N

N
N

HAL

open science

CLT for real S-ensembles at high temperature

Charlie Dworaczek Guera, Ronan Memin

» To cite this version:

Charlie Dworaczek Guera, Ronan Memin.
hal-03937814v1

CLT for real f-ensembles at high temperature. 2023.

HAL Id: hal-03937814
https://hal.science/hal-03937814v1

Preprint submitted on 13 Jan 2023 (v1), last revised 13 Apr 2023 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-03937814v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

CLT for real S-Ensembles at High Temperature®

Charlie Dworaczek Guera! Ronan Memin?

Abstract

We establish a central limit theorem for the fluctuations of the empirical measure in the beta-
ensemble of dimension N at a temperature proportional to N and with convex, smooth potential.
The space of test functions for which the CLT holds includes C*, vanishing functions at infinity. It is
obtained by the inversion of an operator which is a pertubation of a Sturm-Liouville operator. The
method that we use is based on a change of variables introduced in [BFG15] and in [Shcld].
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1 Introduction and main result

The beta-ensemble of dimension N > 1 with parameter S > 0 and potential V' is the probability measure
on RN given by
1

N
AP2Y (24, ... e Tl —zilfe 2 V@ az, . day . 1
N (xl? ,ﬁL'N) ZN(‘/, /8) lglm l']| € X1 TN ( )

The potential V' has to be chosen so that the partition function

N
Zn(V.B) = / H s — 5|7 2 Vg, day
RN
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is finite. This is the case for example if for some ' > max(1, §),

V(z)
liminf — 2 > 1, 2
Y NF I [a] 2

see [AGZ10l equation (2.6.2)]. The parameter 3, which is allowed to depend on N, is the so-called inverse

temperature.
2

x
Under the special choice V(z) = = the measure (|I) can be seen as the joint law of the (unordered)
eigenvalues of certain matrix models:

e For g =1 (resp. f = 2), it is the law of the eigenvalues of the Gaussian Orthogonal Ensemble
(resp. Gaussian Unitary Ensemble), [AGZ10][Theorem 2.5.2].

e For general 8 > 0, potentially depending on N, it is the law of the spectrum of certain tri-diagonal
random matrices as shown by Dumitriu and Edelman in [DE02].

We consider here the high temperature regime where § scales as 1/N, and write § = % for some
P > 0. The corresponding measure is therefore

N
dP%P(iUl,...,CEN) ZVP H|$z — ] e "2 V(zi)dxl"'de’ (3)

1<J

with partition function

ZN" = /Hm—mwezu Yda, . dey (4)

i<J

It was shown in [GZ19] that under PX;P, the sequence of empirical measures

1 N

satisfies a large deviation principle at speed N with strictly convex, good rate function. As a consequence,
fin converges almost surely in distribution towards a deterministic measure % as N goes to infinity,
meaning that almost surely, for every bounded continuous f : R — R,

[ sai . [ sau.
R N—oo R

The limiting measure u% can be seen to have a density p} which satisfies for almost every z € R
V()= 2P [ Infe ~ ylok(u)dy + 1 pl(a) = A% (5)
R

where \Y is constant (see [GM22, Lemma 3.2] for example).
The (S-ensemble in the regime SN —> 2P > 0 has drawn a lot of attention from the random matrix

and statistical physics communities lately The limiting density was first described in the case of the
quadratic potential in [ABG12], as a crossover between the Wigner semicircle law (fixed 8 > 0 case) and
the Gaussian density (case § = 0). The fluctuations of the eigenvalues in the bulk and at the edge of a
configuration were studied for example in [BGP15],[NTI8],[NT20],[Paki]], [Lam21]. These fluctuations
were shown to be described by Poisson statistics in this regime. Recently, Spohn uncovered in [Spo20]
a link between the study of the Classical Toda chain and the S-ensemble in this regime, the result was
later extended to more general potentials in [GM22]. It is explained in [Spo21][Section 6] how the central



limit theorem for the empirical measure in the high temperature 5 ensemble is linked with the currents
of the Toda chain.

The Central Limit Theorem for the fluctuations of the linear statistics of beta-ensembles was first
established by [Joh98] for 3 = 2 polynomial potential, then generalized and further developed in the
regime where § is fixed in [Shcl3], [BG13a], [BG13D], [BLS18]. Also an optimal local law was found
in this regime in [BMP22]. The CLT was obtained in the high-temperature regime SN — 2P > 0 by
Nakano and Trinh in [NT18, Theorem 4.9] for quadratic V, relying on the tridiagonal representation for
the beta-ensemble with quadratic potential in [DE02]. In [HL21], the authors prove the CLT in the case
of the circular beta-ensemble at high temperature with general potential, using a normal approximation
method involving the spectral analysis of an operator associated to the limiting covariance structure.
Their method allowed them to derive a Berry-Esseen bound, i.e. a speed of convergence of the fluctuations
towards a Gaussian variable.

In this paper, we adapt part of the arguments of [HL21] to our setup. More precisely, we show that
for a class of regular, convex potentials V satisfying a growth condition of the type

V//
lim ﬂ =0,
|z]| =00 V/($)2
denoting vy = finy — u‘lé and considering test functions f belonging to the range of a certain integro-
differential operator, the scaled fluctuations of iy, defined by

VRux(f (/wa—/jw@)7

converge in law towards centered Gaussian law with variance depending on f.
When considering the fixed temperature regime, i.e. g fixed, one has to renormalize the x;’s by v V.
It is shown in [AGZ10][Theorem 2.6.1] that the measure

1 N
N Zémi/\/ﬁ

i=1

satisfies a large deviation principle, and the limiting measure is characterized in [AGZ10][Lemma 2.6.2]
by an equation similar to . In fact, the term In p% in the left-hand side of is the only difference in
the equation characterizing the limiting measure in the fixed 5 case. We point out the very similar char-
acterization of the equilibrium measure corresponding to the minimization problem arising in [BGK16].
There again, the limiting measure is compactly supported. The term In p¥ is of prime importance because
its presence implies that the support of p}, is the whole real line. It leads to technicalities to deal with
the behavior at infinity of most of the associated objects, namely dealing with weighted Lebesgue spaces
L%(p¥) and the corresponding Sobolev spaces H*(p%).

Our strategy is based on a change of variables in the partition function ZX’P , used for the beta-
ensemble at fixed temperature introduced in [BEG15] and [Shcl4], and used in [Guil9] and in [BGK16]
to derive the loop equations and in [BLS18] to derive a CLT in the S-ensemble with 3 fixed. The outline
of the argument goes as follows: Take ¢ : R — R smooth, vanishing fast enough at infinity, and do the
change of variables in Z%’P, Ti =Y + ﬁd)(yi), 1<i< N, to get

Zﬁ’V:/RNH

1<j

2P/N
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N N
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Expanding the different terms in this integral, one gets

P(y;)—o(yj)

£ |3 e Y "(yi) =V (ys ii|t
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where the term 0% (¢) converges towards a limiting variance 02(¢) depending on ¢, P and V. After
dividing both parts of the equation by ZJI\D,’V7 and because of equation characterizing ,ug, one can
deduce from the last equation the convergence of the Laplace transform

E |:et\/ﬁ(uN (E¢)+error term) SN 6%02@5) ’ (6)

N —oc0

where Z is a linear operator acting on test functions and defined by

o) =2p [ A=) 4 60) - vi)ote). 7

Once the error term is taken care of, @ shows the central limit theorem for test functions of the form
E¢. Following [HL21], the operator £ given by

Lo =

[1]

¢’ (8)

can be analyzed using Hilbert space techniques. In particular, the operator £, seen as an unbounded
operator of the Hilbert space

H= {u e L(p%) | u' € L*(p}), / uplds = o} C oy = W) gy -
R
can be decomposed as
—L=A+2PW,

where A is a positive Sturm-Liouville operator and W is positive and self-adjoint. Such a writing allows
us to show that —L is invertible, see Theorem [6.7]
We now state the assumptions we make on the potential V.

Assumptions 1.1. The potential V satisfies:

i) V € C3(R), goes to infinity at infinity and is convex.

it) For all polynomial Q € R[X] and a > 0, Q(V’(x))eV(I) = o (z7%).

1
iii) |V'(z)] — Hoo0 and x — ——— is integrable at infinity. Furthermore, for any sequence xn

|z|—+o0 V’(I)2
such that |z x| goes to infinity, and for all real a < b, we have, as N goes to infinity,
1

sup |V (zn +2)] — 0.

' V”(:Z?)

i) VP ()

Viz) mm( ) an V@) Jelooo

The convexity assumption in ¢) will guarantee the Poincaré inequality, stated in Propositionfor the
equilibrium measure p%. Because ) implies that V' goes to infinity faster than linearly, we will see that
it also ensures exponential decay at infinity of p%. Recalling the sufficient condition for IP’X’P of equation
to be defined, this first assumption implies that there exists a > 0 such that liminf),|_, % >
This guarantees in particular that the beta-ensemble is well-defined for all N > 1 and P > 0.

The second assumption ensures that any power of V' and V" is in L?(p%) and p%, which behaves
like e~V up to a sub-exponential factor, belongs to the Sobolev space H?(R) C C!(R). Indeed, for k < 2,
using ), p% () behaves at infinity like (V')*p¥% as shown in which is in L?(R) by assumption 4).

Assumption %) will be used to localize the minimum/maximum point of a typical configuration
(z1,...,2zn) following the law IP’X’P: this will be done in Corollary which comes as a consequence of



[Lam21][Theorem 3.4]. More precisely, Corollary establishes that for sequences (a};)n, (ay)n going
to infinity, the random variables

aj\', max T, — E;{, and oy | max x; — Ey
1<GEN 1<j<N

converge in distribution. For large IV, the scalars EX, and E can thus be seen as the edges of a typical
configuration. Furthermore,
V(EL) ~InN. (9)

We refer to Section [4] for detailed statements. We will need another technical assumption to ensure that
Taylor remainders arising in the proof of Theorem [5.2] are negligible. This final step in the proof of
Theorem consists in lifting the result of Proposition from compactly supported functions to more
general functions. We use Assumption i) to ensure that £=1 is regular enough e that for sufficiently

!/
smooth functions f, (ﬁ_lf) € H*(R).
Assumption 1.2. With the notations of Theorem[{.1, we have

sup |V ()| = o(N2),
d(ac,IN)gl

where Iy = [EK,—Z;ER}—!—2].

In view of the asymptotics @D, Assumption is reasonable, at least in the cases where V' is of the
form |z|* + R(z) for a = 2 or @ > 3 (we choose a so that V is three times differentiable), and with
R € C3(R), convex, small enough (see the comment following Theorem [1.3]) or V = cosh, for example.
On the other hand a scaled potential like e doesn’t satisfy assumptions iii) ans iv)..

We are now able to state the main result, 7e the central limit theorem for functions belonging to the
image of the operator £ introduced in .

Theorem 1.3. Assume that V satisfies Assumptions[1.1] and Assumption[I.3. Then for ¢ verifying the
following conditions:

« p€CY(R)
o ¢(x) =0(1/x) and ¢'(x) = O(1/x?) at infinity

o [ o@dnt @) =0
R

we have the convergence in law
VNun($) = N (0, (o¥>2(¢>> (10)
where the limiting variance (o)5)?(¢) is given by
(05)*(¢) = / <(£—1¢)”<w>2 + V() (c—1¢>’<x>2>du¥<x>

o // (£719) (@) = (£719) () 2duv($)duv(y) (11)
R2 ’ o

rT—=y




Remark 1.4. Since vn(¢ + ¢) = vy (@) for all constant ¢ € R, the assumption / o(x)dpY% = 0 can be
R
dropped by replacing ¢ by ¢ — / (b(x)d,ug in the expression of the limiting variance.
R
As a tool to deal with the error term of equation @, we establish a concentration inequality for the

empirical measure. This inequality is stated in terms of the following distance over the set of probability
distributions P(R).
b (12)

For p, 1/ € P(R) we define the distance
where || f||Lip denotes the Lipschitz constant of f, and Hf||%/2 = / |t| | FLf](t)|? dt, where F denotes the
R

A, 1') = du— | fdu'
(1, ") |fS|EE<1{‘/fM /fu

[1£ll1/2<1

Fourier transform on L?(R) which takes the following expression F|[f](t) = / f(z)e " dx for
R

fe LI(R) N LQ(R).
We then have

Theorem 1.5. There exists K € R (depending on P and on V'), such that for any N > 1 and r > 0,

2
PN" (d(fin, p) > 1) < e N AP INAK (13)
This result is the analog of [HL21, Theorem 1.4].

The paper is organized as follows. In Section [2] we discuss the regularity of the equilibrium
density p} under Assumption In Section [3| we prove Theorem Section M4 is dedicated to the
localization of the edge of a typical configuration, mentioned in the discussion preceding the statement of
Assumption We next prove in Section [5[the convergence of the Laplace transform of v/ Nvy (L) for
general functions ¢ which establishes Theorem [I.3]for functions of the form L¢. Section [f]is dedicated to
the diagonalization and inversion of £ given by . In Section we show regularity properties of £7! to
establish Theorem [I.3] We detail in Appendix [A]elements of proof for the spectral theory of Schrédinger
operators, used in Section @

Acknowledgments The authors wish to thank Alice Guionnet and Karol Kozlowski for their helpful
suggestions. We also thank Arnaud Debussche for pointing out the link with Schrédinger operators theory
and Gautier Lambert for pointing out [Lam21]. We would also like to thank Jeanne Boursier, Corentin
Le Bihan and Jules Pitcho for their intuition about the regularity of the inverse operator.

2 Regularity of the equilibrium measure and Hilbert transform

In this section, we discuss the regularity properties of the equilibrium density p%, namely its decay at
infinity and its smoothness, and give formulas for its two first derivatives.

The Hilbert transform, whose definition we recall, plays a central role in the analysis of the equilibrium
measure. It is first defined on the Schwartz class through V¢ € S(R), Vo € R,

H[p](x) = o) g = hm/|t_ N o) g = /;Oo z+t) _¢(x_t)dt, (14)

rRt—x €l0 t—x t

where ][ denotes the Cauchy principal value integral, and then extended to L?(R) thanks to property i)

1
of Lemma I fllz2(az) = =lIH[f]l|22(dw)- The last expression in ([14) is a definition where the integral
T

converges in the classical sense.



We also recall the definition of the logarithmic potential U/ of a density of probability f : R — R,
given for x € R by

Ul () = — / In |z — y|f(y)dy (15)

Because we assume f € L'(R) to be nonnegative, U/ takes values in [—oo,+00). If f integrates the
function In, i.e [, In|z|f(z)dz < 400, then U/ takes real values.

Additionally, one can check that the logarithmic potential and the Hilbert transform of f are linked
through the distributional identity (Uf)l = H[f]

We recall in the next lemma some properties of the Hilbert transform that we will use in the rest of
the paper.

Lemma 2.1 (Properties of the Hilbert transform).

i) Fourier transform: For all ¢ € L*(R), .7:[7-[[(;5]} (w) = imsgn(w)F[¢P](w) for all w € R.

ii) As a consequence, %H is an isometry of L*(R), and H satisfies on L*(R) the identity H?> = —71.
iii) Derivative: For any f € HY(R), H[f] is also H*(R) and H[f] = H[f'].
iv) For all p > 1, the Hilbert transform can be extended as a bounded operator H : LP(R) — LP(R).
v) Skew-self adjointness: For any f,g € L*(R), (RS 9) r2@y = —(fs HgD r2w) -
Proof. We refer to [Kin09) for the proofs of these properties. O

As a consequence of [GZ19], iy converges almost surely under IP’K’P towards the unique minimizer of
the energy-functional £}, defined for 1 € P(R) by

e // .
Ep () = /R{ * n(dx)} a - nlz —yldu(@)duly) it p < dv 16)
+00 otherwise

(Here we wrote pu < dx for "u is absolutely continuous with respect to Lebesgue measure")
Consequently, following [GM22, Lemma 3.2], the density p} of u} satisfies equation , which we
rewrite here for convenience.

V(z) 2P / Iz — ylp%(y)dy + In pY(x) = AY | (17)
R

where /\K is a constant (depending on V' and P). Using this equation, we show in the next lemma that
p% decays exponentially and is twice continuously differentiable.
We now drop the superscript of p}, and p} and denote it pp and pp for convenience.

Lemma 2.2. Under Assumption|[1.]

o The support of up is R and there exists a constant C} such that for all x € R,
pp(@) < CE(1+ fo])2Pe V@),
o The density pp is in C2(R) and we have
oo == (V' + 2PHpp] ) pr (18)

and

P ( —2PH[pp) — V" + V' + 4P*H[pp]? + 4PV/H[pP])pP : (19)



Proof. For the first point, [GM22| Lemma 3.2] establishes that the support of up is the whole real axis,
and that under the first condition of [I.I] we have the bound, valid for all z € R

Ky

pr(z) < A+ 22 (20)
with K}, a positive constant. Using and the fact that
Injz—y| <In(1+|z) +In(1+|y]),
we see that for all z € R,
pp(z) <CY exp(—v(a:) +2PIn(1 + |:c|)), (21)

with
Cfp = exp (2P/ In(1 + [y))pp(y)dy + Ag)
R

which is indeed finite by .

For the second point, we use that (U”P)/ = H[pp] weakly and equation to conclude on the
distributional identity

pp = (* V- QPH[pP])pP.

By the second point of Assumption V/(z)e”V@+2PI0+z) = o(z71) as |z| — oo, thus by (21),
V'pp € L*(R). Also since pp is L*(R) and bounded, we deduce, by using that H[L*(R)] = L?(R), that
H[pplpp € L*(R). Adding up these terms we get pp € H'(R). Because H[pp]' = H[ps] in a weak sense
by Lemma H[pp] € H*(R). By the classical fact that H'(R) is contained in the set of 1/2-Holder
functions C1/2(R), we have H[pp] € CY/2(R) and so UP? € C/2(R), the set of functions in C*(R) with
derivative of class 1/2-Holder.

Using the fact that V' is continuously differentiable, the previous equation for the weak derivative of pp
then ensures that pp € C1(R) and equation (18] holds in the strong sense.

Differentiating (in a weak sense) equatio we obtain

ph = ( —2PH[pp) — V" + V" + 4P*H[pp]? + 4PV,H["’P])‘)P '

The three first terms belong to L?(R) for the same reasons as before. By equation , pp € LA(R) and
by lemma so is H[pp], thus using the boundedness of pp we see that ppH|[pp]? € L(R). For the last
term, we use that V’pp and H[pp] belong to L*(R) to ensure by Cauchy-Schwarz inequality that it is in
L?(R). Finally, we can conclude that pp € H?(R) and so that H[pp] € H*(R) with H[pp]” = H[ps] (in a
weak sense). As before, we conclude that pp € C?(R) and that equation holds in a strong sense. [

We next show that the Hilbert transform of pp is continuous and decays at infinity.

Lemma 2.3. Let u € L*(R) such that [, u(t)dt exists and f : ¢ — tu(t) € H'(R) then

M)~ SO0

Moreover zf/ u(t)dt =0, [, f(t)dt exists and g : t — t*u(t) € H'(R), then
R

H[u] (x) e W_

As a consequence, we obtain that H[pp|(z) | ‘N =1 and the logarithmic potential UPP is Lipschitz
xT|—0o0

bounded, with bounded derivative H[pp).



Proof. Let u € L*(R), such that [, u(t)dt exists and f : ¢ — tu(t) € H'(R). Then

w(t)dt = /]R [xu(x +1) Q—txu(x —t) n u(a:;— t) n u(acz— t) dt = H[f](x).

R
Since f € HY(R), so is H[f], proving that it goes to zero at infinity. Hence

Hu](z) ~ M

|z|—o0 x

Moreover if / u(t)dt =0, [g f(t)dt exists and g : t — t*u(t) € H'(R), then by the same argument:
R

S Hul(x) = 2H[f)(x) = Hlg) () — / f(t)dt

2 — Jptult)dt e
where g(t) = t*u(t). We deduce that H[u](z) e since H[g] goes to zero at infinity. [
z|—00 x
We conclude this section by stating the Poincaré inequality for the measure pp under the assumption
that V' is convex.

Proposition 2.4. The measure pup satisfies the following Poincaré inequality: There exists a constant
C such that for all f € C°(R),

Var,, () < C /R \Pdus. (22)

This fact comes as a direct consequence of [BBCGO§|[Corollary 1.9], which states that if the probability
measure p has a log-concave density on R, then it satisfies for f smooth enough (actually the result
is true in R%, replacing f’ by Vf). Indeed, by convexity of V and concavity of  — [ In|z — y|pp(y)dy,
equation implies that In pp is concave.

Remark 2.5. We will apply later inequality to more general functions than C2°(R), namely functions
of the weighted Sobolev space H' (pp), defined in Section @ which can be seen as the completion of C2°(R)
with respect to the norm |[ul|L2(,,) + |v/']| 12 (pp) -

3 Concentration inequality, proof of Theorem [1.5

We prove in this section the concentration Theorem [I.5] Its proof is a direct adaptation of Theorem 1.4
of [HL21], which shows the analogous estimate in the circular setup. It is inspired by [MMS14] and based

on a comparison between a configuration xy = (z1,...,2xy) sampled with IP%P and a regularized version
vy~ = (Y1,-..,yn), which we describe here.
Definition 3.1. Let xy = (21,...,2x5) € RN, and suppose (up to reordering) that vy < x5... < xN.

We define yn € RY by:
y1:=x1, and for 0 < k < N — 1, ypy1 := yp + max{xpy1 — a5, N3},

Note that the configuration y given by the previous definition satisfies yx41 — yr = N2, and yy is

close to x in the sense that
N

1
Z|xk—yk|<ﬁ~ (23)
k=1

Indeed, by construction we have |x; — yi| = yr — 71 < (K — 1)N~3, and we get the bound by summing
these inequalities.



The key point of the proof of Theorem is comparing the empirical measure iy = % Zf\il 0z,, where
x follows JP’]‘G’P, to the regularized measure

N
~ 1
UN = >\N75*N;6yi’ (24)

ie the convolution of A\y-s and the empirical measure, where A\y—s is the uniform measure on [0, N ~°].
The interest of introducing the measure fi,y is that it is close to fix, while having a finite energy £p (fin),
given by . Finally, notice that the empirical measure doesn’t change when reordering x1, ..., xy, and
thus we do not lose in generality for our purposes in assuming that z; < ... < zy in definition [3.1]

We now introduce a distance on P(R) which is well-suited to our context.

Definition 3.2. For u, /' € P(R) we define the distance (possibly infinite) D(u, 1') by
1/2
D)= (= [ Wle = yldt = i)l - )0 (25)

([ e wra)” o

where the Fourier transform of a signed measure v is defined by F[v](z) := [ e "d(p — p')(x)

5 \1/2
Let f: R — R with finite 1/2 norm || f|l,/2 := (fR [t] | F[f1()] dt) . By Plancherel theorem and

Holder inequality, for any p, i’ € P(R), setting v = p — p/,

/R fdu - /R Fai

Therefore the metric d defined in is dominated by D:

FIvI()

9 2
1 [ ppre
5 [l Fn T

1 2 2
< 53112 D% (. 1),

d(p, 1) < #D(u,u’)- (27)

The following lemma shows how the distance D is related to the energy-functional £% defined in ,
we will write Ep for simplicity.

Lemma 3.3. We have for any absolutely continuous u € P(R) with finite energy EY (),

Ep(p) — Ep(up) = PD*(u, pp) + /ln (;Z;) dp. (28)

Proof of Lemma[3.3 Subtracting Ep(u) — Ep(up) we find

&)~ Ep(ur) = [ Vdu—pr)+ [0 Lau [wprdur - P [[1a]z - slduto)dnty)
4P [[wle = yldur@auet). (29

Now, if v is a signed measure of mass zero, integrating (17) we get

/V(m)du(m) — 2P//ln |z — yldv(z)dup(y) + /ln(pp)(x)du(ac) =0.

10



We take v = u — pp, and get

[ V@t ue)@ =2P [ wle = yldu@)aue(w) - 2P [[ 1nle = sldur @)dne)

- [ m(er)@)duto) + [ o) )dur (o).

Plugging this last identity in , we find

r) ~ Enlur) =~ [[ ke sl + [ () @inta)

which establishes the result. ]

Proof of Theorem [T.3, We first give a lower bound for the partition function Zx" @) of PR, We rewrite

it as
N

Z]‘\/fP - /RN exp (2]\}; Zln |z; — x| — Z [V(xl) +In pp(l‘i):|>dpp(l‘1) ...dpp(zN),

i<j i=1

and apply Jensen inequality to obtain:

anJ‘\/,*P / ( Zln\mz x]\—Z[ ($1)+1pr(l'i):|>dpp(l'1)...dpp(.TN)

1<J

N-1) //ln\:cf yldpp(z)dpp(y N/ V+1npp}dpp
~Nep [ur) = P [[ 1nle = sldoe(adpr(s).

Using this estimate and the fact that for 1 < ¢,j < N we have |z; — ;| < |y; —y;|, with yny = (y1,...,yn)
of definition [3:1} we deduce the bound on the density of probability

V,P
dE;I)\(f (@1 a) < NEPEP)HP I inle—yldur @dur ) +5 3 nlyi—usl =3, Vi) (30)

Recalling , we now show the following estimate

3
Zln|yl—yj| 2N+N2//ln|:177 |din (z)din (y )+3N1nN+ -N. (31)
1#]
Let i # j and u,v € [0, N~°]. Since for z # 0 and |h| < ‘zl , we have |In |z 4 h| —In|z|| < < 2 we deduce

EI

™ N |~ ln| H<2|u—v\<2N—5 2
n\y;, —yYy; +u—v —In|y; —y; 2 = o
Yi y] Yi yj X |y2 — yj‘ X Nf‘j N2

Thus, summing over ¢ # j and integrating with respect to v and v, we get

S tnfy: — gy < 2+Z//1n|yz g+ — ol dh s (W)dAy s (v)

i#] i#]

—2+N2//1n|z—y\dmv( Ydiin (y N//ln|u—v|d)\N s (u)dA\y—s(v).
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The last integral is equal to —2 —51n N, so we deduce (3I]). We now combine and (31)). Recall (16)
and set

ey =P (// In |2 — y|dup(x)dup(y) +3/2 + 2/N> )
We get

dPX’P eN+5PInN ~ dpn
I (x1,...,2n) < e exp |N<Ep(pup) — Ep(iin) + / V—i—ln— ZV

— cN+5P1nN exp

—~NPD?(fiy, jup) +N/ V—I—lnpp)duN—ZV

=1

where we used equation in the last equality. Using again equation we then see that the density

d]PVP
X—(z1,...,2N) is bounded by

N
e NI N oxp [—NPD2(A7N, pp) + 2P]V//lﬂ |z —yld(in — ﬂN)(x)dup(y)} [1rp(a:).
=1

Recalling ([15] , ff ln |z —yld(in — an)(z)dpp(y) = — [UPPd(fiy — fin). As a consequence of the bound
on the den51ty

(acl, Co,XN) We estabhshed, we have for all r > 0

]P)%P (D2(ﬁN7ﬂP) > ,',,) < e—NPT+CN+5P1DN/

exp{ 2PN/U”Pd (on — An) }pr dz; . (32)
]RN

i=1

Next, we show that —N [UPPd(fin — fin) is bounded.
By Lemma U** is differentiable with bounded derivative H[pp] on R. As a consequence,

\N [vreain - m)] < i / U (g1 + u) — UP* (25)| dAr—s 1)

< [[Hlpp]llo (Zly I1|+N/ud)\N 5 ))

=1
< [Hlprllle (535 + N74/2).
where we used in the last inequality. Therefore, we deduce from

PK,P (D2(,EN;,UP) > 7’) < efNPr+cN+5PlnN+2PHH[pp]Hoo — efNPr+5Pln N+Kn (33)

with K := en + 2P||H [pp] ||oo- Since ¢y is bounded, so is K.
Finally, let f be a Lipschitz bounded function with || f||Lip < 1, then, we have (as we did for UPP)

‘/fdﬂN—/fdﬁN <N“2.

Thus,
1
d(fin, pp) < d(fin, fin) + d(fiv, pp) < N2+ —D(fin, pp) ,
\/§7r

and for any N such that 7 — N=2 > r/2 (in particular »r — N=2 > 0) we get

A 1 B 1
P i) > 1) < B (Sh D) > (= V722 ) < BN (S5 DG > 124

2
—Nr*Ez

and the last term is bounded by e +OPIMN+K for some K large enough, which concludes the
proof. O
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As a consequence of Theorem [I.5] we are able to control the quantities

)= / Md(ﬂN —pup)(x)d(in — ppr)(y) (34)
R2 r—=y

for a certain class of test functions ¢.

Corollary 3.4. There exists C, K > 0 such that for all ¢ € C*>(R)NH?(R) with bounded second derivative,
we have for e >0 and N large enough,

€

+5P1nN+K}

with No(¢) = [|9"[| 22 (dz) + 19" |22 (da) -

Proof. We follow the proof given in [Guil9][Cor. 4.16] and adapt it to our setting. Let us denote by
(n () the quantity

o(x) — oY) , ~
/ () = & )d(ﬂN = pp)(@)d(in — pp)(y) -
R2 r—=y
We have the almost sure inequality, by a Taylor estimate

IEn (9) — Cn(9)] < 2N 216" ||oo - (35)

Thus, for any § > 0,

P (1w (6)] > 6) < PR (1w (6) — v (o)l > 8/2) +BY (1w (0)] > 6/2)
<PY” (2N 26" > 8/2) + PR7 (ICn(0)] > 6/2) |

where the first term of the right-hand side is either 0 or 1. With § = N~!%%, ¢ > 0, it is zero for N large
enough. For such a choice of §, and for N large enough,

PR (av()] > N7) < PR (1Gv0)] > g1

We next show that, for some C' > 0 independent of ¢, we have

v ()] < CD?(fin, 1p) N2 () . (36)

We begin by showing this inequality for ¢» € S(R). By using the inverse Fourier transform we have

e -~ / [ dtF](t)e it — i’dt}' (t)e=ity d(fn — pp)(@)d(in — pp)(y)
- e—zt(w y) _
Zg/ e // gy 4y — )iy )

= ;—;/dtit}"[w](t)//e’“y/o dae™ "9 d(fiy — pp) (2)d(in — pp)(y)
_ % / dtit FI) (1) /O ' da / e d(fin — pp)(w) / e Ay — pp) (y)

13



We then apply in order the triangular inequality, Cauchy-Schwarz inequality, a change of variable and
the fact that |F [fiy — pp]|” is an even function.

)] < 3= [ ahFWIOL | do|F i = e (01)|- | F e = 2] (1= )1

o [ at el (/1da i = pur] <at>2)é(/01 da | Fljiy — pr) (1 - ) )

0

N

N

1
o [t [ dalF iy el o)
“+o0 o . )
i/ dt |t F[] \/ Mo 7 i — ) (ot)] / dt |t Flo ](t)|/0 jja Fli — up] (o)

37 [ A0 DG o)

< o ([arermor o) ([ £85) 2w

D*(in, pp)Na ()

//\

//\

1
< -

NG
By density of S(R) in L2(R), and since Cy : (HQ(R), Ng) — R is continuous, the inequality still holds
for ¢. Thus, using equation (33),

v,P [ 11 < pYP [ p2(7 N—te < B N*
Py (|§N(¢)|>2N <Py (D ('UN”UP)>72CN2(¢>) < exp P72CN2(¢)+5P111N+K ,

which concludes the proof. O

4 Localization of the edge of a configuration

In [Lam21][Theorem 1.8, Theorem 3.4], Lambert was able to control the edge (i.e the minimum and the
maximum) of a typical configuration (x1,...,2y) distributed according to ]P’%’P, by showing that the

random measure
N
=N = o -
N Z WNl(wj)
=1

converges in distribution towards a Poisson point process for a function ¢ which takes the form
on(z) = En+ a;,lac

Before being more precise on the construction of (En )y and (an)n, we explain, following [Lam21], how
one can use this convergence to localize the edge of a typical configuration (x1,...,2y). Let us assume for
a moment that =y converges towards a Poisson point process with intensity 6(z) = e™*, with Ex — 4o0.
In particular, the random variable

En(t,+00)

converges in distribution towards a Poisson random variable with mean f:oo e *dx. Combined with the
equalities

P (Zw (e 400 =0) = PR (V1 <5 < V. it ay) = ante; — ) <)
= IE’%P (aN ( max T; — EN> < t) ,
1<GEN

14



we deduce that for all t € R

V,P —t
3 P < _ .
Py <aN ( max z; EN> < t) N—> exp(—e™ ")

1<

Therefore, the random variable

an ( max ; —EN)
<N

<IS

converges in distribution to the Gumbel law, showing that the maximum of a configuration is of order
Ex. Furthermore, as will be clear from the construction of ay and Epn, apy is positive, and goes to
infinity as N goes to infinity.

Replacing in the previous analysis 0(x) = e* and Ey — —o0, we would have deduced in the same
fashion that

. B

converges in law.

With the above notations, we can apply [Lam21][Theorem 3.4] to our context.

Theorem 4.1. Let v = £. There exists (EX)n, (a%)n sequences of real numbers with |EY| — 400,
a¥ > 0 for large enough N, satisfying V'(EY},) = a¥v, such that:

Ne—V(EX)+2P In|EX|+27

a) - — 1 (recall \} is defined through equation ),
(eNs N—o0

In(a} v v
b) % Njoo and o | EY| feandl +o0 ,

¢) For all compact K C R,
(aR) " sup [V"(on(2))| — 0.
zeK N—o0
As a consequence, the random measure Zn converges in distribution as N — oo to a Poisson point process
with intensity 0(x) = e v*.

Proof. We prove it in the case v = +, the case where v = — being similar. We show that there exists a
sequence (Ef)y going to +oo satisfying f(EY) = —In N, where we defined the function f by

f(x) = =V(z) +2Pn|z| + A\ —In|V'(2)] .

(we will then have af; = V/(E¥) > 0. In the case v = —1 we would have looked for a sequence E going
to —oo and ay = -V/(Ey))
As a consequence of Assumptions|[L.1]4i), one shows that In [V’| is negligible with respect to V at infinity.
In |z|

—

Therefore, because
f(x) = =V(z) + o(V(z))
at infinity (in particular, f(z) — —o00). We deduce that for 0 < ¢ < 1 fixed, there exists A > 0 such

r— 400
that for all z > A,
—(1+e)V(z) < flz) < -1 —-e)V(z), (37)
and because f(z) T, T there exists (E};) v going to infinity such that forall N > 1, f(Ef) = —In N.
Tr— 100

Setting » = E}; in , we obtain that —V (E};) ~ f(EY) = —In N. By convexity of V and the fact that
it goes to infinity at infinity, V' is increasing on some [M, +o00[, where M > 0. Thus —(1+¢e)V(z) = —In N

15



In N _
iff £ =V"1 <1n:|:€), where V1 denotes (‘/‘[M7+Oo[) ', We conclude by that such an E;\L, must
satisfy
In N In N
v <EL<Vv! : 38
(1 + 6) N 1—¢ (38)

By convexity of V' and the fact that it goes to infinity at infinity, (a}) N~ is non-decreasing and goes to
infinity. It is thus positive for N large enough, ensuring that ay|E}| e +00. Property c) of the
—00

In(af)  In|V/(EY
theorem follows from Assumptions point ). It remains to show that n(ay) = n|VI(Ey)| — 0.
N N N—o0
By construction, we have
~V(E)+2P1In N+
W |v(Ep) (Ve VERRI) o)
N N I A

Using that V(E};) ~ In N, we can conclude that In [V'(E};)| = o(IN) which concludes the proof. O

By the discussion preceding Theorem we deduce

Corollary 4.2 (Edge of a configuration). Let Ex, % := |V/(E%)| be the sequences of Theorem
associated with v = 1. Then, both random variables

ax (12§'sz T — EJJ{,)
and

o (min, 2 - £ )
converge to a Gumbel law, whose distribution function is given for t > 0 by G([0,t]) = exp(e™"). Further-

more, V(EL) ~In N and o e +oo.
e el

Remark 4.3. Note that[Lam21|/[Theorem 3.4] applies for V of class C* outside of a compact set, allowing
to take V(x) = |z|® for a > 1. Furthermore, if V(z) = |z|* + R(z) for a > 1, R € C*(R) and convex
and where R(z), R'(z) and R"(z) are negligible respectively with respect to x®, =1 and 2%~2, we find
Ef ~ £(InN)Ye,

If V(z) = cosh(z), we find Ef; ~ —Ey ~ argcosh(In N) ~ Inln N.

The next lemma will be convenient in the proof of Theorem when dealing with error terms.
Lemma 4.4. With the notations of Corollary[{.3, we have
ue((Ex, BY) = o(N~1/2).

Proof. Let 0 < § < 1, to be specified later. We have

+o0 too
/ ppdsc:/+ (pp)é(pp)l"gdx</(pp)5dw sup (pp)' 0.

EY EY R (B} +oo]

By the first inequality of Lemma the integral is finite. Also from the same inequality, we have for
some constant C’ and z big enough pp(x) < C’e~1V (@) Because V is increasing in a neighborhood of
400, we get for N large enough

sup (pp)1—5 < N6~ (1=86)3V(EY)
[EF ool
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Taking 6 > 0 such that + — (1 —§)3 =: —y < 0 and using that V(EY) =In N + o(In N) (established in
the proof of Theorem ,

+oo
VN / ppdz < Ke—7nN+1-8)30(nN)
By

and the right-hand side goes to zero as N goes to infinity. We deal with the integral f ppdx in the

same way.
O

1
Remark 4.5. We could improve the proof to show that up([Ey, EX]¢) ~ N but showing that it is o(N?2)

is sufficient for what we need and requires less carefulness.

5 Laplace transform for smooth test functions, proof of Theo-

rem [1.3

Section (3| allows us to justify in Proposition the heuristics we gave in equation @ for ¢ having
compact support. We will then extend in Theorem [5.2] this result to a more general set of functions, by
an approximation by compactly supported functions, using Corollary [£.2]

Proposition 5.1. For ¢ € C1(R,R) with compact support, we have for any real t, as N goes to infinity,
V,P [ tv/Nun(Z t?
Ey [e ”N(“¢)] — exp {qu(qb)} , (39)

where Z¢ is given by equation (7)), and qp(¢) is given by

(@) = [ (0P + V@02 )aur + P | (ML= uprdurt). a0

Proof. Let ¢ € CL(R,R), and let t € R. We perform in equation the change of variables
T =y + \/Lﬁgb(yi), 1 <4 < N, which is a diffeomorphism for N big enough. We thus have

V,P 11 t ( ) 2N S V(vit o) ﬁ ¢ N
Zy = / yi — Y + —=(o(yi) — o(y;) e L= DARTVREE, (1 +—= ’(yi)> avy,
1<i<j<N N i v N
(41)
and we develop separately the different terms of this integral. The first term can be written as:
2P/N
. 2P/N toly) — o(y) |
H |yl - y]| H 1 + /N P . ’
i<j i<j Yi =Y
The second product above, setting A¢; ; := %ﬁ;%) and using Taylor-Lagrange theorem, equals
(yz) ¢ (y;) 2p t £ 5 -
1 PUTZOIN ) —exp (225 (= Adiy — o (A ;)2 + Ruva(ind) ) ),
exp( Z n Yi — Y exp N Z VN i 2N( ¢i5)” + Rna(i, 7)

i<j 1<j

where we noticed that 1+ \ﬁA(bm > \/%qu/”oo > 0 if N is big enough, and where

t*
3N3/2

[Bna (i, 4)] < 1612
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Again by Taylor-Lagrange theorem, the second term in equals

N
o (35 (V0 + gVt + et )

=1

where Ry 2(i) = M\’%Z/QV(‘IS) (yz + %gﬁ(yi)) é(y;)? for some 6; € [0, 1], thus for N large enough

|t]? 3 3)
ollee  sup [V (z)].

Ry 2(i)] <
| 6N3/2 d(z,supp ¢)<1

The last term reads

N

Z_Hl(H\ﬁqﬁ y> eXP(Z(¢ vi) 77¢>(yl) +RN73(1')>),

with |Ry3(i)] < 3N3/2 |#'||2,. Dividing both sides of equation by Zx’P we get

£ e { VI (P [ D= gy it + [ (0~ vordnn ) | x exo (K te.0)

xexp{ (P//( = >)2dﬂN<x>daN<y>—A<V/’¢2+¢/2>an>}}:1,

with |Kn (¢, ¢)] < CE;@ where ¢(t,¢) > 0 is independent of N. This bound shows that taking the limit
N — oo we can get rid of Ky:

Jm By {GXP {NN (P I 2= byt + [ (o - V’qb)dﬂN) }

xexp{ ( P (Ao )>2dﬂN<x>dﬂN<y)— / <V”¢>2+¢'2>dﬂN>H=1.

¢(@)—9(v)

T—y

in the expectation value can be rewritten as etVNAN with

Using Fubini’s theorem (the function (z,y) — being bounded continuous on R?), the first line

Ay :=2P /Rz WdﬂP(x)d(ﬂN —up)(y) + /R(¢/ —V'¢)d(in — pp) + PCn (o) (42)

where we used equation and (n(¢) is given by . Let F': P(R) — R be defined by

—r [ ("= y))Qdm)du(y)— e+ oyan. (13)

It is continuous for the topology of weak convergence since all the functions in the integrals are bounded
continuous. So far we have established that
lim EV’P [et\/ﬁANJrgF(ﬂN)} =1
N—o0 N
with Ay given by . We now replace in the latter equation the term F'(fi) by its limiting expression,
F(up). Fix a metric that is compatible with the weak convergence of probability measures on R. For
example,

dui(1,v) =sup’ [ tin= | ga|. (44)
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where the supremum runs over f : R — R bounded and Lipschitz with || f||cc < 1 and Lipschitz constant
| flLip < 1. By the large deviations principle for (in)n under the probability established by [GZ19,
Theorem 1.1}, for all § > 0 the event {drip(fin, up) > 0} has (for N big enough) probability smaller than
e~N¢ where cs > 0. Hence,

lim IEX,’P {et\/ﬁANJr%F(ﬂN)} = lim EX’P

2
t\/NANJr%F(ﬂN)]
N—o0 N—o0

[1{dup<ﬂN,up)<6}6

By continuity of F' there is some £(6) which goes to 0 as 6 — 0 such that, for drip (v, pp) < J, we have
|F(v) — F(up)| < €(d). Taking the (decreasing) limit as 6 goes to zero we deduce

t2 A
lim EX;P {et\/ﬁAN"‘?F("N)} = lim lim EX;P

2
tx/NAN} o T Flup).
N—o0 6—0 N—oo

|:1{dLip(/j‘NuUfP)<5}e
But the same large deviations argument shows that

t\/NAN} = lim IEX,’P {et\/ﬁAN} .

. . V,P
lim lim Ey [1{dLip(ﬂN,up)<6}e Aim

6—0 N—oo

Thus, we have shown that

lim EYP |VN (2Pl Wdup(w)d(ﬂzvup)(y)JrfR(tlﬁ'V'¢)d(ﬂNMP)+PCN(¢))} — e FFwR) | (45)
N—o0 )

Which establishes that vV NAy = VN (uN(EqS) + P(n ((b)) converges in law towards a centered Gaussian

random variable with announced variance. We finally get rid of the remaining term (n(¢), using Corollary
taking e = 1/4 for example, we see in particular that vV N(n(¢) converges in probability towards
zero. The conclusion follows from Slutsky’s lemma. O

We now extend the result of Proposition to a more general set of functions. With the notations
of Proposition [5.1] we have

Theorem 5.2. Let ¢ € H*(R) N C%(R) such that ¢ is bounded. Additionally, suppose that V()¢
V"', V'"¢? and V'¢ are bounded. Then, recalling we have the convergence in distribution as N
goes to infinity

VEux(26) = N (0,qp(9))

Proof. For N > 1, let E}, EIJ{, be given by Corollary Let xn : R — [0, 1] be C? with compact support
such that

xn(z)=1forx € [Ey —1,Ef; + 1] and xy(x) =0 for z € [Ey — 2, E{ +2|°

and such that, denoting ¢y = éx, supy [ lloe + [y 2@y supn (9%l + 6% l2m) < +o0 (we
assumed ¢ € H%(R), in particular ¢ is bounded and such a yx exists). The point of cutting ¢ outside
the set [Ey —1, EX, +1] is that with high probability, the empirical measure [ix doesn’t see the difference
between ¢ and ¢y .
The support of ¢ is then contained in [E -2, EX,—}—Q], and we now argue that the proof of Proposition
can be adapted so that
VN (Eon) — N (0,4p(6)). (46)

Similarly as in Proposition we perform in Zx’P the change of variables z; = y; + ﬁ¢N(yz)7

1 < < N, which is the same as before, but with ¢ replaced by ¢x. First, with Iy = [Ey — 2, Ef; + 2],
the error term 5
t

43
QW [onlloe  sup |V(3)(x)|

Ky(t, < 6N1/2
N(t oN) 6N1/2 d(z,In)<1

o2 +
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of the proof of Proposition [5.1] is still going to zero, because of our choice of x and Assumption As
previously, we then have
lim EYP [et\/ﬁAN(M)Jr%FN(ﬂN)} —1 (47)

N—oc0

with

An(on) = 2P/ on(z) = on(y)

[ 2O @) =)o) + [ (e = V')l = j1r) + PO (om).

R

where (y is given by , and

Putin) =P [ (“W“”V(y)f din(@)dins) = [ (V65 + R

r—y
Taking again the distance dr;, defined in , one can check that for u, v probability measures over R,
|Fn (1) = Fn (V)] < Cnduip(p,v)

where Cy is a term depending on the norms ||y ||, |9 l|lcos |V @%|loo and [[(V"é3%;)/||c. The choice
of xn and the fact that ¢ is chosen so that V(3 ¢? and V" ¢¢’ are bounded guarantee that ||(V"$3)’||oo
is bounded in N. The other norms are easily bounded by hypothesis. Therefore C'y can be seen to be
uniformly bounded in N, and we find some C > 0 independent of N such that

[P (1) = Fn (V)] < Cdip(p,v) -
As in proposition we use the large deviation principle for (fin) to deduce

lim EYP {ewﬁmwm%m(ﬁm]: lim E%P [etﬁmwm} T EN(np) |
N—+co N—+oco

By dominated convergence, Fiy(pup) converges to F(up), the function F being given by . This shows
the convergence as N goes to infinity

lim IEX;P {et‘/ﬁANW”V)} = eiéF(”P) )
N—+4o00

and \/N(I/N (Eon)+PCNn (qSN)) converges towards a centered Gaussian variable with variance —F'(up) =

qr(¢). Because supy ||¢'yll22(dx) + |||l £2(dr) is finite, we can apply again Corollary to deduce the
convergence in law .
We now have the ingredients to conclude, by showing that the characteristic function

EX,P [eit\/ﬁuN(E¢):| _ EﬁP [eit\/ﬁf&;&dﬂ]\;} o—itVN [Eddup
converges to the characteristic of a Gaussian variable with appropriate variance. By Corollary the

probability under ]P’K’P of the event &y = {xl, ..., aN € [Ey —1, EX, + 1] ¢ converges to 1. Along with
the convergence , we deduce

eféqp(ab) - hj{,n]E‘z(fP {eit\/ﬁj'EgﬁNdﬂN} e~ itVN [E¢ndup _ hj{,nEX’P [18Neit\/ﬁj'E¢NdﬂN} e*it\/ﬁfE@dep’

Where we used

<PRP(ES) —— 0.

‘EV,P [1£C eit\/ﬁ_fE¢NdﬂN] o—itVN [E¢ndup
N N N —+o0
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Using that ¢n = ¢ on Jy = [Ey — 1, B + 1],

/E¢NdMP = QP// Wdup(x)dup(y) + /(¢'N —V'on)dup
= 2P / p Wdup(x)dup(y) +2P //( oy Wdup(az)dﬂp(y)

+ / (¢' = V'¢)dup + / (OxXn + &'xn — V'oxw)dup -
I IS,
By boundedness of (||¢y|lo)n, the second term is bounded by
Cr || durdur < 2Cpup(s5) = o(N12),
(JN)C

where we used the union bound and Lemma [£4] By the same estimate and the fact that xyx can be
chosen so that (||x'y|lec)n is bounded, and because ¢', V'¢ are bounded, the last term is also o( N~1/2).
By the previous arguments, we also conclude that

) v — —1/2
2P//J2)C vy ————dup(z )dup(y)Jr/zcv(qb V'¢)dup = o(N~1/2),
thus
/E¢Ndﬂp :/E¢dup+o(N*1/2),

and so far we have -
6—7(117((25) — 11]{]1’1 E?P [1£Nelt\/ﬁf :¢NduN:| e—lt\/ﬁf ZEpdup )

Finally, on &y, using ¢ = ¢ and that [iy is supported in Jy,

/ Sondjiy = 2P / ) Wdﬂp( y) + 2P // N x_d’N( Y dyup (x)dfin () + /J (& — V'&)djin

- QP// Wdup(x)dﬂlv(y) + /(gb’ —V'¢)djin + 0(N71/2) ’

Where in the second line we used, using Lemma [£.4] again, that

//m ) Wd //JJ - W O = ON W) gy @) () = o(N112)

and the same estimate holds for ¢ replaced by ¢. Therefore,

e (g) = lan BT [15, etV St ] (—it/N [ Sodur

This establishes that A )
hl{[n IEJ\\/[,P [eit\/ﬁj EqﬁdﬁN} — o~ Far(®) ,

which concludes the proof. O
Remark 5.3. Taking ¢ such that ¢’ satisfies the conditions of Theorem we then have

(48)
2
V,P | tVNun (L) L /
Ey {e } o eXp{2qP(¢)}7
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where the operator L is defined as L := Z¢', ie
’ Y
co=2p [ FOZIW )+ 0 (0) - V@000 0). (49)
V(ar V)2 v o . . ,
Note that g} (¢') = (c}) (L) where o} is defined in (LI). By Theorem the class of functions in

L7YT) where
Ti={s €C'®).s =00/a). ' = 0(1/a*). | for =0}

satisfies @ This proves Theorem .

6 Inversion of L

This section is dedicated to the definition of £ given by and its domain and then we focus on its
inversion. We rely heavily on results of Appendix [A} the diagonalization of the operator A by the use of
the theory of Schrodinger operators.

Let P > 0 be fixed. We introduce the operators A and W, acting on sufficiently smooth functions of
L*(pp), by

¢'pp /
Ap = —u =- (¢” - fj;as') and  Wo = —H[¢pp] . (50)

pp

We first show the following decomposition of L.

Lemma 6.1. For ¢ twice differentiable we have the following pointwise identity

—Lp=Ap+2PWo. (51)
Proof. We write for z € R
2p [ LU= )ty = 2P (a)Hpr(a) + 2PHIG ] 0). (52)
Then,
Lo=¢" —V'¢' —2P¢'Hlpp] + 2PH[¢'pr]
By we have =V’ — 2PH|[pp] = %, which concludes the proof. O

In order to state the next theorem, whose proof we detail in the Appendix, we introduce the following
Sobolev-type spaces. Let

H2,(R) := {u € HX(R), uV' € LQ(R)} .

We now define o
HE/(pp) = pp'*HL(R)

and its homogeneous counterpart
H‘z/,,o(pp) = {u € HZ (pp), /uppdx = 0}.
R

Finally, we let L3(pp) be the subset of L?(pp) of zero mean functions with respect to pp.
We detail the proof of the following theorem in Appendix [A] which is based on Schrédinger operators
theory.

22



Theorem 6.2 (Diagonalization of A in LZ(pp)). There exists a sequence 0 < \; < Ag < ... going to
infinity, and a complete orthonormal set (¢n)n>1 of LE(pp) of associated eigenfunctions for A, meaning
that

o span{¢,, n > 1} is dense in L3(pp),
o Foralli,j, (¢i,d5) 12,y = 0io
e Foralln>1, Ap, = N\ dn-
Furthermore, each ¢y is in Hy., o(pp), A: Hy o(pp) — Lg(pp) is bijective, and we have the writing, for

u € Li(pp)
A=A (u, ¢n) L2(pp) P

n>1

We see the operators A and W as unbounded operators on the space

H= {u € H'(pp) | /]Ruppdac :O}

endowed with the inner product (u,v), = (v, v’) ;2 (or)" This defines an inner product on H and makes
it a complete space: it can be seen that H'(pp) is the completion of C2°(R) with respect to the inner
product (u,v) 2, +{uw,v") 12(,,)- The space H is then the kernel of the bounded (with respect to ||-||1)

linear form, (1, ) L2(pp) o0 H'(pp), and both inner products are equivalent on H because of the Poincaré
inequality, Proposition The use of H is motivated by the fact that both A and W are self-adjoint
positive on this space as we show in Lemma

In the next proposition, we deduce from Theorem the diagonalization of A in H.

Proposition 6.3 (Diagonalization of A in H). With the same eigenvalues 0 < A1 < A2 < ... as in
Theorem there exists a complete orthonormal set (1n)n>1 of H formed by eigenfunctions of A.

Proof. With (¢p,)n>1 of Theorem
Oi,j = (Bir Bj) L2(pp) = ~(Bir Adj) L2 (o)

<¢za d) >L2(pp

V\HQV\HQ’\H

<

(0 Dj)m-

With ¢, = ﬁd)n, (¥n)n>1 is then orthonormal with respect to the inner product of H. To show that

span{t¢n,n > 1} is dense in H, let u € H be such that for all j > 1, (u,¢;)n = 0. In the last series of
equalities, replace ¢; by u: we see that u is orthogonal to each ¢; in L?(pp), thus u is a constant as
shown in the proof of Lemma and because u € H it has zero mean against pp. This shows that
u = 0. 0

We set for what follows D(A) = {u € H{, o(pp) | Au € H} and D(W) = {u € H|Wu € H}.
Lemma 6.4. The following properties hold:
o The operator W : D(W) — H is positive: for all ¢ € D(W),

1
W, ¢ = 5l18'pplij2 > 0

with equality only for ¢ = 0, where the 1/2-norm of u is given by

el = / 2. | F [l ()] da
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e Both A and W are self-adjoint for the inner product of H.
Proof. To prove the first point, let ¢ € D(W). Then,

2w <W¢a ¢>H =27 <H[¢IIOP]/7 ¢/pP>L2(dw) = - <Z$F[H[¢),pp” ) f[¢/pp]>L2(dm)
= (|| Fl¢'pp), FI¢'pP]) 12 (axy = 7l &' Pl )2 2 0,

and because ¢ is in H, this last quantity is zero if and only if ¢ vanishes.

For the second point, let u,v € D(W). Using Plancherel’s isometry and i) of Lemma

1
<WU’U>H = <(WU)/vvlpP>L2(dx) = 5 < | x|f[ulpp}>F[U,pP}>L2(dx) ’
and this last expression is symmetric in (u,v). The proof of the self-adjointness of A follows from

integration by partss. 0

Definition 6.5 (Quadratic form associated to —L). We define for all u,v € HNC(R) the quadratic
form associated to —L by
q-r(u,v) = (Au, Av) 1o, ) + 2P (F[u'pp], FI0'0P]) 12 0)da)
Note that for all u,v € HNCX(R), g_z(u,v) = (—Lu,v), and that whenever u € D(A) N D(W),

4 (uyw) = (Auyuy + 2P (Wa )y > A (Al (53)
by Proposition and Lemma After extending the g_, to its form domain Q(£) which is equal
to {u € H,Au € L?(pp), Flu'pp] € L2(|a:|da:)} = H¢o(pp). The equality comes from the fact that
A1 (L%(pp)) = H¢ o(pp), that H C Hy o (pp) and that Flu'pp] € L*(2*dx) whenever u € Hy, o(pp),
indeed u/pp € H'(R) because (v pp)’ = —ppAu € L?(R). We now define D(L) the domain of definition
of —L by:

D(L) := {u € Q(L),v — q_r(u,v) can be extended to a continuous linear form on H}

Proposition 6.6. D(L) = D(A)ND(W).

Proof. Let u € D(L), by Riesz’s theorem there exists f,, € H, such that ¢q_z(u,v) = (fu,v), for all v € H,
we set —Lu := f,, it is called the Friedrichs extension of —£. Then for all v € HNC(R), by integration
by part we get:

<_‘Cu7 ’U>H = qu(u, v) = <ua AU>H +2P <ua WU>H )

hence we deduce the distributionnal identity —Lu = Au 4+ 2PWu. Since u € H%,,’O(pp), Wu € H(pp)
implying that Au € H and then that Wu € H. O

We are now ready to state the main theorem of this section, that is the inversion of £ on D(L).

Theorem 6.7 (Inversion of £). —L : D(L) — H is bijective. Furthermore, (—L£)~! is continuous from
(H, [I-ln) to (D(£), q-2)-

Proof. Let f € H, since (f,.)y is a linear form on Q(£) = Hy, (pp) which is, by (53)), continuous with
respect to g_., one can applies Riesz’s theorem so there exists a unique uy € H‘Q/QO(R), such that for all

veH, (f,v)y =q-r(uf,v). Since, uys is clearly in D(L) by definition of the Friedrichs extension of —L,
we have —Lu = f. O

Remark 6.8. We can diagonalize L by the same argument we used in Appendiz[4] to diagonalize A in
Li(pp).
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We now state a result that could allow one to extract more regularity for £~! by the help of an
explicit form that uses Fredholm determinant theory for Hilbert-Schmidt operators, the reader can refer
to [GGKI2].

Definition 6.9 (Fredholm determinant). Let U be a self-adjoint Hilbert-Schmidt operator, we denote the
Fredholm determinant by det(I +U).

1 +o00
Theorem 6.10 (Determinant formula for £71). For all u € H, such that x ﬁ/ u(t)pp(t)dt
pp(z
is integrable at 400, we have: ’
Llu=Au— p}l/QR[pyzAflu] (54)

where R is the kernel operator defined for all v € L?(R) by:

where ) ) .9) e 00)
- - - K T,y K T, Ap
Bey) = @+ 1) ; nl / et {K(Aa,y) EQaho)], o, @
where KC is the kernel operator defined for all w € L*(pp) by:
Kul(o) = [ KGeg)uu)dy (59)
with y
K(w,y) = —2Ppp(2)pp(y) |1 - 2|. (56)
Proof. Let f € H, there exists a unique u € D(A) such that Au = f. Since (u/pp)’ = ppAu € L*(R),
! !
hence u'pp € HY(R) so v'(z)pp(z) — 0 _or) = f hence
o] —+o0 pp
1 e
(A @pr(o) = @pr(e) = [ f@pr(t)ir 67)

Using the fact that [, u(z)pp(x)dz = 0, integrating again we get:

—+o0 dS —+oo
wm:—l 5351 f(pp(ydt + C

+o0 d +o0

where C = /pp(w)dx/ (S)/ f(®)pp(t)dt. Now let g € H, there exists a unique v € D(L),
R T pr(S) Js

such that —Lv = Av + 2PWuv = g and then v + 2PWA~1v = A~1g. using , we get:

ds

S§—X

WA tu(z) = ]i /S+OO dtv(t)pp(t)

By Sokhotski-Plejmel formula, we have:

]i ds /S+Oo dtv(t)pp(t) = lim lim " ds{ . + 1 }/S+Oo dtv(t)pp(t)

s—u M—+ooe=0 ) _pr 2 lz—s+ie z—s—ie
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We then proceed to an integration by part:

]i ds /:wdtv(t)pp(t): Jim 1im[—1n((x_s)2+g2) /;Oodw(t)pp(t)]M

S—x M—+00 e—0 2 -M

- / dsln |z — s|v(s)pp(s)
R

To conclude that WA= v(z) = — [; dsln |z — s|v(s)pp(s), we just need to show that
—+oo
In(z) / dto(®)pre(t) —» 0
T T|—00

which can be seen by Cauchy-Schwarz inequality:

@) [ dieopr@)] < @ Legror ([ prte2ar)

In this inequality, we used that pp is decreasing in a neighborhood of +o00, hence

+oo
ln|x|/ do()pp(t) —s 0

T—+00

the exact same argument allows us to conclude when x goes to —oo. Using the fact that [ v(t)pp(t)dt = 0,
we obtain the following equality:

v— 2P/ dsln |z — s|v(s)pp(s) = A tg = h.
R
Now setting o(t) = p}ﬁ(t)v(t) and h = p}3/2(t)h(t), we obtain © 4+ K[0] = h where K is defined in
(55). Since its kernel (defined in (56)) belongs to L*(R?), K is Hilbert-Schmidt. Hence by Fredholm
determinant theory:

v =h—R[h|
or L7lg=A1g - p}l/zR[p}D/QA_lg] as expected. ]

7 Regularity of the inverse of £ and completion of the proof of
Theorem 1.3l

Since we have proven the central limit theorem for functions of the type L¢ with ¢ regular enough and
satisfying vanishing asymptotic conditions at infinity, we exhibit a class of functions f for which £71f is
regular enough to satisfy conditions of Theorem [5.2] We define 7 the subset of H defined by

T := {f cC'(R), f(x)= O (z7 1), f'(x) = ‘z‘gm(x_z),/prP _ 0}

|z|—o00

Theorem 7.1. For all f € T, there exists a unique u € C3(R) such that u' € H?*(R) with u® bounded
wich verifies:

, _ 1
» vle) = \z|9>oo(xV’(x))
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« W®@)= 0 (1)

|z| =00 \T
such that f = Lu.

Proof. Let f € T C H, then since —L is bijective from D(L) — H, there exists a unique v € D(L) such
that —Lu = f ie:

/
" — PPy oPH[ pp] = f (58)
pPp

Hence we have
—~('pp) = pp(f +2PH pp]). (59)

Since u € D(£) C {u € Hyy o(R), Au € H}, the functions u/pp and its derivatives (u'pp) = —pp.Au and
(u'pp)’ = —&p}ﬁ. (p}DmAu) —pp (Au)/ are in L?(dz). In particular u/pp goes to zero at infinity, and
Hw' pp] € Hgl(DR) C CH(R). So we can integrate on [z, +oo , since by Lemma [2.3] the right-hand
side behaves like a O (ppim) ), to get the following expression

|z|— 00

+o00o
w@pra) = [ 7+ 2PHL e () (60)

From this expression, we can see that u’ € C?(R) so we just have to check the integrability condition at
infinity and the fact that «(® is bounded. After proceeding to an integration by parts, which is permitted
by the previous argument, we obtain:

X +oo P '
W (@) = =2 (1) + 2P pr ) - — [ (p, (t)(f+2PH[u’pp])> pp(dt (1)

Pp(x) pp(x) Pp(t)
1t pp(t) RS . .
and we define R;(x) := ——(f +2PH[u pp]) | pp(t)dt, we will need to show that R, is
pp() Jo  \ Pp(t)

inder of order O 1 infinity. In thi ill h ! =0 ! hich will
a remainder of order (W) at infinity. In this case we will have u'(x) = (xV’(ac)) which wi
be useful for the following. If we reinject in 7 we find:

/ /
W' = —(f + 2PH[ pp]) — LP( - ’%P(f + 2py[u’pp]) - R1> — PR, (62)
ppP Pp ppP
Hence
/ +oo ’
() = PP (2) / pratd  (ZEY(0) [f+2PHppRll0)+ 22w [ - 2PHlpp A1) ¢
Pp z Pp Pp
e = O % 1 = O t%
:tHQ}»oo(“//l(t()%> t‘*‘FOO( ) :tﬂqroo(m) t~>+oc( )
The fact that H[ppAul(t) = tﬁqroo(tfz) comes again from lemma Finally we have that,
/ / !
I
() = (22 @)pr (@) Ra(@) - (25) (@) (”f’(f + 2PH[u’pPD> (2)pp(2)
Pp Pp Pp
!
N Pp pp )
=|— =275 )@ Ri(z)— (= )(x)| =—(f +2PH[u x
(52 =22 ) @) i) - (2 )(p,P(f [ pp1>><>
- 9_(ver) ~ o ()
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1 1"
f) by the assumption that V—(x) = O (1). Hence, we just have to check

)% |z|—00

The second term is O (
x—+oco \

1
that Ry(x) = 7) to establish that «/, v”, u(® are in L?>(R). By a comparison argument,

a:—>O+oo (:cV’(x)Q
“+oo
L(z) = /T tp;’((?) dt

we control R; by controlling

By integration by parts:

T R /
B == 25 @) [ oot (57 ) e
—_—

_ pp(x)
_T_)(?*_OQ ( V! (x)2 )

pp(z) e L p V(1) p L rppy
B H+oo(xvl'3’(x)2) _/x pP(t)dt{ S 2Vt i(t) V()2 i M0 (i) (t)} (63)

pp(t) )dt so if

400
By th t as before, the last integral is of the f (
y € same argumen as belrore e last 1n egra 1S O e Iorm A oo tV/(t)2

Ir(x) := /+OO pp(t) dt= 0O ( pr(@) ) then so is I;. By integration by parts, we obtain:
2T w2 T ashee\ 2V (2)2 v ’ '

_ 1 pp teo o\’ 1 pp 1 2V (t)
Ly(z) = PP(JJ)WE@) _/m pP(t)dt{ (E) (t)W - E(t)(tzv/@z " tvl(t)g)}
B pp(x) e pp(t)
o xa0+oo(x‘/1;(.%‘)2) + /a; tﬁqm(tvlj(t)s)dt

) because, again, by integration by part:

pp(x)
xV'(z)?

e pp(t) 1 p oo pp (1)
/w tvlj(t)sdt*”P(x)xw(x)ffi(m)’ / HO+oo(tV17(t)4)

T pp(t) pp(z) [T dt pp(z)
/m WS i) / VI)? *zﬂoo(wf(xy)

The last integral isa O (

r—+00

and finally

In the final step, we used the fact that x — ;‘I;/((Z)) is decreasing in a neighborhood of +o0o (which
1
can be checked by differentiating) and that = — m is integrable at oo by assumption #). Hence
x
1
Ri(z)= O (7> (the exact same result can be shown at —oo), which leads to the fact
T—+00 acV’(a:)2
W (@)= O (#> u'(z)= O <#) and u®(z)= O <l> (64)
|| —+o00 xV/(x) ’ |z|—+o0 xV’(x) || =400 \T

which establishes that these functions are in L? in a neighborhood of co. Since we already showed that
u € C3(R) C HY _(R), it establishes that u € H3(R) N C3(R) with u®) bounded. To complete the proof

loc

we just have to show that (u/)2V®), w4/ V", (u/)2V" and «'V’ are bounded which is easily checked by

and Assumption iv). O
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A Appendix: proof of Theorem

In order to analyze A, we let, for u € L?(dz),
Su e p1/2Ap;1/2

Note that u € (L?(dz), ||.|l2(az)) = Pp V2, e (L2(pp), |llL2(pp)) 1s an isometry. It turns out that it will
be easier to study first the operator S in order to get the spectal properties of A.

Proposition A.1. The operator S is a Schrodinger operator: it admits the following expression for all
u € C?(R): Su= —u" + wpu with

1/1 1 1
we = 5 (§V7 = V"4 2PV Hlpr] - 2PHIpp] 4 2P*Hlpr ) = 5 [(ape) + 0 e
. . V'(x)?
Furthermore, wp is continuous and we have wp(x) ~ — 400

8
S
E)
J
3

Proof. We compute directly
—1/2 \! P' —1/2 \/
= (pp""u)" + 2 (pp "u)

(PP (P;l/QU)/)/
e — P P

ppP PP

—~1/2 1 _3p0 3/2 1 _5/2 2
= (pp'?u v = 5pp o) + plppp 2pp/(p3>)u
—1/2 17‘)2 2 1 3/2
=y’ ”+4p/(p’p) 5o plpu

L
[u + 4pp pp) u=5Pp p’éu}

71/2 1 fLP 2
< 2 (PP) }u)
_ 1 _
1/2 < 111 pp)" + 5(111 PP)/Z} u) = PP1/2 (U” - wpu> .

Now, using Lemma 2.2} we have

wp = % Gv'? V" +2PV'H[pp] — 2PH|p)p] + 2P*H|p ]2> .

Notice that H[p»] and H[pp] are bounded since they belong to H'(R), as we showed in Lemma [2.2] that
1

pp is H?(R). Along with Assumption u) and Lemma we deduce wp(z) ~ ZV’Q(aﬂ). O

Remark A.2. Note that the function wp need not be positive on R. In fact, neglecting the terms involving

the Hilbert transforms of pp and plp, wp would only be positive outside of a compact set. However, using

the positivity of A, which will be shown further in the article, we can show that the operator —u" + wpu

is itself positive on L*(dz). It can also be checked that, by integration by partss, S is symmetric on C2(R)
with the inner product of L?(dx).

We now introduce an extension of S by defining its associated bilinear form.

Definition A.3 (Quadratic form associated to S).

Let a > 0 such that wp + « > 1. We define the quadratic form associated to S + al, defined for all
u € C2(R) by

Qo (u,w) ::/u'QdI+/u2(wp+a)dm
R R
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This quadratic form can be extended to a larger domain denoted by Q(S+al), called the form domain
of the operator S + aI. By the theory of Schrédinger operators, it is well-known (see [Dav96][Theorem
8.2.1]) that such a domain is given by

Q(S +al) = {u € H'(R), u(wp + )2 € LQ(R)} = {u e H\(R),uV’ € L*(R)} =: HL.(R).

The space H{, (R) can be seen to be the completion under the norm ¢, of C>°. Now that the quadratic
form associated to S + ol has been extended to its form domain, it is possible to go back to the operator
and extend it by its Friedrichs extension.

Theorem A.4 (Friedrichs extension of S 4+ af).
There exists an extension (S + al)p of the operator S + al, called the Friedrichs extension of S + al

defined on HZ,(R) = {u € H2(R), uV' € L2(R)}.

Proof. We denote

D((S + aI)F)

= {v € Hj(R),u € Hi(R) — go(u,v) can be extended to a continuous linear form on L? (R)}

If v e D((S + aI)F), by Riesz’s theorem there exists a unique f, € L?(R) such that g, (u,v) =
(U, fo) 12 (4 holds for all u € L?(R) and we can set (S + al)pv := f,. Note that it is indeed a way
of extending S + ol since for all u,v € C2(R), go(u,v) = (u, (S + I )V) p2 (g

We want to show that D((S—i—a[)F) = HZ,(R). Let f € D((S—I—OJ)F) and g := (S+al)rf € L*(R).
By definition of g, for all u € C2(R):

/Rgudx:/Rf’u/dx+/R(wp+a)fud:n:f/Rfu“dach/R(wp+a)fudx

Therefore in the sense of distributions, we get —f” = g — (wp + «) f which is a function in L?(R), hence
f € H%/(R). Conversely, if f € HZ,(R), it is possible to extend u + g, (f,u) to a continuous linear form
on L?(R) by

u —/ ufdx + / uf(wp + a)dx
R R
which concludes the fact that D((S + aI)F) = HZ,(R). O

In the following, we will deal only with (S + al)r : HZ,(R) — L*(R) and denote it (S + o).

Remark A.5. Note that in the previous proof, the application of Riesz’s theorem doesn’t allow to say that
(S+al):ve (H‘Q//(R), H.||qa) — fy € (LQ(R)7 ||.||L2(dx)), where ||.||q. stands for the norm associated
to the bilinear positive definite form qq, is continuous. It can be seen by the fact that

v E (D(S + al), ||an) —q(.,v) € (LQ(R)’, H-||L2(dz)’>; where L?(R)" stands for the topological dual of

L*(R) equipped with its usual norm, is not continuous. Indeed the ||.||,, norm doesn’t control the second
derivative of v and hence doesn’t provide any module of continuity for the L?(R)-extended linear form

q(.,v).

Theorem A.6 (Inversion of S + al).
For every f € L*(R), there exists a unique u € HZ,(R) such that (S + al)u = f. Furthermore, the map
(S +ad)™ is continuous from (L*(R), ||| 2(az)) to (HE (R), ||-lq.)-
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Proof. Let f € L*(R), the map u — (u, f) 24, is continuous on (Hy, (R),||.[l4,) which is a Hilbert
space. Therefore by Riesz’s theorem, there exists a unique vy € H{,, (R) such that for all u € H{, (R),
(f, ) r2(42) = dalvy, u) from which we deduce that, in the sense of distributions, f = —v} + (wp + a)vy
which implies that vy € HZ, (R). Since vy € D(S + aI), we have then for all u € L2(R), (f,u U p2 4y =

do(vy,u) = (S + Oé)'Uf,U>L2(dz)7 hence (S + al)vy = f. Finally, by Riesz’s theorem, f € L*(R) — vy €
H{,(R) is continuous hence so is (S + al)~'. O
Remark A.7. It would be tempting to use Banach’s isomorphism theorem to say that since (S + o)™t

is bijective and continuous, so must be S+ al. But since (HZ(R), ||.|lq.) is not a Banach space (it’s not
closed in H},,(R)) we can’t apply it.

We are now able to diagonalize the resolvent of S.

Theorem A.8 (Diagonalization of (S + al)™!).
There exists a complete orthonormal set (¥n)n>0 of L*(dx) (meaning that

|
Span{¢n7 n> O}\l'HL2(d:ﬂ) — LQ(dl‘)

and (i, ;) 12(az) = 0i,;), where each 1, € HY, and (un(a))n>0 € [0, 1N with 1, () e 0 such that

— 00

(S + al)™ Y, = pnp (), for alln = 0. We also have ‘H(S + ozI)_lH‘L(m(dx)) < 1.

Proof. By Proposition [A71] wp + a is continuous and goes to infinity at infinity. By Rellich criterion
[RS78][see Theorem XIIL.65], the unit ball of HZ,(R), ie the set

uEHV, / /(wp+a)u2<1}
R

considered as a subset of L?(R) is relatively compact in (L?(dz), ||.||12(4z))- Hence, we can conclude
that the injection ¢ : (HZ, (R), ||./lq.) — (L*(dx),].Il12(4x)) is a compact operator. Since (S + al)~*

(L*(d), ||| 22(az)) — (HE (R), ||.]lq.) is continuous then (S+al)~* is compact from (L*(dz), ||.|| £2(dx))
to itself. The fact that (S + al)~? is self-adjoint and positive allows us to apply the spectral theorem
to obtain (un(a))n>o positive eigenvalues verifying g, (a) el 0 by compactness and a Hilbertian basis

(Yn)nso0 € L2(R)N, such that for all n > 0, (S + al) 14, = p,(a),. It is then easy to see that for
all n, v, € HZ, (R) since they belong to the range of (S + al)~!. Finally, since for all ¢ € L*(R),

(S+al)g, d) 204y 2 ||¢||2L2(d1), the spectrum of (S + af)~! is contained in [0,1]. It allows us to
conclude that H| (S+al)” |||L2(dm <1 O

It is now straightforward to see how to extend A = pPl/QSp}D/2 on HZ,(pp) :== pp 1/2 HZ,(R) equipped
with the norm [|.||4. 0 to (L2(pp), |- IlL2(pp))- The norm ||.|q. pp is defined for all u € H?(pp) by

o = [ WPprdo+ [ Wwp+a)prds.

It is easy to see that (A + al)~! is continuous. We stress the fact that HZ,(pp) # {u € H?(pp), uV' €
LQ(pp)}. Indeed if u € HZ,(R), even though up;1/2 and its derivative belong to L?(pp), (pP1/2 )" ¢

L?(pp). The reader can check that for such a function to be in L?(pp), it would be necessary to have
that u2V"* € L?(dx) which is not the case.

Remark A.9. The kernel of A is generated by the function 1. Indeed if ¢ € HZ,(pp) is in the kernel of
A then
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But since ¢' is in L?(pp) then c = 0 which implies that ¢ is constant. We must restrict A to the orthogonal
of Ker A with respect to the inner product of L?(pp), ie

e oloe) = {ue B (o) | [ upe =0}

Doing so makes A injective.
Before inverting A, we need the following lemma:

Lemma A.10. The following equality holds

(A+al) (H‘Q/,,O(pp)) = Li(pp) = {u € L*(pp), /Ruppdm = 0}

Proof. Let ¢ = ¢ for ¢ € R, (A+ al)$ = ac then (A+ al)(R.1) = R1. Hence since A + o is self-adjoint
with respect to the inner product of L?(pp) and that R1 is stable by A + al, then (A + o) ((R.T)l N

HZ, (pp)) C (R.1)*. For the converse, let u € (R.1)*, since A+l is bijective, there exists v € HZ, (pp)
such that u = (A + al)v. For all w € R.1,

0= (u, w20, = (A+al)v,w)2,,) = (v, (A+al)w) .

pP)
Hence v € [(A+ ()J)(RT)}L = RI1t and so (R1): c (A+ aI)((R.T)l). O

It is easy to see that L2(pp) is a closed subset of L?(pp) as it is the kernel of the linear form
¢ € L%(pp) — <¢,T> , making it a Hilbert space.
L2(pp)

Proposition A.11 (Diagonalization and invertibility of A). There exists a complete orthonormal set of
(L(Q)(pP)a <'7 '>L2(pp))} (¢n)nEN € HQ’,O(pP)N such that A¢n = An¢n (meaning that

span{¢n, n > O}I"”L%P) = Li(pp)

and (i, ¢j)12(pp) = i j). Furthermore, A : Hy,, o(pp) — Li(pp) := {u € L*(pp), [guppdr = 0} is
bijective, A™! is continuous when considered as an operator of Li(pp).

Proof. Since (S + al)~! considered as an operator of L?(dz), is compact so is (A + al)~* on L?(pp)
and since A is self-adjoint, by the spectral theorem, (A + aI)~! is diagonalizable. With the notations of

Theorem (A+al)~! has eigenvalues (un (a))n>0 and corresponding eigenfunctions ¢,, = p;/zwn c

HZ,(pp). Hence for all n € N, A¢,, = \,¢,, with X, := ( — a). Now,

1
fin ()
>\n||¢n||L2(pp) = /]R(-Ad)n)(ybindx: */R(PPQS;I)/% = /RQZ);LQ,DP = 0.

Furthermore, the kernel of A is R.1, thus the spectrum of A restricted to H2,’0(pp) is positive. But
since (A + al)~! is a compact operator of LQippi and that (A + o) maps R.1+ to R.1+ with respect

to the inner product of L?(pp) (see lemma [A.10)), then (.A + ozI)_1 is compact as an operator from
L3(pp) to itself. By Fredholm alternative, for every A € R X # 0, either (A + af)~* — AI is bijective
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1
either A € Sp((A+ al)™'). These conditions are equivalent to: either A + (o — X)I is bijective as an

1 1

operator from HZ, ,(pp) to L3(pp), either —a + X € Sp(A). If we set A = — then either A is bijective
: a

cither 0 € Sp(A), since the latter is wrong then A : Hy,, o(pp) — Lg(pp) is bijective. The spectrum of

1
A is ( @) — a) C (A1,+00) C (0,400), where \; is the smallest eigenvalue. Hence, we deduce
HnlQ

1A~ <A O

ez gon
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