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WEAKLY ASYMMETRIC FACILITATED EXCLUSION PROCESS

GUILLAUME BARRAQUAND, ORIANE BLONDEL, AND MARIELLE SIMON

ABSTRACT. We consider the facilitated exclusion process, an interacting particle system on the
integer line where particles hop to one of their left or right neighbouring site only when the other
neighbouring site is occupied by a particle. A peculiarity of this system is that, starting from
the step initial condition, the density profile develops a downward jump discontinuity around
the position of the first particle, unlike other exclusion processes such as the asymmetric simple
exclusion process (ASEP). In the weakly asymmetric regime, we show that the field of particle
positions around the jump discontinuity converges to the solution of the multiplicative noise
stochastic heat equation (i.e. the exponential of a solution to the KPZ equation) on a half-line
subject to Dirichlet boundary condition, with initial condition given by the derivative of a Dirac
delta function. We prove this result by reformulating the problem in terms of ASEP on a half-
line with a boundary reservoir, for which we extend known proofs of convergence to deal with
Dirichlet boundary condition and the very singular type of initial condition that arises in our
case.

1. INTRODUCTION

1.1. Facilitated exclusion process. The facilitated exclusion process (FEP) was introduced
in the physics literature [48| as a representative of a universality class for absorbing phase tran-
sitions. It is an interacting particle system on a lattice in which particles can jump to empty
neighbors provided there is a particle in their neighborhood. So far our mathematical under-
standing of this model is restricted to dimension 1, where it has been studied under different
lights. Its main feature is the absorbing transition mentioned above, at the critical particle
density 1/2: for particle densities below 1/2 (subcritical regime), the system fixates on a config-
uration with isolated particles which cannot move, while for densities above 1/2 (supercritical
regime) it remains active forever and holes become eventually isolated.

The totally asymmetric version of this process (where particles only jump to the right) has
been studied in [11] (approach to the phase transition) and [18,28,29] (identification of the
stationary states). Starting from a step initial condition, contrary to the well-studied totally
asymmetric simple exclusion process (TASEP), a downstep leads to a rarefaction fan with a
discontinuity [26]. For the same initial condition, at large time ¢, particle positions fluctuate
on the t'/3 scale with Tracy-Widom GUE statistics, while the fluctuations of the rightmost
particle, i.e. at the discontinuity, have Tracy-Widom GSE statistics [4]. The symmetric FEP
has been studied as well, on the periodic lattice. It was found |14}[15] that in the diffusive space-
time scaling, and under the hydrodynamic limit, the macroscopic density p evolves according
to a Stefan problem written as 0;p = %ﬂ%l p>1 /2), with the space variable x belonging to
the one-dimensional torus of size 1. In other words, starting the microscopic dynamics from a
density profile with both supercritical and subcritical regions, the diffusive supercritical phase
progressively invades the subcritical phase via moving interfaces, until one or the other phase
disappears. For the partially asymmetric version, where particles jump to the right at rate p < 1
and to the left at rate ¢ < p, invariant measures have been characterized on the torus |26] and
on the line [3]. Recently, [23] showed that the hydrodynamic limit (in the hyperbolic scaling) is
given by the unique entropy solution of 9;p+ (2p — 1)&(% 1,51/2), with (t,2) € Ry xR,
Finally, in |24], the authors start the facilitated exclusion process from a stationary measure, and
prove central limit results for the density fluctuation field in the symmetric, weakly asymmetric,
and totally asymmetric cases.

One natural question concerns the fluctuations of the FEP in the asymmetric case (FASEP),
starting from the step initial condition. As it has been noted for the totally asymmetric case
in [4], the problem can be reformulated in terms of the asymmetric simple exclusion process
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WEAKLY ASYMMETRIC FACILITATED EXCLUSION PROCESS 2

(ASEP) on the half-line with jump rates p > ¢, and with a specific boundary condition, where
particles enter the system at a rate p and can never exit (see Figure [I). For fixed p and g,
we expect that, up to scaling constants, the fluctuations should be similar as for the totally
asymmetric FEPH

In the present paper, we study the fluctuations of particle positions in the FASEP in a weakly
asymmetric asymptotic regime. In the bulk (that is, far from the jump discontinuity of the
density profile), we do not expect that the facilitation rule will have any effect on the scaling
limit of fluctuations. In particular, we expect that the field of particle positions, appropriately
rescaled, should converge to a solution of the Kardar-Parisi-Zhang (KPZ) equation on the real
line. However, for the step initial condition, if we consider the field of particle positions in the
FASEP around the first particle, the situation is more interesting and the facilitation rule plays
a role. The limit should be described by a stochastic PDE on a semi-infinite interval with a
specific boundary condition. The main goal of the present paper is to describe this stochastic
PDE and prove the convergence.

1.2. KPZ equation and Hopf-Cole transform. In order to state our main result, let us first
recall how to solve the KPZ equation on the full one-dimensional line, which reads as

1 1
Oth = 5 0uh + 5(8;,;11)2 +¢&, t>0,z€R, (1)

with & the standard space-time white noise on Ry x R. One usually considers the Hopf-Cole
transform of a putative solution h, namely Z(t,z) = eMt:2) If we apply the chain rule in ,
ignoring all issues of regularity, the function Z solves the Stochastic Heat Equation (SHE) with
multiplicative noise

02 — %amz + 2 )

The latter equation can be solved through standard SPDE techniques, and whenever it can
be shown that Z > 0 [44], this procedure yields a Hopf-Cole solution to . In their seminal
paper [12], Bertini and Giacomin noticed that the discrete Hopf-Cole transform (introduced by
Gartner [25]), defined on the microscopic space variable k € Z by

Zy(k) = e M)t > ) (3)

of the ASEP height function h.(k) (k € Z), satisfies, for well-chosen parameters \, v, a martingale
problem that is a discrete analogue of the martingale problem satisfied by Z. In the weakly
asymmetric regime, say p = %eE,q = %6_5 with 0 < € <« 1, as assumed in this paper, it can
then be showed that solutions of the discrete martingale problem converge to solutions of the
continuous one. Given uniqueness of the solution to the continuous martingale problem, this
is enough to conclude that ASEP height function, suitably rescaled, converges to a solution of
the KPZ equation. Further, |22 identifies a whole class of models to which this method may
apply, in the sense that a generalization of the discrete Hopf-Cole transform can be found and
convergence to the SHE can be proved.

Other approaches to solving that do not require a detour through the SHE were also
looked for in the last decades, and can be useful in cases where there is no applicable discrete
Hopf-Cole transform (unlike the present paper). Let us mention regularity structures [38,39];
energy solutions [31,36], which have been applied e.g. in |16}32,33,|54]; and paracontrolled
distributions [34,35].

1.3. KPZ equation on the positive half-line. A half-space analogue of Bertini-Giacomin’s
result [12] was proved in [20]. More precisely, under some condition on injection and ejection
rates at the origin of ASEP on the half-line, and assuming that the effective density at the origin
imposed by those rates scales as p ~ (14 (A+3)e), [20] shows that the height function of ASEP
on the half-line, properly rescaled, converges to the KPZ equation on Ry with Neumann type
boundary condition 0;h(t,0) = A. As in |12], this result is proved via the discrete Hopf-Cole

1Proving this requires an analogous statement for current fluctuations of ASEP on a half-line, which was not
available when the first version of this article was posted. A limit theorem for the current at the boundary in
half-line ASEP is now proved in [40], generalizing [8)50}/51]. This translates into fluctuations of the first particle’s
position in the FEP. The analysis of fluctuations far away from the first particle remains an open problem.
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transform of ASEP height function h:(k) (k € N), which is shown to converge to the SHE
on R} with Robin type boundary condition

{@z:ﬁmz+zg

9:2(t,0) = AZ(t,0). (4)

Since Z(t,-) is not differentiable, the boundary condition should rather be imposed on the half-
space heat kernel which is used to define the solution, we refer to [20] for details. The result
of [20] was restricted to A > 0 and near-equilibrium initial conditions (see Definition [3.8) below).
It was then extended to all A € R and the empty initial condition in [45]. Let us note that
on the full-line, the extension of the convergence result of [12] to step initial condition was first
discussed in [2], with considerably less details than in [45]. Some of these results were further
extended in [55] to generalizations of ASEP, in the spirit of [22]. An alternative way to make
sense of the KPZ equation on a half-line via regularity structures was also considered in [27].

In the physics literature, the solution Z to the SHE is understood as the partition function for
a continuous Brownian directed polymer in a white noise potential £. The boundary parameter
A can then be understood as controlling an extra energy collected by polymer paths, given
by reflected Brownian motions, along the boundary [17]. Alternatively, we may assume that
there is no extra potential on the boundary, but the Brownian paths in the polymer partition
function have elastic reflection on the boundary controlled by the parameter A. Discrete directed
polymers are another family of models, with exclusion processes, which converge to the KPZ
equation in full-space |1] or half-space [10,46,53].

Remark 1.1. The KPZ equation (and the associated SHE via Hopf-Cole transform) has also
been considered on an interval with Neumann type boundary conditions. The discrete Hopf-
Cole transform of open ASEP height function satisfies Robin type boundary conditions [30] and
converges to the KPZ equation on an interval [20,33L|45.55].

1.4. Main results. As previously mentioned, the problem of fluctuations of the FASEP started
from a step initial condition reduces to the fluctuations of ASEP on the half-line with, at the
origin, injections of particles at the right-jump rate p = %ea and no ejection of particles. This
translates into a microscopic boundary condition for the discrete Hopf-Cole transform given
by
Zi(—1) = uZz:(0), with p~1—¢,

as stated more precisely in below. In contrast, in the setting of [20,45], the boundary
parameter s is scaled as pu ~ 1 — e2A. We will prove below that in our case, the appropriate
scaling of the solution is different from [20}45]: we will set Z§(x) = ¢ 22, 4,(¢ 2x) for any
macroscopic point x and macroscopic time ¢ (with linear interpolation), and prove that starting
from the step initial condition for the FASEP (i.e. empty initial condition for the half-line ASEP),
Z7 () weakly converges as a continuous process (see Theorem for a precise statement) to
the solution of the SHE

0 Z = %a:czz + Zéa

Z(t,0) = 0, (5)

Z(0,2) = —24;(x),

where §() is the derivative of the delta Dirac distribution at 0. We also prove a similar statement
for near-equilibrium initial conditions (Theorem 3.9)), under the same scaling as in [20]. The SHE
with Dirichlet boundary condition (Z(¢,0) = 0) was already considered in [46] in the context of
directed polymer models, but only for another type of initial condition. Here the initial condition
d(, that we consider is very singular. We provide a more precise definition of this stochastic PDE
in Definition and prove existence and uniqueness of the solution in Proposition below.
Dealing with this very singular initial condition is one of the main novelties of this paper.
Eventually, our main result is therefore the following: the macroscopic fluctuations of the field
of the first particles’ positions in the weakly asymmetric FASEP or ASEP are given (via the
Hopf-Cole transform) by the solution to the KPZ equation on the half-line R, with initial
condition being the derivative of a Dirac distribution, and with Dirichlet boundary condition at
the origin.
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1.5. Comparison with previous literature on half-space KPZ equation. In a sense, the
microscopic boundary condition Z;(—1) = puZ;(0) with u ~ 1 — ¢ that we are considering is the
A — oo limit of the setting in [20,45] which considered p ~ 1 — Ae2. It poses no additional
difficulty in terms of handling the boundary condition in heat kernel estimates, except that we
need to control precisely the killing probability of a random walk following this heat kernel.
This novel estimate is presented in Lemma [5.8] Moreover, as already said, our initial condition
is much more singular than the ones in [20,45,46]. In particular, it turned out to be surprisingly
challenging, first to prove tightness, then to identify rigorously the initial condition.

To resolve these difficulties, one important tool that we use is an explicit moment integral
formula for half-line ASEP coming from [9], using a Markov duality. The latter has already
appeared in proofs of convergence to the KPZ equation. For ASEP, Gartner’s microscopic Hopf-
Cole transform [25] may be seen as a very special case of a more general Markov duality [49]
between ASEP, viewed as a Markov process on {0,1}%, and another ASEP on Z with a fixed
number m of particles. Gartner’s result essentially corresponds to the case when the dual process
has only m = 1 particle (see [49, Section 3]). In [19], the authors use Markov duality for the
stochastic six vertex model. The m = 1 particle duality is used to obtain a discrete Hopf-
Cole transform which satisfies a discrete heat equation, as usual, but authors go further: they
also use the m = 2 particle duality in order to obtain second moment estimates useful in the
proof of tightness. In the present work, the Hopf-Cole transform is the same as usual, and we
prove tightness using a standard method going back to [12]. Our use of duality however comes
when proving the convergence for the delta prime initial condition. We use a formula for the
m-th moment of Z;(z), coming from the m-particle duality satisfied by half-line ASEP [9]. As
hinted above, it enters twice in the proof. First, in the proof of tightness, to obtain the moment
bounds which are crucial to prove that the solution is near-equilibrium after running the process
for any positive time ¢ (Sections and [7.2). Second, we use the formula from [9] for the
second moment to obtain a very precise control on the second moment of Z;(z) in terms of the
continuous Dirichlet heat kernel (Lemma . This is crucial in the rigorous identification of
the initial condition (Section [7.4)).

The continuous directed polymer model corresponding to the solution of was considered
in the physics paper [37]. The polymer paths are conditioned not to hit the boundary, and [37]
studied the distribution of the partition function of polymers starting and ending at a location
n, after letting 7 — 0 and appropriately rescaling the partition function by n?. Restricting on
test functions f : Ry — R such that f(0) = 0, the distribution %60(- — 1), where g is the delta
Dirac distribution, converges to —d;. This explains why the initial condition that we consider in
the present paper is the physically natural one for the SHE with Dirichlet boundary condition,
though the solution was never mathematically constructed before.

Finally, let us mention that the KPZ equation on a half-line with Dirichlet boundary condition
is also considered in [27], but there the Dirichlet boundary condition h(¢,0) = 0 is imposed on
the KPZ equation itself and not on the SHE, so that this corresponds to a completely different
stochastic PDE than the one we consider in the present paper.

1.6. Outline of the paper. In Section [2, we define the FASEP and half-line ASEP and con-
struct a mapping that connects the two. Section [3]is devoted to the presentation of the Hopf-Cole
transform, in terms of which we state our main results on the fluctuations of the particle po-
sitions in a weakly asymmetric regime. We then provide several preliminary results: first, in
Section 4} the existence and uniqueness of the macroscopic SHE with 4, initial condition and
Dirichlet boundary condition ; and second, in Section [b] some explicit estimates on the discrete
heat kernel with diverging Robin boundary condition together with a new killing estimate. The
main convergence results cover two types of initial conditions which require different scalings:
the empty initial condition (Theorem and near-equilibrium initial conditions (Theorem,
which both require new arguments. We actually need the understanding of the latter as an in-
termediate step towards Theorem so we start by proving Theorem in Section [} Our
main result, Theorem is finally proved in Section [7]

We also provide in Appendix [C] a proof of a Holder estimate for the rescaled microscopic
Hopf-Cole transform, in the case of empty initial condition, in the ¢ — 0 limit. This in itself is
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not sufficient to show the near-equilibrium property that we need to prove Theorem [3.7], but we
include it because it gives a better understanding of where the regularity comes from.

2. MICROSCOPIC MODELS AND MAPPING

In the following, N denotes the set of non-negative integers, N* the set of positive integers.
We use k,/,j to denote the microscopic (discrete) space variables, and x,y,z to denote the
macroscopic ones.

The facilitated asymmetric exclusion process in dimension one (FASEP) is a Markov process
on the state space Q := {0,1}? which is denoted by {n:(k) ; k¥ € Z};=0. Each component
ne(k) € {0, 1} is the occupation variable of the configuration of particles at site k € Z.

Let p,q € (0,1) be two asymmetry parameters. The time evolution of the particle configura-
tions is ruled by the Markov generator Lr which acts on functions f : Q — R as follows:

Lrfn)=>"pnk—)n(k)(L —nlk+ 1) [f(n"*) = f(n)]

kEZ

+ > anlk+ (k) (1 —n(k = D) [f(n™* ) = f()] (6)

kEZ

where n®¢ is the configuration obtained from n after the exchange of the occupation variables
n(k) <> n(€), namely: n**(5) == n(k)Ljz¢ + n(€)1j_f + 1(3)L ¢k~ In other words, as it can be
read on the generator, particles are displayed on the lattice Z and jump to their neighbouring
sites at rates which encode the following rules:
e a jump to the right from site £ to site kK + 1 occurs with rate p if and only if site k is
occupied by a particle, site k + 1 is empty and site k — 1 is occupied ;
e a jump to the left from site k to site K — 1 occurs with rate ¢ if and only if site k is
occupied by a particle, site k — 1 is empty and site k + 1 is occupied.
We say that site k € Z is occupied by an active partz’cleﬂ if it can jump either to k — 1 or k + 1
with positive rate, in other words, it is such that

n(k = )n(k)(1 —n(k+1)) + (1 =n(k—1))n(k)n(k+1) = 1.
Let us now map this process onto another exclusion process. We need to introduce some notation.
Let L < R be two integers, and define:

n(k)=0 if k > R,
QLR::{?]EQ; 77(]{3):1 if k<L, }
nk)+nk+1)>1 ifk<R.
and
Q:= QLR
L<R

In other words, if n € Qg then the active particles are all contained in the box {L,L +
1,...,R — 1}. The set Q is remarkable because it is preserved along time evolution of the
dynamics generated by Lp.

For any 7 € ), we can label particles from right to left, by the following recursive procedure:
define

X1(n) := max{j;n(j) = 1},
Xit1(n) == max {j < X;(n) ; n(j) = 1}.
We are now ready to construct the mapping: let & : © — {0, 1} be the application such that,
forany n € Q, o:=6(n) satisfies o(i) =1—n(X; —1).
In other words, site 7 is occupied by a particle in o (i.e. o(i) = 1) if and only if the i-th particle

in n has an empty site to its left.

2Note that we use a definition of active particles which is different from the one chosen in [21] for instance, but
it has no impact on the rest of the paper.
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FIGURE 1. The top figure represents a configuration 7 in € and the possible
transitions with their respective rates. The bottom figure represents the mapped
configuration &(n) on {0, 1} and the possible transitions, in the same color as
the corresponding transitions in 7.

In particular, the step initial condition ng given by
no(k) = lk<g, for some ky € Z,
belongs to €2, and it corresponds to an empty configuration oy = &(ng), namely
oo(k) =0 for any k € N*. (7)
These initial conditions will be important in what follows. The dynamics of the mapped process

is described in the following lemma. Note that with the step initial condition, for all t > 0,
Xi(ne) — Xit1(ne) € {1,2}, and S(n;) encodes all the information about these spacings.

Lemma 2.1. Assume that the generator of the Markov process {m}i>0 is Lr given in @,
then {&(n:) }+>0 is an asymmetric simple exclusion process on the infinite half-line N* with a
boundary reservoir which injects particles at rate p. More precisely its generator is given as
follows: for any o € ¥ :={0,1}", for any f: ¥ = R,

Lf(0) =" (po(k)(1 = ok +1)) + golk + 1)(1 = o (k) [f(a"*1) = f(0)]

k=1
+ p(1 = (1) [f(e!) = f()]. (8)

L is obtained after the creation of a particle at site 1, i.e. o' (k) = 1y—1 + o(k)1jz1.

where o

Proof. The proof is straightforward by looking at every possible transition, see Fig. (I

3. MAIN RESULTS AND STRATEGY OF THE PROOF

From now on we consider the half-line ASEP denoted by {o¢}>0, which is a Markov process
on ¥ = {0,1}N" generated by £ given in ®).

3.1. Hopf-Cole transform. Let us define the height function associated with the particle
system: for any k € N*|

k oo ]
he(k) == he(0) + > (204(i) — 1), with hy(0) =2 o0(i) — 2> ou(d).
i=1 i=1 i=1
This is well-defined when ) 72, 0¢(k) < co. In that case, note that —h:(0) is equal to twice the
number of particles that have entered into the system between times 0 and ¢ (no particle can
exit the system by hypothesis). For any initial condition o¢p € ¥ and any ¢ > 0, this number is
bounded by a Poisson random variable with parameter pt, and in particular, it is almost surely
finite. In the case where the initial number of particles in the system is infinite, we can still
define h;(0) as minus twice the number of particles that have entered the system. Thus, starting
from any initial condition og € X, the height function satisfies: for any ¢ > 0, any k € N,
hi(k) < oo a.s. For v, A € R which will be chosen later we then define the Hopf-Cole transform

Zy(k) = e~ Muk)Fvt kEeN. 9)
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Alternatively, Z; can be defined as a function of the positions of the particles in the FASEP.
It is straightforward to check that, under the coupling described in Section [2| for the FASEP
started from the step initial condition, the position of the m-th particle in the FASEP is related
to the height function with empty initial condition through

o0

X () = | ot (i) —m.

=m
Consequently, the Hopf-Cole transform can be recast as

Zy(k) = e Xrr1(n)+Bh+2) 24wt (10)

We will now mainly work with the Hopf-Cole transform Z and we state our results in terms of
this quantity. In the following, for any function f : Z — R we define its left and right gradients
by

VEf(k) = f(k+1) = f(k), V7 f(k):=f(k—1)— f(k)
and its discrete Laplacian by Af(k) :== f(k+ 1) + f(k—1) — 2f(k). One knows that Z satisfies

dZy(k) = (vZy(k) + LZy(k))dt + dM(k), k€N,

where {M;(k)}>0 are martingales whose quadratic variations will be computed below (Lemma
B-1). As in [20,[45] (see also [30]), we look for conditions on v, A so that vZ;(k) + £Z;(k) can
be rewritten as DAZ;(k) for some diffusion coefficient D. After straightforward computations
(given in Appendix [A)) we choose

1
)\zilog%, v=q+p-—2pq, (11)
which imply: for any k € N*,
dZ (k) = DAZ(k)dt + dM(k), with D = /pq. (12)

It remains to define Z;(—1) in order that remains valid at the boundary point k = 0, which
can be done if we let

Zi(—1) := pZy(0),  with u= ﬁ = e (13)
We therefore obtain the following result.

Lemma 3.1. We assume the choice of parameters and define = +/q/p. Let A* be the

discrete Laplacian on N with the following boundary condition:

flk+1)+ f(k—1)—2f(k) ifk>0
AFf(k) = 14
7 {ﬂn+uﬂm—2ﬂm k=0, -
Then, for any k # £ € N, the following three continuous-time processes are martingales:
My (k) == Zy(k) — Zo(k) — D /Ot AFZ,(k)ds, (15)
td
My(k)? = [ (M (k). ds, (16)
My(k)Mq(0), (17)

where (M (k)). denotes the predictable quadratic variation of the martingale M.(k). Moreover,

; Zi(k)? (o0(k) (1 = ook + 1) 222 4 0y (k +1)(1 = 00() 2525) if k> 0,

Zy(0)2(1 — 0y(1)) 22" if k=0.
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Proof. This is standard (see e.g. [42, Appendix 1.5]): for instance, the predictable quadratic
variation satisfies, for k£ > 0,

%<M(k>>t = [pou(k)(1 = ou(k + 1))(e* = 1) + go(k + 1)(1 = o (k) (e™ = 1)2] Zi(k)?,
L)) = p(1 — o)) ~ 12Z,(0)”

O

3.2. Weak asymmetry. From now on, we consider the half-line ASEP in the weak asymmetry
regime where

p =3¢ and  ¢=ge ", for e > 0. (18)
Rewriting everything in terms of &, the Hopf-Cole transform reads as
Zi(k) = eshe(k)+vt. where v = Lef(e™® — 1)

The boundary parameter u appearing in and the diffusion coefficient D become
w=-e -, D= %

In this weak asymmetry regime, the quadratic variation of the above martingale satisfies:

Lemma 3.2. As ¢ — 0 we have

%<M(k‘)>t = &2 Z,(k)? + VT Z (k)Y Zi(k) + o(e*) Ze(k)?,  for any k >0 (19)
%(M(O»t = 27,(0)2 — e Z(0)V T Z,(0) 4 o(£%) Z,(0)2. (20)

Note that the term £Z;(0)V*+Z(0) at the boundary is new in our case, it did not appear in

the case of |20].
k+l) _ f2 —0 Ly
t(k’)_\/;(l t(k-i—l))—f‘\/; t(k+1),

Proof. Using
we can rewrite the expression in Lemma [3.1] as
& M) = VPAZ 1) — 5 ZuR) (ke + 1) — Zi(R)
+/Pa(p  Ze(k — 1) — Zy(k))(Ze(k + 1) — uZi(k)).

In the weak asymmetry regime, we get
VT Zi(k) = eZ(k)(20¢(k + 1) — 14 o(1)),
V™ Zy(k) = eZi(k) (1 — 20¢(k) + o(1)),
which allows us to conclude easily. O

3.3. Main theorems. Before stating our main results, let us start by defining the notion of
solution for the stochastic heat equation which is at the core of the convergence results of this

paper.
Definition 3.3. Let £ be the standard space-time white noise on Ry X Ry, on some probability
space (2, F,P). We say that (Z¢(z))icjo,1),zer, Solves the stochastic heat equation (SHE)

02 = %amz +2¢ (21)

on the time interval [0,T], with Dirichlet boundary condition, and initial condition Zii, if for
any t € (0,T], z € Ry

. t .
Zw) = [ dyPP (e ) Zmly) + [ ds [ dyPPE(e ) Z.0)6 (), (22)
R+ 0 R4
where the Dirichlet half-space heat kernel PP is defined on (Ry)? by
. 1 2 2
Dir — —(z=y)?/(2t) _ o—(z+y)?/(2¢)
Pt (1"73/) - \/ﬁ (6 € ) ’ (23)
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and where the second integral in is in Ito- Walsh sense.
3.3.1. Empty initial condition. We define, for any x € 2N, the scaled Hopf-Cole process
25 (1) = ey (= 2) (24)
and we extend Z£(-) to the continuous half-line R by linear interpolation.

Remark 3.4. Let us emphasize that the scaling in is mot the one which will appear
later when the initial condition is supposed to be near-equilibrium (see Section and
Definition [3.8)), nor the one in [45], where the macroscopic initial condition is the delta Dirac
function 8 and the prefactor there is e ! instead of £ 2.

The initial condition implies that Zo(k) = p*, for any k& € N. In order to identify the
possible limit points of the rescaled process , and in particular the limit initial condition
when t = 0, one needs to understand the limit, as ¢ — 0, of

£? i b= (e2k) Z5 (%), (25)

k=0

where ¢, is a test function, whose behaviour near the origin should reflect the boundary condition
in the discrete Laplacian . We take ¢,1 : Ry — R smooth and compactly supported
functions with ¢(0) = ¢/(0) = 0 and ¥(0) = 1, then define ¢. = ¢ + £¢’(0)). Using a Taylor
series approximation near 0, one can easily check that the limit of is 2¢/(0). Therefore,
the initial condition of the continuous limit of the rescaled process Zf is —24, where §(, is the
derivative of the delta Dirac distribution. In Section we will give another computation which
illustrates the emergence of this initial condition, see Lemma [7.7]

Our first result, which will be proved in Section [4] is the existence and uniqueness of solutions
to for the above ¢, initial condition and Dirichlet boundary condition:

Proposition 3.5. Let & be the standard space-time white noise on Ry xR, on some probability
space (2, F,P). There exists a C(Ry)-valued process (Zt);5, which is adapted to the filtration
Fi =0 ({&(s, ) ys<t), and solves the SHE in the sense of Definition[3.5 with initial condition
Zini = —20(,. This solution is unique in the class of adapted continuous processes satisfying

zseuRIi {52E [Zs(x)ﬂ} < 00. (26)
s€(0,t)

Remark 3.6. The existence and uniqueness of solutions to are already proved in [46|
Theorem 4.1, Prop. 4.2] when Ziy; is near-equilibrium (see Definition [3.8|below). This is not the
case of the §( initial condition that we consider here, and therefore we need to provide a new
proof. Existence and uniqueness is also proved in [45, Proposition 4.3] for Robin type boundary
condition and dg initial condition. As we will see below in Section [4, the proof of Proposition
involves different estimates than the ones in [45}46].

The main result of this paper is the following convergence:

Theorem 3.7. FixT > 0. Assume the initial particle configuration is empty as in . Then the
rescaled process {Zf}te(oﬂ converges as € — 0 to the solution of the stochastic heat equation
on the time interval [0,T] with Dirichlet boundary condition, and initial condition Zin = —24

(as defined in Definition , in the sense of weak convergence of probability measures on the
path space D((0,T],C(R4.)) endowed with the Skorokhod topology.

Theorem will be proved in Section [7] In particular, the proof involves an intermediate
convergence result, dealing with a mear-equilibrium initial condition, which is detailed in the
next paragraph.
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3.3.2. Near-equilibrium initial condition. Let us now study a simpler case of near-equilibrium
initial condition. For that purpose, in this section we define another scaled process as follows:

ZE(x) = 225 () = Zo—ay (e 22), x € 2N, (27)

which differs from Z¢ by a factor €2, and we allow Zy(k) to be different from p*. As before we
extend Z°(-) to Ry by interpolation.

Definition 3.8. We say that a sequence of random functions F¢ € C(R) is near-equilibrium
if it satisfies the following: there exists a > 0 such that, for any n € N, any a € [0, %), there
exists some constant C = C(a,n) > 0 such that, for any z,2’ € Ry, any e > 0 small enough,

|75 () ln < Ce (28)
and || F%(x) — FE(2)||n < Clo — /|2, (29)
where |G|, := E[|G|"]/" denotes the L™ -norm with respect to the probability measure.
An auxiliary — although important — result is the following:

Theorem 3.9. Fiz T > 0. Assume that the (possibly random) initial condition Z; € C(Ry) is
near-equilibrium (in the sense of Definition @, and that Z5 weakly converges for the standard
topology on C(Ry) to some initial condition %y as e — 0.

Then the rescaled process (%e)te[O,T} converges as € — 0 to the solution of the stochastic
heat equation with initial condition %y in the time interval [0, T] (as defined in Definition
[3.9), in the sense of weak convergence of probability measures on the path space D([0,T],C(Ry))
endowed with the Skorokhod topology.

Theorem [3.9] will be proved in Section [6]

3.3.3. An example of near-equilibrium initial condition. Theorem may be useful indepen-
dently from its relevance to the proof of Theorem Let us consider the half-line ASEP
generated by L in the weakly asymmetric regime , but with initial condition given by prod-
uct Bernoulli, that is, we assume that the variables o((k),k € N*, are independent Bernoulli
variables with parameter p. Let us scale p = (1 — (B + %))/2, so that ehg(e¢~2x) converges to a
Brownian motion with drift —(B + 1/2). Then, it can be shown that 2 is near—equilibriurrﬂ
and thus Theorem can be applied, to find that (2Z{°) converges to the SHE with Dirichlet
boundary condition, and initial condition given by the exponential of a Brownian motion with
drift —(B +1/2).
Denoting by Z(t,z) this solution, [46] showed that we have the identity in distribution

Z(t,x)

lim = Z(t,0) (30)

z—0 €T

where % is the solution of the SHE on R, with Robin boundary parameter B and delta Dirac

function as initial condition. In the special case B = —1/2, that is o = 1/2, the law of 2°(¢,0)
is explicitly known and related to eigenvalue GOE (Gaussian Orthogonal Ensemble) statistics

[8,45]. For other values of B, the law of Z(¢,0) was computed recently [41] (see also [43]).

Remark 3.10. Discrete analogues of the identity , allowing to exchange the roles of the
boundary and initial condition parameters, also exist for directed polymers [7, Prop. 8.1],
last passage percolation |5, Lemma 6.1] or more general models defined through Pfaffian Schur
measures [6, Corollary 7.6]. This suggests to compare the height function at the origin for ASEP
on N* in the following two situations:

(1) The reservoir has injection rate p, ejection rate 0, and the initial condition is i.i.d.
Bernoulli with parameter p;

(2) The reservoir has injection parameter o = pp, ejection parameter v = ¢(1 — p), and the
initial configuration is empty.

3The term near-equilibrium actually comes from the fact that such initial condition is stationary for the ASEP
on Z.
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When p = 1,¢ = 0, that is in the case of TASEP, the height functions at the origin in the above
two situation have the same distributionlﬂ Whether this equality in law generalizes to ASEP is
an open question.

3.4. Strategy of the proof. As stated in Deﬁnition a mild solution Z;(z) to the stochastic
heat equation with Dirichlet boundary condition satisfies . Solutions can equivalently
be characterized by the following martingale problem. The equivalence of the two notions of
solutions is proved in [45, Prop. 5.6] in the case of Neumann type boundary condition. The
argument applies mutatis mutandis in the Dirichlet case.

Let us define the space of test functions

Hi={pe CE(R) : 6(0) =0}, (31)
where C2°(R) is the set of smooth functions defined on R, with compact support. We denote
by (f,9) = Jg, f(z)g(z)dz the standard Euclidean product in L3(R).

Definition 3.11. A solution 2 = (2(x))ic(0,1),zcr, to the martingale problem for the stochas-
tic heat equation with Dirichlet boundary condition, initial condition Zin; and time interval
[0,T], is a random element of C([0,T],C(R4)), such that for all ¢ € H and t € (0,T], the
following quantities are martingales:

Nt(¢) = <%7¢) - (ﬁni#ﬁ) - ;/t("@g7¢”)d87 (32)
0
Qu(6) = (Nu(0)? = [ (22 6%)as. (33)

This notion of solution is equivalent to the one given in Definition [3.5

We divide the proof of Theorem (Section and Theorem (Section @ into several
steps, following the strategy of [45]:

(1) For a process (Z)e[o,r) starting from a near-equilibrium initial condition 2, which
satisfies the weak convergence Z; = Zi, as ¢ — 0, we prove its convergence towards
the solution to the heat equation with Dirichlet boundary condition starting from Zin;
(a.k.a. Theorem [3.9)). This is split in two steps: proof of tightness (Section , and
identification of the limit point (Section. The latter step uses the martingale problem
above: we show that the discrete martingale problem gives the continuous one in the
limit, and the control of the error terms is a consequence of the tightness estimates.

(2) We come back to the initial condition Zo(k) = ¥ of Theorem (3.7, We prove that at time
0 > 0, Z5 defined in is near-equilibrium in the sense of Definition In order to
prove this result, we first establish in Proposition that Z5 has bounded moments of
any order, using exact integral formulas (Section . Then, using Duhamel’s formula,
Holder properties for the heat kernels (Lemma and Lemma , we deduce the
Holder properties for Z§ (Proposition . This is the purpose of Section Similarly
to the first point, this property gives us tightness in D([d, T], C(R4)) for any 6 € (0,7,
and that any limit point is solution to with Dirichlet boundary condition.

(3) The missing point is to push ¢ to 0. We use consistency, and identify the initial condition.
The structure of the argument is similar to [45] but we use a different method in order
to obtain second moment bounds (Lemma . We rely on the analysis of exact integral
formulas for the moments of Z;(k) obtained using a Markov duality stated in [9].

4. EXISTENCE AND UNIQUENESS OF THE MACROSCOPIC SOLUTION

This section is devoted to the proof of existence and uniqueness of the solution to the SHE
(Definition [3.3)) with Dirichlet boundary condition and initial condition Zi,; = —24(, namely
Proposition (3.5 Although we follow a standard argument from [52] of Picard iteration (see

4More precisely, one needs to consider the TASEP on N* with an initial condition such that the site 1 is occupied,
and all other sites are occupied according to Bernoulli i.i.d. random variables. Then, the height function for this
model has the same distribution [47] as the height function associated to the last passage percolation model with
boundary considered in [5]. The symmetry between the boundary and the initial condition parameters follows
from [5, Lemma 6.1] (choosing the parameter a there as a = p).
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also [45, Section 4]), the initial condition that we consider is much more singular than the one
considered in previous works, and this requires us to prove refined estimates.

It will be convenient to introduce the notation (recall that PP is defined in (23)) : for any
reR, t>0,

Di Di / Di 2 %xe_é
APP(2,0) 1= —PP(w, ) + 264() = 20, PP, )y = T — (34)

We start with an estimate involving the quantity dPP™(x,0), which we will re-use in Sections

and [T4]
Lemma 4.1. Define, for any s € (0,t) and x € R4,

Gi(s,z) == /]R+ dy (PtD_i;(x’y)f (dp?ir(y7 0)>2‘ (35)

There exists a constant C > 0 such that for any t > 0, any s € (0,t) and any x € R4,

Gt(S,l') < C’s(\t/i—s) (dPtDir(1'7 0))2 . (36)

Proof. Using the explicit expressions for PP¥(x,y) from and dPP™(y,0) in (34), we can
compute the integral and obtain

—x2 —sz?
2e7t (M(l — em) + 2x2)

S

w3/2t5/2, /s(t — s)

Gi(s,z) =

Dividing by (dPP™(x,0))?, we get
Gisa) V(U2 (1- ) +202)
(PP (,0))? /st =)
Using the bound 1 — e™® < z, and simplifying the resulting expression, we obtain that
Gi(s,x) o 3 Vit
(dPP™(x,0))2 ~ 47 \/s(t—s)

O

Let us now turn to the proof of Proposition [3.5

Proof of Proposition 3.5 Fix a terminal time T" > 0 and consider the Banach space B of adapted
processes (Z;) satisfying

I1Z]3 = sup {PE[202)*]} < o0.
te(0,7)

We define a sequence of processes defined for t < T,z € Ry, by
Uo(t, z) == dPP™(z,0).

t .
Up11(t, ) ::/O/R PPz, y)Un (s, y)E(s, y)dyds.

This implies that, if S, = >"}_o Uy, then
. t .
Spt1(t,x) = dPtDlr(x,O) —l—/o /R Ptlzlg(x,y)sn(s,y)f(s,y)dyds.
+

In order to show the existence of the solution to with Zin = —24(, it suffices to show
that the series S, converges in the space B, and for that we will show that > ||U, || converges.
Regarding uniqueness, it follows from the same argument as in [45, Proposition 4.2]. In order
to estimate ||Uy,||5, we introduce

E [ty (r,)*] }
s) = sup — T
fn( ) rel0,s],yeR4 { dPPIr(yv 0)2
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By Itd isometry, we have, for any t € [0 T]
D1r 2
E[M_ltw ds dy Ptsa:,y))E{ }
R
Thus, we may write, recalling the definition of G(s,x) in ,

B U t0] < [ ds [y (PR )” (@PP(0,0)25u)

<Aw@@mmw

Using Lemma [4.1] we obtain that
2 D1r )
E [Uns(t,2)2] < C (dPP* (2,0)) \f/ ds \/Ts)
Dividing both sides of ([37) by ( (dPP™™(x,0))2, we obtain that for ¢ € [0, T,
fng1(t) < Csup/r ds— A
r<t 0 s(r —s)
By a simple change of variable and using the monotonicity of f,, we get that for any r € [0, t],

/ gs_In(8) / du falru) / du  faltw) s In(t)
Vs(r—s) Vu(l —u) Vu(l —u) 0o +/s(t—s)
We conclude that

far1(t) < CVE / ds \/T)s) (38)

Iterating this inequality, we get

fn(s)
fue2(t) C\[/ dr\f/ ds Vit —r)/s(r—s)

R

by exchanging the integration order. We deduce by induction that f,(t) < C™t"/2/(|n/2]).
Hence, we have obtained that

E []/[ (S $)2] B Contln/2
U < C IS%:)I;) {dpm(xo)} =Cfa(T) < 2

where in the first inequality we have simply used that dPDir(:U 0) < COs~! (which is easy to
check using the explicit expression (34))). This shows that 3,/%0 |[Uy|lg < oo so that the series
o0 U, exists in the space B, and it concludes the proof. O

5. INTERMEDIATE TECHNICAL RESULTS

In both proofs of Theorems[3.7]and [3.9] we will need several estimates which we collect in this
section. We start by defining the discrete heat kernel with Robin boundary condition, denoted
below by pft, and p§ when the boundary condition diverges. In Section we collect the usual
decay estimates on p® and provide a new proof of the “key cancellation” property. In Section
we use exact computations to give a long time estimate for p® and a Holder estimate for the
convolution of p® with the empty initial condition. In Section we prove a Holder property
for p® via random walk estimates. In Section we bound the killing probability via exact
computations. Finally in Section we collect two essential technical lemmas which deal with
the microscopic Hopf-Cole process Z;(k).

Definition 5.1. Let pn < 1. The discrete heat kernel with Robin boundary condition (and
parameter ), is defined as the solution to the following: for any k,¢ € N

1
atpf(kag) = §A€pﬁ(k‘7€)a p(})%(k7€) = 1p—y, pf(_Lg) =K pﬁ(ove)y
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where Ay denotes the discrete Laplacian acting on functions of the variable £.

Since we assume g < 1, pff(k, £) corresponds to the transition probability for a continuous time
random walk on N which behaves as the symmetric simple random walk on positive integers,
while at 0, after an exponentially distributed waiting time with mean 1, it jumps to 1 with
probability %, it stays at 0 with probability &, and it is killed with probability I_T“ This gives
us a representation of p in terms of the transition probabilities (pn) of the underlying discrete
random walk (which moves similarly but at integer times):

[e’e} 3 tn
pr(k,0)=> e tﬁpn(k:,ﬁ). (39)
n=0 :

Moreover, we have the following representation for pf?, in terms of the kernel p; for the continuous
time symmetric simple random walk on Z, see |20, Section 4.1]:

+o00

pri(k,€) = pi(k — ) + ppe(k + L+ 1) + (1= =) > i pe(k + £+ j). (40)
j=2

In particular, pf(k, ) is increasing in p.

Definition 5.2. Let {pj(k,?)}ren denote the discrete heat kernel with Robin boundary condi-

tion and parameter p = e~ <.

5.1. First properties on the heat kernel.

Lemma 5.3 (Heat kernel bounds). Fiz T > 0. We have the following estimates.
(i) For any a1 > 0, ay > 0, there exists C = C(ay, a2, T) € Ry such that, for all t < e *T,

keN,
S p5 (k, €) e k=N gaael o (rgaac®h (41)
=0
(ii) There exists C = C(T) € Ry such that, for allt < e *T, k,£,j €N, for all v € [0,1],
1
£ - =1 . v
pi () = () < C (10— ) 0P (42)

Moreover, for all b > 0, there exists C = C(T,b) € Ry such that for all t < 4T,
k.l eN, for allv e |0,1],

\Vipg(/g,g)y <C (1 A \/%) efbllcf€|(1/\t—1/z)7 (43)

and consequently, for all a > 0, there exists C = C(T,a) € Ry such that, for all k € N,
Z \Vipi(k, €)| €a52€€a|k—€|(1/\t*1/2) < C€a52kt_1/2. (44)
=0

(iii) For allt > s >0, k,{ € N,
pa(k, 0) < " "pj(k, 0). (45)

Proof. A number of these bounds follow from those established for instance in [45]. Therein,
the author considers the discrete heat kernel with Robin boundary condition with parameter
pa =1 — Ae? (note that ¢ for us corresponds to y/z therein). In particular, the monotonicity in
p of p® allows us to use directly the bounds established in [45]. More precisely:

e (|41)) follows from Corollary 3.3 in [45];
e (42) and follow from similar bounds that hold for the standard heat kernel p; on

the whole line Z, and from , as in the proof of Proposition 3.2 in [45]. In fact, the
monotonicity in p of implies a monotonicity in the upper bounds used in the proof
of [45], so that we can use the estimates therein as an upper bound;

e (45) is an immediate consequence of .
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Lemma 5.4 (Key cancellation and consequences). We have the following estimates:
(i) For any k.l € N,

/ Vi (k. )V P (L)t = 1. (46)

(ii) For any a > 0, there exist eg = eo(a,T) > 0,c = c(a,T) € (0,1) such that for all e < &y,
k € N*,

ac’lk=ilgr < c. (47)

g:l/: Vi (k, )V P (k. )| e

(iii) For any a > 0, there exist eg = eo(a,T) > 0,C = C(a,T) € Ry such that for all
€<eg,keN tLT,

1

£(k, )V pE(k, §)] eI ———dr < CE2. 48

z / VPR ) —_ (48)
Proof. The last two bounds and (48) follow from the first “key cancellation” identity (4 ,
together with the previous bounds 1 3) and (| . by the same arguments as in |20, Proof of

Corollary 5.4].

Let us show ([46]), which can be proved in a more elementary way than is done in [20]
(where it is Proposition 5.1). Indeed, note that > 22 pi(k,7)pg(¢,j) = p5(k,{) by symme-
try of p; and the Markov property of the random walk described after Definition Moreover,
Jo° P (k, €)dt = 3G(k, £) is the Green function associated with that random walk, i.e. the ex-
pected number of times the random walk started from k goes through ¢ before being killed.
Elementary computations therefore yield

22/ Vs (k, )V, ) dt
=Gk+1,0+1)+Gk,l)—Gk+1,0)—G(k,L+1). (49)

By the interpretation of G in terms of number of visits, it is clear that G(k + 1,/ + 1) =
Gk, 0+ 1) if k > ¢ and G(k + 1,¢) = G(k,¢) if K > {. Moreover, by first-step analysis,
Gk+1,k+1) =1+ 3Gk k+1)+Gk+2,k+1)] =14+ 2L[Gkk+1)+G(k+1,k+1)],
and therefore G(k+ 1,k +1) =24 G(k,k+1). Then follows. O

5.2. Long-time and proto-Ho6lder estimates with exact computations. In this section,
we give a long time estimate for the heat kernel pf?, as well as a Holder bound for the convolution
of p§ with the empty initial condition Zy(k) = u*.

Proposition 5.5. There exists a constant C > 0 such that for any € € (0,1), t > 0, ac € [0,1)
and k,¢ € N, we have

k< o forany e (01) (50)
and
(5 + £ 72 Z0) (k) = (b5 + =2 Z0)(O)] < C (2lk — 4])" (') =/2. (51)

Remark 5.6. Note that the constant C' in is universal (although likely not optimal), and
does not depend on ¢ nor on the terminal time 7. This estimate is called long-time estimate
in [45], see Proposition 3.6 therein. Here, we provide a different proof and obtain an even better
estimate.

Proof. Let us first establish explicit formulas for the quantities to bound in and . For
t > 0 and k € Z, we have the integral representation of the heat kernel

pt(k) — .1%6;(54-5—1_2)13 gkzdgg, (52)

2im
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where the contour is a positively oriented circle around 0. From (52)) and (40), we deduce
1 . . € de
. (e+e1-2)t k( ¢ 41 )
pii(k, ) = mew 7 +¢ ) e (53)

where the contour is a positively oriented circle around 0 with radius smaller than x~!. Hence,
we have that

R 0_ B (Y e I S p2)(1—€%) de
ol O = E(2(h) = ¢ B (I e £ (54

where the contour is a positively oriented circle around 0 with radius comprised between p and

p~ !, and

NS
3ol = Sl = o e - 69

Now we estimate the integrals above. Since p € (0,1), we may assume that the contour (in
each formula above) is a circle of radius 1. Now, since ¢ has modulus 1, we have that [¢¥~¢| =
|EFHFL = 1 and for any p € (0,1), |p — €| = |u — €| = |p& — 1| so that ‘%‘ = 1. Using the
change of variables & = el in , we get
™ . .
pl(k, 0) < 23 / es B[ +e™0=2 4o
T

—Tr

Then, we use the estimate cos(z) — 1 < _TCUZ, valid for x € (—m, 7), so that
—26?

R[el + e — 2] =2cos(h) —2 < 5

(56)

Hence, setting t = ¢ 4T, we obtain

2 w2
ikt < = [ T a.
™

—Tr

Finally, using the change of variables 6 = 6t=1/2,

o (k, 0) < 7r\[/ 4

which proves with C =1 fp e%dz.
Now we assume that p = e™¢. Using the change of variables £ = ei9£2, and setting %k = X,

=Y, becomes
22 pi (k,j) — P (£ J))

7>0
e 1?0 —ic20_ . . _ o2 _ p2ie%0
L (e (1% — &) U D= ) i (o)
21 J_e—21 (1 — e—¢—ie 6)(1 — e—¢tie 0)2
Usinga:—x;gl—eﬁéxforx>0, and 0 < 1 — cos(z) < foraje( , ), we have

(1 — e 2)(1 — ¢2ie*0) e=2)1/2(1 — cos( 2526)) < 4e310) 46
(1 — e (1 — e=+ie®0)2 | (1 + =25 — 2e—< cos(26))%/? Te—e2/2)®  (1-¢/2)%
Thus, using additionally the estimate and setting t = e, we obtain the bound

1 /‘327r —o2r 46
— e s —————e
271' —e—2r (1—¢/2)3

The change of variables # = §7~/2 now yields (for & € (0,1))

116 -2
2 [

e (pi (k,§) — pi (L, )1

3>0

i0X eley‘ d6.

22 pt k‘ ] pt K ] 1X97' _eiY9~T71/2 dé (58)

3>0
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~  _§2 _ w2
Using the change of variables u = 20 and choosing a constant C' s.t. 17r—6|9|eT <Ce2,

C i u7”1/2 iYur—1/2
e > Pk, ) — PE(L | < = /62’” AN du,
7>0
<C [ o,
T JR
4
< 1¢ e~**/2 min <u|X —Y|r Y2, 1) du
T Jr,
< 4Cmin{]X - Y]T_l/Q/ ue_“2/2du,/ e_“2/2du}
T R R,
!
< gmin{\X —Y|rV2 1,
-
where C" = 4C\/m /2. Thus, holds for any a € (0, 1]. O

5.3. Holder property for the heat kernels. We prove here a Holder property for the heat
kernels which will be used to get suitable Holder estimates for the scaled process Z; defined
in (see Section below). Recall that p; stands for the kernel of the continuous time
symmetric simple random walk on Z.

Lemma 5.7. Fiz 0 < § <T. There exists a constant C = C(0,T) s.t. for ¢ small enough,
(1) for any 7 € [6,T),z,y € R, letting t = e 47, k = |[e 22|, £ = |[e2y],

. ) Clz — vy
> Ipe(k —5) = pe( = )l < == (59)
iz VT
(2) for any T € [5,T), 2,y € Ry, letting t = e~ 47, k= [e 2], = |e~%y]
€ . € . Clz —y
> Ipi ko)~ pi(63)] < S22 (60)

S
JEN \/;

Proof. Let us first prove (59). Let Xt(k) and Xt(z) denote continuous time simple random walks
starting from k& and ¢ respectively. We may write for any k,¢,j € Z

pilk =) = pult = ) =& 11— 1), (61)

where the expectation E**) is associated to a probability distribution P*:¥) of the couple of
random walks (Xt(k),Xt(e)). The identity is true as long as the marginal distribution of
each walk under P*-9) is the continuous time random walk with kernel p;, but the two random

walks are not necessarily independent. Let us first choose P*:4) = IP’(C];: (’)21 to be the probability
distribution of two coalescing random walks with kernel p; starting from k& and ¢ respectively.
We then obtain

+o0 Too
. . k.t

> ek — 5) — pe(€ — )| < Eoy [Z

=0

=0

1 -1

X0 xXO—;

] . (62)

The sum inside the expectation is non-zero only if the two walks have not coalesced before time

t. Let us denote Coal; = {Xt(k) = Xt(z)} the coalescing event, and by CoalE its complement.
We have

“+oo
S Ipilk =) = pelt = )| <E& |1

Coalc Z < X(k> XM):]‘)]
k,0)

< Z]P(Cc’)al (Coalt) .
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Let us denote by Intersect’ = {Vs € [0, 1], x ) # Xs(e)} the event that two walks do not
intersect on [0,¢]. We have

P%&Ql (CoalE) = IPY;’? (Intersectg) ,

where P&i’ﬁ) is the probability distribution of two independent continuous time random walks
with kernel p; starting from k& and ¢. At this point, we have arrived at

“+o00
> ik = 5) = pu(€ = §)] < 2P} (Intersect;) (63)
j=0

We now estimate the latter probability. We have

P%iﬁ) (Intersectg) < P&ﬁ’ﬁ) (min X - xO) < O)

0<s<t s

<P (max (s < b—11).

where S is the simple symmetric continuous time random walk (jumping by +1 and —1 both
with rate 1) started from 0.
By the reflection principle for simple random walks, for any n € N\ {0}

P (max{Ss} - n) _ P(S, = n) + P(S, = n + 1).

0<s<t

Therefore,

P <max{SS} < n) =P <(§Ea§t{55} = O> +PO0<Si<n)+P(1< S <n+1)

0<s<t

In particular

+oo
. . Sy k=1 )
k—j)—p(—5)] <4P 0 < —= < .
3 nll =) = (e =) (0= <=2
Then, follows from the Central Limit Theorem and Dini’s Theorem.
We now show that implies . Recall , which yields

400 —+00 +oo
DoIpi(k,3) = PN <D ek = 3) = pe(€ = D+ 1Y Ipe(k+ 5 +1) = pe(€ +j + 1)
j=0 j=0 J=0
oo '+oo
+ 1 — p2 ZMZ Ipe(k+j+1i) —p(d+j+1i)|. (64)
i=2  §j=0

In the right hand side, we may replace summations over N by summations over Z. We get

—+o00
SOIRi (k. g) = P () <D Ipe(k = §) = pe(€ = I+ 1> Ipe(k+ 5+ 1) = pe(0+ 5 + 1))
7=0 JEZ JEZ

1= p 2D D ek +§ + i) — pe(C 45+ ), (65)
i=2  jeZ
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so that reindexing and using in each of the three terms, with k = |e7 2z, and £ = [e2y],
we get

+oo >
. N Cle—ul  Cla—yl -2 kCle —yl
P (K, 7) — Py (€, )] < +u |
jZ:%) t t \/7*_ \/7*_ Z \/*
Clz —y| 1—p?
< 1
VT ( R
5C |z —y|
< -—) 7
T
for € small enough. O

5.4. Estimate on the killing probability. Recall the interpretation of the heat kernel in
terms of random walks killed at the boundary, presented at the beginning of Section 5] We
estimate here the probability that the random walk started from k is killed before time t.

Lemma 5.8. For any a > 0 and T > 0, there exists C = C(a,T) € Ry such that for any k € N
and t € [1,e74T7,

2
13 pi(h)| < Cexp (—a ¢%> . (66)

jeN

Proof. Recall that pi(k, j) is given by (53) with u = e~¢. Summing over j, we obtain

Zpt 7] 1 j{ %(@r{—l 2 ékZ§ jd€ 1 % %(£+£—1,2)t6k263+1 H— fdf

jeN " 2im =Y " % jeN —pE &
k k+1
_ b j{ e(ereiozp & 4 1 7{ oh(erei2) €7 St ¢ d¢
2im Jeo, 1—-1/¢ € " 2in Jo_, 1—§j€N — k&’

where in the first equality, we simply brought the summation inside the integral, and in the

second equality, we compute the sums after having deformed the first contour to be a circle of

radius larger than 1, and the second contour to be a circle of radius smaller than 1.
Computing the residue at & = 1, the first integral is

k k

17{ eh(eretap & 1+1]{ ph(eret—a) & 1dE
2im Jeo, 1—1/{ 13 2im Je,

so that

1 ohlere iy & (1 po g de
%ptk] " %ir jéd « )5—1<1 ) ' (67)

Rearranging the formula,

k+1
_ Z (k L(ere1—2)e € (L —1(E+1) df‘
! = pr (k. ) ~ 2in féﬁ ¢ £E-1 1—pE 13 (68)

Now, we scale and define t = e 47,7 € (0,T] , v = €%k, and

€= ei52(9+ia)/ﬁ
where the constant a > 0 is arbitrary. Under these scalings,
1 -1 1oy o
Re {2 (54—5 —2)1&] = i(a —0°)T + o(e).

To obtain a bound uniformly in €, let us write

Re B (5 +&e1 - 2) t} = (cosh(aeQ/ﬁ] cos(0e?//T) — 1) g4
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If t > 1, ae?/\/7 < a, and we can find constant k,& such that for all y € [~a,a], we have
1+ry? < cosh(y) < 1+Fy?. Moreover, for all y € (-, 7), 1—y%/2 < cos(y) < 1—y?/5. Hence,
there exists a constant C' = C(a, T such that for ¢ € [1,e7*T],

Re B (g+g—1 —2) t} <C—6%C.

Under these scalings, we also have |¢¥| < e “V7. Hence, we can find a constant C' = C(a,T)
such that

€ . C _ —a-%=
‘1 -2 pt(lw)‘ S o /Rdeec Fiee (69)
jEN

Finally, we conclude that for any a > 0, there exists a constant C(a, T') such that for t € [1,e74T],

1= 3 pi(hd)| < Cla 1) (70)
jeN
which is equivalent to the statement of the lemma. O

5.5. Two useful lemmas. We conclude this section by collecting two lemmas that will be
essential in the proofs of the next sections.

Lemma 5.9 ( [20,22]). For any n € N*, there exists C = C(n) < oo such that, for any F
bounded (deterministic) function on Ry x N, for any t,t' € Ry such thatt’ > t+1,

t/ 0 2 t/ oo
/ S F(s, 0dM,(0)|| < C2? / S F(s, 002 Z:(0)]. ds, (71)
t =0 2n b e=0
where F(s,0) := sup |F(s',0)|. In particular, when F(s,{) = pS(k,l) for some k € N, we
s'—s|<1
| 5’2‘0<
have
P3(k, 02 < Cs™1 23y (K, 0). (72)

Proof of Lemma[5.9 The first estimate is proved in [22, Lemma 3.1] or [20, Lemma 4.18],where
one can see that the particular choice of boundary conditions does not play any role. Moreover,
from , we have, for any s > 0,

sup p%(k, €) < e*pliy (k. 0).
ls—s'|<1

Therefore, from it follows that pg(k,€)* < e*(pS,,(k,0))* < 05_1/2p§+1(k,€). O
Lemma 5.10 ( [12]). If€ € (0,1) is such that, for all e € (0,€), v < € and |log(e)le < 1, for
any t >0, n € N, there exists C = C(n) € Ry such that for all k € N,

] s (Zees) = 20 ["] < COe | 2GR
se|0,

In particular, assume T > 0, n € N, and assume that there exists Cy = Co(T,n) > 0 and ey > 0
such that, for all e € (0,¢0), all k € N and t € [0,e*T],

1Ze(F)l,,, < Co. (73)
Then, there exists C; = C1(T,n) > 0 such that, for all € € (0,60 NE),

sup supE| sup |Zt+s(k)—Zt(k)]2n < Cye®,
te[0,e—4T] keN s€[0,1]

Proof. This proof is contained in (4.63)—(4.65) of |12]. For completeness, we reproduce it in
Appendix [B] O
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6. NEAR-EQUILIBRIUM INITIAL CONDITION: PROOF OF THEOREM [3.9]

In this section we assume that the initial condition is near-equilibrium, and we prove Theorem
We are thus interested in the rescaled process 27 (z) := Z.—4,;(¢ %) defined in for any
x € 2N and then extended to R, by linear interpolation. Together with the uniqueness of the
solution to the martingale problem 7, the next two propositions prove the desired result
stated in Theorem

Proposition 6.1 (Tightness). Under the assumptions of Theorem the sequence of pro-
cesses (Z5)seor) 08 tight in the space D([0,T],C(Ry)). Moreover, any limit point belongs to
Proposition 6.2 (Identification of limit points). Under the assumptions of Theorem any
timit point (Z5)sejo. 1) of (Z5)se0m i the space D([0,T], C(Ry.)) satisfies the continuous mar-

S
tingale problem f.
The rest of the section is devoted to the proof of Proposition and Proposition

6.1. Tightness: proof of Proposition [6.1. The proof relies on the following lemma.

Lemma 6.3. Fiz T > 0 and assume that the initial condition 2§ € C(Ry) is near-equilibrium
(Definition . Then for allm € N and « € [0, 3), there exists C = C(a,n,T),a € Ry such
that for all € small enough, for any x,y € Ry, s,8 € [0,T],

125 (@)|2n < Ce™, (74)
|25 () = ZE(W)lan < Cla — [, if s> & (75)
122 (2) = 25 (@)]l2n < C (2 V [s = &/|*/2) 2. (76)

These estimates, together with Arzela-Ascoli’s Theorem, imply Proposition (see |13, Chap-
ter 3]). This implication is detailed in [12], and hinted at in later papers such as [20,[45]. Note
that, in constrast with Lemmata 4.2 and 4.3 in |12, we have a small restriction on the value
of s in , which is a consequence of the use of Lemma below. Since the question was
asked by an anonymous referee, let us explain why this does not affect the proof of tightness
(as is already the case in e.g. [20,45]). The strategy of [12] is to use Kolmogorov’s Lemma to
deduce from Lemma [6.3] the existence of a Holder version of the process. However, since our
microscopic process has jumps, it cannot be Holder in time. Therefore [12] consider 2°¢, which
is a version of the interpolation of Z¢ at times in €*N with the desired regularity; for this step
our restriction on s is no obstacle. Then it remains to control the error between Z¢ and 2°:
this uses Lemma and only requires the moment bound from Lemma (see the proof
of Lemma 4.7 in [12]).

In order to prove Lemma [6.3] the starting point is to write the Duhamel equation for Z which
is a consequence of Lemma [3.1} for any ¢ > 0,

Zptkzzo +/ZptsudM(z) (77)

We will then use two main mgredlents:

(1) the bounds on the heat kernel p® which are proved in Lemma |5.3| and Lemma ;

(2) an L?"-bound on the integral terms contained in the second term in (77)), similar to the
one stated in |45, Lemma 5.3]. This uses Lemma [5.9| and allows the iteration procedure
described in the proof below.

Proof of Lemma[6.3 The proof is inspired by [45, Proof of Proposition 5.4]. We highlight here
its main steps and the adjustments we need to make, notably the fact that we need the killing
estimate to prove the Holder properties. We denote the microscopic time variables by
t=c"4s,t/ =45,

The first bound in Lemma is obtained by an iteration argument using Duhamel
formula . The L?" norm of the first term is bounded by Ce® thanks to the triangular

inequality, together with and with a1 = 0,a2 = a.
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Then, for ¢ > 1, we can apply Lemma [5.9] to the second term. After the same manipulations
as in |45, Proof of Proposition 5.4, using again and defining

[ZiJon = sup e ¥|| Zy(k)||2n,
keN

we obtain, when t > 1,

t
203, < C+ 052/ ds(t — s)"2[Zy]on.
0

Using Lemma [5.10] shows that this holds in fact also for ¢ < 1. We can now perform the same
iteration as in [45, Proof of Proposition 5.4] to conclude the proof of (74).
For the second bound , write as a consequence of

Z8) = 2u0) = 395, 9) w00 Z00) + [ 3 91 1,3) B (0 0] A (79
§=0 i—0

To control the first sum, we can proceed as in [45] and extend Zg into a function Zy over Z by
imposing that j — Zy(j — 1) — uZy(j) is odd. Note that Zy now depends implicitly on . Then
it is easy to check that Zy still satisfies (possibly changing C), and 3272 pj (k, ) Zo(j) =

> jenpi(k — 4)Zo(j). This allows to bound the L?"-norm of the first term by

> vk = D Zo(G) — Zo(G + £ — k)l|2 < C(e2|k — £])%ea= E+0),
JEZ

using and the analog of for the standard heat kernel.
To bound the LGfnorm of the second term, we use again Lemmawith F(r,j)=pi_,(k,7)—

pi_. (£, ). By (42) and (45), similarly as in [45] for all v € (0,1),
F(r,j)? <O =)~ "2k — 0" (pi_ 41 (K, 5) + i1 (6,9)) -

Then, using and and following the same steps as [45], we get that the L?"norm of the
second term in (78) is bounded by C/(e2|k — ¢])?/2¢%*(k+0)  Choosing v = 20, for any « € (0, )
we finally get

For the last bound , we need a new ingredient with respect to [45]’s proof. We start this
time from the Duhamel equation between times s and s’ (again a consequence of Lemma [3.1)):
assume first that t — ¢’ > 1, then

Zik) = Zu(K) = 305w (K, ) (Zu(d) — Zu () + (Z 05 (k. J) - 1) Zo(k)

j=0 7=0

/ZptrmdMu. (79)

Using and with a; = 1,as = a, the L?*"norm of the first term is bounded as in [45],
by
C€2a(t - t/)a/2€2a52k.

The last term in is bounded by the same quantity (up to the constant), like in [45], thanks
to Lemma [5.9| with F(r,j) = pi_,(k, ) together with and ([74).

The second term is the reason why we proved the killing estimate : combined with ,
it gives that the L?"norm of the second term is bounded by Ce=e*k/Ve(t=t) | Let us denote
the macroscopic variable x = 2k and recall that ¢t = e s and ¢/ = ¢~ %s.

Let us now split cases. If z > (s — ")V a/2, the above estimates combined yield (adjusting
the constant)

e (54(t—t/))‘(1/2‘m)).

le™(Zu(k) = Zu(R))],, < O (e =1 + e
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Since v/a/2 < 1/2, this gives in this first case. If instead z < (s — §')V /2 et us define
K = [e2(s — §')V?/?]. By the triangle inequality,

1e72(Zu(k) = Zo (K))|,,, < lle™(Ze(k) — Zu(K)) |y, + lle 2 (Ze(K') — Zp (K'))

||2n = H2n

+ Hg Ztl(k,) Zt’(k))HQn

< C€2o¢‘t - t/’a/2 + 20(€2k/)\/o¢/2’

where we have used applied to k" (which we just proved holds) and twice, with exponent
Va/2 <1/2 (since 0 < k < k', |k — K| < k’). It now remains to replace k’ by its expression.
We get

2K <+ (s—s)V2

Since [t —t/| > 1, &% < (et — t’))1/2 <C (Mt —t))V /2 \here the constant is chosen so that

u'’? < CuVe? for all u € [0, T].
Putting these estimates together concludes the proof for t — ¢ > 1. The case t —t' < 1 can
be handled using Lemma [5.10 O

6.2. Identification of limit points: proof of Proposition

6.2.1. Discrete martingale problem. Let us denote by A® := A# the discrete Laplacian with
boundary condition defined in with u = e™%. We also introduce, for any ¢, : Ry — R
which are square summable, the following notation:

W.8)e =2 (2R p(k). (80)

k=0

We will prove that the limit points of the rescaled process satisfy in the limit the martingale
problem stated in Definition Let us take ¢ € C°(R). From Lemma

—4

N{(9) = (Zes )~ (Zos0)e =5 [ (8700 ds (s1)

is a martingale. Let us compute

A 0)e = 3 Zu() [0+ 1)) + 630 — 1)) — 20(3K)] + Zu(~1)(0) — Z,(0)( <)
k=0

— i Zs 4¢// 2]{,‘)
£ 2,00 [Ad(2) (k) — 497 (2h)] + | 22,0800 = Z(0) (=),
k=0
=Y Za,(Ph) " (%K)
k=0

+ 2%‘15(5%) [A¢(52-)(k) — et/ (e + 25,( [\/iz) } ,

Therefore Nf(¢) can be rewritten as

NE —522¢ ngpa(Zk _€2Z¢ 2k% 2]{_7/ Zg& 2k¢//<2k)d

1o [\ﬁf) 52)“0 Z2(0)ds + € (=), (82)

where the error term is

¢ (e) = —%52 i [A€¢(gz.)<k) - a4¢"(a2k)] /0 t 2e(2k)ds. (83)
k=0
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Now, let us fix ¢ : R — R smooth, compactly supported, such that ¢(0) = 1 and ¥'(0) = 0
and define

¢e = ¢+ ¢’ (0)1), (84)
so that ¢-(0) = €¢L(0). From the previous computation , the following is a martingale:

NE(6:) = £ Y 0(eH) 2 (%K) — & f S(EK) 25 ()

k=0
/Oszf (€2k)¢" (2k)ds + Ry + Ro + Ry + Ra,
where
1 o
=3 *ZZ{A%& — g Qk /st (€2k)ds (85)
Ryi= e [e6.00) - 9u(-)] [ 22(0)d (56)
9 = 28 (& e e e 0 s S,
Ry 1= €'910) Yo p(e) [2(6%0) - 2562 7
_ e 2 "e 2
__7¢ /Ozg k)" (2k)ds. (88)

Moreover, the quadratic variation of N7 (¢.) is given (see Lemma and Lemma by:

NGl = 3 62 / (2 Z,(k)? + Y Zy(k)V ™ Zo(k) + (%) Z(k)?] ds - (89)
k=1

+e1¢?(0) /0 o [&:225(0)2 —eZ(0)VTZ,(0) + 0(52)28(0)2} ds. (90)

In order to conclude, we prove in the next section that R, Ro, R3, R4 vanish in probability as
e — 0, which then establishes that N;(¢) (defined in (32)) is a martingale for any 2 limit point
of Z¢. Then, we verify .

6.2.2. Proof of Proposition[6.3 In order to prove that Ry, Ra, R3, R4 vanish in probability, we
estimate their | - ||,-norms. Let us start with Ry, where we will see why we chose ¢. as in (84)).

(R2) For any n € N, by Lemma
[Ralln < O™t ]e%2¢/(0) = 6(~€) — =0/ (0)u(~<?) (91)
<Ce % ](1 — £)ed/(0) + 24/ (0) — e (0) + 0(52)\ = o(1). (92)
Therefore Rs vanishes in any L™, n € N.

(R3, R4) Moreover, the same holds for R3 and Ry, again thanks to Lemma and because
both series 2322, P(e2k)e20e’F and &2 Y reo V" (£2k)e29e*F converge to, respectively,
Jr. Y(u)e?™du and Jr, Y (u)e?¥du which are both finite.

1) Let us now consider R;. By Lemma [6.3} it is enough to show that, for a € N¥
Ry) L der R;. By L 6.3 h h hat, for all £ € N*
(A% (7) (k) = "6 ()| = o),
and
A% (2)(0) = "6 (0)| = o(e?),

which can be checked by Taylor expansion, using that |¢”'| is bounded thanks to the
compactness of the support of ¢.
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It remains to show that any limit point 2 of Z* satisfies . Let us rewrite

Nl = [ 230 PR 2R s + B+ By + B+ B, (93)
k=0
where
Ry = [ 3 02 — 62 25 (s, (94
0 k=0
Ro=ct [ 3 LKV L0V 2Ry, (95)
0 k=1
Ry = —¢’ / T R 002,009 Z,(0)ds, (96)
0
R, = o(1) / "2 S 2k 2 (2h) . (97)
0 k=0

We have to show that R}, R}, R}, R vanish in L? as ¢ — 0.

/ 2 2 —
) - oo T )
(R}) For the first term, the result follows from the bound ||¢Z — ¢=|| O(g), the fact that
¢, ¢ have compact support, and from ([74]).

(R4 and R))) Both terms R4 and R} are also controlled with and ([75)).

(R5) Similarly to [20] and [45, Proof of Theorem 5.7], we split RS in two parts: write R =
71 4 r9, where

e 3Ae~4t

S—_— / S G2 (e2k) VT Zy(k)V ™ Zs(k)ds (98)
0 k=1
e~ 4t 0

Py = ¢t / - > QAR Zy(k)V ™ Zs(k)ds. (99)
ETPNeT tk:l

By (75), [[VEZs(k)||2 < Ce20e202’k for any o < 1 and some C,a > 0. Therefore, we can
bound

o0
||7"1||2 < 0645738404 Z¢§(€2k)e4a52k < CI€4a71’ (100)
k=1

which goes to 0 if we choose for instance o = 1/3. On the other hand, if 672 < e~
(else, ro = 0), E[r3] is equal to

e~ 4t s S
28 / . / . > @2k (EPOE[VT Zy(k)V T Zs(k)V T Z(0)V ™ Z,.(0)] drds
e € k=1
e~ 4 ps
= 28 / . / . > 92(E?k) Q2 (OR[N Z (0N Z (0)U (, 7, s)] drds,
€ € k=1
where
U(k,r,s) = E[V*Z(R)V Z(R)|F, ], Foi=0(Zu(i)ij €N’ 7). (101)
Therefore,
e s ©
Big) <Ot [ [T S RS0 R () drds (102)
e €7 k=1

e 4 ps X
< CebtHa / - / > RERE(U K r,5)]drds, (103)
1> 1> k:1
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where the value of C' changed between the two lines. We will prove in Lemma [6.4] below
an estimate on E[|U(k,r, s)|] which shows that

e~ s
E 2 gc 4+6a/ /
73] € s e s—r

Therefore, R, goes to 0 in L? for i = 1,...,4, and both properties and are satisfied,
which conclude the proof of Proposition We now prove the last needed estimate:

drds < Ce' ™0« (104)

Lemma 6.4. For any a < %, there exist a,C = C(a,t) > 0 such that, for any k € N* and if
g3 <r<s«< 5*4t,

eaezk
E[|U(k,r,s)|] < Ce*® —. (105)
Proof of Lemma[6.4 As in [12,]20[45], we write
Uk,r,8) = VL (k)VT (k) + V I(k)VT NS (k) + VN2 (k)VT I (k)
+ V™ N:(K)VTNE (k) +E / ZKS +(k, 0)d{M(£))- f,,], (106)
where
ZPS k., €)Zo(¢)
/0 Zps (k, 0)dM;(¢),
Ki(k,0) :v+ t(k:,é)V ps (K, 0).
By (44), and Lemma we have (see e.g. [20, Proof of Lemma 5.7])
e
max {E [(VEL(k))*] . E [(VEN; (k))*]} < 05205;. (107)

Moreover, using Lemma the expectation term in (106)) can be split into

(% +o(e Z/ Ko r(k, O ())QIE]dT—e/sKH(k:,O)E[ZT(O)WZT(O)WW
+Z / Ky . (k, OBV~ Z.(0)V* Z.(0)| F,)dr
=1""

If we can bound the first two terms by Ce2aeas’k /\/s —r, using . the same iterative
procedure as described in [20] yields the desired result.
Let us consider the second term (which is new with respect to the case treated in [20]). By

, and , we have for any a < %,b)O,ug 1

o (k, 0)E[Z(0)VT Z,(0)|F,] dr| < Celtioe 20k / ) (1A (s =) ) dr

_ Cel+4ae—2b\k|(s - 7,)—1/_

It thus remains to check that

2
P k

22/ Ky (k, O[(Z- ()| Fu)dr < Ce* ——, (108)

S—1U

which is exactly Lemma 5.8 in [20]. In turn, this inequality is a consequence of bounds ,
[

and Lemma (see [20]).
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7. DELTA PRIME INITIAL CONDITION: PROOF OF THEOREM

In this section we come back to our initial problem and assume that the initial condition is
empty so that Zy(k) = p*, where we recall that u = /q/p. Therefore, the initial condition is
not near-equilibrium, and we now use the different scaling introduced in , namely

ZE(x) = € 2 Z—ay(e ), x € Ry.

Let us now prove Theorem [3.7]

Recall that we already know from Section [ existence and uniqueness of the solution to the
SHE (Definition with Dirichlet boundary condition and initial condition Zi, = —24j,.
Also, we have obtained in Section [5] explicit estimates involving the discrete Dirichlet heat
kernel, relying on exact computations and random walk arguments.

In this section, some exact computations inspired by the recent paper [9] and the heat kernel
estimates from Section [5] will be crucial. More precisely, we start by showing in Sections and
[7.2]that after time § > 0, Z{(-) is near-equilibrium in the sense of Definition[3.8 This allows us to
follow the same strategy as in Section [6] to obtain tightness in the space D([6, T], C(R.)) for any
0 < § < T, and show that the limit points satisfy the SHE (Proposition|[7.5]). Then, following [45],
we will show in Section [7.3| that there exists a limit point in the space D((0,7],C(R4)), which
is solution to the SHE with Dirichlet boundary condition. We also prove in Section second
moment bounds satisfied by this limit point, using [9]. We finally determine the initial condition
in Section [7.4], using the moment bounds from Section

7.1. Moment estimate for Z¢.

Proposition 7.1. Fiz 6 >0 and T > 6. Let n € N. There exists C = C(0,T,n) € Ry and g
such that, for all e € (0,¢q), k €N, and t € [¢745,e74T):

le 2 Zu(k)|ln < C. (109)

When t = ¢47, ||[e=2Z,(k)||» cannot be bounded by C/./7 as was the case in [45], but rather
by C/7. Because the latter bound is not integrable in the variable 7 near 0, we cannot adapt
the method from [45 Proposition 6.2], based on the martingale decomposition, to prove such
an estimate. Hence, we will employ another method, based on exact moment formulas from [9].

More precisely, the bound can be obtained using the same arguments as in [9, Propo-
sition 4.6]. However, this result is stated there for another boundary condition (leading to
Neumann type boundary condition in the ¢ — 0 limit). It is claimed in [9, Section 4.3] that
the same arguments apply as well in the present case. Since explanations given in [9] do not

contain much details, we provide a complete proof of the bound (109)). First, in Section
we present an exact integral formula for the moments of Z (see (113))). From there, in Section

[7.1.2) we deduce Proposition

7.1.1. Ezact integral formula. Mixed moments of Z;(k) are computed in [9], in the form of certain
finite sums of explicit contour integrals. The structure of those sums is somewhat intricate, and
we will need to introduce a few pieces of notation before stating the result. First of all, recall
our notation for the asymmetry ratio u?> = ¢/p, which we scale as u? = =2 (the asymmetry
ratio was denoted by the letter ¢ in |9] but this choice would be confusing in the present paper).

Fix n € N. Moments of order n will be written as a sum over integer partitions A of n,

i.e. nonincreasing sequences of integers (A1, Az, ..., Ayy)) such that Zf(:)‘l) Ai = n. The fact that
a partition A is a partition of the integer n is denoted A F n. The number 4()\) is called the
length of the partition .
For a given partition A - n, we will further consider diagrams formed by ¢(\) lines of numbers
separated by arrows, of the following form:
e e N s S P SN ta i
4+ o+ +. . o = + + .
1 —=J2 =7 oo — Jro—1 = Jro S Jro+l S . S JI)o

The diagrams are such that
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e all numbers i1, 9,...,J1,j2,... are distinct elements of {1,...,n} (so that every integer
in {1,...,n} appears exactly once in the diagram);

e arrows go from a larger integer to a smaller one;

e on each line, arrows change from pointing right to pointing left at most once. Equiva-
lently, the sequence of numbers is decreasing, until a certain minimum, and then it is
increasing. We denote by r; the index of the minimal number on the ith line, around
which arrows change orientation. The numbers rq,r,... are denoted 1, u2,... in [9]
but we changed the notation here to avoid ambiguity with the asymmetry parameter
1= /a/p;

e all arrows bear a plus sign, except for the first arrow pointing left in each row which
bears a minus sign. It may also happen that on some row, r; = \;, i.e. the minimal
number is in the rightmost position, in which case all arrows point right and bear a plus
sign.

We denote by S(\) the set of all such diagrams and we will use the letter I to denote one
such diagram. We refer to [9, Section 2.5.2] for details about these definitions and examples of
diagrams. The precise structure of arrows described above will not matter that much in the
arguments below, but is is important to note that S(\) is a finite set for any A.

Now, given a function f of n complex variables z1,...,z,, we will define a procedure that
associates any diagram I € S(A), A - n with a certain multivariate residue of the function f. For
a diagram I € S(A) with A - n, we will compute residues in as many variables as the number of
arrows in the diagram I (that is n minus the number of lines in the diagram), according to the
following rules:

e for each arrow of the form a —— b or b <— a we compute the residue in the variable
Zq at the point p?z,. Assuming that f(z4,2p) is a rational function in z, with a simple
pole at u?z,, which will be the case below, the residue of f in the variable z, at the
point 1%z, is simply given by Sub,, 2., {(2a — #1*2) f(2a, 25) }, where Sub denotes the
substitution of a variable by a certain expression, i.e. for any rational function g(z),
Subzw {9(2)} = g(w);

e for each arrow of the form a «— b we compute the residue in the variable z;, at 1/z,.
Again, assuming that the pole is simple, which will be the case below, the residue in
the variable z, at the point 1/z, of a rational function f(z,,2) is simply given by
Subzb—>1/za {(zb - l/za)f(za, Zb)})'

We denote such a multi-residue by RIes {f(2)}. Again, we refer to [9, Section 2.5.2] for many

details about this procedure and justifications that it is well-defined. After computing all those
residues, the quantity R[es {f(2)} only depends on the variables z; for each j being the minimal

number on one of the lines of the diagram I. In other terms, RIes {f(2)} is a function of the

variables z;, , zj, ,... Eventually, there are as many variables left as the number of lines in the
diagram, that is the length of the partition .

To be more concrete, let us consider the partition A = (n) and the diagram I formed by a
single line with only arrows bearing a plus sign

I = nb5n-15 . H2 5
Then, for a rational function f of variables z1, ..., 2,, in order to compute RIeS {f(2)}, we will
first multiply the function f by the products
(2n = 112 2n-1)(Zn-1 — p22n_2) ... (20 — p*21) (110)
and then evaluate the rational function obtained at the point
(21, 2n) = (21, 221, . ... ,/12(”_1)21)

This indeed corresponds to the usual notion of complex residue provided that the denominator
of the rational function f is divisible exactly once by each of the factors appearing in (110)). Let
us also consider the slightly more general situation where for some 1 < j <n —1,

I = j-5ji-1-5 . o1 1
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In this case, in order to compute Res {f(2)}, we multiply the function f by the products
(2 = 1%2j-1)(zjm1 = 12 2j-2) - (22 = 1%21) (21 — 1/ 21) (42 — 122j11) - - (20 — pP2n1) (111)
and then evaluate the rational function obtained at the point

(Zly ey Zn) - (Zlu MZZlu o 7”2('].71)217 1/21) ,U,Z/Zl, /J”Q(nijiz)/zl)

Again, it corresponds to the usual notion of complex residue in all the cases considered below.
We will consider sums over diagrams of contour integrals of the form

dzi,, dzjr2
Z }é 2irm j{ 2ir

" IeS(N)

Zi—2j W°—zz
Rles{H 2 jH* ol }’ (112)

z<];£ zi—zj 1 —zzj

L,[6(%, 2)]c = p Y Z

A malm

where C will be a certain integration contour in the complex plane and the function ¢ : Z" xC" —
C will be holomorphic in a neighborhood of C", for all Z.

We are now able to state |9, Theorem 2.13], which, translated into the notations of the present
paper, states that for 0 < k1 < - -+ < ky,

. [H ztuﬂ)] 7, [T 6 (=)
i=1 J=1 C

where C is the positively oriented circle of radius 1/u around 0 (the formula holds as long as the
radius is comprised between 1 and 1/1%), and

)= P (Wﬁ — V) (VP ﬁ2)2t> (ﬁqu - z>>’““ C aw
p—pz (1=2)(p - q2) p—qz

7.1.2. Proof of Proposition . In this section, we prove (109). By the definition of Z;(k), we
have Z;(k)/Z:(k +1) < p~t, so we can write

E [(e72Zi(k))"] < C(n,20) E [e72" Zu(k) Zu(k +1) ... Zu(k +n — 1)] .

The right hand side can be evaluated using .

We will scale p and ¢ as in , let t = e~ *7, and estimate each of the factors appearing in
. Since we are taking many residues in we not only need to estimate the functions
when the variables z; vary over the contour C but also when the variables vary in p2C, . .. 2("=1¢
and p2/C, ... 2N/,

We observe that when 2z varies over a circle around 0 with radius at most (1 + u=2)/2, the

(113)

modulus of | | is maximal when z has minimal real part. In particular, if z varies over a

p qz
circle of radius comprised between p~! and 2",
vpq(l — 2z
L < 1. (115)
p—qz
To estimate the other factors, it will be convenient to use the change of variables z = —1/uu?®

The rational factors in the formula are easily bounded by a constant. More precisely, we have
(we correct a power of ¢ which is missing in [9, (4.12)])

—2
Z; —Zj 1% —ZiZj
RIeS H 2
1<j

< et (116)

-y — 21— 225

where £ is the number of lines in the diagram I. The power of ¢ will exactly cancel factors of €
coming from the Jacobian arising in (112)) after the change of variables. We can find a constant
C so that

p— qz*
p—pz

< Celw|. (117)
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Then, to estimate the exponential factor, we need to control the real part of the function

(VP + qz)%e 2 (1—e%w)?e? =: H(w). (118)

1—2)(p—qz) (1+e@uD)(1+eCuil))

Under the change of variables that we are considering, the contour C for z becomes i[%”s_l, gs_l]
for w. Since the formula in involves taking residues, we not only need to estimate R[H (w)]
along the contour C, but also estimate expressions of the form R[H ( 1))+ -+ R[H(wy)], where
w is of the form (w—{—kz l,w+k—2,...,w) or of the form (w+k—1,...,w,1-w,2—w,...,{—w)
for some integers k, ¢ > 0 such that k: + { < n,and w € iR.

Lemma 7.2 ( [9, Lemma 4.7]). Fiz positive integers k,¢ < n such that k + ¢ < n. There exist

a constant C' and €g so that uniformly for e € (0,¢ep), for ally € [FFe !, Ze™ 1],
Z?R (iy +1)] < C(C — y?); (119)
and for a sequence (w1, ..., wkye) of the form (w+k—1,...,w,1 —w,2 —w,..., ¢ —w) with

w = iy,
k+0

> RlH ()] < C(C =), (120)

Using Lemma [7.2]and the bounds (115]), (116)) and (117)) above, the integrand of each term in
the sum (I13)) can be dominated by a function of the form Ce™(C~¥*) so that we have obtained

T gy 2 dygy ) .
) n Ly = criem
E [(5 Zt(k)) } < Z m1|m2 Z / / 2 Clzl_ll € .

en Crésy ez B ety

Since T € [§,T], the above finite sum of integrals can be bounded by a constant (depending on
n,d,T). This concludes the proof of (109).

7.2. Holder estimates for Z°. We now prove the following Holder estimates which, together
with Proposition will be essential to prove the forthcoming tightness result.

Proposition 7.3. Fiz § > 0 and T > 6. Letn € N. For any a € [0,3) there exists C =
C(a,0,T,n) € Ry such that, for ¢ small enough, for any k, k' € N, and t,t' € [e7*5,e7*T]:
le™2(Ze(k) = Ze(K') |20 < C %k — k') (121)
and
le™(Ze(k) — Zt'(’f))\bn SC V[t -1, (122)

Proof. With the moment estimate at hand, the proof is very similar in spirit to that of
Lemma 6.3 m but we need to control more tlghtly F when F is the difference of two heat kernels

(Lemma [7.4] below).
First, let us choose ¢ small enough such that e =5 > 1. We start the proof of (121]) by writing
Duhamel’s formula between times e 46 and t:

me s+ [ ZptsmdMu (123)
We get, using Lemma @ and Proposition [7.],
le™(Ze(k) = Ze(K"))|,, < (PE * €72 Zc-15) (k) — (PF * € Z-15) (K')]

e [ 3 i) — w0 ) a0

]EN

1/2
<O |pik,4) — pi( ,y|+0</ S F(s.5)%d ) :

JEN ]GN

2n
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where F(s,j) = pf —s(k,j) — pi — s(k', j). Now, for 2|k — k’| > 1, (121) is a consequence of the
moment bound (113)), while for £2|k — k’| < 1, (121) is a consequence of (which bounds the
first term) and the following lemma.

Lemma 7.4. Lett > ¢ %5 > 1 and let F defined as above. Then, there exists a universal
constant C € Ry such that, if k # K/,

/ S F (s, 5)2ds < C=2k — K| (1+In(t/|k — ) v 0). (124)
jEN

We postpone the proof of this lemma to the end of the section.

Let us now turn to (122). Once again, when |t — /| > 1, from Duhamel’s formula we write
the martingale decomposition between times t’ and ¢:

Zptt’k]Zt’ +/Zptsk.7dM() (125)

J20 J=0

Thus, we get

le™2(Ze(k) = Zo(k)ly,, < (PE-vr k€72 Z0) (k) — €2 Zu (), +

/Zptsk]dM()

7=0
(126)
We denote the terms on the right-hand side above by I; and I respectively. As in Section

we have, using (109)), (121)) and (66)):

f= [ (S ) 20) ~ 200
§>0 2n
e i (k) (Ze (i) = Ze(R))||  +| Do piv(k ) = 1] [ Zu(R)]ly,
320 e 120
2k
<02at_t/a/2 C {_6}.
€ | | + 6xXp 64(t _ tl)

In the last line, we have used the same proof as for |45, Eq. (34)]: since r* < e” for a < 1,

SRk )k — 1% < p5_p(k, j)elF !

J=0 J=0
< pip (k)| — ¥ |72l
j=0
< Ct — |72, (127)

using with a; =1, ae = 0.
As in Section I is bounded using (109 and both estimates and from Lemma
0.9l

I < Ce(t — V4 < Ot — /)22,

As in Section we now split cases and deduce (122) for e2k > (e(t —¢))V /2 1f instead

2k < (ef(t —t))V /2 e define k' = [e=2(e*(t — t/))V*/?] and use the triangle inequality,
between k and k' and for k' to prove for k. O

It remains to prove Lemma [7.4]

Proof of Lemma[7.4 Recall F(s,j) = pi(k,j) — pi(k',j). We first prove that

/ S F(s,j)%ds < 22 2k~ ) (1L Gt/ — K) v 0) (128)
jEN
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Using the semigroup property, we can evaluate

> F(s,5)° =D (Pi_s(k.5) — pi_s (K, 4))? (129)
jeN jeN
= Pa(—s) (K, k) + P3_) (K, k) = 2p5,_) (K, K). (130)

Using , this can be expressed as

1 f[g’“(g +§k+1ﬂ_§>+§k(§ K €k+1ﬂ f) g(fk €k+1ﬂ jg)]

2 T3 pe!
(671 -2) t—s)dg
_ Q;Tfawl—m(t—s) 21— &) + 1“__&§2k'+1(1 - 5’“"“')2] df- (131)

This is a non-negative quantity, which can be bounded by

27{ (E+e7 1 =2)(t—s) — ¢k K| A€ _ 4/7r o2(cos 6—1)(t—s)
T -

&
Integrating over s, we get
k—K e
i 0
n (£50)

/ ZF $,7) st /
0
Let us denote I the last integral and rewrite %(z — 2') = 2X, t = e *7. Then,

Y
sin (k 5 b 9) ‘ de. (132)

2(cos0—-1)t __ 1
2(cosf — 1)

de. (133)
JEN

T ) 1 — e(c05971)5_47—
I= in(e X . 134
/0 [sin(e2X0)| —————df (134)
On [0, 7], —0%/2 < cos — 1 < —62/5, so that
T 1— 6—6747'62/2
I < 5 / |sin(e 2 X0)| ———5—db (135)
0 62
0'=Pc—2X _ me"2X . 1 —_ eiTBlQ/(2X2)
< e 2X /O |sin 6’| 7 de’ (136)
| sin O|<OAL 11— —76%/(2X?) 1 — —70%/(2X?)
< he2X / Toe T e +/ tme 77 ). (137)
0 0 1 62
The second integral is less that [{°672df = 1. The first integral can be computed as
T —62 YT\l
XV2 1 — € X2 1 \/77—
7dc9<1+/ 0~ dd=1+In|—=] V0. 138
/0 6 1 " (Xﬂ) (138)

(128)) follows. We now turn to the proof of (124]). We may treat separately the integration over
[0, — 1] and the integration over [t — 1,¢]. Let us first focus on on

[T (s (pialh ) Bt} ) s

jEN |s’—s|<1
= [ (:sup 11954 03) = Py |}> dr (139)
JEN Osus2

where in the right hand side, we have used the change of variables r =t — s — 1. We may write

“+oo
sup { [pf(k,5) = Piiu(K5)] } < sup {Zhﬁ(u)pi(k’,mpw,j)} (140)

0<u<2 0<u< =0

+oo
<D IP5(k, 0) = pE(K, O] sup {po(£,4)} - (141)
=0

SIS
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There exists a function f : Z — Ry with ), . f(n) < 400 such that

sup {p(£,7)} < f(£—3). (142)
0<u<g?2
Indeed, it suffices to bound p (¢, j) by the probability that a Poisson variable with parameter
2 is larger than |¢ — j|. It will be convenient to write f(k) = CP(k) where P is a probability
distribution. We will denote by Z a random variable with distribution P and write E the
associated expectation.

We have
“+oo B B B
Oiugz{!piﬂ(k,j) — P (KD <C D Ik, i+ 0) —pi(K,j+ )P0 (143)
+o0o B 5 B
<SC Y ik, j+0) —pi(K,j+0)P(0) (144)
oo
< CE|pi(k,j+ 2) = pi(K,j + 2], (145)

where in the second line, we have extended the summation over all Z using the convention that
pS(k,7) = pi(K',j) = 0 when j < 0. Now, using Jensen’s inequality and the linearity of the
expectation, we have

t—1
([139) < C2E[52 / ST ik, g+ 2Z) - pi(K . j + 2))° ds] : (146)
0

JET

where, again, we have extended the sum over j € Z for notational convenience. Inside the
expectation, we may use ((128) and we conclude that

20C?
(139 < — ek — K| (1 +1In(t/|k — k') v 0). (147)

It remains to deal with the integral from ¢t — 1 to ¢:

D>

JEN

( sup {|p§s’(kvj)_pis’(kl7j)}}> ds

|s’—s|<1

2
<ety < sup {|p5(k,j) — pi(’f’d)\}) <02, (148)

jEN 0<u?2

where we used ([145)) with s = 2 for the last bound. O

7.3. Construction and properties of the limit point. We are now able to obtain tightness
of {Z£}, and identify the law of any of its limit point, as follows:

Proposition 7.5 (Tightness). For any 0 < 6 < 7, the laws of {Z%} are tight on the Skorokhod
space  D([0,7],C(R4)), and moreover, any limit point P is an element of
C([(Sv T]v C(R-I-))

For any 0 € [0,7], define Lg : C([0,7],C(R4+)) — C(R4) as the evaluation map at time 6.
Then, the process {Lgys ; 0 € [0,7 — 0]} has the same distribution under P as the solution of
the stochastic heat equation as defined in Deﬁm’tz’on with initial condition %5, whose
distribution is the same as the one of Ls under P.

Proof. The argument is exactly the same as in [45, Proof of Corollary 6.3]. The tightness
property is based on Propositions[7.1]and [7.3] together with Arzela-Ascoli’s Theorem. Continuity
of limit points follow from Proposition and Kolmogorov’s continuity criterion. Finally, the
identification of limit points follows from the same arguments as in Section replacing Z¢ by
Z¢in (Propositions and replacing Lemma in the control of the error terms). [
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The next step consists in defining a limit point in C((0, +00), C(R;)) (Lemma 7.6 below) and
identifying the initial condition. This means showing that the Duhamel form of the SHE
is satisfied for all ¢ > 0, with Zj,; = —24;, that is,

. t .
Zy(z) = dPP"(z,0) +/O ds A dyPP (z,y) Zs(y)E(s,y). (149)
+
Lemma 7.6. Let Q° denote the law of Z° on C((0,+00),C(Ry)). Then, there exists a measure
Q on C((0,400),C(Ry)) which is a limit point of the sequence {QF}. on D((0,400), C(Ry)).

Proof. This can be proved exactly as in [45, Lemma 6.5] thanks to Kolmogorov’s extension
Theorem. O

The identification of the initial condition follows a general argument, given in [45], based on
estimates on the first two moments given in the next two lemmas, which however are specific
to the §(, initial condition and use arguments different from [45]. We start with some exact
computation for the first moment.

Lemma 7.7. Let {Z,} be distributed according to the measure Q defined in Lemma . For
any t >0, and x € R4, we have

. too .
lim E (27 (2)] = E[Z(2)] = dPP™(x,0) = = / e 0°H107 (45040, (150)

21 J—so
where we recall that dPP(z,0) is defined in (34).
Proof. Using the same steps as in the proof of Proposition — see in particular,

E[2f(2)) =€) pi-a(le™a), Ou'

>0
1 e 2r 1 i529+ 7i€29_2 —44 1— —2e 1— 2ic20
= —/ ), (e =D g0 (s1)
21 ) _e—2p (1 B O 6)(1 — e—¢ctie 0)2
Using the estimate , we see that the exponential term in the integrand of (151]) is dominated

by e=260%t/ % so that we may apply dominated convergence to take the e — 0 limit. It is easy to

see that the integrand converges pointwise to
2 .
e~ 2 HT (_g49),
so that
+oo 02+ 0
lim E[Z5 ()] = / =0 (_ 4i9)dp.
e—0 —c0
z2

This Gaussian type of integral can be computed explicitly as Q@ﬁ%e_i, which, by the
definition of the Dirichlet heat kernel from , equals 28yPtDir (x,0). Furthermore, we have

E [(Z5(x))?] < (C/t)? by (109), so that the sequence is uniformly integrable. Hence we may
exchange the limit with the expectation, and obtain (150)). O

We can conclude from Lemma |7.7| that if Z7(x) does converge as ¢ — 0 to some Z;(z) solving
the stochastic heat equation (21)) with some deterministic initial condition Zj,;, then for all
t>0,
A dyPP" (z,y) Zini(y) = dPP™(x,0). (152)
+
This suggests that Zi,; = —26’. However, in order to rigorously identify the initial condition,
we need to establish that ([149)) holds, and for that we will also need a second moment estimate.

Lemma 7.8. Fiz T > 0 and consider {Zt}te(o,T] distributed according to the measure Q defined
in Lemma (restricted to the time interval (0,T)). There exists a constant C = C(T) such
that, for any x € Ry and 0 <t < T,

|2:)]3 < € (PP (,0)) (153)
<C

|2:(w) — PP (@, 0)[2 < CVE (aPP"(,0)) (154)
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where || F||2 :== /[ |F|?dQ.

Remark 7.9. The bounds and are different from their analogues in [45, Lemma
6.6] in the case of the Neumann boundary condition with narrow wedge initial condition. The
proof of [45, Lemma 6.6] uses the martingale decomposition and an iterating argument.
These ingredients would allow to mimic at the microscopic level the construction of the solution
to the SHE (similar to our Section [4). In our case, we did not manage to obtain the discrete
analog of which would have been needed to complete the proof, because this required much
sharper heat kernel estimates. Instead, we opted to use the exact computation of imE [ Z§ (ac)2]
as € — 0 which was done in the separate article |9).

Proof. We use [9), Prop. 4.8], recorded below as (174)). For x; < z2,

2 t'Lu.2
dwy / wp —wz Wi+ W 11 Wi eat s (155)
2 R+1+n217T wy —w2+ 1w +wy —1 i=1 ' ’

E[Zi(x1)Z(z2)] = 42/

where n > 0 is any positive real number, and the expectation is taken with respect to the mea-
sure Q. More precisely, |9, Prop. 4.8] in the case n = 2 states that under the measure Q¢ from
Lemma the limit as ¢ — 0 of E[Z{(z1)Z{(x2)] is given by the right-hand side of (I55).
Moreover, Proposition with Cauchy-Schwarz inequality shows that higher moments are uni-
formly bounded as e — 0. This implies that the sequence of random variables Zf(z1)Z5 (z2)
is uniformly integrable as ¢ — 0. Hence, the weak convergence to Z;(x1)Z;(x2) implied by
Proposition holds as well in L, so that holds.

The evaluation of this double Gaussian integral is not trivial. To simplify its estimation, it is
convenient to use the shorthand notation

D(t,x) = 4/ R T d—we#—ww = dPP"(z,0). (156)
2171' iR+1+7 2im

The second equality follows from Cauchy’s theorerrﬂ and the lack of residues between the vertical
lines iR and iR + 1 + 7.

We will use that for R[w; — wa + 1] < 0 and R[w; + we — 1] > 0,

T / dhe e gng L /00 dpe—r(wiwa=1),
wl_w?“ witwz—1 o

Plugging this into and using , we obtain
E[2,(21) Zi(2s)] = / d)\/ d PO, D(t, w1 — A+ p)D(t, 22 + A+ 1),
0 0

so that from the exact explicit expression for dPP™(u,0) in , we get
1Z(2)|13 / / AL (x4 N\)? — ,u >\2+u 4220
— e = d\ d PONO | —F—— )
dPP(z,0)2 ~ 4 pe 22

Computing the derivatives in A and u, the integral can be evaluated using Matematica, which
yields the explicit formula

2
EE
dPP™(z,0)2 2z

+ W <e$ (erf <\f> + 1) (t(a: —1)+ 2:U2) + te% (erf <t2_\/2;) + 1)) - (157)

We see that the maximum of this function is attained as x — 0, so that

0< m < é (ﬁet/4\/£(t+ 6) <erf<\2[) + 1) + 2(t +4)> : (158)

5More precisely, we may apply the Cauchy theorem on the rectangle formed by the points —iR, iR, iR+ 1+ 7,

—iR+1+mn. Since the function w — we 2~ ~*" has no residues inside the rectangle, the integral over the rectangle
equal zero. Moreover, due to the exponential decay of the integrand as the imaginary part increases, we see that
the difference between the integration along the segment [—iR,iR] or the segment [—iR + 1+ 71, iR + 1 4 7] goes
to zero as R goes to infnity. This proves that the two integral formulas in are equal.
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It can be checked that this expression behaves as 1 + %\/ﬁ + o(v/t) as t — 0, so that on an
interval [0, T, (158) is bounded by 1+Cv/t where the constant C' depend on 7. This immediately
implies ((153)), and, using Lemma it also implies ((154)). O

7.4. Conclusion. Provided with Proposition and Lemma one can follow the argument
of [45, Lemma 6.7 and Theorem 6.8], and one obtains that {Z}.c 1) converges as e — 0
to a solution of the stochastic heat equation on the time interval [0,7] with Dirichlet
boundary condition, in the sense of weak convergence of probability measures on the path space
D((0,T],C(Ry)) endowed with the Skorokhod topology.

It remains to formally check that the initial condition is Zin; = —24(, as we have claimed. We

need to check that the limit of {Z5}.c(o,r), denoted {Zs}c(0,1, satisfies (149)). Since Z; is a
solution of (2)) on the space D((0,T],C(R+)), we already know that for any 0 < s <t < T,

Zi(e) = PRI« 2,00+ [ dr [ ayPPE ) 2 ),
Ry

Hence, following |45, Section 6], we may write

[ ar [ aypPiey) 2wy
0 Ry 5

This inequality holds for any 0 < s < t, so that in order to show that the LHS of (159 equal
zero, it suffices to show that the RHS vanishes as s — 0. Using the semi-group property,

| dyPPi(e.y) (Z.() - dPP* (3.,0))
Ry 9

Z2(e) — PP, 0)  [Cdr [ dyPPE ) 2 e ry)
0 Ry

2

< [[PPse, ) = 24() — aPP(w,0)]| + (159)

|PRs (. ) * 20) — aPP* . 0)

< [ PPy |2.) — dPP7(0)|
R4

< dyPtD_E(:L‘, y)sl/4dP;)ir(y, 0)
Ry

< Sl/4dPtDir($, 0)
where in the third inequality we have used Lemma Hence we have obtained that
: Dir . Dir —
lim || PP, )+ Z4() — dPP" (2, 0) = 0.

Now we turn to the second term to bound. By It6 isometry,

[ar [ ayPPreyzmeey)
0 R,

:/ dr dyPP (z,y)*E {Z (y )2}
, o R,
<C [ar [ dypPie y?arP (00
R

:C/ drGy(T, x)

<Cyf—— /dT—dPD“( ,0)?
t—s
<O /t_ dPD1r( 0)2’

where in the first inequality we have used Lemma[7.8 and in the second inequality we have used
Lemma (recall that the function G¢(7, ) is defined in ([35))). We conclude that
=0,

fr [ asPPse )z wetra|

so that (149) is satisfied for all 0 < ¢t < T. This concludes the proof of Theorem

lim
s—0
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APPENDIX A. MICROSCOPIC COLE-HOPF TRANSFORM

Here we explain our choice of parameters which permits to obtain the discrete stochastic
heat equation as in (12). We observe that Z(z) is affected only by exchanging values o(k),
o(k + 1). Therefore, one can check that

La@):@m@M1—m@+4»@”—1ymmxk+nu—admxf”—1ﬂaw)
for any k£ > 0 and moreover
LZ:(0) = p(1 — 0u(1))(e** — 1) Z,(0).
Besides, the discrete Laplacian acts as:
AZy(k) = [e 2o (+D=1) 4 ACo(R)=1) _ 9 7 (k)

for any k£ > 0. By identification we obtain the following conditions

v = D(e*+e?—2) (160)
v = D2 —2)—pe* —1) (161)
v = D(2e*=2)—qe? —1). (162)
which, after resolution, give
1
A=§1ogg, D=\pi, v=q+p-2/p (163)

Finally, we need to define Z;(—1) such that, at the boundary point & = 0, we get (v¥Z;(0) +
L7Z,(0)) = DAZ,(0). This gives

p Zt(_1)> .
v = D - —2+4 ifoy(1) =1 164
(Va2+Z@) oo o
q Zt(_1)> :
vig—p = D<¢%—2+ if o4(1) = 0. 165
q—p , 7,0) +(1) (165)
With the choice of D made in (163)), the last two conditions are in fact the same, and read
Zo(=1) = 1 Z,(0)  with j— ﬁ. (166)

APPENDIX B. PROOF OF LEMMA [5.10| [12]

Let us fix k € N and ¢ € [0,e*T]. We denote by (Fs)scr, the natural filtration associated
to the process (Zs)scr, - Recall that Z;(k) = e~eh B+t We first bound
‘2” sup |e*€(ht+s(k)*hz(k))+us _ 1|2” ) (167)

E| sup |Ziys(k) —Zt(k)yﬂ gEDZt(k:)
s€[0,1]

s€[0,1]

Let us denote by Q the number of jumps of the height at site £ between ¢ and t + 1, which
satisfies: for all s € [0, 1],

290 < hyps (k) — he(k) < 20.
Therefore, for all s € [0, 1]

‘e—a(ht+s(k)—ht(k))+us - 1! < 625Q+V 1.

Inserting this into (167)) we get

E| sup }Zt+s(k)—Zt(k)|2”]

E[E{ sup |Ziys(k) — Zt(k)|2n’~7:tH
s€[0,1]

s€[0,1]

<E||z:(0) " E[Je<or - 1| 7] (168)
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Note that Q is dominated by a Poisson random variable of parameter 2 which is independent of
Fi. Therefore, with M = ||log(e)|],

+00 of
n 2 ARy n
E[|628Q+V_1’2 ’Ft} SZE(eZ 4+ _1)2
(=0
= 2£ +2¢ef 2 - 2€ +2el 2
12 E. n v E. n
< Z% e —1) +£§4 e —-1) (169)
M—1 q¢ 6en\ M
2 2n nv (6 : ) eben
< Z%) E(lOd) +et e (170)
) o ) 2@ eGsnM
< (10¢) ";)f "t Cn)— (171)
— O(2, (172)

by the choice of M. Injecting this estimate inside (168)) yields the result.

APPENDIX C. PROOF OF THE HOLDER ESTIMATE IN THE € — 0 LIMIT FOR DELTA PRIME
INITIAL CONDITION

In this appendix, we find interesting to show by an independent argument that the Holder
estimate indeed holds in the ¢ — 0 limit, even if the following estimate is not sufficient to
prove the tightness result.

Let us prove that for t € [6,T], « € (0, %], and n even,

{limHOE [(Zf(x) - Zf(y))”]} <C
|z — ylon

sup
z,yERY

(173)

where C is a constant depending on n,d,T,«. Given the bound (or more precisely, its
e — 0 limit), it suffices to consider the case a = 1/2, or any a > 1/2, and we may also restrict
the supremum to z,y being close to each other.

From [9, Prop. 4.8], we have, for any 0 < 21 < ... < xp,

n
iy | [T 2760
i=1
n 2

— 4”/ @ . / dwp, w; — Wy w; + wj H wiethi_“wi, (174)
T T

1+HR 2im iR 21T i w; —w; + lw; +w; —1 bale

where 0 =71 <r9 —1<--- <r, —n+ 1. Hence, we may write

lim E[(2f(z) - 2{(y))"] =

n tw2

dun dwy, w; — W w; + w; W
4"/ —/ : J J we 2z YiE, i (w,...,w 175
rHR 217 iR 217 i< w; —w; +lw; +wj; —1 1:1_[1 e Yy a( n) )

where the function F, (@) is defined by

o) =1 — n —Nwn n —n(wnt+wn—1) _ .. 1\ n —n(w14--+wy)
Fy(w) =1 <1>e +<2>e +(-1) a e .

We need to consider the fine behaviour of the function F; (w) as 1 goes to zero. Of course, if we
could show that F, (i) is bounded as n — 0 by |n|™/? times a bounded function of &, it would
not be too difficult to prove the bound . But the function F;(w) does not satisfy such an
inequality. It is an analytic function of the variable n, whose Taylor coefficients at = 0 can
be readily computed for small values of n and they are all non-zero except for the first one.
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However, we will show that the contribution of the first [n/2] of those Taylor coefficients has
zero contribution to the integral . Let us consider the (unique) decomposition
[n/2]—1
o n'F(wii) + o2 H, (@), (176)
i=0

where the Taylor coeflicients F'(w; i) are polynomials in the variables w; and the function H, (w)
is analytic in n with no singularity at zero. It is convenient to introduce the functional

I,[F, x] :=
dwl dw w; — W w +w; wi
4"/ / _w t SR wie 2 TYiR(wr, ..., wy). (177
r14iR 217‘( rnHiR 21T g w; —wj + 1w +wj —1 1:1_{ ( ( 1 n) ( )
so that ( is nothing but I,,[F,,_;, z]. Using ({176]), we have the decomposition
n/2]-1
I,[F, z] = Z 0L [F(@;4),2) + o2, [H,, 2).

From the definition of F;, () we know that H,(w) is holomorphic in each of the variables w; and
grows at most as a polynomlal of degree [n/ 2} as the variables w; vary over the vertical contours
R (and H,(wW) can be estimated using Taylor’s theorem with integral remainder, which is
valid for complex-valued functions). Hence, due to the Gaussian decay of the term et?/2 and the
fact that ¢ € [0, T, we find that the modulus of I,,[H,;, x| is bounded by a constant (uniformly for
x € R4 and 7 in a compact set). Then, assuming that for all 0 < i < [n/2]—1, I,,[F(w; i), z] = 0,
we conclude that
| In[Fys ]| < Cl| ™/

so that holds.

Now we will use an algebraic argument to explain why, indeed, for all 0 < i < [n/2] — 1,
I,[F(w;1),x] = 0. The Taylor coefficients are given explicitly by

ray =Ly <Z)<—1>k( > w). (a7s)

7!
k=0 j=n—k+1

Lemma C.1. Fizn € N. For all 0 < i < [n/2] — 1, we may write the polynomial F(;i) as
n—1
F(w;i) = ) (wj —wjyr + 1) (@) (179)
j=1
where the polynomials f;(W;i) are symmetric with respect to exchanging w; and wj4q.

The statement is trivial when ¢ = 0 since in that case, F'(w;0) = 0. Hence, for n = 1 and
n = 2, the lemma is trivial. The first non trivial case arises for n = 3 and 7 = 1. In that case,
we find that

F(w;1) = w; — 2we + w3
which can indeed be decomposed as
F(w;l) = (wl—w2+1)—(w2—w3+1),

so that the polynomials f; and fs can be chosen as fi(w;1) = 1 and fo(w;1) = —1. Before
proving Lemma in general, let us see how it can be used.

Fix n € Nand 0 < ¢ < [n/2] — 1. Using the decomposition ((179), in order to prove that
I,[F(w;1),x] = 0, it suffices to prove that for all 1 < j <n—1,

In[(wj — Wj41 + 1)f](w7 Z)7$] = 0.

The factor (w; — wjy1 + 1) cancels the same factor present in the denominator in the integral
(177). Hence, the integrand has no singularity at w;y1 = w; + 1 anymore. This implies that
we may freely deform the contour of the variable wj,q, originally chosen as 7,11 + iR with
rj+1 > 15 + 1, to become the same as the contour for wj, that is r; + iR. Once the variables

w; and wj ;1 are integrated along the same contour, we see by a symmetry argument that the
integral vanishes: the integrand may be written as (w; — w;41) multiplied by a function which
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is symmetric with respect to exchanging w; and wj;1 (hence the importance of the assumption
on f; in Lemma . The integral of such function must be zero when the two integration
domains are the same. Thus, we have shown that all I,,[(w; — wj41 + 1) f;(@;4), 2] = 0, which
implies that I,,[F(w;4), 2] = 0. It only remains to prove Lemma

Proof of Lemma[C7]]. Tt is convenient to reorder the variables and prove the following, slightly
stronger, statement (below « is any real number):
For all n > 2i 4 1, the polynomial

n n k 7
Py(w) ==Y <k>(—1)k<2wj> : (180)
can be decomposed as
Pi(w) = ) (wj+1 — wj + a)p;(w; i) (181)

where the polynomials p;(;i) are symmetric with respect to exchanging w; and w;;.
We will prove this statement by induction on i. Assume first that ¢ = 0 and consider any
n > 1. Then, as we have seen,

Ro) = Y (f‘)(—w‘ ~0

j=0 \J

so that Py(w) trivially satisfies a decomposition of the form
Let us now assume that ¢ > 1 and consider any n > 2i+1. It is convenient to use the notation
Sy = Z;‘}:l w;. We will use the integration by parts formula

iakbk = i < bk—bk 1 i ) +bnia]’. (182)
k=0 k=1 j=0 Jj=0
We obtain
n —1
Py(w) =3 (Z)<—1>’“Silsk Zwk ( ( )( 1)78;” 1) + Sn Py ()
k=1 k=1 =0

k
- Zwkﬂ (Z 1785 1) + S b1 (W)
Z Wk1 — W) fr + Wy fr, + Sy Pi1 (W)

where in the first line, we have used the integration by parts (I82) (with a; = (})(—1)¥S; " and
b, = Sk), in the second line we have used a simple change of variables, and in the last line we
have used again the identity (182)), letting

k-1 ¢ k—1

N T

fi —zz( ) o Z(k—y><.)<—1>ﬂs; ' (183)
=0 j=0 7=0 J

The sequence f; satisfies two convenient properties: first,

n—1 n—1
n — Z(TL - ]) (?) (_1)j5;_1 =N Z (n j_ 1) (—1)jS;_1 = nPZ-_l(wl, N ,wn_l).

J=0
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Second,

() g LK== =1) ()i
D= > (k=) <j>(—1)35} =Y 5 ( ) (~1)’S;
k=1 =0

k=1 =0 !
n(n —1) (= (n—2 g1
=2Z( J )“y‘gj
7=0
n(n—1
— (2)P1~_1(w1, .. .,wn—2)7

where in the first line we have just exchanged the order of summation and in the second line we
have simplified the binomial coefficient.
To summarize, we arrive at the identity

Pi(wy, ..., wy) = SpPi—1(wi,...,wy) + wpnPi_i(wy, ..., wy_1)

n—1
oD g ) S (s — et ) (150

2 k=1

Since the S;’s only depend on the variables w1, ..., w;, it is clear from that fi only depends
on the variables wq, ..., wk_1, hence it is symmetric with respect to exchanging wy and wg1.
This implies that the sum Zz;ll (wgt1 — wi + ) fi, is a decomposition of the desired form .

For n > 2i+1, we have n—2 > 2(i—1)+1 so that using the induction hypothesis, we know that
P_q1(wy,...,wy—2) admits a decomposition of the form . The induction hypothesis also
implies that S, P;_1(wi,...,w,) and w,P;_1(w1,...,w,—_1) satisfy decompositions of the form
(181]), since Sy, is symmetric in all variables and w;, is symmetric with respect to exchanging w;
and wjyq for all j <n —1.

Thus, we have shown that P;(ws,...,w,,) is the sum of polynomials satisfying a decomposition
of the form (181]), so that P;(w1,...,w,) admits such a decomposition as well, which concludes
the proof of. O
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