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MULTISCALE ANALYSIS FOR TRAVELING-PULSE SOLUTIONS TO THE
STOCHASTIC FITZHUGH-NAGUMO EQUATIONS

KATHARINA EICHINGER, MANUEL V. GNANN, AND CHRISTIAN KUEHN

ABsTRACT. We investigate the stability of traveling-pulse solutions to the stochastic FitzHugh-
Nagumo equations with additive noise. Special attention is given to the effect of small noise
on the classical deterministically stable fast traveling pulse. Our method is based on adapting
the velocity of the traveling wave by solving a scalar stochastic ordinary differential equation
(SODE) and tracking perturbations to the wave meeting a system of a scalar stochastic partial
differential equation (SPDE) coupled to a scalar ordinary differential equation (ODE). This
approach has been recently employed by Kriiger and Stannat [Nonlinear Anal., 162:197-223,
2017] for scalar stochastic bistable reaction-diffusion equations such as the Nagumo equation.
A main difference in our situation of an SPDE coupled to an ODE is that the linearization
has essential spectrum parallel to the imaginary axis and thus only generates a strongly con-
tinuous semigroup. Furthermore, the linearization around the traveling wave is not self-adjoint
anymore, so that fluctuations around the wave cannot be expected to be orthogonal in a cor-
responding inner product. We demonstrate that this problem can be overcome by making use
of Riesz instead of orthogonal spectral projections as recently employed in a series of papers
by Hamster and Hupkes in case of analytic semigroups. We expect that our approach can also
be applied to traveling waves and other patterns in more general situations such as systems of
SPDEs with linearizations only generating a strongly continuous semigroup. This provides a
relevant generalization as these systems are prevalent in many applications.
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1. INTRODUCTION

1.1. The stochastic FitzHugh-Nagumo equations. We consider the stochastic FitzHugh-
Nagumo equations

da(t,x) = (u@iﬂ(t, z)+ f(a(t,z)) —o(t,z)) dt + o dW (t,z) for (t,z)e Ry xR, (l.1a)
do(t,z) = e (a(t,z) —~vo(t,z))dt for (t,z)e Ry xR, (1.1b)

in which the independent variables ¢ and x denote time and position on a neural axon, respec-
tively. The dependent variable 4 denotes the electric potential and v is a gating variable. The
parameter v > 0 determines the strength of the diffusion 02i, while the nonlinearity f (@) is
a reaction term which typically has the form f(a) = x(@)a (1 —a) (@ —a) with 0 < a < 1
and is suitably cut off by the factor y. The parameter ¢ > 0 determines the strength of the
noise W. Here, we assume that W is an infinite-dimensional Wiener process taking values in a
Hilbert space to be specified in what follows. The parameter € > 0 determines the strength of
the coupling of the electric potential @ to the gating variable ¥ and is assumed to be sufficiently
small. The parameter v > 0 determines the decay of the gating variable v.

The classical FitzHugh-Nagumo [34,73| partial differential equations (PDEs) obtained for o = 0
form a simplified, yet qualitatively very similar, model for the Hodgkin-Huzley equations [45],
which was a key part of Hodgkin’s and Huxley’s Nobel prize awarded in 1963. By now, the
FitzHugh-Nagumo system is a standard model for the generation and transmission of electrical
signals in neuroscience [26,47|. The literature on the PDE version of the FitzHugh-Nagumo
system (o = 0) is very large, see for example the recent papers [15,38] and detailed references
therein. For the ODE version (o = 0, v = 0), the literature is vast [76], mostly due to the crucial
role played by bistable nonlinearities in all areas of nonlinear science and the commonly found
multiple time scale structure of the FitzHugh-Nagumo system [58]. Also the SODE variant
for v = 0 is quite well-studied, mainly due to a flurry of activity since the mid 1990s; see
e.g. [3,7,9,63,64,72|. Yet, the full SPDE variant (1.1) has only attracted major attention quite
recently, including a large number of numerical studies [67,80,81,83,86-88| as well as analytical
studies regarding existence, regularity, invariant measures and attractors [4,8,12,61,62,90]. The
question regarding stochastic stability of pulses for additive noise is far less studied. We refer
to [41] for multiplicative noise with a regularized equation (diffusion in the second variable) and
to the review [60] for the stochastic Nagumo case (¢ = 0). For further biophysical motivation
regarding various noise terms in the FitzHugh-Nagumo equation we refer to the review [63].

Here we contribute to a more detailed understanding of stochastic pulse stability of the FitzHugh-
Nagumo equations (1.1) exploiting the multiscale nature of the problem. More precisely, our
aim is to understand the dynamics of (1.1) near a deterministically stable pulse in the regime,
where the parameters o > 0 (strength of the noise) and € > 0 (coupling to the gating variable)
are small. The subsequent analysis generalizes the recent analysis of Kriiger and Stannat [55] for
corresponding scalar stochastic bistable reaction-diffusion equations such as the Nagumo equa-
tion. We remark that the idea of tracking small noise fluctuations for SPDEs around traveling
waves via a multiscale SODE approximation goes back at least to the early 1980s and works by
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Ebeling, Mikhailov, and Schimansky-Geier [70,71]|. From the viewpoint of applications the ex-
tension from Nagumo to FitzHugh-Nagumo is a crucial generalization as the FitzHugh-Nagumo
model (1.1) is far more realistic than the one studied in [55] since only (1.1) allows for determin-
istically stable traveling-pulse solutions. In fact, deterministically stable localized pulses model
far better the real action potentials generated in neurons in comparison to the deterministically
stable traveling fronts appearing in the Nagumo equation. From a mathematical viewpoint,
our generalization is important as it does extend beyond the setting of treating the equation
in a Hilbert space in which the linearization of the traveling wave is self-adjoint (this is the
case in |55]) or generates an analytic semigroup and thereby makes the methods of multiscale
approximation available to a broad class of stochastic SPDE-ODE reaction-diffusion systems.

1.2. Traveling-pulse solutions and their stability. We recall some of the well-known results
on existence of traveling-pulse solutions to the deterministic version of (1.1) where 0 = 0. These
solutions have the form (¢, x) = 4(§) and o(t,x) = 0(§), where £ = z + st and s € R is the
velocity of the traveling wave. The tuple (@, 0) therefore fulfills the set of equations

-4 for £eR, (1.2a)
a1, N .

W2 (sl — [ (@) +0) for EeR, (1:20)
N g . N

f-t) o com 020

Traveling-pulse solutions to (1.2) are solutions (s,, )" such that (a,4/,9)" — (by,bo,b3)* as
¢ — 400 where (b, ba, b3)® € R3 is a stationary solution to (1.2) fulfilling

b2 = 07 f(bl) = b37 and bl = ’7637

i.e., they are homoclinic orbits of the dynamical system (1.2). In what follows we will also have
the convention that we mean non-trivial traveling pulses. Furthermore, we are only interested in
solutions (@,9)* such that (i,9)* — (0,0)* as & — +oo. Indeed, this situation will occur if the
equilibrium point (b, b, b3)* = (0,0,0)* is unique, which is the case e.g. if v = 0 is sufficiently
small [76]. Further note that the velocity s of the traveling wave is not a parameter but a
functional of f and e.

Next, we give a very brief overview of the existing literature on the existence of homoclinic orbits
of (1.2) corresponding to traveling-pulse solutions. For a wave speed s = 0 and € = 0, we recover
the planar ODE associated to traveling waves of the Nagumo equation. Using the resulting
Hamiltonian structure of the ODE, it is easy to see that a homoclinic orbit exists for s = 0 and
e = 0. A singular perturbation argument in combination with Melnikov’s method [44, 58, 85]
yields the existence of a slow pulse with wave speed s ~ 0. Yet, an application of Sturm-Liouville
theory [52,59] shows that the slow pulse is unstable. As it is deterministically already unstable,
considering this pulse under the influence of noise is not expected to be biophysically relevant
as the noisy small perturbations will be amplified exponentially near the slow pulse. Yet, there
is also a fast pulse corresponding to much higher wave speeds s = s(f,e). Carpenter [13] and
Conley [20] constructed these homoclinic orbits to (1.2) employing the method of isolating blocks
of the fast and slow subsystems [21]. See also [35], where the methods developed in [20] have been
further improved. Then a generalization of the pulse construction to large classes of FitzHugh-
Nagumo-like models has been provided in [33]. Later, a fully geometric construction of the fast
pulse via the Exchange Lemma [49,50, 58] was proved by Jones, Kopell and Langer [51] using
differential forms. The connection in parameter space between slow and fast pulses has been
proved in [56]. Then the parametric bifurcation structure has been analyzed in a more refined
way in [15,16,38,39]. A non-perturbative approach to construct traveling-pulse solutions of
(1.2) has been carried out by Arioli and Koch [2] for the value ¢ = 0.01 using computer-assisted
proofs.

Stability of the fast traveling-pulse solutions to the deterministic version of (1.1) with ¢ = 0 in
the space of bounded uniformly continuous functions has been obtained by Jones [48] for the
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case of a cubic polynomial, in the sense that solutions starting sufficiently close to a wave profile
decay to a translate of

(a(- + st),o(- + st))*.

The proof relies on analysis developed by Evans [27-32|, where it is proved that in the space
of bounded uniformly continuous functions that linear stability implies nonlinear stability and
that the point spectrum of the linearization around the traveling pulse is determined by the
roots of a function D(A), the Evans function. Jones proves that instability can only occur due
to eigenvalues of the linear operator near A = 0. By calculating the winding number of D(\)
for a small circle around A = 0, it is shown that only two eigenvalues lie in it, one of which is
A = 0 (related to the translation invariance of the problem) and the other is negative because
%(0) > (). For a more recent stream-lined stability analysis allowing for more general reaction
terms f but still restricted to the space of bounded uniformly continuous functions, we refer
to [2,91] while stability in L?(R; R?) and H'(R;R?) is proved in [36,77,92] (see §2.2 for further
details). Nonlinear stability of the fast FitzHugh-Nagumo pulse with oscillatory tails (instead of
monotone tails as considered in this paper) has been proved by Carter, de Rijk, and Sandstede
in [14]. For general introductions into the subject, we refer to [19,79].

1.3. An approach for computing the velocity correction. Our aim is to investigate the
following decomposition

N

(t,x) = 4 (x + st + (1)) + uy(t, ), (1.3a)
(t,x) =0 (z+ st + p(t)) + v,(t, x) (1.3b)

(S8

of solutions to (1.1), where the function ¢(t) is a random correction to the position of the wave
front, and wu,(t,z) and v,(t, x) denote lower-order fluctuations that are uniquely defined through
(1.3) for any choice of ¢ = ¢(t). Ideally, we would like to choose ¢ to minimize the distance in
the direction of the traveling wave between the solution X := (,0)* of the FitzHugh-Nagumo
SPDEs (1.1) and the suitably translated traveling wave X = (4,0)®, i.e.,

. S 5 2 . S U 5 U
¢(t) € argmin, ,cp HHgtw (X(t, )= X(-+st+ gp)) HH, with X := <17> , X = (®> ,

(1.4)

where ||-||;; is the norm in the spatial variable of a suitable underlying Hilbert space H and

19, +, 18 a suitable projection operator onto the traveling wave such that 1Y, +¢%(- +st+p) =

%(- + st + ) (see Proposition 2.8 (d) and (3.1) further below). However, as the minimization
problem (1.4) is not necessarily convex, uniqueness of a minimizer is not ensured. We follow the
approach in [55] and replace (1.4) by the weaker condition for a critical point of finding ¢ = ¢(t)
such that

0= (Hgtw (X(t,~) — X(-+st+ go)) ,%(- + st + @))H, (1.5)

where (-,-); denotes the inner product of H. This approach has been employed by Inglis and
MacLaurin in [46] for more general classes of SPDE systems with the drawback that results only
hold up to the first stopping time when the local minimum turns into a saddle. Here, we follow
the work around proposed in [55] in the sense that o(t) is approximated by a process ¢ (t),
which in our case fulfills the random ordinary differential equation (RODE)

W) = m (Mg (X ) = X+ st+0™0)) S (+st+9m(®)  (16)

for given initial condition and a relaxation parameter m > 0 that is chosen sufficiently large.
Notably, approximating ¢ with ¢ through (1.6) implies differentiability while this is in general
not true for (1.5). By further analyzing (1.6) we will construct ¢ as a solution of an SODE
and (ug, v@)t as the solution of a system of an SPDE coupled to an SODE in such a way that
(u@,v({,);c fulfill estimates in suitable function spaces, making precise what the notion ‘lower
order’ means.
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In [55, §3.4], it has been pointed out that with the strategy described above the first-order
fluctuations around the traveling wave are orthogonal in their suitably chosen inner product. In
fact, in the case of of second-order bistable reaction-diffusion equations, the spatial linearization
around the traveling wave, the frozen-wave operator, is of Sturm-Liouville type. Hence, one can
always find a weighted L2-inner product in which it is self-adjoint, so that one can replace the
projection operator used in (1.4) with an orthogonal projection induced by this inner product.
One cannot expect a similar approach to be applicable in our situation (1.1) of an SPDE coupled
to an ODE or other more complicated systems of SPDEs. Instead, we will build up our analysis
on Riesz spectral projections of the frozen-wave operator that do not require a self-adjoint
structure and yield a partition into two subspaces invariant under the linearized flow. Note that
non-orthogonal Riesz spectral projections have also been employed by Hamster and Hupkes
in [40-43] by projecting onto the eigenvector of the adjoint of the frozen-wave operator. Their
SODE to determine ¢ is more involved compared to (1.6). Their method applies to a variety
of (systems) of reaction-diffusion equations with special forms of multiplicative noise (partially
only including a one-dimensional Wiener process). However, in all situations treated there, the
frozen-wave operator is sectorial with spectral angle larger than 7 and therefore generates an
analytic semigroup. Specifically, in [41, (1.2)], [42, (1.3)], [43, (1.17)] the second component of the
FitzHugh-Nagumo system is regularized by adding c629 with some ¢ > 0 to the right-hand side
of (1.1b) (see [17,22] for existence and stability of the pulse in this case), which is different from
the only partly parabolic FitzHugh-Nagumo system without diffusion in the second component
as treated for instance in [2,13,20,35,48,51,91]. In our setting, the frozen-wave operator has
essential spectrum parallel to the imaginary axis (see §2.2 and §A.2 below) and therefore is so
far not covered by this approach.

Historically, one can track back stability and fluctuation analysis of bistable scalar SPDEs,
such as the Nagumo SPDE, at least to early works by Ebeling, Mikhailov, and Schimansky-
Geier in [70, 71|, where it was recognized that the deterministic reference wave speed should be
corrected by a stochastic term, which in turn satisfies an SODE. Many further works followed,
e.g., using a more rigid/frozen stochastic frame in combination with numerical simulations by
Lord and Thiimmler in [68], employing functional inequalities to establish stability bounds by
Stannat in [84], the adaptation of a rigorous multiscale expansion by Kriiger and Stannat in [55]
originally motivated by work on the related problem of stochastic traveling waves for bistable
neural field equations by the same authors in [54] and by Inglis and MacLaurin in [46], and
work on long-time stochastic stability tracking for suitable multiplicative noise by Hamster and
Hupkes in [41] via stochastic convolution estimates by the same authors in [40]. We also remark
that in case of stochastic dispersive PDEs, the random modulation of soliton solutions (i.e.,
standing or traveling wave packages) has been investigated by de Bouard and Debussche for the
stochastic Korteweg-de Vries equation in [24] and by de Bouard and Fukuizumi for the Gross-
Pitaevskii equation in [25]. Furthermore, multiscale expansions also frequently appear in the
context of SPDE amplitude equations at bifurcation points as treated for instance by Blomker
in [10] and by Blomker, Hairer, and Pavliotis in [11].

1.4. Outline. We continue with the setting and auxiliary results in §2, followed by the main
results in §3. The proofs of auxiliary results are contained in Appendix A while the proofs of
the main results can be found in §4. In §2.1 and §A.1 we construct solutions to (1.1) using the
variational approach for equations with locally monotone coefficients [65,66]. In §2.2 and §A.2,
we then formulate the SPDE of perturbations around the traveling wave which to leading-order
is governed by the linearization around the deterministically-stable fast FHN pulse. Results on
the deterministic linearized evolution of perturbations around the traveling wave are provided
in Proposition 2.6 and Proposition 2.8 below. Afterwards, in §3.1 and §4.1, we derive an SODE
approximating the correction of the wave velocity (cf. Proposition 3.2 below). The leading-order
part of this SODE is an Ornstein-Uhlenbeck-type process with a linear damping in the drift due
to the relaxation method of the frame and additive stochastic fluctuations obtained from project-
ing the infinite-dimensional noise onto the deterministic translation-invariant mode. Practically,



6 KATHARINA EICHINGER, MANUEL V. GNANN, AND CHRISTIAN KUEHN

this entails that the deterministic reference wave has phase diffusion along the translation direc-
tion. Subsequently, in §3.2 and §4.2, we prove a multiscale expansion in terms of the linearized
evolution (cf. Theorem 3.3 below), which is further investigated in §3.3 and §4.3 in the limit as
m — oo of immediate relaxation (cf. Theorem 3.4 and Proposition 3.5 below). In particular, our
results yield bounds on

e the first exit time where the multiscale decomposition cannot be guaranteed to hold
anymore and

e on the second moment of fluctuations transverse to the traveling wave mode after cor-
recting the wave velocity.

Concluding remarks and an outlook on future research can be found in §5.

2. SETTING AND AUXILIARY RESULTS

For what follows, we fix a stochastic basis, that is, a complete filtered probability space
(Qa f? (Ft)tG[O,T]ap) ’

with a complete and right-continuous filtration (F)e[o,r], where T' € (0, c0) is arbitrary.

2.1. Existence and uniqueness of solutions using the variational approach. In line with
the classical findings for the deterministic FitzHugh-Nagumo PDE discussed above, we make the
following assumption on (1.1) or (1.2), respectively. In particular, we are only going to study
stochastic perturbations to the deterministically stable fast pulse solution:

Global Assumption 2.1. In a right-neighborhood of € = 0 the system (1.2) has a non-trivial
homoclinic orbit of the point (0,0,0)* in phase space. The corresponding traveling-pulse solution
(41,0)° of the FitzHugh-Nagumo equations (1.1) with o = 0 is locally asymptotically stable up to
translation.

We will assume certain properties on the reaction term f(w) that are fulfilled for instance by
the choice f(w) = x(w)w(l —w)(w — a), where a € (0,1) and x € C*(R) meets x|[_¢;,x) = 1

and x(w) = ;—% for w € (=00, —ca], where 1 < ¢; < co sufficiently large (cut-off at —o0), for
which existence of a traveling-pulse solution (cf. Global Assumption 2.1) is guaranteed provided
e > 0 is small. Here, we directly make the usual abstract bi-stability assumptions [18,55,91] for
f so that the nonlinearity effectively behaves like the classical cubic nonlinearity chosen for the
Nagumo and FitzHugh-Nagumo equations.

Global Assumptions 2.2. We have f € C3(R) and there exist a € (0,1) and d > 0 with

f(0) = fla) = f(1) =0, (2.1a)
f(w) <0 for we(0,a)u(1,00), (2.1b)
fw)>0 for we(—,0)u(a,l), (2.1c)
f(0) <0, f(a)>0, f(1)<0, (2.1d)
Flw) — % £0 for weR\{0}, (2.1e)
/1 fw)dw > 0, (2.1f)
0
= sup f'(w) < oo, (2.1g)
| flwr 4+ wa) — f(wr) — f'(wi)wa| < ma (1 + [wi] + [w2]) lwal®  for wi,ws € R, (2.1h)
’f w)‘ <13 <1+|w| ) for weR, (2.1i)

| f(w1) — fw2)] < nafwr —wel <1 + Jwy|* + \w2\2> for wi,wy € R,
(2.1j)
‘f’(wl +wg) — f'(wy) — f"(w1) wg‘ 5 \wg\ for wi,ws € R, (2.1k)



MULTISCALE ANALYSIS FOR THE STOCHASTIC FITZHUGH-NAGUMO EQUATIONS 7

}f wy) — f'(w ‘ ) < e |lwr —wa| (14 |wi| + |wse])  for wi,wyeR, (2.11)
‘f// f// ‘ <

where 12,13, M4, M5, 76, N7 < 0.

Note that the linearization of (1.2) in (0,0,0)* only depends on f’(0) and because of (2.1d)

this point is hyperbolic and hence % for j € {0,1,2,3,4,5} and % for j € {0,1,2,3,4} are

N7 |lwy —wa|  for wi,ws e R, (2.1m)

exponentially decaying as |{| — +o0o. In particular,

dia dia ;
’ || oo ) < oo and ‘ || (s <o forall je€{0,1,2,3,4,5},
as well as
d7% .
‘ d—g o) < oo and H 98 || 12z, <o forall je{0,1,2,3,4}.

For ¢ = 0, we may use (1.3) as a definition of (u,v) := (ug, v9) and employing (1.2), we obtain
the system

du(t,z) = (vorult,z) + f (u(t,z) + a(z + st)) — f (a(z + st)) — v(t,z)) dt
+odW (t,z), (2.2a)
dv(t,z) = e(u(t,x) —yv(t,x))dt. (2.2b)

In order to analyze (2.2), we use the following Hilbert space setting. Suppose that L?(R) is the
standard L2-space of R-valued functions on the real line,

H'(R) :={ue L*R): d,ue L*(R)},
where 0,u denotes the distributional derivative, and H~!(R) denotes the topological dual of

H'(R) relative to L?(R). The Laplacian 02u for u € H'(R) can be defined via its bilinear form
as

® {w, d u>H /(8 w) (Ozu) dz. (2.3)
Then, we may recast the system (2.2) in form of the abstract stochastic evolution equation

and introduce the rigged space triple (Gelfand triple)
V= H'(R) z0L*(R) — H := L*(R) zOL*R) = H* — V* = H '(R) z6®L*(R), (2.5)

where

(Y1,Y2) = Z/ (ewrwy + q1q2) de, (2.6a)
R
(Y1,Ya)y, = Z/ (ewrwy + €(0,w1)(Opw2) + q1¢2) dx, (2.6b)
R
with
= (W d Z:= (@)2 + (@)2 a) 2.7)
i= g an =L (e ae , :
and where

X .o C}L) (2.82)
A: [0, T] xV x Q— V*

(£, X, w) — A(t, X) = <V8§u + f(u+ 11(6 Z;LS?,)W_) fa(-+ st)) — v> ’ (2.8b)

B:[0,T] x V x Q — Ly (U; H),
(t, X, w) — (U — H, N B(t,X)N := (U\/OQN». (2.8¢)
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Here, we assume that U := L?(R), Q € L(U) is a symmetric nonnegative-definite bounded
linear operator in U with finite trace, Lo (U; H) denotes the space of Hilbert-Schmidt operators
U — H, and Wy is a U-valued (Ft)seo,r)-adapted cylindrical idy - Wiener process. Note that
W = 4/QWy is in fact a U-valued (Ft)te[o,r)-adapted Q-Wiener process. We remark that
the assumption of @) having finite trace leads to a noise term in (2.4) which is not translation
invariant. However, since we study stability of a pulse with exponential tails traveling with finite
speed on an axon (which in reality has finite length), this assumption appears to be acceptable
regarding the relevance of our results in terms of applications. Further note that the scaling of
the first component with /¢ in (2.6) changes the geometry of the orthogonal sums indicated
by the symbol \@@ rather than @ in (2.5). On the other hand, the normalization with Z

merely implies the convenient property that H%HH = 1 but leaves all angles between vectors

unchanged.

In order to show existence of solutions to (2.4), one could use the concept of mild solutions as
employed for the FitzHugh-Nagumo SPDE with additive noise in [61]. The approach presented
in [55], which we build upon, uses variational solutions [57,66, 75| for equations with locally
monotone coefficients [65,66]. As we will show in Proposition 2.5 below, the variational solution
(constructed in Proposition 2.4 below) also turns out to be a mild solution. We remark that the
authors of [41-43] use [65] to construct solutions, too, but as previously mentioned, their system
is regularized by adding co?u with ¢ > 0 to the second component in (2.8b), which also changes
the Gelfand triple to H*(R;R?) — L?(R;R?) — H~!(R;R?). Since the variational approach
has not been directly worked out for the FitzHugh-Nagumo SPDE with additive noise and no
regularization of the second component, we use this opportunity to fill this gap within this work
as an auxiliary step. Therefore, we use the concept of variational solutions (cf. [65, Definition 1.1]
and [66, Definition 5.1.2]):

Definition 2.3. A variational solution to (2.4) is a continuous H-valued (F)i=0-adapted process
(X (t,))e[o,r) such that the dt ® P-equivalence class X meets X e L? ([0,T] x Q,dt @ P; V) and
such that the solution formula

t

¢
X(t,-) = X(0,-) +/ A, X(t,-))dt’ +/ B, X(,)dWy(t',-) for tel0,t] (2.9)
0 0
is satisfied, P-almost surely, where X denotes any V-valued progressively measurable dt ® P-
version of X.

Under the given hypothesis, we can prove existence of solutions and regularity in space under
additional assumptions:

Proposition 2.4. Forpe€ [6,00) and T > 0, the stochastic evolution equation (2.4) has for any
X(0,-) = (u(0,-),v(0,))* = X© = (u(o), U(O))t € LP (Q, Fo,P; H) a unique variational solution.
The solution further satisfies X € LP (Q, F,P;C°([0,T]; H)).

For the subsequent result, we define the stronger space

V:= H'(R) 0H"(R) (2.10a)
with inner product
(Yi.Ya)y, = Z / (ewrwy + £(00w1)(Qawn) + Q12 + (3oa1) (God2)) da
R
B8 V1, Ya) y + (Y1, 0:Ya) g (2.10b)

where Y; and Z are as in (2.7).

Proposition 2.5. In the situation of Proposition 2.4, the solution X is also a mild solution in
the sense of [23] with linear operator

2 0
(”Ow m) . H 2 H*(R) z0L*(R) — H.
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If additionally \/Q € Ly(U; H'(R)), u® € L2(R), and v® € H'(R), then
tu,ve C° ([O,T]; Hl(R)) ,  P-almost surely.
If further u®) € HY(R), i.e., X eV, then X € C°([0,T]; V), P-almost surely.
We will give the proof of Proposition 2.4 and Proposition 2.5 in §A.1.

2.2. Linearization around the traveling wave. We recall the global Assumptions 2.1 and
write X := (@,0)" for the deterministically stable fast traveling pulse. Then we define

X(t,z) := (a(t, z),0(t,x))* = X(t,z) + X (z + st), (2.11)
and in line with (1.3) set
Xo(t,x) = (up(t,x),v,(t, )" := X(t,2) — X(z + st + )
= X(t,z)+ X(z+ st) — X(z + st + @), (2.12)

where ¢ = ¢(t) is yet to be determined. We split the stochastic evolution equation (2.4) around
the traveling-wave profile X into a linear and nonlinear part using (1.2). This yields

Xt = (Larratg Kol Ryt X8, = GOBEC st o(0)) e+ (7 ) awe

(2.13)
e P+ (- + st + )
vozw+ f(a(-+st+¢)w—gq w
LstroY = z , Y := , 2.14
e < e (w=79) ) (Q> —
and
7 . _— 7 . _— , 7 .
R,(1Y, ) = <f(w+u( + st + ) — f (a( Estw)) £ (a( +st—|—go))w>‘ (2.15)
We have the following result, which is proved in §A.2.1.
Proposition 2.6 (linearized evolution). The family of operators (Lst),sq, with
2.10
Lo: D(Ly) = H3R) s0H (R) —» v "2 H\(R) ;0H(R),
generates an evolution family (Pst,st’)t>t/>0 in YV with
HPSt,St/ L(V) < eﬁ(t—t’), (216&)
where
B = Hf/(a) - f/(o)le,ao(R) — min {_f/(0)7 67} 9 (216b)
and we have used the norm in the & = x + st coordinate in the last expression.
We also write
2 1 (5 g 2 () — _
rHYy vogw + fH (@) w—q—sdgw) _ (v + f' (&) — s0¢ 1 v (2.17)
e(w —vq) — sdeq 5 —ey — 80¢

for the linearized evolution in the moving frame, i.e., with respect to & = = + st, and call £L#
the frozen-wave operator. Defining the translation operator T. by

TY :=Y(-+¢) forany ceR, (2.18)
one may readily check that
O — Lo = Tut (at . ,c#) Tat. (2.19)
Furthermore, by differentiating (1.2) it follows
A ;5 U
LFEE =0, where X := <U> (2.20)

Equation (2.20) simply means that the derivative of the traveling wave is an eigenvector of the
frozen-wave operator, which actually arises due to translation invariance [59]. Here and in what
follows, we use the conventions of [52, §2.2.4, §2.2.5, Definition 2.2.3, (4.1.11)]:
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Definition 2.7. For a complexz Banach space E and a linear operator B: E 2 D(B) — E we

define

(a) the resolvent set p(B) as the set of all X € C such that \idg —B is invertible and (\idg —B) ™1
is bounded;

(b) the spectrum o(B) := C\p(B);

(¢) the point spectrum o,(B) as the set of all A € C such that the index ind(Aidg —B) of
Nidg —B satisfies ind(Aidg —B) = 0 but Aidg —B is not invertible;

(d) the essential spectrum oess(B) as the set of all A € C such that N\idg —B is not a Fredholm
operator with ind(Aidg —B) = 0.

(e) for a C-Hilbert space E with inner product (-,-), the numerical range

Re(B) = {(BY,Y),: Y € D(B), |V =1}.

Next, we are going to list (spectral) properties of the frozen-wave operator in the statements
below, which make use of a complex Hilbert space

Hc = L*(R; C) z0L*(R; C), (2.21a)

endowed with the inner product

, 2 2 -1

(Y1, Y2) . = Z/R(ewlwg + i) dE, Y = (Z’JJ) 7 &0 (/R (5 (?Tg) + (%) >d§> .

(2.21b)
As mentioned in §1.2 already, the spectral properties of £# have in fact been studied by Jones [48]
(based on the framework developed in [27-32|) with shorter proofs given by Yanagida in [91]
and by Arioli and Koch in [2, §3] in the space of bounded uniformly continuous functions.
Furthermore, in [2, §4.1], bounds on the eigenvalues for square integrable functions on the torus
have been derived by a scaling of the components analogous to the one used in (2.6) or (2.21b).
Here, we adapt these approaches in order to give corresponding results in He¢ in §A.2.2; a choice
being compatible with the Hilbert-space setting of §2.1. Directly applying the deterministic
results [2,48,91] would require to adapt our stochastic framework to Banach spaces, which we
briefly comment on in §5.

We emphasize that the following stability result, Proposition 2.8, in the space of square-integrable
functions is (up to a scaling of the components of Y') in more generality proved by Ghazaryan,
Latushkin, and Schecter in [36] and by Yurov in [92]. These proofs mainly rely on applying
the Gearhart-Priiss theorem (see e.g. [52, Theorem 4.1.5]) and Palmer’s theorem [5] and are
more complicated than our relatively elementary arguments provided in §A.2.2. See also [77] for
an alternative proof using the Laplace transform by Rottmann-Matthes and [78] by the same
author, where the method has been applied to first-order hyperbolic PDEs.

Proposition 2.8 (properties of the frozen-wave operator £#). For the frozen-wave operator

£#: D(L#) = H(R;C) zoH' (R;C) — He "2 [X(R;C) 0L (R;C)
it holds
(a) L7 [E#‘D(ﬁ#)mH/ generates a Cy-semigroup (P‘j)po [(P§’H>t>0/ in Hc [H].
(b) We have Py g0 = ﬂtpjt,t/)’VT—st’ with Py g as m/Propositz'on 2/.6.
(¢) The spectrum o (L#) = 0ess (L) U0 (L) consists of
(i) essential spectrum oess(L7) € {A € C: Re A < —k} with
# = min {—f'(0),e7} (2.22)
and
(#1) point spectrum ap(ﬁ#) consisting of an isolated eigenvalue 0 of multiplicity 1 with
eigenvector ‘(11—)5( such that o, (L7#)\{0} < {\ € C: Re A < \*(g)} for an eigenvalue \*(g) <

0, which we will call the Jones eigenvalue [48] (see [91] for more general reaction terms
f as treated here).
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(d) Defining the Riesz spectral projections using Dunford calculus as
1 ~1
0 = (Nidpe —£#) T dx and TF = idy, ~TIF, (2.23)

271 \)\|:r

where r := $min {|]\*(e)|, &}, it follows that for any ¥ < min{x, —\*(e)} there ezists Cy €
[0,0) independent of t € [0,00) such that

where H'HL(HC) denotes the operator norm of bounded linear operators

P#H#H < Cye? 9.94
st L(HC) 9Ee ’ ( )

L*(R;C) z®L*(R; C) — L*(R; C) zOL*(R;C).

(e) The operators H#’0|H , H#|H : H — H are well-defined and bounded, too, with HH#’OHL(H) <
HH#QHL(HC)’ H#HL(H) < HH#HL(HC)’ and (2.24) holds true with Hc replaced by H.

3. MAIN RESULTS

For the following results, we can choose T' € [0, 00) arbitrarily.

3.1. Correction of the wave velocity. In accordance with (1.6) we define the translated
spectral Riesz projections

Hgt-ﬂo = st+<pH#70T—st—gp7 Hst+<p = st+4pH#T—st—<p7 (3.1)
and postulate the RODE as an approximation for the noise-induced wave velocity change
. dp™ $
G () = G5 (0) = m (T X7 (1), (4t 4 07(1) (3.20)
where m > 0 and
XMta) = Xpe(t,z) 2D X(t,x) — X(x + st + " (t))
(2.12)

X(t,z) + X(x + st) — X(z + st + @™ (t)).

Remark 3.1. Indeed, from (1.4) with the choices (3.1) and H (22 LQ(]R)\/E@IP(]R), forX© ey

we obtain the necessary condition for a minimum to be
0 = M Xett)
2o [y (R0~ X5t +0)|[
(31) &F,HH#’O (X(t,-—st—cp)—X)Hj{
- 9 (11#70 (5( (t,-— st — @) — X) IO ((axff) (t,— st — ‘P)»H

- _Aag diag (v, 1) - (H#’O (X(tp—st—so)—)?))(ﬁ)rd%

=0
_ #O (X (t . —st—op)— X)) X
2<H (X(t, st — ) X)’d5>H
= 2 (W, (X ) = X(+st+9)) B +st+e))

(2.12) 7
2 2 (MG Xt ), S+ st 9))

so that (1.5) holds true, while (1.6) or (3.2a) correspond to a relazation of this condition with
numerical parameter m.
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By choosing ¢ from (3.2a) as the velocity adaption, the SPDE (2.13) becomes

de(ta ) = (Est-i-gam(t)Xm(ta ) + Rm(ta Xm(ta ')7 ) - (Pm(t) d¢ ( +st+ ¢ ( ))) di
+ <g> AW (t, ), (3.2b)
where
R™(t,Y,:) = Rym(t,Y,")
(2.15) ( (w + a(- + st + ¢™)) f(a(-+ost+go ) = f(a- + st + ™)) >
(3.3a)
G )

The proof of the following proposition is contained in §4.1.

Proposition 3.2. Suppose \/Q € Ly(L*(R); H'(R)) and u(9),v(®) e H'(R).

(a) P-almost surely, there exists a unique (Ft)i=o-adapted solution o™ € C1([0,T]) to the path-
wise ODE (3.2a) subject to ¢™(0) = 0.

(b) The correction ¢™ to the velocity s of the traveling pulse satisfies the SODE

agn(t) = —mg" () (1+ (M %X ) (st g™() )t
o (110, (1,0)° AW (2, ), 4 & C(+st+gm(1)

+m (st R X (), ), S (st o ()))Hdt. (3.4)

3.2. Reduced stochastic dynamics and multiscale analysis. Since for small values of o,
X™ and ¢™ are expected to be small, we may also consider the reduced set of equations (in
which by linearity o can be scaled out)

A (t) = —mep @) dt+m (18 (1,0)° AW (), S +5)) (3.50)

dX™(t, ) = (L:stxgl(t,-)wg%()dg( +st)) dt + (1,0 dW (¢, ). (3.5b)

Note that the SPDE (3.5b) describes the stochastic fluctuations around the stable fast pulse with
stochastically adapted wave velocity. Due to the construction (cf. the definition of Ly in (2.14)),
the aforementioned SPDE arises from a multiscale argument and represents a leading-order
approximation to track the fluctuations around the deterministically stable fast pulse.

The following statements establish existence of solutions to (3.5) and yield a multiscale expansion
of the solution X = (i,%)" to the original equation (1.1). Their proof is contained in §4.2.

Theorem 3.3. For
VQe Lyl H (R),  X5'(0,) = X" eV, 4§ (0) = m (HFOXO), 4X) - 4p(0) = 0,

we have:
(a) The system (3.5) has a unique mild solution [82, Definition 1.1] given by

o ),
+/0 ( ) ( s (1,0 dW (), dg( + t))H7 (3.6a)
Xg'(t,) = Pgt,oX[gO) — o )%( rat) 4 /Ot Paa (1,005 dW (¥, ), (3.6b)

P-almost surely, where (Pst,st/) 1s giwen by Proposition 2.6.

t=t'>0
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(b) Let X be defined as in (2.12) using Proposition 2.4 and Proposition 2.5. Define the stopping

times
Tqo := inf ({t e[0,T]: || X(¢, )|| > 17‘1} U {T}) , (3.7a)
T = inf ({t € [0, T] : |0f' ()] = 079} U {T}), (3.7h)
where q € [O, %) Then, on {min {Tq,U,T(ZLa} = T} we have
X(t,-) = X (- + st + op'(t)) + o XJ\(t,-) + 08™(t,-), (3.8)

where the remainder S™ meets the estimate
1S™(t, )|y < Co' ™2 (1+ O‘l_q) ,  P-almost surely, (3.9)

with C < o0 being independent of o.
(¢) For q € [0,%) it holds P[min {rq0:Tib} =T] 21— C0% — 1 as 0 \, 0 for a constant
C < o0.

Note that by scaling out o beforehand, we have Xéo) = 01X where X© is the initial
condition for the unscaled equations (2.4) describing the fluctuations around the traveling wave.

3.3. Immediate relaxation. In the limit as m — oo (immediate relazation), the system (3.5)
further simplifies and we expect the solution (X§*, ¢f") to (3.5) to converge to

0y (t) = (H#OX(SO)’%)§<> +/0 (Hst,( )tdW(t’,-)7%(_+St/))H’ (3.100)

t
XP(t,) = Pyol* x\V + / Py Tl (1,05 dW (2, ), (3.10Db)
0

where (Pst,st/) is given by Proposition 2.6.

t=t'>0

The proof of the following statement is contained in §4.3.

Theorem 3.4. Suppose v/Q € Lo(L*(R); H'(R)) and X(()O) e V. Let ¢™ be given as in Proposi-

tion 3.2 (a), X™ := Xym be defined as in (2.12) using Proposition 2.4 and Proposition 2.5, and

wgt and X' be given by Theorem 3.3.

(a) We have IO, XP(t,-) = 0 or equivalently T4 X (t,-) = XP(t,-) for all t € [0,T], P-almost
surely.

(b) For any 6 > 0, we have

E [ sup |pgi(t) — gogo(t)\] —0 as m — oo, (3.11a)
te[0,T7]
E[ sup || X{'(¢, ) — X (¢t )”v] —0 as m— 0. (3.11b)
te[6,T]

(c) Suppose q € [0, %), let 745 be defined as in (3.7a), and

o =inf ({t € [0,T]: [pg ()| =07} u{T}). (3.12)
On {min {Tq,o, T;?U} = T} the stochastic traveling wave has the multiscale decomposition
X(t,)) = X (- + st + 0pZ(t)) + 0 XL (t, ) + 05°(t,-), (3.13)
with
1S (t, )y, < Co' ™21 (1 + 0'79),  P-almost surely, (3.14)

where C' < o0 is independent of o.
(d) Forqe[ ) it holds}P’[mln{qu, qa} T] 1—C0% -1 as o\ 0 for some C < 0.
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(¢) On {min {TqJ,qu?a} =T}, where q € [0, %), the function
~ N 2
Rsypm— Hﬂgt (X(t,‘) - X (- —i—st—l—agp))HHeR

is for 0 <t < T fized, P-almost surely, locally approximately minimal at o = @ (t) in the

sense that

i (ke - X crssoa)[)co@ o), @
and
Bl (g -serasoa] <o (I, row) =0 s

as o\, 0, P-almost surely.

Note that Theorem 3.4 (a) is a generalization of the orthogonality property in [55, §3.3]. Theo-
rem 3.4 (c¢) and Theorem 3.4 (d) yield a multiscale expansion in the immediate-relaxation limit.
Finally, Theorem 3.4 (e) relates to our original motivation in (1.4) to obtain the correction of
the translation of the wave through a minimization argument. The following result is proved in
in §4.3.

Proposition 3.5. Suppose that v/Q € La(L*(R); L*(R)) and X(()O) € H. Then the second
moment of X° satisfies the bound

]E[”X(?O(t,-)n?{]<2C§e—”tHX(§°)H CQILHH#H ZH\F) (3.16)

with ¥ < min{k,—A*(¢)}, where k and the Jones eigenvalue )\*( ) have been mtmduced in
Proposition 2.8, and the constant Cy € [0,00) only depends on ¥ (and the parameters v, €, f,
and v of the deterministic FitzHugh-Nagumo system (1.1) with o = 0) but is independent of t,
T, and o.

Lo(L2(R

The inequality (3.16) is crucial for theoretical and application purposes as it bounds the expected
size of fluctuations/deviations from the deterministic pulse. It shows that the second moment of
the remaining deviations from the pulse, after correcting the wave velocity, are bounded by a sum
of two contributions. The first term is simply due to the initial data Xéo) and is exponentially
decaying as in (2.24) of Proposition 2.8 (d). The second term is due to noise around the traveling
wave, where once more the decay constant of (2.24) enters. From a theoretical viewpoint the
multiscale estimate for the second moment can then be useful in Doob/Markov-type inequalities

to control the probabilities of individual sample paths [1,6,37].

Note that the noise contribution is of lower order compared to the second moment of fluctu-
ations around the corresponding deterministic traveling wave (i.e., without stochastic velocity
adaptation) because we have shifted appropriately to minimize the deviations in direction of
the derivative of the traveling wave (which corresponds to the eigenvector with eigenvalue 0 of
the frozen-wave operator). This is made more precise in the following proposition, in which we
compute the second moment of the fluctuations in direction of the derivative of the traveling
wave on the event {min {Tqﬂ, T;OJ} = T} where the multiscale decomposition holds true. The
proof can be found in §4.3.

Proposition 3.6. There erists a sequence (QN)nen with v/Qn € Lao(L*(R); HY(R)) such that
for the deviations without adapting the wave velocity X := Xy of (2.12) (i.e., with ¢ = 0) with
respect to QN in the definition of the noise (2.8¢c), the second moment of deviations in direction
of the traveling wave satisfies

E [(HOtX( 0 dg( + St))Q ﬂ{min{Tq,mTc??o}_T}}

= o (x40 o%e (o0 (00) S]]+ o)) 4o,
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where H(l,O)t (I17#:9) * dX H > 0, o(NY) can depend on t but not on o, and o(c?) can depend

ont and N. In partzcular asymptotically the in o leading contribution of this moment grows
linearly in time.

4. PROOFS OF MAIN RESULTS
4.1. Correction of the wave velocity. In this section, we prove Propositions 3.2.
Proof of Proposition 3.2 (a). We use the path-wise definition
F:[0,T]xR—R, (t,p)—>m (Hgtﬂo <X(t,-) —X(~ +st+go)> ,de ( + st + Lp))H
and note that by employing translation invariance of integrals, we have
F(t, o) %) m (0 (X (1, — st — ) - X)), %)H for (,¢) € [0,T] x R.
Then, we can compute for (¢1,¢1), (t2, p2) € [0,T] x R,

[F(t1, 01) — Ft2, 02)] <m ‘H#OH X(tr,-—st1 — 1) — X(ta, — sty — <P2)HH H%HH

L(H)

and on noting that
HX(tl,' — sty — 1) — X(tQ’ F— sty — 902)HH

<

X

X (t1, — st1 — 1) — X (ta, - — st1 — <P1)HH

+ HX(t27 c— sty — 1) — X(t% - — sty — SOQ)HH

with
|% 0, = sty = o1) = Xt = st1 — )|
(2.11)
< X (- = sty — 1) = X(t2, - — sty — 1)l
| XC—e) = X (st —t) = )|,
. dX
= IX ()~ Xt )l + X (- —g)ae
s(t1—t2)+e1 "
<X () = X,y + sl — ol | 5|
and

HX(tZa -— st — 1) — X(t% - sty — 902)“

sto+p2 stz +p2

0K (t2, - — §>HHd§‘

st1+p1 t1+<p1

< (Is| |t —t2| + |1 — @2|) sup Han )H
t€[0,T] H

(2.11)
< (slt —tal + lor — ool | sup 126Xty + [[4F]|
te[0,T]

and applying Proposition 2.5, we obtain supsepo 1) |0¢X (¢, )| ; < o0, P-almost surely, so that
F is, P-almost surely, continuous and globally Lipschitz continuous in the second component.
Making use of the Picard-Lindel6f theorem finishes the proof. O

Proof of Proposition 3.2 (b). We can rewrite (3.2&) according to

G 2 (T X7, G (4 st + ™))
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(3.1) m (H#’OXm (t,- — st — o™ (1)), %) . P-almost surely.

Taking the differential yields
&
—(s+¢"()m (H#voagxm (t-—st— (1), 55) at
2 m(Hstw X (8,), S (4 st o ())) dt
—<s+¢m<t>>m(stm()agxw I Cstrem@) e
(3.2b) (Hgtw 0 LotromnX™ (1), X (- + st + ™ ())) dt
+m (Hgtwm(t)}zm (6, X7 (), ), S (- 4 st + o ())) dt
™ (8) (1 gy 5(+8t+<ﬂ (), 5 (- +st+ (1)t
o (19, gy (1,0)7 AW (8, ), 5 (4 st + 7 ()))H
—m (s + ¢ (1)) (T g0 X (82), 5 (- + st + 9™(1))) |,

P-almost surely. Now, we note that

agn) = om (IRAXT) (k= st = "(0). 4,

<H2t+¢:m(t)d§ (-4 st+ ™ ())a de ( + st + ™ ()))

(3.1) (H#de dX) (2.20),(2.23) H H (2.6a)
= o G o

H

1,
so that we obtain the simplification
4§ (1) = m (T iy (Eorrgmey = 500) X (8) 58 (- + st + 07(1))) |t
=g (1) (1 (T X (1) (st + 0™ (1))) ) e
o (T gy (1,0)° AW (£, ), G5 (- + st + ™ (¢ )))H
+m (Hgtwm(t)Rm (6, X7 (8, ), 95 (4 st + @m(t))>H dt,

P-almost surely. Next, we use (2.14), (2.17), (2.18), (2.23), and (3.1) to conclude that

(2.23)
I3y ey (Lstrgms) = 502) = Tarom(ny I OLT 7= Topyom ) LFTIF0

and therefore
(H(s)t-&-ap ™ (t) (Est-‘rgom(t) - Saw) X (ta ) ) % ( + st + me(t))>

= (FEOX T st (1), )

(2.60),(2.7) m m ¢\ (220)
= (ﬁ# (112{7 Cll)g{) <H#7OX (ta - — st — 2 (t)) ’ %>H = 0,

H

P-almost surely, so that we end up with (3.4).

O

4.2. Reduced stochastic dynamics and multiscale analysis. In this section, we prove
Theorem 3.3. We note that the existence and uniqueness of mild solutions for all non-autonomous
linear SPDEs appearing in the next proof is guaranteed by standard results, see for instance 82,

Theorem 1.3| or the very general approach in [89].
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Proof of Theorem 3.3 (a). Since equation (3.5a) decouples from (3.5b), it forms a linear SDE
for which we have a unique mild solution given by

t
G0 = me (WX ) e [ om0 (11, (L0 AW, HEC )
0
P-almost surely. Another integration using ¢{'(0) = 0 yields

A = (e (x4

t/
—|—m// ) (110 (1,0)° AW (W, ), S+ ) a,

P-almost surely. Utilizing

t ot
N / / e (I (L,0)7 AW (¢, ), SE (- + st"))  d¥
t t//
_ / / O (Hstn( 0)° W (1", ), SE (- + st )>H
) / (l—e it t,,)) (Hst”( 0)* dW(t”,')7%('+St/’))H,

0
we end up with (3.6a).

Since ¢y’ is already uniquely defined, we may uniquely solve (3.5b) with the mild-solution
formula

t N t
X't ) = PyoX” — / P () P S (- + st) At + / Py (1,0)EdW (1, ),
0 0

P-almost surely. With help of Proposition 2.8 (a) and (b) it follows

(2.18) (2.18),(2.20)
Pat,st df( +st) "2 TP t t’)cil)ﬁ( = %)5(( +st),
so that
t t
/ ) Pay o S (- st —/ S At (4 st) = (O ( + st)
0 0
and we arrive at (3.6b). O

Proof of Theorem 3.3 (b). In what follows, we restrict ourselves to paths on {min {74, Tgfa} =T},
which ensures smallness of X (t,-) and ¢f'(¢).

We consider the remainder
o5t X4, ) = X (4 st oe(t) — o XI(E, )
CAV X () 4 X (4 st) — X (- + st + 0@ (1) — o XL, ),
so that with
AX(t,-) R LaX(t ) dt + (g) AW (¢, ),

¥ (f (W) e+ 31) = (@ + ) = (0l + 50) ->> ar

AX (+st) L LR stydt+ <f (@(-+st)) = f'(
as well as
AX (- + st + opl(1))
2L Lo X (- + st +opp'(t))de

>

(-+st))a(+ 5t)> ar,

[an}
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o e

+a¢6”(t)d—)g (- + st + opp(t)) dt
and

Xy (t,) U2 LX) dt - g6 4K (4 st)de + (é) AW (t, ),

we get with

ag'(t,-) ;= u(t,") +a(-+st) —a(-+ st + opy'(t)) (4.1)
that
dS™(t,) — LseS™ (t,-)dt = ST (¢,-) + S5°(¢,-) + S5 (¢, -),
where
Sp,) 1= o (FECH SRR O) TR 6ot 4O
(£t O (120
S(t,) = ot (f'(@(-+ st+opg(t) — f (@( + st))) (ﬂglét’ )) , (4.2b)
SP() = B0 (S (st — B (st oef (). (4.2¢)

Since (Lst),s generates an evolution family (P sy ) (cf. Proposition 2.6), we find the

mild-solution representation

t=t'>0

t
S™(t,-) = / Py o (ST'(t',-) + S5*(t',) + S§(¢',)) dt/, P-almost surely. (4.3)
0

Note that (4.3) can be rigorously justified by following the arguments detailed at the beginning
of the proof of Proposition 2.5. We continue by treating the terms fg Pst,st/S;-”(t' ,-)dt’ for
j € {1,2,3} separately.
First observe that we have the point-wise estimate
. (2.1h),(4.20) . m o 2
ST (¢, )| < o 2 (1 + i (z + st + oeg' ()] + [ag (¢, 2)]) |ag' (£, )]
< o (Lt gy 1y ) 186 oy 88,21,

Up
where the Sobolev embedding in form of [|ag'(t, )| gy < 46" (, )|l g1 () has been applied.
This already yields

STy S o VEZ (1 Wl oy + 1)y ) 1) gy 187 ) -
(4.4)

On the other hand, a direct computation gives (suppressing the arguments in S7* = S7"(¢, x),
ug' = ug'(t,x), o =u(z + st +opy(t)), and ay" = ag'(t, x))

oo, St 2 (p @ ) (.ay + 42) - (a) 42 - £ () Sag — 1 (@) i) (1,0)°

x91 = 0 zUQ dé dé de 4o zUQ )
= ()~ (@)= @) S (@) — (@) ) (1,0)%

Now, we note that

(" G+ ) = () = £ (@) ) 4

2 dg (w+st+0<p0())‘

< s (ag'(t @)

< m N || %], g, 15021

- X ) . .
|(f (a+ag) — £ (@) dag'| < nelag'(t,2)| [0xag (¢, )]
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(1420 (o + st + o ()] + 1@ (E,2)))
< e llug' (t; )l g ry 102" (2, )]
(1 + 2l ey + 158 Mpraxy )
where (|GG (¢, )| oo gy < 185" (t, *) || g2 () has been utilized once again. Hence,

10257 ()| &
(2.6a)

< oL I N imwy || %] g 178 2
+o = VeZng ||ag (¢ )l g gy 10285 (1) L2 ey (1 + 2 ooy + llg" (2, ')HHl(R)) :
The combination with (4.4) yields

. (2100) ) .
ISPy < o Ol ey (14 138 ey ) (4.5)

where ('} < o0 is independent of o.
Next, we estimate S5'. Notice that on one hand we have

|f’ (4 (z + st +opy'(t)) — f (a(z + st))| (2<11) ne |t (x + st + opp'(t)) — a(z + st)|

(1 +|a(z+ st+opg'(t)| + |a(z + st)|)

< 0|4, (2 2Nl ol )

so that
(2. 6a) (4.2b)

155" (¢ )l VeZ s |9 e
On the other hand, for the derivative we get
Ou [(f (a(x + st + 0pp' () — f' (alx + st))) g’ (¢, 7)]
— [/ @+ st o+ ogp (1)) 42 (a; + st + o (1)) — f" (e + st)) 4
+[f' (i (2 + st + og' (1)) — )]
" (0 (z+ st +opp(t)) — f a(x + st) )] 3 (x + st + opgi(t)) ug'(t, x)
" (@ + st) |92 (@ + st + o (1) — G + s)| @ (¢ )

+[f (@ + st +opp' (1) — f (a(a + st))] dxtg' (¢, 2),
so that
|02 [(f (@ + st + opg (1)) — f (a(z + st))) ag' (¢, x)]|

(2.11),(2.1m)
< n7 iz + st + ol (t)) — a(x + st)| |4

da
d¢

L+ 2|al| po gy ) 196" () Nlag" (£, ) 2wy - (4:6)
) (R)

(4 st)] m(t, )

lfr‘r

w(x + st))| Opug (t, x)

m

9 (@ + st + o (0)] lag' (1, )]

+ [ f" (@ + st))
+n6 [U(x + st + opg'(t)) — a(z + st)| (1 + ]u(x—i— st + opy'(t))| + |u(x + st)|)

|0zt (E, )|

92 (@4 st + o' (1) — $E(w + o) |ag' (1, )]
|

da m ~m ~ d2a m ~m
< 17 || G2 oy 198O N (t, )| + || £ (@) Lw(R))@ Leory O 190 D] 0" (5, 2)]
16 |92 gy (1 21010y ) o 8 O 02 1)
This gives

102 [(f (@(- + st + og' (1)) — f' (a(- + st)) ag' (¢, )] ||
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(2.6a) da 2 m ~m
< VeZm ||, g o 1B ONT ey
~ 24 m ~m
VL |7 )| oy [ 520 g 18 OV 0 Vp2
Vo2 || gy (1 2l ) o 18 O 10280, V2
and the combination with (4.6) yields
o (2.10b) " o
152*(t, )y < Caleg (@) 1ag' @ )l g wy » (4.7)

where Cy < o0 is independent of o.
’f(f P8t78t,S§n (t,7 .) dtl
(8 = 502) (X (2 + st + o (1) — X + st) = S + st)orgff (1))

. X < 4.2
= o) (4L (@ + st + opl (1) — Ko+ 1)) "2 —osp(t,),
Using integration by parts, this gives

t
J/ Pst’stlsgn(t/,')dt/
0

) observe that

For estimating

= — /Ot Pyt sp (Op — 505) (X (- +st' + opf(t)) — X (- + st') — dg ( + st oy (t )) dt
= —X(-+st+opl(t) + X (- +st) + %(- + st)opl(t)
+ /Ot (¢ Pst,str) + Pt st50z) (X (- +st' + opf () — X (- + st') — 6 ( + st )Jgpﬁ”(i’)) dt’
= —X(-+st+opl(t)) + X(-+ st) + £( + st)ops(t)
[ P (B = 500 (R 4 5t o €)= K4 )~ S+ st (1) .
P-almost (s)urely, and therefore by boundedness of

(Lst = 502) 3wy omr@ U = H*(R) z@H*(R) -V
(cf. (2.14)) and employing Proposition 2.6, we have

t
/ Py oS5, ) dt
0

(2.16a) N Y
< | X st ol () = X(-+ st) = S+ stol(t )H

Vv

t
+C'/ A=) HX (- +st' +oppt') — X (- +st') — Tg( + st ool (t) udt',

P-almost surely, where C' < o0 and ﬁ >16) 1f'(@) = f'(0)[lyy 1.0y — min {, —f(0),ev}. Now,
we note that

. . m R i 2& m
(0 st 4 opf (o) — il + 50— S0+ s ol )|, <5 67|, g, (0080
for j € {0,1,2,3} and in the same way
. . m R j 2,{) m
J <v (- +st+opp'(t) —o(- + st) — 5( + st) oy (t))‘ w2 ‘ jgﬁ L2@m) (ol (t))?

for j € {0,1,2}. As a result, we obtain

t t
‘ / Pst,st’S?T,n(t,a ) ar’ < o1 Cs ((Jtp{)n(t))Q +/ eﬁ(t—t/) (U@Sl(t/))zdt/)
0 0

1%
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eﬁt + 5 - ]. / 2
m (4 4.8
5 max (o' ()", (4.8)

P-almost surely, where C5 < o0 is independent of o.

ot Cs

N

We collect (4.5), (4.7), and (4.8), and obtain because of (2.16) of Proposition 2.6 and (4.3),
15, )lly

t
< ooy /0 A (g1 ) ey + N ) 2

t
#o7Co [P [ )] ) )

Bt _
-1 € +ﬁ 1 m\) 2
+0 " Csy — 5 tg[%ﬁ] (owg ()
2
< oo ;g[%f;]((Haw,»um(m+a\so5”<t’>|) +Ha8"‘<t',->Hiﬂ(R)), (4.9)

P-almost surely, where Cy < 0 is independent of o. Now, because of (4.1) we have
146" (& M ey < Nults Mgy + 146+ st) = a -+ st + 005" (O) | g w)

< Mt oy + |42

L (R)

which in combination with (3.7) and (4.9) gives (3.9). O

Proof of Theorem 3.3 (c). We fix an element w € Q. If for o € (0,1] we have ¢t := 7, ,(w) < T,
then

o=t G v, Iy 210 HX(t, ) - X(+ st)Hv
(3.8) m % m % m
< STy + X+ st + ol () = X+ st) + Xt
(3.9)

< Co® 4 HX (- + st + opg'(t) — X (- + st) + o XP'(1, ')Hv ’

where C' < o0 is independent of o € (0, 1]. This gives with help of Markov’s inequality

Plrye < T}
< P X (t.- > 1—¢q
[ mas 1000l = 01
< P [tg[%%] X (- 4 st + oo (t)) — X (- + st) + o X (1o, )Hv > gla (1- 001_(1)}
920242 E % - P )
e ) LR
2024 )
— =k XMt .
b | 11
Co ) ,
< — (E m | + B X7t |
(1 — Col=a)? ( [tg[l(?%] o' (0) } + Lg[l&);] [ )HVD

where C' < o is independent of o € (0,1] n (0,071714) Hence, in order to conclude that

Plrye <T] < Co%4 — 0 as o \, 0 for some C' < o0, it suffices to prove that

E ) d E X5 )3 :
[ [ (OF | <0 and B | max 15000 | <
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This follows from the representations (3.6) and the Burkholder-Davis-Gundy inequality [53,
Theorem 3.28] or [23, Lemma 7.7 to estimate the martingale. Indeed, we have

E | max g 01

€[0,7]

< 2‘(H#0X(0) dX) ’2

0 > de
t 2
__—m(t—t) t
+2Et§3¥] /0 (1 e )(Hst,( 0)*dW (¥, "), dg( +st))H
(3.1)
< ol O ] 2omez w1 VAL e, <
2
as well as
E X, 2
| X
<o a5 8
2 || Pato + s o' (1)
2
+3E max / Pst St’ 1 O) dW( )
tEOT Y
(2.16) 28T
< 3e HX H +3H H E max | o7 (t)[? +302 eZH\FH o0,

t€[0,T] La(L2(R))
where C1,Cy < o0 are independent of o and Proposition 2.6 has been employed.
In the same way, we obtain
(3.7b) _ 9
Prge <T]| < ]P’Lg[lg;]! ei'(t)] =0 q} <02qELg[lg>T<]<po()! ] —0 as o\0. O
4.3. Immediate relaxation. Here, we give the proofs of Theorem 3.4 and Proposition 3.5.

Proof of Theorem 3.4 (a). Utilizing Proposition 2.8 (b) and (d) yields

t
3.10b
T XG° (¢, -) 20 HStPst,oH#Xéo) +/ T3 P s Mg (1,0)" AW (¥, )
SR s o pr# x %) / T 170 P T T (1,0)" AW (1)
(2.23) 0
= TP IO X 4 / TP, o O T (1,0)° AW (¥, ) = 0,
(2:23) 223)
P-almost surely, so that because of (2.23) and (3.1) the claim follows. O

Proof of Theorem 3.4 (b). Using Theorem 3.3 (a), we obtain for the difference of ¢ff* and
the following form

m (3.6a), (3 10a) —m
(08 — o) (® et (mox (), 45
t .
s [ (1, Lo a . B e )L (0)
0
P-almost surely. On the other hand, we obtain with (2.23), (3.1), (3.6b), and (3.10b)
t .
(XE — X) (t,7) = — Pl OX (" /0 Pur Ty (1,0)° AW (¢!, ) + 05 (1) 45 (- + st)
and with help of Proposition 2.8 (b), (cii), and (d) we conclude that

2.2
Paol#0X() @202 oy (®) aX) 7, pRaf
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(2.18),(2.20) % A
A (H#’OX(O) M)H (- +st),

(2.20),(2.23),(3.1)

Pstst’Hgt’ (]_7 O)t dW(t/’ ) ( o ( 0) dW(t/, L Stl)7 %) T P:é;t t/) dd)g

2.18),(2.20
R (stl(lo) dW(7)vd§(+8t)>H 5(+8t)

and thus

_ ( (mrox, 45) —/Ot( 0, (1,0)* dW(¢, ), X (- +st))H+gogL(t)> 9% (- 4 st)

CLY (o2 (t) — o3 (1) (- + st),  P-almost surely. (4.11)

Hence, once (3.11a) is established, (3.11b) is immediate from (4.11).

In order to prove (3.11a), notice that obviously

lim sup e~ ‘ (H# OXSO), ‘gg) ‘ =0
M=D 46,7

for any § > 0. For the remaining term we apply the simplification

/Ot e~ (115, (1,0)" AW (¥, ), 4L (- +st’))H

t
(2.18),(3.1) —m(t—t) ([#0T (1.0 /), aX
e (T o awe ). 4

(2i8) (H#70 (17 O)t W(ta T St)’ %)H
_m/ H#0(1 0)* W(t, —st’),%)Hdt’
N / S (0 (1,0)F (W) (¢, — st), 4F) v (4.12)
0
- e (H#v0 (L0 Wt —st) 5F)
+m/ H#O(l 0)* (W( ,- — st) —W(t’,-_st’)) ,%)Hdt/

+8/0 —m(t—t') (H#Q (1,0)° (W) (¥, - — st'), %)H dt’, P-almost surely.

Now, note that [0,7] 3 t — W(t,:) € HY(R) is, P-almost surely, Hélder continuous with
exponent a < %, so that in particular

‘(H#,O (1,0)* (W(t,- — st) — W(t, - —st)), dg) ‘

sup
t,4/e[0,T] it —t|*
(2:62) W (t,) =W, )l
HH# OH H H Sup — L2(®) o0, P-almost surely.
L(H) t t'e[0,T] ‘t - t/|
Furthermore,

I ————

t A
#,0 t Loy dX "
s/t/ (0 (1,00 (@ W)t —st”), 9E ) at

(2.6a)
&

H#,OHL(H)\/?ZH@W)( N2 H H
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so that we may conclude

(192007 01— w0, )

M := sup
t,4'[0,T] it ="

P-almost surely, i.e.,

t A
m/o o—m(t—t") (H#,O (L,0)" (W(t,  —st) = W(t,- — st')), %)H dt’

mT
< mO‘M/ e "tdr <m “MI'(1+a) -0 asm — oo, P-almost surely.

By continuity, furthermore

sup e ™ ’(Hgt(l,o)t W(t,-), d£( + St))H’

te[6,T7]
(3.1) 5 X
< e~ m HH#,OH \/&? su W (t HgH — 0 as m — oo, P-almost surely,
w2 I o [ y
and
: .
—m(t—t") #.,0 t I o) dX /
sup |s [ e 40 (1,0)° (@ W)(¢' - — s), 95) at
te[06,T] 0 ( dE)H

< m7ls HH#’OH eZ sup ||[(G,W HMH — 0 as m — oo, P-almost surely.
o [0 ) Vo s 1@ e | ],

As a result, we infer that

sup [(¢g — ") (t)] > 0 as m — oo, P-almost surely. (4.13)
te[6,T7]

From (4.10) and (4.12) we further deduce that sup,cjor [(¢5° — ¢0") (t)| < g, where

9 = el 17 L+ e,

VeZ sup Wt e |55

L(H) te0, T]

With help of the Burkholder-Davis-Gundy inequality [23, Lemma 7.7|, we infer that

<
Etf&}% WG Cﬁ‘\/@HLxL%R);Hl(R))mO’

i.e., E[g] < 0. Hence, with (4.13) and dominated convergence, we conclude that (3.11a) holds
true. 0

+\s|THH#7°HL(H)\/?Zt§[gr; 1@=W) (s )l 2 r ‘

Proof of Theorem 3.4 (c). We introduce the auxiliary stopping time
oo e i=1nf ({t€[0,T]: |pF )| =07 —c} u{T}),

q707c

where ¢ € (0,07¢], and start by proving that we can use the multiscale decomposition (3.8) of
Theorem 3.3 (b) on {min {Tqﬂ,T(fmc} =T } N EP, P-almost surely, where EP € F is an event
with P[EP] = 1 — p, and where p € (0, 1] is arbitrary. On {min {7,755 .} = T’} we have

(3.10a)

0 (0) + < (H#OX(()), dg) ’+ <o 1

Now, note that for any m > 0 we have

(pgz(t) (323«) (1 _ —mt) (H# OX(S ), dg)

# [ () (o aw e, B+ o)
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(2.18&(3.1) (1 . 7mt) <H# OX(() )7 dg)

+ / t (1 —e_m(t—t’)> (H#QT, o (1,05 dW (), ) LX)
0 s ) v )y dE "
(2.18) (1 - e~mt) (H# OX(() ), df)
—m/ ) (40 (1,0 Wt~ st'), 45)

~|—s/0 (1 e m@0) (10 (1,0 @W) (- — st'), 55 at!

P-almost surely, where we have integrated by parts in the last step. Hence, for § > 0 it holds
SuPyefo,e] 190" (1) < g(6), P-almost surely, where

o) = |(roxi? ) o], s ol 4],
elaft 182, VEZ s @I e |6

is m-independent. It is obvious that g is, P-almost surely, non-decreasing and by the Burkholder-
Davis-Gundy inequality [23, Lemma 7.7|, as in the proof of Theorem 3.4 (b), we see that

E[sup |g081(t)\] <E[g(8)] — ‘(H#OX(S), d£> ‘ as 0\, 0.
te[0,0]
Since -
9(0) > 9(0) = | (T*0x{”, %) |,
we conclude that
P[sup o (1)) = ‘(n#ﬁxg), dg) ‘+ ] S0 asd N0
t€[0,6]

and hence, for any p € (0, 1] there exists ¢ € [0, T'] small enough such that

sup |¢om<t>|<\(n#°Xé% W)yl tg
t€[0,4]

on an event EY € F with P[E}] > 1 — . Using the convergence (3.11a), we infer that for any
p € (0,1] we find m € (0, 00) sufficiently large with

sup |pp'(t)] < sup | (t)]+ec<o™?
te[6,T1] te[8,T]

on an event E5 € F with P[E}] > 1 — §. Define E? := E} n EY, then
P[EP]=1-P[QEP] =21 -P[UNEY] —P[O\EY] = -1+ P[EV]+P[ES] =1 —p.

In total, on {min {TQJ,T(;?U’C} = T} N EP we can apply the multiscale decomposition (3.8) of
Theorem 3.3 (b) in order to obtain

o 1S )y
O R = X st opo(®) - o X ()]

(3.8) . .
< oS )y + ol Xg (¢ ) — Xo" (@t )y
& st o) = X+ st + o)
(3.9) 2—2q 1—q
< CoH (L4070 +o|IXE(E ) = X5 (@)l
d A N
eyl () = A ONZy 22 8] Ve + 2 [ ]y V020
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—  Co? U (1 + alfq) as m — o0, P-almost surely,
i.e., (3.14) holds true on {min {Tq,g, T;?mc} = T} N EP, where C < o0 is independent of o, p, and
c. Setting E' 1= J,¢(o.1) E7, it follows P[E] = 1 and we infer that the point-wise estimate (3.14)
holds true on {min {7, T(fmc} = T}, too. Since
{min {Tqﬂ, T;?a} = T} = U {min {Tq’U,T;OUVC} = T},
ce(0,0749]
we infer that (3.14) is also valid on {min {7, T(;?g} =T}. O
Proof of Theorem 3.4 (d). Because of Theorem 3.3 (c), it suffices to prove P [ o <T]<Co% —
0 as o \, 0 for some C < c0. Indeed, by Markov’s inequality, we obtain
. (3.12) Y 2 )
Plrgo <T] < P | max log(t)] > 07| < o™ E | max |of ()] |

Now note that E [maxte[O’T] |g080(t)\2] < o because of the representation (3.10a), where the
martingale can be estimated using the Burkholder-Davis-Gundy inequality [53, Theorem 3.28|
or [23, Lemma 7.7|. O

Proof of Theorem 3.4 (e). We use

- Hlp=pp(t)
- _zo( V(K = X (st oef(0)) 5 (st ogd ),

207 (TS, (X () + S7(8,)), K+ st +00F(1))
= —20° (HStSOO( ;) 4 3 ( + st + opg (t )))H, P-almost surely,

where we have used Theorem 3.4 (a) in the last step. Hence,

s (- o)) |2 e, [, b
P=Po
(3.14)

< CodH (1 + O’l_q) ,
P-almost surely, where C' < oo is independent of o. This proves (3.15a).

For the second derivative, we obtain

&> Hngt (X(t, )= X(+ st + 0(,0)) H2

Hlo=pg (1)

- 200, (Hgt (X(t, )= X (-+st+ 0(,0)) (st ULP))H'QD_@SO@)
= 252 (Hgtc}g( +st+w30(t)),%(-+st+a<p30(t)))H
— 252 (ngt (X(t, )= X (- + st + mpgo(t))) B (st opy(t )))
L 202 (WY E (- + st + 00 (1), 5 (- + st + 00 (1)))
207 (I (X (1) + (8, 2)) S5 (- + st + o (1))
=) 242 <H#’O%(- + 00 (1) 55 (- + ot )))H

202 (TS5 (¢, ),

H

, dgg ( + st + opd (t )))H, P-almost surely,
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where Theorem 3.4 (a) was used in the last step once more. Further utilizing

92 (H#’O%(- + o (1) 5 (- + ot )))H
20 () '
_ 3 #,0d42X dx
20° H H +20 /0 <H aez ( +U"")’df)Hd@
‘PQ()
+2a3/ (i’g,ﬁ?( +as0)) de

o (t) ‘Po
+204 / / T)g(( +op),4d d£2 ( +a<p))Hdg0dg0’,

we can estimate

©g (1) bo .
/0 (H#’O%C +0¢),%)Hds@

0

/Lpo
0

<o ]

ol

L(H) ‘

|l I

®, o
(.45 (+o9)) do| <

e et H#Od (+09p), % (+J<P)) dpdg'| <o” QQHH#OH ‘dg n’
as well as
A e 0) A N = O = I
(3.14)

< Co'7M(1+0'79),
P-almost surely, where C' < o0 is independent of o, we conclude that (3.15b) holds true, too. O

Proof of Proposition 3.5. From (3.10b) we obtain with help of (2.18), Proposition 2.8 (b) and
(d), and (3.1)

Xl < [P, | [ e e oy aw .|
H

(2.24)
< e x| H/PH, H#Tst/a,ode(tg.)H

P-almost surely, where ¥ has been introduced in (2.22). Therefore, using Itd’s isometry, the
second moment can be bounded as follows

2
E[I1X5°(, )% | < 20372 || x§ | +2

P I# T (1,0) \FH

For an orthonormal basis (ex)geny of L?(R) we can write

| P T (1,0) \F’

Lo(L2(R);H

2
Pjtft/)n#l]-—st’ (17 O)t \/@ekHH

Lo(L2(R

C2e20-1)

N

L2(R)

L ey
7 21V,

so that eventually we arrive at (3.16). O

Cge—?ﬁ(t—t/)

N

La(L2(R))
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Proof of Proposition 3.6. Suppose Q = Qn € Lo(L*(R); H'(R)) to be specified further below.
With (2.12)-(2.15), the deviations around the traveling wave without stochastic velocity adap-
tion (¢ = 0) satisfy the following mild-solution formula

t t
X(t,-) = 0Py o X" + / Py Ro(t, X(¢',-), )dt' + o / Py o (1,0)5dW (¢, ),
0 0

which can be justified with arguments analogous to those given at the beginning of the proof of
Proposition 2.5. Thanks to Proposition 2.8 (b) and (2.18), in the moving frame this corresponds
to

s(t—t')

We are interested in the deviations in direction of the derivative of the traveling wave which
is given by the projection IT** defined in (2.23). Note that by (2.20) we have H#’OPj =
P#H# 0 — 1%, so that

t
X(t,-—st) = oPEX 4 / p* Ro(t',X(t’,-—st’),-—st’)dt’+o/0 P, (1,0)*dW (¢, -—st').

t t
I#0X (t,-—st) = JH#’OXO(O)+/ H#’ORg(t’,X(t’,-—st’),-—st’)dt’+a/ I#0(1,0) dW (¢, -—st').
0 0

Hence,

X 0
(#OX (1, — 1), 45) = (HOX(Y, 8E)

t ~
+/O <H#’OR0(t’,X(t/,-— st), - — st'), %)Hdt/

J

=1

t N
+a/0 (ko oy aw (e, st), 45

<

=:15

2
In order to compute E [(H#’OX(t — st) G > ]l{min{Tq s }_T}} we develop the square and
oslqo f—

consider the terms separately. For the first term note that

o (090X ), 1|
= o (#OX(), 45) " B (min {0075} < T) o® (40X, 45)
= o2 (X0, %)’ 4 o(o?),
since by Theorem 3.4 (d) we have P (min {7gq, 755} < T) < Co?® for some C' < o0 depending

on ¢t and N but independent of o.

Now note that using (2.15), with the same argumentation as in the estimate of S7" (cf. (4.2a))
in the proof of Theorem 3.3 (b) it holds

E [Ifﬂ{min{ﬂ] s },T}] < C?0%0274(1 4 o1 79)?
0sig,o f
for a constant C' < oo depending on ¢t and N but independent of ¢. For the third term we write
again
2 2 2
E B ingryomeyory | = EUB] = BB ity ey o1y |

and we will recognize that E [Igﬂ{min{Tq . }<T}] = 0(0?) depending on ¢ and N by dominated
convergence together with Theorem 3.4 (d) and the fact that o 21211{mm{7q b1} <T) S <o %1%,

where the latter is a random variable independent of o whose expectation is ﬁnlte by the com-
putations that follow.



MULTISCALE ANALYSIS FOR THE STOCHASTIC FITZHUGH-NAGUMO EQUATIONS 29

Take an orthonormal basis (ex)reny of L2(R) with e € CP(R) for each k € N (existence of such
a basis follows by applying the Gram-Schmidt algorithm to a countable dense subset of L?(R)
in CFX(R)). With Itd’s isometry we obtain

N
E[I3] =0 /0 Z H#OTSt/(l 0)*/Qn ek,%>Hdt’.

k=1
Now take the sequence of Hilbert Schmidt operators (Qn)nen with

ek k<N,
VQNek_{o :k > N,

and compute the with N increasing second moment of I, for each N € N

E|[I3] /okzl n#Olo) ek(—st),ifg) dt’
(2.6a) * 0% 2
5 ZQ/O kzl en(- — st') ((H#’O) %)Jmm)dt’,

where ((H#’O)* %)1 denotes the first component of (H#’O)* %. Taking the limit N — oo, we

obtain with Parseval’s identity

E[ —>052Z2/‘ H#O dg) LA®)

By the previous estimates, the mixed terms E [20 <H# OX(() ), ‘i{g) Il]l{min{Tq o0 }_T}] and
sOriqg,o f

E[211I2]l{min{Tq . }:T}] are of order o(o?) depending on t and N by the Cauchy-Schwarz
»03'q,0

2
r 2 t (0" dx
dt' = o%cZt H(l,()) (H ) AT HH

inequality. For the third mixed term, we write again
0y (0) dx
B |20 (040X, %) | Bl g, o -1}
— 0y (0) d 0y (0) dx
— E|20 (#0X] %) n| - B |20 (40X %) I iy} <11 |
= o(c?)

depending on ¢ and N since the first term in the second line is equal to 0 because I is a
martingale (and equal to 0 for + = 0) and the second term in the second line is of order o(c?)
by the Cauchy-Schwarz inequality in conjunction with dominated convergence as o \ 0.

In order to ensure linear growth in time, we prove that (1,0)* (H# 0)* dX # 0 by contradiction.

Assume that (1,0)* (II#: O)* dX _ 0. Then for ¢ € L?(R) we have

0= 2 (1)), ) - (0500.0)

Since IT#9 is a projection on the linear subspace generated by 4 d£ (see (2.23)), we obtain
11#9(1,0)*¢ = 0. Hence, for any Y € H it holds

o (rsora), -2 ((197)'7), 0), -

The above equality is in particular valid for a non-trivial eigenfunction Y = (w, q)* # 0 of (,C#) *

with eigenvalue 0, that is, ((H#’O)* Y)l = 0. Note that such an eigenfunction exists because
of (2.20) or Proposition 2.8 (cii), respectively. Indeed, we have ind(£#) = ind (([,#)*> =0 by

Definition 2.7 (¢) and because for any Y € He we have

0= (Veri),, = (<) V%),
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the range of (E#)* is orthogonal to %, so that the dimension of the kernel of (E#)* is at least

1. Interchanging the roles of £# and (E#)* shows that the range of £# is orthogonal to the
kernel of ([,#)*. Since the range of £# has codimension 1 we conclude that the dimension of
the kernel of (ﬁ#)* is 1.

For such Y we additionally have

() v (-t (i () )
- (217” y%l_r (Vida. - (ﬁ#)*)_ld)\> Y =Y.

With ((H#’O)* Y) = 0 this implies immediately that w = 0. In order to determine the second

component, we compute (C#)* Y explicitly. Let Y; = (w;,q;)* € CP(R;C)? for j = 1,2, then
by (2.17) we obtain through integration by parts and regrouping terms

(ﬁ#Yl,Y2>H = Zv / (Ofwr)wodE + 2 / f () wrwedé — eZ / Trwodé
R R R

C

—eZs/(6§w1)wgd§+sz/w1q2d§—ezfy/qlqzdﬁ—Zs/(ﬁgql)QQdﬁ
R R R R

_ (v V&?—i—f (4) + s0¢ 1 V.
- b —¢ ey +80¢) 2 e

*
- (Yl, <£#> Yg) .
Hc
Now <(H#’O)* Y) = ( is equivalent to
1

vofw + f'(f)w + soew + £q = 0.
With w = 0 this implies ¢ = 0, a contradiction to Y being non-trivial. O

5. CONCLUSIONS & OUTLOOK

In this work, we have shown how to derive a multiscale decomposition near a deterministically
stable traveling wave for the FitzZHugh-Nagumo SPDE-ODE system. This decomposition into a
component along the translation invariant family and into its complement exploits the small noise
and small time scale separation parameters to derive leading-order dynamics. More precisely, the
stochastically adjusted wave speed is given by an SODE to account for stochastic phase dynamics
along the deterministically neutral translation mode. The fluctuations in the infinitely many
remaining modes are captured by an SPDE system. Locally, near the wave, these two equations
can be linearized to provide a relatively explicit solution representation which approximates well
the deviations in the corresponding modes. In particular, our approach does not require an
analytic semigroup generated by the linearization and it applies to much wider classes of SPDE
systems as well as other patterns.

Natural generalizations of our work could be to treat the case of a cylindrical Wiener process
allowing for translation-invariant (white) noise or to allow for multiplicative noise. Furthermore,
it would be a desirable goal to obtain optimal estimates on the relevant stopping times, where
the approach breaks down which has been addressed for the FitzHugh-Nagumo system with a
regularizing Laplacian in the second component in [43| and for stochastic neural field equations in
[69]. These could then be compared with high-accuracy numerical simulations; cf. the references
in numerics in the introduction. Of course, other classes of traveling wave patterns and effects
could also be tackled via multiscale decomposition, e.g., periodic wave trains, deterministically
chaotic waves, stochastic pulse splitting effects induced by large deviations or propagation failure,
just to name a few. Many of these effects are somewhat understood for special examples of scalar
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SPDEs (see [60] and the references therein) but it is clear that the dynamics can be far more
complicated for SPDE systems. From a technical viewpoint, we have already pointed out that
applying stochastic slow manifold methods and related fast-slow sample path estimates would
be natural directions for future research. Furthermore, a generalization from the Hilbert-space
setting to Banach spaces appears possible as the variational approach also works if V' and V* are
Banach spaces (cf. Assumptions A.1), we do not require any orthogonality, and Riesz spectral
projections are available in Banach spaces, too. Notably, related techniques in the deterministic
setting, such as Lyapunov-Schmidt or center-manifold reductions work in Banach spaces as well.
In summary, it seems evident that rigorous multiscale methods for pattern formation in SPDEs
have already been very successful but still need additional development.

APPENDIX A. PROOFS OF AUXILIARY RESULTS

A.1l. Existence and uniqueness of solutions using the variational approach. In this
section, we prove Proposition 2.4 and Proposition 2.5. Note that the formulation (2.4) for
general operators A: [0,T] x V x Q@ — V* and B: [0,T] x V x Q — Lo(U; H) can be found
in [65] and existence of variational solutions has been established under the following conditions:

Assumptions A.1. The Hilbert space H is separable, V is a reflerive Banach space which is
continuously and densly embedded into H, and (Wy (t),t = 0) is a cylindrical Wiener process on
a separable Hilbert space U with respect to a complete filtered probability space

(97}-7 (Ft)ieqo,1] 7P>

with a complete and right-continuous filtration (]:t)te[O,T]' Furthermore, there exist a > 1,
B8=0,0>0,C,Cy < w0, a positive (.Ft)te[(),T]-adapted process F € L2 ([0,T] x Q;dt x P) with

p=LP+2,and g: V — [0,00) measurable and locally bounded, such that the following conditions
(LR1)-(LR6) hold for all Y,Y1,Y2 € V and (t,w) € [0,T] x Q:

(LR1) Hemicontinuity: the map R 37 — v« (A(t, Y1 + 7Y2),Y ), € R is continuous.
(LR2) Local monotonicity:

2yx (A, Y1) — A, Y2), Y1 = Yayy + [IB(t, Y1) = B(t, Yo) |17, .
< (C1 +9(V2)) Y1 = Ya|[F; -
(LR3) Coercivity: 2y (AL Y),Y )y + 1B Y7, + 0 IVIG < F(t) + CrI[Y |17
(LR4) Growth: LAt Y)|lj<" < (F() +C1 Y] (1 + HYH%)-
(LR5) Bt V)70 < Co (F(t) + HYH%I)-
(LR6) g(¥) < Co (1+ [V ]5) (1+ Y5

Note that conditions (LR1) and (LR3) are the same as the classical ones from [57|, while con-
ditions (LR2) and (LR4) are weaker. A main theorem presented in [65] reads as follows:

Theorem A.2 (Liu and Rockner [65]). Under Assumptions A.1, for any initial datum
X(0) = X e 1r (2, Fo, P H)

equation (2.4) has a unique variational solution (X (t,-))efo.r (cf. Definition 2.3), which addi-
tionally satisfies

T
E[ sup HX(t,-)II%Jr/O 1X (v dt | < oo

te[0,T]

We will use Theorem A.2 to prove Proposition 2.4 by verifying Assumptions A.1.
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Proof of Proposition 2.4. The Hilbert spaces U = L?*(R) and H 25)

ously separable, V' 22 g '(R) zOL*(R) is reflexive, and as the test functions are dense in H
and V, also V is dense in H. Next, we concentrate on verifying (LR1)—(LR6) with the choices

L*(R),zOL*(R) are obvi-

=2 Alla
; (Ala)
B =4, (A.1b)
0:=v, (A.1c)
6412
o 2 4
C1 := max {2771, 1,m + v, 407, 29 } , (A.1d)
02 = 1, (Ale)
g:=0, (A.1f)
4 2
F(t) := max {1 +(2vErer+m(1+3 ||a||§w(R))) eZo H\/GHLQ(U)} : (A.1g)
p=6. (A.1h)

Proof of (LR1). We have for Y = (w,q)*,Y1 = (w1,q1)*, Y2 = (w2, q2)* € V,

V* <A(t, Yi + TYQ), Y>V

2.8b
25 €Z g-\(r) <V532@ (w1 + Tws) ’w>H1(R)

+eZ g-iw) {f (w1 + 7wz +4(- + st)) — f (A + s1)) , wyp (g
—eZ g-1w) {1 + T42, W) g1 (R)
+eZ ram)(wr + Tw2 — Y (@1 + 762) O 2wy

= 71eZ (‘V (Ozw2, O2w) 2 (ry — (G2, W) L2(g) + (w2 — 742, Q)L2(R))
+eZ (f (w1 + 7wz + a(- + st)) — f(a(- + st)) ,w) 2w
—€Zv (Ogwi, Oow) 2y — €2 (q1, W) [2(r) + €Z (W1 — Vq1, Q) [2(R) -

Hence, hemicontinuity follows if
hiR—>R, 7 h(r):=cZ(f (w1 + 7w +a(- + st)) — f(a(- + st)) , w) [2(g)

is continuous. This is true because for 71,70 € R we have

[h(m) = h(r)] = eZ ‘(f (w1 + Tws + 4(- + st)) — f (w1 + Tow2 + 4(- + st)) 7w)L2(R)‘

(2.1j) )
< eZm (1 + 6 [|tl| 70 gy + 6 lwi oy + 3 (75 + 73) HwZH%OO(]R))

lwal 2 (ry [T = T2l 1wl 2R

6b) . 6 3(rE +13)
< <1 08l ) + = IV + ST )

Yallg 1Y [l [72 = 72l

where the Sobolev embedding theorem in form of ||w;l| ;e gy < llw;l| 1 gy has been applied.

Proof of (LR2). For proving local monotonicity, observe that for Y7 = (w1, ¢q1)%, Y2 = (w2, q2)* €
v,
2y (A(t, Y1) — A(t, Ya), Y1 — Yo)y,
2.8b
P 22z o, (w1 — wy)l[Faey
+2eZ (f (w1 +a (- + st)) = f(wz + @ (- + 1)), w1 — w2) 2

—2¢77 lg1 — g2 72wy
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On noting that

(2.1g)
226Z (f(wr +a(-+st)) = flwa+a(+st), w1 —w2)pary < 2eZm|jwy — 'U}Q”%Q(R)

(2.6b) )
< 2m HYI_Y2||H’

and B (1,Y1) — B(t,Ys) *2

2y <A(t7 Yl) - A(t,}/g),Yi - Y2>V + HB(t7Y1) - B(t7Y2>H%2(U,H) < 2m HYI - Y'QHQH

(A.1d)
< Ovi-Yal.

0, this results in

Note that we have verified the classical monotonicity assumption in [57], i.e., local monotonicity
is not needed here.

Proof of (LRS3). For proving coercivity, we note that for Y = (w,q)* € V,

v AL Y)Yy P2 —ezuopwlPagy + e Z (f (wt i (- + st) — f (i (- + 5t)) ,w) )

2
—eZ7 lqll72)
Using

(2.1g) 9 (2.6a) 9
eZ(flw+a(+st) = f(al+st)), 0w < eZmllwle < mlYily

and HB(t,Y)H%Q(U;H) (26a).(2:59) eZaHfHL (tr)> We obtain the estimate
VALY + IBE < <20 ||V, — v lewliag +m VI
(2.6)
2 <26 ||V, + 0 VI -1V

< FO)+CY =0V,
which yields (LR3).
Proof of (LR4). We have for Y = (w,q)*,Y = (0,§)* € V,

<AtY Y>

(2.8D) . . N ~
—€Zv (Opw, 0pW) f2ry + €Z (f (w + 4(- + st)) — f(G(- + st)) , W) p2(my — €2 (4, D) p2(m)
+eZ (w, @) 2wy — €27 (4D 2w

(2.1) . 3

D 20wl gy 10y + <2 (143 [l egry + 20y ) [0l 10
teZ ||l oy 10 L2(my + €2 1wl L2y |Gl 2wy + EZ”Y lall 2wy 10l L2 (m)
(2.6

2 (HYHV <y L im HYHH) + Yy (2¢E+ £y + M (1 +3 HaH%ao(R)))> HYHV

where we have used that
9 (2 6)
HwHLoo <2 Hw”L2(R H HL2 (R) < ”YHH 1Yl -

This implies
JAEY) 5
(A.la)
=Y AR Y) 3

4 2 2
2 04 112 2
< 2 (v TG w2 (e rer e (14 3lakm)) IV,
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X 4 1672
< <1 + (2\/E+m+n4 (1 +3HuH%w<R))) +4max{y2, ezg‘é} |yY||2V> (1 + |1Y||}§)

(A.1) N
< F@+a YR (1+IvI5)

i.e., (LR4). Note that here we have not obtained the classical growth condition in [57].
(2.6a),(2.8¢) 2

Proof of (LR5). We have [[B(t, V)3, @y 2 €20 V@, 0 < Co (F(t) + ||YH§I).

Proof of (LR6). This trivially holds because g = 0. O

Proof of Proposition 2.5. Denote by X = (u,v)* the solution from Proposition 2.4. We first
apply [66, Proposition G.0.5 (i)] and verify the conditions there to conclude that X meets a
mild-solution representation. Notably, B(t, X (t,-)) (cf. (2.8¢c)) does for ¢ € [0, T] neither depend
on ¢t nor on X and takes values in Lo (U; H). Hence, B(t, X (t,-)) is deterministic and in particular

T
P [A HB(t,X(t, '))HL2(U;H) dt < OO} =1

trivially holds true. Furthermore, by the regularity of the variational solution stated in Defini-
tion 2.3, we have

P [/OTHX@-)Hth] <V (e [/T X, ->||2Vcht])é <o,

which is why obviously also
T
p| [ Il <] <1
0

is valid. In view of the above estimate, the mixing of v and v in the two components of A(t, X (¢))
(cf. (2.8b)) is immaterial, so that it remains show that

T
IP{/ 1f (ult, ) +al- + st) = f(a(- + st)ll 2w dt<oo] =1 (A.2)
0

holds true. Indeed, we can estimate

N|=

E[/ 1 Cult, )+ -+ 5) = £ (@l + 0) | o dt}

1
2

(2.13) T 9
< mE | sup fult gy [ (1420 g) + 3 i ey ) dt
te[0,T] 0

"4 n41 314 /T
2R . = (142 0 E
5 LES[EB“] ||lu(t, )HLQ(R)] + 5 ( +2|al3 )+ 5 [ ; [[u(t, )HHl dt

A

where the Sobolev embedding in form of [u(t, )|l o®) < [[u(t,-)l|g1(g) has been used and
finiteness of the terms in the last line follows from the regularity of the variational solution
stated in Definition 2.3 and Proposition 2.4. Hence, also (A.2) is satisfied.

Next, we prove additional regularity provided /@Q € Lo(U; H'(R)), u(® € L*(R), and v ¢
H1(R). From the first component of (2.4) or (2.9) we derive the mild-solution formula

/ Koy (f (u,) +a(-+ st') — f(a(- + st')) —o(t',)) t'dt’

/ Ky pxu(t',-)dt +/ Ky pxt'dW(t,-), P-almost surely,
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2

where Ky(z) = f/_% denotes the heat kernel generated by v02 and # the convolution on the

real line. For the second component of (2.4) or (2.9) we get analogously

t
o(t, ) = e~ 4 e/ ey’ ) dt’, P-almost surely.
0

Differentiation in space yields
(0 / K, t,* fu(t',) +a(- + st')) (axu(t’,-) + fl—g‘(~+st’)))t’dt’
—/0 Ky f a(- + st')) 5( +st)+a$v(t’,-)>t’dt’
+ /Ot Ky % Opu(t', ) dt’ + /0 Ky = (A0, W)(t,")), (A.3)
P-almost surely, and
Opu(t,”) = e " (ﬁxv(o)) + S/Ot e~ (o) (¢, ) dt’,  P-almost surely. (A4)

We estimate the three lines on the right-hand side of (A.3) separately:

Using || K¢—y || f1g) = 1, we obtain for the first term on the right-hand side of (A.3) with Young’s
convolution inequality

/ Ki s (f(ul,)+a(-+ st") <8mu(t’, )+ %( + st’))) t'dt/

(2.11)

2 / (1+zuuum>+zuu Winey) (0 ey +

03T’
< 2 (1 +2 a2 R)) (T‘

L3(R)

da
d¢

) t'dt’
L2(R)

da
d¢

272
ce T 5 10ull L2 (j0,17xR)

2 23T p
||UHL2([0,T];H1(R))+7\f 1ullE0gg0.17:22 ) 1 02ll L2 0,17 xR

da

d¢ L2(R)
t

+2n3 /0 0wt M2y t 12zttt ] ey A

where the Sobolev embedding on the real line in form of [[u(t', )| @) < llu(¥', )| 1 g) has
been applied.

For the second line of (A.3), we obtain similarly

H/Ot Ky <f a(- + st')) Tg( + st') + Opu(t -)> v

L2(R)
(2.19) 773T2 i U
< 5 (1 + ‘ & (R)> ‘ df \f H& vll 2 (fo,7)xR) »
where we may use
(A4 1 ©0) 1
1021 L2 (0,17 xm) < = 0 ‘ 2@ + 5 10zull 2 (jo,r)xr) > P-almost surely.  (A.5)

Finally, the first integral on third line of (A.3) yields

/Kt t/*ﬁu )dt

< VT [|0zull p2 0.7 m) »
L2(R)
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while the second integral gives with help of [t6’s isometry
2 t

E < / (t)? \ (
L2(R)

Using X = (u,v)® € L2 ([0,T]; V) n C° ([0, T]; H), P-almost surely, and therefore
ue L? ([0,T]; H'(R)) n C° ([0,T]; L*(R)), P-almost surely,

/0 Ky (PA@W(E, )

L2UH1

we conclude that there exists a constant C' < oo, P-almost surely, with C — 0 as T Y\, 0,
P-almost surely, such that

t
[6(02w) (X, )| L2m) < € + 2773/0 H(’J’mu(t/, -)H;(R) t H(’J’mu(t/, -)HLQ(R) dt, P-almost surely.

Gronwall’s inequality implies

t
[6(0zu)(t, )| L2 (r) < Cexp <2173/ || Ozu(t', -)HiQ(R) dt/> < o0, P-almost surely,
0
whence t(0,u) € L* ([O,T];LQ(R)), P-almost surely. Furthermore, since C — 0 as T \, 0,
P-almost surely, [0,T] 3t — to,u(t, ) € L*(R) is, P-almost surely, continuous in ¢ = 0.
For proving continuity, observe that for T' > to > t; > 0 we have
tzaxu(tg, ) — tlawu(tl, ) = (tQ — tl) @u(tg, ) + 11 (&Cu(tg, ) — (9xu(t1, )) .

Then, it follows (ty —t1) 0zu(ta,:) — 0 as ta — t; in L*(R) by the reasoning before if one
translates in time and uses uniqueness. For the remaining term, we derive once more from the
first component of (2.4) or (2.9)

axu(t27 ) - axu(tla ) = th—tl * (axu)(tl) ) - azu(tl) )

to N
+ K,y * (f’ (u(t',-) +a(- + st')) <8xu(t’, )+ %(- + 575'))) dt’
t1
2
— Kpy g % (f (a(- + st')) d—g( + st') — opv(t, -)) dt’
t1
t2
+ K,y = d(0,W)(t,-), P-almost surely. (A.6)
t1

For the first line of (A.6) observe that
[ Kty—t, * (Oau)(t1, ) — Qwulty, )| 2y = 0 as t2 —t;, P-almost surely,

follows from tu € L*([0,T]; L*(R)), P-almost surely, and the fact that (K;*)=o < L (L*(R)) is
strongly continuous in ¢t = 0. The other lines of (A.6) can be estimated as before. Altogether,
we obtain

[t20zulte, -) — tidpu(ts, )|l 2y = 0 as tz —t1, P-almost surely,

which implies ¢tu € C° ([0, T]; H'(R)), P-almost surely. Finally, by (A.4) and (A.5) it follows
that v e C° ([0,T]; H'(R)), P-almost surely.

If u® € H'(R), an analogous reasoning without time weight yields that u € C° ([0, T]; H'(R)),
P-almost surely, too. O

A.2. Linearization around the traveling wave. In this section, we give the proofs of Propo-
sition 2.6 and Proposition 2.8.
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A.2.1. Fixed frame. We focus on investigating the linearized evolution generated by the family
of operators (L), defined in (2.14).

Proof of Proposition 2.6. Note that in view of (2.14) we may write
L A 1/6:% + f/(()) -1
+o00 - — € —ey )

Ryt i— (f/ (a(- + st)) — £(0) 0) |

Lo = ﬁioo + Rs with
0 0

For Y = (w,q)* € (C®(R))? we have

(L1nY,Y)y, = EZ( Gz + (0w — q,w)Hl(R) +eZ (w—749) )

24 |12
- <_V) e L2(R) ~ (=1 )| HL2 + f(0) HwHiz(R))
—<Z7 |lall 1 ry
< —min {~f(0),e7} HY”V—&“ZV’ d—w .

By density of (CZ°(R))® in D(L400) = H*(R) zOH(R), we infer that Lo + ridy with

(2.1d)
ﬁ:zmin{ff’ 6’)/} = 0

is dissipative.
In order to prove that Lio + (£ —1)idy: D (L45) — V is a bijection, we define
- dw; d
M(Y1,Ys) = —eZv (Txl’ %)Hl(R) +eZ ((f’(()) + K — 1) wy — q17w2)H1(R)
teZ(wr+ (k—1=7)q,@)pEr) for Yj:= (wj,w;)* e HZ(R)ﬁ@Hl(R)

and we recognize that M: (H? (R)\@@Hl (]R))2 — Vis bilinear, continuous, and —M is coercive,
so that by the Lax-Milgram theorem for any Y5 € V there exists Y1 € H?(R) OH L(R) such
that M (Yl, }7> = (Yg, ?)V forall Y € HQ(]R)\@@Hl(R). This implies £L150Y1 +(k—1)Y] = Y5

distributionally and hence in particular
— =wr+ (1—k—f(0)wi + ¢ € H'(R),

giving w; € H3(R) and thus Y € D (L4y). The arguments have shown that Ly + (k —
1)idy: D (L+5) — V is a bijection.

The Lumer-Philips theorem [74, Chapter 1, Theorem 4.3] yields that £y, + ridy generates a
Co-semigroup of contractions in V. Hence, £ generates a Cy-semigroup (etﬁiw) >0 In V with

bound

ey < .

Now, since @ and 3—2‘ are bounded and f € C'(R), the family (Ry), is uniformly bounded
V =V with [Rall) < [IF/(@) = f'(O)[[yro@r) < . By [74, Chapter 5, Theorem 2.3| the
family (ﬁst)tZO of linear operators generates an evolution family (Pst’st/) 4150 of bounded linear
operators V — V meeting estimate (2.16), i.e

[ Patstrl| gy < €747 with 8:= || £(@) = £/(0) | 1.0y — min {=1(0),e7} - O
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A.2.2. Moving frame. In this section, we prove spectral properties of the frozen-wave operator
L# (cf. (2.17)), as stated in Proposition 2.8.

We view L7 as a perturbation of the limiting operator Eﬁw (cf. (2.17))

£* = L%, +R¥, (A.8a)
where
4 (v + f(0) - so -1 4 ._ (f' (@)= f(0) 0
LY, = < . ey — 50 and R7 := 0 K (A.8b)
Lemma A.3. ForY € D (L#) = H*(R; (C)\/EGBHI(R; C) we have
(‘C:f_ﬁ-/:oo}/a Y) SR ||Y||H —eZv H H with & “2 win {=1(0),e7}. (A.9)
Hc
In particular, Eﬁoo generates a Cy-semigroup (P;*troo)po of contractions in He satisfying
||P§°OHL(HC) <e " (A.10)

Proof. By density, we may assume Y = (w, q)* € (CP(R;C))? and obtain
<£3_%OOY’Y>HC = 5Z< dez +f( ) _Sdg q,w )

2
- (|

A L2r;0)

+2icZTm ((w,q)LQ(R;@) —EZS/R (Cc‘lE)wdg Zs/ (gig) qdt.

+7 (E(w —q) — S%g,q)LQ(R_C)

;C)
mem) 27 a2 ey

This implies

(2.21b) . T
Ro ((ctvy), ) 27 —nin e} IV, - 5 [ g (el +1a?) ag

— dw
cav H A€l 2 (m)
= -k ||Y VA
)Y I 2o |42
which is (A.9). From (A.9), we recognize that
= ido - #\ — I2(R: LR (2.212) r20p. 2(R-
£t + ridy.: D (L#) = B*(R;C) zoH (R;C) — He "2 L2(R;C) z0I2(R; C)

is dissipative, so that, as in the proof of Proposition 2.6, we deduce with the Lax-Milgram and
the Lumer-Philips theorem [74, Chapter 1, Theorem 4.3| that ﬁﬁoo generates a Cp-semigroup of
contractions (PE*)=0 in He meeting (A.10). O

Proof of Proposition 2.8 (a). Since R¥ is a bounded operator in H¢ with
# < 1A\ gl
[R#, ey <177 @ = £ Ol ey

we conclude with Lemma A.3 and [74, Chapter 5, Theorem 2.3] that £# generates a Co-
semigroup (P;iE ) . in Hc meeting the bound
>

=

’ P* <e P with pi=r— Hf' (@) (A.11)

st

‘L(HC) 0)HL“O(R) '

Since £# has real coefficients (cf. (2.17)), the statement for H instead of Hc is immediate. [
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Proof of Proposition 2.8 (b). We have

2.19
(0 = £#) TP T *=" Tt (01 = £0) Pagu Towr = 0,

so that with
T—stpst,st'rst/h:t/ =T s idy Toy = T_sprTspr |y, = idy
the claim follows by uniqueness of the evolution family. U

Note that (A.11) just provides a rough estimate on the action of the semigroup (ij ) v
t>

In what follows, we provide a more detailed spectral analysis of £#, leading to the proofs of
Proposition 2.8 (c) and (d).

Lemma A.4. We have
Uess(ﬁi_foo) c{AeC:ReX < —k}, where K 222 in {=(0),ev} .
In particular, aess(ﬁﬁoo) lies to the left of the imaginary axis.
Proof. We first use that oegs (53‘;&00) C Rue (Eﬁoo> (cf. Definition 2.7 (d) and (e), and [52,
Lemma 4.1.9]). Then the result is immediate from (2.1d), Definition 2.7 (¢), and Lemma A.3.

Lemma A.4 can be lifted to obtain the essential spectrum of £# using the following compactness
argument:

Lemma A.5 (compactness). The operator (cf. (A.8b))
R¥: He > H'(R;C) z0L*(R; C) — Hc
18 compact. In particular,

ﬁ#( 8)

L%, +R*: He o D(L*) = H*([R; C) z©H"(R;C) — Hc
is a relatively compact perturbation of Eioo: Hc o D(L%) — He.

Proof. Though the proof is standard, for the sake of a self-contained presentations we provide
all necessary details. Suppose that (Yy,),, € (Hl (R; C)ﬁ@LQ(]R; (C))N with Y, = (wn,Qn)t and
SUPpeN Hw””Hl(R;(C) < . Because of

Ry, 420 (116 JO)m)

we first prove that ((f'(@) — f/(0)) wy),, has a convergent subsequence in L?*(R;C). Therefore,
note that /(a(£)) 4 and | //(a(€)) — /(0)] < SUpefo.ateofaeo) |/ (@) [4(€)] decay exponen-
tially as || — +oo. Now, setting y := arctan & and ¢, (y) := /1 + €2 (f'(a(£)) — f(0)) wn (),

we may compute that dy = ﬁ d¢, % = (1+¢2%) (%7
G = V1@ (F@E) — £0) wn(©) + (1+€)
+ 1+ )} (Fa©) - £10) ),
and therefore

2 [ (op ‘%2 dy < C 2 ’m2
‘|¢nHH1((,%%);@) /_72r <’¢n’ | ay UBS = |wa|” + de

for an n-independent constant C' < co. By the Rellich-Kondrachov theorem, (¢,), has a con-

vergent subsequence in L? ((—g g) '(C) and because

||¢n gbmHLz( %’
)

we infer that ((f'(a(€)) — f/(0) wn) has a convergent subsequence in L%(R;C).

3
2

F () 22 () w (€)

) a€ = C Juwnl3 asc

= |1 F'(0) (wn = wm)| 2z

5,
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Suppose that (Yy,), € (D(E#))N meets suUp,,ey <||YH|HC + ‘ Eﬁoan

) < 00. Then, it suffices
Hc

to show that sup,ey [|wn | g1(r,c) < 0. Observe that by interpolation, we have for Y = (w, Q) e
(CZ(R; C))*

# 2 dg ||
H&—’OOY‘ He H de B Sd§ q‘ L2(R;C) * Hew T 9T Sag L2(R;C)
2
= H LRC) Cy <||w||L2(]R;<C) + HQHLQ(R;C)) )
. . . 2 (221b) 2 2

with 1 > 0 and €5 < o0 independent of n. Since ||[Yn |7, =" eZ [|wnll2r,c) + Z |l 12 R0
we may conclude with (2.1d) that indeed sup,ey [|wn | g1 (g,c) < © holds true. O
Proof of Proposition 2.8 (ci). If

Tess(L¥) = Tess (LT ) (A.12)

holds true, it follows in particular that

Oess(L7) = {A e C: ReA < —k}, where & 222) min {—f"(0), 7}

by Lemma A.4. The equality (A.12), on the other hand, follows by Weyl’s essential spectrum
theorem [52, Theorem 2.2.6] because the operators

(2 21a)

c* ot D (c#) — H*(R;C) 0H" (R;C) — IX(R;C) ®L2(R;C)

are closed (which follows by an interpolation argument as in the proof of Lemma A.5) and £#
is a compact pertubation of £# by Lemma A.5. O

Proof of Proposition 2.8 (cii). It suffices to prove that for A € o,(L#) any corresponding eigen-
vector Y = (w, q)* € D(L#) is bounded and has infinitely many bounded derivatives to conclude
that in Hc there are no additional eigenvalues compared to the ones obtained by Yanagida [91,
§5.1] (cf. [48, §1, Theorem| in the case of the cubic polynomial without cut off).

Indeed, for Y as above satisfying £L#Y = \Y, we have

2.17 .
V%(z))\w—f'(u)w—i—s%—lg—i-q,
eHl‘(rR;(C)
2.17
gg @17 —/\q—i—aw—evg,
eHl‘((R;(C)

which immediately yields w € H3(R;C) and ¢ € H*(R;C). Inductively, we obtain that w,q €
HF(R; C) for any k € N, giving smoothness and boundedness of w, g, and all derivatives.

With the stability analysis in [91, §5.1] we conclude that, except for the simple eigenvalue 0, all
eigenvalues are to the left of the imaginary axis with real part bounded by A*(e). We further

remark that in (2.20) it has already been noted that % is an eigenvector to the eigenvalue
0. O

In what follows, we need a regularizing effect of the semigroup (Psitroo) 1o Of Lemma A.3 in the
first component.

Lemma A.6. For Y0 = (w(o),q(o))t € Hc we write Yeo(t, ") := (wieo(t, "), qrao(t, ")) =
P22y ©) Then, it holds W+, G4oo, Videwsoe  poo ([0, 0); L*(R; C)) with

1+4/t
\fﬁgwmo

|

lwooll oo 10,000 250y T 1900 | oo (0,000 22(Rs0)) + ’

([0,00); L2 (R;C))

where C' < o0 is independent of Y (©)
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Proof. First, assume Y (0 = (w(o),q(o))t € (C®(R;C))?. Then, by construction
0Yion — LX Vi = 0, (A.13)
which implies
. k j+k j+k
o (ﬁﬁm) Yiop = (cﬁw)J Yo = PE% (ﬁjfoo)] YO forall jkeN
k
and hence <Eﬁoo) Yie € C%([0,0); He) for any k € Ny. The coercivity/dissipativity estimate

(A.9) of Lemma A.3 then yields wio € C% ([0,0); H*(R)) for any k € No.

Having established qualitative regularity for regular initial data, we next prove a-priori estimates.
Indeed, by testing (A.13) it follows

1d
it (), o
so that with (A.9) of Lemma A.3 we deduce that
1d
S IV (B + 1 (1) By + 20 gt ) gy <O

Integrating in time yields

t 1 2
||y+w( 2+ /O(KHY+OO () e + €20 [Joewant, M iagasey ) A < 5 V)

Hc

. (A14)

To obtain a point-wise bound in time on ||0cw+ox(t, )||L2 (R)> Observe that from (A.8b) and (A.13)
it follows

Ot0cWiop — V&Swioo — f1(0)0cwion + s&?wioo + J¢qro0 = 0.
Testing with t0¢w4 o gives with

Re (&§w+oo( ) &5w+oo(t >)L2(]R (C) Re / (35 \6§w+oo(t €)| df =0
and

1
Re (O¢q+oo(t, ), Ocwsan(t, ) f2(ry < Hagw-iroo HL2 ®o) T 5, 14xe(t, MZamie)
that

t
5 ||a§w+oo( )”L2 (R;C) +/ t (% Hagwioo(t/a '>Hi2(R) - f’(O) Hafwioo(t/’ ')H;(R)) dt’

1 t
o [ o€ ey 00 + 5 [ 0ws0t ey o

The combination with (2.21b) and (A.14) yields that there exists a constant C' < oo such that

Vi
ess—supt>0 \[Haﬁ W0 (t, )HLZRC CHY ’

Hc

The statement of the lemma now follows by density of (CZ(R;C))? in Hc. O

Proof of Proposition 2.8 (d). We loosely follow the approach in |2, Section 3.2, Proposition 3.5].
First observe that by Lemma A.5 and Lemma A.6 the operator R#PSJ*;OOH# € L(Hc) is compact
for any ¢ > 0. This compactness implies thanks to |2, Proposition 3.4] that for every ¢ > 0

the operator PAII# — PE®TI# is compact as well. By estimate (A.10) of Lemma A.3 and
the Neumann series, we recognize that the operator P;—QOOH# has no spectrum outside the disc

{,u eC:|ul <e (Hc)}' Now, since Pjﬂ# is a compact perturbation of P;;rooﬂ#, the
spectrum of Pjﬂ# in
|
L(Hc)

{ue@:],u]>e
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only contains point spectrum oy, (P;f@é H#> (cf. Definition 2.7 and [52, Theorem 2.2.6]). Using [74,
Chapter 2, Theorem 2.4|, we infer that

op (ijl'ﬁ) c {0} u {e)‘t: A€oy (E#H#>} c {u eC: |ul < emax{_””\*(a)}t},

where we have used Proposition 2.8 (cii) in the last inclusion and that o}, (C#II#) = o}, (£#) \{0}
since 0 is not an eigenvalue of L#II#. Altogether, we have

o (%) & fues g < e o]
because HH#HL(H@) > 1.
Now, let max{—r,A\*(¢)} < —9 < 0. Since the spectral radius lim,_,q H (Pjﬂ#> L) of
C
P;ZEH# meets
hm H(P#H#> = lim HPT
n—co ||~ # L(Hc)
and
e (220 I, s (o0) < e
J%“(Pstﬂ L) nh_{rgomax || : peo(PLII <e I
we have L (o) < eV for t and n large enough. Thus there exists Cyy < o0 such that
C
(2.24) holds true. U
Proof of Proposition 2.8 (e). Suppose that Y € H is real-valued. Then
) 1 2w ) 1
oy 228 2 Xydh = - reTdr, where Xy := ()\ idyr —£#> Y.
270 Jix=r 2m Jo

From the equation
AXy — L7 X, =Y, where Al =,
and because the coefficients of £# are real (cf. (2.17)), it follows that
AX, - LFX), =Y.
Because > 0 us chosen sufficiently small we have A € p(L#) (cf. Definition 2.7 (a)) and it
follows due to uniqueness X = X5. Hence,

r 27 r 2m ) r 0 )
H#’OY = - X,r.ei‘re i dT = — X —17'6_”— dT = — Xrei‘rel‘r dT
2m Jo 21 2 J_
r 2w )
= — | XpreTdr =170V
2 0
By (2.23) also [I#Y = 7Y, i.e., 170, 11#: H — H are well-defined and the estimates of the
operator norms are trivial, too. U
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