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Abstract

In this paper we study parameter estimation problems for the Cox - Ingersoll - Ross (CIR) processes. For the first
time for such models sequential estimation procedures are proposed. In the non-asymptotic setting, the proposed se-
quential procedures provide the estimation with non-asymptotic fixed mean square accuracy. For the scalar parameter
estimation problems non-asymptotic normality properties for the proposed estimators are established even in the cases
when the classical non sequential maximum likelihood estimators can not be calculated. Moreover, the Laplace trans-
formations for the mean observation durations are obtained. In the asymptotic setting, the limit forms for the mean
observation durations are founded and it is shown, that the constructed sequential estimators uniformly converge in
distribution to normal random variables. Then using the Local Asymptotic Normality (LAN) property it is obtained
asymptotic sharp lower bound for the minimax risks in the class of all sequential procedures with the same mean
observation duration and as consequence, it is established, that the proposed sequential procedures are optimal in the
minimax sens in this class.
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1. Introduction

1.1. Motivations

In this paper we consider parameter estimation problems for the Cox-Ingersoll-Ross (CIR) processes defined
through the following stochastic differential equation

dX, = (a - bX,)dt + \JoX,dW,, X,=x>0, (1.1)

where a > 0, b € R and o > 0 are fixed parameters and (W;);»o is a standard Brownian motion. In all these
cases we assume that the diffusion parameter o is known. Indeed, it can be founded explicitly through the quadratic
characteristic < X >= o fo ' X.ds. In this paper, we consider the estimation problems for the parameters a and b
on the basis of the observations (X,)0. This model was introduced in [6]] as a modification of the well-known the
Vasicek model to describe the dynamics of the interest rates for the bond markets (see also in [24] and the references
therein). Moreover, in [[10]] such processes were used to introduce some class of the stochastic volatility financial stock
markets, for which later optimal consumption - investment and hedging methods were developed (see, for example, in
[4}28]])). In addition, recently, as it turned out in [31]] discrete versions of such models play a key role in the statistical
epidemic analysis. Therefore, for their implementation in practice, one needs to estimate the unknown parameters
with a good admissible accuracy in the non-asymptotic setting. As to the asymptotic setting, recently in [} 2] the
maximum likelihood estimators are studied for this model in the ergodic and non-ergodic cases. Unfortunately, for
the model of type (I.I)) it is not possible to resolve the estimation problem in the framework of the classical non-
asymptotic estimation approach since the usual maximum likelihood estimator is a nonlinear function of observations
of complex nonlinear form. As is shown in [5] to keep the optimality properties for the financial strategies in the
presence of unknown parameters in the market models there is only one way to use sequential analysis methods. It
should be noted, that one of the main properties of sequential estimators is that they provide non-asymptotic fixed
accuracy, in contrast to classical maximum likelihood estimators. It is this property that plays a key role in the
analysis of the optimality of strategies in stochastic volatility financial markets since it allows one to analyse the error
in the deviation of objective functions from their optimal values when unknown parameters are replaced with their
sequential estimators in strategies. Firstly, estimators having the non-asymptotic fixed accuracy were proposed for
the scalar parameter estimation problems in [26} 29] for the model in continuous time and in [3] for the processes
in discrete time in the non-asymptotic setting and in [23] in the asymptotic one. Later, such sequential procedures
were called guaranteed (see, for example, in [[18] and the references therein). For the multidimensional parameter,
the sequential fixed accuracy estimation methods were developed in [13] [14} [19] for the observations in discrete
and continuous time respectively. Moreover, as is shown in [21] only sequential procedure can provide guaranteed
estimation property in the non-asymptotic setting for statistical model with dependent observations. So, the main goal
of this paper is to develop guaranteed estimation methods for the coefficients a and b on the basis of the observations

(X))o of the process (L.T)).

1.2. Basic tools

To estimate the parameters of the process (I.I)) we develop fixed accuracy estimation methods through the sequen-
tial analysis approach firstly proposed in [26} p. 244] and [29] for the scalar Ornstein - Uhlenbeck process. The main
idea is to replace the observation duration in the maximum likelihood estimation (MLE) with a special stopping time
to transform the random denominator in MLE into a non-random constant. It turned out that the estimate thus obtained
possesses very nice non-asymptotic properties, namely it is unbiased and is Gaussian with a known variance which
presents mean square estimation accuracy. More precisely, for the parameter estimation problem for the Ornstein -
Uhlenbeck process

dX, = 6X,dr + dW, (1.2)

the Maximum Likelihood Estimator (MLE) for the parameter 6 defined as

T
X dX,
GT = j(‘)T : )
fo X2ds
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is non-linear function of the observations (X,),<; and it is not possible to study its properties in the non-asymptotic
setting, i.e. for any fixed T > 0. In the sequential analysis setting we can transform the random denominator into
non-random fixed threshold replacing the observation duration 7 with the stopping time defied as

!
T;,zinf{tzozfxfdszfl}, (1.3)
0

where H > 0 is some fixed non random arbitrary constant. Using the properties of the stochastic integrals one can
check directly, that ’9:;’ is N(0, H™') Gaussian random variable for any H > 0. This means, that this sequential
estimator guarantees any mean square non-asymptotic accuracy by choosing the level H > 0. It should be noted,
that this simple way can be used only for the scalar parameter estimation problem. In the case when one has to
estimate a multidimensional parameter, as in the process (I.I)) with the unknown parameters a and b, one should use
the two-step estimation method developed in [8}[13}[14}[16] for general stochastic processes in discrete and continuous
time. Later, for the proposed sequential estimation methods asymptotic properties, as H — oo, were studied (see, for
example, in [15H17}30]). Moreover, truncated versions of developed sequential estimators were proposed in [[19} 20].
Unfortunately, there are still no results on a guaranteed estimation for stochastic differential equations with degenerate
diffusion coefficients.

1.3. Main contributions

In this paper for the first time, the sequential guaranteed methods were developed for the models (I.I)) with
the degenerated diffusion coefficient. It turned out, that the scalar sequential estimators for the parameters a and
b are unbiased and have a non-asymptotic Gaussian distribution even in the case when the classical non-sequential
maximal likelihood estimators do not exist. For the vector estimation problem the constructed sequential estimators
have a guaranteed non-asymptotic mean square estimation accuracy as well. Furthermore, in asymptotic setting
through the LAN property and lower bound methods for quadratic risks it is shown, that the proposed sequential
estimators are optimal in the minimax sense. It should be emphasized that also for the first time sharp lower bounds
for stochastic differential equations are obtained in the class of all sequential procedures with an arbitrary stopping
time not exceeding in mean a given fixed value tending to infinity. As a consequence, the optimality properties for
guaranteed estimates are also established in this class. This is an essential new property since usually optimality
properties for guaranteed sequential procedures for continuous time statistical models are obtained only in the class
of sequential procedures having the same rule determining the observation duration. For example, for the model (T.2))
in [26] it is shown that the sequential maximum likelihood estimator ’H\TL is optimal only in the class of sequential
estimators in which the observation duration defined by the stopping time (T.3).

1.4. Organisation of the paper

In Section[2] we develop the scalar sequential estimation methods for the model (T.T)). In Section [3|we develop the
two step sequential estimation method for the vector 6 = (a, b)" in the model (II). In Section[5) we present the results
on LAN properties for the process (T.I). In Section [ we find conditions on the parameters of the process (T.1) which
provide the optimality properties in minimax sense for the proposed sequential procedures. Appendix contains all the
auxiliary technical results used in the proofs.

2. Scalar sequential procedures

First we consider the the estimation problem for the parameter b in the process (I.1)) in the case, when a is known, i.e.
6 = b. Note, that in this case the Maximum Likelihood Estimator (MLE) (see, for example, in [1]]) is defined as

— al — X; +x

Or = - 2.1
fo X ds

In this case this estimator is non a liner function of observations and, therefore, it is not possible to study its non
asymptotic properties, i.e. for fixed duration of the observation 0 < T < oo. To overcome this difficulty we use the
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approach based on the sequential analysis methods and proposed in [29]] for the scalar diffusion process. To this end,
we define the sequential procedure 63, = (77, 07,) as

d aty, — Xe +x
7y, = inf {t : f X,ds > H} and 6}, = TH , (2.2)
0

where H > 0 is a fixed threshold, which will be clarified later.

Theorem 1. For any a > 0, 6 € R and any H > 0 the sequential procedure [2.2)) possesses the following properties:

1) Py, <o0) = 1;
2) the sequential estimator 0y, is normally distributed with parameters

Ef0, =0 and E,0, -0 = % 2.3)

where B, is the expectation with respect to the distribution P, of the process (I.1) with the parameters 6 = (a, b)".

Proof. First note, that Proposition implies the first property, i.e. for any H > 0 the stopping time 7, < oo P, -
Moreover, from (I.T) we obtain, that

1

Ty Ty
6, = T (m';] - f (a—0X)ds - f \/(TXXdWS)
0 0
=0- — f VX AW,

Then, in view of Lemma 17.4 from [26]], the normalized stochastic integral H~'/2 fo K VX, dW_ is a N(0, 1) Gaussian
random variable. [

Now using Lemma [3] we can calculate the Laplace transformation for the mean observation time of the sequential
procedure 67,.

Proposition 1. For any u > 0 the Laplace transformation of the expected stopping time m(H) = E,7, defined in (2.2))
is represented as

_ +00 1 +00
A= [ ermaa=a [ Awwa, @4
0 H Jo
where the functions A(t, ) are given in (A2)).

Proof. First of all, note, that for any z > 0

+00 —+00 !
m(z) = E,;v° = f Py (7 >1)dr = f P, ( f X, du < z) dr. 2.5)
- 0 - 0 0
Moreover, note that

1 1 t
AGtp) = Bge b %% = f P, (e‘”foxfds > y)dy = #f e P (f X,ds < z)
0 0
and from (2.3 it follows that
+00 " +00
f E, g‘”fo Xdsqp = u f e m(z)dz.
0 0

This completes the proof. [

Now we study the asymptotic properties, as H — oo, of the observation time 77,.



Theorem 2. For any a > 0/2, any compact set ® C]0, +oo[ and any r > 0

r

T 1
H =0, (2.6)

lim supE, H 10
0

H—o0 gcg

where I,(6) = a/6.

Proof. First, setting D, = fo T(XtY — 1,(6))ds, we obtain from (L.I), that for any T > 0,

-X N
D, = XTT + T‘T f VX.dW,. 2.7)
0

Now, by [25 Lemma 4.12] and the upper bound (A.6), we have for any m > 1 and 6 € O,

x2m +E X2m 2m T 2m
E, D" Scm(ez—m” +(#) E, (f \/)TSdWS)
0

<c, 1+T"),

2.8)

where ¢, is some positive constant not depending on 6 and T that can change from line to line. Now, for any
T > I;'(6)H, we have

T
P (1}, >T)=P, ( f X,ds < H) =P, (I,(O)T + D, < H)
0

E|D, " < c,(1+T™)

< P6(|DT| > IO(H)T - H) < (10(9)T _ H)Zm - (T _ ]61(9)1_])2111

2.9)
and for any T’ < [ LO)H,
T
Py(r,, <T) =P, (f X ds > H) =P,(I,())T +D; > H)
0

ED, (1 +T"

m

(H — IyO)T»™ = (I;'(0)H - T)>"

<P,(D,| > H-1,0)T) <

Then, for any 0 < ¢ < inf g 161(9) setting T, = (161(9) +eHand T, = (161(6?) — &)H we obtain, that for 8 € ®

*

1+ H"
P, (|%H - ;') > 8) =P, (75, > 7))+ Py (1}, < T,) < cmﬁ,

i.e. forany £ > 0

T*
lim sup Pg( R ()
H—o0 gec@ H

>s)=0.

Now, for any H > 1, r > 0, usintg the upper bound (2.9) with m > 2r, we can obtain, that

00 1, (O)H+H/*
Eyt;) =7 f t’*ng(T;I >nde<r f dr
0 0

00 fmr= 1

+c - d&r=U"OH+H* +c J,,
" fl;‘(G)H+H3/4 (t = IO H)™ 0 e



where for some positive constant c,,

00 S+1_1 OH m+r—1 00 0o
JHzf Gl O ds<c, f ! ds+Hm+r1f lds
s s2m = §m— r+1 4 S2m

1 1
S Cp ( /A T ggmiz—rei/a

)—)0 as H — .

From this, we can conclude, that for any r > 0
7\
supsupE [ —| < oo,
H>1 0O H

i.e. for any r > 0 the family ((r},/H)")y., is uniformly integrable and we obtain (2.6)), hence Theoreml 0
It should be noted, that Theoremﬂ] and Theorem 2]immediately imply the following asymptotic result.

Corollary 1. For any a > o/2 and any compact set ® C]0, +oo[

lim sup E, (1,0, -0) =1, (2.10)

H— g-@

where Yy (0) = \JI(OE,7}, and 1(0) = 0"'10(0).

Now we consider the estimation problem for the parameter a in (I.I) when the coefficient b is known, i.e. § = a. In
this case the Maximum Likelihood estimator is given as

_ bT+f0T X-1dx,

= — @.11)
[ X7 de
o 't

using the same way as in (2.2) we defined the sequential estimation procedure &;, = (77,, 6;,) with H > 0 for the

parameter 6 as
z bri, + [ X7'dX,
T, = inf(t :f Xs_lds > H) and 6, = il j(; : . (2.12)
0

H

Firs we study non asymptotic properties properties of this procedures, i.e. for any fixed threshold H > 0.

Theorem 3. Forany b > 0, > 0 and for any fixed H > 0 the sequential procedure (2.12) possesses the following
properties:

1) Py(r;, <o0)=1;
2) the sequential estimator 0y, is normally distributed with parameters

E0, =0 and E,0,-07=—. 2.13)

Proof. Proposition [5]implies directly the firs point. Moreover, from (I.T)) it follwows that

9+—f —dW

Therefore, in view of Lemma 17.4 from [26]], the stochastic integral H~'/2 fo T X 12dW, is the N(0, 1) Gaussian
distributed and we obtain our results. [
Now, similarly to Proposition[T]and using Lemma[d we get the following result.



Proposition 2. For any p > 0 the Laplace transformation of the expected stopping time m(H) = E,7}, defined in

(2:12) is represented as
. —+00 i} 1 +00
m(u) = f e m(z)dz = — f (¢, u)de,
0 H Jo
where the function Y'(t, ) is given in (A4).
Now we study the asymptotic, as H — oo of the sequential procedure (Z.12).

Theorem 4. For any b > 0, any compact set ® Clo /2, +oo[ and for any r > 0

r

=0,

*

lim supE, Tn_ 151(9)
H—o e) H

where 1,(0) = 2b/(20 — o).

Proof. From (I.I)), by Itd’s formula, we have for any 7 > 0,

20-0 (T ! -1/2
InXy =Inx+ = 0 (X7 = 1y(0))dt + Vor O X7'2aw, .

From here, setting D, = fo ’ (Xt‘1 - 10(9)) dr, we get

2(nX; —Inx) 2+o (T __
r= - - X;'2aw, .
20 — o 200 J,

(2.14)

2.15)

(2.16)

2.17)

Now we can deduce, that there exists some constant ¢ > 0, not depending on 8 and T that can change from line to

line, such, that for any 8 € ®
T
E,D} <c ((m x)? + Ey(In X,)? + f Eé,x;ldt) .
0

Now, taking into account here, that for any € > 0

| In x|

sup ———— < o0,
oo XE+x

we can conclude through (A.6) that there exists some constant ¢ > 0 such that for any 7 > 0

sup EgDi <c(1+T).
6e®

Now, from here, we get, that for any 6 € ® and for T > 16 Y(0)H, the probability

T
Py, >T)=P, (f X 'ds < H) =P,(I,(O)T + D, < H)
0

E, D7 - c(1+7)

<P,(D;| > I,(O)T - H) < GOT -1 = T -1 @

and for T < I;'()H,

T
P, (1}, <T)=P, (f X 'ds > H) =P, (I,(O)T + D, > H)
0
E, D% < c(1+T)

<Py (Dl > H = 1O < G o578 = G\ eH-17

(2.18)

(2.19)

(2.20)



Therefore, setting here T, = (I;'(0) + &)H and T, = (I;'(0) — &)H, we get, that for any 0 < & < infyq I;'(6) £ > 0
andany 6 € ®

P9(|%’ - 1(;‘(0)| > g) = PQ(T; > Tl) + Pe(r; < T2) < %
i.e. forany € > 0 .
lim supP, (|T—” - 1;'(0)| > g) =0. (2.21)
H—0o gc@ H
Now we have to show, that for any r > 0 L
supsupE, (T—H) <00, (2.22)
H>1 9c® H
To this end, note, that ) )
Py}, >1) =P, ( f X 'ds < H) <P, ( f P(X,)ds < H) , (2.23)
0 0

where ¢(x) = (1 + x)~! < 1. Now one needs to use the deviations in the ergodic theorem for the process (T.1)). To this
end, we set

A(p) = f (p(X,) —my(¢)) ds and my(p) = f $(x) qp(x)dx, (2.24)
0 R,
where Y 2
q,(2) = BT a1 e’ 1.0, a= p- and B=— (2.25)

oM

Here 1, is the indicator of the set A. Taking into account here, that & > 1 for 8 > /2, we obtain that

(o

(1

e

2
1
my(¢) > j: T2 2 qy(x)dx > ST@) ,

i.e. for any compact set @ Clo/2,+oo[ we get m, = inf, gm,(¢) > 0. Therefore, for + > H/m, through the
Chebyshev inequality the last probability in (2.23) can be estimated as

! 2q
EOAz (¢)
P, #(X)ds < H| =P, (mmy(¢) — H < —A,(¢)) <P, (|1A(¢)| > m, — H) < —
0 (tm, — H)™
Using here the concentration inequality (4.2)), we obtain, that for any ¢ > 1 and ¢ > 1
X c, 1
PH(TH >1) < m .
Therefore, for any r > 0, 8 € ® and H > 1 using this upper bound for g > 2r, we have
0o H/m, +H*
E 7)) =r f Py, > Ddt < r f ldr
0 0
co tq+r—1 d 34\
+c ——dr=(Hm,+ H
1 L/mﬁHW (t— H/m, )% ( fm, )
< (s+ H/m*)quF1 3/4vr ¢ ¢
+c me — ds < (Hm,+ H'™) + T + Far—rif -

This bound yields immediately, the (A.7). Therefore, the family (z},/H)

gence (221)) implies the property @.13). O
Now the last property in (Z.13)) implies the following result.

> 18 uniformly integrable and the comver-
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Corollary 2. For any b > 0, any compact set ® Clo /2, +oo[

lim sup E, (T,0)©, -0) =1, (2.26)
H—oo 9@

where Ty (0) = \JI(O)E,T}, and 1(0) = 0"110(9).

Remark 1. It should be noted, that in view of Proposition 4 from [2]] in the case when a < ¢-/2 in the model (I.T)) the
stochastic integral fo ' X 'ds is not defined for any fixed non random 7 > 0. Therefore, the non sequential MLE (2.1T)
can not be calculated for this case, but in view of Theorem [3| the sequential procedure (2.12)) is well defined for any
a>0.

3. Multidimensional sequential estimation method

In this section we consuder the estimation problem for the two dimension parameter § = (a,b)". To this end we
rewrite the process (L.1)) as
dX, = g'6dr + \JoX,dW,, (3.1)

where g, = (1, —Xt)T. In this section we assume, that » > 0 and a > o/2. Then, in view of the results from [1]] the
random matrix

‘ fl X 'ds —t
g T 0
G, = f X 'gg ds= ) 3.2)
0 —t fo X,ds
possesses the following asymptotic property

1 fl -1
tlLrg ;G, =F= P, - as., (3.3)

-1 £

where f; = 2b/(2a — o) and f, = a/b. It should be noted, that the matrix F is positive defined. To construct the
fixed accuracy estimator for the vector § we use the two-step sequential fixed accuracy estimation method developed
in [[14}[16] for multidimensional parameter estimation problems under scalar observations in continuous time. To this
end, we fixe a non random sequence of non-decreasing positive numbers (,),~; for which

1
0= Z — <o (3.4)
n>1 "
Now for any z > 0 we set
3
t. = inf {t >0: f X 'lgPds > z} , (3.5)
0

where inf{(} = +oco and |x| is the usual euclidean norm of the vector x = (x,, x,), i.e. |x? = x% + x%. In the sequel we
denote by t, = t, . Now on the set {t, < +oco} we defined the sequential MLE as

tn
6, =G! f X 'g.dX, (3.6)
0

and the matrix Gt = G~! if the inverse matrix G™! exists and G* = 0 otherwise. So, on the first step we constructed

the sequence of the sequential procedures (6” = (tn,gt )) v Now on the second step, using these procedures we will
n rn>

construct a sequential aggregation estimation procedure which will be defined as weighted sum of the estimators (3.6).
To this end, first we set the random weight coefficient as

1

b =—— 1 , 3.7
n |Gt_nl|Kn {lm,»,,(th)>0}

9



where |G| is the euclidean norm of the matrix G, i.e. |G|* = tr GG™ and A
G,ie.

(G) is the minimal eigenvalue of the matrix

min

7'Gz

A min 5
eR2z20 |7

G) =

min

Now using these coefficients, we define the stopping time as

k
UL:inf{kZl:ZbiZH}, (3.8)

n=1

where inf{()} = +co and H > 0 is a positive non random threshold which will define the non-asymptotic mean square
estimation accuracy as for the procedures (Z.2) and (2:12). Now on the set {v;, < +oco} we define the sequential
estimator as

%

H

vl -1 vy,
0, = [Z bﬁ] Z b2, . (3.9)
n=1 n=1
So, we obtain agregated two-step sequential procedure

Sy = (50 0y) and T, =t . (3.10)

First, we study this procedure in non-asymptotic setting, i.e. for any fixed H > 0.

Theorem 5. For any b > 0 and a > /2 and for any H > 0 the procedure (3.10) has the following properties

T;I <+oc0 P,-as. (3.11)
and o
« 2
Ey 0, - 6l Spﬁ, (3.12)

where the coefficient p is defined in (3.4).
Proof. Note, that the stopping time (3:5) can be rewritten as

t,=inf{r>0:tG, >«,} . (3.13)
Therefore, the property (3.3) implies immediately, that t, < co a.s. for any n > 1 and

.t 1 (2a - o)b
Iim—=—=—-—"-"— P, - .S. 3.14
nl—{g k, wF 2a*+2b*>-ac o as (3.14)

Moreover, from this and the definition (3.7)) it follows, that

limb, =b, P,— as., (3.15)
n—o0
where ) "
1 a 2b\ (& ap* L\ o
b*—m—(%+;) (ﬁ+2+?%) >0 and %—za_o_. (316)

Le. 2, bi = +oco and, therefore, the stopping time (3.8) is finite, i.e. v, < co Py a.s. for any H > 0 which implies
immediately the property (3.11). Now we study the estimation accuracy for the procedure (3:10). To this end note,
that on the set {det G, > 0} the sequential MLE (3.6) can be represented as

tn t)l
6, = G;nlf X 'gdX, =0+ \/EG;nl n, and 7, = f X g dw,. (3.17)
0 0

10



It should be noted here, that the definition (3.3)) and the properties of the stochastic integrals yield

tn
E,ln, * = E, f X 'lg,Pds = k,. (3.18)
0

Furthermore, in view of (3.17) we can represent the estimator (3.9) in the following form

Vi 26, i
g, = %"t =0+ \/EM and &, =b,G.'n, . (3.19)
Z.2 by Z.2 by '

Taking into account here the definition (3.7) and the the property (3-18)), we get, that

1 1
E(? |§n|2 < K_2 E9 |77t,l|2 =

n n

Finally, from here through the Cauchy - Schwarz - Bunyakovsky inequality and the definition (3.8)), we find

2
1
9;,_9|2S(,92n1'5' ZEWw—ZK—w

o
E, —.
3 Ui 12 ; H
n=1"n n>1 nx1

This implies Theorem[5] [
Now, to study asymptotic properties for the sequential procedure (3.10) we chose the sequence (k,,),5; as

H, for n<ny;
K, = (3.20)
K, for n>ny,
where ny, = L;H and Ly > 1 is slowly increasing function, i.e.
lim L, =+ d lim oo g §>0 321
= 400 —_— = > V. .
Hl_{r;o H an Hl_{r;o 7 or any ( )

Moreover, (}),> is a increasing sequence such, that for all n it is bounded from below as «7 > n and for some u > 1
and0<p <1,

limsup n™#«’ < oo and hmsupn Z (3.22)

n—oo 1’

For example, we can take n;, = HIn H and «; = n* for some p > 1.

Theorem 6. For any compact set @ Clo/2,+00[X]0, +co[ for the duration time in the sequential procedure (3.10)
defined through the sequence (3.20) - (3:22) for any r > 0 the following limit property holds true

T* 1 r
li E,|=--—| =0, 3.23
HI—IEO Zgg H wF (3:23)
where the matrix F is defined in (3.3).
Proof. First of all, we prove that for any € > 0,
1
lim supP,[|— - —| > €] =0. (3.24)
H—- peg trF

To do so, we see that

T’;] 1 B T; . T* 1
P9(|E_ﬁ >8)_P9(|ﬁ trF'>8 U nH)+P9(|E tF > &, U >n

11



t 1 .
SP9(|ﬁH—tr—F|>s)+Pe(v;>nZ), (3.25)

where t; = inf {t >0: fo ' X;l lg,*ds > H } Considering the first probability in this inequality, we have
ty 1
Py || - —|>¢e|=P,(ty > T1(H)) + Py (t, < To(H)),

where T1(H) = (tF)™" + &)H, T>(H) = (trF)™' — &)H and 0 < & < (trF)~!. On the one hand, we have

_ Gri) s(trF)? G
P,(t, > T\(H)) =P, (tr (TI(H) - F) <-T mF) < P(,(|tr (TI(H) - F)| > g*)

where &, = inf,g (trF)?/(1 + etrF). Using here the definition of the matrix F in (3.3)), we get, that

T (H) T1(H)
P,(t, > Ti(H)) < Pa(| fo (X' = f)ds| > Tu(He, /2) + P(,(| fo X, - f,)ds| > TI(H)E*/Z) .

Now the upper bounds [2.9) and (2.20) implies directly lim sup P, (t, > T1(H)) = 0. Similarly, we can deduce, that
H— g-@

lim supP, (ty; < T2(H)) = 0. Therefore,
H—00 geg

t, |1
lim supP, (|—” -—> .s) =0. (3.26)
H—o ge@ H trF

For the last probability in (3.23)), note that the property (3.21) and Lemma [§]implies directly, that for any r > 1

lim H" supP, (v}, > n7,) = 0. 3.27)
H—ooo 0e®

From (3.26) and (3.27)), we obtain (3.24). Now, one needs to show, that for any r > 0

) ( K r
limsupsupE, Hr < 400, (3.28)
H—co 6e® H
To do this, note, that
E, (1'1*1)’ <E, t;i +E, (TL)’ 1{u;>n;1 . (3.29)
Now, to estimate the first expectation we set
1 3/4 _ a
MH)=vy, H+H and 1y, = my(¢) + 5 (3.30)

where the term m(¢) is given in (Z:24) and ¢(x) = (1 + x)~!. Now note, that

! !
G, > f B(X,)ds + f X,ds =yt + A($) + D,,
0

0

where D, = fOI(XS —a/b)ds and A,(¢) is defined in ([2.24). So,

E,t, =r f Pty >0 dt = f 7'P,(tr G, < H)dt
0 0

00

< M(HY +r f B, (1A + D, > v, — H) dr.
M(H)

12



Using here the upper bounds (2.8) and [#.2) with ¢ > 2r, we obtain that for some positive constant ¢, and for H > 1

00 tq+r—l 00 xq+r—l +Hq+r—1
E t;, < M(HY +c, f ————dr < M(H) +c, f ————dx
may (- Yo H)> 4 x4

1

— r
=MH) +c, 34 t¢ Ha/2-r+1/4

This implies directly, that for any r > 0
E it}
< oo, (3.31)

sup sup
H>1 6c®

Moreover, to study the last expectation in (3:29) note, that

EG (T;])r 1{u}_]>n' } E t:,+1 {vs *n+1} = Z \/E tn+1 \/P

n>n n>n

Using here the bound (3:3T) and the first condition in (3:22)) in view of Lemma [§] we obtain, that for any ¢ > 1 and
sufficiently large H, for which L, > u,

9 al? oq
LHH +n

E, () 1,y one) < e TIvRE 2
Sele,lg 0 (TH) ‘UH>nH} cﬂ; n (l’l — u*H)q ( )
—H

Note here, that forany 0 < B< g -1

n 1 1
<c +
HZH;;] (I’l — u*H)‘i (Hq—B—l(LH _ u*)q—B—l Hq—B—l(LH _ u*)q—l

Therefore, choosing in (3:32) ¢ > (2ru + 2)/(1 — o) we obtain, that

lim sup sup E, (7},)" 1
H—co 0O

wopry < 00,
[uH>nH}

Hence, Theorem[6] [

Theorem 7. For any compact set @ Clo/2,+c0[X]0, +oo[ the sequential procedure (B10) defined through the se-

quence 520) - (5:22)
lim sup sup E, |, (6)(6}, — 9)| <2, (3.33)

Hoo 6@

where Y () = I1'%(0) \JE,7},, 1(0) = F/o and the matrix F is defined in (3.3).
Proof. First of all we represent the normalized deviation ¥y = T (6) (0;1 - 6) in the following form

¥, =W¥,1 R T T A T T (3.34)

{r,<n’,)

Note, that on the set {v}, < nj,} the first term in this equality can be represented as

tH
\PI,H = "EGT*H F1/2 Gt_Hl ntH s ntH = f Xs—l/z ngW_y
0

and the stopping time t,, is defined in (3.3). Moreover, note that on this set

/trFEg‘rH 1/2~ / OTH 1/2 — )}7
H>»



where GH =G /H, F = F/tF and 7, My =M,/ VH. Note here, that E,ny 7y, = E, GH, and, moreover, using here the
Burkholder - Gandy inequality (see, for example in [27], p.75) and the definition (3.5) we obtain, that for any r > 2

1, = supsupE, i7" < co. (3.35)
Hx1 6e®

It should be noted also here, that on the set {v;, < ny,} in view of the definitions (3.8)) and (3.20) we obtain, that

H<Z |G1|2

i.e. the norm IG;,' | < L, and, therefore,

G, = F ' < L IF "Gy - F|

On the set {v}, < nj,} we can write

ul _
Wi =F P+ Ay,
where in view of Lemma([7]and the upper bound (3:33)) the last term is such, that for any r > 1

lim sup Ey[A; 4" =0.
H—o geq

Moreover, taking into account, that E, IF'2 5,2 = (F'E (~;H), we obtain, that
limsup sup E,|¥, ,* < lim sup E,|F 27, =2.
H—co 0@ ’ H— ge@
Finally, to study the last term in (3:34) note, that from (3:19) by Cauchy—Bunyakovsky—Schwarz inequality

N 4
1% — 2
2 (zngl bn|mn|//<n) 2 5 i, I
K b

s 4
o -0t < o? <
(Z,b2) =

where 77, = 1, / 1/k,. Therefore, using (3.35) we can obtain, that

9|~t| |~t O— \/Eg |77t \/Eg |77t 0_277:

K, K - H?
l nl>1 KK

o?
E, 0, -g < 78 Z

nl>1

From this and Theorem|§| it follows immediately, that

. SUPyeo Eol Pyl

lim sup 06@—2 < 00
H—oo P

where in this case in view of the definition (3:20)

p:p(H)=ZKlSLH+Z%.

n>1 " nx1 "

As to the last term in (3.34) we note, that

E ¥, 1P < Byt P, (v, > ).

Now, the property (3.27) and the last condition in (3.21)) yield immediately

limsup sup E,|¥, ,I* = 0.
Hooo 00 ’

Hence, Theorem O
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4. Concentration inequalities for the CIR models.

In this section we study the properties of the deviation in the ergodic theorem for the process (I.I)). To this end for
any continuous and bounded R, — R function ¢ we set

T
Ar(@) = f (6(X,) — my(@#)) dr. @.1)
0

where my(¢) = fR #(2) q,(z)dz, the ergodic density is defined in (2.23).

Theorem 8. For any compact set ® Clo /2, +00[x]0, +oo[, for any m > 1 and any continuous and bounded R, — R
function ¢

SUp,.o Eq A7 ()"
sup Paco o 1274 <00, 4.2)
750 1+7m

Proof. We use the method proposed in [9]. According to this method we need to find a bounded solution y(x) of the
differential equation

o — -
XY + (a=bx)y(x) = $(x) and  $(x) = ¢(x) —my($). (4.3)
One can check directly by taking derivative of the Leibniz rule, that in this case a solution can be represented as
2 +o 2 2b
y(x) = — - f P(u) u@ ! P du, a= =4 and B="—. (4.4)
ox* J, o o

It is clear, that the function E(u) is bounded, i.e.

sup [p(u)| <2¢, and ¢, = sup lp(u)|.

u€R ueR,

we can obtain, that there exists some positive constant ¢ > 0 such that for all x > 1

—+00 a +00 a +00
. ut e PV dy < 9. e Pdz + z9. ePdz,
x* J, Toox* 0

g gXx

()l <

ie. sup__, [y(x)| < oo. In the case, when 0 < x < 1 taking into account, that

+00 +00 +00
f P u® P du = f B(u) u®" e du — my(p) f u e du =0,
0 0 0

we can rewrite the solution (#.4) as
X

Ze;jo‘ ) u® e du.

y(x) =
o

So,forO<x<1

o x* oo

ol < 22 o f 4o g dy < M’
0

Le. sup,_ ., [y(x)| < oo and, therefore,
Y. = sup [y(x)| <oo.

xeR,

In view of the Ito formula for the function V(u) = j(; g y(x)dx and the equation (@.3), we obtain, that

T
Ar(@) = V(Xp) - V(Xy) - Vo f ¥(X,) VX, dW, .
0
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Using now the moment inequality (A.6), we get, that for any m > 1

sup sup E,[V(X,)" < y2" sup sup E,X;" < co.
T>0 6@ T>0 6¢®

Moreover, from the moment bound for the stochastic integrals [25, Lemma 4.12] we obtain, that for any 6 € ®

T 2m T
E, ( f (X)) VX, th) < (m@2m = 1))y" T y*" f E X" dr.
0 0
Using here again the upper bound (A.6) we get the property (4.2)), hence Theorem([§]  [J

Remark 2. It should be noted, that we can’t obtain the exponential bound as in [9]].

5. LAN properties for the CIR models.

Let P, be the probability measure induced by the CIR process (I.1)) on the canonical space (C, B), where C = C(R,,R)
denotes the space of continuous R, — R functions and 8 is the cylinder o - field in this space. Moreover, for any
T > 0, we denote by P, restriction of the measure P, on the on the cylinder field B; in space of continuous
[0,7] — R functions C[0, T], i.e. this is the distribution of the process (X,)c(o7)- First we recall, that a family of
probability measures (P 7)pc 750 With © C R¥ is called to satisfy the Local Asymptotic Normality condition (LAN)
at a point , € © if there exist scale k X k matrix ¢, going to zero as T — oo such that for any u € R* for which the
pointE: 6, + @yu belongs to O, the Radon - Nikodym derivative has the following asymptotic representation

dP; Jul?
1 =y €, — — 4T , 5.1
ngp, = U ér = T (5.1)
s
where | - | is the euclidean norm in R,
‘C(PHO.T) PeO.T
ér —T——> N(@©,1,) and sup [ry(u)] ;——> 0 forany wu,>0.
—00 |Ll|Sll* —00

Here, 1, is the identity matrix of order k. It should be noted, that for the process @]) (see, for example, in [25] p.
297) in CI[0, T] the logarithm of the Radon -Nikodym derivative is given as

dPyr _ Py @0 = fT a—ag=b-byX, . 1 fT (a—bX,)* - (ay — boX,)* dr
dPgo,T dPgo,T 0 X, t 20 o X ’

t

In

where 0 = (a,b)" and 6, = (a,, b,)T. Note, that on the process (L.I) with 6 = g, this derivative can be represented as

dp, T a—ay—(b-by)X 1 (7 (a—ay—(b-byX,)?
noer _ [T a4z = by LW, - o f (@ a =G b)X) . (5.2)
g Jo

dPGO,T 0 A ’O-Xt X

t
- T .
Setting here the vector z, = (Xt V2 —X,1 / 2) , we obtain, that

P, ;
dP, ;

In

1
= (000" Uy = 5-(0=60) G0~ ). (5.3)

A . o
where U, = o1/ fo X '/2 g dW,, the matrix G, and the vector g, are given in (3.2).
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Theorem 9. The family of probability measures (Py1)gco 750 8iven by (B3) with the parameter set
®C{(ab):a>c/2,b>0}=]0/2, +o0o[X]0, +oo[
satisfies the LAN condition at any interior point 8, from ® with scaling factor

1
Yr = ﬁ
where the matrix F is defined in (3.3).

%@, and 1) =0c'F, (5.4)

Proof. First, note, that the property (3.3) through the central limit theorem given by Y.A. Kutoyants (see [22} Theorem
1.19]) implies, that

Ly 2 N (0,1(6,))
Ly 2 N, .
\/T T T—o00 0

Using this and the propertiy (3.3) in (5.3), we obtain the LAN condition with the normalized 2 X 2 matrix ¢, defined
in(34). O
If in (3:2) a = a,, then

dP, (b - by)?

In = —(b—by) Uy —
dP, ; 2

<U>;, (5.5)

where ; ;
Uy = a‘”zf VX dW, and <U>;=o0"" f X,dr.
0 0
Now we study the properties of the density (3.3) as T — co.

Theorem 10. For any fixed a, > o /2 the family of probability measures (Py1)peq 150 With
0 C {(ag, b) : b >0} ={ay}x]0, +oo[

given by (5.3)) satisfies the LAN condition at any interior point 6, in ® with scaling factor

9o
0

1
o=
T JI@)T

Proof. The proof is straightforward by [2, Proposition 3] and the central limit theorem given by Y.A. Kutoyants (see
[22, Theorem 1.19]), that

M xar 2 % ang (7 ymaw, 220, o, %
p— — — —_% — .
TJy ! by VT Jo T Tow by

T—oo 0

Using these properties in (3.9, we obtain the LAN condition with the scaler coefficient ¢, defined in (3.6). [
Furthermore, we note, that if in (3.2)) the parameter b = b, we get

dPe T (a— ao)z
= =(@-a)U, - —2
dP, ; (@=ap) Ur 2

In <U>;, 6.7

where

T T
1
UTza’l/zf X7'2dW, and < U>;= cr*lf —dr.
0 0 X,

t

We need to study the asymptotic properties of the density (3.7) as T — oo.
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Theorem 11. For any fixed by > 0 the family of probability measures (P 1)pcq 150 With
O C{(a,by) : a>c/2} =]o/2,+co[x{by}

given by (5.7) satisfies the LAN condition at any interior point 8, in ® with scaling factor

2b,

1
o et

Proof. The proof is straightforward by [2, Proposition 4] and the central limit theorem given by Y.A. Kutoyants (see
[22, Theorem 1.19]) that

Tl Py 2 r L) 2
T Ly 2o g Lf x;“zdw,LN(o 0 )
0

TJ, X, 71-x 2ay-0 \NT T—oo "2ay -0

Using these properties in (5.7), we obtain the LAN condition with the scaler coefficient ¢, defined in (3.8). O

Remark 3. Note here, that as we will see below the functions 1(6,) defined in (5.4), (5.6) and (5.8) define the lower
bounds for the quadratic corresponding risk. According to the general optimal statistic decision theory such functions
are called the Fisher information (see, for example, in [11]], Theorem 12.1 for quadratic loss functions).

6. Optimality properties for sequential procedures

Letnow 6, € © C R* and y > 0 such that {|6 — 6yl < v} € ®. We denote by H(6,,7y) the local class of sequential

procedures 6y = (7, @) such that
sup E,o7<T. 6.1)
I~y |<y

Inspired by the ideas from [7, Corollary 2], we prove the following theorem.

Proposition 3. Assume that, LAN holds for 6, from © with the scale matrix of the form ¢ = (I (HO)T)’I/ 2 where I (CN)
is some positive defined matrix. Then, for any y > 0 for which {|0 — 6| < y} C 0,

lim inf  sup E,lg;' (6, - O)F > k. 6.2)
T— 00 5eH (6,.7) 16—6,<y

Proof. Suppose that we are given the positive constants &, ¢ and 7y arbitrarily small. Let us denote
T0(0) = Byl 0, - )

and § = 0y + @ru where u = (uy, ..., ur)". Since ¢, tends to zero matrix as T tends to infinity, then for arbitrary fixed
constant b > 1 there exists T, = T(y,b) > O such that 6 € {|6 — 6,] <y} forall T > Ty and |u)| < b for £ € {1,...,k}.
Therefore,

Ji= sup Jp0)> sup Jp(6)> TG Jr(@)du
[6—6,|<y u:lu)|<b, YV ( ) [-b,b]*
= Lk Eglu +n,2du and 5, =¢;'6,-9,). (6.3)
2 J\

Letnow K > 2 and 0 < & < 1 be some fixed integers. Then, setting ¢, = (ig)>T, we can estimate J7. from below as

K
1 f 21k

Jr > E Ejlu+nl1,du and A, ={t <71},

r @D J A :

18



From LAN property (5.1), the Randon-Nikodym derivative is given by

dP;

_ L uTé—
pr(u) = =e"tr
dPHO,T

2
U|
—'2‘ +rp(u)

s

where & weakly under the distribution L(P, ;) tends to N(0,1;) as T — co and for any u, > 0

P, T
sup [r(u0)| T_’ 0. (6.4)
[ul<u, -
It is clear, that
dp;, . 65
ﬁ = p, (iew). (6.5)

So,
2 2 .
Eglu +n.["1 = Eq lu+ 0,714 p, (ieu).
Moreover, setting

_ 1w \5\,2 _ \14—51\2

piw) =TT = e (6.6)

we obtain, that

r

K
1 _
J. > E E,1,e ¢ u+n. o (isu)du
T= Loy A f[_bqb]kl el Giew)

LA —r 4, /2 ) et P X
) =1 (b Fo dne \fl‘—b,blk e
Sl —r ¢, /2 — G
:Z IS E, e L v+7 e 2 dy, 6.7)

where r; = sup o It 7, = 7. + &, /ie and
D;=[-b- fzi,l/i‘g’ b - é:ti,l/ig] XX [=b - fti,k/i“:,b - é:ti,k/ig] .

Here (&), are the components of the vector &, i.e. & = (&, ;,...,& ;)7. Now we note that on the set

D, =, {i€ /| < iz(b — Vb)] (6.8)
the last integral in (6.7)) can be estimated from below as
A+ 7 - o G
Nl e u> lu+mn.l"e du. (6.9)
D [- Vb, VbJ*

Using here the Anderson inequality (see, for example, in [[L1]], p.155), we get

— o _GeE? o _Gem?
lu+n e 2 du> lul“e” 2 d*u.
[~ Vb, Vb [~ Vb, Vb

Taking into account, that for b — oo

ii 2 iglul K ielul
f P e 5 dku > f lul® o gy = _k(.@) = ‘-k f 6’_%d"u, (6.10)
[ Vb, VBt R* (ig)?+k (ie)* Jpe
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we obtain, that for any 0 < v < 1 there exists some b, = b, (v) such that for any b > b,

K
r ! -1 HE /2 G2
‘]TZk(l_v);WEOUIAiODie il . e T dku.

Moreover, taking into account here, that in PG(],t probability r} — 0 as t — oo, we deduce, that forany 1 <i < K

: €. 12/2 -\
lim B, 1, qp ¢ (l—e ,)_0.

Therefore, there exists some 7\, = T (v, b) such that for T > T,

K
7 ! epn [ w2 g
JTZk(l_V)Z;WE%IAmD’e 2 Rke du—v.

Moreover, we can estimate this term from below as

K

! 2/ (Glu))?
Tz k(1=v) Y ————FE, 1, e’ f e 2 du—v
r Z‘ (2b)t(igy> o A D,
SR
=k(1-v) ) ——— f Q. (A, NnD)du—v. (6.11)
; 2b)ie? Jipppr "
where the measure Q; , is defined as
Q;.(A) = Eq 1, p; (ieu). (6.12)

It should be noted that generally speaking this measure is not probabilistic, but it can be approximated by a proba-
bilistic one in the following sens.

Lemma 1. Forany setA€¥,, 1 <i<Kandb>1

lim
T—e0 Ji_ppt

P;,(AND) - Q,,AND)|du=0. (6.13)

Proof. Taking into account, that for any set A the measure Q;,(A N D,) is bounded, it suffices to show that for any
u € [-b,bJf
lim Pgt(AmDi)—Qiu(AnDi)' =0. (6.14)
T—o i ’

Indeed, let now G, = {r; < «a} for some @ > 0. Note, that the property implies, that for any @ > 0 and any

u € [-b,b]*
lim Q,,(D,NG*) =0,
T—co ’ i

Moreover, from we get, that for any L > 1
Pg”i(GZ) = Ey, 1g.p, (ieu) < LPy (G:) +Eq, 1{;>,i(isu)>LJp1,(i8”) = LPH(,,t[(G:) +1-Ey llp,i(igu)gL}Pz,(igu)~

Note here, that for any u € R¥

. L®y 1) U™ _ G P
p, (igu) —o P T e e and &, ~N(@,1,).

Therefore, taking into account, that Ep,; =1, we obtain, that

limsup Py (G)) <1-Ey 1, ;)p,; >0 as L— oo,

T—oo
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ie. lim;_, Py, (D; N G) = 0. Therefore, for (6.14) it suffices to show, that

hmhmsup‘Pgl(AﬁD nG,)-Q,(AND,NG,)=0

=0 70

This follows from the fact that on the intersection D; N G, the difference between the densities (6.5) and (6.6) can be
estimated as .
lo, (ieu) — p? (igu)| < e (e* =1) >0 as a—0.

This implies the limit[6.14] O
Therefore, the lower bound (6.11) and Lemma [T] yield, that there exists ) = T,(v,b) > T} such that for any b > b,
andT > T,

K
1
> k(1 - S — P;. (A.ND,) d*u — 1
> k( v); s f[ o P 0Dy du—y (6.15)

Now we study the last pprobability.

Lemma 2. Foranyl1 <i<K

1
lim limsup —— P; (D)d*u=0. (6.16)
b 7t @B J e

Proof. To this end we show, that foranyb > land 1 <i< K

k
1 - 1 iszu2
lim inf —kf P, (D) du> (b %ﬂ) f e g (6.17)
T—o0 (2b) [=b,bJ¢ i b \2r [= Vb, Vb

To do this, first note that for any u s.t. || <b, VI

-l .
Pb’,r[(Di) > Eé,0 e tipri(’g")lD, .
Taking into account, that in view of the dominated convergence theorem

lim E, (l —e ’)pt(lsu)lD =0,

T—0c0

we obtain, that for any v > 0 and sufficiently large T

1 f k s/ k
—_— 5, D)du > ——E, 1, f o (lew)du —v.
@b Jpppp ™ (Zb)k Fa o [-bblt

Using here the representation (6.6) in the same way as in we get, that

2
1 ! _ PP

—  D)du> ——FE, 1) ¢ e 2 du-v.
(2b)* j[‘—b,b]" i (Zb)k [- Vb, Vb

Taking into account here, that &, converges in law to a standard normal vector then

is(b — Vb) )
Varb )

we obtain the bound (6.17). Taking into account, that the right side of this inequality tends to 1 as b — co we obtain

Lemmall O

Note now, that using this lemma in we deduce, that there exists b; = b,(v) such that for any b > b, there exists
T, = T,(v,b) > T such that for any T =T,

\fri\
A (2b)k Eq I, ¢ (

K
1
>k(1-2 —_— P- (A)du—
> k( v); TSI f[ - 7. (A)du—v

21



K

k(1-2 1
> (—kv) Ef,———1, du—v
@b Jiwpr S N (VT/NT + 8>
k(1-2 1
_ kd -2y E (6.18)

T bk ——1 du—v.
@ Jip (VT NT 4o T Y

Note, here, that

1 1 1
EE————1 o 2 Ej——— - = P; > (eK)’T) .
TR e reen 2 B s~ )

Using here the Jensen and the Chebychev inequalities and the condition (6.1), we obtain, that

1 1 1 1 1
E,———1 x> - > - .
9(\/_7_/ T + &) {r<(eK)°T} (Eg\/?/ T + £)>2 K2 (1+¢)? &K

Using this estiamate in (6.18)), we obtain, that

o k=2 &

LV .
T M+ep  g2K2

Taking here the limits lim,_,, lim,_,, limg_, ., liminf,_, ., we get the lower bound (6.2). [
Note, that to study asymptotic optimality properties for some sequential procedure 63, = (77, 07,) usually one considers
the following class

= {5 (t.0,) B 1} (6.19)

Ey=40=(1,6,) : sup — <1, .
. oco EqTy

where H > 0 is some non random procedure indexing parameter such that for any 6 € © the expectation E, 7}, — +o0

as H — oo. For example, for the sequential parameter estimation procedures for the CIR model (I.I), this is the

threshold H > 0 that determines the mean square estimation accuracy.

A ) There exists 8, € O, such that {|8 — §,| < y} C O for all sufficiently small y > 0 and

lim lim sup

"
0—0, 0, TH

H—-oo

T*
o H —1l=o. (6.20)

A,) There exists 6, € © for which the LAN condition holds true for the scale matrix of the form ¢y = I7'%(6,)T~1/?
in which 1(6) is positive defined and continuous matrix for any 6 from some neighborhood of the point 6, in ©.
Now we obtain a lower bound for this class.

Theorem 12. Assume that, the conditions A,) — A,) hold true for some 6, from ©. Then,

lim inf sup E,|Y,(0)@, - 0) > k, (6.21)

H—00 065, pec@

where (', (0) = 1'2(0) VEqTy,.

Proof. First note, that, by the condition A ), for any € > 0 there exist y, = y,(€) > 0 for which {|6 — 6,| <y} C ® and
H, = Hy(€) > 0 such that, for any y <y, and H > H,

* %
sup By, < (1+ 6K, 7,
l0-6pl<y

and, therefore, 2, C H;(6,,y) with T = (1 + e)EQOT;I. Moreover, using the property (6.20) and, taking into account,
that 1(6) — 1(6,) as 6 — 6, it is easy to deduce, that

lim lim sup [, ()Y, (8p) — 1,| = 0, (6.22)
00,

H—ooo
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where 1, is the identity matrix of the size k. Therefore, for any € > 0 we can obtain, that for sufficiently small y and
sufficiently large H > 0

inf  inf  Z"(0 (O TYLO) T@O) T, Oz > (1 -e).
[6-6,l<y zeR*,|zl=1

So, for such y and H

(1 - 6) . 1 2
inf sup E,|T (0)(0 0P > —— inf sup E,lo (6. - 0), (6.23)
6€E,, geg H (1 + €) set,6,7 16— gﬂy o er

where ¢! = (1+€)™1/27,(6,) = (I(6,)T)"/*. Therefore, using the bound (6-2) and taking the limit lim inf,_,, liminf; .,
we obtain the lower bound (6.21). Hence, Theorem[12} O

Now we apply this theorem to study the procedure (3:10). To this end, first note, that Theorem [§] implies, that
uniformly over 6 € ® for any compact ® Clo /2, +oo[X]0, +oo[

Ty _ F'
N

where F = F/trF and the matrix F is defined in (3:3). Now, Theoremfor k =2and Theoremimply the following
results.

as H— oo,

Theorem 13. For any compact set ® Clo /2, +00[x]0, +0o the sequential procedure &5, = (t},,0;,) defined in (3.10)
Jfor the process (1) is asymptotically optimal in the minimax setting, i.e.

lim H inf sup E, (9 - Q)TF(G —-6)=1lim Hsup E, (9 - H)TF(H -0) =20
H—oo  6€E, ge@ H—eo E0)

and - _
infsez sup, o Ey (0, - 0)TF(@O, - 0)
lim H =

Hoe sup, o E, (6, — 0)TF(8;, - 0)

As to the scalar sequential procedures (2.2) and (2:12)), first we note, that Theorem 2] and Theorem [ imply, that for
these cases
Ty(0
u® o2
VH

Therefore, Theorem [I2]for k = 1 and Corollaries[T]and 2]imply the following results.

lim sup =0.

H=0 g

Theorem 14. For any a > o/2 and any compact set ® CJ0, +oo[ the sequential procedure 6}, = (13, 0;,) defined in
(Z2) for the process (I1) is asymptotically optimal in the minimax setting, i.e.

infsz sup, o Eg («/9; -6y
lim H inf sup E, (0 -0? = lim H sup E, (6}, - 0 =0 and lim u " 5 =1. (6.24)
H-o 62, geo H—oo Hoo  SUp, o Ey (6 —0)

Theorem 15. For any fixed b > 0 and any compact set ® Clo-/2 , +co[ the sequential procedure 212)) for the process
(T1) is asymprotically optimal in the minimax setting, i.e.

infsz  sup, o E, (’9: - 6)?
lim H inf sup E, (9 - 6)> = lim Hsup E, (6}, - 0 =0 and lim u " 5 =1. (6.25)
H—oo  0€E, ge@ H—co e) H—oo supHE@) E9 (HH - 0)

Remark 4. It should be noted, that the optimality properties are shown in the class of all possible sequential proce-
dures, with arbitrary fixed stopping times that determine the duration of the observation for the estimation.
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7. Conclusion
In the conclusion we emphasise, that

o The sequential estimation procedures are constructed and non asymptotic mean square accuracies are obtained
in 2.3), 2.13) and (3.12). It is usefull note here, that Theorem 3|is shown for any b > 0, 6 > 0, but the classical
maximum likelihood estimator can be defined only for 6 > /2 (see, Remark [I). The properties for the mean
time of observations are studied (Theorem 2] Theorem [ and Theorem [6)).

e Based on the LAN property the minimax sequential estimation theory for the model (T.1I)) was developed: the
conditions provided the sharp lower bounds are obtained (Theoren{12), the procedures for which the upper
bounds coincide with the lower ones are constructed (Theorem [I3] Theorem [I4]and Theorem [T3)).

e For the first time for continuous time statistical models, the minimax properties for the sequential estimation
procedures are established in the class of all possible sequential procedures with arbitrary stopping times deter-
mining the duration of the observation.
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A. Appendix

A.l. Properties of the CIR process

We start with studying the Laplace transformation of the integral fo ' X, ds. To this end for any a, b, u > O and ¢ > 0 we
set the following functions

2pe'0=P)2 2u(l — e
d 1= R A.l
((p bye P +p+b and 4,0 (o—be P +p+b (A1)

where p = +/b? + 20u. Note, that for b = 0 these function can be rewritten as

2usinh(t yJou/2)
pcosh(t yJou/2) .

Now using the Lemmas 1 - 2 from [2] we can deduce the following form for the Laplace transformation of the integral
fot X ds for any t > 0.

¢, (1) =

B0 == log(cosh(t\/(r,u/ )) and v, (1) =

Lemma 3. For any u > 0, the Laplace transform of fo ' X ds is given by

Alt, ) = Bye ™ h %605 = grabuo-w,0) (A2)

Now using this lemma we study the behaviour of the integral fo ' X dsast — oo.

Proposition 4. For any a > 0 and b € R the following property hold

f X ds = +o0 a.s.
0

Proof. In order to prove this property, we show that for any u > 0, the Laplace transform E, e ™ fx.as — 0. This

t—oo
is straightforward using the Lemma since ¢,,(7) converges to plus infinity and , (¢) converges to some constant as ¢
tends to infinity in both cases b # 0and b =0. O
Now we obtain the Laplace transformation for the integral f ' Xs‘lds. To this end, for any u, v and z from R we set the

confluent hypergeometric function (see, for example, in [32]) as

(u+k)

B(u,v,2) =1+ Z Mok’ (A.3)

n=1

Moreover, for any a, b and ¢t > 0 we introduce the following functions

2bxe” B 2bx and bat N 2bx
= ———", = — = —— _—
(e — 1) o — 1) YT T oo
It is clear, that @ = 8 = ¥ = 2x/(ot) for b = 0. Now, using these functions we obtain through Lemmas 1 - 2 from [2]]
the following result.

Lemmad. Foranya>0,b>0,t>0andu > 0, the Laplace transformation for the integral fo ' Xs"ds is given as

I'vy) IB%J'%
Tv+1) o

Y(t, ) = Ee b X' = Y B(v.v+1,0), (A.4)

where I'(v) = fom 27 le™dz, k = a/o,

2
v==4/(a=0/2?+2uc and v, =
o
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Proposition 5. For any a > 0 and b > O the following property hold

00
f Xs_lds = +00 a.s.
0

Proof. Indeed, from Lemma[d]it follows directly, that for any x > 0, the Laplace transform Y'(¢, 1) — 0 as t — oo and,
therefore, we get Proposition[5} [
We recall the results from [24, Proposition 6.2.5], [2) Lemmas 1-2] and [, Propositions 3-4].

First, note that, when @ > o/2 and b > 0 the CIR process is ergodic and the stationary distribution is a Gamma
law with shape 2a/o and scale o-/2b. Moreover, by the ergodic theorem, in this case

lim ; OrXsds =7 and lim ; OrX;'ds - 2;1’ ~ s, (A.5)
Now we study the moment properties or the stable CIR processes
Lemma 5. For any g > —2a/o and compact set ® C]o /2, +00[X]0, +oo[
sup sup EgX7 < co. (A.6)

>0 6O

The proof is given in Proposition 3 from [[1]].

A.2. Auxiliary Lemmas

Lemma 6. Let T be as a stopping time such that for any q > 1 and compact set ® Clo /2, +oo[XR, the expectation
m, = sup, o, E, 19 < oo. Moreover, let (1,),5 be a non-negative process such that

1/(1+€)
I+e
P ) < o0

u, = sup sup (Ee n
120 60

for some € > 0. Then forany g > (1 +€)/e :=r

T rm!/"
sup E, f ndt <u |1+ —|. (A7)
0c® 0 q-r

Proof. First note, that by Fatou’s lemma for any 6 € ® we obtain, that

T T
Eé’f n,dt < lim Egn,1,,,dr.
0 0

T—o0

Moreover, the 1 + € and r = (1 + €)/€ Holder and Chebyshev inequalities imply, that for any g > r
1/r

q
ralr

T T T
- 1
1/r 1/r
f(; Egn 1, dt < uE(l + »[1‘ P/l(r>1) dt) <u, (1 +m, f1 P dt) .

This implies the upper bound (A77). Hence, Lemmal6l O

um

1
Emnlic <uP/(r20<

Therefore,

Lemma 7. For any r > 2 and any compact set ® Clo /2, +00[x]0, +oo[ for the matrices (3-4) and (B3) the following
property holds true
Gy F

z trF
26

] <oo. (A.8)

supsup E, [ Vz
z>1 0e®



Proof. First, setting D, = G, — Ft and using the definition (3:3) we can obtain, that

= _z Z

z wF  z 7z uF

Gtz F th t 1 th FtrDtz
Z trFz

and, therefore, taking into account, that [ttD, | < V2D, | and |F| = |[F'/2F'/?| < |[F'/?* = tr F, we obtain, that

G,

Z trF

D | D¢ [+ Dy |
— < (1 + \5) e
z

Vz VI

S(1+\/§)

where . .
DL,:f (x;' - f,)ds and Dzytzf(Xs—fz)ds.
0 0

We recall, that the coefficients f; and f, are defined in (3.3). To prove this lemma, it suffices to show, that for any

r>2 .
SUP,ce E, |D1’tz|

Sup ———— 77— <@ (A9)
z>1 <
and
sup, , E4 |D2’ |
sup HE@—/zt <o, (A.10)
z>1 <

Note, that from (2:17) it follows, that for some positive constant ¢

t.
f X" 2aw
0 s s

Taking into account the Burkholder - Gandy inequality (see, for example, in [27], p.75) and the definition of the
stopping time in (3:3)), we can estimate the martingale term in this inequality as

t. t,
f X '2dw, f X 'ds
0o 0o

From (2.16) througth the Ito formule we can deduce, that for any integer m > 2

DI < 0(1 + + IlnXt,I’) . (A.11)

r r/2

<c”?.

E, <cE,

! !
(InX,)™ = (Inx)*" + f a,du + f B,dw,, (A.12)
0 0

where
2a — o

2X,

(InX,)*m=2 (In X, )>1

a, = 2m(In X,)*"! ( - b) +mQm - Do and B, =2m+o 7

u

Note here, that from the upper bounds (A.6) and (Z.18) one can conclude, that there exists some € > 0 such that

sup sup E, (Jor, ' +18,71*9) < co.
u>0 0€®

Therefore, using the property (3:31) and Lemma|§| we obtain, that for any 6 € © the expectation E, fo t Bdu < oo and,
therefore, E, fo “8,dW, = 0. Using this in (A.IZ) we obtain, that for any 6 € @

2m 2m t 2m ‘
E,(InX, )" =(nx”" +E, | odu<(nx+E, | lo,ldu.
0 0
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Therefore, using here Lemma[f] with ¢ = 2r and the property (3.31)) we obtain that for any m > 2

2m
sup, » E, (In X,
sup — <0 o (InX,) < oo. (A.13)

z>1 "

This implies immediately the upper bound (A.9). Moreover, to show (A.10) note, that from (2.7) and the Burkholder
- Gandy inequality it follows that for some constant ¢ > 0 for any 6 € ®

tz
f X ds
0

Similarly to (A-T3) through the It formula and Lemma [f] we can obtain, that for any integer m > 2

r/2
E,ID,,|" < c(l +EyIX, ' + E, ] <c(l+Ey X, " +27).

2m
SUPy.e E, Xt,
sup ——————— < oo.
j>3 4

Hence, Lemma[/] O
Now we study the distribution properties for the moment (3.8).

Lemma 8. Assume, that the stopping time vy, is defined in (3.8)) through the sequence (3.20) - (3:22). Then, for any
compact set ® Clo /2, +00[X]0, +oof, foranyr > 1, H> 1 andn >u H

Ly H'? + ne"
sup Py (v, >n)< c———, (A.14)
P ( f ) (n—uw.H)
where u, = max,;.q b.? = maxy.q(|F'|trF)>.

Proof. First of all, note, that from the definitions (3.7) and (3.16) we can deduce directly, thatb, < 1 and b, < 1.
Therefore,

2 _ 12
by =3[ <2[b, = b, <2[b, =b.[ 1, 6 1m0+ 21,6, )01
Note here, that on the set {4,,,,(G, ) > 0} the first difference can be estimated as
Gy F
b,-b,| <|w,| and w,=—-—.
R

Moreover, note, that for any 6§ € ®

PQ (/lmin(Gt“) = 0) = Pé) (/lmin (%) = 0) < P9 (iwn| 2 l*) b

where 1, = mingyg 4,,;,(F)/ttF > 0. Using here Chebyshev’s inequality and Lemma we obtain, that for any r > 1

E r
sup Py (/lm,-n(Gth) = 0) < w <k,
0e® r

where ¢ > 0 is some constant. So, denoting by 77, = \/K_n(bi - bf), we obtain, that for any r > 1

sup sup Eln,|" < co.
nz1 6e®

Now, this and the definition (3:8) imply, that for any n > b_?H and r > 1
no Il
" " E, (y Il
|7, 9( k=1 W)
P, (v, >n)=P b’ <H|<P X >sbn-H|< ———-— .
=) g[kZ‘ ' ] a[kZ‘ Ve (bin — HY
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Using here, the (r/(r — 1), r) - Holder inequality we obtain, that

n r n =1/, S\
Z UARD Z 1 Z |7
Therefore, there exists some positive constant ¢ > 0 such that n > u, H

r

. S
sup P, (UH > n) < ni-u fl*H)r [Z ﬁ

0e® k=1

Using here the conditions (3:20) - (3:22)), we obtain the upper bound (A-14). Hence, Lemmalg]
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