N

N

Theoretical growth rate of microalgae under
high /low-flashing light

Ignacio Fierro, Liu-Di Lu, Olivier Bernard

» To cite this version:

Ignacio Fierro, Liu-Di Lu, Olivier Bernard. Theoretical growth rate of microalgae under high/low-
flashing light. Journal of Mathematical Biology, In press. hal-03936421

HAL Id: hal-03936421
https://hal.science/hal-03936421

Submitted on 12 Jan 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03936421
https://hal.archives-ouvertes.fr

Theoretical growth rate of microalgae under
high /low-flashing light

J. Ignacio Fierro U.", Liu-Di Lu? and Olivier Bernard®

"BIOCORE Project-Team, Inria Sophia Antipolis Méditerranée,
Université Nice Cote d’Azur, 2004, Route des Lucioles - BP 93,
Sophia-Antipolis, 06902, France.
2Section de mathématiques, Université de Geneve, Rue du
Conseil-Général 7-9, Geneve, 1205, Switzerland.

*Corresponding author(s). E-mail(s):
joel-ignacio.fierro-ulloa@inria.fr;
Contributing authors: liudi.lu@unige.ch; olivier.bernard@inria.fr;

Abstract

Dynamic light regimes strongly impact microalgal photosynthesis effi-
ciency. Finding the optimal way to supply light is then a tricky problem,
especially when the growth rate is inhibited by overexposition to light
and, at the same time, there is a lack of light in the deepest part of
the culture. In this paper, we use the Han model to study the theoret-
ical microalgal growth rate by applying periodically two different light
intensities. Two approaches are considered depending on the period of
the light pattern. For a large light period, we demonstrate that the
average photosynthetic rate can be improved under some conditions.
Moreover, we can also enhance the growth rate at steady state as given
by the Pl-curve. Although, these conditions change through the depth
of a bioreactor. This theoretical improvement in the range of 10 to 15%
is due to a recovery of photoinhibited cells during the high irradiance
phase. We give a minimal value of the duty cycle for which the optimal
irradiance is perceived by the algae culture under flashing light regime.
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1 Introduction

Algal biomass has a great potential for the production of novel food, feed,
pharmaceuticals and cosmetics (Milledge, 2011). This approach has also been
actively studied for wastewater treatment, with the advantage of recycling
nitrogen and phosphorus for producing commodities (Balamurugan et al,
2021). Algal growth is influenced by different factors such as temperature,
light, nutrients, pH, etc. Among them, light is a crucial factor for photosyn-
thesis that fuels COs uptake and further microalgal growth. In this work, we
explore the consequences of the Han model (Han, 2002) for cultures where
light is the limiting factor. Han’s model describes the photosynthesis process
by representing the reaction center dynamics through three states, one of them
corresponding to photoinhibition. This model has been used by several authors
who demonstrated that it can properly predict the growth rate of cultures sub-
mitted to a periodic light/dark alternation (Béchet et al, 2013; Baklouti et al,
2006; Pozzobon and Perre, 2018). Moreover, it has been coupled with accli-
mation (Nikolaou et al, 2016), and chlorophyll fluorescence models (Nikolaou
et al, 2015).

Photoinhibition is a phenomenon where photosynthesis rate decreases at
high irradiance. There are several reasons for photoinhibition (Raven, 2011),
such as oxidative stress resulting from reactive oxygen species (ROS) as
inevitable by-products of photosynthesis, but also severe inhibition of the activ-
ity of photosystem II (PSII) by damaging (photodamage) essential proteins in
PSII such as the D1 protein (Prasil et al, 1992). This so called photoinhibition
of PSII induces a high turnover rate of D1 protein for repairing photosystem
IT (PSII) after being damaged by photoinhibitory irradiance. Then, photoin-
hibition is controlled by balancing between damage to and recovery of D1
protein.

Flashing light is often considered as a method to reduce photoinhibition
and to increase the productivity in photobioreactors. This consists of a periodic
succession of light and dark phases. There is a lot of research on the benefit of
providing light through flashes (Abu-Ghosh et al, 2016; Ferndndez-Sevilla et al,
2018; Abu-Ghosh et al, 2015a; Schulze et al, 2020). The flashing light, however,
rarely produces an enhancement on the algal production in comparison with
the constant light of the same average irradiance (Abu-Ghosh et al, 2015b).
In the current work, we consider a different light regime, namely the high/low
flashing light regime. The microalgae culture is considered to be exposed to a
periodic succession of high irradiance followed by lower irradiance. This light
regime is more representative of real conditions in dense cultures of microalgae
where light is absorbed and scattered by the algae culture and cannot penetrate
deeply into the liquid medium (Stramski et al, 2002). As a consequence, cells
oscillate randomly between the surface layer at high irradiance and the deeper
layers at lower irradiance (Demory et al, 2018).

The aim of this paper is to go beyond the flashing light pattern to under-
stand how a high/low flashing light affects the growth rate of microalgae.
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To address this question, we reduce the Han model into only one differen-
tial equation. This simplification depends on the timescale of the period of
the high/low flashing light configuration. We differentiate two cases regarding
large and small timescales. Meanwhile, we provide an approximation of the
average growth rate for each case, and compare the solutions of the simplified
models with the exact solution of the system. With these simplified models, we
prove that the solution of this system, considering the high/low flashing light
configuration, converge to a periodical solution, and we study their properties.

We show that the average growth rate under a high/low flashing light
regime can be greater than the growth under constant light regime with the
same average irradiance. We also prove theoretically that for high frequencies
(or short period of the light pattern) the growth rate under the high/low
flashing light regime is equal to the growth rate under the constant light regime.
We consider the local optical depth concept defined in (Bernard and Lu, 2021)
for our analysis to condense the effect of the depth and biomass in the light
attenuation.

This paper is organized as follows. In Section 2, we present the growth
model and the light setting. In Section 3, we analyze what happen in the large
period approach which will be called Large-T model and how this case can
improve the growth rate comparing to the continuous light regime. In Section 4,
we study the small period approach called Small-T model, and we give an
interval in which the algae culture perceives the optimal light if we consider
the flashing light configuration. Section 5 justifies the approximations made in
the previous sections. Finally, in Section 6, we test numerically the results.

2 Description of the model
2.1 Han model

In the Han model (Han, 2002), reaction centers of PSII can take three states:
open or reactive (state A), closed or activated (state B) and inhibited (state
(). After absorbing photons, reaction centers move from state A to B at a rate
proportional to oI, where o is the effective cross section of the reaction center
and I is the irradiance. The minimal time required for an electron to transfer
from water on the donor side of PSII to terminal electron acceptors is called
turnover time and denoted by 7, so that 77! corresponds to the rate of state
B passing to state A. Excessive light absorption leads to photoinhibition of the
PSII (C state) at a rate kqol and has a recovery rate k,. Figure la presents
the relation between these three states. The dynamics of PSIIs at the three
states can be described by the following differential equations, which describe
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steady state following the Hal-
dane description given by (4)

the proportion of each state:

dA B
o _JoA+ =
dt At
dB B
— =IcA— — +k.C —kqolB, (1)
dt T
dC
— = —k, kqolB,
a C + kgo
and these three states satisfy:
A+B+C=1. (2)

Then system (1) is defined in the domain {(4, B,C) € [0,1]* : A+ B+C = 1},
which is well defined due to the fact that - (A+B+C) = 0. On the other hand,
growth rate u depends entirely on the irradiance that the algae perceived, and
it is proportional to Io A:
w=KolA, (3)

where K corresponds to the growth rate coefficient.

At steady state of system (1), the growth rate given by the Han model, for
a constant irradiance I can be computed explicitly by

Kol
ps(I)

= . 4
1+70l + %T(UI)2 (4)

This formulation corresponds to a Haldane description of the PI-curve account-
ing for photoinhibition. In Figure 1b, we present a generic form of the PI-curve
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with this description. The maximum of this function is given by

(6)

The details of the above computation and the link between (4) and the Haldane
description can be found for instance in (Lu, 2021, Proposition 1.2.1).

Using Equation (2), we can eliminate B to reduce the system (1) into two
equations:

G(@)-0a) (o aie) @) o

which can be also rewritten as

% (g) — (D) (é) +N(D),

NCETIN (2
M(I) T ( kdO'I kd0'1+k'r> ’ N(I) T (kdO'I ’ (8)

For every value of I € R™, the matrix —M (I) is Hurwitz (see Appendix A.5)
and invertible. Then M ~!(I)N is the only asymptotically stable equilibrium,
which can be computed explicitly by

(é) =M DN = +mf+1§gT(gf)2 (TZ;’(IJI)?> 7

with A*, C* the steady state of A, C. Using the definition of the growth rate (3),
one re-finds (4) by multiplying A* with Kol.

where

2.2 Light regimes and the two simplified models
2.2.1 Definitions

Let us consider two light regimes, namely the constant regime and the
high/low-flashing light regime. For the constant light regime, the reactor
receives a constant irradiance at the surface. For high /low-flashing light regime,
a periodic piece-wise constant irradiance (c.f. Figure 2) is applied at the reac-
tor surface. Let us denote by Ipnax (resp. Imin) the maximum (resp. minimum)
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irradiance and by n € (0,1) the duty cycle. We can then define the average
irradiance by

I, == nInax + (1 — 1) Imin. (9)
The reactor is assumed to be illuminated continuously with irradiance I, for
the constant light regime, whereas in the high/low light regime, we assume
that the reactor is exposed regularly between a high irradiance I,,x for nT
and a low irradiance I, for (1 —n)T'. See Figure 2.

Imax

~i

Tinin

0 nT T (14+n)T 2T 2+n)T 3T
Fig. 2: Tllustration of the two light regimes. The high/low regime (blue) in
which the function Iy has a period T and switches from I.x to Iy, for a
time nT and (1 — n)T respectively. The constant light regime (red) which is
considered as the weighted average between I, and Iin-

Depending on the scale of T', we study two cases: when T is small compared
with the Han model parameters 7, meaning that 7' < 7 (the order of magnitude
is milliseconds), we call this case Small-T model or high frequency model,
and when T is large, i.e. when T' > 1/k, (the order of magnitude is hours),
we refer this case as Large-T model or low frequency model. The reduction
methodology, depending on the light signal frequency, are now detailed.

2.2.2 Case I: Large-T model (low frequency model)

When light stays constant for a large enough time (we will justify later that
large enough relies on the value of 1/k;.), the dynamics of A reaches the steady
state much faster than C' (Hartmann et al, 2014). Then, it is possible to apply
a fast-slow approximation by using the perturbation theory (Khalil, 2002).
More precisely, we consider the slow manifold A = 1}‘;3‘1 (i.e. the pseudo
steady state of A) to reduce the dynamics into one single equation on the

photoinhibition state C:

dC
T = () +k)C +a(D), (10)

with (01)?
kat(ol
IHy=—". 11

o(1) 1+ 70l (11)
System (7) has slow-fast timescales due to the factor k4. For example,
Table 1 presents some parameter values in the literature (Grenier et al, 2020;
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Lamare et al, 2019), kg is on the order of 10~*. Then, the entries of the

following matrices:
ol +1 1 i
( ol ke al> and (d)

have values greater than 0.1 when considering an irradiance I in the order of
1000 gmol m~2s~1. The theory of slow/fast manifolds (Khalil, 2002) holds for
autonomous systems. Although our system is nonautonomous, we can apply
this principle to the system (7) in the interval (0,7T") considering constant
light equal to Iax and then considering the system with constant light Iy
in the interval (nT,T) since light do not affect the timescales of the system.
The periodic solution of this system is computed in Appendix A.1.

2.2.3 Case II: Small-T model (high frequency model)

When light varies very rapidly compared to the system dynamics, the dynamics
of the photoinhibition state C' stays approximately constant (Hartmann et al,
2014). Under the assumption that C is constant, we can then apply averaging
methods (Sanders et al, 2007) to simplify the system (7) into one equation on
the open state A:

dA 1 ky —kqolA
—=—(ol+=- A+ —F——— 12
at (U + T> kg T k) (12)

with I = % fOT I(t)dt and TA = fOT I(t)A(t)dt. The details of this deduction
and the solution of the system are described in Appendix A.2.

2.3 Accounting for the light gradient

Photobioreactors are illuminated at the surface and the light is attenuated
along the depth z due to the light absorption and scattering. The generalized
Beer-Lambert law is chosen for modelling this phenomenon:

I(y) = Ise7 Y. (13)
where y := ¢(X)z, is the so-called local optical depth (Bernard and Lu, 2021).
The vertical position is denoted by z. The light extinction coefficient £(X) > 0
depends on the concentration of the microalgae X. Local optical depth (dimen-
sionless) is a concept that integrates the attenuation of light due to pigment
absorption and scattering. At local optical depth y, the light perceived is the
fraction e~ ¥ of the irradiance at the bioreactor surface. The advantage of this
formulation is that it can integrate nonlinear effects of the extinction coefficient
due to multiscattering (Morel, 1988). The darkest reactor part is characterized
by a low remaining light, typically % < 0.1 which corresponds to the case
y > 2.3 (Bernard et al, 2015). Some of our results hold for small values of local
optical depth (meaning y < 1, where light extinction is lower than 36% ).
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Here, we assume that the algal biomass does not change at the considered
timescale. From the definition of light attenuation (13), we denote by Iy (y) =
Inaxe™Y (vesp. Ir,(y) = Imine™Y) the high irradiance (resp. the low irradiance)
at local optical depth y.

When illuminated by a constant irradiance I,), the irradiance perceived at
local optical depth y is given by In(y) = I,e”¥. By choosing I, as (9), we
guarantee that the continuous light regime and the high/low flashing light
regime provide the same amount of energy. Our objective is to compare the
average growth rate for these two systems.

2.4 Model limitations

This model does not represent all the mechanisms involved in the photosynthe-
sis, and how other factors such as temperature, pH or nutrients affect growth
rate. It assumes that growth rate is driven by the PSII dynamics. For the con-
sidered timescales (from mseconds to hours), the dynamics of Calvin’s cycle,
and especially through RubisCo is not considered as a limiting factor. The
pigment change as an acclimation mechanism to a varying light is also not
represented. However, it has been shown that for fast varying light signal, cells
acclimate to average irradiance (Combe et al, 2015), which is kept constant
along our study.

2.5 Exact asymptotic solution of the Han model

For any initial condition of the Han model states (A and C), we prove in
Lemma 2 that, for a periodic signal of light I, the solution of (7) converges
to the unique periodic solution. This property is used to focus on the asymp-
totic periodic solution for the two models. We define the asymptotic exact
T-averaged growth rate @' by

T
it (y) = %/0 p(y, t)dt, (14)

where p is defined in (3) and A is considered as the periodic solution of (1).
Using the definition of M in (8), let us denote My (y) = M(Iu(y)), Nu(y) =
Nu(Iu(y)), Mr(y) = M(IL(y)), No(y) = N(IL(y))-

Lemma 1 The system (7) under the periodic high/low light regime admits a unique
periodic solution (Ap, Cp).

The computations of this periodic solution are given in Appendix A.3.

Lemma 2 All solutions of (7) under the periodic high/low light regime converge to
the periodic solution.
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Proof Let (A,C)T a solution of (7) under high/low light regime and (Ap, Cp)T the
periodic solution of (7). Then ¢ := (A, C)T — (Ap, Cp)7 is a solution of the impulsive
differential equation

{é(t) = —M(t)E(t), for t # ty,
£(ty)

(ty) = &),
where
to =0,
b = { tr_1+n7T, if k %s odd,
tr_1+ (1 —n)T, if k is even,

is the sequence of discontinuities of the light function in the high/low regime and
M is defined in (8). Let us denote by Ap, Ay, the largest eigenvalues of the matrices
My and My, respectively. Note that top = k7. Our goal is to prove that for every
k € N we have

le@)l < e TN, V€ [tars tagrr)), (15)
where Ay, = nA g + (1 —n)AL. Since the matrix is constant in the intervals (tx, t541)
for every k, we have that

—tMpy i
f(t) — { € 5(0)7 fte [t07t1)7

e ML e=nTMue(0) if t € [t1, o).
This implies that
Hf(t)” { He_tMH“Hf( )H ifte [thtl):

e tMre=nTMu ||1£(0)|, if ¢ € [ty, ta],

and ||£(2)]| < [|£(0)|| for ¢ € [to,t2]. Now, suppose that (15) holds for k, let us prove
that this also holds for k + 1. Let t € [to(j4 1), ta(k+2)]; then

if ¢ € [tars1) to(kt1)+1)s
ft _ _ k+1)
® { tMLe "7§ MHE(tygp1)) 3 € [Eaghr1)+1, Ea(ksa))-
As E(ty(giny) = e ETMTML e TMir g (101) and € (tar)|| < e F4T|€(0)]], then

2+l = lle e 2%
e )| = [le” I TMe =T M g gy,

—TA
<e "€ (k)]
—(k+1)TA
< e DT g0y,
and we can conclude that

e = 4 e em BT )] if ¢ € [ta(hi1)s ta(ks) +1):
lle=tMr =T M o=(k+1)T Ay |1£(0)|| if ¢ € (to (s +17t2(k+2))

< e” T g(0)).
Finally, as (15) holds, taking & — oo we conclude that ||£(¢)|] — 0 as ¢ — co. O

Solving (7) in periodic case and using the definition of the growth rate (3),
it is possible to analytically compute the exact T-average growth rate in the
high /low-flashing light as
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_ Ko
it (y) = nps (T () + (L= mps(I(y) = —=0(y,T), (16)
where the function pg is defined in (4), § is the first component of the vector

1

A= {]H(y)]wgl(y) (Id _(;nTMH(y)) (Id _C*(1*77)TML(y)e*nTMH(y)) B (Id _(;(1*71)TML(y)

1
—I(y)M; () <Id _67(1’77)7—'1\411(?/) <Id _efnTMH(y)Ef(lfmTML(y>) (Id _677ITIWH(1I)>:|

(My' ()N (y) = M7 (v)NL()
(17)
with Id the identity matrix in R?2*2. The details of the computations are given
in A.4.

3 Study of Case I: Slowly varying irradiance

In this section, we present an analysis based on the growth rate calculated
using the large-T model. We show in particular that the average growth rate
can be greater than the values of the PI-curve derived from the Han model.
We give the conditions to get an enhanced average growth rate based on the
local convexity of the function ug.

3.1 Average growth rate and analysis

In large-T model, the growth rate can be derived from (3) as

p=KolA=(1-C)yI), (18)

with v(I) = 1{;‘_751 and C the periodic solution of (10). For a given local

optical depth y, the T-average growth rate for the high/low light regime can
be computed explicitly by

T
At(y) = ;/0 (. = s (T () + (1 — s (I () + 2821 D)

Tk, ’
(19)
with
(1= e @@ HEITO=) (1 — e~(an(w)+h)Tn)
Culy.n.T) = 1 — e (@) Th)TA—n)—(an () +k)Tn)
ag(y) ar(y)
= - I — us(T
)= (o i~ anty ) es W) = s (),

where « is defined in (11) and we extend the notation as ay(y) := a(Ix(y))
and ar(y) := a(IL(y)). The details of the computations are presented in A.1.
Let us denote by pk(y) the convex combination in (19):

14 (y) == nps(Ia(y) + (1 —n)us(IL(y)). (20)
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When T is large enough, we can approximate the T-average growth rate
by (20). Indeed, it is straightforward to see that 0 < (i(y,n,7) < 1 and

0< a((}gi)k < 1, therefore, one has
Ty oyl — |9 @ TG o rsUr(y) = ps(e )] _ Hmax
1 (y) — pd(y)| = Th < Th < Tho

where the last inequality is obtained by taking the maximum growth rate of
the Han model given by (5). This leads to the following result.

Theorem 1 For a large enough period T, for every local optical depth y > 0 we
have limp_, | ity = 1 (y). Furthermore, the convergence is uniformly in y and

n'(y) - ug(y)’ = O(1/T).

3.2 Enhancement of the growth rate

Growth rate in high/low light regime can be enhanced or reduced compared
to that of the constant light regime. More precisely, this relies on the local
convexity of the function pug with respect to the irradiance I. Depending on
the value of I, this can be either convex or concave. The next lemma clarifies
the critical value of the irradiance.

Lemma 3 There exists an irradiance I, for which pg is a strictly convex function in
(Ie, +00) and strictly concave in (0, Ic). This value only depends on the parameters
(kd7 kTy T, 0)7 i'e'a

% cos % arccos \/i ifr < 4%
o4/ 4T 2,/ & ™
I = kr hr (21)
2 1 VT . k
——=— cosh | 5 arccosh if 7> 474.
o\ (3 <2\/’Zi>> "

The proof is given in B. This lemma enables us to state the next theorem,
which is our main result. In this theorem, we provide conditions to enhance
the growth rate, meaning that the average growth rate calculated in (19) is
greater than the growth rate obtained for the continuous light regime I,,. Also,
Figure 5a illustrates in the curve pg the value of I. positioned on the right of

Topt.

Theorem 2 Let I defined by (21). For every couple (Imaz, Imin), such that Imaz >
Inin > Ic, there exists T > 0 and n € (0,1) such that

_T
i (0) > ps(In), (22)
where I’Y = NImaz + (1 - 77)Imin-
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Proof Setting y = 0 in (19) gives

AT (0) = mjas (Tamane) + (1 — s (i) + L Q2 TIC2(0).

Tky
Recall that
¢2(0) = (aHa(g)(i) er QL?OL)(? . ) (ks Iz (0)) = ps(I£(0))),
- (Oé(.?n(li;n)a:-) kr B Q(ZEIIB”;) ko ) (NS(]max) —HUs (Imin))~

In (I¢, +00) the function pg is decreasing, then pg(Imax) — ps(Imin) < 0. Moreover,

the function I — % is increasing, hence (2(0) < 0. On the other hand, one has
0< (0,7, T) <1 and 0< ;2 <1 for [ > 0. All together implies that

i (0) > nus(Imax) + (1 — 1) s (Imin) + 7o Tk (s (Imax) — p5(Imin)) - (23)

To conclude, we have to find T such that the right-hand side of (23) is greater than
ps(In) which is equivalent to the condition

L s (In) — nps (Imax) — (1 — n)ps (Imin) (24)

Tk»,« MS(Imax) ,US(Imin)
Since ug(I) is convex and decreasing on interval (I, +00), the right-hand side of (24)
is always positive. Therefore, a couple (T, 7n) verifying condition (24) will ensure the
inequality (22). This concludes the proof. a

For Inmax, Imin € (Is,+00) and y = 0 (i.e., at the surface), one can find a
period T and a duty cycle n such that the T-average growth rate under the
high /low light regime is greater than the constant average light regime. Based
on the condition (24), if 7 is near to 0 or 1 we need larger T, since the right-
hand side of the inequality approaches to zero in this case. This improvement
can also be valid for other choices of light (see Figure 5).

On the other hand, one can see that a condition between T and 7 is needed
to give an interpretation of this improvement in the growth rate. Assume that
the condition (24) holds for some T and 7. Since ps(I,) > ps(Imax), then one
has

1 NS(In) - U,US(ImaX) - (1 - n)/‘S(Imin)

<
Tkr o ,U/S'(Imax) — HUs (Imin)
< 15 (Imax) — Mts (Imax) — (1 — 0)pts (Imin)
o Hs (Imax) — HUs (Imin)
=1- m,
or, in other words, (1 —n)T . The time needed for recovering a damaged
1

reaction center is - and, (1 - n)T represents the time that the system is
exposed under the low light. Therefore, by con51der1ng the exposed time under
the low light which is larger than recovering time -, the average growth rate
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at the surface can be enhanced in the high/low light regime. Assuming T large
enough, we have the approximation

i (y) ~ pd(y). (25)

Then we can state the next theorem which will provide the optimal duty cycle
7n for enhancing the growth rate.

Theorem 3 For large T, choosing Imaz > Imin > Ic, at the top of the bioreactor,
there exists n € (0,1) which mazimize the difference between the average growth rate
in the high/low-flashing light regime, leading to a T-average growth rate larger than
the one in continuous light regime.

Proof Setting y = 0. In the limit case of the large-T model, we approximate the
average growth rate with (25). The optimum 7opt is defined as

Topt *= argmaXnNS(Imax) + (1 - n)ﬂS(]lllin) - MS(L7)7

n€(0,1)
which solution is such that
d ns (Ima.x) — KUs (Imin)
—us (L = 26
15 Uny) = M) RS Cmin), (26)
and the existence is ensured by the mean value theorem. (]

This optimal 7 is actually the one which is capable of achieving the maximal
difference between 1T (0) and ps(I,). Moreover, (26) can be rewritten as

k
+ —dT(JI

opt k TNopt
T

ol

Nopt

+ —7

)2 ? /‘S(L’nax) - ,U/S(Imin) kd (
KU(Imax - Imin) kr

0= |1+70l, )2 —1.

4 Study of Case II: fast varying light

In this section, we present the value of the T-average growth rate using the
Small-T model, meaning that 7" < 7. Recall that 7 is the time during which
one photon is processed in the PSU, thus T is in the order of milliseconds. We
prove that the average growth rate, in the limit, corresponds to pg(I,), then
we provide an analysis in the flashing light regime, and we define the optimal
local optical depth in this case.

4.1 Average growth rate

Recall that, by definition (14), the T-average growth rate can be computed by
pt =1 fOT KolIAdt = KoIA. Then "' is computed by

_ Kok, In(y)(1+ & (y)é2(y, T))
Ky + koo ln(y) + kar (o Ine(y))? + kaoTar ()61 (9)€a(y, T)

i (y) » (27)
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where
o(Iuly) — L) n(1 - )
SO =TT we )
2y, T) = (1 — e BrnT)(1 — e=FrWA=DT) pay (y) + (1 — n)BL(y) B
e T(1— e unT=pr@Q=T) 9l —n)Bu(y)frly)

Bu(y) == B(Iu(y)) and Br(y) := B(IL(y)). The details of the computation are
given in A.2. Since

(1 — e PunTy(1 — =BTy 51 —n)By(y)BL(y)

1% T = e BT BT~ Baly) + o(y)

one has limy_,0 & (y,T) = 0. This leads to the following result.

Theorem 4 For rapid light alternation, one has for every local optical depth y > 0
limp 0 27 (y) = ps (Inr ())-

In the limit, when 7" — 0, the growth rate of the high/low-flashing light
is the same as the growth rate at steady state of A (full light integration)
by considering the irradiance I,,. In this case, the algae perceives the average
irradiance for growing and there is no possible gain in growth rate compared
to continuous light.

4.2 Small-T flashing light

Flashing light corresponds to the particular case of the high/low-flashing light
when I,;, = 0. Based on our previous analysis, we present the local optical
depth at which the algae culture perceives the optimal irradiance for growing.

Assume that the approximation ' (y) &~ pus(I,(y)) holds. By Theorem 4,
the light perceived by the algae at local optical depth y is I,(y) = nlmaxe™Y.
In this case, we can give an explicit expression for the local optical depth
at which the algae culture perceives the optimal light, and consequently, the
depth where the optimal light is perceived. This expression depends on the
duty cycle n which, in practice, can be settled and then, we can select the local
optical depth in a certain range of values. We define the optimal local optical
depth as the local optical depth in which the average growth rate achieves the
maximum of the growth rate.

Lemma 4 Considering flashing light, let Imax the maximum irradiance provided at
the top of the bioreactor, n the duty cycle and o, kg, k-, 7 the parameters of the Han
model. The optimal local optical depth is given by

k
Yopt = In (ImaxU deTl> (28)

r
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Proof The growth rate, considering flashing light and the limit case of the small-T
model correspond to

ﬂT(y) = MS(n[maxe_y) = NS(Imaxe_(y_ln(n))).

Matching the value of the optimal light of the function pg given by (6) and the
growth rate calculated above, we obtain the equality

Tmaxe~ Yopt=Inm) L ,
o %7’
and isolating yopt we get the value (28). d

As 1 tends to zero, yops can take negative values. Negative values are mean-
ingless, the algae culture does not perceive the optimal light in this case and
all the culture is under the photo-limited condition. Hence, the choice of the
duty cycle n impacts productivity. For including the optimal light into the
culture, we have to consider the inequality

1
n>

Lnaxo Z—dT

Using the definition of I,p¢, this is equivalent to the condition:

Iopt

n=

5

ax

In conclusion, for every value of n in the range of [Iopt/Imax, 1) the optimal
light is perceived in the culture. By setting 1 = Iopt/Imax, the optimal light is
then perceived at the top of the culture.

Considering y = a Xz where, X is the concentration of the culture, z is the
depth and a is the light attenuation constant. Then, the depth at which the
culture perceives the optimal light intensity is given by

1 kq
Zopt = o In (Imaxa k;TTT]> .

So, as the concentration increase through time, z.p; decrease. One way to
counteract this effect is to increase the value of the duty cycle 7.

5 Study of Case III: the intermediate case

We analyzed the large and the small-T model, then gave the limit of the T-
averaged growth rate in Theorem 1 and Theorem 4 when T — +oo0 and T —
0 respectively. Meanwhile, we evaluated the T-average growth rate without
considering the simplified models given in (16) named as the asymptotic exact
growth rate. In this section, we show that the limits of (16) are the same as
the results in Theorem 1 and Theorem 4.
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Proposition 5 The ezact average growth rate (16) converges to ,ug as T — 400
and it also converges to ug(Ins) when T — 0.

Proof Let us first prove that if T — +o00, then ﬂT given by (16) converges to ,ug.
The eigenvalues of the matrices My and Mj, are positive (see Appendix A.5) and
then, the exponential matrices

e 1T Mu(y) —(1=m)TMr(y)

and e

converge to the zero matrix as T' — +oo for every local optical depth y. Thus,

L A= [T @)My )~ @M )] (Mg 0)Nm ()~ M7 @NL)

where A is defined in (17). From the exact growth rate given by (16), we can also
conclude that
v) =nps(Tu () + (1= n)ps(IL(Y) = n(v),

which is the result of Theorem 1. Now, for the other case, we have that

. A _ _ _
Jim o = n(1=n)My Y) Ta ()M ()~ 1 Mu () (Mg ()N (v) =Mz () No (),
where My (y) = nMg(y) + (1 —n)Mp(y). We can manipulate this term and get that

. A _ _ _
Jim == My [<1y Ny + 0l My My Nog + (1= I My My N ()

= ~In(y) My () Nn(y) + nlu )My (V)N (y) + (1= )ILML (G)NL ().
Replacing this limit in (16), we conclude that

Jim it (y) = ps(In()).

This corroborates the behavior of the mean of the growth rate in the large-T and
small-T models. O

6 Illustration with simulation studies

6.1 Parameter settings

The Han model parameters in literature are different depending on the
authors and the studied species. Here we consider the values taken from three
studies (Grenier et al, 2020; Lamare et al, 2019) and present in Table 1.

In this section, we provide some numerical tests to illustrate the two
approximations and the exact solution of the Han system.

6.2 Quality of the approximated solution

First, we illustrate the difference between the two approximations and the
exact solution. In Figure 3 the solution of A and C is plotted for T = 0.5s
and T = 3600s. For the small-T model, 0.5s is considered. The large-T model
is then a non-accurate approximation. As for T' = 3600s we need to drop the
assumption of C' constant. In this case, the small-T model is far from the real
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Parameter Symbol | (Grenier et al, 2020) | (Lamare et al, 2019) Unit
Recovery Ey 6.8-10~3 4.8-10—4 51
rate
Damage ky 2.99.10~4 2.99.10—4 -
rate
Turnover T 0.25 6.8493 s
time
Bffective o 0.047 0.0029 m? pmol—1
cross-section
Growth rate K 8.7-10-6 3.6467 - 10— -
coefficient
Optimal I 202.93 166.94 mol m—2s~1
light opt : : pro S
Critical 9.1
light I. 414.29 356.24 pmolm™=s
Table 1: Parameter values for Han Model.
1.0 1.0
0.8 0.8] rerererernanny
O C e ——————
0.6 06 :
0.4 0.4] :
0.2 0.2
A | PULEEe e ——— A | I" """"""
00T ==T"%2 03 04 05 0.0 5555 1000 1500 2000 2500 3000 3500
Time (s) Time (s)
(a) T =0.5s (b) T = 3600s

Fig. 3: Comparison of the two modelling approximations with the exact
solution of the states of the Han model. The state A and C' of the exact
solutions (7) (continuous yellow line), of the small-T model (12) (segmented
blue line) and of the large-T model (10) (segmented red line) are provided for
Tnax = 2000 ,umolrrf2 s Imin = 300 Mmolm’2 s71, n =04, y =0 and four
different values of T

solution. We observe that A and C' change between two values, these values
correspond to the steady states considering I,.x and Iy

As expected, one can see that (12) provides a good approximation for small
period (in this case for T'=0.5s) and (10) provides a good approximation for
large period (T = 3600s). On the other hand, the quality of the approximation
depends on the time period T
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6.3 Connection between Case I and Case I1

Here we study the connection of the average growth rate between the one
obtained from the large-T model (10), the small-T model (12) and the exact
model (7). More precisely, we compute the T-average growth rate at the surface
T (0) by varying the period T' from T = 0.01s to T = 36000s, and the
results are shown in Figure 4a. As T" — 0 the average growth rate converges
to the value ug(I,(0), whereas ¥ — p,(0) when T — 4o00. Moreover, the
inequality (22) holds for T' >= 174 s as shown in Figure 4a, which is not the
case in Figure 4b. Note that the time needed to process a photon (7) and the
time needed to recover a reaction center (1/k,) are also given in Figure 4.

Small Period For T € (0,7] Small-T model gives a good approximation. As
the light change in a timescale lower than the time of processing photons, in
this case, the algae perceives the average of the light (i.e, I,, at the top).
Transition Period For T € (T, %) the small period started to fail, and consider
the large-T model is more accurate.

Large Period For T € [k—lT, oo) Large-T model fits. If a high light is combined
with a low light, then some damaged reaction centers can be recovered, and
we can get an improvement of the T-average growth rate compared to the
continuous light regime.

6.4 Improvement of the growth rate

As shown in Theorem 2, there exists an improvement in the growth rate when
the irradiance Iy and I, are greater than the value of I, as the case presented
in Figure 5a. Unfortunately, the irradiance decreases when the local optical
depth increases breaking the condition Iy, I; > I., and then, the improve-
ment is no longer perceived. In Figure 5d, the T-average growth rate (black
curve) is plotted as a function of the local optical depth, and it has greater
values than the PI-curve of the Han model (blue curve). This means that the
improvement perceived at the surface are still true when going deeper in the
culture, but for larger values of y the T-average growth rate is smaller than
the blue curve. Roughly speaking, this improvement is perceived in the section
of the bioreactor receiving strong irradiance that inhibits photosynthesis.

It is possible to relax the condition I ax > Imin > I in Theorem 2. For
example, let us fix I > I, and Iy, < I, as is shown in Figure 5b, for
the two different values of the duty cycle n; and 79, the average growth rate
is denoted p?' and p? respectively. In this case, the average growth rate
considering the duty cycle 7y is greater than the growth rate in continuous
light with the same average light pg([,,), but for the duty cycle n; the growth
rate is lower than with the continuous light. If we consider, for example, the
parameters of Grenier et al (2020) where I, = 202.93 (umolm=2s7!) (see
Table 1), Inax = 2000 (upmolm~2s71), I, = 100 (umolm—2s~1). For n; the
growth rate in continuous light regime is 13.7% larger than the average growth
rate, and, for 7 it is 12.5% smaller.
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Fig. 4: The exact average growth rate (16) (continuous yellow line), the aver-
age growth rate of the large-T model (19) (segmented red line) and the average
growth rate of the small-T model (27) (segmented blue line). The period T is
plotted in log scale. In this case n = 0.5

On the other hand, some selections for I,y can only give lower values
of the T-average growth rate comparing with the Pl-curve as we can see in
Figure 5c. In this case, every selection of n provides a T-average growth rate
lower than the PI-curve.

Figure 6 summarizes the behavior of the two models representing the sim-
plifications of Case I and Case II. The exact growth rate is plotted in the form
of a polygon. We can see that, for greater values of T', the exact growth rate
coincides with the T-averaged growth rate of the large-T model. In this case,
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(a) Diagram of the Theorem 2 in
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Ic. In this configuration, for each n €
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(b) When Iy, < Ie, we can still
improve the average growth rate for
some values of 7. In this case, u&' >
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(d) The green area represents all the
possible values for ,ug if we vary the
local optical depth and 7 for a given
Imax and I,;,. The black line corre-
spond to the values of ug for a fixed
value of 7.

Fig. 5: Illustration of Theorem 2, where approximation i} ~ we holds for

different combinations of Iiyax, Imin and 7.

the hypotheses of Theorem 2 are satisfied. The red polygon corresponds to the
surface of the bioreactor (y = 0) where the curve of the T-average growth rate
of the large-T model is greater to the T-average growth rate of the small-T
model due to Theorem 2. Note that in the small-T model, the average growth
rate matches pg(l,), which corresponds to the continuous light regime with
the same average irradiance. As y becomes larger, the growth rate for Case
I is lower than for the constant light regime, as shown in the green and blue

polygon.
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2
Opr:
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Dl‘h (‘) 5 6 1072

Fig. 6: Average growth rate as a function of period T for four different local
optical depths. We set I, = 2000 pmolm~2s™1, I, = 500 umolm~2s71,
7 = 0.5. Average growth rate in the case II for small-T model (blue curve) and
in the Case I for large-T model (red curve). For small values of the time we
plotted in the continuous line the small-T model and analogous for the larger

values of T.

7 Perspectives

Most of our computations are still valid if the acclimation is modelled as a
variation of the cross-section ¢ as a fixed parameter, for example, in the model
of (Nikolaou et al, 2016), o is a function of the chlorophyll content, conse-
quently, the value of A varies depending on the light at which the microalgae
is acclimated. Then, in order to adapt our calculations, the parameter o must
change and be fixed in advance. Finally, two different light regimes can be com-
pared changing the value of ¢. On the other hand, Microalgae are subjected to
stochastic changes in the light regime that they perceive due to the mixing of
the bioreactor. Although, we do not consider mixing in the computations, our
calculations could be extended if a simplification of the hydrodynamic is con-
sidered. For example, a continuously illuminated bioreactor could be divided
in two sections: a thin layer close to the illuminated surface and another layer
photolimited. Both layers would be associated with a characteristic light inten-
sity, then, assuming we know the fraction of time that the algae spend in each
layer, the computations of the average growth rate can be used. This approach
was already considered with a similar model in ' Wu and Merchuk (2001), but
considering that the irradiance in the photolimited layer is zero.

8 Conclusions

We analyze the T-averaged growth rate in the high/low flashing light config-
uration in two simplified cases: for large period T and small period T'. In the
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small-T model, we can simply approximate the T-average growth rate by con-
sidering pug(nly + (1 —n)I1), and for the large period T, we can approximate
the T-average growth rate by considering nus(Im) + (1 — n)ps(Ir). In terms
of growth rate, there is no distinction between the constant regime with light
I, and switching the light quickly between Ip and Iy in the time 57T and
(1 — )T respectively. In contrast, in the large-T model, we can improve the
growth rate if we consider a low local optical depth. In this case, combining
a high inhibiting irradiance and a lower irradiance with a period greater than
1/k, (in the range of hours) in average, the growth rate will be higher than
the one considering continuous light regime with the same average irradiance.
Although, for higher local optical depth, the growth rate is lower than the
constant light regime.
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innovation program under the Marie Sklodowska-Curie grant agreement No.
955520

Appendix A Analytical Computations
A.1 Case I: Large period T

For large period case, the evolution system (7) can be approximated by (10)
which can be solved explicitly for a constant irradiance I as

a(I(y)) ~(a(I( -
— ) (e (@I(y)tkr)t (a(I(y))+kr)t )
C(y,t) all(y)) + kr( e )+e C(y,0), te€(0,7)

Moreover, the system is assumed to be periodic (i.e. C(y,0) = C(y,T)).
For the constant light regime Ip/(y), one has C(y,t) = %, Vit e
[0,T]. Using (18), the T-average growth rate is given by (1 — C)y(Iy(y)) =

Koln(y) o . . .
rroTa ()t i e s (Ias(y)). For the high/low light regime, one has

a(Hg'i)k (1 — e~ (an@)+k)t) 4 o=(an@)+ktC(y, 0) te (0,n7)
Cly:t) = ¢ “aily) - - (on ) ’
oL (1 — e~ (LRI E=T)) 4 o=(aL@HRI DOy, nT), t € (T, T)

Using the periodic border condition of C, one has

o (y) _ (o, (¥)+kr)T(1—7) —(ar (¥)+km)T(1—n) o) _ o —(ag (¥ +ke) T
C( O) — ar (y)+kr (1 € Lt " ' )+€ Lt ! ' o (y)+kr (1 € i ! l)
Y, 1—e (e Wtk )TA—n)—(ag (W) +kr)Tn
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For a given local optical depth y, the T-average growth rate is given by
T e
i (y) =f/ p(y, t)dt
0

nT T
—T(/O u(y,t)dt+/nT pu(y, t)dt)

) vH () Ky +(1-n) YL (y)kr

ap(y) + kr ar(y) + kr
V1 () < amly) C(y,0)> (1 B e—«m(ymrwn)

T(apg(y)+ k) \ag(y) + k.

7L(y) orly) _ o~ (an () k)T (1)
T(any) + k) (aL(y) i Tm) (1 ’ )
Gly,n, T)ea(y)

=nus(Iu(y)) + (1 —n)ps(IL(y) + Th ,

where vy (y) := v(Ia(y)) and v£(y) = v(IL(y))-

A.2 Case II: Small period T

For small period case, the dynamics of C is negligible (i.e. C is a constant).
Integrating (7) from 0 to T gives

T T T T
0:/ Cdt = fkTTC’fdeC/ Idt+kda/ Idtfkda/ TAdt.
0 0 0 0

Let us denote by I := & [T 1dt and by TA := L [T I Adt, then one finds the

constant value for C' as o
o - kgo(I —TA)

_ . Al
kdal + kr ( )
For high/low light regime, one has
—Bu(y)t 1=C (1 _ o—Bu)t
Aly.t) = e Bt A(0) + Bty L Ce CACHOR t € 10,07,
) 67ﬁL(y)(t*nT)A(77T) + T};’;(y) (1— (;ﬁL(y)(t*nT))7 t e [nT,T).

The periodicity on A gives

e‘ﬁL(y)(l_”)TTéT(c)(l — e PulynTy 4 1=C (] _ o=Br(y)(1-nT)

_ Yy T6L(y)
Ay, 0) = 1 — e Pr)A—mT—Bu(y)nT
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On the other hand, the average of IA can be computed by

nT T
TIA :/O Iy (y)A(y, t)dt + /nT I (y)A(y, t)dt
1 — ¢ BulynT 1-C 1 — ¢ BualynT
=A(y, O)IH(Z/)T@) + IH(Z/)T’T@)(WT - T(y))
n ) )1 — e Bly)A1—n)T I )i((l T
AW n DIy Br(y) L T6L(y) K
1— e Be@-nT
- Br(y)
1 — e BalnT 1—-C 1 — ¢ BulynT
A Gy Y T T e
o~ Br ()T 1-C | —Buwnr 1— e et
+ A0+ N —505
1—-C 1 — ¢ Bey)@-—mT
Hul) g (=T - —7575
__Aw,0) _ o—BunT o—Br )T
= BB (Tu(y)BL(y)(1 )+ 1L(y)Bu(y) (1
_ P -n)T 1-c
)) + TﬂH (y)BL <y) (IH (y)BL (y)ﬁT
TP = W)+ e (1) ()3 ()1

— e PrnTy (1 — e~ BLA=mT) _ 1 (4) B (y)2 (1 — e PrnT)

- IL(y)BH(y)Q(l — eiﬁL(y)(lfn)T))
1-C 1 )
T B2 Bu (y)? 1 — e BT —BrynT (Im(y)Br(y)*(1
— e PuWnTy2,—Bry)A-mT IL(y)ﬁL(y)ﬁH(y)e—ﬁL(y)(l—n)T_ﬁH(y)nT(1

)
— e ATy _ o= BrWO=T) 4 14 ()8 (y)Bu(y)(1
— e PrnTy (1 — e=BrWA=mT) L [} (3) By (y)2e PrnT (1

— e WO L 1 () B (1) Br(y) (1 — e P11
— e PrWU=TY () _ o=BrWA=T =BTy _ I (4) 8, (y)2(1
— e ATy _ =AW =mT=Bu(nTy _ 1} (1) By (y)?(1
— e—ﬁL(y)(l—n)T)(l — e—BL(y)(l—n)T—By(y)nT>)
1-C

+ m(IH(y),@L(y)nT + I (y)Br (y)(1 — n)T).

To simplify the notations, let us denote by a:=—(0Ilnax + = )nT and by ¢ :=
—(0Imin + £)(1 =n)T, then A(0) = m e (Bre’(1—e*) + Br(1—¢))
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and the previous computation can be written as (we omitted the dependence
ony)
1—e® 1-C 1—e® 1—¢f

TIA=A(0)Ig e +1Ig " (nT — e )+ e*A(0)1L, 5y
)

1-C 1—¢ 1-C 1—¢
1—e%)I +1 1—nT —
TﬂH( ey, L ((T=m) i

ﬂL TﬁL
;jg) (IgBu(l —e®) + I Bret(1 —e')) + p /? (IuBinT +IBa(1 —n)T)

62 52 (ILﬁHﬁL(l —e )(1 — ei) — IHﬁL(l —e ) — ILﬁ?{(l — 67))

:ﬁ_ﬂcz T (IR 6 T fre (1 o)1 )
H

+ IHﬂHﬂL(l — € )(1 - ei) + ILB?{ea(l - ei)z + IL/BHBL(l - ea)(l - 61)(1 — ea+i)

— T2 =€) (1 — ) — [ 8% (1 — ') (1 — e211)) + :ﬂ;ﬁi (IgBnT + ILBu(1 —n)T)
1-C 1

TﬂHﬂz ea+z ([Hﬂi(l — e“)(ei — 1) + IHﬁ%(ea — 1)(1 — ei) + IHﬁLﬁL(l — e“)(l — Ei)

+ [HﬂLﬁL(l — e )(1 — CL))

5 Br
—C (1—e)(1—¢
:TﬁLﬁL( 167)e(n,+11 i ) (IHﬁLﬁL +IgBLBrL — IHﬁ% — IHB%)

b InbuT + Infu(1 = )T)

1-C (1—e?)(1—¢
e O D st 5 - )+

+

(IHﬂLUT +IuBr(1-n)T)

%(IHBL’I]T =+ I]]ﬁL(l — ’r])T)A

By using the definition of IH, IHyBL; 5L, one has (IHﬂL — IHﬂL)(ﬂL — BL)
2 (Imax — Imin)? and I BT + 1y Br(1 =0T = (2L + 0L naxmin) T- Replacing
C by (Al) in the previous equation gives

. kdam + k.
- 7B2B% (kaol, + k)

_ I
TIA (A(y, T) Z (Imax - Imin)2 + (777 + UImaxImin)ﬁLﬁLT),

where §(y, T) = % In other words

A(y,T) o 2 I
kr (TﬁiﬁL ?(Irnax - Imin) + 77] + UImaxImin)

TA = )
TﬁL/BL(kdUIn + k ) k U(;‘jé}i;) :(Imax - Imin)2 + 1777 + UImaanin)

We have that

Ay, T)(A + 7oly(y))

O = W rolu () (L + rol ()@ — 1)

—1lasT — 0,
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and we can manipulate the value A to get

rrerboaree (*BLBL) +(© = Vro(ly — In)*n(1 - )
kr + kdO'In — kdo’(l-ﬁ-Tc’{W (TQBLBL) + (C"‘) — 1)TU(IL — IH)Q’I'}(l - T]),

TA =

and rearranging this last equality, we get

Kok, In(y) (1 + & (y)&2(y, T))

" ’ , (A2
B (y) ke + kerolne(y) + kam (oI (y))” + kao I ()€1 (y)€2(y, T) (A2)
where
&y) = o (Iu(y) - Ir(y) *n(1 — n)

7Bu(y)BL(y) ’

7 (1- e—BH(y)nT)(l _ e—BL(y)(l—n)T) nBu(y) + (1 —n)BL(y)
&y, T) = T(1 — e BrInT—Br)(1-n)T) n(1—nBu()Brly)

A.3 Proof of Lemma 1
We split equation (7) into the high/low-flashing light configuration

3 (o) = =aut) (204 + Nuto). it e <,
o égg =—Mc(y) (éEZZ 2) + Np(y), if t > nT.

One can solve this system by using the variation of parameters method and get

Aly. 1)\ _ _o—tMu(y) -1 —tMu(y) (AW, 0) .
Cly,t)) (Id —e= M @) My (y)Nu(y) +e M C(y,0)) if t <nT,
AW )\ _ (14 e~ (-nm)ML @)y gyt (M) (Al nT)Y
Cly.t)) ~ (1d e L) M (y)NL(y) + e SO o)) > T

where Id denotes the identity matrix in R?*2. Imposing then periodic condi-
tions, i.e, (A(y,0),C(y,0)) = (A(y,T),C(y,T)), one can evaluate the values
of (A(y,0),C(y,0)) and (A(y,nT), C(y,nT)):
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(A(y’ ”T)) = (Id —e”’TMH(y)> M (y)Nr (y) + "MW (A(y’ O)> ,

Cly,nT) C(y,0)
(A3)
AW, 0)\ _ (11 —(=)TML)) 1/-1 —(-mTML(y) [ Aly,nT)
(C(y’0)> - (Id e—(1=n y)ML ()N (y) + eI (C 0T
(A4)
Replacing finally (A4) in (A3) and vice versa, we obtain
A, nT)\ _ (14 —e=nTMu(w) g~ (1-mTMLw))
<C(y,nT) a <Id ‘ ‘ )
. [(Id fe*nTMH(y)) Mz (y)Nu(y) (A5)

+ e "TMu(y) (Id _e_(l_"?)TML(y)) Mgl(y)NL(y)] ,

(A(ya 0)) _ (Id _e—(l—"])TML (y)e—nTMH(y)> B

. [(Id _e—(l—n)TML(y)) M (y)NL(y) (A6)

e (T ) (Id _efnTMHw)) My (y)Nu(y)| -

The inverse matrix (Id — e~ "TMue=(1=MTML) exists because the matrix
e 1TMu o=(1=mTMvL hag no eigenvalue equal to 1. The solution founded it is
then unique.

A.4 Exact growth rate

To calculate the T-average of the growth rate,
we calculate the integral fOT I(y,t)(A(y,t), C(y,t))dt:
! Ay, 1) Ay, 1) " (A
/[} 1(y,t) <C(y, )> dfle(y)/O <C(y )> derIL(y)‘/"T <C(y,t)> dt
=TI (y) My (y) N (y)

= 0 (9= 00) gt (G
+ I (y)(1 = n)TM (y)Ne(y)

— L(y)M7 (y) (1 e~ O THW) [M;l(y)NL(y) - (SEZZW
(A7)

Using (A5) we can compute

M N - (G0
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-1
= M; ' (y)Nr(y) — (Id _e—nTMH(y)e—(l—n)TML(y))

[ (1= MO ) M () N ()
+ e~ Mu(y) (Id fe*“*”)TML(y)) Mil(y)NL(y)}

(Id e~ 1TMu(y) o —(1-m)T My <y>) B
. [(Id —e MW MY (y) N (y) — (Id —e "M W) M (y) Na(y)
— ="M W) (Iq —e=(1=MTMr W) A1 =1 ()N, (y)}

= (1d =MW QT ) IR ORA
— e MTMu () e=(=mTMLW) N1 ()N (y) — Mg (y) N (y)
+ e‘"TMH(y)Mgl(y)NH(y) _ e_"TMH(y)MEI(y)NL (y)
e enT M (y) o= (1=)TMw(y) pr-1 NL(y)}
_ (Id e~ T M (y) ,—(1-m)T My (y)) - [(Id 767"7TMH(9))M51 ()N (y)
—(1d —e—”TMH@)Mgl(y)NH(y)}
_ (Id =T M () g—(1=m)T My (y)) -

(Id —e= "MWy (M (y) N (y) — Mg (y)Nu ().

In the same way, using (A6) we can get

—1
M;Il(y)NH(y) — <éEZ’ 8%) = (Id _e*(lf'l)TML(y)e*nTMH(y)) (1d _e*(lﬂi)TML(y))
(My'Nu(y) — My "N (y))-

Replacing  the  above  calculations on (A7), we  have

T
100 (B0 = AT )M )N ) + (= TR ME )N + A,
(A8)

where
= [ ) (10 -0 (12t )™ (1)

—IL(y)M; (y) (Id ,efufn)mm,y) (Id ,e—nTMH<y>e—<1—n>TML<y)) o (Id ,e—nTMH<y>)}

“(Mg'(y)Nu(y) — M7 (y)No(y)) -
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Finally, the average growth rate % fOT Kol Adt is proportional to the first
coordinate of (A8) multiplied by % Denote 6 the first coordinate of A and
note that

v

Mﬁl(y)NH(y) _ de(O—IH(’TZ'JI)ClQ(;—[;]E;C)T)IQH(y) + k- ’ (A9)

Tka(clg(y))? + hkroln(y) + kr
k,

M ) Noy) = | TRETRGS E b R (a0

Tha(oIr(y))? + TheoIp(y) + k.

where the first coordinate in (A9) and (A10) multiplied by Ko is exactly
ws(Ia(y)) and ps(IL(y)) respectively. So, the T-average of the growth rate is

Ko

i (y) = nps(Ia (y) + (L= n)ps(L(y)) — =0y, 7). (A11)

A.5 Eigenvalues of matrix M

We will condense the analysis of the eigenvalues of My and My, in the matrix

UI‘F% 1 )

T

M) = < kool kol + ky

Denoting A1 and A, the eigenvalues, then we have
Te(MI) =M+ =0l + % + kqol + k,, (A12)
Det(M(I)) = M = kq(oD)?* + kol + ]% (A13)

From (A13), A; and Ay has the same sign, and since (A12) holds, the two
eigenvalues are positive.

Appendix B Proof of Lemma 3

The second derivative of the function pug can be computed as

d2 2Ko [TU + %7'02[ (3 — %70212”
aprst) ==

)

3
(1 + 70l + %7(01)2>

and it is zero in the point I, which satisfies
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k ? k
(k:TO'Q> I — Bk—jnf?fc —70=0.

This is a depressed cubic equation, where the determinant correspond to

1 ! 1 ’
A=l o =4 g
KTU ETO—
where if A <0 all the roots are real. Note that

A§O<:>T§4%.

In this case, the solutions are given by (Zwillinger, 2018):

0 0+ 2 0+ 4
lcos—, lcos + ﬂ, and [cos +am
3 3
where
l= , and 6 = arccos VT .
o Z—‘jT 2 Z—‘Tl

From the three possible solutions, only [ cos g is positive due to 6/3 € (0,7/6).
In the case that A > 0 then the real solution can be written as (Holmes, 2002)

\/7?

ka
2\ 1

1
{cosh | = arccosh
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