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Global boundary null-controllability of one-dimensional

semilinear heat equations

Kuntal Bhandari * Jérome Lemoine T Arnaud Miinch *

January 13, 2023

Abstract

This paper addresses the boundary null-controllability of the semi-linear heat equation Oy —
Ozey + f(y) =0, (x,t) € (0,1) x (0,7). Assuming that the nonlinear function f is locally Lipschitz
and satisfies limsupy,.._, oo |£(r)]/(|7] In®2 |r|) < B for some B > 0 small enough and that the initial
datum belongs to L*°(0,1), we prove the global null-controllability using the Schauder fixed point
theorem and a linearization for which the term f(y) is seen as a right side of the equation. Then,
assuming that f is C* over R and satisfies lim SUD|,| o0 [/ (7)]/ In®/2|r| < B for some § small enough,
we show that the fixed point application is contracting yielding a constructive method to approximate
boundary controls for the semilinear equation. The crucial technical point is a regularity property
of a state-control pair for a linear heat equation with L? right hand side obtained by using a global
Carleman estimate with boundary observation. Numerical experiments illustrate the results. The
arguments developed can notably be extended to the multi-dimensional case.

Mathematics Subject Classification: 35K58, 93B05.
Keywords: Semilinear heat equation, Boundary null-controllability, Carleman estimates, Fixed point
arguments.

1 Introduction and main results

Let Q := (0,1) and Q7 := Q x (0,7) for some T" > 0. We are concerned with the global boundary
controllability of the following one-dimensional semilinear heat equation

hy — Ozzy + f(y) =0  inQr
y(oa ) = Oa y(la ) =, in (OaT)v (1)
y(+,0) = ug in Q,

where ug € L%(2) is a given initial data, f € C*(R) a nonlinear function satisfying f(0) = 0 and
v € HY(0,T) a control function acting only at the boundary point * = 1. According to [5, Section
5], if f is locally Lipschitz-continuous and satisfies the growth condition |f(r)| < C(1 + |r|Iln(1 + |r|))
for all » € R and some C' > 0 then the solution to is globally defined in [0,7] and satisfies y €
CO([0,T); L3(2)) N L2(0,T; H'(R2)). Without a growth condition of this kind, the solutions to can
blow up before ¢ = T": in general, the blow up time depends on f and on the size of |lug||z2(q). We refer
to [22] and to [I9, Section 2 and Section 5] for a survey on this issue.
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System is said to be null-controllable at time 7T if for any ug € L?(Q), there exist controls in
H'Y(0,T) and associated state y satisfying y € C°([0, T]; L2(2)) N L2(0,T; H'(Q2)) and y(-,T) = 0 in Q.

The null-controllability of the parabolic systems has been intensively studied for the past decades. We
recall the pioneering work by Fattorini and Russell [T4] where the so-called moments method is introduced
to prove the controllability for the linear heat equation in one space dimension. The Carleman estimates
initially used by Fursikov and Imanuvilov [18] is another useful tool to handle the controllability of linear
heat equations. Neumann boundary controls are notably considered in [6] within this approach. We
also mention the Lebeau-Robbiano spectral strategy [24] leading to distributed controllability results for
the linear heat equations. Both methods are applicable in any space dimension. Another method is the
flatness approach addressed in [27] for the boundary null-controllability in one space dimension. Recently,
the backstepping approach has been developed by Coron and Nguyen [9] to recover the boundary null-
controllability of one-dimensional linear heat equation with variable coefficients in space. More precisely,
constructive controls in feedback form are given for any ug € L?(Q2) and T > 0; it is also proved in [9)]
that the equation can be stabilized in finite time by means of periodic time-varying feedback laws.

Regarding the global boundary controllability problem for the semilinear heat equations, we mention
the work by Fabre, Puel and Zuazua [I3] where approximate controllability (boundary or interior) results
has been proved for globally Lipschitz function f.

For locally Lipschitz function f, the free solution may blow up if f behaves like |r|In?(1 + |r|) for
any p > 1 (see [19] and [22]). However, with an action of a control, the blow-up phenomenon can be
compensated is p > 1 is not too large. In this regard, we recall the work by Fernandez-Cara and Zuazua
where a global null-controllability result has been established for the system

Oy — Onay + f(y) =vly, inQr:=Qx(0,T),
y=0 on Sp = 80 x (0,7), (2)

y(+,0) = up(-) in Q,

where w is any bounded subdomain of O C R%d > 1. Assuming that f is C!, satisfies |f'(r)| <
C(1+ |r[**9) a.e. inR and the asymptotic growth condition

(Hy) Ja>0st. |f(r)] < \r|<a+ﬁlni/2 |r\) Vr e R,

for some 8 = B(ﬁ) > 0 small enough, it is proved that for any 7" > 0 and any ug € L*> (()) there exists a
null control function v € L>(w x (0,T)) for (2). Here and in the sequel, we note

I |r] 0if |r| <1
ng |r| =
- In|r| else.

We also mention [2] which gives a similar result assuming in addition that f(r)r > —C(1 + r2) for all
r € R and some C' > 0. On the contrary, if |f(r)| grows faster than |r|In% (Jr[) with p > 2, then for
some initial data, the control cannot compensate the blow-up phenomenon occurring out of @ (see [17,
Theorem 1.1]). We mention the work of Le Balc’h [23] where uniform controllability results in large time
are obtained for p < 2 assuming additional sign conditions on f, notably that f(r) > 0 for » > 0 or
f(r) <0 for r <0, a condition not satisfied for f(r) = —r In’} |r|. We also refer to [10] by Coron and
Trélat where it is proved that one may reach any steady-state to any other (of the semilinear problem) by
means of a boundary control for sufficiently large time T', provided that both are in the same connected
component of the set of steady-states.

The main controllability result of [I7] is based on a fixed point argument, initially introduced in
[31] for one-dimensional semilinear wave equations. Provided refined L' observability inequality (see
[I7, Proposition 3.2]), it is shown that the operator A : L‘X’(@T) — L‘X’(thT)7 where y := A(z) is a
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null-controlled solution corresponding to the control of minimal L* norm of the linear boundary value
problem

{aty—Awa(z):vlw in Qr . {f(r)/r r#0 -

J(r):= F10)  r=0

maps a closed ball of LOO(@T) into itself. The Kakutani’s theorem provides the existence of a fixed point
for A which is also a controlled solution for .

Recently, Ervedoza along with the second and third authors presented a simpler proof of the exact
controllability in [I1] by Schauder fixed point approach under the assumption which is not based
on the cost of observability of the heat equation with respect to potentials: the underlying fixed point
application A : L®(Qr) — L>(Qr) is defined by y = A(z) a controlled solution of

Oy — Ay =—f(z)+vl, in Qr
yZOOHiT, y(-,0) =ug in Q'

yZOOHET, y(,0) =ugp in Q'

(4)

so that the nonlinearity is seen there as a right hand side. As in [I7], the crucial technical point is to
prove that the controlled solution is uniformly bounded in QNQT. Assuming ug € L™ (§~2), Qc R?, d < 5, it
is shown that there exists null controls v € LP4(w x (0,T)) where p; € [2,00] depends on the dimension
d such that the corresponding solution y to belongs to L‘X’(@T). Then, assuming that f is locally
Lipschitz continuous and satisfies the growth condition

(Hy) 3a>0st. [f/(r) <a+ By’ vreR,

[11] provides a constructive sequence (yg, vk )ren converging strongly to a state-control pair for the semi-
linear equation . Global L? Carleman inequalities with large enough parameters play a crucial role as
they allow to prove a contraction property. We also mention [26] where in the one-dimensional case a
constructive method has been developed for the internal case by introducing the following (non-convex)
least-squares problem
: . Ppp— — — 2 ~
(y,l'l%fé.AES(y,v)’ Es(y,v) T ||aty Ay+ f(y) UleL2(po,QT)’

where A is a convex space which incorporates the initial and controllability requirement and py denotes

a Carleman-type weight parametrized by s and blowing up as ¢t — 7~. Assuming and the following
Holder condition

!/ !
. - f'(®
(Hp) 3p € 0,1] such that sup [f'(a) = S'(B)]
a,l;EbLR |a — b|P

< 400,

a sequence (Y, Vg )keN converging strongly to a state-control pair for with ug € H&(Q) is designed in
[26]. Moreover, after a finite number of iterations, the convergence is of order at least 1 + p. A similar
construction is performed in the multi-dimensional case with d < 3 in [25] assuming that f is globally
Lipschitz.

The main purpose of the present work is to study the boundary controllability of the semilinear system
by following the work [II] devoted to the distributed case. To the best of our knowledge, there is
no direct proof for the boundary controllability when the nonlinear function f behaves like |r| lni_/ 2 7|
at infinity. We mention that the distributed controllability results mentioned above imply the boundary
controllability by the usual domain extension method for the scalar heat equations. We give here a
direct and constructive proof of the boundary controllability and leading to accurate estimates of the
state-control pair (in contrast with the indirect domain extension method).
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Main results of the present work. In this paper, we prove the following result, directly in the
framework of boundary controllability.

Theorem 1 (Boundary null-controllablity). Let any T > 0 and ug € L () be given. Assume that
f €CR).

o There exists B > 0 such that if f satisfies the assumption|(H,)| then the system s null control-
lable at time T with a control v € H}(0,T).

o There exists B > 0 such that if f satisfies f(0) = 0 and the assumption then one can define a
sequence (zy, Vg )ken+ that strongly converges to a pair (z,v) € L*(0,T; H*(Q)) N H(0,T; L*(Q)) x
HX(0,T) such that (ny' + z,v) is a control-state pair for the system . 1 denotes a C*° function
supported in [0, T] and y' solves the free boundary value problem @ depending on ug.

Moreover, the convergence of (zx, vk )ren holds at least with a linear w.r.t. the norm ||p - ||z2(qp) +
llpr - llz2(0,1), where p and py are some weights defined in . which are blowing up near the
points t = 0,T and s is chosen sufficiently large depending on ug € L™ ().

Strategy of the proof. To prove the above theorem, we decompose the solution y of as follows
y=ny" +z, (5)
where y! solves the free boundary value problem with non zero initial condition

Oy — Ouay’ = —f(ny') in Qp-,
y'(0,) =y'(1,") =0 in (0,T%), (6)
yl(-,O) = ug in Q

and z solves the boundary value problem

Oz — Opwz = —f(z+ny") +nf(ny") —1'y"  in Qr,
Z(Oa ) = 07 Z(lv ) =0 in (OaT)v (7)
2(-,0) =0 in Q.

Here, n is a C*°(R) function supported in [0,7*) with T* € (0, T] is chosen in term notably of the size of
ug in order that y' exists in Qr+; in particular, 0 <7 < 1 and n(0) = 1, n(T) = 0 (see (14)).

The above decomposition reduces the boundary null-controllability of the initial system to the
one of @ with the function v. The main reason of this decomposition is to simplify the obtention of
regularity properties of the state-control pair from global Carleman estimates. Such properties ensuring
notably that the controlled state is uniformly bounded Q7 is crucial for our fixed point strategy; we refer
to Remark [3] for details.

In order to analyze the controllability of system , we introduce the following linearized system: for
given 7 in some suitable class Cr(s) (R > 0) depending on the Carleman parameter s > 0, find a control
v such that the solution z to

Oz — 0oz = —fE+ny") +nfny") — 'y in Qr,
2(0,) =0, 2(1,)=w in (0,7), (8)
2(-,0)=0 in Q,

satisfies z(-,T) = 0 in 2, and (z,v) corresponds to the minimizer of a quadratic functional Jg involving
the state-control pair and Carleman weight functions (defined in Remark . The specific forms of the
solution is then z = p=2(=8; — Oz )p in Q7 and the associated control is v = sp; 2(1,-)d,p(1,-) in (0,T),
where p denotes the adjoint state associated with the system and the Carleman weights are defined
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by @7. This defines an operator A; : Z — z from some suitable class Cr(s) into itself, on which
we can use fixed point arguments for s sufficiently large depending on ||uo|| (), namely Schauder fixed
point argument for the first item of Theorem (1} and Banach-Picard fixed point argument for the second
one, allowing to exhibit a sequence of convergent approximations of the control and controlled trajectory.
The analysis of the fixed point operator is based on a Carleman estimate with boundary observation
introduced in [7] recalled in Proposition : it allows to get precise weighted estimates on the control and
controlled trajectories.

In order to get L estimate for the controlled trajectories solution of , the boundary control v
needs to be more regular than L?(0,T). It is notable that the regularity issue is more delicate for the
boundary control of the parabolic equations than hyperbolic ones. In this regards, we mention the work
[12] where regularity results of the null-control v for the system «' = Au+ Bv have been proved assuming
the initial datum regular enough and that A generates a CY group. Their method applies mainly to the
time-reversible infinite-dimensional systems (in particular to the wave equation) so as to extend solution
out of the time interval (0,7T). Similar idea has been used in [4] to determine the regularity of boundary
control for the one-dimensional wave equations and as application, the authors proved the boundary
exact controllability of semilinear wave equations with H} initial data. Nevertheless, in the case of heat
equations, the C°-group property of the associated diffusion operator is missing. Therefore, to get higher
regularity of our control v = sp; ?(1,-)8,p(1,-) (see Theorem [2) for the linearized model , where p
denotes the associated adjoint state, we need to re-introduce a state p in such a way that takes the value
0 outside (0,7T") and equals with the adjoint state p up to some weight (vanishing at ¢ = 0,7) in (0,7T).
This will allow us to define a parabolic equation in p in R and then, using a similar approach as in [4], we
can obtain the H'! regularity in time for the control v (see Theorem as soon as ug € L*>(), a sufficient
condition to ensure that y* € L>(Qr). This part is crucial in the study of the boundary controllability

of our system .

Outline. The rest of the paper is organized as follows. In Section we discuss the decomposition
of the solution y then derive in Section [2.4] a controllability result for the linear heat equation with zero
initial data along with some precise estimates of the solution-control pair in term of the right hand side,
provided the Carleman parameter s is large enough. Section [2.5]is devoted to prove that the optimal
control for system (8], a priori in L?(0,T), belongs actually to H{(0,T): this result stated in Theorem
is proved in Appendix [B] Then, in Section we prove by using Schauder fixed point argument the
uniform null controllability of for any time 7' > 0 assuming that f € C*(R) and satisfies the condition
Then in Section assuming the growth condition on f" and f(0) = 0, we show that
the operator A, is contracting in the set C,(s) defined in , yielding the convergence of the Picard
iterates zx11 = As(zk), k = 0, for any initialization zy € C.(s). Sectionillustrates the results with some
numerical experiments while Section [5| concludes with some remarks.

Notations. In this article, C' denote generic constants depending on €2 and 7', which may vary from
line to line, but are independent of the Carleman parameter s.

2 Boundary null-controllability of a linearized system with con-
trolled solution in L>®(Qr)

2.1 Global Carleman estimate with boundary observation

We recall in this section a global Carleman estimate with boundary observation of fundamental use in

the sequel (see notably [211 [6]). We define 0(t) = ﬁ for t in (0,7). Then, for any s > 0, A > 0, we
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set the weight functions

E(z,t) = 0(t)er™ V(z,t) € Qr,
o(x,t) =0(t) (e”‘ — e”) =:0(t)p1(x) VY(z,t) € Qr, (9)
pla,t) = e3?@h) V(x,t) € Qr

and recall the following Carleman estimate; see for instance [7, Theorem 3.4, p. 164].

Proposition 1. There exists constants \g > 0, so > 0 and C > 0 such that for all ¢ € P :=
L2(0,T; H*(Q) N H(2)) N HY(0,T; L2(2)), the following Carleman estimate holds

P [ e ront [ ol 4s [ 06 (0P +10mal)
Qr Qr QT
T
<C [ e+ gl + Coh [ 001 OP (10)
0

Qr

for all X = X\ and s > sg.

In the sequel, we fix A = Ag in the above Carleman estimate and consider the following weight
functions
po=0""p, p1=0"%p, py:=60"%p in Qr. (11)

Estimate (10]) then reads in term only of the parameter s > sy as follows

53/ pEQIQI2+S/ pleﬁrq|2+5’1/ 3 (10:q)* + 10224)
QT Qr Qr
T
<SC [ p?10ig + Orad? + 08/ p12(1,1)[0:q(L,t)[> (12)
Qr 0
for all g € P.

2.2 Time of existence under the growth condition
The time of existence of the solution u of
Ou — Ozpu = _g(ta ’LL) in Qr,
u(70) = Ug iIl Q,
for some continuous function g depends on the size of the data g and ug. We refer for instance to [22]

and [19] Section 5]. In the particular case of nonlinearities satisfying the growth condition we have
the sharper result proven in Appendix [A]

Proposition 2. Leta >0, 5> 0 and M > 0. There exists T* > 0 such that, for all continuous function

g on R? satisfying the growth condition |g(t,r)| < |r\(a+61ni/2 |7|) for allt € R, for all ug € L*(Q) such

that |lug|| 2y < M, there exists u € C°([0, T*]; L*(2)) N L*(0,T*; H5(S2)) solution of on Qr+.
Moreover, a lower bound of T* is given by TELES) for some ¢ = ¢(2) > 0.

1
+cB(M+1)3/2

2.3 Reformulation of the controllability problem

We now use the decomposition , i.e. y = ny' + z for some 7 that we now precise and reformulate the
null controllability problem in term of the variable z.
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For any nonlinearity f satisfying |(H; )l we associate a time T* > 0 according to Proposition [2} Let
then T := min(7T,T*) and consider a smooth function n € C*>°(R) such that 0 <7 < 1 and

, T
nt) = N (14)
0 itz
ift > —.
4
We then introduce the following uncontrolled semilinear system
Oy' — Ouay' = —f(ny') in Qr-,
y1(07') :yl(lv) =0 in (OvT*)a (15)

y'(-,0) = uo in Q.

Since f is C, f1 : (t,5) — f(n(t)s) is a C' map and satisfies the hypothesis of Proposition [2| (since
[l @)y < 1 and n € C(R)): therefore, there exists y' € C°([0,T*]; L*(2)) N L?(0,T*; Hg(2)) so-
lution of on Qr+. We emphasize that T* does not depend on 7. Thus ny' € C°([0,T]; L*(Q)) N
L?(0,T; H()) and moreover we have the following uniform estimate.

Lemma 1. Let f € C}(R) satisfyz'ng 1 be defined by and y* be a solution of . Then
y' € L®(Qr+), ny' € L>*(Qr) and

Iyl (@e) < Il (@re) < C [0+ B + luollz(ey)] + ol e - (16)

Proof. We define y? and y? respectively the unique weak solution of

O0y? — Opay® = —f(ny') in Qp-, Oy — 0uey® =0 in Qr-,
y%(0,") =v*(1,") =0 in (0,T%), 42(0,-) =4*(1,") =0 in (0,T%),
y2(~,0) =0 in Q yg(-,O) =g in Q.

From the maximum principle, y* € L=(Q7+) and [|y*|| (@) < [0l £ (0). On the other hand, using
the L? regularity result of the heat equation, y* € C°([0,7*]; H}(Q))NL?(0,T*; H2(Q))NH(0,T*; L?(2))
and satisfies ||y || Lo (0p.) < CIlf (My")||22(Qpv)- Then, by the uniqueness of the weak solution of the linear
heat equation, we infer that y! coincides with the sum y? + 33, which implies that y* € L>(Qz+) and

1y | 2o (@) < CINF YD) 2200y + [0l Lo (0)-

We also easily check that || f(ny")||2(0p) < ClallytllL2(@qpe) + ﬁ||8$y1||%2(QT*)), which gives using
for ¢ = T* the estimate || f(ny")|r2(@,.) < Cla+ B)(1 + [luol|72(gy)- This implies (L6) O

’Remark 1. Ifug € HE(Q), then ny' € C°([0,T; HA()) N L2(0,T; H2(Q)) N HL(0,T; L*(Q)).

Let us now define
zi=y—ny', (17)

which satisfies the following set of differential equations

Oz = Oaoz = —f(z+my") +0f(ny') —0'y" in Qr,
2(07) 207 Z(lv) =v in (OaT)v (18)
z(-,0)=0 in Q
and observe that a null-control v € L?(0,T) for z is also a null boundary control for y solution for
starting from the initial condition ug € L*°(€2). The main difference is that the system in z has zero

initial condition; this will allow to employ the global Carleman estimate with blowing up weights at
timet=0and t =1T.
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2.4 Null-controllability of a linearized system and some a priori weighted
estimates

In order to obtain the null-controllability for the system , we first establish the null-controllability of
an associated linearized model. More precisely, we consider the following linear system

atZ — 8931;2 =B in QT;
2(07) :07 Z(la) =v in (OvT)7 (19)
2(,0) =0 in Q

and makes use of the Carleman estimate (|12]).

Let us denote the operator L* := —0; — 0., and recall that P = L2(0,7;H?(Q) N H(2)) N
H'(0,T; L*(£2)). For any real s > s (appearing in the Carleman estimate (10))), we define the bilinear
form

T
(p,q)s ::/Q p‘gL*pL*qﬂLS/ p12(1,4)0:p(1,6)0,q(1,t), Vp,q € P. (20)
T 0

defines an inner product in P; moreover the closure Ps; of P endowed with this inner product is a
Hilbert space. The norm defined on Py is

T 1/2
R;=<A¥pJMWP+s/ m%wawa¢W> . (21)
T 0

We now prove the solvability and existence of a control function v for the linear system .

lIp|

Theorem 2. Let any T > 0 be given. For any s > s and B € L?(p, Qr), there exists a unique p € P,
depending only on B such that

(p,a)s= | Bq, Vg€ D (22)
Qr

Then v = spy 2(1,1)d,p(1,t) € L*(p1, (0,T)) is a control function for where z = p~2L*p € L*(p,Qr)
is the associated controlled trajectory, that is z(x,T) = 0 for all x € Q and the operator defined by

A:Brs 2 (23)
is linear, continuous from L?(p,Qr) to L*(p,Qr). Moreover, the following estimate holds for some
constant C' > 0 independent of s:

—1/2

o2l z2(@r) + 5 2 p1vll 20,1y < Cs™32(pB| L2 (Qr)- (24)

Proof. We first ensure the solvability of the variational equation . Since (+,)s is an inner product on
P, it suffices to check that the right hand side of is a linear continuous form on Pi.

1/2 1/2
For all ¢ € Ps: since pB € L*(Qr), we have | [, Bq| < ('fQT |pOB|2> (fQT |p0_1q|2) :
Now, since ¢ satisfies the Carleman inequality (12)), one has HP(Yl(JHLQ(QT) < Cs73/2||q||p,. Thus, we
have

p. < Cs72|pB| 2ol

\/ Bﬂ<csw2m3mm%mq ,
T

since pg = 073/2p < 6,0 (for some constant C>0 depending on T).
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Thus, the right hand side of corresponds to a linear functional on Ps: the Riesz representation
theorem implies the existence of a unique p € P, satisfying the formulation and additionally

Ipllp, < Cs™*2(|pBl12(Qr)- (25)

where the constant C' > 0 is independent of s > sg.
Then, we set z = p~2L*p and v = sp; >(1,4)9,p(1,t). From the equality (22, the pair (z,v) satisfies

T
/ zL*qudt—i—/ v(t)0zq(1,1) :/ Bgq, Vq¢€ P,
T 0 T

meaning that z € L?(Qr) is the unique solution to the linear system associated with the control
function v € L2(0,7T) in the sense of transposition. Eventually, using the estimate for p, we get
that pz = p~'L*p € L*(Qr) and s~ 2pjv = s¥/2p71(1,4)0,p(1,t) € L*(0,T) and deduce the weighted
estimate ([24)). O

Remark 2. The pair of functions (z,v) can be characterized as the unique minimizer of the functional

s T
e =5 [ g [ Ao, (26)

over the set {(z,v) € L*(p,Qr) x L*(p1,(0,T)) solution to with z(-,T) = 0 in Q}. We refer to [18]
for a detailed analysis.

Remark 3. The decomposition y = z +ny' reduces the null-controllability for a system with zero initial
and terminal conditions. This allows to use standard Carleman estimates with weights blowing up both
att =0 and t = T, in contrast for instance to what have be done in [I1), [26]. On the contrary, the

occurence of a non-zero initial data vy would lead the extra term | wuoq(0) in the variational formulation
Q

, while there is no q(0) type term in , Similarly, a zero initial condition avoids technical difficulties
when one wants to get extra reqularity property for the state-control pair, as done in Appendiz[Bl.

2.5 Refined estimate of the state-control pair in H'(0,7;L?(Q2)) x H'(0,T)

We refine Theorem [2| as we improve the regularity estimate for the state-control pair for . This
technical part is crucial in our analysis.
Recall the function ¢ and weight functions p = e*¢, py = #/2p from @ and denote

I;lé%sa(w?t) = 6(t) I;lggsol(x) =0(t) (e —1) = 0(t)¢1,. te(0,7), (27)
and
ps(t) = ngp(%t) = e0Wers gy (8) = 012 (t)pu(t), Ve (0,T). (28)

The following technical result is proved in Appendix [B]

Theorem 3. Let (z,v) € L?(p, Q) x L?(p1,(0,T)) be the state-control for system given by Theo-
rem . Then, for any B € L*(p, Qr), we have the following reqularity estimates

—1/2

—1/2 —1/2
ooz >0z 120y + 572 lIP105 2 Vil 20,7y < C5'?llpBll 120 (29)

and
2l 20,152 (2)) + 1212 0,7522 () < Cse™ || pBl 2@, (30)

for some constants C' > 0 and cs > 0 that do not depend on s > sg.
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Remark 4. The estimate (30)) and the compact embedding L*(0,T; H*(Q))NH(0,T; L*()) — C°(Qr)
in dimension one imply that the controlled solution z belongs to L (Qr).

3 Null-controllability of the semilinear equation

In this section, we prove the null-controllability of the semilinear equation in z, namely of .
Since the initial data ug belongs to L°°(£2), the solution y! to in Qr satisfies y' € L>®(Qr-+).
For any R > 0 and s > sg, we now introduce the class Cr(s), closed subset of L?(p, Qr) and L>=(Q7),
as follows
CR(S) = {26 LOO(QT) N LQ(p7 QT) : ||/z\||L°°(QT) <R, ||p/Z\||L2(QT) < R3/4}' (31)
Assume that the nonlinear function f satisfies the growth condition and for a given z € Cg(s), we
solve the following linearized control system in z,
Oz = Oz = —f(Z+my") +0f(ny') —n'y" in Qr,
Z(Ov ) =0, Z(]-v ) =v in (OaT)a (32)
2(+,0)=0 in Q.
The existence of a state-control pair (z,v) such that z(-,7) = 0 in  is guaranteed by Theorem

Moreover, one has v € Hg(0,7) and z € L>°(Qr) by means of Theorem [3| and Remark 4| respectively.
Now, our aim is to prove the existence of a fixed point for the operator

A : Cr(s) = Cr(s), As(Z) ==z
Recall that Ay(2) = A2 (= [f(Z+ny") —nf(ny")+n'y']) in terms of the notation introduced in Theorem
Claim. In the spirit of [4l [TT] our goal is to show the following properties ;

e there exists some 8 > 0 in|(Hy)|such that the set Cr(s) is stable under the map As.

e — A (Cr(s)) is compact in Cr(s) w.r.t. the topology induced by the norm of L>®(Qr).
— A, is a continuous map in Cg(s) w.r.t. the topology induced by the norm of L>®(Qr).

Then, by the Schauder fixed point theorem, A will have a fixed point z in Cg(s), which will be a controlled
trajectory for the semilinear equation .

e We also show that A, is a contracting map from Cr(s) into itself where Cg(s) is endowed with the
metric associated to the norm [[p - || z2(q,)-

One can then construct a sequence (2, vi)ren+ Which strongly converges in L?(p, Qr) x L?(p1,(0,T))
to a controlled pair (z,v) for . Moreover the convergence holds at least linearly w.r.t. the norm of

Lz(pa QT) X L2(P17 (Oa T))

3.1 Estimate of |A,(2)]|L=(0.)

We begin with the following lemma.

Lemma 2. Assume R > 0 such that |[uol|r2) < RY?, |luollr=() < R and f € CY(R) satisfying the
growth condition There ezists a constant C > 0 independent of s > sg and R, such that for any
z € Cgr(s),

1oL + ") = nf ") + 06" || 2 oy < NElia@n) (C* + B Y R)

+Ce (14 a+ B (a++1)+BWY*R) (1+RY2), (33)

where ¢ := ||90||Loo(szx(f/2 374y and C* is given in Lemmaﬁ

10
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The proof is based on the following result proved in [I7, section 3.4].

Lemma 3 ([17]). Let any m* > 0 be given and assume f € CY(R) satisfying f(0) = 0 and the growth
condition There exists a constant C* > 0 only depending in m* and f, such that for all 7 € R and
for all a € [—=m*,m*],

|f(r+a) = f(@)] < |r|(C* + B> |r]).

Proof of lemma[3 We set m* = ||y*|| L= (g,.) and observe that
ol Z+my") = nf oy + 0"y | 2 g
<[lp[fE+ny") = FoO] | 12 ory + 1A =S 1yl L2 (@) + 17 0¥ L2 (@) -
Lemma [3] then implies
~ " 3/2
lp(fZ+ny") = fOmH)llz2@r) < o2l L2@n) (C + 8w R ) : (34)

Moreover, using [(H1 )| and the properties of the function 7 from and , we get

1/2 1/2
(/ !(1—n)pf(77y1)!2> < (/ P2 (1= )Py (o + B0/ Inyll)Q)
QT Qr

3T
< (at A2 i) ( L] ,,2|y1|2>

1/2

< Cees (a+51ni/2( +B+1)+pmY*R )(1+R1/2), (35)
where ¢ > 0 is defined by

¢ = [0l Lo (x (/2,37 /4 (36)
and ¢ is given in @D We finally have

12 o7 1/2

([ porwe) < ( I p2|y1|2> < e (14 RY2), (37)
Qr Z Ja

Combining (34), and (37), we get the estimate (33). O

Proposition 3. Under the assumptions of Lemma @, for s = so and for all Z € Cr(s), the solution
z = As(2) to the linearized system satisfies the following estimates:

lpzllzz@r) + s~ 2lpr0llaozy < Cs~2l|2la(qn) (C* + B}/ R)
+ Cs™3/%c (1 +a+ B (a+B+1)+ B R ) (1+ RY?). (38)
Moreover, z € L*(0,T; H*(Q)) N H(0,T; L*(Q2)) and
2l (@r) < Cse™* |pllza(ar (C* + BY? R)
+ Csele=es)s (1 ta+ B (a+pB+1)+ B2 R ) (1+RY?) (39)

where C > 0 neither depends on s > sg nor on R, C* is given in Lemmal[3 and ¢,c3 > 0 are given by

and (112)) respectively.

Proof. Put B = — (f(Z+ny*) —nf(ny*) + n'y*) in the linear model (L9). Then the proof follows from
Theorem [2| Theorem [3] Remark [f] and Lemma O
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3.2 Stability of the class Cg(s) for suitable choices of parameters

Lemma 4. Let Cgr(s) be introduced in , Under the assumptions of Lemma@ if 8 in|(Hy)| is small
enough, there exist s and R > 0 large enough such that

As(Cr(s)) C Cr(s)- (40)

A~

Proof. We start with any z € Cgr(s) for s > sp and we look for the bounds of the solution z = A4(%)
(to (32))) with respect to the associated norms. Since z € Cg(s), one has ||pZ]|r2(g,) < R3/* and
|IZ]| Lo (@r) < R. Therefore, the estimate (38|) yields

o212 (@ry <Cs™¥/2R3/* (c*+/31n3/2 R)

(41)
+ Cs™3/2¢08 (1 +a+ B8 (a+B+1)+ B’ R ) (14 RY?).
Similarly, estimate implies
2l (@r) <Cse™** R4 (C* + BIn%/” R)
(42)
+ Cseleea)s (1 +a+ WY (a+B+1)+ WY’ R ) (1+ RY?).
We now fix the parameter s in term of R as follows :
Ly R (43)
=—1In
S 4c + 1Y
for some R > 0 large enough to ensure the condition s > sq.
With this choice of s, the solution z = A4(Z) satisfies, in view of (since z € Cg(s)),
C(4c .
Ioelinin < S Rort (e 4 g1 R)
InY" R
+
C(4 3/2
% (1 +a+8mY (a+B+1)+BmY* R ) (1+ RY?)R'Y*, (44)
In)" R
Now, if 8 > 0 is small enough such that
3/2 1
then, it can be guaranteed for large enough R > 0 that
0(40)3/2 3/4 ( 3/2 1 3/4
A < =
R (0" +8mY* R) < SR,
N (46)

C(4c)3/?

1

3/2 3/2

T(1+a+ﬁln+/ (a+B8+1)+pWY*R )(1+R1/2)R1/4<§R3/4.
InY" R

This yields, in view of (@) that | pz|/r2(q.q) < R¥/%.
Similarly, in view of . and the fact that z belongs to Cr(s), we infer that

C1

ny R .
lzllze(Qr) < 4: R R3/4 (C +Bln3/2 )
+ Cln+ R

4c

R (14a+ 81 (a+5+1)+ A}’ R) 1+ B2, (47)
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Taking 8 > 0 as before, R large enough, we observe that

1 o 1
Ol B s poys (c*+ 8wy R) < SR,
MCg 2
Cln. R 1 (48)
1 c
M: Rr(i-5) (1 +a+ WY (a+B+1)+ B R) (1+RY?) < SR
3
From ({47), this implies that ||z (@.) < R. It follows that z = A,(Z) € Cr(s). O
Remark 5. The smaliness condition on (8 is explicit:
g (49)
2C (4c)3/2’

where C' is the constant appearing in Proposition[3.

Remark 6. Within the relation (43)), Cr(s) is stable for A, for any R > Ry large enough (equivalently
s = so large enough). With the above choices, in view of (46)-(48) and the conditions |Ju||12(q) < RY2
lluol| L () < R appearing in Lemma@, the lower bound sy can be chosen as depending logarithmically

on |lugl| Loe ()

3.3 Proof of the first item of Theorem (1} Application of Schauder fixed point
argument

We prove the first item of Theorem [I] which reads as follows.

Theorem 4. There exists 3 > 0 such that if the function f € C'(R) satisfies (Hy)| then for all uy €
L>(Q) and T > 0, there exists a control v € H}(0,T) and a solution y € L>=(Qr) N L*(0,T; H(Q)) of
such that y(-,T) = 0.

3.3.1 Relative compactness of the set A;(Cgr(s))

Proposition 4. Under the assumptions of Lemma [, As(Cr(s)) is a relatively compact subset of Cg(s)
for the || - || Lo (@) norm.

Proof. This is a consequence of and the compact embedding {z € L(0,T; H*(?)) | 0,z € L*(Qr)} —
C°(Q7) in space dimension one (see [29, Corollary 8 p. 90 and Lemma 12 p. 91]). O

3.3.2 Continuity of the map A; in Cr(s)

Proposition 5. Under the assumptions of Lemma[j, the map A, : Cr(s) — Cgr(s) is continuous with
respect to the L>°(Qr) norm.

Proof. Let (Zn)nen be a sequence in Cr(s) such that z, — Z as n — +oo w.r.t. the L (Qr) norm for
some Z € Cg(s).
Let z, = As(Z,) and show that z, — z := A,(Z) as n — 400 w.r.t. the same norm.

Since f € C*(R), f is uniformly continuous in [—R, R] implying that

fGn+my') = fE+ny') in L®(Qr) (50)

and since (p[f(Z, +ny') —nf(ny') + n’yl])neN is bounded in L?*(Qr) (see Lemma , we infer that

p[fGn +ny) —nfny") +0'y'] = p[fE+ny") —nfny') +1'y'] weakly in L*(Qr).  (51)
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On the other hand, from Theorem for all n € N there exists p, € P, and p € P, such that
2n = p2(s)L*p, and z = p~2(s)L*p where p, and p are the unique solution of associated to
By, = fZn +ny") —nfnyt) + 0’y and B = f(Z+ny') — nf(ny') + n'y! respectively. Recalling the the
bound for p,, we infer that p,, — p weakly in P,, which yields, since L?(Q7) = L*(P) to z, — z
weakly in L?(Qr). But A;(Cgr(s)) is a relatively compact subset of Cr(s) for the || - ||z (q,) norm (see
Proposition 4)) and thus z, — z in L*°(Qr). O

3.3.3 Proof of Theorem [4]

Suppose that s is given by and (3 satisfies . Since Cg(s) is a closed convex set of L>®(Qr), by
Lemma [ Propositions [4] and [f] we deduce from the Schauder fixed-point theorem that there exists a
fixed point z € Cr(s) of the map A,. Therefore, by construction of Ay, there exists v € L?(py, (0,7))
such that z € L?(p, Qr) is the unique solution of the null controllability problem associated with v.
Moreover, by Theorem [3} v € H}(0,7) and thus z € L2(0,T; H*(Q)) N H*(0,T; L*(2)).

Then, we recover the controlled solution ¢ of our main semilinear problem from the decomposition

y = z + ny' associated to the same control function v as above, and that satisfies y € L®(Qr) N
L2(0,T; HY(Q)), and y(-,T) = 0. This ends the proof of Theorem |4} that is the first item of Theorem

Remark 7. The C! regularity assumption made on the function f in Theorem'Zl is technical and the
consequence of the decomposition allowing to apply to z the Carleman estimate , which involves
blowing up weights at the initial and final time. In order to avoid this decomposition and assume only
f € CO(R) as in [11)], one would need to replace the estimate by an estimate without blowing up
weight at time t = 0 (as the one used in [11], see Lemma 2.1 and developed in [1, Theorem 2.5] in an
interior situation). The adaptation of [1, Theorem 2.5] to a boundary situation remains to be done.

3.4 Proof of the second item of Theorem Application of Banach fixed
point argument

We prove the second item of Theorem [1} Precisely, we prove that Ay is indeed a contracting map on the
class Cr(s) w.r.t. L?(p, Q) norm. This leads to a constructive method to find its fixed point.
We endow the convex set Cg(s) to the metric associated with the distance function d(z1,22) =

lp(z1 — 22)ll22(Qr)-

Proposition 6. Assume that f € C(R) with f(0) =0 satisﬁes with > 0 as given by ; s and
R as chosen in Lemmal[jl Then, the following holds

d(As(22),As(71)) < d(22,71), VZ1,%2 € Cr(s) (52)

1
2

and implies that As is a contracting map from Cgr(s) into itself w.r.t. the metric d.

Proof. Let 21,23 € Cr(s). We have Ay(2;) = AY(—=[f(Z; —nf(ny")+n'y")]), j = 1,2. But A? is linear and
continuous from L?(p, Qr) into itself and therefore, Ay(Z2) — Ag(21) = AYU(—[f(Z2 + nyt) — f(Z1 +nyb)]).
Then, from we get that

lp(As(Z2) = AsGi)lz2(@r) < Cs*2llp(f(Z2 +1y") = fE+ 0y ) L2 (@r)-
Then, we can use to deduce

2((a+ B+2))
lni/zR

i
1p(As(Z2) — As(31)) | £2(gmy < C(4c)*? (“ o + /3) 132 = 2)l200)s (53)

since s is given by . But recall that C(4¢)*/?8 < 1/2 from , which gives the required result as
soon as R is large enough. O
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Theorem 5. Assume that f € C*(R) with f(0) = 0 satisfying [(H})| with 8 > 0 satisfying {A9); s and R
as chosen in Lemmal[fl Then, for any zo € Cr(s), the sequence (zi)ren+ C Cr(s) given by

Zk+1 — As(Zk), k 2 0,

together with the associated sequence of controls (vi)gen+ C Ha(0,T) strongly converge in L?(p,Qr) X
L2(p1,(0,7)) to a pair (z,v) such that (ny' + z,v) is a state-control pair solution of (I). Moreover, the
convergence is at least linear with respect to the distance d.

Proof. The convergence of the sequence (zx)ren toward z = A4(2) € Cr(s) with linear rate follows from
the contracting property of Ag:

lp(z = z6)llL2(@r) = lp(As(2) = As(zh-1))l| 22 (Qr)

1 1
< 27”/0(2 - ZO)||L2(QT) < 2k_1R3/4‘

Let now v € H}(0,T) be associated with z so that z — z;, satisfies, for every k € N*

(2 —21) = Ouulz — ) = —=[fz+my") — flze—r +y")]  in Qr,
(Z - Zk)(07 ) =0, (Z - Zk)(]-v ) = (”U - vk) in (OvT)a (54)
(2= 21)(0) = (z — 2)(- T) =0 in Q.

Estimate then implies (recall s = 4% Iny R)
lpr(v = vi)llL2ory < Cs™H|p[f (2 +ny") = fzr—1 + D] || 12

Mec
<O (ot B+ B+2) + B> R) oz — 21-1)ll12(on)
n+R

and therefore the convergence of the sequence (vy)ren+ toward a null control for is at least linear. [

Remark 8. The constant appearing in front of ||p(s)(Z2 — 21) || 12(Qqr) (see (B3)) is getting smaller as R

(consequently s) getting larger (provided B is small enough). In particular, if f satisfies | |lim ll%(;‘)‘l =
r|—-+oco 0, |T

0, then, for any given € > 0 (however small), the map As is e-contractive for large enough s > sp.

Consequently, the speed of convergence of the sequence (zx)r>1 introduced by Theorem increases with s.

4 Numerical illustrations

We present some numerical illustrations of the convergence result given by Theorem [5|and emphasize the
influence of the parameter s. More precisely, for s large enough, we compute the sequence (zg, vr)ren
solution to

Oz — Opozi = —f(ze—1 +ny') +nf(ny') —n'y' in Qr,

2(0,-) =0, zk(l,") = v in (0,7), (55)

2k(,0) =2,(-,T) =0 in Q,

obtained through the variational formulation with the source term B = — f(zx—1 +ny') + nf(ny') —
n'y'. We first sketch the algorithm by closely following the work [11] and then discuss some numerical
experiments obtained with the software FreeFem++ (see [20]).

Construction of the free solution component y'. At first, we need to construct a component
y! satisfying the semilinear problem . To do so, we employ the least squares variational approach
developed in [28] (actually for studying the numerical null-controllability of heat equations) well adapted
to a space-time approximation.
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4.1 Construction of the sequence (zy, vy)r>1

Starting with some suitable initial guess zg € Cr(s), we can obtain the solution zj to with a control
v based on Theorem [2] Assume that the value of the Carleman parameter s satisfies Lemma [4] Then,
for each k > 1, we define the unique solution p, € Ps (see Theorem [2)) of

(Prs @)s = / (= f(zo—1 +ny") +nf(y") —n'y") qdzdt, Vg € P (56)

T
Then, we set z; = p~2L*py, (recall that L* = —9; — 0,,) in Qr and vy = spl_Q(l, )0zpr(1,-) in (0,T).

The numerical approximation of the variational formulation has been addressed in [I5 [16]. A
conformal finite dimensional approximations, say P of Ps, leads to a strong convergent approximation
Dk.,n of pi, for the P; norm as the discretization parameter h goes to 0. Then, from pj n, we can define
the approximated controlled solution z j := p’zL*p;ﬁh and vy p, == 5p1_2(1, )O0zpi.n(1,-) in [0, T1.

The sequence (zx, Vi) k>1 is initialized with (zg,v9) = (0, 0) so that (21, v1) is the solution to the linear
system with the right hand side B = —f(ny') +nf(ny') —n'y'. We perform the iterations until the
following criterion (based on Proposition [6) is fulfilled

lp(zk+1 — 21l 22(Qr)
lpzkllL2(Qqr)

<107°, (57)

We denote by £* the smallest integer k such that holds. Remark that, since the weight p is strictly
positive, the convergence of the sequence (pzy)ren (stated in Proposition@ implies the convergence of the
sequence (z)ren. Finally, we express the solution-control pair (yg«, vg) of the main semilinear problem

(1) as follows:

{yk* =yt + 2 =yt +p 2Ly in Qr, (53)

Ve = sp7 (1, ) 0upr+ (1, ) in (0,7,
where y! is obtained numerically as mentioned earlier.

Concerning the approximation of the formulation , we use a conformal space-time finite element
method. We introduce a regular triangulation 7, of Qr such that Q; = U e, K. We assume that
{Th}n>0 is a regular family, where the index h is such that h = max diam (K). We then approximate

€Tn

the variables pj, in the space Vj, := {v, € C*(Q7) : vn|x € P(K), VK € T;,} C P, where P(K) denotes
the composite Hsieh-Clough-Tocher C' element defined for triangles. We refer to [8, page 356] and [3]
where the implementation has been discussed.

4.2 Numerical experiments
In this section, we make several numerical experiments related to our boundary null controllability of
the semilinear heat equation. In this way, we can numerically observe the convergence of the sequence
(2k; Vk)k>1 tO a state-control pair of the semilinear system (according to Theorem .
4.2.1 Experiments with nonlinear growth rIn®?(2 + |r|)
Let us consider the nonlinear function as follows:

f(r):cfr(a+ﬁln3/2 (2—|—|r\)), (59)
with a = 8 =1 and ¢y € R*. We also consider the following data

{T =05, TF=T/2,
(60)

U (x) = ¢y, sin(mz) Vo € Q, with ¢,, > 0.
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Moreover, the function 7 introduced in the decomposition and appearing notably in is defined
as the C1([0,T]) function constant equal to one in [0,7*/2], constant equal to zero in [37*/2,T] and
polynomial of order 3 in [T*/2,3T*/2].

Last, the value of the parameter A = )\q is taken equal to 0.02 in @D

Finally we employ a regular space-time mesh of the domain Q7 = (0,1) x (0,0.5) composed of 40 000
triangles and 20 301 vertices corresponding to a discretization parameter h == 7.07 x 1073.

I. Experiments for fixed (¢, c,,) w.r.t. the parameter s. Let us make some experiments for fixed
parameters ¢y (associated with the nonlinear function) and ¢, (associated with the initial data). We

first choose ¢y = —1.5 and c,, = 15, and present several norms of the state-control pair in Table W.r.t.
s€{1,2,3,4}.

s | lzesllzzr) | pzesllzzr) | Nk llzz@r) | lvesllzzory | vk llzeom) | K*

1| 8.658 x 10~* 1.440 4.024 1.811 3.969 10

2| 8.673 x 107! 2.182 4.100 2.037 4.890 9

3| 8.924 x 107! 3.325 3.999 2.215 5.633 9

419312 x 107! 5.086 3.992 2.382 6.335 8

Table 1: (cy, cuy) = (—1.5,15); f(r) = cpr(1 + In*2(2 + |r])); Norms of zg+, ygs, Ugs W.I.t. s.

But as soon as we increase the value of |cs|, the convergence for a given s is lost. For instance, if
we choose ¢y = —2.5 (with the same value ¢,, = 15), we check that s = 1 is not large enough to imply
the Banach contraction property (ensuring the convergence of the algorithm w.r.t. the criterion )
Then, by choosing s > 2, we recover the required convergence criterion . The results are provided in
Table 2

s | 2k le2@r) | P2k llez@r) | ok lle2@r) | vk iz | vk llo=o1) | K
2 14.595 41.827 17.597 27.901 69.078 31
3 13.372 55.104 16.416 25.779 68.826 26
4 12.604 75.003 15.578 24.466 69.231 22

Table 2: (¢, cuy) = (—2.5,15); f(r) = cpr(1+*2(2 + |r])); Norms of ze, ygs, vgs W.r.t. s.

lo(zk+1—21)ll L2 . .
L@1) wrt. to the iteration number

Figure [1 depicts the evolution of the relative error
szkHL2(QT)

k for s € {1,2,3,4}. In agreement with Remark [8] we observe that the decay of the error is amplified
with larger values of s. We also observe in Table 2| that the weighted norm ||pzg«||12(0,) increases as s
getting larger in agreement with the fact that the weight p increases with s (they behave like e**®)). We
also observe that the norms ||zx+ || 2 (@, (consequently |yx«||z2(0,)) and [[vg||£2(0,) of the control-state
pair are monotonous with respect to s.

II. Evolution of the controlled solutions. In this part, we present some figures of the controlled
solutions and the associated controls for the semilinear system.

We first consider ¢y = —1.5 and ¢,, = 15. Figure left depicts the boundary control functions v«
for s € {2,3,4} for our semilinear problem and in Figure right, we plot the evolution of the norms
llyrs (-, 1) || L2y W.r.t. time ¢ (yp+ is given by ) Remark in particular that the the control functions
vanish at ¢t = 0 and ¢ = T in accordance with our construction given by .

For higher values of negative cy, the norms ||vg ||z (0,7) and ||yx+|/z2(@,) are comparatively larger
than the ones with lower values of negative c¢ as one can compare with Tables [1|and @ see also Table @
This can also be observed in Figure @ Left and Right, where we consider ¢y = —2.5 and choose the same
values of ¢, and s as before, and plot the control functions as well as the norms of solutions w.r.t. time.
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||P(Zk+lfzk)“L2(QT)

Figure 1:
llpzk ||L2(QT)

w.r.t. iterations k for (cf,cyu,) = (=2.5,15); f(r) = cpr(1+ > 2(2 + |r])).

ly (- )l 220

—_— =4

Figure 2: ¢y = —1.5, ¢y, = 15 and f(r) = ¢sr(1 +10*/2(2+ |r])); Left: Control functions vy~ for different
s; Right: Evolution of ||yx- (-, 1) z2(q) w.r.t. time ¢ for different s.
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Figure 3: ¢y = —2.5, ¢y, = 15 and f(r) = ¢sr(1 + %22+ |r|)); Left: Control functions vy~ for different
s; Right: Evolution of ||yx- (-, )| r2() w.r.t. time ¢ for different s.

Finally, we compare the controlled solutions for ¢; = —1.5 and —2.5 by Figures @-left and right
respectively, when the parameters c¢,, = 15 and s = 4 are fixed.

1

10 [y
.-~ -
- 8 -20
B o =4 L
- XX N
= 0 .
R
60 L
-10 \ SH‘\\‘:\Q‘:\\‘“\\\
0 i\ i‘é“‘:‘“\\“\\\
0 L

O
AR
R
R
<0

‘\\
R

Figure 4: Controlled solutions y- for s = 4, ¢,, = 15 and f(r) = ¢yr(1 + 1022+ |r|)); Left: ¢y =—1.5;
Right: ¢y = —2.5.

s IIL. Experiments for fixed (s,c,,) w.r.t. cy. In this paragraph, we fix the Carleman parameter
and the initial data, and consider several values of ¢y to study the number of iterations for which the
s solution component zg+ satisfies the criterion . Table [3| reports some values corresponding to s = 3
and c,, = 15. As expected, larger negative values of ¢y leads to larger norms of the state-control pair;
we also observe that the required number of iterations k* increases with large negative values of ¢, for
example when cy = —2.9, the number of iterations is £* = 79 to satisfy the convergence criterion. For
larger negative cy, for instance ¢y = —3, the algorithm fails to converge, which is somehow in agreement
10 with the smallness assumption on g8 in our Theorem

On contrary, when ¢y > 0 (implying 7 f(r) > 0), the algorithm is more favorable in the sense that

11
the norms of the state-control pairs are much smaller. We can also observe this phenomenon in the

12
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Figure Left and Right, where we respectively plot the control functions vi« and the evolutions of
lyr= (-, )l 22(q) for ey € {—2,0,2}. For ¢y = —2, we get ||[vg«||L(o,7) ~ 15.781 whereas for c; = 2, it
reduces to [[vgs|| Lo (0,7) &~ 2.343 x 107!, The case ¢y = 0 corresponds to the linearized model with the
norm ||[vgs|| e 0,7y & 9.469 x 10~1; see Table [3| for the details. In Figure we see how the L? and L>
norms of the control functions changes w.r.t. negative to positive values of ¢y according to the fifth and

sixth columns of Table Bl

cr | Nz lle2@e) | llpzi 2@ | Wk ll2@e) | Nvrrllz2or) | vkl | K
-2.9 92.063 586.555 91.532 128.472 463.126 79
-2.5 13.372 55.104 16.416 25.779 68.826 26

-2 2.604 9.841 6.079 6.132 15.781 13

—1 | 4.185x 107! 1.555 3.154 1.064 2.690 7

0 1.442 x 107! | 5.360 x 10! 2.371 3.750 x 1071 | 9.469 x 107! | 1

1 6.582 x 1072 | 2.454 x 107! 1.979 1.729 x 10~' | 4.402 x 107! | 6

2 [ 3434x1072 | 1.287 x 10! 1.735 9.067 x 1072 | 2.343x 1071 | 7

3 1.932 x 1072 | 7.294 x 1072 1.564 5110 x 1072 | 1.349 x 10~ | 8

4 1.140 x 1072 | 4.346 x 1072 1.436 3.014 x 1072 | 8170 x 1072 | 9

5 | 6.964 x 1073 | 2.683 x 10~2 1.337 1.835 x 1072 | 5.127 x 1072 | 12

Table 3: (s,cy,) = (3,15); f(r) = cpr(1 + In®/2(2 + |r])); Norms of zgs, Y+, vp+ W.I.t. cy.

— N

~
=
S
=
S
— =
+ =
S -
N
>

0 0.1 0.2 0.3 0.4 0.5
t

Figure 5: (s, cu,) = (3,15); f(r) = ¢pr(14+n*2(2+|r|)); Left: Control functions vg~ and Right: Evolution
of |yr+ (-, )| 2(q) w.r.t. time t for ¢y € {—2,0,2}.

IV. Experiments for fixed (s,cs) w.r.t. the parameter c,,. Let us now fix some suitable param-
eters s (preferably large) and c¢; (preferably small) and then vary the size of the initial data ug in terms
of the parameter ¢,,. We give some results in Table {4 for (s,c;) = (4,—1). One can observe that for
large ¢, also, the algorithm converges which gives the evidence of the global null-controllability for our
semilinear system with the suitable choice of Carleman parameter s and ¢y (that is 3, according to
Remark .

Since we choose initial data with very large norms, the critical time 7™ is going to be small for the
existence of solution component y' to the system . So, in this case we set T* = T'/4 in order to
ensure that y' exists in Q7. However, as expected, when we choose large initial data, it needs more
number of iterations to fulfill the convergence criterion of our algorithm; we refer Table [4] for several
experiments.
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Figure 6: (s, cuy) = (3,15); f(r) = cpr(1+1n%2(2 + |7])); |luge 20,7y and [[vgs||Loe 0,7y W.r-t. ¢ as per
Table Bl

Cuo | ll2lle2 @y | P2k llzz@r) | I9n-llzz@r) | 0w llzzco.my | 0%+ llLoeory | B
50 5.36 47.53 12.21 11.38 37.45 9
100 16.17 137.71 29.75 33.70 107.53 10
200 53.29 431.01 79.22 107.97 328.22 13
500 299.04 2237.48 354.41 559.79 1558.72 18
1000 1231.87 8861.49 1321.78 2016.46 5306.94 24
2000 5480.22 40112.3 5616.31 7053.28 18215.7 35
3000 13521.5 103650 13688.6 14821.8 36996.3 50
4000 26061.5 209478 26249.9 26927.7 68651.5 75
5000 43839.6 367751 44041.6 46173.5 132244 119

Table 4: (s,cy) = (4,—1); f(r) = cpr(1 + ln3/2(2 +|r])); Norms of zg+, Yp«, Uks W.I.b. Cyq-

1 V. Experiments for fixed (s,cy,c,,) w.r.t. different diffusion coefficients. The boundary con-
> trollability of our semilinear problem still holds true for the heat operator L, = 0; — v0,, with any
3 diffusion coefficient v > 0. In this paragraph, we make some numerical experiments when the coefficient
+ v > 0 is smaller than 1. More precisely, we make some simulations in Table [5| with the choices of data as
s given by for some fixed s, ¢y, and ¢y and w.r.t. v. It is observable that for v smaller, the norms of
s the solution-control pair is comparatively larger; also it needs more iterations to satisfy the convergence

7 criterion (see Table |5)).

v |z llzze | ez llzze | ks lzz@r) | vk lleor) | 1ok ooy | K
0.3 10.081 36.637 10.244 29.284 71.334 40
0.4 4.865 17.312 5.968 13.492 34.349 8
0.5 2.566 9.01 4.427 7.105 18.393 6
0.7 | 8.356 x 10! 2.974 3.342 2.301 5.691 6
1.0 | 2.333 x 10~ | 8.665 x 10! 2.680 6.013 x 1071 1.517 5

Table 5: ¢y, = 15; (s,cf) = (3,—0.5); f(r) = cpr(1 + In®2(2 + |r])); Norms of zgs, Y+, g+ W.I.b. V.

8 In Figure Left we depict the control functions for s = 3, ¢y, = 15 and ¢y = —0.5 when v €
s {0.3,0.4,0.5}. For the same values of s, ¢,, and cy, in Figure E-Right we compare the evolution of the
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=100

L?-norms of the solutions w.r.t. different diffusion coefficients. Finally, we present the controlled solutions
for v € {0.3,0.5} in Figure[§]

80

—_1 = 0.3
60—y =04 ]
—v = 0.5

0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

Figure 7: ¢,, = 15; (s,cy) = (3,—-0.5); f(r) = cyr(1 + In*2(2 + |r|)); Left: Control functions vg+ and
Right: Evolution of [[yg«(:,t)||2(q) w.r.t. time ¢ for different diffusion coefficients v.

Figure 8: Controlled solutions yj+ for s = 3, ¢y, = 15, ¢; = —0.5; f(r) = ¢;r(1+In*2(2 + |r])); Left:
v = 0.3; Right: v =0.5.

VI. Experiments with some localized initial data. Let us now make some experiments with the
initial H'(0,1) data

ug(z) = e~ 100017 2 e (0, 1). (61)

The nonlinear function is again f(r) = cf(a + BIn*2(2 4 |r|)) with ¢y = —2.5. In Table @ we present
the results for different values of s when the diffusion coefficient is v = 0.5. In this case, we check that
s = 1 is not large enough to imply the Banach contraction property w.r.t. the stopping criterion . By
choosing s > 2, we recover the required convergence criterion. We plot the associated control functions
and the evolution of the L?-norms of the solutions y;- w.r.t. s € {2,3,4} in Figure El: Left and Right
respectively.
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s | Nz llzzr | llpzesllzze) | llwkllzz@r) | lvellzzory | vk llo=r) | K
21 7.229%x 1072 | 1.715 x 10~ | 1.122 x 107! | 1.923 x 10~ | 4.683 x 10~! | 27
317798 x 1072 | 2715 x 10~ | 1.156 x 10~ | 2.079 x 10~ | 5.322 x 10~! | 13
418289 %1072 | 4219 x 107" | 1.185 x 107! | 2.215 x 10~! | 5.909 x 10~! | 10

Table 6: ug(z) = e~100@=0.1% ;, — 0 5; cp=—2.5; f(r)=cpr(l+ In®2(2 4 |r])); Norms of 2+, Yes, Vi
w.r.t. s.

0.4

0.4

—_—s =2 —_— = 2
02|53 T
T l—s=4 0.3 —s =4
S
-~ fr—
Y =02+
0.2 | =
0.1
0.4 |
0.6 ‘ ‘ \ ‘ 0 : : ‘ \
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 ; 0.3 0.4 0.5
t

Figure 9: ug(z) = e~ 10000}, — 0.5, cr=—2.5; f(r) = cfr(1+1n3/2(2+ |r])); Left: Control functions
v+ and Right: Evolution of [Jyg(-,t)||z2(q) w.r.t. time ¢ for different values of s.

We also make some experiments w.r.t. different diffusion coefficients v when c¢; = —2.5 and the
Carleman parameter s = 4. We refer Table [7] for several values upon experiments and Figure [T0} Left
and Right respectively depicts the associated control functions vy» and the evolutions of |y« (-, t)||z2(q)
w.r.t. t. In Figure Left and Right we respectively plot the controlled solutions yg« for v € {0.3,0.5}
when (s, cf) = (4, —-2.5).

v |z ez | lpzesllzze) | llvkllez@r) | lvellzzor | vk llo=or) | K
0.3 | 2.837 x 107! 1.453 2.785 x 101 | 8.338 x 10~* 2.080 55
0.4 | 1.475x 107! | 7.467 x 10~ | 1.653 x 10~! | 4.034 x 10~! 1.045 16
0.5 | 8289 x 1072 | 4219 x 10" | 1.185 x 10~ | 2.215 x 10~ | 5.909 x 10~ | 10
0.7 | 2968 x 1072 | 1.545 x 107" | 8.279 x 1072 | 7.878 x 1072 | 2.063 x 10~ | 8
1.0 | 8.653 x 1073 | 4.711 x 1072 | 6.343 x 1072 | 2.260 x 1072 | 5.915x 1072 | 6

Table 7: ug(x) = e~ 100(==0.7)%, (s,cp) = (4,—2.5); f(r) = cpr(1 + In®2(2 + |r[)); Norms of 2+, Yps, Vgs

w.r.t. v.

¢ 4.2.2 Experiments with quadratic growth nonlinearity

In order to enhance the importance of the assumption [(H )| on the first derivative of f, let us consider
the following nonlinear function

f(ry=—-r% VreR

which does not satisfy the assumption |(H})l It is known that, with this kind of nonlinearity one can
at most expect the local null-controllability of the system, meaning that the choice of the initial data

(62)
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Figure 10: ug(z) = e 10000 (5 ¢y = (4, —2.5); f(r) = c;r(14+In*/2(2+|r|)); Left: Control functions
vg+ and Right: Evolution of ||y« (-,)[|2(q) w.r.t. time ¢ for different values of v.

Figure 11: Controlled solutions yy« for ug(z) = e~100(@—0.7)%, (s,cp) = (4,-2.5), f(r) = Cfr(1+ln3/2(2+
|r])); respectively for v € {0.3,0.5}.
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should be small enough to achieve the controllability. We shall numerically observe this phenomenon
(using our algorithm) in Table [8} where we get that the number of iterations are larger associated to
larger initial data. For instance (with the initial data ug(z) = ¢y, sin(nz)), when ¢,, = 12 the number of
iterations is k* = 12 to fulfill the convergence criterion whilst by taking c¢,, = 13, it needs k* = 31.
Moreover, the associated norms of the solution-control pairs are significantly larger for ¢,, = 13 than
for ¢,, = 12. Testing the algorithm with slightly larger c,,, namely with ¢,, = 13.1, we observe that
the number of iterations increse to k* = 51 and |Jvg+ | 1 (0,r) & 51.183 whereas for c,, = 13, we have
vk~ || Loo (0,7) = 26.761.

Figure Left and Right respectively plot the control functions and the L?(€2) norm of the solutions
w.r.t. the time variable. For larger initial data, for instance when c,, > 13.2, numerically we observe the
blow-up phenomenon of the solution.

cuo | 2k llzz@r) | Pz llzz@ry | Nyrsllzz@r) | vk llzzor) | llvasllzeor) | K*
10 | 3.545 x 10~* 1.311 2.601 9.157 x 10~* 2.331 8
11 | 5.376 x 10! 1.984 3.252 1.387 3.547 9
12 9.539 x 10~1 3.508 4.373 2.465 6.374 12
12.5 1.472 5.394 5.511 3.825 10.081 16
12.7 1.875 6.861 6.328 4.903 13.156 19
12.9 2.632 9.625 7.803 6.966 19.459 26
13 3.426 12.565 9.299 9.144 26.761 31
13.1 5.927 22.307 13.432 15.512 51.183 51
Table 8: s = 3; f(r) = —1?; up(x) = cy, sin(mz); Norms of 2+, Yr+, Vgs Wb Cyp.
25
5 —cy, = 10
0 —\_ —cy, = 11
v al —Cyy = 12
5 & 1 g Cyy = 13
1ol ,:i 15 | 1
S 451 <
10 =
R =—Cyy =
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-30 : : :
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Figure 12: s = 3; f(r) = —r?; ug(x) = ¢y, sin(rx); Left: Control functions v+ and Right: Evolution of
llyrs (-, 1) || L2(q) w.r.t. time ¢ for different values of cy,.

It is also interesting to make some experiments for fixed c,, when the Carleman parameter s varies.
From Table [8| we recall that for ¢,, = 13, the number of iterations is k* = 31 to achieve the stopping
criterion when s = 3. Now, for this particular value ¢,, = 13, our goal is to see the changes of
iteration numbers as well as the norms of the state-control pair for different values of s, namely for
s € {2,3,4}. We refer Table |§| for the results. The associated control functions and evolution of the
solutions (in terms of L2-norms) for s € {2, 3,4} are given by Figure Left and Right respectively.
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s | 2k lle2@r) | pzillez@r) | ok ll2@r) | vk 2oy | [k llo=r) | K
2 3.135 8.018 9.362 8.139 22.416 35
3 3.426 12.565 9.299 9.144 26.761 31
4 3.752 19.604 9.243 10.064 30.919 29
Table 9: ¢, = 13; f(r) = —r?; Norms of 2+, Y+, v+ W.Ir.t. s.
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Figure 13: f(r) = —r?; wug(r) = 13sin(nx); Left: Control functions vy~ and Right: Evolution of

lyr= (-, )l 22(q) W.r.t. time ¢ for different values of s.

5 Concluding remarks

By adapting some arguments recently introduced in [4] devoted to a wave equation, we have established
the null boundary controllability of a semilinear heat equation of the form 9,y — 9.,y + f(y) = 0. The
proof of the controllability is direct as it is not deduced from an interior controllability result by the way
of the domain extension method. This provides a direct estimate of the cost of control in term of the data.
A simple fixed point operator for which the nonlinear term is seen as a right hand side is introduced and
proved to satisfy the Schauder theorem as soon the C! function f satisfies the usual asymptotic growth
condition considered in the interior case in the literature. Then, assuming a similar asymptotic
condition on f’, namely we have proved that the fixed point operator is contracting yielding a
strongly convergent sequence to a controlled solution for the nonlinear heat equation. As in [4] but also
in [IT] 26], the analysis emphasizes the role of the Carleman weights parametrized by the real s.

A key point in the application of the above fixe point theorems is a regularity property for a state-
control pair of a linear heat equation. Precisely, we have proven that the unique control-state pair (y, v)
for

8t2 — amz =B in QT7
Z(Oa):()v Z(la'):u in (OaT)a
2(,0)=0 inQ

with B € L*(Qr) which minimizes (z,u) — ||pzl|72(g,) + Ilpoull72(o ) among the admissible state-
control pairs enjoys the regularity L2(0,T; H(Q))NH'(0,T; L*(Q)) x H&(0,T); in particular, in our one
dimensional setting, this optimal pair is uniformly bounded. To our knowledge, this crucial regularity
property obtained from technical developments is original for the heat equation.

Following standard arguments (see for instance [I1 [I7]), the analysis can be extended to address
the controllability to trajectories. Moreover, by extending the above regularity property, we may also
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consider multi-dimensional situations as well as boundary Neumann actuations.
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Appendices

A Proof of Proposition

Let a >0, 8> 0, M > 0, g be a continuous function on R? satisfying the growth condition |g(t,r)| <
Ir| (o + ﬂlnj_/2 r|) for all t € R, and ug € L*(2) such that [Ju|/z2(q) < M. There exists Ty ., > 0 and
w € C([0, Ty uo); L2(2)) N L2(0, Ty uy; HE(2)) solution of on Qr, . We refer for instance to [5]. Let
us check that T, can be chosen independently of g and ug but only in term of the parameter «, 5 and

g,u0
1
fat/ \u|2+/ |5‘mu|2:/g(t,u)u
2 Ja Q Q

M > 0 where |Jug||r2(q) < M.
16 2 Apul® < ||g(t
50t [ul + [ [0zul® < |lg(t, w) L2 llull 2@
Q Q

We have, on (0,74, )
3/2
< Mul(e+ B )l 22 o) lull 2 @)

3/2
< allullZzq) + ﬁ||UHL/3(Q)||UHL2(Q)~

and thus, since In%/? |r| < /[7],

But,
2/3 1/3 2/3 1/3
lull o0y < llull gyl 1= o) < Cllull ot 10:ul g,
and thus 1
3/2 1/2
lull ey < Cllullzzlldsull siq) < CBllulz@) + 5105l 2 )

This gives

1

300 [ 1+ [ 0. < alulla oy + CBullfs o) + ellzzo |05l 2o
and thus

o /Q ul? + /Q 1Beul? < 20+ 1)[ull2(y + CHullEa(y = Gap (lul20)

where Gy, 5(r) = (2a+1)r 4+ CB2|r|?/2. Since G, s is bounded in the bounded sets of R, there exists (see
[30, Lemma 6, p. 1098]) T* = T, g,m (so independent of the choices of g and ug but only on the norm
luo||2(0) < M and the parameters o, 3) such that for all 0 <t <T™* :

t
)220 + / / 1Oaul? < ol + 1, (63)

which shows that T,

g,uo

30], it is easy to prove that T™ is greater than
2a(

can always be chosen greater than T*. Moreover, following the proof given in
for some ¢ = ¢(€2) > 0.

1
M+1)+cp(M+1)3/2
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B Proof of Theorem [3

Assuming the right hand side B € L?(p, Qr), we prove regularity properties for the state-control pair
solution of given by Theorem [2 We start with the regular case B € D(R; L?(2)) then conclude
by a density argument. The procedure is similar as the one used in [4] devoted to the wave equation
(see also [12]) and consists in using appropriate test functions in the variational formulation SO as
to make appear some derivatives of the state-control pair. The group property has been used in [4] [12]
devoted to the wave equation to extend solution out of the time interval (0,7T), in particular for ¢ < 0. As
mentioned in [I2], Section 6], this is no longer possible for the heat equation considered here. Hopefully,
the particular structure of the Carleman weights allows to extend appropriate weighted solution.

Definition 1. For any Banach space E, f € CO(R; E) and T # 0, we define

=g (51 (-5),

ﬁf:%&(%i>=f@+ﬂ—2ﬂﬂ+f@—ﬂ (64)

72 ’

5 f(t) = f(t+7) - (2).

Remark that T (f) = %(&f(t) — 5 f(t — 7)).

First, in view of the structure of the weight p(z,t) = e*?®#1(®) (see (9)), we extend by 0 on (—oo0,0] U
[T, +00) any negative power of p : more precisely, we shall use that for all @« € R and 3 > 0: 0°p~8 ¢
C>®(R;C>=(Q)) and 6%p;” € C®(R;C>°(Q)). Similarly, since 6, = (2t — T)62, we shall consider the
following extension :

. s(T —2t)0%p1p~ ! fort € (0,T),
(P~ )= (65)
0 for t € (—o0,0] U [T, +00),
. s(T —2t)0%p,p. ' fort € (0,7),
(px = (66)
0 for t € (—o0,0) U [T, +00),
and
_ —s0(p1)zp~ " fort € (0,T),
(p 1):8 = ‘ (67)
0 for t € (—o0,0] U [T, +00),
(5 )as = —50(p1)aep " + 5°0%|(01)a " for t € (0,7), (68)
P e 0 for t € (—00,0) U [T, +00).
Recalling that py L= 9=1/2p-1 we shall also use in the sequel the derivative
Hﬁlmpfl +5(T —26)03 20, p7t == y(t)p5 L fort e (0,7)
(pza)e=q 2 ’ ’ " o (69)
0 for t € (—o0,0] U [T, +00),
with T_ o
Y(t) = ; 0+ s(T — 2t)0%.. (70)
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5

Lemma 5. Let p € P is given by Theorem @ Then pg_ip € P and the function p defined by

_ fpaap i (0,7),
0 in R\ (0,T)

also satisfies p € P. Moreover, there exists a constant C > 0 such that

IL*(p2,P) |22 (@r) < ClIpll. - (71)

Proof. From the Carleman estimate , since Pz_i < Cp2_1 < Cpl_1 < C’pa1 for some C' > 0 and
(p2,0)ip € L*(Qr), we get py,p € P; thus py,p € C([0,T]; L*(Q)) and thus p € L*(R; H*(Q) N Hg (<))
Moreover, since 92p£i < C,oal7 pgi < Cp;1 and pglp € L*(Qr), pglpt € L*(Qr), we get that
(piip)(O) = (pz_ip)(T) = 0; therefore pg_;p € H(0,T; L3(€2)). Tt follows that p € H*(R; L?(2)) and that
p € P. Furthermore, Carleman estimate (12]) yields

IL* (2 a) 720 < 201025 (Pt + Pao) 2y + 20 (P20 )ePlIE2 (1)

<2 L p|2a gy, + CT?s? / 4532 p[?

Qr

<2/p~ L plZ200 +CT282/Q 0°p~2[p|?
T

<2lp L pl20p + CT?s Hipll7,,

that is . O

Without confusion, we shall use in the subsequent computations the notation p, 1p as defined over 2 x R
instead of p.
From the previous lemma, the function
-1 -1 -1
_ P2 p)(t+7T) = 2(pg,p)(t) + (P2 p)(t — T
sty = PR 2O+ Galole =) )

T

—1/2

also belongs to the space P and in particular, 7 (p, !p) € P,. Eventually, since 23 =9 pyt does not

depend on z (see ), we get that piip satisfies the equation in Q7 = Q x (0,7

L*(pyp) = pay(p2) — (pri)p i Qr,
(p2..0)(0,) = (p4p)(1,-) =0 in (0,7, (73)
(p22p)(-,0) =0, (poip)(~T)=0 inQ

where z = p~2L*p is the controlled solution introduced in Theorem

We now proceed to the proof of Theorem [3| decomposed into four steps:
¢ Step 1. We prove the following estimate.

Proposition 7. Let s > so. Let ps and py be defined by
ps=p’py, and  pi=pip;;. (74)

Assume B € D(0,T; L?(Q)). The unique solution p € Py of satisfies

T
_ . 2 _ _ 2
/ o1 | I*(o31p):| dxdt+s/ T (L 1) | (3 p)ae (L, )] dtgcs/ pBl2dzdt.  (75)
i 0

T
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12

13

Observe first that for all s > sg and A > \g, there exists ¢ > 0 such that
e <ps<pr and e < py <O73%p = pp. (76)

Indeed, erO(t)cplest(t)ap* _ 659(t)(2e”72ekx762’\+1) and

0<cy:=eP =20 +1<22 —2eM — 2 1< — e, Ve (0,1).

Thus §~1/2e5e20(t) < p3 = 9= 1/2250(H) 1 p—50()0x 9—1/2€se(t)(e“—e“) = py and similarly 9—3/2¢5e20(1) <

pa < 9=3/2e50(t) (™ =) po- Since the function 6 is uniformly bounded by below in (0,7T), holds
true for some ¢ > 0.

Now, we take p = pg,*(p;,ip) in the formulation and use that L*p = p27*L*(p2jlp) —p (v is
defined by (70)) and py(1,t) = p2,.(1,¢)(p5+p)2(1,t). This implies for all test function q € P;:

T
/ P~ ?p2 L* (p31p) L*q+8/ P12 (1, 1)pa(1,1) (p51p) (1, 1) (1,) = / p_27pL*q+/ Bq. (77)
T 0 T T

Then, according to the Lemma T, (pgip) belongs to Ps for all 7 # 0: taking ¢ = TT(piip) in then

leads to T
/ p3 ' L*(posp) L* (T-(pzip)) + 5 / pi (L) (pasp), (1,1) (ﬁ(p;ip)) (1,)
T 0 w (78)

- / p~ 2L (T (p3.p)) + / BT:(py'p)-

T T
We now intend to pass to the limit 7 — 0 in this equality.
e Sub-step 1. We prove that the terms in are uniformly bounded w.r.t. 7 small.

e Estimate of the first term in the l.h.s. of .
We have

/ p3 L (p3p) L* Tr (p3ep) dadt

T

1 o1 0L (paip 1 B B 8- L* (pyip) (t —7)
L e e ) g S 10 D)D) gy
T Qr T T
1 8- L*(p51p) -7 6+ L(pytp)(t
== / pglL* (pgip) (pQ’ dzdt — = / / ps (t+71)L* (p2 *p) (t+ T)M dadt
Qr T
5-(p3 ' L* (p5 Lp)) 6-L* (p3, 8- L*(py Lp) (t
:_/ (03 T(pz*p)) (Tpg*p) " dt_f/ /p3 (t4 7L (0329 (4 7) (pj,*p)()dxdt
T—r 5 L t
- */ / p3 (t+7)L*(py ) (t+7) (pj *p)( ) dzdt
(79)
where we have used the fact that p; ' and L*(py. !p) vanish outside (0,7). Observing that
5 (o L (03 1p)) 8. L* (p ! 5.1 (o5ip) |
,/ (p5 (pQ’*p)) (,027*;0) dadt = — / pg_1 7(/)2’*])) dxdt
. T T . (80)

5:(p5") O L (p2a) |
T )

- / L*(pyip)(t+7)

T
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equality gives

2

5 L* p2 *p)

/ ps 'L* (p2. W) LT, (p2 \p) dzdt = / - dzdt

5, 8- L* (p5tp
/ pQ*p t+ T) (f_g ) (7_p2’ )dxdt

(81)
5, L* (py1p) (t)

- L* (p5ip) (1)

dxdt

L [ e n
1 = —1 *( —1
- = ps (t+7)L*(pg,p)(t+7) dzdt.
TJr Q
e Estimate of the second term in the lL.h.s. of . Proceeding as before we write
T
s [ o 0o k) (O[T (03 )] (1,8) dad
0

0r(paap)a(1,1)
T

dt

= [t

T-r 5-(p3ip)a(1,t
7;/ pzl(l,t+T)(piip)x(l,t+T)Mdt

dt

T T

_ _S/T 8+ (p1 H(p3tp)e) (1,1) 87 (3 ip)a(1,1)
0

P (Lt + 1) (o) (1t 4 7) 2R Sy

o 5/0 —1 —1 gT(pglp)JE(l?t)
T

P (Lt ) okl (Lt + ) R Sy
T

T
=— s/ prt(1,1)
0

0 37 (p3p)(1,1)
S _ _ T xV)x )
=2 [ e e ) R Dy

_S/T_T _ _ gr(pgip)x(lat)
T

dt

5 (p3ip)a(1,0)] 5 (o7 ) (1,1) 37 (03 p)a (1,1)

T
m—s/<@hma¢+ﬂ
0

T—1 6-(p3 p)a(1,t
e R R A Rl 2

T T

Using and (82), the equality then reads
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~ 2
o L* (pQ,}cp)
T

~ 2
6+ (p5 tp)e(1,t
(P24P)x(1,) dds
T

T
dzdt + S/ prt(1,1)
0

L/Tp5%“

=— | BT:(p;p)dadt — / p~ L (T (p54p)) dadt
Qr T

5. (p3") 0-L* (pz.1p)
T T

daxdt

*/ L*(p3p) (t+7)

T

5 (o) (1,4) 0r(pap)a(1,)

2,% (83
_7/7 /Qp?’ (t+7)L* (pz,0) (t + )6L (P wp) (1) )

dzdt

7;/ s (Lt +7)(pasp)a(1, t+7—)Mdt
T—T S’TL* 71

_%/T /stl(t+T)L*(p2,ip)(t+T)(Pjp)(t)

o 0 (pzip)a(1,1)

S - _
—7/ prM (Lt 4 1) (o5 tp)a (1t 4 1) T2 gy
T T T

dt

T
fs/’@am<1t+>

dxdt

::.[1+IQ+I3+I4+I5+IG+I7+I8.

1 o Estimate of the term I5.

I — — / P2 L (To (p3 Lp)) dadt = — / ps V(o ap) L* (Tr(pip)) dadt

T

1 6 L*(py.
bl ps Ly (p; i M dadt
T QT T
1 0, L* (pyip)(t — 7)
+ */ Pyt )(p2 *p)(t) (e2.:) dzdt
T QT T
1 L*(ps
,/ ps Ly (p5 ! Ip M dadt
T QT T
6+ L(py1p) (t)

dzdt

1 T—1 _
+*/ p3(t+7)y(t +7)(pa ) (t+17)
T QO T

5 5, L*(py +
_ / (p3'1P2p) 07 L* (p2up)
Qr T T (84)

- L* (pyp) (1)

1 /0 _ _
w1 [ ottt et
1 T—1 STL 7}( t
= /p;u+7mw+ﬂ@ﬁma+T>“hp“)¢Mt
T T 0 T
5+ (pytp) 6. L*(p5 L 5 (p1y) 0. L* (p5 L
_ / it o7 (P2s) (P24P) 4ot + / (o5 p) (¢ + )25 (P2eP) 4 0o
Qr T T T ’ T T
10 B - L* (py1p) (1)
-/ /pﬁ@+7h@+ﬂ@ﬁ@@+ﬂ(f)mw

6 L(p2 *p) (t)

T—71
/ /p3 (t+ 1)y +T)(p2*p)( +7)——=2" = dzdt

=+ I3+ I3 + I
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1 Estimate of the term IJ. Young inequality implies for some & > 0

dxdt

dr(paap) 6-L* (p31p)
|13 ‘/ pg = 2
T

<@ [ 5t

Estimate of the term I3.

B 2
57’ (p2,ip)
T

T

2

LL* (r2.27) dzdt.
=

dzdt + 5/ p3
QT

dzdt

1131 = ’ [zt )

<

/ 5 (P2*p)(5 (p3 7)6 I

T

We have

T

> Since p3'y € D(R;CO(Q)) we get

[6-(p5 N < I

T

5L (oo
' / i) p3 ') 8L (p2ap) |

Moreover, |(p3'7):] < C’|p3_1/2| for some

S (o ) 0. L* (p3 L
/ ( pgip)ér(pg 1) 0rL* (2up) |
Qr ' T T

s This gives

5. (o5l
|1—22‘ < (p2,*p)

L, _
+ 5”(03 "YVtell Lo L (2) /

0 (pyap) b7 (5 '7) = !
L*(p; <
/T - Or (p27*p) dzdt

L2(Qr)

_ 2 _
v [ il dedie [ gyt

5:L* (py1p)
T

* (p;lp) dzdt| +

3, (p3') 0 L* (p3sp
/ (p2ip) (Pg 7) S_27 )

T

5-(pzip) 5. (p5'y)

L2(Qr) L>=(Qr)

2
_ T
(3 e (8)] + 5”(/)3 "Y)etll oo @£ ()

_ _ g‘rL* piip
(Pzip)(l):’) 17)75(7_2’) dzdt

<.
Qr

1., _
+5(ps "Yeell oo (riLe () /
QT

C > 0 and therefore,

<C(E)/ |(p£*p dacdt—i—a/
Qr

*H(Pg "Y)eell oo (r; Lo sz))/

gf 3y N _
6s D 15 L4 (o3 0) 20

L=(R)

b:L" (p21p) dwdt
;.

T

(p24p)3- L* (3 1p) | dadt.

Qr

33

5, L* p2 *p)

daxdt| .

dxdt

(85)

16-L* (p32) |l L2(Q1)-

(86)

(p2p)57 L (p i) | dadt.

(p2 *p) ’ dzdt.

(87)



1

2

Gathering the previous estimates of I3 and 12, we obtain for I

_ 2 ~ 2
5 (p3.ip) 5-L*(p5.4p) Lt
T T

Bl <C@) [ pity
Qr

dxdt + 25/ Pyt
Qr

0+ (P 1) 37 (p5 ")

L>(R) Qr
(p320)3: L (b ip) | dadt

- L* (py1p) (1)

T

5 L(Pz )

L2(QT)
1, 4
+ §H(pg Vetll Lo @i ()
Q

T

0
w1 [ [ttt dadt

/ T/p3 (t+ 1)y +T)(p2*p)(t+ T)———"= dadt| .

e Estimate of I3. As before, since p;' € D(R;C%(Q2)), we get

L 5. (p31) 0. L* (p3tp
[ sy e A )

T

<J
T

1. L -
+ §H(P3 Yol Lo (mip= () /Q ‘L (paap)(t+ 7)o, L* (pzip)’ dzdt
T

|I3] = dadt

0L (p3.,0) dadt
-

L*(p3ap) (t+7)(p5 )¢

and using again that |(p3 )| < C’pgl/z7 we obtain

2

0 L* (p317) dadt
.

|I5] SC’(&)/ |L*(p£ip)(t+7)|2dajdt+€/ pgl
Qr

T

1 - *( — N T
+ 2||(p31)ttL°°(]R;L°°(Q))/Q L (Pz,ip)(t+7)5rL (Pz,ip)’ dzdt.

T

e Estimate of I;. Similarly, we have

T
A <s/
0
T
<5/
0

T
S _ _
50 ullm [ |z i)e (0t 7T 1,0

dt

5-(p3H)(1,1) 6- (p3ap)a(1,1)

(p3ip)a(L,t+7) .

5+ (pyip)L(1,t
(p2,P)=(L, )|
T

(p23P)a(1,t+7)(p3 )e(1,1)

and since |(p; 1):| < C’pll/z, we get

~ 2
5 (p34p)a(1,1)
T

T T
L] <SC(E)/ y(pgip)w(1,t+7)yzdt+sg/ o (1)
0 0

s T
50 ullzme [ [zt 70 ) 1,0) .

34

132 (03 9) | 20y + C(€) / (o3p)| dadt

dt

(88)



1 o An intermediate estimate. Using the estimates of I, I3 and I, from , and in (83]), we

2

3

get

~ _ 2
6T(p27ip)l’(l) t)
T

~ _ 2
(57-L*(p271p)
T

(1—35)/ ) dadt + s(1— ) /OTpgl(u) at

2

5 (p3ip) Lot
T

‘/ BT:( pz*pdt‘+0(€)/ p3 '’

5:(py i) 5. (p3 ')

152 (55.) 120y + CC) [ [z tp)]” docts

Qr

Lo (R L (2))
(p3ip)o,L* (piip)‘ dzdt

0. L* (p31p) (1)
T

L2(Q1)

1.,
+ §||(pg Vit Loe (Lo (2)) /
Qr

dxdt

0
+ %/_ /ngl(tw)’y(wT)(pgip)<t+7>

6L () (1)

1 T—1
H [t ot e dadt
T Q

+C(e / }L*(pz*p) t+7'| dxdt

1. - o
+ §||(Ps )ttLoo(R;Loo(Q))/Q ‘L*(pg,*p)(twLT)éTL (p27lp)) dzdt
T
4 1 2 s 1 4 1
+SC(€)/O |(pzap)a (Lt + )| dt + Sl(py )nlle(R)/o |(03.29)a (1, + 713 (o3 p)a (1, 1)

5. L* (p51p)(t
(pj,*p)( ) Aot

0
+ %[ Lpgl(t+T)L*(p;1p)(t+7)

S 0 _ g‘l’(p—}cp):p
2 [ D (1 ) T g

r T

T—71 6L
+ / /Ps t+7)L* (pyip)(t+7) (pf*p)()ddt

37 (p3p)(1,1)

+ 7/ pi (Lt + 7)oy p)a(1, 1+ 7) dt
T

T

=S+ o+ T3+ +Js+ Js+ Jr+ Jg + Jo + Jio + Jin + Jiz + Jig + Jia + Jis.
(91)

1
Now, fix ¢ = — and let us obtain the suitable estimates for the terms in the right hand side of . (i)
Estimate of J;. Since B € D(0,T; L*(Q2)), we extend B by 0 outside (0, 7). This yields

| BT =5 [ BOwnen -5 [ BOeanm + 5 [ BaeEe-7)

T

[ Be -0 -2 [ Bown+ L [ [ Berneinw
|5 =1, YA

/T+
:/QT< t+T)_2B()+B(t_T)>(p£ip)(t)

T2

since (py. !p) vanishes outside (0,T) and thus
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11

12

Ji = '/ (PR =2 BB o) - \/TBtap;,ip)\ a0 (92)

It follows that the term J; is bounded uniformly w.r.t. 7 # 0 small.

(ii) Estimate of Jo. As 7 — 0, we observe since p; '7? € L®(Qr) that

~ _ 2
67' (p2,}<p)
T

Jo < C
Qr

dedt <C [ |(py3tp)|” dedt (93)
Qr

and thus J is bounded uniformly w.r.t 7 # 0 small.

(iii) J3 is bounded uniformly w.r.t 7 # 0 small since we have

o7 (p3ap) 5-(p5 ')

|6-L* (pgip) lr2(@ry =0 as7—0
Lo (R;L> (9))

L*(Qr)
using that p5 'y € D(R;C°(Q)), pyip € H'(R; L2(Q)) and L*(p51p) € L2(R; L*(Q)).
(iv) J4 is bounded since p; | p € L*(Qr).

(v) Estimate of J;. We have

1 _ _ ~ _
Js5 < 5”(,03 17)tt||Lo¢(R;Lw(Q))||Pz,ip||L2(QT)||5TL* (Pz,ip)HB(QT) —0 as7—0

since p{’ip € L?(Qr) and L* (p;ip) € L?(R; L?(2)) and thus J5 is bounded uniformly w.r.t 7 # 0 small.

(vi) Estimate of Js. Observe that, if 7 < 0, then Js = 0 since p3 *(t + 7)y(t +7) = 0 on [0, —7] and if
7 > 0 the term Jg satisfies, since p3 ' (t)y(t) =0 = (pgip)(t) on [—,0]

5L (p31p) (¢
(pj,*p)() Aot

0 ~ ~
[ [E et

0 T -1 gT =1y
/ / 6T(p3 7) <p27*p) 57'[/* (P;ip) d.’lfdt
—7 JQ T T ’

Js <

< —0 asT—0, (94)

since yp3 ' € D(R;C(Q)), piip € HY(R; L*(Q2)) and L* (pgip) € L*(R; L?(2)). Therefore, Jg is uni-
formly bounded w.r.t. nonzero 7 however small.

(vii) Estimate of J;. Observe that, if 7 > 0, then J; = 0 since p3 '(t +7)y(t +7) = 0 on [T — 7, T] and
if 7 < 0 the term J; satisfies, since p3 ' (t)y(t) =0 = (pg_ip)(t) on [T,T — 7]

I O T 0. L* (p5.1p) (1)
Jr < = / d-(p3 1v)§T(p2’ip)(t + 7)# dzdt
T T Q T
T—7 p ¢ —1 g -1 "
< / / (3 1) 0-(P2.4P) 6:L*(p5,p) dzdt| - 0 asT— 0, (95)
T Ja T T '

since vp3 ' € D(R;C°(Q)), pyip € H'(R; L*(Q)) and L*(p51p) € L*(R; L*(R)). Therefore, J; is uni-
formly bounded w.r.t. nonzero 7 however small.

(viii) Js is bounded since L*(p; 1p) € L*(R; L*(Q2)).

(ix) Jy is bounded. Indeed, we see

1., _ _ ~ -
Jo = 5”(/’3 Dell oo iz () /Q ’L* (p2p) (t +7)8,L* (Pz,ip)‘ dzdt »0 as7—0
T
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since L* (pg_ip) € L*(R; L*(2)). So, Jy is uniformly bounded w.r.t. nonzero 7 however small.
(x) J1o is bounded since (p;’ip)m(l,t) € L*(R).
(xi) J11 is bounded. We have

T
S _ _ s —
Ji1 = 5”(,04 1)tt||L°°(]R) / ’(Pz,ip)m(lvt + T)JT(pQ’ip)x(l,t) dt -0 as7—0
0

since (p;iph(l,t) € L*(R) and (piip)gg(l,t) € L*(R). So, Ji; is uniformly bounded w.r.t. nonzero 7
however small.

(xii) Estimate of Jy. Observe that, if 7 < 0, then Ji5 = 0 since p3 (¢t +7) = 0 on [0, —7] and if 7 > 0
the term Jy, satisfies, since p3 *(t) = 0 on [, 0]

1 _ _ 5. L*(p31p) (t)
Jig = - p3 Yt+1)L* (pQ;p) (t+ 7')(;’*) dadt

1/2 N
|/ / ) L* (pgip) (t+71)o-L* (pgip) (t)dzdt| -0 asT — 0, (96)

since p§1/2 € D(R; L>*(2)) and L* (pgip) € L?(R; L?(Q)). Therefore, Ji2 is uniformly bounded w.r.t.

nonzero 7 however small.

(xiii) Estimate of .J;3. Observe that if 7 < 0, then Jy3 = 0 since p; '(t +7) = 0 on [0, —7] and if 7 > 0
the term .Jy3 satisfies, since p; ' (t) = 0 on [—7,0] the term

dit

g'r (Piip)z
h- bolps.0)e

0
S _ —
* [ et

~1/2
‘ / Tp‘l ) (P3ip)a(L,t +T)07 (py ip)adt| = 0 as T — 0, (97)

since pzl/Q € D(R) and (piip)x(l,t) € L*(R). Therefore, Jy3 is uniformly bounded w.r.t. nonzero T
however small.

(xiv) Estimate of Jy4. Observe that if 7 > 0, then Ji4 = 0 since p3 *(t +7) = 0 on [T — 7,T] and if
7 < 0 the term Jy4 satisfies, since pg_l(t) =0on [T,T — 7] the term

1 (T L 5, L* (py 1p) (t)
wa=|; [ [t () 1+ ) 2O gy
T Q

T

S ~1/2 -
/ / ( E ) L*(p3up) (t+7)0- L* (p3p) (1) dadt] =0 as T =0, (98)

since p;1/2 € D(R; L>*(Q))) and L* (pgip) € L*(R; L*(Q)). Therefore, Jy4 is uniformly bounded w.r.t.
nonzero T however small.

(xv) Estimate of J;5. Finally, we observe that if 7 > 0, then Jy5 = 0 since p; ' (t +7) =0 on [T — 7, T]
and if 7 < 0 the term Jy5 satisfies, since p; '(t) = 0 on [T, T — 7] the term

0r (pgup)a(1,1)

T—1
S _ _
[ Gt T Dy
T JT T

Jis =

Tt —1/2\ 2
5, ~
T ) ,
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1 since p21/2 € D(R) and (Pz_,ip)x(Lt) € L?(R). Therefore, Jy5 is uniformly bounded w.r.t. nonzero 7
> however small.

e We then have proved that all the terms in the right hand side of are bounded w.r.t. 7 — 0. This
implies that the terms

/ 3!
T

are bounded uniformly w.r.t. 7 # 0 small. Therefore,

~ 2
o7 (p27ip):r(1v t)

~ 2

5TL* —1

0rL"(p5,,p) " (100)
T T

T
dzdt, s/ pyt(1,1)
0

3 (L (p3tp)), € L3(Qr) and  py/?(pytp)as(1,t) € L2(0,T)

and - 1
_1/20:L*(p2,p) _ _ .
P3 1/2% — py '/ (L*(p3ip)), in L*(Qr)
120 (P ip)a(1,1) _ _ .
pi PRI s (0 kD) (1) i L2(0,T).
Indeed
L0 L (o3tp) (03 L (pstp) 6 (p5 2 _
e e

= (32 L*(p3.1p)), — (5 %)L (p3p) = p3 2 (L* (p31p)), in L*(Qr)

since (p3_1/2 L*(pg)ip))t, L*(piip) are in L?(R; L?(2)) and p§1/2 is in D(R; L>(2)). We also have

<, 1 T —1/2 <, —1/2
T L R R 2D O AR RO
= ((p3p)t)), (1) = (03 )1, ) (p32p)e (1, )

= 00 21, ) (3 ) e (1, ) in L2(0,T)

1/2

s since (py (piip)%t)t, (pgip)m are in L?(R) and p21/2 is in D(R).

+ o Sub-step 2. We pass to the limit 7 — 0 in the equality (equivalent to )
5 Since B € D(0,T; L*(Q)) and p, ,p € HZ (0, T; L*(2)) we have Jor BT (p5.p) — Jor B(pyp)-
6 We first pass to the limit in the equality .7 namely

/ p~ 2L (Tr(pa,p)) dadt

T

6-(p3tp) 6-L* (p5 ! o (pty) 0, L% (p3 )
Y (p2up) 0 L* (p2up) | (o3ip)(t +7) (o5 '7) 0 L* (pap)
T T T T
T T

e 0- L* (p3.p) (8) Hov
[ [t ot st T dr

5. L* (pz*p)()

2 [ [ ot o 0T e,

Estimates and imply

o, L* (pz*p)()

77/ /p3 (t+71)) t+7’)(p2*p)(t+ 7)————""dzdt — 0,
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and -
- L* (p31p) ()

T

T—71
_7/ / (t+ 1)yt + 7)(pzap)(t +7) dzdt — 0.

Moreover, since p3 'y € D(R; L>(Q)), for all (t,7) € R?, there exists A(t,7) € (0,1) such that
2

57 (03 ) () = (5 )e(t) + =

3 (p3 ' )ee(t + A7)

and thus, since |(p3 *7)¢| < C\P_1/2|

dzdt

)5T(p3_ L) 6-L* (p5..p)
T

- L*(p3 1p)
T T

- [ e

T

dxdtz—/ (P2 Pt +7)(p3 ')

T

1
2

T

-, (p2ip)(p5 ') L* (p3ip), dadt.
T

We also have, since |p3 | < Clp; '/*| and pz.p € H' (R; L*(2))

, 0r(paip) 6 L% (paip P
—/ P3 Ly * ( da ) dzdt —» — P3 1’y(pzvip)tL (pzvip)tdmdt
T T U QT

as 7 — 0. It follows that

- / p~ L (T (py4p)) ddt

T

o) (03,0 L (p34p) , dwdt — /Q (p2.42) (P35 7)eL* (p5.4p), dadt.
T T

Arguing as before we have

5, (p3") 6-L* (p3..p)

(102)

-= / (p2ip)(t + T)(p3 ') ue(t + AT)6- L* (py tp) dadt

(103)

- / L* (pop) (t+ 7)== o dedt - — . L*(p51p) (p3 )+ L* (3 1p), dadt,
T N T
_ dr 1,4) 0-(p3.p)a(1,1) _ _ _
= [ walnten) (e )06 8 b3l dt > s [ o010 0L 003 a1 0
and from —,
5. L*
—7/ /,03 (t+7)L*( pQ*p)(t—I-T) (pQ*p)<)dxdt—>0
O (P
—f/ L (Lt 1) (p5p)e (1t + )Mdt—ﬂ)
T—71 S;_L* -1 t
—7/ / (t+7)L* pQ*p)(t+7)(pT2’*p)()dxdt—>o,
and
*f/ 021(1,75+T)(p£ip)m(1,t+T)Mdt%0
T Jr T
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1 as 7 — 0. Therefore, the limit in the equality (83)) provides
2 T 2
[ o'l dede s [ o 10 (o3 a1, 0) e
T 0

== / B(piip)tt + /Q Ps_l'Y(PQ_iP)tL* (Pz_,ip)t dzdt

v v (104)

- /Q (p2.0) (3 ') L* (5 1p) , dzdt — /Q L*(pz4p) (P53 )i L* (5 1p), dadt
T T

p / (3.19)2 (1, ) (07 )e(1,8) (3. 2p) e (1, ).

> o Sub-step 3. Proof of the estimate (75]).

. . . Or (pQ_,al(p) . . .

First, the Carleman estimate with ——=== € P (recall that, if not specified, the weights depend
T

on the parameter s) and any parameter s > so leads to

~ 2 ~ 2
_ o |0lpii) | o |6 (p3iD)s
@[ e | s [ e |
~ 2 ~ 2
5. (py L 57 (P53 10) e
+571/ ,02_2(52) (Pz, D)t i (Pz, p)
Qr

T T

<C [ p23)
Qr

T

(&(pzip)x)(l’t) ’

T

T
o / pT2E)(1,1)

-~ 3
In order to make appear the terms p3*(s) and py'(s) (see (75), we take for any s > 3so, 5 = Zs so that
S > sp and then check that there exists C' > 0 (independent of s) such that

p72(3) < Cpy\(s) and p%()(L,-) < Cpz (5)(L,-).

Thus
2 ~ 2
. o |0 (i) | o |6 (P31P)s
# [ e | s [ e |
T T T T
~ 2 |~ 2
67‘ _al( 57’ _,1( xTx
+3 1/ p§2(§) (P72_ D)t i (Pz;—P)
2 ~ 2
57’ " T 57 - x
<O/ Pyl L*< (pl*p)) +C§/ P (L, 1) ((pzv*p) )(l,t) (105)
T T 0 T

Therefore, in view of ([[04), py ' (3)(pzup)e € L*(Q1), pi (3)(p2ip)ar € L2(Qr), p3' (3)(pouplu €
L2(Qr) and p; ' (3) (pg’ip)mt € L?(Qr) and passing to the limit in (105] leads to

P _ _ 2 ~ _ _ 2
3 / 052 |(p3ip) | + 3 / 72(3) | (0320
Qr Qr

+?§‘1/Q Py 2(3) (|(p£ip)tt|2 + |(p5,ip)m\2)
T

T
e, 2 _ _ _ 2
<C /Q i 1t + €5 [ ot 0 |zt 0f . (106
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We now consider the r.h.s terms of (104]). Using (106)), we get

‘/ B(pQ_,al(p)tt
T

_ \ / ra(®) B @z )

<(+f T@(@NBF)I/Q (s | pf@’)(p;p)ttﬁ)ug

T

e, — 2 _ _ 2

< C(o)s / PIBI + e / p3 [L (o o) + e / P (L) (03 p)ar (1. 1)]
Qr Qr 0

since p3(3) < p?. From (1)), since p; 7% € L>®(Qr), we deduce using (25), that

_ _ _ _ _ _ _ 2
‘ / P3 lv(pz,ip)tL*(pg,ip)tdwdt‘ < Ce) / p3 'V |(pap)el® + € / p3 " |L* (pp)e|
Qr Qr

Qr
_ _ 2
< CE)sllpll, +e /Q o3 |2 (o3 )|
T

_ 1 lres — 2
< C(e)s? / PIBI + e / ot |2 (o3 )
T Qr

Since |(p3 )¢l < 082,0;1/2 and pgi < Opyt, estimate together with the Carleman estimate (12])
imply that

_ _ v/ — _ 1w — 2
‘/ (p22p)(p3 ' 7)e L (pg,ip)tdxdt‘ < 0(5)54/ pz,f|p|2+6/ ps ' |L*(p2sp)e|
Qr Qr Qr

_ _ _ 2
< 0(5)54/ Po 2|p|2 + 5/ P3 ! ’L*(/)zip)t’
QT Qr

_ _ 2
< CE)sllpl, + < / o3 |2 (03 )|

Qr

_ e, o 2
< C(e)s 2/ p2|B|2+5/ p31 ‘L (pzip)t‘ .
Qr Qr
Since |(pz*):] < Cspgl/Q, using (71) and (25)), we also get

‘/ L*(pz‘,lp)(pg?l)tL*(pzlp)tdxdt’ < C(s)sz/Q IL*(pz‘,lp)|2+€/Q 3t | (03 tp)e|
T T

T

2
< C(e)s*|Ip| !

3, +€/ p3 " |L* (pap)e
or

_ e — 2
< C(e)s! / PB4+ / ot L ot
T Qr

Eventually, since |(p; ;| < C’spgl/2 and |(p£ip)x(1,t)| <C |p1_1px(1,t)|, we deduce from the definition

of ||p||p, and :

T 1 1 1 r 1 2 T 1 1 2
s [ 02167 (10005 p)oe(1,0)| < 5C) [ ka0 s [ i (10 3k (110
0 0 0

T

< 540(6)/0

T
_ _ 2
< CE)Spl3, + 5 / (L) (03 p) 2 (1,1)

(o7 p2) (1, 8)[ + s / (L) (03 2p)ae [ (11)

T
_ _ 2
<Ce) /Q PIBI + s / T (L) (3 p)er] (1 1).
T
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2

3

Taking e small enough, the estimate follows.

¢ Step 2. We prove that pé/2zt In L2(Qr), lex/ZUt € L%(0,T) and satisfy .

System first implies that z = pglL*(piip) + pgl(pii)tp and thus
2= p3 L*(p3ap)e + (05 )L (p2ap) + (05 (p2)e)ep + p3 ' (p34)epe-

But, since (p;1): = vp51 and (p3 ') = 2s(T — 2t)6%01p 2 pa x + p~27p2,e = (25(T = 26)0%01 +7)p3 ', we
have

1/2 1/2 1/2 _ — —1/2 _
‘p/ ‘ P (o3 tp)e| + 032103 el L (03.20) | + 03 %1003 (3. 2) el Il + 032 1(05.L) e e
—1/2 — —1/2 * _
<3P L (patp)e] + o3 P 128(T — 26)6%01 + A |L* (p31p)]
—1/2 1
+p3 P Is(T — 268201 + | lpz kIl + p3 2 lve + 22 loz LIl + o3 2yl 2 el
yielding to

_ _ 2 _ _ 2
/ ps )z’ < C/ p3 " |L* (pzap)e| +Csz/ p3 0" | L*(p51p)|
T Qr QT

_ 2 _ 2
vest [t ros [ Joln]
Qr Qr
< CslpBll72(gq) (107)

thanks to (71), (75), the Carleman estimate for p and the fact that p,; < p;' < Cpy' and
p3 ot < C.
Next, recalling that the control is given by v = sp7 2(1,t)p,(1,t) = sp; * (1, t)(piip)m(l, t), we compute
(L, £)(p2ap)at (1,1) + 5(p3 )e(1,1) (p2,4p)x(1,)
= sp5 (L) (p2up)at(1,1) + (p3)e(1,1)pa (L, t)u(?)
(1, )(p2ap)at(1,1) + (3 )e(1, 1) pa (L, 8)p7 ' (1, £)p1 (1, )u(t).
But, (p;1)e(1,t)pa(1,t)p7 (1,1) < C so, thanks to and :

T T T
_ _ _ 2
ol <s [t et ol 0 [ lnouor
0 0 0
< OsllpB 2 (108)
Estimate ) follows from (107]) and ( -

¢ Step 3. We prove that z € L?(0,T; H*(Q)) N H'(0,T; L?(Q)) (thus z € L*>(Q7)) and satisfy (30).
As a consequence of , we get
loell 207y < Cllos o) 103 *vill 20y < Cse™%[IpB L2 (qu)s (109)
and then use (by means of ) that there exists some positive constant ce such that
s 2 oy < €725, Vs > so. (110)

Therefore, v € H'(0,7) C C°([0,T]) and since pjv € L?(0,T) we have v(0) = v(T) = 0; therefore
v € H}(0,T). Therefore, by using the L? regularity result for the heat equation, we get that z solution
of satisfies

12l 22 0,120y + 2l 10,7322 (0)) < C (1Bl 22 (@e) + 10l E10,7))
< C([lp = @mllpBllrz@r) + se~%|lpBllr2(Qqr))
< Cse™||pBllr2(qr), (111)
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11

12

where

c3 1= min{CQ, mln|g0} > 0. (112)
Q

T

The regularity result z € L2(0,T; H?(Q))N H(0,T; L?(Q)) implies the desired property, namely that
z € L*(Qr) with the same estimate as (111]) (this follows from the continuous embedding L?(0, T'; H2(£2))N
HY(0,T; L*(Q)) < C%(Qr) in the one dimensional case).

¢ Step 4. We now consider the case pB € L?(Q7).

R We proceed by density from the esti/r\nates and proved for B € D(0,T; L?(Q)): ‘E\here exists
(Bp)nen+ C D(0,T; L%(Q)) such that B, — pB in L?(Q7) as n — +oc. This implies p~'B,, — B in
L*(Qr) as n — +o0. Then B, := 1B, € D(0,T; L?(Q)) satisfies B, — B and pB,, — pB as n — +0o0.

Applying Theorem [2| for all n € N*, there exists unique (z,,v,) € L?(p, Q1) x L*(p1, (0,T)) solution
to and the linearity of the map A? (see ) and ) imply for all n,m € N*

lo(zn = 2m)llz2 @) + 57 2llp1(vn = vm)llz20,r) < Cs™*l|p(By — B)ll12(@1)- (113)

Similarly, (29)) implies for Vn,m € N*

1/2

s72)1p3" (00 = vm)ell z20,m) < Y2 [1p(Ba = Bi) 22 (0r)- (114)

o5 (zn = zm)illz2@r) +
Finally, estimate implies
20 = 2mllL20,7:m2(0)) + 120 = 2mllH1(0,7522(0)) < Cse” || p(By — Bm)llL2(@r), Yn,m € N
while estimate implies
[(vn = vm)ellz2(0,7) < Cse™||p(Bn — Bm)llL2(Qr)-

Consequently, there exist 2 € L2(p,Qr) N L2(0,T; H*(Q)) N HY(0,T; L*(Q)) and v € L%*(p1,(0,7)) N
H*'(0,T) such that

Zn — 2 in L*(p,Qr) as n — +oo,
Up —> U in L*(p1,(0,T)) as n — +oo,
Zy =z in L*(0,T; H*(Q)) N HY(0,T; L*()) as n — +oo,
Up = in H'(0,T) as n — +oo,
where (z,v) is the unique state-control pair to with B € L?(Qr) by means of Theorem [2, more

precisely z = p~2L*p, v = spy 2(1,t)p.(1,t). Consequently, the pair (z,v) also satisfies the announced
estimates and with pB € L*(Qr).
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