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The transport and optical properties of semiconducting transition metal dichalcogenides around room temperature are dictated by electron-phonon scattering mechanisms within a complex, spin-textured and multi-valley electronic landscape. The relative positions of the valleys are critical, yet they are sensitive to external parameters and very difficult to determine directly. We propose a first-principle model as a function valley positions to calculate carrier mobility and Kerr rotation angles. The model brings valuable insights, as well as quantitative predictions of macroscopic properties for a wide range of carrier density. The doping-dependant mobility displays a characteristic peak, the height depending on the position of the valleys. The Kerr rotation signal is enhanced when same spin-valleys are aligned, and quenched when opposite spin-valleys are populated. We provide guidelines to optimize these quantities with respect to experimental parameters, as well as the theoretical support for in situ characterization of the valley positions.

Introduction

Semiconducting transition-metal dichalcogenides (TMDs) hold center stage in the flatland. [START_REF] Manzeli | 2D Transition Metal Dichalcogenides[END_REF] They are among the most intensely studied 2D materials, along with graphene and boron nitride. TMDs display extremely rich physics that have been explored via their optical [START_REF] Xu | Spin and Pseudospins in Layered Transition Metal Dichalcogenides[END_REF][START_REF] Xiao | Coupled Spin and Valley Physics in Monolayers of MoS 2 and Other Group-VI Dichalcogenides[END_REF][START_REF] Gmitra | Graphene on Transition-Metal Dichalcogenides: A Platform for Proximity Spin-Orbit Physics and Optospintronics[END_REF][START_REF] Dey | Gate-Controlled Spin-Valley Locking of Resident Carriers in WSe 2 Monolayers[END_REF][START_REF] Jin | Imaging of Pure Spin-Valley Diffusion Current in WS2-WSe2 Heterostructures[END_REF][START_REF] Kim | Observation of Ultralong Valley Lifetime in WSe2/MoS2 Heterostructures[END_REF] and charge/spin transport properties, [START_REF] Wang | Electronics and Optoelectronics of Two-Dimensional Transition Metal Dichalcogenides[END_REF][START_REF] Chu | Charge Transport in Ion-Gated Mono-, Bi-and Trilayer MoS2 Field Effect Transistors[END_REF][START_REF] Yan | Two Dimensional Transition Metal Dichalcogenides[END_REF] most often as a function of electrostatic doping. [START_REF] Braga | [END_REF][START_REF] Gutiérrez-Lezama | Ionic Gate Spectroscopy of 2D Semiconductors[END_REF][START_REF] Velický | Electrolyte versus Dielectric Gating of Two-Dimensional Materials[END_REF] For example, one observes: high mobility; [START_REF] Radisavljevic | Single-Layer MoS2 Transistors[END_REF][START_REF] Radisavljevic | Mobility Engineering and a Metal-Insulator Transition in Monolayer MoS2[END_REF][START_REF] Kim | High-Mobility and Low-Power Thin-Film Transistors Based on Multilayer MoS2 Crystals[END_REF][START_REF] Lembke | Breakdown of High-Performance Monolayer MoS 2 Transistors[END_REF][START_REF] Ovchinnikov | Electrical Transport Properties of Single-Layer WS 2[END_REF][START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF] ambipolar behavior; [START_REF] Zhang | Ambipolar MoS 2 Thin Flake Transistors[END_REF] insulatormetal-superconductor transitions; [START_REF] Baugher | Intrinsic Electronic Transport Properties of High-Quality Monolayer and Bilayer MoS 2[END_REF][START_REF] Jo | Electrostatically Induced Superconductivity at the Surface of WS2[END_REF][START_REF] Costanzo | Gate-Induced Superconductivity in Atomically Thin MoS2 Crystals[END_REF][START_REF] Piatti | Multi-Valley Superconductivity in Ion-Gated MoS 2 Layers[END_REF][START_REF] Li | Controlling Many-Body States by the Electric-Field Effect in a Two-Dimensional Material[END_REF] valley Hall effect; [START_REF] Mak | The Valley Hall Effect in MoS 2 Transistors[END_REF] and a variety of bright and spinor momentum-dark excitons. [START_REF] Echeverry | Splitting between Bright and Dark Excitons in Transition Metal Dichalcogenide Monolayers[END_REF][START_REF] Robert | Fine Structure and Lifetime of Dark Excitons in Transition Metal Dichalcogenide Monolayers[END_REF] This rich physics can be linked to a multivalley band structure and a polarized spin texture coming from strong spin-orbit interactions. [START_REF] Xu | Spin and Pseudospins in Layered Transition Metal Dichalcogenides[END_REF][START_REF] Xiao | Coupled Spin and Valley Physics in Monolayers of MoS 2 and Other Group-VI Dichalcogenides[END_REF] The strong and sometimes un-explained variations of macroscopic observables as a function of external parameters (strain, doping...) reflect the scattering of electrons within this complex electronic structure. The intrinsic scattering coming from electron-phonon interactions (EPIs) is especially relevant at room temperature.

The relative position of the different valleys (at different momenta and with different spins), which we call "valley profile" hereafter, dictates which valleys are occupied and/or available for scattering at different doping levels or optical excitation energies. The valley profile naturally emerges as a key parameter in the optoelectronic properties of TMDs. [START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF][START_REF] Kormányos | Theory for Two-Dimensional Transition Metal Dichalcogenide Semiconductors. 2D Materials[END_REF][START_REF] Yuan | Evolution of the Valley Position in Bulk Transition-Metal Chalcogenides and Their Monolayer Limit[END_REF][START_REF] Sohier | Mobility of 2D Materials from First Principles in an Accurate and Automated Framework[END_REF][START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF] Our understanding of TMD physics is then challenged by the strong variations of this parameter across different TMDs, or even the same TMDs in different experimental or simulation setups. For the latter, one notes the variability of valley profile in ab initio works, [START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF][START_REF] Sohier | Mobility of 2D Materials from First Principles in an Accurate and Automated Framework[END_REF][START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF][START_REF] Kaasbjerg | Phonon-Limited Mobility in n-Type Single-Layer MoS 2 from First Principles[END_REF][START_REF] Kaasbjerg | Acoustic Phonon Limited Mobility in Two-Dimensional Semiconductors: Deformation Potential and Piezoelectric Scattering in Monolayer MoS 2 from First Principles[END_REF][START_REF] Li | Intrinsic Electrical Transport Properties of Monolayer Silicene and MoS2 from First Principles[END_REF][START_REF] Jin | Intrinsic Transport Properties of Electrons and Holes in Monolayer Transition-Metal Dichalcogenides[END_REF][START_REF] Li | Electrical Transport Limited by Electron-Phonon Coupling from Boltzmann Transport Equation: An Ab Initio Study of Si, Al, and MoS 2[END_REF][START_REF] Brumme | First-Principles Theory of Field-Effect Doping in Transition-Metal Dichalcogenides: Structural Properties[END_REF][START_REF] Gunst | First-Principles Method for Electron-Phonon Coupling and Electron Mobility: Applications to Two-Dimensional Materials[END_REF][START_REF] Gaddemane | Limitations of Ab Initio Methods to Predict the Electronic-Transport Properties of Two-Dimensional Semiconductors: The Computational Example of 2H-phase Transition Metal Dichalcogenides[END_REF] highlighting a sensitivity to many factors including the exact structure, the pseudo-potentials, the exchange correlation density functional, the inclusion and type of van der Waals correction, the level of theory, etc... This variability is physical, and also observed in experiments: while measurements of the conduction band profile are difficult and rare, [START_REF] Zhang | Probing Critical Point Energies of Transition Metal Dichalcogenides: Surprising Indirect Gap of Single Layer WSe2[END_REF] values for valence band can be found more easily, [START_REF] Kormányos | Theory for Two-Dimensional Transition Metal Dichalcogenide Semiconductors. 2D Materials[END_REF][START_REF] Yuan | Evolution of the Valley Position in Bulk Transition-Metal Chalcogenides and Their Monolayer Limit[END_REF][START_REF] Dendzik | Growth and Electronic Structure of Epitaxial Single-Layer WS 2 on Au(111)[END_REF][START_REF] Henck | Electronic Band Structure of Two-Dimensional WS 2 /Graphene van Der Waals Heterostructures[END_REF][START_REF] Jin | Direct Measurement of the Thickness-Dependent Electronic Band Structure of MoS 2 Using Angle-Resolved Photoemission Spectroscopy[END_REF][START_REF] Kastl | Multimodal Spectromicroscopy of Monolayer WS 2 Enabled by Ultra-Clean van Der Waals Epitaxy[END_REF][START_REF] Le | Spin-Orbit Coupling in the Band Structure of Monolayer WSe 2[END_REF][START_REF] Miwa | Electronic Structure of Epitaxial Single-Layer MoS 2[END_REF][START_REF] Nguyen | Visualizing Electrostatic Gating Effects in Two-Dimensional Heterostructures[END_REF][START_REF] Wilson | Determination of Band Offsets, Hybridization, and Exciton Binding in 2D Semiconductor Heterostructures[END_REF][START_REF] Zhang | Electronic Structure, Surface Doping, and Optical Response in Epitaxial WSe 2 Thin Films[END_REF][START_REF] Zhu | Giant Spin-Orbit-Induced Spin Splitting in Two-Dimensional Transition-Metal Dichalcogenide Semiconductors[END_REF] mostly using angleresolved photo-emission spectroscopy. Based on variations of the relative valley positions on the order of 100 meV for the same material, one can infer that the valley profile depends on the environment of the 2D material and the details of the setup, including dielectric, strain, interfacial interactions with the encapsulant, or defects. A telling example of this sensitivity to external parameters is the dependency of the valley profile on the geometric thickness of single layers of TMDs. A recent work [START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF] has shown that a variation of the thickness of 1% leads to a change in the relative position of the valleys of ≈ 100 meV. Since the impact of thickness is very clear (in DFT and most likely experimentally) and probably dominant, it will be used in the following as a proxy for all potential factors affecting valley profile.

Gate-controlled electrostatic doping is ubiquitous in transport setups and devices based on 2D materials, and it is present in virtually all the experimental references cited here. The lat-est electrolyte gating technologies [START_REF] Gutiérrez-Lezama | Ionic Gate Spectroscopy of 2D Semiconductors[END_REF][START_REF] Velický | Electrolyte versus Dielectric Gating of Two-Dimensional Materials[END_REF] go up to densities of a few 10 13 / cm 2 , enabling significant variations of the Fermi level (taken to be equivalent to the chemical potential throughout this work). Similarly, the area density of excited electrons-hole pairs pumped in the material is a natural tuning parameter in optical experiments. The quantities are different but loosely and collectively referred to as doping, and play a very important role here as they allow us to explore the valleys.

In order to understand and control the optoelectronic properties of TMDs, it is crucial to study the impact of valley profile and doping on electron-phonon scattering. The first consequence is on the electronic states which can be filled as a function of doping, and those that remain available for scattering. Another very important aspect is the impact on free-carrier screening of the EPIs. In addition to the usual dependency of free-carrier screening on the density of states and the shape of the Fermi surface, peculiar multi-valley screening effects have been pointed out for certain phonon modes. [START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF] The role of valley profile has been pointed out in recent experiments to explain the variation of transport measurements versus doping [START_REF] Piatti | Multi-Valley Superconductivity in Ion-Gated MoS 2 Layers[END_REF][START_REF] Piatti | Mapping Multi-Valley Lifshitz Transitions Induced by Field-Effect Doping in Strained MoS 2 Nanolayers[END_REF][START_REF] Romanin | Strong Band-Filling-Dependence of the Scattering Lifetime in Gated MoS 2 Nanolayers Induced by the Opening of Intervalley Scattering Channels[END_REF] or strain in TMDs. [START_REF] Datye | Strain-Enhanced Mobility of Monolayer MoS2[END_REF] This was based on an earlier theoretical study of mobility versus in-plane strain. [START_REF] Hosseini | Strain-Induced Modulation of Electron Mobility in Single-Layer Transition Metal Dichalcogenides MX 2 ( $M = {\rm Mo}$ , W; $X = {\rm S}$ , Se)[END_REF] However, EPIs were simply modelled with deformation potentials and were assumed to be unscreened, which is incorrect for intravalley scattering, as we will see.

In this work we propose an ab initio model of electron-phonon scattering to predict transport (carrier mobility) and optical properties (Kerr signal) at room temperature, with doping and valley profile as parameters. EPIs are simulated within density functional perturbation density (DFPT). For transport, we focus notably on modelling the impactful variation of the screening of intravalley EPIs. Mobility is simulated within the full energy-and momentumdependent Boltzmann equation, which is solved iteratively. We arrive at a unified understanding of transport for both electron and holes in all semiconducting TMDs, and show how the mobility peaks as a function of doping, when the degenerate regime is reached. When the secondary valleys are close to the band edge (low Q valley or high Γ valley), the mobility is decreased. We expect the transport simulations to be quantitatively accurate for clean devices at room temperature where transport is limited by phonons. The results thus provide clear guidelines to the experimental community to optimize transport, and they suggest the possibility to reverse engineer, and characterize the valley profile from doping-dependant mobility measurements. The Kerr signal is extracted from the solution of the Bethe-Salpeter equation, [START_REF] Molina-Sánchez | Ab Initio Calculations of Ultrashort Carrier Dynamics in Two-Dimensional Materials: Valley Depolarization in Single-Layer WSe2[END_REF] and we focus on the spin-population dynamics driven by intervalley EPIs, based on results from previous works on the impact and characteristic time scales of the EPI in temperature-dependent scattering mechanisms on TMDs. [START_REF] Molina-Sánchez | Ab Initio Calculations of Ultrashort Carrier Dynamics in Two-Dimensional Materials: Valley Depolarization in Single-Layer WSe2[END_REF][START_REF] Ersfeld | Spin States Protected from Intrinsic Electron? @ SPhonon Coupling Reaching 100 Ns Lifetime at Room Temperature in MoSe2[END_REF] We show that the Kerr signal is extremely sensitive to the valley energy profile of the conduction bands (while they are expected to be less important for the valence band). This sensitivity depends on the indi-vidual TMD through differences in spin-orbit coupling strength, the thickness of the monolayer, and the different energy alignment of the valleys. Our results show how Kerr can also be used as an indirect measurement of valley energy alignment and changes in the TMD layer thickness, by comparing the enhancement or quenching of the signal.

Results

The typical valley and spin structure of semiconducting TMDs is represented in Fig. 1, using WS 2 at the DFT level as an example. The valley profile refers to the energy difference between the edges of valleys at different momenta, ∆KQ and ∆KΓ for the conduction and valence bands. Those parameters are shown in Fig. 1, along with their variation as a function of geometric thickness of a monolayer (for WS Mobility and Kerr rotation signal are simulated as a function of valley profile and carrier density. For transport calculations, the valley profile of both the conduction and valence band are modified. The variations in the screening of intravalley EPIs are modelled as described in the methods section. In particular, we account for standard free carrier screening and propose a simple model in the context of out-of-phase multi-valley deformation potentials to account for the unusual enhancement of EPC with double occupation. [START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF] In G 0 W 0 + BSE Kerr simulations, given the cost of the calculations and, as noted above, the fact that the Γ valley is in general too low to be explored by excited carriers, we focus on variations of the conduction valley profile.We use different combinations of temperatures and chemical potentials to create populations of excited electrons and holes. The holes will concentrate near the K and Γ valleys, while the electrons will be concentrated on the K + and Q + or the K -and Q -valleys. The goal is to simulate an intermediate state in a pumpand-probe experiment, where the electrons have had time to scatter (conserving spin) from the K + (K -) to the Q + (Q -) valley, but have not yet had time to scatter to valleys with opposite spin. No phonon contributions to the dielectric screening are taken into account, which is kept purely at the electronic level. Previous work has shown that this is enough to capture almost all essential features in the Kerr signal: [START_REF] Molina-Sánchez | Ab Initio Calculations of Ultrashort Carrier Dynamics in Two-Dimensional Materials: Valley Depolarization in Single-Layer WSe2[END_REF][START_REF] Wang | Intravalley Spin? @ SFlip Relaxation Dynamics in Single-Layer WS2[END_REF] the main effect of the electron-phonon interaction is in the intervalley scattering, where it plays a dominant role in the process of balancing the opposite spin carrier populations.

We now discuss the results for transport and Kerr rotation: computations and models are detailed in the Methods section below.

Transport as a function of electrostatic doping and valley profile

In agreement with existing works, [START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF][START_REF] Sohier | Mobility of 2D Materials from First Principles in an Accurate and Automated Framework[END_REF][START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF][START_REF] Kaasbjerg | Phonon-Limited Mobility in n-Type Single-Layer MoS 2 from First Principles[END_REF][START_REF] Kaasbjerg | Acoustic Phonon Limited Mobility in Two-Dimensional Semiconductors: Deformation Potential and Piezoelectric Scattering in Monolayer MoS 2 from First Principles[END_REF][START_REF] Li | Intrinsic Electrical Transport Properties of Monolayer Silicene and MoS2 from First Principles[END_REF][START_REF] Jin | Intrinsic Transport Properties of Electrons and Holes in Monolayer Transition-Metal Dichalcogenides[END_REF][START_REF] Li | Electrical Transport Limited by Electron-Phonon Coupling from Boltzmann Transport Equation: An Ab Initio Study of Si, Al, and MoS 2[END_REF][START_REF] Gunst | First-Principles Method for Electron-Phonon Coupling and Electron Mobility: Applications to Two-Dimensional Materials[END_REF] the phonon-limited mobility is found to be dominated by 1) intravalley scattering with TA, LA, LO, and A1 phonons, and 2) intervalley scattering with zone boundary acoustic phonons. Doping and valley profile generally impact scattering by modifying which states are involved. For intra-valley scattering, an additional effect comes from free-carrier screening, with the standard doping-induced attenuation of the electron-phonon coupling for LO and TA modes, and a more peculiar multi-valley mechanism, that can actually enhance the coupling with LA and A1 modes, when K and Q (or Γ) are both occupied. [START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF][START_REF] Frey | Raman and Resonance Raman Investigation of MoS 2 Nanoparticles[END_REF][START_REF] Chakraborty | Symmetry-Dependent Phonon Renormalization in Monolayer MoS 2 Transistor[END_REF] Fig. 2 shows the mobility of electron and hole-doped WS 2 and MoS 2 as a function of carrier density for different valley profiles. At low doping, only the K valley is occupied and intravalley scattering dictates the behavior of the mobility. The mobility increases as a function of doping, and reaches a peak around the degenerate regime, i.e. when the Fermi level hits the band edge. This behavior was noted previously in TMDs, [START_REF] Hosseini | Strain-Induced Modulation of Electron Mobility in Single-Layer Transition Metal Dichalcogenides MX 2 ( $M = {\rm Mo}$ , W; $X = {\rm S}$ , Se)[END_REF][START_REF] Ma | Charge Scattering and Mobility in Atomically Thin Semiconductors[END_REF] and is expected to be general for materials dominated by screened interactions. The presence of a mobility peak as a function of doping points to the fact that the enhancement of the conductivity σ due to screening is eventually overruled by the inverse dependency of mobility on carrier density, µ = σ/n. The position of the peak, however, is related to the details of scatter- ing and the contribution from unscreened couplings as well. Consequently, our findings significantly differ from previous theoretical models of doping-dependent mobility in TMDs, [START_REF] Hosseini | Strain-Induced Modulation of Electron Mobility in Single-Layer Transition Metal Dichalcogenides MX 2 ( $M = {\rm Mo}$ , W; $X = {\rm S}$ , Se)[END_REF][START_REF] Ma | Charge Scattering and Mobility in Atomically Thin Semiconductors[END_REF] in which EPIs models were simplified with respect to the DFPT calculations performed here. This peak flattens when ∆KQ or ∆KΓ is reduced. Indeed, the reduction results in a larger proportion of intervalley scattering, which is associated with rather strong electron-phonon couplings which are not screened by free carriers (see SI). In addition, multi-valley occupation causes the screening of the A1 and LA phonons to vanish (see details of the physical mechanism in the methods section). As a result, the screening-induced peak gradually disappears, and the mobility is overall reduced. Note that a striking electron-hole symmetry appears concerning the general behavior of mobility in MoS 2 . The main difference is that the spin splitting of the K valley is stronger in the valence band, leading to generally higher mobility, as the intervalley K-K' scattering involves improbable spin-flip transitions. Otherwise, the Γ and Q valleys play a similar role, with similar impact because the corresponding electron-phonon couplings and density of states are roughly equivalent (accounting for degeneracies). The electron-hole symmetry is not as visible for other TMDs, because ∆KΓ stays relatively large within the imposed limit of 2% thickness variation. We thus arrive at a unified understanding, for electron-and holedoped TMDs, of the role of phonon scattering in mobility trends versus doping and valley profile. These results bring several insights and opportunities to support the experimental community. First, we provide the mobility for the entire range of experimentally accessible doping, when most previous ab initio studies cover only the low doping limit. [START_REF] Kaasbjerg | Acoustic Phonon Limited Mobility in Two-Dimensional Semiconductors: Deformation Potential and Piezoelectric Scattering in Monolayer MoS 2 from First Principles[END_REF][START_REF] Li | Intrinsic Electrical Transport Properties of Monolayer Silicene and MoS2 from First Principles[END_REF][START_REF] Jin | Intrinsic Transport Properties of Electrons and Holes in Monolayer Transition-Metal Dichalcogenides[END_REF][START_REF] Li | Electrical Transport Limited by Electron-Phonon Coupling from Boltzmann Transport Equation: An Ab Initio Study of Si, Al, and MoS 2[END_REF] Given the strong variations of mobility as a function of doping, we expect this to significantly improve comparisons of theoretical and experimental data. In addition, we use a more accurate DFPT-based model of the EPIs compared to the few previous studies considering doping dependency [START_REF] Hosseini | Strain-Induced Modulation of Electron Mobility in Single-Layer Transition Metal Dichalcogenides MX 2 ( $M = {\rm Mo}$ , W; $X = {\rm S}$ , Se)[END_REF][START_REF] Ma | Charge Scattering and Mobility in Atomically Thin Semiconductors[END_REF] (see methods and SI), and quantitative comparison with experiment is meaningful. Second, we see that a simple rule of thumb to optimize the mobility of TMDs is to work with a carrier density around 8 × 10 12 cm -2 . More precise values for the optimal densities can be extracted from the plots. Third, considering the valley profile as an variable parameter enables its characterization in situ, by fitting to doping-dependent mobility measurements. Finally, we propose the geometric thickness as an experimental knob to increase the mobility. Unfortunately, the trend is opposite for electrons and holes: one should decrease or increase the thickness to enhance the electron or hole mobility, respectively (see Fig. 1).

Kerr as a function of excited carrier density and valley profile

The Kerr signal measures the angle between the polarisation of incident and reflected electromagnetic fields, which is proportional to the surface magnetization density. This is often included in a pump-and-probe setup with a circularly polarized pump which creates spin populations, later measured by a linearly polarized probe. Due to the spin-valley coupling in TMDs, it can be used to track the populations in each valley, since the Kerr angle will only be finite if a spin imbalance exists. It has been shown in the past that the electron-phonon interaction plays a fundamental role in balancing the populations between valleys with different spin. [START_REF] Molina-Sánchez | Ab Initio Calculations of Ultrashort Carrier Dynamics in Two-Dimensional Materials: Valley Depolarization in Single-Layer WSe2[END_REF][START_REF] Ersfeld | Spin States Protected from Intrinsic Electron? @ SPhonon Coupling Reaching 100 Ns Lifetime at Room Temperature in MoSe2[END_REF][START_REF] Wang | Intravalley Spin? @ SFlip Relaxation Dynamics in Single-Layer WS2[END_REF] The direct transition between K + and K -due to EPI is forbidden, so the excited carriers start by spreading through the neighborhoods of K + or K -in the BZ. States in the vicinity of K + /K -are not pure spinors and so electrons and holes are then allowed to scatter into valleys of opposite spin. Nevertheless, scattering to the Q valley with the same spin polarisation is still the most favourable pro-cess, especially at higher temperatures when ∆KQ ∼ k B T . This is indeed the process that explains the sign inversion of the Kerr signal with increasing temperature in MoSe 2 . [START_REF] Ersfeld | Spin States Protected from Intrinsic Electron? @ SPhonon Coupling Reaching 100 Ns Lifetime at Room Temperature in MoSe2[END_REF] Results are shown in Fig. 3 for two materials, WS 2 and MoS 2 , with a total of 300 excited configurations per material, one for each pair (µ e , T ). The data for WSe 2 and MoSe 2 can be found in the SI. These occupied configurations are chosen as a thermalized pseudo-equilibrium, reflecting the dominant EPI scattering channels described above. The goal is to arrive at a qualitative relation between the Kerr rotation angle θ Kerr and the density of excited electrons for each material, depending on the splitting ∆KQ. Once the full θ Kerr (ω) is obtained (see the SI for examples of these figures), we select the amplitude at the energy corresponding to each TMD's A exciton determined from a BSE absorption calculation, as is often done in experiments. For the lowest value of electronic density the highest Kerr amplitude is obtained for the case where ∆KQ = 0: when the K and Q valleys are aligned in energy and it is easy to populate both bands with electrons.

Since both K + /K -and Q + /Q -valleys have parallel spin polarizations, the electron populations will reinforce the Kerr amplitude. As the ∆KQ energy splitting increases, it becomes harder to populate both K ± and Q ± . If the ∆KQ splitting is smaller than that produced by S.O.C., then it is still possible to change (µ e , T e ) so that the lowest conduction states in Q ± are populated. If this is not possible, then an increase in the electronic density leads to electrons being placed in the next conduction band at K, which is strongly polarized in the opposite spin. In the meanwhile the density of holes must increase to enforce charge neutrality, and this contributes to reverse the net Kerr amplitude sign. This also serves to explain why there is a significant difference in behaviour between the W and the Mo based TMDs: The former have the largest values of energy splitting due to S.O.C., so it is easier to reach the Q valley by changing (µ e , T e ). The latter have lower S.O.C.-induced energy splittings, and increasing the electronic density by changing (µ e , T e ) will quickly place electrons in the second band in both K and Q valleys. This also means that for Mo-based TMDs it is easier to reach higher densities of excited electrons, especially when ∆KQ = 0, as it is shown at the bottom of Fig. 3.

In Fig. 4 we show how the Kerr amplitude evolves as a function of the splitting ∆ for each material for the lowest electron density (in the order of 10 11 cm -2 ). Since each value of ∆KQ corresponds to different levels of ∆t, we do not represent them in the data and the colors correspond to different materials. Note that the correspondence between ∆KQ and %t will depend heavily on the pseudo potential used during the DFT calculations. The data represented summarises the trend in Fig. 3: WSe 2 will have the largest Kerr amplitude, followed by WS 2 , MoSe 2 , and MoS 2 . As the ∆KQ splitting increases for all materials, the Kerr amplitude decreases. All these results show that in certain regimes the Kerr amplitude should be sensitive enough to measure the value of ∆KQ in a TMD, even after a change of the thickness due to the presence of a substrate or encapsulating material. 

Methods Mobility

In this section, we describe the process to account for the main effects of valley profile and doping on EPIs and phonon-limited transport. One could in principle simulate transport at many dopings and thicknesses, and relate the results to valley profile variations, as we have done in the past. [START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF] However, too many fullsystem simulations would be involved, which is computationally prohibitive at this point. A full analytical model, on the other hand, would require accounting for complex angular dependencies coming from wavefunction brackets and interference between different contributions to the electron-phonon coupling. [START_REF] Kaasbjerg | Acoustic Phonon Limited Mobility in Two-Dimensional Semiconductors: Deformation Potential and Piezoelectric Scattering in Monolayer MoS 2 from First Principles[END_REF] Instead, we aim at accounting for the variations in valley profile by correcting the results of one reference ab initio calculation. We start from high-accuracy simulations of the relaxed TMD monolayer doped at n/p = 5 10 12 cm -2 with either electrons or holes, hereafter referred to as the reference system. We use the Quantum ESPRESSO suite [START_REF] Giannozzi | QUANTUM ESPRESSO: A Modular and Open-Source Software Project for Quantum Simulations of Materials[END_REF][START_REF] Giannozzi | Advanced Capabilities for Materials Modelling with Quantum ESPRESSO[END_REF] with 2D boundary conditions and gate electrostatics. [START_REF] Sohier | Density Functional Perturbation Theory for Gated Two-Dimensional Heterostructures: Theoretical Developments and Application to Flexural Phonons in Graphene[END_REF] We then change the doping n (or p) and the valley profile ∆KQ (or ∆KΓ ) as a post-processing step before we solve the Boltzmann transport equation (BTE) to obtain the mobility. The BTE includes the full momentum and energy dependency of the scattering and is solved iteratively. The general process of computing phonon-limited transport in the reference system is described extensively in, [START_REF] Sohier | Mobility of 2D Materials from First Principles in an Accurate and Automated Framework[END_REF] with an update on the projection of the velocities (as mentioned in Ref. [START_REF] Sohier | Profiling Novel High-Conductivity 2D Semiconductors[END_REF] ), and the addition of spin-orbit coupling (as was already the case in Ref. [START_REF] Wang | Electron Mobility in Monolayer WS 2 Encapsulated in Hexagonal Boron-Nitride[END_REF] ). For this work we brought a significant additional improvement that is the use of a non-uniform k-point grid to capture the Fermi surface effects more accurately. Although quite important, this is a rather technical detail that we discuss in the SI along with other computational details.

We now discuss the main methodological development for the transport part of this work: a model which includes valley profile and doping, and the associated corrections to electronphonon scattering. Starting from the fine band structure (120 × 120 k-points grid) calculated in the neutral material, an energy shift is applied to a given valley (e.g. Q) using our postprocessing framework that groups the states into valleys. [START_REF] Sohier | Mobility of 2D Materials from First Principles in an Accurate and Automated Framework[END_REF][START_REF] Sohier | Profiling Novel High-Conductivity 2D Semiconductors[END_REF]70 Solving the BTE in this new valley profile immediately takes care of the changes resulting from the energy selection rules. This also accounts for the impact of valley profile on the activation of intervalley scattering, as doping increases and more valleys become accessible. Intervalley scattering is only affected by the changes in energy/momentum selection rules, the coupling matrix elements staying virtually constant. What remains is to model the impact of valley profile on the intravalley EPI matrix elements themselves.

For the LO and TA phonon, coupling to electrons via the Fröhlich and piezoelectric interactions, the matrix elements are corrected with the ratio of the dielectric functions computed as = 1 -v c χ 0 , where v c = 2π q is the Coulomb kernel in 2D. The non-interacting susceptibility χ 0 of the added carriers, is computed similarly to our previous work [START_REF] Sohier | Remote Free-Carrier Screening to Boost the Mobility of Fröhlich-limited Two-Dimensional Semiconductors[END_REF] but in the new shifted band structure:

χ 0 = - 2 (2π) 2 d 2 k n F D (ε k ) -n F D (ε k+q ) ε k+q -ε k (1) 
, where n F D if the Fermi-Dirac occupation and ε k is the energy of electronic state of momentum k. Band indices are summed over and omitted here. This accounts for the increased screening of those couplings due to doping. The A1 and LA modes, on the other hand, show multivalley screening and deformation potentials.

Counter-intuitively, free-carrier screening vanishes when doping increases beyond the point where both momentum valleys are occupied (K and Q or K and Γ). The corresponding mechanism, described qualitatively in Ref., [START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF] is modelled in the following. We will work within the adiabatic approximation used in DFPT: nonadiabatic effects have been discussed for the corresponding phonon dispersions, [START_REF] Novko | Broken Adiabaticity Induced by Lifshitz Transition in MoS2 and WS2 Single Layers[END_REF][START_REF] Garcia-Goiricelaya | Emergence of Large Nonadiabatic Effects Induced by the Electron-Phonon Interaction on the Complex Vibrational Quasiparticle Spectrum of Doped Monolayer MoS 2[END_REF] but the consequences on electron-phonon coupling are not quantified and out of scope for the present work. The deformation potentials associated to each valley are opposite: as the atoms are displaced according to the A1 or LA phonons, the two types of valleys go up and down in energy in an out-of-phase fashion. At fixed Fermi level, this implies that the charge density difference is opposite in the two valleys (one gains electrons while the other loses them). The free-carrier response to this perturbation is proportional to the total charge difference, i.e. summed over both valleys, which implies that it vanishes as the charge density does. We consider the isotropic response to a phonon perturbation at momentum (q), with the Fermi level and temperature as parameters. The deformation potential δV of each valley is the bare deformation potential δV b minus the potential created by the total induced density of charge δn.

δV K = δV b K -v c δn δV Q = δV b Q -v c δn (2) 
Note that the "bare" potential, here, is the one without the free-carrier screening from the partially filled conduction or valence bands. It does include a dielectric screening that comes from the neutral material. The dielectric screening is thus not included in the above model. The induced density of charge has two contributions, one from the screened deformation in each valley:

δn = δn K + δn Q = χ 0 K δV K + χ 0 Q δV Q .
Here, χ 0 K/Q is the independent particle susceptibility associated to either valley, computed from the band structure as described above, but limiting the integral to states belonging to just one or the other valley. This quantity depends on doping and temperature (chosen to be room temperature here) via the occupations, and the wave vector of the perturbation q. χ 0 K/Q tends to the valley's density of state (DOS) when q → 0 The bare potentials have opposite signs in each valley and are parameters of this model. This relatively simple model explains the behavior of the DFPT EPIs very well, although it underestimates the couplings (thus potentially overestimating the mobility) for low doping (< 5 10 12 ) and large ∆KQ/∆KΓ, as detailed in the SI. For example, in the case where only one valley is occupied, the susceptibility of the other valley is zero, and the potential of the occupied valley is screened like a standard external perturbation. When both valleys are occupied, the two contributions to the induced charge density are of opposite sign, reducing the overall induced potential and thus the screening as well.

The bare potentials are extracted from DFPT calculations as detailed in the SI, and the screened potentials δV K/Q are evaluated at each doping and valley profile configuration, and at each q point, by solving Eq. 2. The EPI matrix elements of the reference calculation are then corrected as follows:

g new = g ref × δV new K,Q δV ref K,Q
Note that the LA mode also has a contribution from piezoelectric coupling, but it is relatively weak and quickly screened by the standard free-carrier screening. Thus, we neglect that contribution in doped systems. This justifies the use of a doped calculation rather than a neutral one as a reference. Indeed, neutral systems lead to larger piezoelectric contributions to the LA mode, making them a less appropriate starting point for the screening correction scheme where the piezoelectric contributions to LA are supposed to be absent. This implies a possible overestimation of the mobility towards small doping, but ensures that the main features of the mobility as a function of doping are more accurate. All other couplings are not neglected, they are simply left as they are in the reference calculation. That is, we assume them to be doping and valley profile independent.

Kerr

A finite Kerr rotation angle in spin compensated systems like semiconducting TMDs implies non-equilibrium occupation of different reciprocal space valleys. We prepare excited configurations of electrons and holes designed to reproduce the quasi-equilibrium states achieved once both systems have scattered within the initial valley where they are created, but before they have had time to travel outside that same valley. The first step is to promote electrons to the conduction bands by selecting a value for the shift in the systems chemical potential and the temperatures at which they would be, µ i and T i with i = e, h, where e(h) stands for electrons (holes). We set T e = T h , assuming that the two systems were at equilibrium. Energy levels are then populated according to Fermi distributions, which yield the densities of excited carriers. If the densities of electrons and holes do not match, meaning that the system is no longer neutral, then µ h is tuned until such condition is obeyed. Once both densities are equal, the populations of electrons and holes in the K + (K -) and Q + (Q -) are turned to zero, to ensure that only the other valleys have are populated with excited carriers. These are then used to evaluate the Kerr amplitude using the Yambo package. [START_REF] Sangalli | Many-Body Perturbation Theory Calculations Using the Yambo Code[END_REF] 

Conclusion

We propose an ab initio model of electronphonon scattering with both doping and valley profile as parameters. We exploit this model to evaluate the impact of valley profile on electronic transport and Kerr rotation signal on semiconducting TMDs: MoS 2 , MoSe 2 , WS 2 , WSe 2 . On the transport side, our findings show that all systems behave similarly for both electron and hole doping. Namely, the dopingdependant mobility peaks around 8 10 12 cm -2 , and the height of the peak depends on the valley profile. The results give quantitative guidelines to optimize the mobility, and points to the possibility of evaluating the valley profile from doping-dependant transport measurements. Regarding the Kerr rotation amplitude, our data shows that this quantity is extremely susceptible to small changes in the valley profile, as the differences in band energies make it easier or harder to populate them. This suggests that Kerr amplitude measurements can be used to track the changes in valley profile of the TMD upon encapsulation, and from there infer the changes in thickness. Additional results for remaining TMDs Fig. 5 shows the variation of the valley profile, represented by ∆KQ and ∆KΓ, for MoS 2 , WSe 2 , and MoSe 2 . Fig. 6 shows the mobility versus doping and valley profile for WSe 2 and MoSe 2 .

Reference transport calculations

We perform full DFPT transport calculations for each TMD (n-type and p-type), at a given doping of n/p = 5 10 12 cm -2 , and on the equilibrium structure (thickness relaxed). We use norm-conserving, fully relativistic pseudopotentials [START_REF] Hamann | Optimized Norm-Conserving Vanderbilt Pseudopotentials[END_REF] with Perdew-Burke-Ernzerhof (PBE) [START_REF] Perdew | Generalized Gradient Approximation Made Simple[END_REF] functionals from the Pseu-doDojo library, [START_REF] Van Setten | The Pseu-doDojo: Training and Grading a 85 Element Optimized Norm-Conserving Pseudopotential Table[END_REF] with an kinetic energy cutoff of 50 (WS 2 ), 70(MoS 2 ), or 80 (WSe 2 , MoSe 2 ) Ry. While electrostatic doping is ubiquitous in experiments, it is not a common feature in ab initio simulation. In the Quantum ESPRESSO suite, [START_REF] Giannozzi | QUANTUM ESPRESSO: A Modular and Open-Source Software Project for Quantum Simulations of Materials[END_REF][START_REF] Giannozzi | Advanced Capabilities for Materials Modelling with Quantum ESPRESSO[END_REF] the corresponding electrostatics were first developed in Ref., [START_REF] Brumme | First-Principles Theory of Field-Effect Doping in Transition-Metal Dichalcogenides: Structural Properties[END_REF] then adapted and included in a fully 2D framework in. [START_REF] Sohier | Density Functional Perturbation Theory for Gated Two-Dimensional Heterostructures: Theoretical Developments and Application to Flexural Phonons in Graphene[END_REF] As of now, this custom version of the code 1 is capable of computing ground state and phonon quantities in an arbitrary double gate configuration, with proper 2D boundary conditions and realistic electrostatics.

Beyond the electrostatics aspects, one needs a fine sampling of the small Fermi surface involved in doped semiconductors to account for the effects of the added free-carriers on EPIs. This constraint is somewhat mitigated in many materials by the possibility to use a 1 https://gitlab.com/tsohier/q-e/-/tree/add_ gates relatively large energy smearing of the occupation function -with respect to the "real" one which would be Fermi-Dirac at room temperature. The standard free carrier screening is then smoothed with respect to reality, but one still captures most of the effects at a reasonable cost. However, we have realized that it becomes problematic in materials with a complex valley profile and EPIs like TMDs, because the screening of some EPIs depends very finely on the occupations. [START_REF] Sohier | Enhanced Electron-Phonon Interaction in Multivalley Materials[END_REF] We thus use Fermi-Dirac energy smearing at room temperature, and tackle the sampling challenge by performing each phonon calculation with a non-uniform grid of k-points where the density is higher on the Fermi surface, as represented in Fig. 7. This is based on the fractal sampling proposed for graphite in Ref. [START_REF] Binci | First-Principles Theory of Infrared Vibrational Spectroscopy of Metals and Semimetals: Application to Graphite[END_REF] The full band structure is pre-calculated on a fine grid of k-points (120 × 120). The valleys are filled up according to the doping of n/p = 5 10 12 cm -2 with Fermi-Dirac room temperature occupations. We then start from a typical 12 × 12 Monkhorst-Pack k-points grid. For each parallelogram in the grid, if an occupied conduction band state is found within, we tesselate it further, otherwise it is left as is. The process is repeated 3 times, the grid density quadrupling each time. We thus end up, locally on the Fermi surface, with the equivalent of a 96 × 96 grid.

The workflow to solve the BTE, detailed in Ref., [START_REF] Sohier | Mobility of 2D Materials from First Principles in an Accurate and Automated Framework[END_REF] involves 3 separate momentum samplings for initial and final states as well as the phonons involved in all the relevant transitions. The sampling of the final states is the finest: a 120 × 120 Monkhorst-Pack k-points grid on which we compute the band structure (as a non self-consistent step after a typical ground state calculation in the neutral material) and velocities. The initial state are sampled on a grid twice as coarse. Finally, the phonon momenta are obtained by linking all initial states with a portion of the final states (half for intravalley, an eighth for intervalley) and reducing the result by symmetry. This usually yields around 100 to 200 irreducible phonon momenta.

Electron-phonon coupling matrix elements are computed for each relevant pair of initial and final state. They are represented in transitions. Thus, when this intervalley scattering is activated according to energy selection rules, it dominates transport. The next most significant couplings come from the LA (highest acoustic branch) and A1 (second highest optical branch) modes around q = 0.

Screening of intravalley EPIs

Here, the model for the effect of doping and valley profile on the free carrier screening of intravalley couplings is discussed and detailed. First, we perform some relatively simple DFPT calculations at different electron doping n and thicknesses t. The variation in thickness is associated with the ∆KQ variations shown in Fig. 5. The ground state calculation is done on a 32 × 32 k-point grid and Marzari-Vanderbilt smearing at 0.01 Ry. We are not interested in the realistic nature of the screening effects, here, we simply wish to demonstrate their behavior as a function of doping and valley profile. Fig. 9 shows the EPI matrix element at a given q point (small |q| = 0.023 Å-1 , in the Γ -K direction) as a function of doping and valley profile (via thickness), for TA, LA, LO and A1g. Direct DFPT (dots) is compared to the model (crosses), with all the screening quantities computed with the same bands, k-points sampling and smearing as the DFPT calculations. In the Γ -K direction, the piezoelectric coupling is maximal for TA and it vanishes for LA, [START_REF] Kaasbjerg | Acoustic Phonon Limited Mobility in Two-Dimensional Semiconductors: Deformation Potential and Piezoelectric Scattering in Monolayer MoS 2 from First Principles[END_REF] so that we can separate the two types of couplings.

The expected qualitative behaviors of the couplings are confirmed. The TA and LO phonons couple via the piezoelectric and Fröhlich interaction, respectively. Being mediated by electric fields, those are screened by the free-carriers in the standard way: as n/p increases the coupling is killed rather rapidly. For those couplings, most of the discrepancy between model and DFPT can be explained by the fact that we assume the entire coupling to be field-mediated, while in reality there is also a small non-screened contribution. The odd DFPT results for the LO mode at high doping (especially in the Q valley), are due to a mix of the LO and TO mode, the TO mode having a fairly constant coupling that is stronger in the Q valley.

The behavior of the couplings to the LA and A1 phonons is quite different. In particular, it strongly depends on the valley profile and the occupation of the valleys. Small doping and large ∆KQ corresponds to the case where only the K valley is occupied. In that situation, we see the doping-dependency of the coupling around K is similar to the one induced by standard free carrier screening. As the doping increases, however, the coupling re-increases as the electrons start to feel the presence the Q valley. It is interesting to note that the coupling at Q follows an opposite trend, first increasing and then decreasing. The other extreme case is that of vanishing ∆KQ, when both K and Q valley are quickly occupied even at small doping. In that situation the couplings are virtually doping independent, indicating the absence of freecarrier screening. As the valley profile varies between those two cases, intermediary behaviors are observed. An important characteristic that one can deduce from those curves is that the behaviors of the coupling at K and Q are very much tied to one another. In fact, the sum of the two is almost constant (variations below 10%) as a function of doping and valley profile. Thus, when the coupling of the occupied valley is screened by free carriers, the coupling in the unoccupied valley is actually enhanced. To the best of our knowledge, this behavior has not yet been described. While the enhanced coupling in the empty valley is not relevant for transport, it could play a role for the dynamics of excited carriers in doped TMDs. Concern- All the discrepancies seen in this figure would lead to the largest error when those intravalley couplings dominate the transport, i.e. at small doping and for large ∆KQ, when only the K valley would be occupied. Looking a the couplings in the K valley in this regime, we see that a fortuitous cancellation of errors might occur between an overestimation of the coupling for TA/LO and an underestimation for LA/A1. Thus, overall, we don't expect a significant error on the mobility from those discrepancies.

Evaluation of bare potentials

The absence of doping dependency of the EPIs when both valleys are occupied in the DFPT calculations of Fig. 9 indicates that free-carrier screening vanishes, and thus, χ 0

K δV K +χ 0 Q δV Q = 0 and δV K/Q = δV b K/Q Thus, δV b K δV b Q ∝ χ 0 Q χ 0 K ∝ DOS Q DOS K .
The last relationship is valid in the q → 0 limit, but we assume it can be extended at finite momenta. Finally, in agreement with the ab initio results above, we assume that the quantity δV

K -δV Q = δV b K -δV b Q = ∆V b
is a constant (independent of doping and valley profile) determined solely by the electron-phonon coupling strength. ∆V b can show a slight dependency on the momentum, especially for the coupling with acoustic phonons. In such cases, we use the value extracted around q ≈ 0.1 Å-1 , which correspond to a rough estimation of the size of the Fermi surface at ≈ 50 meV above the bottom of the K valley. Using those remarks the bare potentials can be evaluated from the ∆V b and the DOS of the valleys as:

V b K = ∆V b 1 + DOS K DOS Q (3) V b Q = ∆V b 1 + DOS Q DOS K (4) 
This is a convenient procedure since it involves quantities that do not depend on doping and valley profile.

Kerr

The geometrical and ground state electronic properties of WS 2 , WSe 2 , MoSe 2 , and MoS 2 were computed with DFT. We employed 24x24x1 k-point grids, with 120 Ry kinetic cutoff, using PBE-GGA full relativistic pseudo potentials from PSEUDO-DOJO. [START_REF] Van Setten | The Pseu-doDojo: Training and Grading a 85 Element Optimized Norm-Conserving Pseudopotential Table[END_REF] To remove the interaction between replica images we used 30 Bohr of vacuum between each layer. Geometry optimization was performed until diagonal stress components and forces were smaller than 0.01 kBar and 10 -6 Ry/Bohr, respectively. Electronic band structures were then computed on a 12x12x1 k-point grid. The energy levels Figure 8: Electron phonon coupling matrix elements (color scale) for WS 2 as computed in the reference calculation. In the left panel, we select an initial state in the K valley (located with a black square), apply the energy and momentum selection rules, multiply by the occupation of the phonon modes at room temperature, and sum over all modes to get a total, effective EPC scattering strength. On the right, we simply plot the EPC matrix element for each momentum and mode.

of the ground state conduction bands were deformed in order to reproduce ∆KQ = 0, 50, 100, 150, and 200 meV energy splittings. Full frequency G 0 W 0 calculations were performed to obtain the quasi-particle band energies. Realistic excited state configurations were then created by removing all symmetries from system and populating the bands using Fermi distributions with different values of (µ e , T e ; µ h , T h ), with the restriction that the final densities of electrons and holes were equal. We then created two excited state configurations for each (µ e , T e ; µ h , T h ) quartet, with excited electrons and holes populating either the K + and Q + or the K -and Q -valleys shown in Fig. 1. T hese new configurations were then used to calculate the correction to the energy levels induced by the presence of excited carriers. With it we can obtain the full correction to the energy levels given by [START_REF] Molina-Sánchez | Ab Initio Calculations of Ultrashort Carrier Dynamics in Two-Dimensional Materials: Valley Depolarization in Single-Layer WSe2[END_REF][START_REF] Attaccalite | Real-Time Approach to the Optical Properties of Solids and Nanostructures: Time-dependent Bethe-Salpeter Equation[END_REF][START_REF] De Melo | Unified Theory of Quantized Electrons, Phonons, and Photons out of Equilibrium: A Simplified Ab Initio Approach Based on the Generalized Baym-Kadanoff Ansatz[END_REF] [ρ e = 0] the G 0 W 0 COHSEX correction for when the system has a finite density of excited electrons and holes. In both dynamical and COHSEX G 0 W 0 we used the kinetic cutoffs 20 Ha, 5 Ha, and 4 Ha for the G-vectors in the FFT, exchange self-energy, and correlation self-energy. A total of 300 bands were needed to converge the electronic screening. The last step is the calculation of the Kerr amplitude, which involves computing the dielectric matrix αβ (ω) with the Bethe-Salpeter equation (BSE) to accurately include the presence of excitonic states. This involves diagonalizing the BSE Hamiltonian

H cvk c v k = (ε NEQ ck -ε NEQ vk )δ cc δ vv + + i[f ck (T e ) -f vk (T h )] W cvk c v k -2V cvk c v k , (6) 
where W and V are the screened direct and exchange interaction, respectively. The kinetic cutoffs and empty bands used were the same as the G 0 W 0 calculations, and a total of six bands were used in the kernel to set up the electronhole transitions. Once the full set of exciton energies and eigenvectors is obtained, E λ , A λ cvk , we can build the dielectric tensor using

αβ (ω) = δ αβ - αβ cvk c v k d α cvk d β c v k * A cvk (A c v k ) * ω -E λ + i0 + , (7) 
where d α cvk are the dipole matrix elements, and α, β = x, y, z. The Kerr amplitude can then be evaluated using

θ Kerr (ω) = - xy (ω) xx (ω) xx (ω) + 1 . (8) 
Results for the Kerr angle are shown in Fig. 10 for WS 2 and WSe 2 for T = 40 K, δµ e = 0 eV, and ∆KQ = 0 eV. The red/blue line shows the θ Kerr (ω) dispersion when the the Q + /Q -valleys are occupied. The symmetry of the vallues of θ Kerr (ω) is an important check, as it proves that our method does indeed respect the underlying Physics of each system. 
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 21 Figure 1: (Left) Electron and hole spin-valley texture of semiconducting TMDs, for the representative case of WS 2 . Orange and blue colors indicate the spin texture: up or down in the out of plane direction. Electron valleys (top of Fig. 1) are situated at the corner of the hexagonal Brillouin zone (K valleys), or approximately midway between zone center and the corners (Q valleys). Hole valleys (bottom of Fig. 1) are situated at the corners (K valleys) and at zone center (Γ valleys). Every state in the BZ is represented exactly once, such that only 2 K valleys are represented, the other 4 being equivalent by a translation following the reciprocal vectors. Each valley is spin-split due to the spin-orbit (SO) interaction. Note that the gap has been reduced in this visualization. (Right) ∆KQ (left) and ∆KΓ (right) as a function of thickness variation ∆t and carrier density (color scale).

Figure 2 :

 2 Figure 2: Room-temperature mobility as a function of electron or hole density and valley profile for WS 2 (top) and MoS 2 (bottom). In each case, the single point at n/p = 10 11 cm -2 is the mobility of the neutral material with the relaxed structure.

Figure 3 :

 3 Figure 3: Amplitude of the Kerr rotation angle at the A exciton for WS 2 (top) and MoS 2 (bottom) as a function of the density of excited electrons for each ∆KQ band alignment. The colour bar shows the level of the ∆KQ splitting.

Figure 4 :

 4 Figure 4: Change in the amplitude of the Kerr rotation for the lowest possible density of excited electrons, for each ∆KQ splitting (horizontal axis) and material (colour bar).
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 25 Figure 5: Valley profile as a function of doping and geometric layer thickness variation for MoS 2 (left), WSe 2 (right) , and MoSe 2 (bottom).

Fig. 8 .

 8 Fig.8. Clearly, the phonons with the highest couplings, by far, are zone border acoustic phonons. They correspond to intervalley (K-Q) transitions. Thus, when this intervalley scattering is activated according to energy selection rules, it dominates transport. The next most significant couplings come from the LA (highest acoustic branch) and A1 (second highest optical branch) modes around q = 0.
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 6 Figure 6: Room-temperature mobility as a function of electron or hole density and valley profile for WSe 2 (top) and MoSe 2 (bottom). In each case, the single point at n/p = 10 11 cm -2 is the mobility of the neutral material with the relaxed structure.
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 7 Figure 7: (Left)Sampling of k-points for DF(P)T calculations. (Right) Initial and final electronic momenta, as well as phonon momenta used for the solution to the Boltzmann equation.

  ε NEQ nk = ε DFT nk + ∆ε G 0 W 0 -dyn nk + + ∆ε COHSEX nk [ρ e = 0] -∆ε COHSEX nk [ρ e = 0],(5)where ε DFT nk are the DFT energy levels; ∆ε G 0 W 0 -dyn nk the dynamical G 0 W 0 corrections; ∆ε COHSEX nk [ρ e = 0] the G 0 W 0 COHSEX corrections with the system at equilibrium; ∆ε COHSEX nk

Figure 9 :

 9 Figure9: Electron phonon coupling for the main phonon modes in WS2 versus doping n and valley profile ∆KQ. We pick either K (left) or Q (right) as an initial state, and a small q point in the Γ -K directions. Dots are direct DFPT calculations, crosses are the model.

Figure 10 :

 10 Figure 10: Amplitude of the Kerr rotation angle at the A exciton for WS 2 (top) and WSe 2 (bottom) from the Q + (red) and Q -(blue) configurations for T = 40 K, µ e = 0 eV, and ∆KQ = 0 eV. The symmetry of the signal reflects the opposite spin polarisation of each valley occupation configuration. The inset shows the regions of the Brillouin zone where electrons are promoted to the conduction bands in both the Q + and Q -configurations. The black dashed vertical line marks the energy of the A exciton for each system.

Figure 11 :

 11 Figure 11: Amplitude of the Kerr rotation angle at the A exciton for WSe 2 (top) and MoSe 2 (bottom) as a function of the density of excited electrons for each ∆KQ band alignment. The colour bar shows the level of the ∆KQ splitting.
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