) = HY (x)and Hy'(y) = HY (3)
m n(x) m n(y) )

Thus,
k-1 k-1 1
hi _ghi _ h; _prhi 1
| 2 @i =mion] = | 2, @@ -, o0 < 7 <
=g+ i=q+

as x, y are in the same atom in $s.
By (5) forany z € T,

1

q+1

#{OSiSMq+1—1:RLZ€Eiq}21—Z%>
i=1

| =

If there exists m > M; with R})x,R]'y € ch +14_1> then we can find an integer M €
[m—My,m—1] suchthath’[x € Eiq anng’[y € Eiq. Notethat M > m—M 1 > My4,.

By (21),for 1 <i < g,
hi _ pyhi hi _ pyhi
Hy (x) = Hn;+l(x)(x) and H,,(y) = Hn;+l(y)(y).
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Then

HZmM(x) Hi)| = HZ<H = HE (y)(y))H<_<E

as x, y are in the same atom in $;.
As x,y are in the same atom in Py, |[R¥x — RMy|| = ||x - y|| < ci 0(e). Note that
m—M < M, — 1. By (20) we have

q q
]’li hi
H E H'  (RYx)- Hm_M(Rjyy)H <e.
i=1 i=1

Hence, if there exists m > M with R))x, R}y € E¢ then we have

q+1,k—1°

) - o ) < [ - o +| S o - 1))
i=1 i=q+1

<[>ty - o)
i=1

HZ (R = S H (R

i=1

HZ(H (@) - Hi o)

i=q+1

Finally,

hlkl

n—l
hig-1, N pphie-1
(x,y) = ZOHH,. (xX) = H ()]
J=

sl( S - H )
My <j<n— 1
Rl x, R(,yeEqu |
+ Z 1+ Z 1+ Z 1
My <j<n-1 My <j<n-1 0<j<M; -1
R{;erqul,k—l R{ryeEqul,k—l

{ .
<3e+-#{0<j<n—1:Rlx€E; 141}
n

1 : M
+ —#{0<j<n—1:RlyeE 1))+ —
n—1 ’ n—1

< b€,
where the last inequality follows from (16) and (19).
Step 2: We will construct a finite cover Q of T such that
#Q) < 10c? and A (x, y) < 4de
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forany x,y € Q € Q.

There are two cases. The first case is n < 2c¢.N. In this case, we put

Qo=T\ ( lia — yp ia + )’k]),
—2¢e Nk <i<(242c¢¢ )Ny,
and
. s+ 1
Qr’s: U la+)/i2,a+—7k(2 )
INE i DN Ce
Let

Q={Q0}U{0ss: -2 <r<(2+2c)ce—1,~c? <s<c2—1}.

. . 10¢3
It is Slear that Q is a cover of T and #(Q) < 2c2 - 5¢2 = % < 10c?. For x,y € Qq, one
has d"(x, y) = 0 by (10).

Now assume that x, y € Q, ; forsome r and s. There existintegers m, my € [rN i (DN ]

Ce
and x1,y; € [ X3 7"(5”)] such that

x=Ry'x;and y = R}y;.

Without loss of generality, we can assume that m; < m;. For any 1 < m < n, one has

| (x) = Hp ()] = Z(hk(R’ %) = (R,
m1+m—1 . moy+m—1
< Z hi(Ryx1) — Z hi(Ry, yl))H
i=my i=my
mj+m—1 . my+m—1 .
< Z he(R,x1) — Z hk(R@xl)H
i=my i=my
my+m—1
| D) (R = iRy
i=my
mp—1 my+m—1 y 1
< ) (Rox)|| + I (RL )| +m - 2
Yk 1
< 2(my — ml)— +m- by (12) and (13)
Ny ce Nevi

< de.

Hence, summing up we obtain
Jgk(x, y) <4e, forx,y € Q € Q.

The second case is n > 2¢.Ni. In this case, we put

Q0=T\( U lia = yi,ia +yi] |,

0<i<2N}
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and
kS . k(s + 1
Qr,s: U la/+7—2,la/+L2) .
C
rNp . (r+1)Ni €
e ST
Let

_{QO}U{Qrs 0<r<2c-1- S ch—l}.

It is clear that Q is a cover of T and #Q < 10C?. Given x,y € Qp, by (6) and (10) one
has

#HO<m<n—1:H™x) 0} <2N,
and
#HO<m<n—1:H">y)+0} <2N;.

Then by (12)
- 1
dy*(x,y) < = - 4Ny < 2e.
n

[}"Nk (r+l)Nk]

Now assume that x, y € O, ; forsomer and s. There existintegers mj, my € r
€

and x1,y; € ["ks 7"(5”)] such that

x=Ry'x;and y = R}?y;.

Without loss of generality, we can assume that m; < my,. Recall that 2N, < n < 2Ni4.
By (6) and (10) one has

(22) hi(R x1) = he(R,y1) =0
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for any 2Ny <i < 2N; +n < 2Ni + 2Np41. For any 1 < m < n, one has

mi+m—1 . my+m—1 )
1) - = || Y R = > Ry
i=my i=my
my+m—1 . my+m—1 .
SH Z hk(R;xl)— Z hk(Rilxl)H
i=my i=my
my+m—1 . .
| D) (R = Ry
i=my
mp—1 . my+m—1 .
< D M®xDl + > k(R x)l|
i=my i=mi+m

+H > (hk(Réxl)—hk(Réyl))H

my<i<mp+m-—1

1 . .
= 2(my — ml)ﬁ + Z (hk(Ryx1) — hi(R,y1)) ‘ by (12)
my<i<mp+m-—1
1 . .
=2(my — ml)ﬁk + Z (hi(R,x1) — hi (R, y1)) ‘ by (22)

my<i<mp+m-—1

i<2Ng
|
< 2(my — my)— + 2Ny - 2% by (13)
Ni cz Nrvk

< de.
Hence, summing up we get

d_,i”c(x, y) < 4e, forx,y € Q € Q.

Step 3: We will construct a finite cover I of T such that
#(T) < 10¢2 and d**'(x, y) < 4e
forany x,y el e 1.

Put
2Nj+1
Iy =T\ ( i — yis1,ia + 7’k+1]),
i==2Nj 41
and
) k1S . k(s +1
L= U [la/+y+2 ,la+L2).
rNgel ;DN Ce Ce
ce — ce

Put

I = {IO}U{IM :—2ce <1 <2¢ -1, _Cg <s< Cg _ 1}.

It is clear that 7 is a cover of T and #(I) < 10¢2. Given x, y € Iy, one has J,’Z“‘(x, y)=0
by (10).
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i’Nk (r+l)Nk ]

Now assume that x, y € I, ; for some r and s. There exist integers my, my € [ r
€

and x1,y; € [7’“6*2”, M] such that

x=R"x;and y = R)?y;.

Without loss of generality, we can assume that m; < m,. For any 1 < m < n, one has

m—1
s ey ; ;
500 = Bt O = |3 i (R - i (R
mp+m—1 my+m—1
< Z i1 (R xy) — Z hk+1(Ray1))H
i=m i=myp
mp+m—1 my+m—1
< Z his1 (R xy) — Z hi+1(RY, Xl)H
i=m i=myp
my+m—1
| D R ) — Ry
i=myp
Yi+1 1
< 2(mp — my) +m-—- by (12) and (13)
K+ ¢z Nies1Vist

< 4e.
Hence, summing up we have

A"+ (x,y) < 4¢, forx,y € Q € I.

Step 4: We will construct a finite cover T of T? such that
#(T) < 100c; " c5 and dy((x1,31). (x2, y2)) < 17€

for any (x1, y1), (x2, y2) € W € T
Note that for anyx € T,

Iz < Z— >

i=k+2 Nk+2

Forany x,y € Tand 1 < m < n, by (19) and 2N, < n < 2Nj41, one has

m—1
h +2,00 l’l +2.00 : .
I () = By 0] = || 3 (o (Ro) = iR )|
i=0

m 4N 11
< < <e€
Niva — Nis2

Hence,

(23) A (x, y) < €.

Finally, let S = {[£, Z%): j = 0,1+, cc - 1} and put
=SvPVQAVI)XS.
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It is clear that 7 is a finite cover of T? with

#(T) < ce - csc2 - 10c2 - 10¢2 - cc = 100ct cs = C(e).
Hence, for (x1, y1), (x2, y2) € W € 7, by Steps 1, 2, 3 and (23), one has

dl(x1,x2) < ) (e, ) + A (e, x0) + A (e, x2) + d (e, x)
< 6€ +4e +4e+ € = 15e.
We deduce that
du((x1, y1), (%2, 2)) < [lx1 = 22| + [ly1 = y2ll + ) (x1, x2) < 17,

This implies span(n, 17¢€) < C(e) for all n > K(e), which ends the proof. O

A.2. The construction of the system in Proposition 3.9. First we need the following
Furstenberg’s dichotomy result.

Proposition A.7 ([9]). Suppose (Qo, uo, To) is a uniquely ergodic topological dynamical
system with o being the unique ergodic measure, and h : Qo — T is a continuous
Sfunction. Let T : Qo X T be defined by T(x,y) = (Tp(x), y + h(x)). Then exactly one of the

Jollowing is true:

(1) T is uniquely ergodic and po X mr is the unique invariant measure;
(2) there exists a measurable map g : Qy — T and a non-zero integer s such that
s - h(x) = g(To(x)) — g(x) for po-almost every x € Q.

Now we modify the example (T2, T) in the previous subsection to be uniquely ergodic.
As (T2 T) is not uniquely ergodic, by Furstenberg’s dichotomy result there is an mr-
measurable function g(x) and a non-zero integer s such that

(24) s h(x) = g(x + a) — g(x)
for mr-a.e. x € T. We define
o: T? — T2, (x,y) > (x,5-y)

and _
T:T> -T2 (x,y)— (x+a,y+s-hx)).
Then T o ¢ = ¢ o T, in other words, the following diagram commutes.

T2 _T> TZ

|l

TZ _T> TZ
Take an irrational number 8 € R such that @ and f are rationally independent. Then the
system defined by

Top: T2 > T2, (x,y)— (x+a,y+p)
is uniquely ergodic and m- is the unique invariant measure. Finally, we define
Tﬁ: T? > T2, (x,y)— (x+a,y+s-hx)+pB).

We will show that the system (T2, Tﬁ) is the one we need. It is clear that (T2, Tﬁ) is distal.

Proposition A.8. (T2, Tﬁ) is uniquely ergodic and minimal.
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Proof LetK = {x € T: s-h(x) = g(x+a)—g(x)} and 7: T?> — T2, (x,y) — (x, y—g(x)).
By (24) one has mp(K) = 1. It is easy to see that 7: K X T — K X T is an invertible map
with o Tﬁ = Topom. Foreach Tﬁ—invariant measure u, we have u(K xT) = 1 and pgon™!
is T, g-invariant. We have u o 7' = mp since m2 is the unique invariant probability
measure of T, g. Thus, u = my2 o . This implies that m2 o 7 is the only invariant measure
for (T2, Tﬂ). Moreover, (T2, Tﬁ) is minimal since the only invariant measure mq2 o 7 is of
full support. a

Proposition A.9. (T2, Tﬁ) is not equicontinuous.

Proof. 1tis sufficient to show for any € > 0, there exist (x1, y1), (x2, y2) € T2 and a positive
integer n such that d((x1, y1), (x2, y2)) < € and d(T”(xl, Y1), T”(xz, y2)) = 200

Assuming that 107 < |s| < 107! for some non-negative integer p. Given € > 0, there
exists k € N such that k > p + 10 and [y + 6, < €. Put x” = 6 + %lk. One has Rflx’ €E;
and (R, x") =0fori =0,1,2,--- , Ny — 1. By (5), for any x € T,

1
O <i< M-1: Rer1k1}>1—Z

bJI

Then there are integers n; € [0, My — 1] and ny € [10KP72 M}, — My, 10772 M), — 1] such
that R,'0, Ry x’, Ry?0, Ri>x’ € E¢, . By usingLemma A.1 and the fact Ry ¥, Ry>x’ € EZ,

1,k—1°
we have
(RM0) — (RUxX') = Hy (RIO) — Hyky((RM ') + H, (R110)

= Hyto (R ') + Hyl e (R 0) = Hy (R )

np—ni

n2 ni n2 ni

=H", <Rz' 0) + H'“ L (RI0) — H'rh (R x')
h +1,00 h +1,00 ’
= (n —m) N+ (RE0) — HL (R,

Moreover, we have

Ris1,00 Ri41,00 ’ hi ’
1Hpy iy (RG'0) = Hyy i (R X)|| < Z (| Hyiz, (R 0)] + | Hyiy, (RG]

i=k+1

S 1 o 2 1057720,
< 2 - - < -
< Z (ny nl)lOlM,- < Z 100,

i=k+1 i=k+1

> 107772 2
_ = -p—2

‘2.2 10k 9 10

i=k+1

Note that 105 P2M; — 2My < np —ny < 105 772M,. One has

2 2
n ny ., —-p-2 —p—2
|s|- 114, ’12 nl(R '0) — nz nl(R YOI < Is| - (1017 +§_10p )Sl—o
and
2 2 1
n ny ./ —p-2 —p-2
sl 1A, ”2 —n (Ra'0) = nznl(Rlx)||>|S| (1017 _W‘ilop )220'
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ni ..,

Let x; = R0, xo = Ry x’, yy = y» = 0and n = n; — ny. Then

’ ’ 1
d((x1,y1), (x2,32)) = [[R3'0 = Ry X'l = [|[X']] = 6 + Sk < e.

2
and
d(Tj(x1, y1).Tj(x2, y2)
= d((R20,5 - Hy\oy (RE0) + (12 = 1)),
(R, 5 Hiyy, (REX) + (12 = 1))
1
h h ’
2 ”S ) (an—nl(Rc’iI 0) - an—nl(RZIx ))“ = 200
This implies that (T2, Tﬁ) is not equicontinuous. O

Proposition A.10. (T2, Tﬂ) has bounded topological complexity with respect to {d,}.

Proof. Fore > 0,let .7, cc and cs be defined in Proposition A.6. Then for (xy, y1), (x2, y2) €
W € .7, one has

n—1
=5-h 1 h h
dy" Py, x0) = = D IH P00 = Hy P ()|
n

m=0

1 n—1
- ,;) | sHp(x) = sHy)

IA

1 n—1
2 H (o) — B
n,;)m | H3 () = Hyy )l

IA

|s| -d_,i’(xl,xz) < 15|sle.
and
dn((x1,y1) (x2,¥2)) < [lx1 = X2l + Iy = yall + d(x1, x2) < (15]s] + 2)e.

Hence span(n, (15|s|+2)e) < 100c!'cs. Thus (T?, Tﬁ) has bounded topological complexity
with respect to {d,,}. O

AprpPENDIX B. AN ExAaMPLE BY CYR AND KRA

We first introduce some concepts. Following [6], by an assignment, we mean a function
Y defined on an abstract metrizable Choquet simplex #, whose “value” are measure-
theoretic dynamical systems, i.e., for p € P, W(p) has the form (X, B, u,, 7). Two
assignments, ¥ on a simplex  and ¥’ on a simplex #’, are said to be equivalent if there
exists an affine homeomorphism 7: £ — #’ of Choquet simplexes such that for every
p € P the systems W(p) and W' (n(p)) are isomorphic as measure-theoretic dynamical
systems. A topological dynamical system (X, T') determines an assignment on the simplex
of T-invariant probability measures by the rule u — (X, By, u, T), where Bx denotes the
collection of Borel sets on X. By [6, Theorem 1] or [22, Theorem 1], we know that if ¥
is zero dimensional and (Y, S) has no periodic points, then the assignment determined by
(Y, S) is equivalent to an assignment determined by some minimal system (X, 7). If (Y, S)
is invertible, then we can require that (X, T') is also invertible [22]. Applying [6, Theorem
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1] or [22, Theorem 1], there is a minimal system (X, 7') whose assignment is equivalent to
that of (Y, S).

Proposition B.1. There exists a minimal system with bounded complexity with respect
to {d,} for an invariant measure u, for which there exist two non-isomorphic ergodic
measures in the ergodic decomposition.

Proof. Pick two Sturmian shifts (¥;,0) and (Y5, o) in the full shifts ({0,1}% o) and
({2,3}%,0) respectively. Then (Y},0) and (Y5, o) are minimal and uniquely ergodic.
Let v; and v, be the unique invariant measure of (¥, o) and (¥,, o) respectively. Then
both v; and v, have discrete spectrum. We can require that the spectra of v; and v, are
different and then v, and v; are not isomorphic. LetY =Y U Y, c {0, 1,2, 3}2. It is clear
that Y is zero dimensional and (Y, o-) has no periodic points.

By [6, Theorem 1] or [22, Theorem 1], there is a minimal system (Y, S) whose assignment
is equivalent to that of (¥, o). This means that (X, T') carries exactly two ergodic measures,
w1 and up, and (X, By, w;, T) is isomorphic to (¥;, By, vi, o). Let u = %pl + %,uz. As both
w1 and up have discrete spectrum, so is u. By Proposition 4.5 u has bounded complexity
with respect to {d,}. But the ergodic measures in the ergodic decomposition of u are u;
and u;, which are not isomorphic. O

Remark B.2. It should be noticed that the same idea of construction in Proposition B.1
can be used to provide countably many non-isomorphic ergodic measures in the ergodic
decomposition, but the uncountably many case is still not clear.
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