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Abstract

We prove a strong invariance principle for the Kantorovich distance between the empirical
distribution and the marginal distribution of stationary a-mixing sequences.

Running head. ASIP for the empirical W; distance.
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1 Introduction and notations

Let (X;)icz be a strictly stationary sequence of real-valued random variables. Define the two
o-algebras Fo = 0(X;,1 < 0) and Gr, = o(X;,% > k), and recall that the strong mixing coefficients
(a(k))k>0 of Rosenblatt [13] are defined by

alk) = Aefsugeg | [P(AN B) —P(A)P(B)] . (1.1)

Let p be the common distribution of the X;’s, and let
15
MUn = n 2 X

be the empirical measure based on Xi,...,X,. In this paper, we prove a strong invariance
principle for the Kantorovich distance Wi (pn, ) between p, and p under a condition on the
mixing coefficients a(k). Recall that the Kantorovich distance (also called Wasserstein distance
of order 1) between two probability measures p and v is defined by

Wi(p,v) = inf / |z — y|m(dz, dy),

TeEM (p,v)

where M (u,v) is the set of probability measures on R? with marginals y and v. We shall use the
following well known representation for probabilities on the real line:

Witn,v) = [ 1Fu(o) = F(o)lde, (1.2)
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where F), is the cumulative distribution function of px.

Let H : t — P([Xo| > t) be the tail function of | Xo|. In the case where (X;)icz is a sequence
of independent and identically distributed (i.i.d.) random variables, del Barrio et al. [2] used the
representation (1.2) and a general result of Jain [7] for Banach-valued random variables to prove a
central limit theorem for v/nWi (un, 1). More precisely, they showed that v/nWi (un, 1) converges
in distribution to the LL;(dt) norm of an L, (dt)-valued Gaussian random variable, provided that

/OO VH(t) dt < oo (1.3)

They also proved that /nWi(un, p) is stochastically bounded iff (1.3) holds, proving that this
condition is necessary and sufficient for the weak convergence of \/nWi (tn, f).

Still in the i.i.d. case, we easily deduce from Chapters 8 and 10 in Ledoux and Talagrand (8]
that: if (1.3) holds, then the sequence

Vn
———— W ,
v2loglogn 14ty 1)
satisfies a compact law of the iterated logarithm.

For strongly mixing sequences in the sense of Rosenblatt [13], we proved in [6] the central limit
theorem for \/nWi (pn, ) under the condition

(1.4)

/Ooo > (alk) AH(t)) dt < oo (1.5)

k=0

(where a A b means the minimum between two reals a and b), and we give sufficient conditions
for (1.5) to hold. Note that, in [6], we used a weaker version of the a-mixing coefficients, that
enables to deal with a large class of non-mixing processes in the sense of Rosenblatt [13].

In Section 2 of this paper, we prove a strong invariance principle for Wi (g, ) under the
condition (1.5). The compact law of the iterated logarithm for (1.4) easily follows from this strong
invariance principle. In Section 3, we apply our general result to derive the almost sure rate of
convergence of the empirical estimator of the Conditional Value at Risk (CVaR) for stationary
a-mixing sequences.

In the rest of the paper, we shall use the following notation: for two sequences (an)n>1 and
(bn)n>1 of positive reals, a, < b, means there exists a positive constant C' not depending on n
such that a, < Cb,, for any n > 1.

2 Main result

Our main result is the following strong invariance principle for Wi (un, ).

Theorem 2.1. Assume that (1.5) is satisfied. Then, enlarging the probability space if necessary,
there exists a sequence of i.i.d. Li(dt)-valued centered Gaussian random variables (Z;);>1 with
covariance function defined as follows: for any f,g € Loo(dt),

() = o [ 10200 at, [ a0 za0 at) =5 [[ 50t Cov1x, 201,20 dsat,

kEZ
(2.1)
and such that

n

> Zk(t)

k=1

Wi (pon, ) — / dt = o(y/nloglogn) almost surely.




Remark 2.2. In [4], Cuny proved a strong invariance principle for W1 (un, p). under the condition
oo 1 00

—_— a(k) NH(t) dt < oo 2.2

> it [, VAR A (22

(in fact, he proved the result for a weaker version of the a-mixing coefficient, the same as that
used in [6] for the central limit theorem). It follows from Section 5 of [6], that the condition (1.5)
is always less restrictive than (2.2).

As a consequence of Theorem 2.1, we get the compact law of the iterated logarithm. Let K
be the unit ball of the reproducing kernel Hilbert space (RKHS) associated with I'; and C' be the
image of K by the LLi(dt) norm. The following corollary holds:

Corollary 2.1. Assume that (1.5) is satisfied. Then the sequence

vn
NV w 7
v2loglogn (4 1)
is almost surely relatively compact, with limit set C.

The proof of Theorem 2.1 is based on two ingredients: a martingale approximation in L4 (dt),
as in [6], and the following version of the bounded law of the iterated logarithm, which has an
interest in itself.

Proposition 2.1. Assume that (1.5) holds, and let

V= / ) A H(1)) dt. (2.3)

o
Then, there exists a universal constant n such that for any € > 0,
1
Z nIP’ (1r<n£x EW1 (i, ) > (nV + €)/nloglog n) < 00. (2.4)
n>2

Remark 2.3. (The bivariate case). Let (X;,Y:)iez be a stationary sequence of R2-valued random
variables, and define the coefficients a(k) as in (1.1), with the two o-algebras Fo = o(X;,Y;,7 < 0)
and Gr = 0(X;,Y:,1 > k). Let ux (resp. py) be the common distribution of the X;’s (resp. the

Yi’s), and let
1w 1
Hn,x = — kZﬂ&q. and  pny = - ;5Yk .
Combining the arguments in [3] and the proof of Theorem 2.1, one can prove the following strong
invariance principle for n (Wi (pin,x, tin,y) — Wi(ux, py)).
Let ¢ be the continuous function from L;(dt) to R defined by

w(x) =/(Sign{Fx(t)—FY(t)}w(t)lFXu);éFy(t) + [2(t) [ L iy (1y=ry 1)) dt,

where F'x (resp. Fy) is the cumulative distribution function of pux (resp. py). Assume that

oo

/m i(a(k)/\Hx(t))dt<oo and /Oo Z k) A Hy (t)) dt < oc.

k=0 =0

Then, enlarging the probability space if necessary, there exists a sequence of i.i.d. L;(dt)-valued
centered Gaussian random variables (Z;);>1 with covariance function given by: for any f,g €
Lo (dt),

F(f,9) = Cov ( [0z ae, [ o220 dt)

= Z//f 5)Cov(lx,<t — lyg<t, 1x,<s — Ly <s) dsdt,

keZ



and such that

n (Wi(tin,x, in,y) — Wilux, py)) — ¢ (Z Zk> =o(y/nloglogn) almost surely.
k=1

3 Rates of convergence of the empirical estimator of
the Conditional Value at Risk

The Conditional Value at Risk at level u € (0, 1] of a real-valued integrable random variable X
(CVaR,(X)) is a “risk measure” (according to the definition of Acerbi and Tasche [1]), which is
widely used in mathematical finance. It is sometimes called Expected Shortfall of Average Value
at Risk. We refer to the paper [1] for a clear definition of that indicator, and for its relation with
other well known measures, such as the Value at Risk, the Worst Conditional Expectation, the
Tail Conditional Expectation... According to Acerbi and Tasche [1], CVaR,(X) can be expressed
as
CVaR,(X) = f%/ Fi'(z)da
0

where Fx is the cumulative distribution function of the variable X, and Fgl is its usual cadlag
inverse: Fix'(u) = inf{z € R: Fx(x) > u}.

Concerning the difference between the Conditional Value at Risk of two random variables X
and Y, the following elementary inequality holds (see for instance [12]):

1t _ 1
|ICVaR.(X) — CVaRu(Y)| < ;/ [P (z) - Fy ' (2)|de = awl(uxwy% (3.1)
0

where px (resp. py) is the distribution of X (resp. Y).

Consider now the problem of estimating CVaR,(X) from the random variables X7, ..., Xy,
where (X;)iez is a stationary sequence of a-mixing random variables with common distribution
i = px. A natural estimator is then

mu,nz—l/ F7 Y (x)dx,
U Jo

where F;, is the empirical distribution function based on X, ..., X,. From (3.1), we get the upper
bound

1
CVaR,(X) —CVaRyn| < %/ |Fx'(z) — F, ' (z)|de = %Wl (s 1)
0

From Corollary 2.1, we obtain the almost sure rate of convergence of Cmu,n: if (1.5) holds,
then

— I
liﬁsolip % ‘CVaRu(X) —CVaRyn| < K(0) almost surely,

where x(I") is the largest value of the compact set C' of Corollary 2.1 (recall that the covariance
function I' is defined in (2.1)). It is well known (see for instance Section 8 in [8]) that the constant
k(T") can be expressed as

o (o froon)) < feo

where Z is an L (dt)-valued centered random variable with covariance function I'.

)
2




4 Proofs
4.1 Proof of Theorem 2.1

Let (92, A,P) be the underlying probability space. By a standard argument, one may assume
that X; = Xo o T, where T : Q —  is a bijective, bi-measurable transformation, preserving the
probability P. Let also F; = o(X, k < i).

Let Yo(t) = 1x,<¢ — F(t), and Yi(t) = Yo(t) o T* = 1x, <; — F(t). With these notations and
the representation (1.2) one has that

nWi(pn, p) = / ZYk(t) dt. (4.1)
k=1
From Section 4 in [6], we know that, if (1.5) holds, then
Yo(t) = Do(t) + A(t) — A(t) o T, (4.2)

where Dy is such that E(D1(¢)|F-1) = 0 almost surely and [ || Do(t)]|2 dt < oo, and A is such that
JIJA(®) |1 dt < co. Moreover, the covariance operator of Dy is exactly I': for any f, g € Loo(dt),

I(f,g) = Cov ( / F(H)Do(t) dt, / 9(t) Do(t) dt> . (4.3)
Let Di(t) = Do o T*. From (4.2), it follows that
Zn:yk:zn:Dk—‘erT—AOT". (4.4)
k=1 k=1

From [4, Proposition 3.3], we know that, enlarging the probability space if necessary, there exists
a sequence of i.i.d. Li(dt)-valued centered Gaussian random variables (Z;);>1 with covariance
function I" such that

/ D O De(t) = > Ze(t)
k=1 k=1

Hence, the result will follow from (4.1), (4.4) and (4.5) if we can prove that

dt=o0 (m) almost surely. (4.5)

1
nll_)Holo Jilosloan / |A(t) oT™| dt =0 almost surely. (4.6)

To prove (4.6), we start by considering the integral over [—M, M|°, for M > 0. Applying again
[4, Proposition 3.3], we infer that

> Di(t)

k=1

lim sup

1
n—soo \/2nloglogn /[7M,M]°

dt < / |Do(t)||2dt almost surely.  (4.7)
[—M,M]e

Now, as will be clear from the proof, Proposition 2.1 also holds on the space L*([—M, M]¢, dt),
and implies that there exists a universal constant 7 such that, for any positive ¢,

i Yi(t)

lim sup

1
n—oo Vnloglogn /[_M,M]c

dt < €+77/ Z min{a(k), H(t)} dt almost surely.
M\ k=0

(4.8)
From (4.7) and (4.8), we infer that

im limsup t)oT"| dt =0 almost surely.

1
1 - - A
M—00 p_s0o nloglogn /[_]M,M]C A



Hence the proof of (4.6) will be complete if we prove that, for any M > 0,

117131_501(1) nlog Toan / oT"| dt =0 almost surely. (4.9)

To prove (4.9), we work in the space H = Lo([—M, M],dt), and we denote by || - ||u and (-,-)
the usual norm and scalar product on H. Since E(||Do||#) < oo, we know from [4] that Y }_ | Dx
satisfies the compact law of the iterated logarithm in H. Since )~ ., a(k) < co and Ys is bounded

in H, we infer from [5] that Y, _, Y% satisfies also the compact law of the iterated logarithm in H.
Now, arguing exactly as in the end of the proof of [5, Theorem 4], one has: for any f in H

L (AT
n—oo y/nloglogn

Let (e;);>1 be a complete orthonormal basis of H and Py (f) = S.n_,(f,ex)ex be the projection
of f on the space spanned by the first N elements of the basis. From (4.10), we get that

=0 almost surely. (4.10)

lim Py(AoT™)
n—oo y/nloglogn

On another hand, applying again [4, Proposition 3.3] (as done in (4.7)), we get

(I - Px) (i Dk>

k=1

=0 almost surely. (4.11)

1
hrn lim sup

N—oo pnace /nloglogn

=0 almost surely, (4.12)

H

and applying [5, Theorem 4],

hm lim sup

1
N—o paco vnloglogn

From (4.4), (4.12) and (4.13), we infer that

(I — Pn) (Z Yk> ‘ =0 almost surely. (4.13)

k=1 H

I—PNy)AoT"
hm lim sup I€ ) Ao T |

N=>oo pooo nloglogn

which, together with (4.11), implies (4.9). The proof of Theorem 2.1 is complete. ©

=0 almost surely,

4.2 Proof of Proposition 2.1

For any n € N, let us introduce the following notations:
R(u) = min{q € N* : a(q) <u}Q(u) and R '(z) =inf{u € [0,1] : R(u) < z}.

For a positive real a that will be specified later, let

mn_a”loglogn’ vp =R (mn), Mp=Q(va). (4.14)

For any M > 0, let ga(y) = (y A M)V (—M). For any integer ¢, define
XZI = gMn(Xi) and X;l = X»; - X: . (4.15)

We first recall that, by the dual expression of Wi (fn, 1),



where A; is the set of Lipschitz functions such that |f(z) — f(y)| < |x — y|. Hence,

n

Wi (i, 1) < sup > (F(XD) —E(f(XD)) + sup > (F(X:) — f(X]) = E(f(Xs) — f(X))) -

U ferm o
Therefore, setting,
1 n
Fi(t)=—> lixj<y and F/(t) =P(Xi <),

k=1

and noticing that
k

k|Fi — F'||ly = sup > (F(XD) - E(£(XD),
1i=1

we get

! / 1 1
max KW (e, ) < max BIF — F'll+ (X7 +E(X!). (4.16)

1<k<n
- =1

Now, note that

1 . 1 /+°0
E :71[3 X' < E EE—— P(| Xo|1 vp) > t)di
= nloglogn (X ) = nloglogn Jq (‘ olixo>@(n) )

1 +oo 1 Un
< —_— H(t)dt < _— d
- 7122 vnloglogn /Q(vn) (B)dt < 7;2 vnloglogn /0 Qu)du

1 1 1
< _ 1, w)d R du .
<X et J, Qtmsnwdu < [ ROIQu

But, according to Propositions 5.1 and 5.2 in [6], condition (1.5) implies that

/01 R(u)Q(u)du < co. (4.17)

Hence, to prove (2.4) it suffices to show that there exists an universal constant 7 such that for
any € > 0,

E lP (12152( k| Fr — F'|l1 > nV\/nloglogn) < 00. (4.18)
n n
n>2 =r=
For this purpose, let

g¢n =min{k € N* : a(k) <v,} An. (4.19)

Since R is right continuous, we have R(R™*(w)) < w for any w, hence
@M, = R(v,) = R(R™" (my)) < mn . (4.20)
Assume first that g, = n. Bounding f(X;) — E(f(X})) by 2M,,, we obtain

‘max E|F. — F'|l1 < 2nM,, = 2g. M, < 2my, . (4.21)

Taking into account the definition of m,,, it follows that there exists no depending on a, V and 7,
such that for any n > ng, 8m, < kVy/nloglogn. This proves the proposition in the case where
qn = n.

From now on, we assume that ¢, < n. Therefore ¢, = min{k € N* : a(k) < v,} and then
a(gn) < v,. For any integer ¢, define

iqn

uiy=" (lxzﬁt —E (1)‘%9)) '

k=(i—1)gn+1



and notice that

My,
max k|| F}, — F'||1 < 2¢. M, —|—/ max
1<k<n

— M, 1<j5<[n/qn]

Ui(t)| dt.

=1

Let k, = [n/qn]. For any t, applying Rio’s coupling lemma (see [11, Lemma 5.2]) recursively,
we can construct random variables (U (t))1<i<k, such that

e U/ (t) has the same distribution as U; for all 1 <14 < ky,

e the random variables (Us;(t))2<2i<k, are independent, as well as the random variables
(Uzi—1(t))1<2i-1<kn,

e we can suitably control ||U;(t) — U; (¢)||1 as follows: for any ¢ > 1,
1Us(t) = Ui ®)]lx < 4gna(gn) - (4.22)
Substituting U;" (¢) to U;(t), we obtain

J
- < 2¢n *
max k| F =l < 2qu Mo+ max ;Um(t)
ZUZ'L 1

max
1<2j—1<[n/qn]

Therefore, setting k = n/4, for n > no,

P (112135 k|| Fy — F'||1 > 4Vﬁ\/nloglogn> < Ii(n) + I2(n) + Is(n), (4.24)

where

M, [n/an]
ILi(n)=P / Z |U; () — U (t)| dt > Vy/nloglogn
- M,

=1

M,
I =P U;,
2(”) (/ L 2<2]Tga§/qn] Z 5 (
M,
I =P
3(”) </M 1<2; 0 1<n/qn] ZUm 1 )

Using Markov’s inequality and (4.22), we get

dt > Vk+/nloglog n>

dt > Vm/nloglogn) .

“1mn)
i) & e ) € e on) < i 1 Qe
Hence, by (4.17),
1 (mm
,;gn <<§\/W/ du<</R u)du < 00 .

To handle now the term I>(n) (as well as Is(n)) in the decomposition (4.24), we shall use
again Markov’s inequality but this time at the order p > 2. Hence for p > 2, taking into account
the stationarity, we get

P

dt

max
2<25j<[n/qn]

ZU2'L

/ ( ) < 1 /Q(Un)
2(nN) =
(Vk)?P(nloglogn)r/2 —O(vn)



Applying Rosenthal’s inequality (see for instance [9, Theorem 4.1]) and taking into account the
stationarity, there exist two positive universal constants ¢; and c2 not depending on p such that

> Usi(t)

s S Czl)pp/g(n/qn)p/ZHUQ(t)”g + cgpp(n/Qn)HU?(t)Hg = Jl(t) + JQ(t) .
222j<[n/an] |

P

(4.25)
Using similar arguments as to handle the quantity I>(n) in the proof of [6, Proposition 3.4], we
have

Qvn) Q(vn) an 1/2
/ ||U2(t)\|2dt:/ Var (3 1xres dt
—Q(vn) —Q(vn) i=1 )
qn—1

o 1/2
< 2\/5\/(7"/62( : (Z a(k) A H(t)) dt < 2V+/2¢,. (4.26)
0 k=0

Hence

> 1 /Q(vn) A 1/Pdt - Z (2v2c1/D)?
n(V k)P (nloglog n)r/2 nk?(loglogn)r/2

n>2 —Q(vn)
Let now
p = pn = max{cloglogn, 2},
where ¢ will be specified later. Set n1 = min{n > 2 : clog logn > 2}. It follows that

Q(vn) cloglogn
)3 : [0 ) <y ()
n(Vk)P(nloglogn)r/2 \ J_g,)

n>nq n>n1

which is finite provided we take  such that 29.¥2¢ — ¢! with o > 1 and ¢ > (loga) ™.

K
On another hand, proceeding as in (4.26), we deduce that, for any ¢ > 0,

i (1ixien —PXT <)

=1

D 2

—2
<qn

an

> (Lpen —P(XI < 1))

=1

U217 =

P 2

qn—1

<227 Y (alk) AH(D).
k=0

Qun) [ pH®) 1/
dt = / / (o™ (u) A gn)du dt
0 0
Qvn) HEE) 1/7
< / Ungn —|—/ (o™ (u) A gn)du dt.
0 v,

n

In addition

Q(vn) (a1
/O ( > alk) A H(t))

k=0

1/p

Note that u < H(t) <= t < Q(u). Consequently v < H(t) implies that Q~2(u) < t~2. Hence

Q(un) (=1 e
/ (Z (k) A H(t)> dt

k=0

Q(vn) H(t) p
< (0ngn) /7 Q(vn) + / <t2 / (0™ () Aqn>Q2(u>du>

n

1/p rQ(vn)
< (Unn) P Q(vn (/ R(u ) / =2/ gy
0

< (0020)' 7 Q(0n (/ R(u )1/pp(p —2)7' Qo) "



Set no = min{n > 2 : cloglogn > 4}. It follows that

1 /Q(vn) J ( )1/pd P
2(t t
2 n(Vr)?(nloglogn)?/? \ J g,

n>ng -

(462p)p p—2 » D p—2 !
Y o {0 @) + 20 [ RwQd

n>ng
Note that )
VngnQ” (vn) = vna”  (v2)Q% (vn) < /O R(u)Q(u)du.

Hence, since ¢, M,, < m,, we get

Z 1 /Q(vn) J ( )1/pd P
t t
(V) (nloglogn)?”? \ /o

n>ng -

1 8cap)? p—2
<4 /0 R(u)Q(u)du (w)p(gzlogogm”/ 2

n>ng

< 4a_2/0 R(uw)Q(u)du Z

n>ng

)

8acac\” loglogn
&V n

which is finite by taking into account (4.17), and if we choose a = (c1kV)/(2¢2v/2¢). Indeed, in
this case,
8acac . 2c1V2¢ « 2acoV 2¢ !

% I c1kV
This ends the proof of the proposition. ¢
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