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Bridging Carrollian and celestial holography

1,2,% . . . i . 4. . . .
Laura Donnay®, "~ Adrien Fiorucci ,3' Yannick Herfray®, f and Romain Ruzziconi

3.8

Unternational School for Advanced Studies (SISSA), Via Bonomea 265, 34136 Trieste, Italy
*Istituto Nazionale di Fisica Nucleare (INFN)—Sezione di Trieste, Via Valerio 2, 34127 Trieste, Italy
*Institute for Theoretical Physics, Technische Universitdt Wien,

Wiedner Hauptstrasse 8, A-1040 Vienna, Austria
*Institut Denis Poisson UMR 7013, Université de Tours, Parc de Grandmont, 37200 Tours, France

® (Received 22 February 2023; accepted 19 April 2023; published 30 June 2023)

Gravity in 4d asymptotically flat spacetime constitutes the archetypal example of a gravitational system
with leaky boundary conditions. Pursuing our previous analysis of [Carrollian Perspective on Celestial
Holography, Phys. Rev. Lett. 129, 071602 (2022)], we argue that the holographic description of such a
system requires the coupling of the dual theory living at null infinity to some external sources encoding the
radiation reaching the conformal boundary and responsible for the nonconservation of the charges. In
particular, we show that the sourced Ward identities of a conformal Carrollian field theory living at null
infinity reproduce the Bondi-van der Burg-Metzner-Sachs flux-balance laws. We also derive the general
form of low-point correlation functions for conformal Carrollian field theories and exhibit a new branch of
solutions, which is argued to be the relevant one for holographic purposes. We then relate our Carrollian
approach to the celestial holography proposal by mapping the Carrollian Ward identities to those
constraining celestial operators through a suitable integral transform.

DOI: 10.1103/PhysRevD.107.126027

I. INTRODUCTION

The program of flat-space holography consists in build-
ing a holographic duality between gravity in asymptotically
flat spacetime and a lower-dimensional field theory. The
motivations are twofold. Firstly, from a purely theoretical
perspective, this program is enshrined in a broader context
that aims at understanding how general is the holographic
principle. Does it extend beyond the framework of the
celebrated AdS/CFT correspondence [1-3]? Secondly,
asymptotically flat spacetimes provide realistic models to
describe a huge range of physical processes occurring in
our Universe, all the way up to astrophysical scales which
are below the cosmological scale.

In spite of repeated early efforts from various points of
views [4-9], it became clear very soon that flat-space
holography would not merely immediately follow from
AdS/CFT via a simple limit procedure where the anti—de
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Sitter (AdS) radius is sent to infinity. But fortunately, the
last decades have also taught us that the symmetries of flat
spacetime turn out to be way richer and more subtle than
originally thought [10-15]. Building on the constraints
imposed by the Bondi-van der Burg-Metzner-Sachs
(BMS) symmetries, two bottom-up roads towards flat-space
holography have emerged over the years: Carrollian and
celestial holography.

The Carrollian approach to flat space holography pro-
poses that the role of the dual theory is played by a
conformal Carrollian field theory (or Carrollian CFT for
short) that lives on the codimension-one boundary of
spacetime (null infinity .#). Alternatively, one could refer
to this theory as a BMS-invariant field theory, as it has been
known for quite some time that the BMS group is
isomorphic to the conformal Carroll group [16], but it is
fair to say that the “Carrollian” name, due to Lévy-Leblond
[17], has struck physicists” imagination.

This first approach has proven to be very successful in
the context of three-dimensional (3d) gravity. Among other
results, one can find: (i) a matching between the entropy of
asymptotically flat cosmological solutions and entropy
computed with a Cardy-like formula for a Carrollian
CFT [18,19]; (i) a computation of the entanglement
entropy in the Carrollian CFT from the bulk geometry
using some extension of the Ryu-Takayanagi prescription
[20-22]; (iii) the form of the correlation functions in the
dual theory [23-27]; and (iv) an effective action for the dual

Published by the American Physical Society
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Carrollian CFT [28-31]. This construction of effective
action has been repeated in 4d gravity and shown to
describe the dynamics of nonradiative spacetime [32]. A
complementary approach was adopted earlier in [33] where
an action encoding the radiative modes at .# was explicitly
written. Let us also mention that Carrollian holography is
well-understood in the fluid/gravity correspondence for
both 3d and 4d spacetimes using a suitable flat-limit
procedure [34-38]. The dual fluid is a Carrollian fluid
[39-43] at .# whose properties are deduced by taking the
ultrarelativistic limit of a relativistic fluid.

The main difficulties inherent to the Carrollian holo-
graphic approach are related to two key differences
compared to what one is used to encounter in
AdS/CFT. (i) The conformal boundary .# is a null
hypersurface, implying that the dual theory involves some
Carrollian or “ultralocal” physics [44—49] which intrinsi-
cally defines the unconventional features of Carrollian
CFTs [41,50-55,60], about which very little is known so
far. This contrasts with the AdS/CFT correspondence
where the boundary is timelike and the dual theory is an
honest CFT whose proprieties have been studied for
decades. (if) The gravitational charges at null infinity are
generically nonconserved due to the presence of matter or
gravitational radiation [10,11,56-59]. This constitutes the
plain vanilla example of a gravitational system with leaky
boundary conditions. Describing the nonconservation of
the charges from the point of view of the dual theory
requires the development of new techniques such as the
coupling with external sources [60]. On the contrary,
Dirichlet-type of boundary conditions are usually imposed
in AdS, preventing leaks through the conformal boundary,
which thus acts as a reflective cavity. Let us however
mention that leaky boundary conditions can also be
imposed in AdS by relaxing the usual boundary conditions
and turning on boundary sources [61-65]. This relaxation
is necessary in order to recover a radiative phase space and
BMS symmetries from a large radius limit of AdS.

In the celestial holography paradigm, the proposed dual
theory to gravity in flat space is a celestial CFT (or CCFT
for short) living on a codimension-two boundary, the
celestial sphere. It is anchored in the fact that S-matrix
elements in the bulk, once rewritten in the boost eigenstate
basis, enjoy conformal invariance in a manifest way
[13,66—71]. The advantages of this approach is that one
can use some of the very powerful CFT techniques to study
the celestial dual, such as operator product expansions
(OPEs) [72-83], conformal block decomposition [84—88],
state-operator correspondence [89], null states and con-
formal multiplets [90-93], crossing symmetry [94] or
shadow formalism [70,95-97]. This CFT language has
recently allowed one to uncover new wy, ., Symmetries in
CCFT [98] (see also [99-101]). This remarkable finding
suggests that gravity might exhibit much more symmetries
than one could have expected. Patterns of these symmetries

have been found in the subleading orders of the gravita-
tional solution space in [102,103]. However, there is always
a price to pay for the emergence of CFT-like features in flat
space, and this is manifested in some of the exotic features
that CCFTs exhibit. It is indeed not clear for the moment
exactly to which extent they differ from standard (e.g.
unitary and compact) CFTs or what could be an axiomatic
definition of CCFTs. Moreover, the fact that the dual theory
is codimension-two with respect to the bulk makes the link
with the AdS/CFT correspondence more nebulous, since it
would require more involved steps than simply getting
celestial correlators from a flat limit of those in AdS (see
however [66,69,104—-108] for connections to AdS and
[109] to wedge holography). Finally, because the celestial
encoding favors conformal transformations over time trans-
lations (which we recall are not lost but rather reshuffled
into shifts in the conformal dimension of celestial oper-
ators), the dynamics of the gravitational theory such as the
Bondi mass loss formula is not easily interpreted in the
celestial CFT.

Though these two approaches to flat space holography
seem in apparent tension, it has been argued in [60] (see
also [55]) that they are in fact complementary to each other,
as depicted in Fig. 1. Explicit links between them can be
established; in particular, Carrollian source operators O(kk)
living at null infinity can be mapped to CCFT operators O, ;
living on the celestial sphere after using an appropriate
integral transform. This allows one to relate the correlation
functions between the sourced Carrollian CFT and those of
the CCFT. In particular, the Ward identities of the sourced
Carrollian CFT are then found to be equivalent to those of the
CCFT encoding the bulk soft theorem. In this paper, we will
pursue our previous analysis of [60] and provide more
details about the interplay between the Carrollian and the
celestial approaches to flat space holography.

A. Summary of the paper

The aims of this paper are threefold. The first objective is
to review the key ingredients needed to bridge Carrollian
and celestial holography. These both build up on the fact
that the S-matrix is in a sense holographic by nature,
namely scattering amplitudes in the bulk can be identified
with correlation functions at the boundary. Depending on
the choice of basis for the fields, position space or Mellin
space, one ends up with the Carrollian or the celestial
approach. We will also review the asymptotic symmetry
analysis of both electrodynamics and gravity. These will
constitute the two concrete examples that we shall discuss
in our setup.

After this review part, the second objective is to improve
the Carrollian holography proposal. As mentioned above,
one of the main obstructions to this approach [obstruction
(i0)] is the nonconservation of the asymptotic charges Q at
null infinity due to the presence of radiation, as illustrated
in the left part of Fig. 1. We argue that, from the point of
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Two roads towards flat holography
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Conformal operators
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Holographic nature of null infinity—two equivalent visions: (i) On the left picture, .# is seen as a boundary along which there

is a Carrollian time evolution. This naturally leads to the Carrollian holography proposal where the putative dual theory is a 3d
Carrollian CFT. This picture is well adapted to describe the dynamics of the system through the flux-balance laws encoding the
nonconservation of the charges Q. (if) On the right picture, .#™ is seen as a portion of a Cauchy hypersuface at late time. This naturally
leads to the celestial holography proposal where the putative dual theory is a 2d CCFT. This second approach is particularly natural

when considering a scattering process in flat spacetime.

view of the dual theory, these dissipative properties can be
encoded by coupling the theory to some external sources.
We discuss the general framework needed to treat sym-
metries in that context. This allows us to write flux-balance
laws and Ward identities for a sourced field theory.
Applying these considerations to a sourced Carrollian
CFT, we show that the sourced Ward identities are able
to describe the asymptotic dynamics of 4d asymptotically
flat spacetimes given an appropriate holographic map
between the bulk and boundary quantities. In particular,
the external sources are argued to encode holographically
the radiation in the bulk, which in gravity is contained
in the asymptotic shear and the Bondi news tensor.
While the insertion of external sources locally spoils the
symmetries of the theory, leading to nonconservation of the
currents and dissipation, one can still extract some useful
constraints implied by the symmetries on the correlators by
using some holographic inputs. A crucial ingredient to
implement this constraint is to consider that the Carrollian
CFT is not living on .#* and .#~ separately, but on the

whole conformal boundary .# = .#TL.#~ obtained by
gluing antipodally .# " and .#~ along . and .# 7, which
provides a geometric implementation of the antipodal
matching from the Carrollian point of view, see Fig. 2.
After providing details of this construction, we show that
the sourced Ward identities of the Carrollian CFT

integrated over 4 determine the general form of low-point
(1-, 2- and 3-point) correlation functions of this theory. In
particular, for the 2-point function, we exhibit a new branch
of solutions that does not seem to have appeared in previous
literature. We then argue that this new branch is precisely
the one that is relevant for holographic Carrollian CFT. We
relate it to the usual bulk propagator via Fourier transform.

The third objective is to provide further details on the
relation between the Carrollian and the celestial approaches
to flat space holography. We show that the Carrollian
source operators are mapped on celestial operators through
an integral transform, coined as the B-transform, which is
the combination of a Mellin and a Fourier transform. This
allows us to relate the correlation functions in the two
theories. After providing the properties of the B-transform,
we demonstrate the equivalence between the sourced Ward
identities in the Carrollian CFT that holographically encode
the asymptotic bulk dynamics and the Ward identities in the
CCFT that encode the leading and subleading soft theo-
rems. For each of these two points, we consider both
electrodynamics and gravity in the bulk.

B. Organization of the paper

The remaining of the paper is organized as follows. In
Sec. II, we review the scattering of massless particles in flat
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FIG. 2. Geometric implementation of the antipodal matching.

spacetime, which serves to introduce important notations
and conventions for the remaining of the article. In Sec. III,
we review the asymptotic symmetry analysis of electrody-
namics and gravity in 4d asymptotically flat spacetime. In
Sec. IV we develop a framework to treat the symmetries
and their associated flux-balance laws/Ward identities in
presence of external sources. We then specify this formal-
ism to sourced theories exhibiting U(1) or conformal
Carrollian symmetries. In Sec. V we provide more insights
about the nature of the proposed 3d holographic sourced
conformal Carrollian field theory. We derive the low-point
functions for this theory using the sourced Ward identities.
We also propose a holographic correspondence between
bulk metric and boundary Carrollian stress tensor, which
allows us to show that the sourced Ward identities of the
Carrollian CFT encode the BMS flux-balance laws. In
Sec. VI, we relate the sourced conformal Carrollian field
theory with the celestial CFT. We provide the integral
transform that maps Carrollian source operators to celestial
operators and show that the BMS Ward identities in both
theories are equivalent. The low-point functions are also
related with each other. Finally, in Sec. VII, we conclude
our analysis with some comments and future directions.
This paper is also complemented with some appendices;
Appendix A describes our coordinate conventions,
Appendix B reviews the isomorphism between global
conformal Carroll algebra in three dimensions and the
Poincaré algebra in four dimensions, and finally
Appendix C provides details on the derivation of the
classical constraints on the Carrollian stress tensor.

II. MASSLESS SCATTERING IN FLAT
SPACETIME

This section is a review of salient features of scattering of
massless fields in flat spacetime. We consider a scattering

of massless bosonic spin-s fields through the S-matrix
approach via perturbation theory in Minkowski spacetime.
We describe the asymptotic free states in terms of plane
wave and conformal primary wave function bases. The
boundary operators are obtained by taking the large radius
expansion of the bulk fields as they approach null infinity.
Reciprocally, the bulk fields can be reconstructed from the
boundary operators using the Kirchhoff-d’Adhémar for-
mula that defines a boundary-to-bulk propagator. Finally,
we discuss various integral transforms that relate position
space, momentum space and Mellin space. This allows one
to relate formulate the scattering problem in position and
Mellin spaces, which will be suitable for the subsequent
discussion on flat space holography. To write this section,
we abundantly used references [13,68,70,110-113] where
complementary material can be found.

A. Bulk operators

1. Massless fields in Minkowski spacetime
and plane wave expansion

Letus consider a free massless bosonic spin-s Fronsdal field
¢\ in Minkowski spacetime [114-116] (s =0, 1,2,...).
I = (upo...ptg) is a symmetrized multi-index notation,

u; €{0,...,3}, and spacetime is covered by standard
Cartesian coordinates X# = {, X}. The massless spin-s field

¢§S> can be conveniently put in the De Donder traceless gauge

PPl (X) =0 Wb, (X) =0, (21)
in which the equations of motion reduce to
9,4 (X) =0 (2.2)

and the residual gauge transformations are

126027-4



BRIDGING CARROLLIAN AND CELESTIAL HOLOGRAPHY PHYS. REV. D 107, 126027 (2023)

Sitpin,(X) = 0, . (X)
such that 0“1 (X)=0 and #"4,,, . (X)=0. (2.3)

Vi3 Hs
The field can be quantized in the Heisenberg representation and expanded in Fourier modes. Each mode is labeled by an on shell

null 4-momentum vector (see e.g. [13])

PHo,w,w) = ogh(w,w), ¢ (w,w) =—(1+ww,w+w,—i(w—w), 1 —ww), (2.4)

Nia

parametrized by the light cone energy @ > 0 and coordinates (w,w) on the complex plane. Let & (g) be the polarization
covectors,

- | -
elj_(q) - aw‘]/,t = %(_W’ 15 -1, _W)a

(@) = [ef @) = o5, = % (mw, 1, i, —w). (2.5)

We can complete these into a null co-tetrad N = {4y, sj, €, } satisfying

q'n, = —1, dle; =1, q'e; =0 =n'e;, (2.6)
by setting n, = 9,,03q,,. The spin-s field in De Donder gauge (2.1) can be expanded in Fourier modes as
00) = 8T [ Gatslei@al (e -+ @ ()1 @)
after choosing a Lorentz-invariant measure in momentum space and defining the polarization tensors
& (@) = €4 (9)€3(G)- €5 (7). (2.8)
which are fully symmetric and transverse tensors, i.e. g*i sﬂ .. (@) forany i = 1, ..., s. The overall constant K (s) € R/ may

depend on the coupling constant for the relevant spin (e.g. the elementary charge e for the spin-1 field or the Newton-Cavendish
constant G for the spin-2 field). One usually takes

Koy =eVh, K@ =V321Gh. (2.9)

Ladder operators obey the usual commutation relations

a5 (3), al) (7)T] = (27)32p°6) (B = B)S (2.10)

as induced by the canonical commutation relations of the field (2.7).
Importantly, a residual gauge transformation (2.3) driven by 4, ,, (X) admitting a well-defined Fourier transform acts on
the field (2.7) by addition of a term of the form

d3p 5 S\ ipht ¥ o\ _ipk
Oy Apy.) (X) = /W[l’(ﬂlﬂm._w@)el’xﬂ +P(,41/1,42 ) (D)e” 7] (2.11)

This impacts the polarization tensors as

6/18Z1.../43(6) = q(ull,{jz,,,ﬂx)(ﬁ) (212)

126027-5
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writing ;1#2”_% (p) = Ka()‘) ZZ’Z”_MS (_pf)a{(,”(_pﬁ) and 11””;12’%'_ 4, = 0, but the ladder operators a) are left invariant by these

gauge transformations. However, as we will review later, asymptotic gauge symmetries (whose generating parameters do
not have finite energy) do act nontrivially on the operators.
Transforming the integration measure for the parametrization (2.4), we can write

s K s N\ sa _ s _ a _
o\ (X) = F(ﬂ'éz / wdodwlal) (w, w, #)pi (o, w, W|X) + ai (. w, )% (w, w, w|X)], (2.13)

a—+
where d®w = idwdWw denotes the integration measure on the complex plane with local holomorphic coordinates (w, w) and

0} (w0, w, w|X) = &;%w, w)e @4 X, (2.14)
are the basis vectors of plane waves. In this parametrization, the canonical commutation relations (2.10) become

[l (w0, w, W), a (@, W, )] = 168307 8(0 — )5 (w — W)Sgu- (2.15)

At the quantum level, ag‘:)(a), w, w)¥ (resp. a®¥) (w, w, w)") creates a massless particle of spin s and helicity J = +s (resp.
J = —s), with energy @ and a null momentum pointing towards the direction g*(w, w).

Poincaré transformations X’# = A# X" + # act on the gauge field as

B, (X) > D, (X)) = Ay AL N PP (X). (2.16)

Lorentz transformations induce a SL(2, C) Mdbius transformation
|

aw + b ow
= 2.17 = —
cw+d ( ) @ ow

-1 aw/
M /) —
o, g (w,w) .

w > w(w) M, g"(w,w).  (2.18)

The second equation states the fact that a Lorentz trans-
with ad — bc = 1 on the complex coordinates determining ~ formation on the light cone induces the corresponding
the direction of the null momentum ¢* with the embedding ~ M0&bius transformation on the Riemann sphere via the
(2.4) of the Riemann sphere into the light cone. The embedding (2.4). Owing to (2.5) and (2.18), one can show
expression of the matrix A¥, in terms of the Mobius  that sff(w, w) do not transform homogeneously under the
parameters (a,b,c,d) can be found e.g. in [117]. Since  action of (2.17) but the supplementary terms are part of the
p" is a Lorentz vector, one has residual gauge freedom (2.12), i.e.

/\ Fi —/\ +1
CEW, W) = (?) (‘Zl> A EE(w,W) + o (w. WA, (w, ), (2.19)
W W

where <7 is a fixed function of (w, w). For the expansion (2.13) and (2.14) recalling that the integration measure and the
plane wave are Lorentz invariant, we deduce from (2.19) that the transformation of ladder operators under the Poincaré
group is

s ow' L o' £ o s
ai)(a)’, W) = <%> 2(%)26_1(011% () A utba(i)@)’ W, ). (2.20)

In particular, one recovers that the ladder operators are eigenvectors of translations, which is expected since they are
assumed to create/annihilate energy eigenstates. The infinitesimal version of (2.20) can be obtained by setting
X' =Xt — e, with & = o X + ¢ (@, = wy,)) and w'(w) =w —€)"(w), and retaining only the linear terms in
€. One concludes that

126027-6
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5 - . , . J J . : . s _
Sz @) (@, w, W) = |=ie/T + V"0, + V"o, + SOV =30,)" % (0,0 + aWyW)aw} a(ww.w),  (221)

where &(7,)) is now parametrized by the function
T (w,w) = —¢"(w,w)z, and the vector ) = V" (w)d,, +
V"(w)0; on the Riemann sphere, while acting in momen-
tum space covered by coordinates (w, w, w).

2. Mellin transform and conformal primary basis

In (2.13), we expanded the massless spin-s field in the
plane wave basis (2.14) whose elements are energy
eigenstates. Another convenient choice is the conformal
primary wave function basis [66,68—70] whose elements
are boost eigenstates. This basis trades the energy param-
eter o for the eigenvalue A of the Lorentz boost along the
direction fixed by the null momentum p*.

The map between the two bases is given by the Mellin
transform defined as

Mif(@).8] = [ doo

for f: RT — C where A = ¢ + iv is generically complex
[see e.g. [118] for the precise assumptions that make the
integral (2.22) well-defined]. According to the Mellin
inversion theorem, if F(A) is analytic in the complex strip
defined by ¢ €]a, b[C R and the integral

F(A) =

lfw)  (222)

flw) =

L et p (e 4 223
2—”/_00 vw (c+iv) (2.23)

converges for any c €]a, b|, then it defines the inverse
Mellin transform f(w) = M™![F(A), w] acting on F(A).

The Mellin transform of the plane waves (2.14), for
w > 0, yields (see e.g. [66,68,70])

P 32”42 / dudPw(as)y (w, W)V (A, w, wIX) + a5y (w, @) TVE(A, w, w]X)],

+o0 .y
V (A,W WlX) = hmgl (W V_V)/ da)wA—lezwq’Xﬂ_ga;
0

e—0"
AT[A
= lim %(w, W) #}A (2.24)
=0 (¢"X, + ie)

where € > 0 is a regulator that can be arbitrarily close to
zero. The computation of the integral (2.24) is made
particularly easy if one uses Ramanujan’s master theorem,
stating that if f(w) is a complex-valued function on the
positive real axis admitting a power-series expansion of the
form f(w) = ,fz"‘(’)%(—a))k in some neighborhood of
the origin, then its Mellin transform is simply given by
M[f(w), A] =T'[A]p(—A) in a certain range of validity
A € R Cc C. For the plane wave, the regulation of the
integral (2.24) by a decaying exponential function ~e~”
allows it to converge in the whole half complex plane
R = {c + iv|c > 0,v € R}. Using the identity

+o0 X
/ dow™ = 218(v), (2.25)
0

one can show [70] that the statement that plane waves form
a delta-function normalizable basis for the Klein-Gordon
inner product translates, after Mellin transform, into requir-
ing that A lays on the principal continuous series of the
irreducible unitary representations of the Lorentz group,
ie. A=1+iv.

Let us first consider the expansion of the bulk field
(2.13), where we recall that the polarization is taken as
products of (2.5). In terms of the Mellin representatives
(2.24), such an expansion reads [110,119]

(2.26)

where we defined the ladder operators in the Mellin basis as in [93]

al)

al), (w. )" = Ml (@, w

These last relations can be inverted as

(w, W) = M[a) (0, w, W), A]

+oco )
w)', Al = / da)a)A_la((;)(w,w,W)T.
0

+o0
- / dww? 14 (@, w, W),
0

(2.27)
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o]

i I [+ 9,
a((),)(a),w,W)T——/ dua)_Aa(AL(w,w)T. (2.28)

Crucially, applying the Mellin transforms (2.27)—(2.20), it
has been observed that these operators transform as

00 ) = ) )

_ +Zoo (_iqﬂ (W’ w)ty)” a(s)
N = n!

s 0 AN '
o) = (5) (Ge) ellonm. @29

under the action of the Lorentz group, which is precisely
the definition of a conformal primary field of conformal
dimension A and 2d spin J = as (see e.g. [120]). The
action of the Poincaré translations in the Mellin basis is
given by [121]

Apna(W: W) (2.30)

defining the discrete derivative operator EAF (A) = F(A + 1). The infinitesimal action of Poincaré transformations in the

Mellin basis reads as

Sez @) (w, w) = (-iTéA + V70, + Y0y + =0,V awyfv> a) (w,w).

A+J A—-J
2.31
. (231)

Remark—The functions V¢ (A, w, w|X) defined in (2.24) are not strictly speaking boost eigenstates since they do not
transform covariantly under the action of the Lorentz group; this is due to the transformation law of the polarization vector
(2.19). Instead, one can define the conformal primary wave functions [70] by rescaling the functions V¥(A, w, w|X) and

performing a gauge transformation

AF(Aw.w|X) = O (M)A w.w|X) + 0, £ (Aw, w[X).

(2.32)

The precise expressions of scaling factor ¢*) (A) and gauge parameter f ,3;)” u, (A, w, w|X) will depend on the spin s (explicit
expressions for s = 1, 2 can be found e.g. in [70,119]). It is convenient to use the compact form [112]

_ _ _ 1
AF (A, w, w|X) = mE (w, w|X)...m (w, W]X) s
(¢.,X")

(2.33)

for any (integer) spin s, where m; (w, w|X) represent the
modified polarization covectors

+ wlX) = + -\ _
my (w, w|X) = g, (w, W) 4, X7

qu(w, w). (2.34)

One can show that the set of functions (2.33) are actual
boost eigenstates, because now (2.34) transforms homo-
geneously under SL(2,C) transformations (2.17), i.e.

_ ow'\ 2 o'\ £ _
m’,jf(w’,w’|X/): (W) (ﬁ) AM”mUi(W,W|X).

(2.35)

While the basis elements V¢ (A, w, w|X) only satisfy the De
Donder gauge-fixing conditions (2.1) because ¢* 83: =0, the

new basis functions A7 (A, w, w|X) also satisfy the radial (or
Fock-Schwinger) gauge condition X*A¢, —, (A,w,w|X) =
0 because X*mz = 0[70]. The price to pay for trading & for
my; is thus the breaking of manifest invariance under trans-
lations, because the supplementary gauge fixing is sensitive
to the choice of an origin. Notice that the fixation of the radial
gauge is compatible with the De Donder gauge, as argued in
[122]. The so-called celestial operators are defined as [119]

o) (w.w) = (AX(A,w,w|X), ¢\ (X)),

p (2.36)
where (-,-) denotes the relevant spin-s inner product. For
scalar fields (s = 0), it will be the usual Klein-Gordon inner
product; more involved expressions are needed for s = 1, 2
which can be constructed from symplectic structures avail-

able in the literature (see [119] and references therein).

Notice that the operators ﬁ(&(w,w) and a(AsL(w, W) are

proportional to each other [93,119] (see also [123] for more
details). Hence, we will persist in using consistently the

Mellin ladder operators a(As?a(w, w) in the rest of the paper.
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B. Boundary operators

1. From bulk to boundary: The large-r expansion

In this section, we review how to construct boundary operators by performing a large-r expansion around .#" and
S [13].

We first analyze the late-time behavior of free massless fields around .#; these will ultimately approximate outgoing
free fields of the S-matrix. We start from the Fourier expansion

K N N iwag* N gt
8700 = 12 [ adodwlei 0o m)al (@, )% 1 o)l (@, .5 e (2.37)

and use retarded Bondi coordinates {u, r, z, 7} with flat boundary representatives, as defined in Appendix A, to perform an
asymptotic expansion in r near ¥ = {r - +oo}. Rewriting X* as (A8) in terms of retarded Bondi coordinates one has
q"X, = —u— r|z—w}>. We now introduce polar coordinates in the complex plane as z —w = pe’®. The integration
measure becomes d’w — 2pdpd9 and altogether (2.37) can be rewritten as

| " .
P (%) =3 3 / dow / dpp / d9fej(w,w)al (@, w, w)e~owio” e, (2.38)
JT

where “h.c.”” stands for Hermitian conjugation. The expansion of (2.38) in the limit » — oo (as approaching .# ") is given
by the stationary phase approximation of the p-integral around the point p = 0 corresponding to the situation where ¢ and x
are collinear. Evaluating the integral in p for large-r gives the property [113]

pe—ia)r/)2 — _Fa( ) + O(r—Z)‘ (239)

In Bondi retarded coordinates, the expressions of the elements of the cotetrad N are

qudX* = —du — |z —wPdr = r(z = w)dz = r(z=w)dz, ~ n,dX* = —dr,
erdXt = (2 —w)dr + rdz, g,dX" = (z —w)dr + rdz, (2.40)

and, in the collinear limit w = z, we have &, dX* = rdZ and &, dX* = rdz. Using (2.39), the leading components of 4555) (X)
near .# 7" are thus

s K +oo s . _ .
P (X) = =5 / dola (@, 2,2)e7" — al) (@, 2,2) e+04] + O(r2), (2.41)
0

and its complex-conjugated component gbgs)z(X ) as well as components of the form ¢£§>Z(x ), (,b% (X) etc., all
generically of order O(r*~!) as well. Indeed, the subleading O(r~2) terms in (2.39) contribute in the radial component of in
(2.40), recalling that dr = —r*d(r~"), producing a contribution at leading order. One can extract the boundary value of the
field by

$(.2.2)dz @ @ dz + @) (2. 2)d2 @ - @ dz = lim r(r'Tgy) L dX © . @ dXR).  (242)

r—+oo

where 1* denotes the pullback on the constant r hypersurfaces, hence deleting the leading radial components. Importantly,
the resulting fields are independent of the residual gauge ambiguity (2.11) and (2.12) as can be seen from the fact that
q,dX* = O(1) in the collinear limit while &5 dX* = O( ) (for a discussion on this phenomenon, see [124]).
To summarize, the asymptotic behavior of the field ¢, (X) is encoded by the boundary value (2.42): its Fourier
expansion can be directly read off from (2.41) as [13,125]

7 (s) 5\ — _IK(S) teo (s) 5\ p—iou _ (s) 5\T pt+iou
¢ (u,2,27) = o dwla’’(w,z,2)e a¥(w, z,7)Tetou], (2.43)

126027-9



DONNAY, FIORUCCI, HERFRAY, and RUZZICONI

PHYS. REV. D 107, 126027 (2023)

while the Fourier modes for (}52‘)3 = ((,779)2)T are obtained

from (2.43) by exchanging af - agé).

Remark—As stated below Eq. (2.42), boundary values
(2.43) of the fields are left invariant under residual gauge
transformations (2.3) whose parameters 4,, , (X) admit a
Fourier decomposition (2.11). Notice that there exist gauge
transformations which do not admit such Fourier decom-
position and do modify the boundary value of the
fields. For instance, picking s = 1, the action of a gauge

transformation 5,1¢,(41) = 0,4 of parameter A satisfying
9,4 = 0, which is solved asymptotically by Mu,r,z,7) =
A0(2,2) +ud.0: A9 Inr+O(r~"), would shift the
boundary gauge field by

5,00 (u,2,2) = 0.40)(z, 7). (2.44)

N@@az/”7m@wmaa:¢

—o0

2 (2,2 s oo

Another point of view is to reinterpret this shift as
the following change in the zero mode of the ladder
operators

854\ (w.2.2) = =85 (w,2.2)" = K—()Z/I(O)(z, 2)6(w).
(1)

(2.45)

Hence, the operator &5 (where S stands for “soft”) only
affects the “Goldstone mode” (i.e. the zero-energy
mode transforming in a pure inhomogeneous way) but
leaves the bulk field (2.37) unchanged since wé(w) ~0
in the sense of distributions. Notice that this mode
has to be distinguished from the leading soft-photon
mode [126]

2 ~ " (1.2.2)] oo (2.46)

whose expression in terms of ladder operators is obtained using (2.43) and [*® due®™" = 275(w) and gives

K
NO(z,2) = —% lim [wa, (w,z,2) + wa_(w, z,7)"].

T w—0"

(2.47)

The nontriviality of the result corresponds to the presence of a pole in the ladder operators in Fourier space. The

discussion is easily extended to any spin s > 1.

The commutation relation (2.15) implies (see e.g. [125-127])

[f}g.).z(ulv21721),477?.).2(”2712,22)] =

[aulfﬁg-)l(ul » 21 21)7 %S?.Z(”Z? 22, Z2)] =~

In our notations, sign(x) is the sign distribution related to the Heaviside and Dirac distributions ®(x), (x) as

sign(x) =20(x) — 1,

for the particular choice ®(0) = % Owing to (2.18), the Fourier transform of (2.20) gives

0z

L .
dE (7.7 = ( Z)

14

—iK%S)sign(ul —1,)6?) (2 — 25),
%K(zx)é(ul ~ 15)5%) (21 = 2). (2.48)
sign’(x) = 26(x), (2.49)
507\ - B
(6_2) ) (u.2.2) (2.50)

in the collinear limit w = z, where ' = |%—ZZ/ |(u - q"(z,Z)A,*t,) and J = 5. The complex conjugated component QZES)Z
transforms in the same way but with the flipped helicity J = —s. This translates infinitesimally into

- (s _ u = = (s —
S ®s)(u,2.2) = <T +5 0.V + a@ﬂ)) 0,08 (1. 2.7)

I 1 N - s .
+ (yzaz +VR0; + 0.0+ Tay) ) (u,2.7).

—/ (2.51)
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The same analysis can be performed for operators in the ~ z +> z’} in all expressions. This induces a sign flip in the

vicinity of past null infinity .#~. The first step consists in  polarization covectors sljf in (2.40). As now ¢"X, =

trading the retarded Bondi coordinates {u,r,z,z} for the — _; r'|z/ — w|?, another global minus sign is induced by
advanced Bondi coordinates {v,r,z,Z'}, also with flat  the evaluation of the (w, w) integral in (2.13) in the stationary
boundary representative (see Appendix A) in order to  phase approximation around the collinear configuration
perform the large-r’ expansion around .#~ = {r’ = +oo}. 7/ —y, see (2.39). Therefore, the large- limit of the field
According to the change of coordinates (A13), this amounts  goes in a parallel way as before and provides the following

effectively to make the permutation {u > v,7+> —r’,  expansion of operators near .#:
|
() iK(S) /s—1 teo (s) = i = iwv /52
¢z (X) = (=1) 32" = dolay (w,7,7)e™ ™ — a¥)(w, 7/, 7) et + O(r'*72). (2.52)
0

Because the considered coordinate systems {u, r, z, 7} and { v, ¥, 7/, 7'} both interpolate between .# ~ and .# ", the most natural
choice to extract the boundary value at .~ is

P(0.22)dz @ @dz+ L) (1.2.2)dz @ -+ @ dz= lim ¢ (r =), dX" @ .. @ dx")  (2.53)

as before, where the primes on the z’s have been dropped because of (A13). This implies

(s iKiy [+ s . e
¢g..>.z(11, 2,7) = —v(;/ dw[a&)(a),z,z)e_”"” —a¥(w,z,7) e, (2.54)
0

and in particular (}Es)z(u 7,7) = (ZS,)_Z(U, z,Z), which is also consistent with the change of coordinates (A13). This finally
shows that the boundary value at .#~ also transforms as (2.50) and (2.51) up to the mere replacement u > v.

2. From boundary to bulk: The Kirchhoff-d’Adhémar formula

Up to this stage, we have reviewed how a bulk free field induces a boundary field in the asymptotic region. We now make
the link with the Kirchhoff-d’Adhémar formula [128,129] that describes how to reconstruct the bulk free field from its
boundary value via a boundary-to-bulk propagator.

Inverting the Fourier transform (2.43), we get

0w e _
agr)(w’ <, Z) = * / duelwu¢g,n>.z(u’ s Z)9

Al +00 —
a(w,z,7)" = - m/ due"“’“qﬁg‘_?,z(u,z,z), (2.55)

for @ > 0. Rewriting the expression for the field (2.13) as

_ Ky
167°

/wda)dzwefr(w, w) [ais)(a), w, w)el? X + al) (@, w, w)T e~ @4 %] 4 h.c. (2.56)

and inserting (2.55) gives

+00 ) - . o
dﬁ[elm(qﬂX,,HA) _ e"”’@”Xﬁ”)]qﬁS),z(th, w, V_V) + h.c.

s i . _
o (X) :m/a)da)dzwsﬁ(w,w)/

] +oo +oo . .
_ﬁ/dzweﬁ(w, v'v)/ dit/ dwwe @@ X0 G (7w, w) + h.c. (2.57)

(5]

One concludes, making use of the identity [*% dxxe'?™ = —27id,&(p), that
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s 1 <) (s -
#X) =5 / Pwdies (w, 905 + ¢X,)S (5w, w)] + hec. (2.58)
In this sense, the boundary-to-bulk propagator is P(it, w, w|X) = 0;6(¢"X,, + it). Integrating out the 5-distribution, we
obtain the Kirchhoff-d’Adhémar formula [128,129]

PV (X) = —— / Pwet (w, )0, (it = —g" X, w, W) + hec. (2.59)

which allows one to reconstruct the bulk field q’)ﬁ” (X) from its boundary value at .#*. A similar relation holds for the
boundary value at .#~.

Remark—Consistently with the remark of the previous section, we recover from (2.59) that a shift of the form (2.44)
does not alter the bulk field. Notice that, by contrast, changing the value of the pole in the Fourier transform agf) (0,2,2)

a(@,2,7) + Aa?

(w,z,7) with
A 1

n(z,z)—,
(s) @

A (@,2,2) = A0 (@,2,7)T = - (2.60)

which corresponds to shifting the boundary field by Angfﬁgf_)_z(u, 2.7) = in(z.Z)sign(u), does affect the bulk field as

A (X) = _% / Pwe;t (w, w)n(w, w)5(¢#X,) + h.c. (2.61)

C. From null infinity to the celestial sphere

1. From position space to Mellin basis

Combining the results of the previous sections, we can construct a dictionary between boundary operators q?)és) 2(u,2,2)

[respectively (2)2” (v, z,z)] evolving in retarded (resp. advanced) time and the ladder operators in the Mellin basis a(As?a(z, Z)

and a(AS’)a(z, z)T living on the celestial sphere. Injecting (2.55) into (2.27), and using (2.24) to compute the integral on o, yields

s _ dri oo oo ; -5 (s -
a(A,)+(Z’ Z) = 7(7:) 611)1(1)1 ; dow®! /_ dueza)u—u)e¢g“)'z(u’ Z Z)
RN - e - \=A7(9) .
=% ['[A] 111;1)1 du(u+ie)™2¢;. (u,z,72), (2.62)
(5) =07 J-o0

where A = ¢ + iv, ¢ > 0. The integral transform (2.62) coincides with the one discussed in the extrapolate-style dictionary
presented in [93]. It essentially trades the time dependence u of the operators in position space for the conformal dimension A
of the operators in Mellin space. This motivates introducing

Bulf(u), Al =xtlim | du(u+ ie)>f(u) (2.63)

e—0" J_

for any smooth functions f defined on .#*, with ki = 4z (+i)*"'T[A]. The integral (2.63), here referred to as the B-
transform, is merely the composition of a Fourier transform (which maps # — w) and a Mellin transform (which maps
o — A),see (2.62). One should stress that the 3 -transform (resp. B_) alone is not invertible since it projects out the positive
(resp. negative) frequency modes of f, i.e. it annihilates the second (resp. first) term in the decomposition

flu) = /0 " dolf (@) 4 f_(w)e]. (2.64)

This is easily seen from the first line of (2.62) where the integral in u effectively gets rid of all positive frequency modes of
J»ES) -(u,z,Z). However B, (resp. B_) is invertible when restricted to functions with negative (resp. positive) frequency only.
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This comes from the fact that composing a Fourier and a Mellin transform is only possible if the integral over frequencies is
taken over R*, which amounts to use “unilateral” (hence improper) Fourier transforms that are also not invertible. The

physical meaning of this choice of integration domain is again that the asymptotic excitations of ¢§S> have strictly positive

energy, @ > 0.
Keeping this in mind, we have

ay (2,7) = ( )awséf?.z(u,z,a,A],
and
o) (, > 1 = (s) }
aAs_ <Z’ Z) - B"r [¢Z...Z(ua Z, Z)7 A]7

s) - 1 = (s _
a<A,>—(Z’Z)+ = K( ) B—[¢§)Z(u’ Z9 Z)&A]y (2~65)
0 (2.2 = B3 (u.2.7). A 2.66
) (22) = B (w.2.2). A) (2.66)

(s)

One can write similar expressions at .~ for @g‘)z(v, z,7) expanded as (2.54) by making the replacement u > v.

2. From Mellin basis to position space

We now want to discuss how to reconstruct the boundary field @2‘)2(% 7, Z) from the celestial operators a(A‘V,) . (z.2). To

achieve this, let us first define

BF(A), u] = ——— lim

1673 =0+ —o0

Fe ()T = 4

TEDE F(A). (2.67)

These operators are effectively obtained by the successive action of two integral transforms

] +00 . +00
B[F(A). u] :% A daeFion /_ dvw>F(A).

(2.68)

The second integral in (2.68) is the inverse Mellin trans-
form (2.23), while the first integral means that functions in
the image of B3! (resp. B7') have negative (resp. positive)
frequencies only. Now, one always has
BioBI'[F(A)] = F(A). (2.69)
This relation can checked explicitly by providing a reali-
zation of the § distribution on conformal weights as

o iMT(A] (—=i)'=4T[1 — A']

7 :4 25 - /9
(u + ie)” yI=A 7oy =)

lim -
e—~0" J_ (M — 1€

(2.70)

where A = ¢+ iv and A’ = ¢ + i/. This identity is the
analog of (2.25) but adapted for the B-transform instead of
the Mellin transform; it can be derived by first rewriting
each of the fractions in the integrand of (2.70) as Mellin
transforms of plane waves, then performing the integral in u
to obtain a o-function and concluding using (2.25).

However, as we already emphasized, the transforms B
are not invertible. Rather, if we decompose f(u) in positive/
negative frequency modes as in (2.64), then

BoB.lf(w) = [ doeTn (o), @71

0

i.e. Bi'oB, are the projectors on negative/positive fre-
quency modes. This follows from

+oo iAT[A] (=i)'7AT[1 — A]
(u+ie)®  (u' —ie)'=2

+o0 . ,
= 27[/ dwe'@u=1")
0

lim
e—0" J_o

(2.72)

which is not 6(u — u’) because of the restricted domain of
integration. This is responsible for the fact that B;'oB, is a
projection rather than the identity map. Equation (2.72) can
be derived by rewriting the second fraction in the integrand
as the Mellin transform of a plane wave and recognizing the
resulting integral over v as an inverse Mellin transform
acting on the first fraction.

From all these remarks, we conclude that the relations
(2.65) are inverted as follows:

P (1, 2,2) = Ky B [aY, (2.2), u]

+ KB aY) (z.2)7 4. (2.73)

with a similar expression for (Zﬁg‘??.z(v,z,z) obtained by
making the replacement u — v.
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D. S-matrix in the three scattering bases

We now turn to the scattering of interacting massless
spin-s fields in flat spacetime. This discussion will be
repeated in the three scattering bases [113]: momentum
space, Mellin space and position space. Even though the
S-matrix is known to be trivial for higher spins s > 2
[130-134] (see e.g. [135] for a recent review), it will be
valuable to keep the spin arbitrary throughout to highlight
some general structure. In fact, some patterns of an infrared
triangle [13] have been shown to persist for higher-spin
theories [136—139], which makes the analysis for s > 2
interesting by itself. Moreover, there exist nontrivial (inter-
acting) chiral higher-spin theories [140-146] (see
[147,148] for the relevance of these theories in the context
of celestial OPEs). The presence of interactions in those
theories does not necessarily mean that the S-matrix is
nontrivial; typically, the usual theorems apply and, as a
result of the higher-spin symmetries, scattering amplitudes
vanish. However there are examples of chiral higher-spin
theories with a nontrivial S-matrix [149,150].

1. Asymptotically free fields for null scattering processes

As usual in the S-matrix picture, the interacting theory is
taken to be asymptotically free. More explicitly, in retarded

coordinates (A8), we suppose that the bulk operator d)}s) of
the full interacting theory can be expanded around .#* as

91 (X) = ¢V (X)"+ O(F), (274)
and in advanced coordinates (A11) around .~ as
67 (X) = )X+ 02 (275)

Here ¢\ (X)*in are the free fields discussed in the
previous sections and O(r*~2) stands for the contributions
of the interactions in the bulk that are not seen near the
boundary.

Under these assumptions, the boundary values (2.43)
and (2.54) of the interacting field at .#" and .#~ are finite

and coincide with the boundary values of $\* (X)ou/in,

—(s iKiy [+ Sou N e

P (.2, 2)™ = —787[(2) A dola ™" (0,72, 2)e™ " — al (@, 7,7)Teio), (2.76)
—(s ) Ky [+ i . iy .
) (v, 2,2)m = —V(z)% da)[a(ﬁ Yw,z,2)e” " —ab)™(w, 7,7) ). (2.77)

We therefore asymptotically end up with two free theories
related by a nontrivial interaction process. In the free
theory, our conventions (2.42)—(2.53) mean that incoming
and outgoing boundary values are equal, up to the mere
replacement u — v. In presence of interactions, the antipo-
dal matching conditions of [126,151] read

P22 = (v, 220 (278)
where /T ={X€ It |u—> -0} and I ={XEI v >
+oo}. This is because the coordinates z =7 define
antipodal directions on the celestial sphere between .#~
and I

In Sec. I C, three descriptions of these fields have been
presented: the direct interpretation in position space and
their decomposition in terms of ladder operators both in
Fourier and Mellin spaces. In the following, we relate the
asymptotic states in these three equivalent descriptions by
integral transforms.

2. Scattering amplitudes in momentum space

In momentum space, we can construct an incoming or
outgoing state, respectively denoted as |w, z,Z,s,a) and

(w, z,Z, 5, af, representing a particle of light-cone energy ,
spin s and helicity J = as = =5 coming from or heading to

the point (z,Z) on the celestial sphere, by acting on the
(s)in/out

respective vacua with the ladder operators a, (0,2,72),
ie.
iK ;
(0,2,2,8,a] = —4—(”) <0\a£{ )Om(a), 2,2),
- IK(S) (s)in _
lw, 2,7, s, a) = “an (w,2,7)"0). (2.79)

The perhaps unusual choice of normalization of energy
eigenstates in (2.79) is inspired by the relations (2.55) and
will be motivated in Sec. II D 4. The scattering amplitudes
in momentum space involving N massless particles—n of
which are outgoing—are given by the S-matrix elements

An(p1;..; py) = {out]in),,.,, With

(out| = (w1, 21, 21,51, 01| ® ... ® (W, Zps Zns Sus |
(2.80)
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and

[in) = @412 Zns 1 Tt 1o Sn1s A1) @ oo @ |@n, 2y Ty Sy AN)- (2.81)

3. Scattering amplitudes in Mellin space

Alternatively, as it was pointed out in [68,70] (see [111] for a review), one can express the S-matrix elements in Mellin
space using the change of representation discussed in Sec. II A 2. The Mellin transform (2.27) turns the in/out asymptotic
ladder operators in momentum space to asymptotic operators in the Mellin basis. Correspondingly, we obtain the
asymptotic states on the celestial sphere from the usual momentum eigenstates by

_ lK(s) (s)out,_ - +oo A—1 -
(A,z,Z,8,a] = —?(OMAﬂ (z.2) = dow* Y ®,2,2,5,a (2.82)
0
for outgoing particles, and
Ky (s +o0
A, z,Z,5,0) = 4—(71_)a(A,>an(Z,Z)T|O> —/ doo* Yw,z,7,s, a) (2.83)
0

for incoming particles. Because of (2.29), states defined as (2.82) and (2.83) are boost eigenstates. The so-called “celestial
amplitudes” My = (out|in)y,, involving N inserted particles on the celestial sphere are now obtained as (dropping the
spin indices)

+o0 +o0
MN(Al,zl,Zl;...;AN,ZN,ZN):/0 da)la)lAl_l.../O da)Na)f,N_lAN(pl;...;pN). (2.84)

4. Scattering amplitudes in position space

Finally, we can define the asymptotic quantum states directly in position space. Outgoing states at .# " are naturally
defined as

(s 1 [reo
(u,z,2,8,+| = (0 ¢§‘..).z(u,z,2) = —/ dwe " (@, 2,7, 5, +/,
2n 0
_ = (s) _ I [te ; _
<M’Z’Z’ s’_| = <O|¢Z...Z(M’Z’Z) :E/ da)e_lu)Lt(a)s 2,2, Sa_|5 (285)
0

because of (2.76) and (2.77). The boundary field qfﬁggz(u zZ,Z) creates outgoing spin-s particles with positive helicity and
destroys outgoing spin-s particles with negative helicity, while &gs)z(u 2,7) = (}gf?,z(u, z,Z)" acts in the opposite way. The
normalization of (2.79) allows us to represent the creation and annihilation operators in position space (2.85) without extra
normalization factors. Playing the same game at .#~, we construct the incoming states in position space as

—(s B 1 +0o0 . _
vzis) =0 0.2070) =5 [ dwe o,z 25 1),
27 0
Z —) = _gs)_ >\ T — i teo iwv = _
|v,2.2,8,—) = ¢ :(v,2,2)"0) = > dwe'’|w, 7,7, 5, —). (2.86)
0

We then introduce “position space amplitudes” Cy = (out|in)
representation of the S-matrix as

pos» Which are obtained from the usual momentum

n

1 +o0 . N +oo —
e . ) I . . — — —lwiu L . .
CN(ul,zl,zl,.-.,un,zn,zn,vnﬂ,z,,H,an,-..,vN,zN,ZN)——(2”),\,1—[ daye™" H dwse' e Ay(pyi...;Pw)-
k=10 =n+170

(2.87)
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These amplitudes can be translated in the Mellin representation thanks to the B-transform (2.63) by noticing that

1
LA, |A, 2,2, 5,0) = —EB_HU,z,Z,s,a),A], (2.88)

_ 1 _
(A, 7,Z,8,a] = mlﬁ[(u, .Z,8,

owing to the definitions (2.65), (2.82), and (2.83). Hence

—1)N-n " _ _
( ) B<N_n>[BS»>[CN(ulazlszl;-";UszstN)v{A]y"'sAn}]’{An+lv"-7AN}]s

My(AL, 21,2055 Ay, 2w, Z) = Gy

(2.89)

where Bik) represents k successive applications of the B-transform.

5. Low-point amplitudes

Let us make more concrete the action of the various integral transforms introduced so far by considering propagation of
one particle, ignoring quantum-loop effects. In the momentum basis, the tree-level amplitude A, is

_ _ olw; —w
AZ(wl’ 21,215 @2, 22712) = K%S)”(lw—IZ)5(2)(Zl - ZZ)éal,a27 (2-90)

for w; > 0. This simply describes the travel of a particle of helicity J = as inserted at .#~ crossing Minkowski spacetime
towards ..

Recalling the definition (2.82) and (2.83) and using the transformation (2.84), the two-point amplitude in Mellin space
can be deduced from (2.90) and is given by [71]

- - oo A1 [ Ay-1 - -
My(Ay, 21,213 80,22, 20) = dow,w; dwywy”” Ay(wy, 21,215 02,22, 22)
0 0

+00
= K}y7 / dww* 27362 (2 = 2)84, 4y = 207K 811 +12)87 (21 = 22)80y s (2.91)
0

where A; = 1 + iy; is assumed for the integral over @ to be converging, as prescribed by (2.25).
The position space amplitude C, can also be computed from (2.90) as

1 +00 +o0 . )
— ) _ =l u L u 3 )
Co(uy. 21,2132, 22, 22) =17 dw, dawye™ 1! Ay (wy, 21,213 02,22, 22)
0 0

K%, [+eod
(s) @O io(u—u
S L ORI 292)
=To(uy~us)

owing to (2.87) and using (A13) to trade v for u. The integral Zo(u; — u,) is divergent but can nevertheless be regulated
noticing that Z(u; — up) = limy_o+ Z45(u; — u,) with the definition

. +oo : . TIp)(=i)?
_ —1 ,—iwx—we __
In the limit # — 0T, we obtain
1 .
Ty(x) = 5= [r+ b+ 5 sign() | + Op), (2.94)

where y is the Euler-Mascheroni constant. So (2.92) evaluates to
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sz 1
Colupsuy) = 4—<ﬂ) [ﬂ (y +1In |u; — u,| + 51gn( - uz)ﬂam(zl _ Z2)5a1,a2 + O(p). (2.95)

We show in Sec. V D that (2.95) is a Poincaré invariant object as a consequence of (2.50); importantly, the pole in 1/ shall
be kept because it is essential to ensure boost invariance. Let us stress that, fundamentally, this divergence can be interpreted
as an infrared pole. Indeed, if we choose to regularize the integral Z,(x) as

+oo (], .
To(x) = lim &0 gmiox = lim E, (ixe), (2.96)

e—=>0" Je [ e—0"

where E(z) represents the principal branch Arg(z) €] — z, z| of the complex exponential integral, for any z ¢ R_, we have
the following series [152]:

Ei(e) =7~z = 1D

| .

= Ty(x) = In~—y — In |x| — sign(x) % +0(e) (2.97)
€

k=

in the limit ¢ — 0. Boost invariance requires that In(e~!) behaves around zero as the pole of the Euler gamma function,
hence ! ~In(e™!) and both treatments of the divergence agree on the final result.
Let us now observe thanks to (2.85) and (2.86) that

Cour,21,215Up, 20, %) = <0|(Z§.)‘z(u1,21721)<;5g (12,22, 72)7(0) (2.98)
picking a = + for definiteness (similar considerations apply, mutatis mutandis, for « = —). In Sec. V, we will interpret this

object as a (holographic) boundary two-point function; it results from the double limit of the bulk two-point function where
one point is sent to .#* and the other one to .#~. Although (2.98) has an infrared divergence, we directly observe
from (2.94) that the difference Z4(u; — u,) — Z4(u, — uy) is finite in the limit # — 0" and reproduces the commutation
relation (2.48), i.e.

2

e e K
<O|[¢g..).z(“1721,Zl)ﬁéiz(uz,szzz) 10y = /}ggg 4;) [I/f(ul —up) — Iﬂ(“2 - “1)]5(2)(11 - 22)
iK?

=~ 4( )Slgﬂ( - ”2)5(2)(21 - 2). (2.99)

The behavior (2.95) of the boundary two-point function (2.98) has also been established independently in [153].
Finally, let us close the loop by showing that applying twice the B-transform as prescribed in (2.89) gives us back the
celestial amplitude. Keeping (2.88) in mind, we first compute

+oo du
— — A+ e
Bulloln —w). A = dait T TA R | e

+00
:47zilim/ du]/ Al—l zwul—we/ dw —zw(ul—uz)
e—0"

Io(ul - Mz)

A“'F A -1
—82%ilim [ dwwd2e@n=o¢ = 872 lim %. (2.100)
e—0" e—0" (u2 + 16) !
Computing the second B-transform leads to
MDA = 1] (=i)2I[A
B_[B,[Zo(u; — 5). A]. Ay] = 3273 lim AT TA = 1] (ZD)BTA] 128758(1; + 1), (2.101)

0" J_o = (uy + ie)2 71 (uy — i)™

as a corollary of (2.70) assuming A; = 1 + iv;. Therefore, using the dictionary (2.89),
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Mz(A], Zl, Z];A27 Z2v Z2>

= %B—[Bﬂcz(uuzhzﬁMz,szzz),AJ,Az]

(47)
= 277K, 8(v1 +12)8% (21 = 22)80 (2.102)
we recover (2.91) as it should.

A similar treatment could be applied to three-point
amplitudes but kinematic constraints imply that the latter
have to vanish in Lorentzian signature (—, +, +, +). This
issue can be circumvented by working in split signature
(—,+,—,+) in which z and Z are no longer related by
complex conjugation (see e.g. [154]) and the description of
amplitudes in position space can be adapted to this
framework. These considerations, as well as the computa-
tion of the higher-point amplitudes (N > 4) will be dis-
cussed elsewhere.

6. The three bases for scattering amplitudes
in flat spacetime

From the above discussion, it follows that one can work
in three different spaces to discuss the boundary fields:
(i) The position space involving the boundary field
P¥) (u/v.2.2),
(i) The Fourier space providing the usual description by

ladder operators a\)™"/™(w, z.7),

(iii) The Mellin space with the celestial ladder opera-
(s)out/in,_ _
tors ay’y - (2,2),

see Fig. 3 for a summary. This observation was already
pointed out in [113] where it was argued that the three
spaces, or “bases,” are useful, depending on the question of
interest. For instance, to discuss infrared issues, Fourier
space will be suited to write the soft theorems, Mellin space
will be more convenient to discuss symmetries through
some Ward identities, and position space will be appro-
priate to highlight the memory effects.

We observe that the S-matrix is holographic by nature, in
the sense that its elements can be reinterpreted as corre-
lations between boundary operators. Interestingly, as we

Momentum space
acvut/m(w7 2, 2)

Mellin transform
(2.27)—(2.28)

Fourier transform
(2.43)—(2.55)

Position space . _ Mellin space
d(u/v, 2, 2) a2 (2, %)
B-transform

(2.65)-(2.73)

FIG. 3. Interplay between the three bases of scattering in flat
spacetime.

will argue in Sec. V, the boundary operators in position
space can be interpreted as operators sourcing a dual
Carrollian CFT. The S-matrix elements are then just seen
as correlation functions for these operators. This points
towards the Carrollian approach of flat space holography.
Similarly, the boundary operators in Mellin space can be
interpreted as operators in the CCFT, pointing towards the
celestial holography proposal. Therefore, one can already
deduce that the B-transform discussed in Sec. I C relates
the Carrollian CFT and the CCFT. It trades the null time
dependence of the Carrollian operators for the conformal
dimension of the CCFT operators. We will come back to
this observation in Sec. VI when discussing the link
between Carrollian and celestial holographies.

III. ASYMPTOTIC SYMMETRIES
IN FLAT SPACETIME

This section reviews the asymptotic symmetry analysis
of electrodynamics and gravity. This allows us to fix the
notations and conventions that will be useful in order to
discuss the holographic Carrollian correspondence in
Sec. V. The BMS asymptotic symmetries of gravity will
play the role of global spacetime symmetries in the dual
Carrollian CFT, while the U(1) asymptotic symmetries of
electrodynamics will provide an example of global internal
symmetry.

A. Scalar electrodynamics

We start by reviewing the asymptotic symmetry structure
of electrodynamics on a flat background (see [126,155] for
the original references and [13] for a review). We denote the
electromagnetic potential as A,(X) and the matter current
as J,(X). For definiteness, we focus on complex scalar
matter field ¢p(X) carrying a charge Qe, where Q € R and e
is the elementary charge. The electromagnetic current is
thus

T, = i0e(¢"0,p = 0, 0°). (3.1)
In the retarded coordinates {u, r, z, 7}, radiative boundary
conditions for the potential A, near future null infinity are

A(u,r.2.2) = A" (u.2.2) + 007,

A (u,r,2.2)=0(r?), A (urz.2)=00""), (32)
consistently with Sec. II. Comparing with (2.43), the role of
the boundary field is played here by AEO)(u,z, 7). These
boundary conditions are preserved by gauge transforma-
tions with A(u,r,z,Z) =40 (z,2) + O(r~') such that
54A§0) = 9.4, On the matter side, the massless scalar
field decays as
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¢ (u,z,%)

r

d(u.r.z.2) = +0(r?) (3.3)
at future null infinity. The boundary field ¢(*) (u, z, 7) is left
unconstrained by the massless Klein-Gordon equation and
transforms as

590 (u.2.2) = =id"(2,2) Qed® (u.2.2)  (3.4)
under the gauge symmetry.
Expanding the field strength F,, =9,A, —d,A, and

current 7, in 1/r near . taking (3.2) into account,
we have

Fu(u.r.2.2) = Fi (.2.2) + O(r),
Fo(u,r,z,z)= Fg)(u, Z)r 2+ 033,
Fa(urz.2) = FOu,2,2) + O ),

T, 1,2,2) = T (u,2,2)r 2 + O(r3) (3.5)

In addition, one requires that the magnetic field is vanishing
at & i (see [156] for a consideration of magnetic contri-
butions at .#7), i.e.

0
Flyy = 0AY —0:40) |, =0, (36)
The leading equation of motion is
0. FY +o.FY +oFY 20?0, (37)

The surface charges associated with the residual gauge
symmetry driven by (%) can be derived as [13,126,155]

1
0:lAl = - / P20 (2. 2)F) (u,2.2),  (3.8)
=

where X is a {u = const.} cut of .#T. As retarded time
evolves along .# T, these charges are not conserved because

of the presence of electromagnetic radiation, encoded in the

leading of piece of the Maxwell field A'”), and the null

matter current 7 5,2). Indeed, using (3.7), one has the
following flux-balance law:

du e

dQ, 1
&:—2 L PO (0 +0.F) +2T0) = L d*zF;.
(3.9)

In order to distinguish between hard (finite energy) and
soft (zero energy) radiative excitations of the gauge field,
one can split it as [126]

A, 2.7) = A%, 2.7) + 00(2.7).  (3.10)

where y(z, ) is related to the early and late-time values of
the boundary field as

( |y+ —|—A |]+) (3.11)

| =

az)((z’ Z) =

Because y(z,z) transforms by an inhomogeneous shift
(8,0 = A9)), it is interpreted as the Goldstone mode of
asymptotic symmetry breaking while ;\g))(u, z,7) is taken
to be gauge-invariant (i.e. 6,1;19) = 0). The latter encodes
the hard modes of the boundary value AEO) of the gauge
field A,, which are captured by the Fourier expansion
(2.43) for s = 1. In particular, it transforms as (2.51) with

J =1 under Poincaré symmetries. Defining N go) =

f_*o‘f duF 5,‘? and recalling the boundary condition (3.6),
we have

+
AN -0 N = / dud, FY =FQ| ;= FQ| 5. =0,
(3.12)

where we used the Bianchi identity d|,F,, = 0 expressed
for the leading components of the Faraday tensor. This
equation is solved if there exists a scalar field N(z, z) such
that

+o0 1
0.N(z,2)=— / duF'Y (u.2.7) :?(AE‘” e =AY ).
(3.13)

Notice that the so-defined N(z,Z), referred to as the
memory mode, is gauge invariant. Hence the radiative
variables are organized in hard and soft fields as

— (A" 9,40, A" 0,4},

IS = {0.x,0.N,0:x,0-N}. (3.14)
The evaluation of the symplectic structure at the boundary
#* has been detailed e.g. in [13,126] and gives rise to the
following Poisson brackets:

{aulAg?)(ulﬁ 21 Zl)’A‘gz))(u% 22, Z2)}

2
— —%5(u1 — )6 (2, = 2), (3.15)

B _ 1
{ale<Z1’Zl)vaizx(ZZvZZ)} = —55(2>(21 —-2), (3.16)

for the hard and soft symplectic pairs (A (~§ ,0, A ) and
(0x,0:N). The quantum version of the bracket (3 15) is
nothing but (2.48) for the choice of normalization (2.9).
Because the theory is linear, the hard flux only
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encompasses matter contributions while the flux terms  The induced surface charges are
depending on the gauge field are soft, i.e.

1 (2 -
Fi = / dud?z20 7, (3.17) QA = -~ é PO )F (0.2,2), (321
e
1 . . .
s _ L 2_5(0) (A (0 (0) with no sign change with respect to (3.8). The fluxes get a
Fa e? /j+ dud 225 (0:Fu + 9:F.7) sign flip because of the corresponding sign flip in the
equation of motion (3.20), i.e.
=2 / d?z72)9,0.N, (3.18)
b
do
where the second equality of (3.18) holds because of 7’1 — / P20 (0.F) + 0.F Sz +e2TY)
(3.12) and (3.13). From (3.15) and (3.16) together with
the canonical commutation relation {$®(u,z,3), = / d’zF ;. (3.22)
>

0,00, 7,7)} = 6(u—u')6¥(z—7) for the matter
field, one deduces the very important properties

Using an homologous split between hard and soft modes in
{FE.TS} =0 = {F§.TH}, the boundary value Ago)(v, z,7) of the gauge field, it can be
(FH A(o)} —0 (FS.00) =0 10 shown that the property (3.19) also holds at past null infinity
H’ EO) ' 0 ' s 0 o without any relative change of sign. Notice finally that the
(71,07} = 6,97, (71,47} =0. (319 convention (2.78) implies A” (4 > —00,2,2) = A" (v >
+00,7,7), i.e. the antipodal matching condition around

Because N and J, are gauge-invariant, we also have that spatial infinity as stated in [157].

hard and soft fluxes represent separately the U(1) algebra,
ie. 8, FIUS = {FIUS, FIISy — 0,

A similar analysis can be performed at .#~, choosing the
advanced Bondi coordinates {v,r,z,z} as defined in
Appendix A. The equation of motion (3.7) becomes

B. Gravity

We now switch to gravity in 4d asymptotically flat
spacetimes. We follow the same notations and conventions
than [60,158,159]. In retarded Bondi coordinates

A A - :
@) 0) 0 . 2.0 {u,r,x*}, x*=(z,Z), the solution space of four-
—0,Fr + 0:Foz +0.F7 +e7 " =0. (3-20)  dimensional asymptotically flat metrics reads as

2M o
ds* = ( +O(r- ))du2 —2(1 4+ O(r2))dudr + (r*qap + rCug + O(°))dx* dxB
L s 2 ! BC -2
+ 50 CAB + 5 NA + ZCABaCC + O(l" ) dudxA, (323)

where ¢, pdx?dxP = 2dzd? is the flat metric on the punctured complex plane C*. The topology of future null infinity is
taken to be .#" ~ R x C* in order to allow meromorphic superrotations among the set of asymptotic symmetries (see

e.g. [158,160,161] for details on the precise setup). Indices A, B are lowered and raised by éAB and its inverse. The

asymptotic shear C,p is a symmetric trace-free tensor (&ABCAB = 0). The Bondi mass aspect M (u, z,Z) and the angular
momentum aspect N4 (u, z, Z) satisfy the time evolution/constraint equations

1 1 .
0,M = = NypN*P 42 9,05 N" — 4nGTI?,
1 1 m
OMNA = aAM + EaA (NBCCBC) —_ ZNBCaACBC - 877.'GT1M§2)
1 1 1
~ 2 98(CPN s = NPCCc) =3 950° 9 Cuc + 5 95049cCPC, (3.24)

with Ny = 09,C,p the Bondi news tensor encoding the outgoing radiation and 77, the null matter stress tensor whose
expansion near null infinity is taken to be
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m 1
Ty, (. r.2.%) = T (. 2. 25+ o(r=3),

m 1
Tiy(u.r.2.2) = Tig (.. 2) 5+ 0.

- (3.25)

The diffeomorphisms preserving the solution space
(3.23) are generated by vectors fields & = &0, + &0, +
£0: + &0, whose leading-order components read

& =T +5 (0.0 +9.7),
éz:yz+0(r—1), §Z=y5+(9(r—1),

& =—==(0, Y+ 0.%) + O(r°), (3.26)

’
2
where 7 = 7 (z,7) is the supertranslation parameter and
V= = Y4(z), Y* = V*(%) are the superrotation parameters
satisfying the conformal Killing equation
0: Y =0, 0. Y =0. (3.27)
Using the modified Lie bracket [&),&], = [&,5]—
0, &y + 6¢,&1, where the last two terms take into account
the field-dependence of (3.26) at subleading orders in
r [12], these asymptotic Killing vectors satisfy the com-
mutation relations

0:C,. = 5§Cu + 6§CZZ,

[E(T 1. V5. D7) E(T5. 5. V5)], = E(T 12, V5. Vi),
(3.28)

with

1
Ty, =Yi0,T, —Eazyf']'z +cc. — (1< 2),

= Yi0.Y5 - (1 < 2), %2:3}%023%_(1 < 2).
(3.29)

This corresponds to the (extended) BMS algebra
[12,162,163]. The six globally well-defined solutions of
(3.27) and the four linearly-independent solutions of
(0,05T)TF = 0 generate the Poincaré subgroup. The latter
condition, where TF means the trace-free part with respect

to the boundary metric q 4> 18 generally solved as
T (z.Z) = b,q"(z.Z) where b* are the constant parameters
of an infinitesimal bulk translation in Cartesian coordinates.

The infinitesimal transformation of the solution space is
induced by the Lie derivative of the bulk metric along BMS
generators (3.26). The most crucial transformation for the
purpose of this paper is the variation of the asymptotic
shear, which reads as

i} ; 3 1 ;
S?CZZ = |:<T+g(azyz +azyz)>au +yzaz +yzaz +§azyz _Eazyz sz’

35C,, = —202T — udly",

(3.30)

together with the complex conjugate relations for C:-. The hard and soft parts of the transformation are denoted by 5? Cup

and 6? C,p, respectively, and are built up from the respective homogeneous and inhomogeneous terms appearing in the

induced variation.

Following the discussion of [62,65,102,103,158,159,164-166], the BMS charges are taken to be

0:lg) = 16”Géd2z(4TM+2yANA), (3.31)
where the redefined mass M and angular momentum aspect N, are given by
7/ 1 AB
M == M + gNABC N
_ _ 1 3
Ny =Ny —uosM + ZCABaCCBC + 3—20A(CBCCBC)
u 1 cl u.p 1 c
+ZaB 9p0c =5 Npc |Ca™ | =707 || 9a0c =5 Nac | G~ |- (3.32)

The latter can be rewritten in a more elegant way in terms of Newman-Penrose coefficients [167,168] as the compact
expressions M = —1 (V) +¥9), N, =¥} + ud,¥) and N. = N;; see [159]. Using the time evolution/constraint

equations (3.24), these charges satisfy the flux-balance laws
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do;:
W:/deZFé:(T’y)’ (3'33)

where the local fluxes (respectively associated with supertranslations and superrotations) read as

1 1 m(2
Fero = 1557 [agsz +5Co20N o, + c.c} -7, (3.34)
1 . 3 u u
Fg(o,y) = %y _uazNZE + szazNZZ - Eazczzausz - 5 szazauNEZ
— e gyZaZTZ[’LSZ) T (3.35)

As in electrodynamics, a careful split between hard and soft boundary degrees of freedom can be performed, taking into
account the factorization of the radiative phase space between hard and soft sectors [159,165,169]. At quantum level, this
split allows for the BMS Ward identities to correctly reproduce the leading and subleading soft theorems [125,170] at all
orders of perturbation [159,171]. For completeness, we provide here a mere summary of the construction and refer to [159]
for details.

For the analysis of the radiative phase spaces including superrotations, the following early and late time behavior of the
radiative fields are imposed [62,65,158,165,169]:

Caplys = (u+ CLNYE = 2(0405C2)™ + o(u™), Nap = Ny§ +o(u™), (3.36)

where C.(z,Z) correspond to the values of the supertranslation field for u — +o0 and whose difference encodes the
displacement memory effect, and N} (z, Z) is the vacuum news tensor [164,172], identified with the trace-free part of the
Geroch tensor [165,173,174]. The latter can be expressed as

1 I, _ _
N =)l - R, NE=2(0.9) -3, (337)

where ¢(z), ¢(z) are the holomorphic superboost fields encoding the velocity kick (or refraction) memory effect [164]. For
conformal primary fields y, ;(z,Z) of weights (k, k) that transform as

Sy iy (2. 2) = (V70 + V0: + k.Y + ko-Y ) i 1y (2. 2) (3.38)
under meromorphic superrotations, it is convenient to introduce the conformally covariant derivative operators [160,165]

(
(

satistying [7., Z:|y k) = 0. With these definition, the split between hard and soft variables works as follows. Defining

bl

Z

: ) = (k+ Lk):ywun = 2wur = 10— ko.0lw i,
D-.

k?
kok) = (kk+ 1)y = Pawr) = [0- — ko-ply iy (3.39)
C,=uNZ + ng) + sz’ N =Nz + sz’ (3-40)

where C'9(z,7) = —222C)(z, 7) for C©) = 3(C, + C_), the Goldstone mode of supertranslation. The falloff conditions
(3.36) imply that N, = 9, C .. = o(u™?) and that the asymptotic shear is “purely electric” at early and late times

(QECZZ - @%sz)‘/l =0= (@5622 - Qgézzﬂﬂi =0. (3'41)

The implication comes from the fact that &, and Z. commute, hence @zcg —@ZCEE) =0 and by definition

D N¥¥ = 0= Z.N}*. The condition (3.41) is the analog of (3.12) for gravity and is solved by

Coolyr =F 27INC), NU(2,2) =5 (C, = C). (3.42)
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The hard variables of the radiative phase space are collectively denoted as

= {sz’szvCZZ’NZZ} (3'43)
On the other hand, soft variables are identified as
{CZZ7 zz)ng(Z))ngz)ﬂszyrIZZ’NZ?C?NvaC ’ Z—2NZZ +C )N£2)7 (344)
where N §2) and 2) are respectively the leading and subleading soft news [125,170] given by
(0) _ +00 ~ _ (1) _ +o00 ~ _
N (z,2) = / duN_.(u,z,7), N (z,2) = / duuN . (u,z,7). (3.45)

The boundary condition N 45 = o(u~?) implies that both integrals converge and in particular N/ E(Z’) (z.2) = —4P22N)(z,7)
because of (3.42). The transformations of all these objects, which can be worked out from (3.30), are reproduced in Eq. (3.6)
of [159]. The fields in (3.43) are functions of (u, z,Z) and transform homogeneously under the action of extended BMS
symmetries. For instance,

2\ ~ . 3 1 2\ =
O¢(T, y) = (T + = (0, )% + dzyZ>NZZ + <3710Z + Vo: + Eazyz - E@)ﬂ) C,.. (3.46)

The quantized modes of C ..(u, z,7) are simply captured by the expansion (2.43) for s = 2. The fields in (3.44), on the other
hand, are functions of (z,z) only, defined at the corners of .#* and their transformation laws

3
87y CE = (yza + Y70 450" ——a yZ) —29°T, (3.47)

SN = (Y70, + 20,07 )Ny — 9307, (3.48)

account for the inhomogeneous pieces in (3.30). As shown in [159,169], (3.43) and (3.44) constitute Darboux variables
parametrizing the radiative phase space of asymptotically flat gravity at .#*. Using them, the suitable split of the integrated
BMS fluxes F g7 y) = [ s+ dud®zF ¢(7.y) computed from (3.34) and (3.35) into pure hard and soft parts has been proposed
to be

1 m(2
fgI(T,O) == 1671'G/ dudZZT[ 2z zz} - L+ dudzzTTW( >,

1 0
fSTO 87 G/ZdZZT[@%N;;]’

1 1. ~ U_ -~ -
H _
‘7:5(0,31) = 1677:(;/ deQZyz|: C 0 N EN C —1—50 (NZZNZZ):|
—/ dudQZ:))Z |:Tle( yZTuu +CC
Nas
1 o
Flom = Terg / d%)}{ PN 42 CZZ INE +§N§‘?@Zc§2} +ee., (3.49)

where (3.41) was used to simplify the expressions of soft fluxes. Unlike the case of electromagnetism, the nonlinearity of
Einstein theory implies that hard fluxes do include pure gravitational terms, notably the first term in F’ ?(1.0)’ responsible for

the Bondi mass loss. Inverting the symplectic structure yields the following Poisson brackets

{Nzlzl (ul, zl,Zl) szzz (Ltz, 22, Zz)} = —167:G5(u1 - u2)5(2> (Z] - Zz),
(N (21,21), €2 (22, 72)} = —162G52) (2 — 2,), (3.50)
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{IL, ., (21,21), N¥, (22, 22) } = —167G5) (z; — 2,),

(3.51)

from which one can derive the very important property that the hard and soft parts of the fluxes act independently on (3.43)

and (3.44) as

{fgm), Y = 5 I,
{7 E(T.y)’rs} = Oy(r Ji)rs’

Fiza T =0,

{fg(f,.y), 'y =0, (3.52)

and form separately two representations of the extended BMS algebra (3.28) and (3.29) [158,159].
As usual, a similar analysis can be performed at past null infinity .#~ by trading the retarded coordinates for the advanced
ones. At the vicinity of .#~, the solution space is expanded as

M=)

ds® = (—r, + 0(#-2))511;2 +2(1 4+ O(F2))dvdr + (g + r'Cly + O(r°))dxAdx®

1y 2 (o0 1
- <——aBC£, - = (Nﬁ1 ) +—cggaccf_c)> + O(r"2)> dvdx*,

2 37 4

(3.53)

still denoting x* = (z,Z') = (z, Z). The Bondi time evolution/constraint equations for the Bondi mass aspect M=) (v, z, %)

and the angular momentum aspect Nf;)(v, z,Z) at #~ read as

1
o,M>) = gNg AN

) (

_ 1 .
O,Ny) = =DM +—0, (N \CBS) - Ve

16

1 . 1 N
~ 2 08(CESNC = NEGCL) + 1030705l — 705040 CS

=) =)

1 m(2.—
B +Z()A03NAf ‘f’477-'(;T1)1)(2Y )7

1 . (o~
CD,Chl — 8aGTI

=)

¢, (3.54)

with the (past) Bondi news tensor Ng_B) = 0,)C(2 encoding the incoming radiation. Under the BMS symmetries acting

at &~

&l = (T(z, 2)+5 (0.0 + azy@)@v + Vi (2)0; + V(2)o,

the variation of the shear is still given by (3.30) with u — v
and a sign flip in 5? C... The covariant phase-space analysis
and a similar split between hard and soft boundary degrees of
freedom yield again (3.52). Around spatial infinity, the
requirement (2.78) now implies C,.(u — —00,7,Z) =

—Cg?(v — +00, 2, Z), where the minus sign is due to r' =
—r and the convention (2.53). This agrees with the antipodal
matching in the sense of [151,170].

IV. SOURCED QUANTUM FIELD THEORY

As discussed in Sec. III the charges associated with the
asymptotic symmetries are not conserved due to the radiation
leaking through .#. We argued in [60] (see also Sec. V) that
the nonconservation of the bulk charges can be holograph-
ically interpreted as a coupling of the dual theory with some
external sources. In this section, we discuss a general

(3.55)

framework that allows us to deal with symmetries in presence
of external sources. The details on the newly introduced
notions and the resulting construction will be presented in the
upcoming paper [175] (see also [176,177]). We argue that, at
the classical level, the inclusion of external sources in field
theories allows us to derive a generalized version of
Noether’s theorem giving an interpretation of flux-balance
laws for the Noether currents from symmetry principle. We
then obtain the quantum analogue of this result by writing the
sourced Ward identities using a path integral formulation.
Finally, we exemplify these sourced Ward identities for a
sourced theory exhibiting U(1) symmetries and BMS
symmetries.

A. Generalized Noether symmetries

In this section, we briefly discuss a generalization
of Noether’s theorem that allows us to write some
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flux-balance laws associated with (generalized) symmetries
in presence of external sources. We consider a theory living
on a n-dimensional manifold .# with coordinates x* and
boundary d.#. The dynamical fields are denoted by ¥ (x)
and the external sources by 6™ (x). The latter are defined as
local functions with no associated equations of motion,
contrarily to W!(x). The action reads as

S[W|o] = /// dxL]%|o]. (4.1)

To derive flux-balance laws for the Noether charges from
first principles, it will be useful to allow variations of the
sources on the phase space. The variation of the action
reads as

oS : oS
oS = d"x — 6’ d"x — 6o™,
//// xéqﬂ + //// x50m °

discarding the boundary terms if the fields and sources are
sufficiently decaying while approaching d.# . For a fixed
set of sources ¢™(x), the action is stationary for arbitrary
variations 8¥' if and only if the equations of motion 25 = 0

P
are obeyed by the dynamical fields W (x).

If the theory admits some Noether symmetries 5x¥' =
K'[¥] in absence of external sources, turning on the sources
will usually break these symmetries. However, the
Noetherian symmetries 55" = K'[¥] of the theory with-
out source can be promoted to generalized symmetries of
the sourced theory in the sense of [176] (notice that the
present notion of generalized symmetries shall not be
confused with the concept of higher-form symmetries
discussed in quantum field theory and that goes under
the same name, see e.g. [178]). The detailed analysis of the
implications of the existence of such symmetries requires
some care in the definition of a generalized symmetry and
is beyond the scope of this article. This analysis will be
presented elsewhere [175]. For the purpose of the present
work we will only rely on the following features, which we
will take as a naive definition for a generalized symmetry;
the joint action on both the fields and sources

(4.2)

ox¥! = K'[¥|o], Sxo™ = K"[o] (4.3)
is then a symmetry in the sense that it is required to be a

symmetry of the sourced equations of motion

oS oS
= - | = 4.4
s 07 0K (5@) 0 (44
but is not required to preserve the action
SKL = aaB% + V[([G}, V]([G = O] = (45)

As the second equation of (4.3) expresses that the external
sources transform among themselves, this translates into
the fact that the generalized symmetries break the invari-
ance of the action in (4.5) only by terms depending on the
sources which vanish when ¢ = 0. Consequently, in the
absence of source (o =0), the symmetries are fully
restored as rightful variational or Noether symmetries.
Hence one can say that generalized symmetries are sym-
metries of the sourced equations of motion extending the
Noetherian symmetries of the source-free action. In this
framework, writing the wusual Noether current as
Jx = j%(d"'x),, the following relation can be obtained

, . 8
daJx = K'

Spi + Fk,

(4.6)

where F = Fy(d"x) is a flux term whose explicit form is
given by [175]

oL

Fpr=K"— — Vg. 4.7
k= Ko Vi (47)
On shell, (4.6) leads to the flux-balance law,

djx = Fg[¥lo]. (4.8)

The latter generalizes the first Noether theorem in presence
of external sources: the conservation of the Noether current
Jx associated with a symmetry of characteristics K is
broken by the flux term Fg. If one turns off the sources,
we have Fg[¥|oc = 0] = 0 and one recovers the standard
conservation law djg = 0.

B. Sourced Ward identities

Let us now derive Ward identities associated with the
generalized symmetries (4.3). The derivation follows the
usual steps by properly taking into account the presence of
external sources (see e.g. [120] for the standard derivation
of Ward identities from the path integral). For a fixed source
o, the partition function reads as

20) = [ DI, expy (S¥lal + 4,0, (49)

where we allow the path integral measure D[], to depend
upon the sources ¢ and we use the convenient notation
Ja WA= [, d"xJ;(x)¥ (x). Here J;(x) are classical
sources introduced in the definition of the partition func-
tion. They are not meant to be quantized and will be sent to
zero when evaluating the correlation function. We stress
that they should be distinguished from the sources ¢™ that
have a physical meaning and break the conservation of
Noether currents: the sources o™ will be integrated in the
final path integral and will generate a flux.
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Then, we suggest to consider that the partition function
of the full sourced quantum theory should be computed by
integrating (4.9) over the sources as

/ Dlo
We used again the shorthand J,6 = [, d"xJ,,(x)o™(x)
and introduced a second bunch of classical sources J,, as
part of the definition of the partition function. The sources
o™ are therefore promoted as source operators and will

play an important role in the Carrollian holographic
correspondence discussed in Sec. VB. A very similar

2, J ) exphJMa (4.10)

0

procedure was adopted in [179] in the AdS/CFT context
where the path integral was performed over the boundary
sources. We will further comment on this in the discussion
closing the paper (Sec. VII). Notice that, even though the
source operators ¢ and field operators V! seem on the
same footing in (4.10), they are distinguished by their
role played in the generalized symmetries introduced
in Sec. IVA. In the absence of source, the symmetries
of the partition functions are restored. We now investigate
the implications of generalized symmetries on the
correlation functions when the sources are turned on.
Inserting the off shell relation (4.6) in the path integral,
we get

W],k (x )eXp (S[¥lo] + 494 + o)

oS i
/D /D ¥ (x)|o(x)] =7~ + Fg(x) exp—(S[‘P]o} + P2 + Jyo™M). (4.11)
SV (x) )
The first term in the right-hand side can be reworked by noticing that
R0 p L (S[lo] 4 S Ty
i oW (x) Py A m
o
= ) (S[¥|o] + J,P1) exp ( [P|o] + J, P4 + Jyo™M)
05 | i) ) exp (SM[o] + 1A + JyoM) (4.12)
= ) (x — o "), .
Wi (x) Ph A M
and assuming that 5(0) = 0 and the path integral is invariant under field translation, i.e. D[¥ + 6¥], = D[¥|, for any
variation S¥':
/D[ ]/D[‘P] K¥) o)) <) exp - (S¥lo] + T, %4 + JyyoM)
¢ o T iy ) PR WIEIOLT A uo
—/D[a]/D[‘P} J;(X)K'[¥(x)|o(x)] exp%(S[‘I‘b] + JA WA + Ty, (4.13)
As a conclusion, (4.11) is simply
2z | Dlel [ DI (x) expr (S¥la] + 1,4 + Tyo¥)
= /D[a] /D[‘P} [—J:(x)K'[¥(x)|o(x)] + Fg(x)] exph( [Plo] + J, P4 + Jy6™M). (4.14)

Acting on the left-hand side with N successive derivatives with respect to J;(x) and setting J;(x) = 0 = J,,(x) afterwards

gives

=

0 h

k=1

2 (R (0)Xy) = 72 81" (x = x) O (X)) + (Fie(x)XR).

(4.15)

where we have introduced
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XY =W (x;)... W (xy),
Sk Xy = Wi (x))... K [P (xp)]... P (xy) (4.16)

to denote a collection of N quantum insertions and their
transformation under the symmetry of characteristics K
and recalled that, by definition,

) = G)N&ijl) h .5JiN(sz) 2Vl =0 &17)

Now acting on the left-hand side of (4.14) with N
successive derivatives with respect to the other J,,(x)
yields

0
ox“?

(Jk()X%) = (Fx(x)X3), (4.18)

where

X5, = 0™ (x1)...6™ (xy) (4.19)

denotes a collection of N insertions of quantum sources.
Equations (4.15) and (4.18) are the local version of the
infinitesimal Ward identities in presence of external
sources. With no field insertion in the correlators, one
finds

9.k (%)) = (Fg(x)), (4.20)

which reproduces the classical flux-balance equation (4.8).
Integrating (4.15) on the whole manifold .# with boun-

dary 0. gives
|

0
ox“

— [ vlel [ PwL, (~K R0l + K7 loto)

x exp%(S[‘Pb] + I WA + Ty,

(4.21)

gm ot =5 ([ Fe= [ ic)x).

The standard textbook result is recovered by setting the
sources to zero and assuming that the Noether currents
vanish at the boundary, so that the right-hand side of
(4.21) vanishes. Finally integrating (4.18) on .# leads to

<<//7K B /MJ'K>X"N> =0.

Remark—At this stage, and since the partition function
(4.10) can be rewritten as

(4.22)

21013y~ [ Dle] [ DY), expy (S¥la] + 08+ T,

(4.23)

one might wonder what is responsible for the asymmetry
between the Ward identities for the fields (4.15) and the
sources (4.18). In the following lines, we wish to highlight
that, besides a possible dependence of the measure D[¥],
in the sources, this asymmetry can ultimately be traced
back to the fact that the generalized symmetries treat fields
and sources differently. To convince oneself of this point, it
is instructive to consider the subcase where the measures
Dlo] and D[¥Y] are assumed to commute and use this
property to rewrite the Ward identities in a form that puts
sources and fields on an equal footing. To achieve this, we
only need to reintroduce the explicit form of the flux (4.7),
which has not yet been used in the derivation of the local
version of the Ward identities (4.15) and (4.18). Injecting
(4.7) into (4.14), we have

| Dlel [ D5 (0 expr (S¥la] + 4,4+ Tyo¥)

oS
S6™(x)

- Vilat]) x--

(4.24)

Assuming that one can commute the measures D[o| and D[¥] and that the path integral for the sources is invariant under
translation as well, i.e. D[o + do] = D[o], the second term in the right-hand side can be reworked as

0
ox“

[ Dle] [ D1, expr (S¥la] + 1,04 + Ty

- / Dlo] / D], (~K () o () (x) = K" [o(x)] () = Vilo@)]) x - -

X exp%(S[‘Iﬂo] + JA WA + Jy0™M).

(4.25)
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Deriving N times with respect to J;(x) and then setting
J, =0=J; gives

s URLOXE) =530 (=) (X3 = (V0.

(4.26)

Similarly, deriving N times with respect to J,,(x) and then
setting J,, = 0 = J; gives

a sa (o} h . n (< (o}
g URCOX5) =538 (x=x) e (X5) = (Vi ()5,
(4.27)
Under the above assumptions, these expressions are equiv-

alent to (4.15) and (4.18) respectively. They highlight that
|

N

ox“

= (F ()W) (x1).. ¥ (xx))-

k=1

While this example is quite trivial, it will be relevant when
discussing electrodynamics from the Carrollian holo-
graphic perspective.

D. Sourced conformal Carrollian Ward identities

We now make the same exercise for the case of 3d
conformal Carrollian field theory. After reviewing con-
formal Carrollian symmetries and introducing associated
primary fields, we write the sourced Ward identities
involving the Carrollian momenta. Notice importantly that
we make here a slight abuse of terminology, as the very
meaning of what exactly is a quantum Carrollian field
theory is still largely unknown. For us, this term will refer
to a 3d theory which enjoys conformal Carrollian
symmetries.

1. Conformal Carrollian symmetries

A Carrollian structure [ 16,173,180-191] on a 3d manifold
Zisacouple (q,,, n*), where g, is a degenerate metric with
signature (0, +, +) and n* is a vector field in the kernel of the
metric, i.e. g ,,n“ = 0. For convenience, we choose coor-
dinates (u, z, 7) on . such that g,,dx?dx” = 0du® + 2dzdz
and n“d, = d,. We still denote x* = (z,%z), A = 1, 2. The
conformal Carrollian symmetries are generated by vector
fields & = £90, satisfying
(4.30)

Leqap = 20 4p, ZLen® = —an”,

the asymmetry between fields and sources in the treatment
of generalized symmetries is always present as a result of
the appearance of Vg[o(x)] in the right-hand sides. In
particular, these Ward identities are distinctly different from
the usual Ward identities of a Noetherian symmetry.

C. Sourced U(1) Ward identities

As a warm-up, we apply the above framework to the
simple case of a field theory exhibiting a U(1) symmetry.
We assume that the fields W, inserted in the correlators
transform as
under the U(1) symmetry parametrized by some arbitrary

function A(x). The infinitesimal Ward identity (4.15) in
presence of external sources then simply reads as

i (s (X)lPiQ],.] (X1)~--TiQN,.N (xy)) —h Z’l(xk)Qié(n)(x - xk)ﬂ'ig],.] (X1)~--lPiQN,.N (xn))

(4.29)

where « is a function on .#. The solution & of (4.30) is
given by

E=|T+ g (0.% + 0:7) |9, + V<0, + V0., (4.31)

with 7 =7 (z,z), Y*=)%z) and Y = Y*(z). These
vector fields are called conformal Carrollian Killing vectors
and a = 1(0,)% 4 9.)7). They precisely coincide with the
restriction to .# of the asymptotic Killing vector fields (2.26).
Furthermore, their standard Lie bracket on .7,
E(T1, V1. D1),&(T5, V5, Y5)] = (T 12, Vip, Vi,), Tepro-
duces (3.29). This shows that the conformal Carroll algebra
in 3d is isomorphic to the BMS algebra in 44 [16,182].
We will call the global conformal Carrollian algebra the
subalgebra generated by
(1) Carrollian translations, P, = d, or Py =9,, P| = 0,,
P2 - 02.
(2) Carrollian rotation, J = x,0, — x,0, = —z0, + Z0-.
(3) Carrollian boosts, By = x40, or B; = 70d,, By = z0,,.
(4) Carrollian dilatation, D=x“d, or D=u0,+2z0,+70-.
(5) Carrollian special conformal transformations, Ky=
—x4x,40, = —2z70,, and K, = 2x,D — xBxp0,, or
K, = 2uzd, + 27%0- and K, = 2uzd, + 27%0..
Here, x4, = g45x%. In this basis, the commutation relations
(3.29) for the global conformal Carrollian subalgebra
[192,193] can be split as follows: first, one easily checks
that By, B, Py and K, form an Abelian subalgebra
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[Bs,Bg] =0, [Ba,Po]=[Bs,Ko|=0, [Ky,Py=0. (4.32)
The six remaining generators form a Lorentz subalgebra, however in an unusual basis:
[D, Py.al = —Poa, [D, Kol = Koa, [D,B4] = [D,J] =0,
[J,Gal = q24G1 — 146>, G € {P,B,K}, [/, Po] = [/, Ko] =0,
(B, Pg] = —qapPo, [Ba, K| = —qapKo,
[K07PA] =12B,, [KA’ Po] = —2B,, [KA9PB] = —2q,pD — 2J51,[A5B],2- (4-33)

We present in Appendix B the concrete relations defining
the isomorphism between the global conformal Carrollian
algebra in 3d and the Poincaré algebra in 4d.

In conformal field theory, primary fields are required to
transform consistently under the action of the infinite-
dimensional Witt algebra 2Bttt. Quasiprimaries on the
other hand only need to behave well under the action of the
finite-dimensional subalgebra of Mobius transformations
8[(2,C) (the “global” conformal algebra). The BMS
algebra bmg, should play in the Carrollian context a role
similar to the Witt algebra of conformal field theory with
the Poincaré algebra i30(3,1) (the “global” conformal
Carrollian algebra in 3d) playing the role of Mobius
transformations. Crucially, the embeddings of the
Poincaré (resp. Mdbius) algebra inside the BMS (resp.
Witt) algebra are not unique and correspond to an extra
piece of geometry. In the asymptotically flat case, these are
the gravity vacua discussed in [172,181]. These embed-
dings can be locally realized by a choice of Poincaré
operators [187,189] (generalizing Mobius operators [194]
of conformal geometry) with vanishing “curvature” (cor-
responding to the curvature of a Cartan connection). From
these considerations, we will say that a field is a conformal
Carrollian primary (also referred to as Carrollian tensor
[34,40,166,185]) if it transforms infinitesimally as

5P KT+ (ayz+ayz>) 0, + V.

+ )20 + k. V* + léazyZ] D) (4.34)

under full conformal Carroll symmetries (4.30). Here the
Carrollian weights (k, k) are some integers or half-integers.
Quasiconformal Carrollian primary fields are only required
to transform properly as (4.34) under the global subalgebra
displayed above. Importantly, recalling that 9,&% =

1(0,Y% +0.)%) and [5z,d] =0, it can be deduced from
(4.34) that 0,® ) (u,z,Z) is also transforming as a
conformal Carrollian primary with weights (k +1.k + ).

2. Classical flux-balance laws

Let us now specify the flux-balance law (4.8) for a 3d
conformal Carrollian field theory. We assume that Noether
currents associated with the global conformal Carrollian
symmetries (4.31) take the following Brown-York expres-

sion [195,196]
= C% ¢, (4.35)
where C?, is the Carrollian stress tensor. Its components are

called the Carrollian momenta [34,39-41,102,166,196—
199] and denoted as

a, — [M NB} (4.36)

PTBY AA,

If the conformal Carrollian field theory under consideration
is sourced, the currents (4.35) are no longer meant to be
conserved but still obey some flux-balance laws as in (4.8)
or in coordinates

0,8 = Folo]E. (4.37)

where ¢ denotes again the external sources coupled to the
theory. Here we assumed that the flux can be written as
F: = F,&%, which is sufficient for the holographic pur-
poses discussed in this paper. The flux-balance law (4.37) is
obeyed for the generators of the global Carroll subalgebra

(isomorphic to Poincaré algebra) if and only if C¢; satisfies
the following constraints:
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Generator Constraint
Carrollian translations d, 0,C% = F,
Carrollian rotation —20, +20; C*,—C%* =
Carrollian boosts x40, CA, =0
Carrollian dilatation x0, =0
(4.38)

In Appendix C, we show that the Carrollian special
conformal transformations K, K4 do not impose further
constraints. Furthermore, the above global conformal
Carrollian symmetries are enough to completely constrain
C%, i.e. (4.37) is automatically satisfied by the super-
translation (and superrotation) currents provided (4.38)
holds. Notice also that the term C%,0,E” does not contribute
to the left-hand side of (4.37) as a consequence of (4.31)
and (4.38); this is in line with the hypothesis of flux being
linear in the symmetry parameters.

In terms of the Carrollian momenta (4.36), the con-
straints (4.38) read as

oM=F, B*=
a“NZ _%OZM + aZAZz =F, AZZ +%M =0, (4.39)
9Nz =30-M+ 0. Az =Fz, A +3M=0,

In the left column, the constraints take the form of flux-
balance equations for the Carrollian momenta M and N 4
that are sourced by the fluxes F,. In the right column, the
constraints completely fix the Carrollian momenta B4, A%,

and A%;. Notice that A%
symmetries.

and A%, are not fixed by the

3. Sourced Ward identities

At the quantum level, the analog of the constraints (4.38)
will be provided by the sourced infinitesimal Ward iden-
tities (4.15) for the specific case of a 3d conformal
Carrollian field theory. Similarly to the 2d CFT case
(see for instance [120]), the Ward identities of a 3d
conformal Carrollian field theory can be rewritten very
simply in terms of C,. We assume that the operators ¥!(x)
inserted in the correlators are (quasi-)conformal Carrollian
primary fields transforming as (4.34). The sourced Ward
identities (4.15) for the (global) conformal Carrollian
symmetries imply

e+ D0 e >a—‘l (X¥) = (FyXY)

((C2, = )XY + Za x—x;)(k; — k;)(XE) = 0,
<CAHX%>:0’

(C4XE) + 5360 ) (ki + k)X =0, (4.40)

where Xﬂ is defined in (4.16). The derivation of (4.40) is
pretty similar to the classical case (4.38) (see Appendix C)
and will not be repeated. Now, taking linear combinations
of (4.40), we express the Ward identities in terms of the
Carrollian momenta:

<<AZZ+§M>X%> hZzS )(x — x,)ki(X¥) =0,

<<AZZ+%M>X%> hza )(x — x)k;(X¥) = 0.

0 (MXJ) + 25760 (x — x;)0,, (X)) = (F.XY).

(N Xy) = 10;<MX?V’> + 0 (A7 X)) + B 37[80) (x — xi)a, (X)) — 0.(60) (x — x,)k; (X)) = (F.X).

0 (N=XN) =30, (MXY) + 0. (A X)) + 1 2:)[5(3)(96 = 2;)0;, (X)) = 0-(89) (x — x)ki{XY))] = (F-XY).

BIXT) — o, (4.41)

With no field insertion in the correlators, the expectation values of the operators reproduce the classical relations (4.39).
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V. HOLOGRAPHIC CONFORMAL CARROLLIAN
FIELD THEORY

In this section, we discuss the main ingredients needed
for a holographic description of asymptotically flat space-
time in terms of a dual sourced conformal Carrollian field
theory. First, we argue that the dual theory lives on I =
J~UIt where the gluing between .#~ and #7 is
obtained by identifying antipodally .#* and .#7. We will
make this gluing precise by introducing the geometry of
time-ordered conformal Carrollian manifolds. We then
propose an identification between scattering elements in
position space and Carrollian correlation functions by
relating the bulk quantities introduced in Sec. III and the
boundary objects discussed in Sec. IV. Eventually, we
deduce the explicit form of low-point correlation functions
of a Carrollian CFT. In particular, we find a new branch of
solutions of the two-point function and argue that this is the
appropriate one for holographic purposes.

A. Time-ordered conformal Carrollian manifolds

In this section, we introduce some geometrical descrip-
tion of the manifold on which the dual sourced Carrollian
CFT is living. As reviewed in Sec. IV D 1, a Carrollian
structure on a manifold .# is made of a pair (q,,,n")
where qn” =0 and Z,q. < q.. A conformal
Carrollian structure is then defined as an equivalence class
[qap-n?] for the equivalence relation (g, n%) ~
(Q2q,p, Q7 'n%) where Q is a nowhere vanishing function
on .7 . Equipped with such a structure, (., [q,,,n%]) is
called a conformal Carrollian manifold.

To obtain the universal structure [173,181] at, say, future
null infinity, we would need to add two hypotheses to our
definition of conformal Carrollian manifold. First, fix the
topology of .# as R x X where R is spanned by the flow of
n® and X is the space of null generators (for our purpose, we
choose X to be the one-puncture complex plane, see e.g.
[158,160]). Second, require that the vector field n“ is
complete and nowhere vanishing. However, as we will
argue later, the Carrollian CFT is not living at .#" or .~
separately, but should really be seen as living on the whole
conformal boundary of asymptotically flat spacetimes.
Therefore, we would like to give a geometrical notion of
“past” and “future” null infinity after gluing .#~ with .# .
The idea is to single out the separating surface X, ~ X as the
unique locus where the Carrollian vector n* vanishes. This
provides a definition of “time-ordered” conformal
Carrollian manifold, which is a conformal Carrollian
manifold (.#, [q,,. n]) satisfying all the hypotheses above
except that n* now vanishes on a codimension one surface
%,. For a chosen connection V, defined on .# (nothing
will in fact depend on this choice), we demand

vanb |20 - 0,

V,V,ncly, #0. (5.1)

Now, around X,, we can always choose local coordinates
(s, x*) such that
sly, =0, nd, = f(s,x*)o, (5.2)
for some function f. Since n® vanishes on X, the
constraints (5.1) only involves partial derivatives in the
coordinates and are satisfied if d,f — 0 and 02f — 2f(x*)
as s —» 0 for some other function f on X. The Ilatter
condition is solved by f(s,x*) = s2f(x*) 4+ O(s) and
we have
na, = (s>f + O(s?))0;. (5.3)
Notice that the orientation of n¢ does not change across .
This provides a notion of global ordering of the points in
A : points are “in the past” of .# if the flow generated by
n® takes them towards the separating surface ¥, and “in the
future” if the flow takes them away from it. Points of X are
fixed points of the flow of n?, they are neither in the past
nor in the future of .Z.
Going back to the conformal boundary of asymptotically
flat spacetimes, we are led to consider
I =9ust (5.4)
as conformal Carrollian manifold .#, where Ll represents a
union by gluing of the two conformal boundaries.
According to the above discussion, we will take 7 to
be a three-dimensional time-ordered conformal Carrollian
manifold. The separating surface along which the gluing is
performed is
Sox It~ I, (5.5)
i.e. T is glued to .#~ by identifying continuously the past
surface .#* of #* and the future surface .#7 of ./~
around spatial infinity. On .# ", we can always choose local
coordinates (u,x*) such that u is the retarded time and
n“d, = d,. Analogously on .#~, there exists a local
coordinate system (v, x*) such that v is the advanced time
and n“0, = d,,.. Let us recall that our coordinate choices are
such that the angular coordinates x* = (z,Z) are antipo-
dally identified between .#* and ¥~ (see Appendix A).
Since n vanishes on X (defined as the transverse X in the
limit ¥ - —o0 or v — +o0), both coordinate systems
cannot be extended on the whole .#. On both sides, we
parametrize

), s>0on .77,

(5.6)
s<0on 7.

Figure 4 depicts the situation.
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s

The time reparametrizations (5.6) define a global “time”
coordinate

si I =] —1,+1], (5.7)
where the separating surface is located at Xy = {s =

0} c #. We have s = —z~'arccotu (and similarly for v),
hence the Carrollian vector reads now as

1

n%a, = —sin*(xs)a;. (5.8)
P

In this coordinate system, it is manifest that n = 0 if and

only if s = 0 (i.e. on the separating surface) on .#. On .# "
and .#~, conformal Carrollian automorphisms act infini-
tesimally as (4.31) or

EN(ux) = (T +403Y8)0, + V104, on I7,
E (v, xh) = (T~ +%0Y%)0, + V29,. on .7
(5.9)

Using (5.6) and (5.8), we can define the unique global
smooth infinitesimal automorphism of the time-ordered

geometry J as

E(s,xh) = % (T - %cot (ﬂs)dByB) sin?(7s)0; + V0,4,

(5.10)

where 7 (x*), Y (xB) are smooth functions on the 2-sphere
such that

Na t
e ‘J

VAGP) = V() = ()

(5.11)

In this picture, the antipodal matching for BMS generators
advocated in [125,151,170] and confirmed later in
[14,15,200-205] by a phase space analysis at spacelike
infinity, corresponds to the requirement that & given by
(5.10) is smooth at Z,. A final remark is that the diagonal
BMS group selected in this way preserves the location of
the separating surface since

Ely, = &(s = 0.x*) = Y0, € iff(Zy). (5.12)
For the sake of simplicity, in what follows, we will keep the
coordinate u (resp. v) to denote the Carrollian time on ™
(resp. #7). It will be important to remember that combi-

nations such as u — v are in fact invariant under the action
of the diagonal BMS group (5.11).

B. Carrollian holographic correspondence

Having discussed the geometry of the conformal boun-
dary, we are now ready to develop our proposal on how a
putative conformal Carrollian theory living on 4 can
encode a scattering of massless particles.

1. Boundary operators as conformal Carrollian fields

As already anticipated in Sec. II D 6, we will argue that
S-matrix elements written in position space can naturally
be interpreted as correlation functions of operators sourcing
the Carrollian CFT living on 7. The latter will be taken as
the source operators ¢™(x) introduced in Sec. IV B,
assumed to transform as conformal Carrollian primaries
(4.34), namely
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020 (1. ) (x) = [(T + g (0, % + 6Z)JZ)> 0, + V%0, + V0 + ko, V* + ko:)* Ok (x). (5.13)
For instance, it is suggestive to write boundary correlators in the form
<G(()]l:lt’l_( )<X]) (()]1;: kn>(x >Gi(l;(n+l’l_(n+l)(xn+l)‘.'Ui(r;(N'l_(N) (XN)>’ (5.14)

where ¢ . (x oout are n insertions of source operators at .# " and 6" . (x
2y (01)---00 ) () P (k) K1)

insertions at .#~. For outgoing insertions, x; = (u;, z;, Z;) while for incoming insertions, x; = (v;,z;,Z;). The boundary
values (2.43) and (2.54) of the operators in position space introduced in Sec. II are natural candidates for conformal
Carrollian primaries sourcing the dual theory (for s = 2, these are quasiprimaries), i.e.

‘(‘l‘( P >(xN) are N —n

aout

ot (w,2,2) = Tim (=gl (w7, 2, 7))

= % (u.2.2). (5.15)

for “out” insertions in retarded Bondi coordinates and the similar identification

6<1< p(v.2,2)=

Fr——=0o0

73]

for “in” insertions in advanced Bondi coordinates and the
Hermitian conjugated contributions for reversed helicities.
From (2.51), the conformal Carrollian weights k, k in (5.13)
are fixed in terms of the helicity J as

147
k=-——",
2

k= li], (5.17)
2

the upper sign for outgoing fields and the lower sign for
incoming fields.

Aside of the source operators, the Carrollian CFT is
populated by fields W (x). Among them, one finds the
Carrollian stress tensor C%, that gathers the Carrollian
momenta (4.36) and will be identified with the gravitational
momenta in the bulk, irrespective of the presence of
radiation. Furthermore, the propagating massless fields
are not only described by their boundary values but also
by a tower of subleading pieces such as the components
F ,(,Zr) of the Faraday tensor for spin-1 field or the subleading
tensors D g, E4p, ... in the expansion of the angular part of
the Bondi metric. These are all natural candidates for the

5&&2:0{&?‘1 = [yzaz + yzai + (

S’ 2 = [yza VR0, Wa. Y+ (s—lvv)azyf]w-

lim (=@ (v, r,2,2)")

= 8 (0,2, 2)" (5.16)

fields of the Carrollian CFT whose evolution is modified by
the presence of source operators that holographically
encode the radiative degrees of freedom.

Remark—The fact that the algebraic constraints (5.17)
hold, i.e. that the conformal Carrollian operators con-
structed from the boundary value of bulk quantum spin-
s fields can be labeled only with one quantum number J,
comes from the conformal compactification process and its
impact on the fall-offs near .#* imposed for radiative
fields. Indeed, under the combined action of Weyl rescal-
ings and BMS symmetries, the boundary value of a spin-s
field with helicity J = 45 and Weyl weight W will trans-
form infinitesimally as

6%,9&2/..2 = [yzaz + yzaz + Sazyz - WQ]&EVZ’
ot . = [V0, + V0, + 50" —WQlpY .. (5.18)
Fixing the representative of the conformal boundary metric

to _be the flat metric 55’92112 =0, V'+
0:Y° —2Q =0, so that

implies

1 1 -
s—5 W) 0.V =5 WazyZ] o7 .

2

5 (5.19)

Using (5.15) and by identification with the transformation (5.13), we find
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< W . o1 =1 boundary spin-s field scales as @Y . — Q'=¢¥ _ so
P2 oun with k=s _EW’ k= _EW’ W = s — 1, which gives again (5.17) with the upperzclioice
- ) 1 - 1 of sign. The reasoning can also be applied for incomin
Lz opn With k=—SW, k=s—JW.  (5.20) Fields defined as (5.1?), the Hermitiagpconjugation bein§
responsible for the sign flip in (5.17).
Owing to (5.15) and (5.16), we propose the following
Finally, the radiative falloff (2.41) fixes the Weyl weight W holographic identification between conformal Carrollian
of the boundary value of the field because, under a  correlators (5.14) and S-matrix elements written in position
boundary Weyl rescaling induced by r — Q7'r, the  space (2.87):

(i (1) 1) ()T (1), ) (WD)
= (5.21)
e i Jo™ doge™ ™ TIR, .y o dwge' ' Ay(pis ... p),
or equivalently
Oty @00 ) n)oG 7 )0 g (on))
1B (o) y) (0, (o)™ .y () ™1[0), (5.22)

where I; = z...z if the helicity is positive (J; = +s), and I; = Z...Z otherwise, and Carrollian weights (k;, k;) are fixed by
bulk helicities according to (5.17).

Particularizing (5.22) to the insertion of two fields only, we obtain, by virtue of the regulated expression (2.95), that the
Carrollian two-point function is given by

K .
(az’]‘(‘:’]fq)(u, 11,21)0‘(‘]‘(2}”(1;,22, %)) = 4(7;) [;— (y +In|u—v|+ %sign(u - ”)>}5(2>(Zl = 22)8k 2810 (5.23)
denoting ki, = >_;(k; & k;). There is correlation if k;, and k7, obey two algebraic conditions: the first condition k|, = 2 is
imposed by (5.17), i.e. the fact that the inserted fields are identified with boundary values of bulk radiative fields, while the
second implies the conservation of helicity J; = J,. As above, # € R is an infrared regulator than can be arbitrarily close
to zero, encoding the fact that position space amplitudes are divergent in the low-energy regime. Finally, from the
identification (5.15) and recalling (2.48), one gets that the source operators (5.15) obey the following canonical
commutation relations:

out _

- u - i .
[U(kl,kl)(ul, 21,21)s 0((’,(;,;2)(”2, 22.%)] = —EK%S)Slgn(W — )0 (z) — Z2)5k;2,251q2,0- (5.24)

3Pl

Analogous considerations hold for “in” insertions.

2. Electrodynamics The dual conformal Carrollian theory is invariant under
U(1) transformations. The source operators that are con-

We now detail some holographic aspects of electrody- . X X -
sidered in this section are denoted as oz o and bear

namics reviewed in Sec. III A in terms of the dual sourced N
Carrollian CFT. For the sake of conciseness, we give  conformal Carrollian weights (k, k) describing their trans-
all definitions for .#* and drop the “out” subscripts to formations under boundary diffeomorphisms (4.31) and a

lighten the notations when the coordinate dependence is ~ “weight” Q under the internal U(1) symmetry, which is
clear. The analogous relations can be easily deduced  interpreted as the electric charge of the bulk field.
for .Z~. Following (5.15), we introduce
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O'EA)(M, 7.2) = 6(1,0),0(14, 2,2)

P(u,2,2) =0y o(u,2,2)

= AgO)(u, Z, Z)y 62
= O (u,z,2) = limrep(u, r,2.2),

(4)

(1.2.%7) = (a1,

(5.25)

coinciding with the boundary values of the bulk gauge field A, and some massless scalar matter field ¢ at .#*. These fields

are conformal Carrollian primaries with respective weights (1,0) and (

symmetry acts as

8,0 (1.2.7) = 0,49 (z,2),

The homogeneous transformation determines the charge
under the U(1) transformation (which is proportional to the
electric charge of the field) and the inhomogeneous trans-
formation vanishes for parameters 1) € R. The Noether
current for the U(1) symmetry is given by

» 1 2 . 3
G =-ZA0F) GH=0=()  (527)
and the corresponding fluxes are
1
— (0)j§’2) (O-(lﬁ)) _ ? (()uo-gA)aZ/I(O) =+ auagA)azﬁ(O))_
(5.28)

The factors are adjusted to precisely match with the charges
(3.8) obtained by the bulk computation. With the identi-
fications (5.27) and (5.28), one can then check explicitly
that the time evolution equations in the sourced Ward
identities (4.29) reproduce the asymptotic Maxwell equa-
tion (3.7) when there is no insertion in the correlators.
Notice ﬁnally that the ﬂuxes (5.28) vanish identically if

AV =0=A4" and 7%

3. Gravity

We now argue that a quantum conformal Carrollian field
theory coupled with external sources is a viable candidate
to describe holographically gravity in 4d asymptotically
flat spacetimes reviewed in Sec. III B. We propose the
following correspondence between Carrollian momenta
(4.36) (left-hand side) and gravitational data (3.32)
(right-hand side) at .#: |

1 m
Fu 16 G |:62() Ug,) + 20‘;;0262{? + H.C. _ TL”EZ) (6(¢))’

F. =
¢ 162G
FZ = (Fz)T'

{ udd,0%) +0'0.0,0% — 3

1.3) by virtue of (5.17), on which the global U(1)

56 (u,2,2) = —ieQA9(2,2)6P (u, 2,7). (5.26)
|
iy M T
(€)= G’ (Ca) = 872G (Ng + uosM),
1
(C'5) +58"5(C") =0 (5:29)

The factors are fixed by demanding that the gravitational
charges (3.31) correspond to the Noether currents (4.35) of
the conformal Carrollian field theory integrated on a section
u = const. The correspondence (5.29) is inspired by the
AdS/CFT dictionary where the holographic stress-energy
tensor of the CFT is identified with some subleading order
pieces in the expansion of the bulk metric [206,207].
Indeed, recall that the Carrollian momenta are nothing
but the components of an ultra-relativistic stress tensor
living at null infinity.

Following the identification (5.15), we identify the
source operators in the Carrollian CFT as the asymptotic
shear

= sz(“» s Z)v
= CZZ(”? Z, Z)v

2 >(u 7,7) = 0<%,_%)(u,z,2)
o\
Z

NS

(M Z, Z) gs 5,%)(u,z, Z) (530)

and similarly at .#~. They are quasi-conformal Carrollian
primary fields because of (3.30). The homogeneous part of
the transformation determines the Carrollian weights of the
field to be k =3 3and k = —5. In the presence of matter,
boundary values of rad1at1ve null fields will also be
considered as source operators %) with weights (k, k)
fixed by the helicity of the bulk field as (5.17). All these
sources are responsible for the dissipation in the conformal
Carrollian field theory through the fluxes Fz = F &4 with

S 0.0 36 + o 0.0 | - TitP (60) + S 0.T0 (),

(5.31)
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Taking the identifications (5.29) and (5.3 1) into account, one
can then check explicitly that the time evolution equations in
the sourced Ward identities (4.41) reproduce the gravitational
retarded time evolution equations (3.24) when there is no
insertion in the correlators. Notice that imposing the BMS-
invariant conditions C,, =0= C.: and T =0 =
Tm(z) — Tm<2)

uz .z makes the flux vanish identically.

C. Holographic Ward identities
for a massless scattering

In this section, we specify the holographic sourced Ward
identities discussed in Secs. IV C and IV D to the case
where the bulk process consists of a massless scattering.

Let us consider a scattering of null particles in some
asymptotically-flat spacetime at null infinity. Through the
holographic identification (5.21), the scattering amplitudes
are encoded by correlation functions (X¢) of source
operators in a putative dual conformal Carrollian theory
living on .#. The integrated version of the sourced Ward
identity (4.22) is specified as

([~ [ o a0 s

for any conformal Carrollian vector & where jg| -, j| ot
are sensitive to motions of massive particles and the flux F
is given by (5.31). Hypothesizing that the process under
consideration only encompasses massless fields and noth-
ing arrives at past and future timelike infinities, the Noether
current jz vanishes at .#~ and .% 1. Hence (5.32) becomes

(FeX%) =0, where Fz = / Fz.  (533)
¥

Taking into account that the insertion of the flux operator
JF & generates the transformation of the source operators in
X, we have
5:(X§) =0, (5.34)
hence recovering the invariance of the correlators under
conformal Carrollian symmetries. Notice that with no
source inserted (N = 0), we obtain the natural result
(Fz) = 0. The consequence of the relation (5.34) has been
studied e.g. in [23,26,193]. In the next section, we will
revisit how to deduce the generic form of correlators from
these symmetry constraints.
Prior to that, let us mention that the derivation can also be
made for electrodynamics. In that case, the conformal
Carrollian correlators obey

(FiX%) =06,(X5)=0 (5.35)

for any gauge parameter A. In particular, this constrains the
two-point function to satisfy

8,(X5) = 0= (A9(z,2))01 = 19(2,,7,) 02)(X3) = 0
(5.36)

using (5.15), (5.16), and (5.26). For the particular trans-
formation 1(¥) = ¢ € R,, this imposes the algebraic con-
straint Q; = Q,, which is nothing but the statement of
conservation of electric charge. For a generic function
29(z, %), this further imposes (X3) « 8% (z; —22)80, 0,
which is consistent with conformal Carrollian invariance
(5.34) as we will show in the next section.

D. Conformal Carrollian invariant
correlation functions

In this section, we deduce the explicit form of the two-
and three-point correlation functions in Carrollian CFT
from the Ward identities (5.34). The computation of higher-
point functions is left to a future endeavor.

Let @(kl’,;].) (x1) and @ ¢ 1(x2) be two quasiconformgl—
Carrollian primary operators. We want to study the constrains
on the two-point function (X;) = (@, z,)(x1) P, i) (X2))
implied by 6z(X,) = 0, where & denotes an element of the
global part of the conformal Carroll algebra (or equivalently
Poincaré algebra), which transforms the inserted fields as
(4.34). Invariance under Carrollian translations generated by
P, =0, gives

0 0 _
a_x‘l’<X2> +a_xg<X2> = 0= (X;) = (X2)(u12. 212, Z12).

(5.37)

where u;, = u; — u, and z;, = z; — 2,. Invariance under
Carrollian boosts B, = x40, gives

x11420u12 <X2> =0= <X2>

= f)(z12:Z12) + 9(2)(”12)5(2)(212)- (5.38)

The general solution thus involves two distinct branches
[55,193]. The time-independent one (X,)" is meant to be
invariant under the stabilizer group of u = const. cuts of the
conformal Carrollian manifold (i.e. the conformal group in
two dimensions), while the other branch (X,)" involves
explicitly the time direction but at the price to reduce the
angular dependence to contact terms, which can be expected
for an “ultralocal” theory of fields.

1. Time-independent branch

Selecting first the time-independent branch by setting
92) = 0, the invariance under the Carrollian dilatation D =

x40, = uo, + z0, + z0- imposes
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- €2
2120, f2) + 2120z, f (2) + Kiaf () =0 = fo) = %’
212212
a+b=kf,. (5.39)
Invariance under Carrollian rotation J = —zd, + z0: also

imposes

2120;,f(2) — 2120z, ) + kpf o) =0 = a—b =k,
(5.40)

which then implies that a = >, k; and b = 3", k;. Because
of time-independence, K| brings no additional constraint.
K, and K, respectively impose that k;, = k, and k; = k,,
which allows us to conclude that [55,193]

902)(2120;,, = Z120s,, + k1)8@) (212) = kip92)8@ (212) =0 = k7, = 0.

Now, invariance under Carrollian dilatation D gives

M125u12<X2>rd + leaz12<X2>td + 2120z, (X2)" + ki (X,)" = 0,

40)
(Zl _ Zz)kﬁ-kz(Zl _ Zz)kﬁ‘kz

(X2)"'=fno) = Ok, Ok, &y -

(5.41)

This is exactly the standard two-point function for a 2d
CFT. However, although this branch is allowed from a
symmetry analysis, it is not related to dynamical bulk
events such as scattering processes since it has no time
dependence.

2. Time-dependent branch

We are thus rather interested in the time-dependent
branch (X,)™ where we set f(;) = 0. The Ward identity
encoding the invariance under Carrollian rotation J simply
adds one algebraic constraint as

(5.42)

(5.43)

which, using the fact that x§'(x) ~ —5(x) in the sense of distributions, becomes

”129/(2)(”12) + (ki =2)g0) (u12) = 0.

(5.44)

When (5.44) is satisfied, we can check that the Ward identities for K, K, and K, do not bring additional constraints.

Indeed, the proof for K|, is immediate, because

(211204, + 12220, (X2) & (|21 ]* = |22[*)8®) (21 = 22) = 0.

(5.45)

The Ward identity for K is equivalent to the following differential constraint:

u12z18

L3V

(X2)" + (23 = 23)0., (X" + 221 (X2)"> ki =0

= (2= k) (X2)" + (21 + 22)2120;, (X2)" + 22 <X2>tdzki =0

= (z - zi:k,- - zi:l_c,- -2+ 221_:1@)@ (X,) = <Zki - Z:lé,»)zl (X,)" =0,

(5.46)

using successively (5.44) and the constraint k7, = 0. This concludes the derivation since the invariance under the last
special conformal transformation K, is proven in an analogous way. The deal now consists in solving carefully the master

equation (5.44), which offers a few surprises.

3. Continuous set of functional solutions

For generic values of k|, # 2, the general functional solution of this equation is

90 (u12) o2

leading to the following correlator

! (5.47)

Up
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€r.(2)
)sz—z

(X)) =
(uy —uy

8D (21 — )8k 0| (548)

This class of solutions is consistent with previous analyses
[55,193,208].

When kj, =2, the above solution seems to be time
independent again. But if the insertions represent boundary
values of bulk-scattering fields, this algebraic constraint is
precisely implied by (5.17). The only hope to keep a time-
dependent solution from (5.48) that can match e.g. with
(5.23) in the limit k, — 2 is to have a particular dependency
in k7, in the overall constant, left unfixed by the symmetries.

Going to Fourier space, gp)(u12) = [+ doG(w)eiom
and posing = ki, — 2, (5.44) becomes

+00 .
/ do|-oG'(0) + (f — 1)G(w)]e7™"> =0.  (5.49)
Assuming that # > 0, the distribution
Gy(w) = 2mca’ 'O (w) (5.50)

is solution of (5.49), where c is a constant. Indeed, enforcing
that @ > O to interpret it afterwards as the (light cone) energy
of particles,

+00 X +00 .
/ dol-oGj(w) + (B —1)Gy(w)]e™ "> = —27/70/ dwa’s(w)e™ 2 = (. (5.51)
Inverting the Fourier transform for f > 0 gives
1 [+eo . +oo .
92)(urn) = 2—/ doGy(w)e "2 = c/ dowf~t e (5.52)
7)o 0
which involves the integral (2.93). This fixes the dependency of c () as
Tk, — 2] k-2 1
9oy (ur2) = % —c [ﬁ —(r+In |”12|)] +O(ki; -2) (5.53)
uy 127

only focusing on the functional branch by fixing ¢ € R. As we discussed in Sec. I D 4, the pole is related to an infrared
divergence, which seems entangled with the large-r limit of the bulk fields inducing the algebraic constraints (5.17). As we shall
now see, this is however not the unique time-dependent solution for k}, = 2.

4. Discrete set of distributional solutions

When k1+2 =2+ nfor n € N, the solution of (5.44) is enriched by a discrete set of distributional solutions. For n = 0,
using the fact that x5(x) ~ 0 in the sense of distributions, we see that g(y)(u12)  f(q)(u12) = sign(u;,) is a solution. We
thus have

(X,)1dd = ¢4 ) sign(uy — uy)6? (z; — )0 00kt 2+ (5.54)

among the possible solutions of the Carrollian Ward identity for k{, = 2. For any n € N, it can be shown by recurrence that
(5.44) is solved by the successive distributional derivatives of the sign function, denoted by f,)(u12) = AL f (o) (u12).
12

Indeed, if f,)(u1,) is solution of (5.44) for k1 =2 =n, i.. i f{, (12) + nf ) (12) = 0, then

M12f’<,1+1)(u12) + (n 4+ D f (ng1) (u12) = (”12f/(,,)(”12))/ + ”f/(,,)(ulz) =0. (5.55)
So in general, we can write
(X,)dd — ¢ . n(u; — )83 (2 = 25)8- o6 YV neN (5.56)
2)(n) = Cd.(2) du gniu, 2 21 T 22)0k;,. 00k, 240> . :

To the best of our knowledge, this particular solution has not been derived in the previous Carrollian literature. Together
with (5.53), this proves the Carrollian invariance of the boundary two-point function (5.53) and the commutator (5.24).
More precisely, the holographic dictionary (5.15), (5.22) and the considerations of Sec. IID 5 favors the following
particular linear combination of (5.53) and (5.54):
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1 i .
<X2>fd & |:k]+2—_2 - (7 +In |u1 - u2| + ?Slgn(ul - u2>):| 5(2) (Z1 - Z2)6k1+2~25k1_2’0' (557)

We thus regard the above expression as the form of the two-point function for source operators in any holographic
Carrollian CFT. The expression (2.95) of the two-point amplitude in position space fixes the overall constant in (5.57)
to (47)7'K3,).

Remark—Acting with n time derivatives on the correlators increments k{, — k{, + n (because each time derivative
increases Carrollian weights by %), starting from the correlators of boundary value fields with k;, = 2. For each n € N, we

thus have two branches to consider. For instance,

_ _ 5 (zy -z
(000 01,2200, 0,22 20) = or = )92 - ),
i} _ 5 (z, -z
<au1q)z1z1(u]’zlaZl)auzq)ZgZz(MZsz,ZZ» “(u( : " )5) or 5’(”1 - M2)5(2>(Z1 —Zz)y (5-58)
)

for k{, =3 and 4. Both choices lead to time-dependent  similar arguments, one can easily show that this is also the
correlation functions which are possibly well-behaved forthe  case for the one-point function, namely (X,) = (@ z)) = 0,
B-transform. However, the compatibility with the holo- except for the identity operator.
graphic dictionary imposes to choose the distributional
brangh for (expectation Values. of) commutators aqd Fhe VL RELATION WITH CELESTIAL HOLOGRAPHY
functional branch for the correlation functions. As a curiosity,
we remark that the coexistence of inverse power law in time In Sec. V, we discussed the Carrollian holography
and distributional dependencies is reminiscent of what  proposal by providing some kinematical properties of
happens in 2d CFT, where the analogous branches can be  the dual Carrollian CFT and its relation with gravity in
mapped onto each other by means of shadow transforms. the bulk. The goal of this section is to make contact
Let us conclude this section by giving some comments  between the Carrollian approach and the celestial holog-
on the three-point function (X3). It has already been  raphy paradigm. In order to do so, we start by recalling
pointed out that the time-dependent three-point function some of the well-established symmetry constraints for
(X3)" s identically zero in a conformal Carrollian quantum  celestial CFT induced from the bulk analysis, namely
theory [55,193,208]. This can be seen as a consequence of the BMS Ward identities encoding bulk soft theorems.
the invariance under Carrollian time translation Py, boosts ~ We then relate Carrollian CFT and celestial CFT by
B, and special conformal transformation K, or, in other =~ mapping the Carrollian source operators, their correlation
words, invariance under Poincaré translations (see functions and associated Ward identities to those of
Appendix B for the dictionary). One has the following  the CCFT.
algebraic constraints:

A. Ward identities of 2d celestial CFT currents
70, (X;3)™ As already reviewed in Sec. IID3, for a massless

1 scattering, one can express the S-matrix elements in a
boost-eigenstate basis made of the conformal primary wave

3
= Z | Zi|25u,- (X3)d =0 (5.59) functions by performing a Mellin transform on the ampli-
i—1 tudes in energy eigenstates, see (2.84). The key ingredient
of celestial holography is to identify the S-matrix elements
solved by 9, (X3)“ =0, for all i = 1, 2, 3 and the time-  written in this conformal basis with correlation functions of

dependent three-point function is identically zero. Finally,by =~ 2d celestial CFT, namely
|

<0(()Ktl ,Jl) (Zl ) ?1 ) .. .O?Ktn.]”) (Zn, Z”)Oi(nA"H,J”H)(Zn-ﬁ-I ) Zn+1) .. 'Oi(nAN,JN) (ZN’ ZN)>CCFT

. Foo A1 [T Ar-1 Foo Ay—1
E<0ut|1n>boost: ) dw, o) 0 dwywy* ... 0 doywy -AN(Pl;--.;pN)a (61)
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where we recall that Ay denotes the amplitude of
N-particle scattering (n of which are outgoing) in the usual
energy-eigenstate basis. CCFT operators are characterized
by a pair of numbers; A is the conformal dimension
corresponding to the boost eigenvalue in the bulk and J
is the 2d spin identified with the bulk helicity. Very
often, one trades (A,J) for the conformal weights (h, h)
defined as

XN = O(()Ktl,]l)(zl’ Zl)...o(()zt”,‘,")(zn, Zn)

for N insertions in CCFT correlators.

Using the identification (6.1), soft theorems in the bulk
can be rewritten as Ward identities associated to
“conformally soft” currents (i.e. with A € Z operators)
in CCFT [110]. The soft-photon theorem can be rewritten
as a U(1) Kac-Moody Ward identity [69,110,126]

(6.4)

where J(z) is a U(1) Kac-Moody current of conformal
weights (1,0) and 5, = £1 for outgoing/incoming fields.
Note that this sign disappears in the all out convention.
Similarly, the leading soft graviton theorem can be encoded
in the supertranslation Ward identities of the CCFT
[110,125,151]

(P(z,2)Xy) + 1 EN:

N, ~
. —— 0, (Xy) =0,
g=1

q

(6.5)

where P(z, 7) is the supertranslation current with conformal

weights (3,1) and 0, shifts the conformal dimension A by
unit increment. The subleading soft graviton theorem is
described by the CCFT Ward identities of superrotations
[69,72,76,209]:

0 h
+ T | (Xn) =0,

(z—2,4)°

(T(2)Xx) +hz{ (6.6)

q
=2y

where T(z) is the holomorphic celestial stress tensor with
conformal weights (2, 0) (similar results hold for the
antiholomorphic stress tensor).

The low-point correlation functions in the CCFT can be
deduced from the bulk amplitudes wusing (6.1).
Alternatively, they can be deduced by studying the con-
straints implied by (6.5) and (6.6) [121,210]. The two-point
function reads explicitly as

Oin

A+J - A-J
h=———, h=——.
2 2

(6.2)
CCFT operators can also wear a number associated with
additional global symmetries, e.g. the electric charge Q for
the U(1) symmetry, which is sometimes dropped to
simplify the notation. In the following, we will use the
shorthand notation

(AHI,J,H])(ZnH’ Zn+1>~-oi(nAN,JN)(ZN’ Zn) (6.3)
|
M(A, 21,2158, 22, 22)
= <0((’Kt1,11)(11,Zl)Oi("AZ,JZ)(Zz,Zz)>
= (27)*C 0)8(v1 +12)8@ (21 — 22)85,5,.  (6.7)

with A, = ¢ + iv,, while the 3-point correlation function
vanishes in Lorentzian signature for the bulk spacetime. The
latter can be made nonvanishing by formulating the CCFT
correlators with complexified (z,Zz), i.e. Z # z*, which
amounts to consider holographic duals of bulk amplitudes
written in the split metric signature (—, +, —, +) [71].

Another important information in the CCFT that one can
deduce is the form of the OPEs. The latter can be obtained
from the bulk amplitudes using (6.1) and taking the collinear
limit for the particles, which amounts to take the limit
(z1,21) = (22, 22). The knowledge of the OPEs allows one
to deduce new symmetries for scattering amplitudes, which
includes the w;, . algebra [98,100,211]. An interesting
observation for the current discussion is that the OPEs
between the CCFT currents P(z, Z) and 7(z) can be deduced
from the BMS charge algebra [158], the latter being
interpreted as an algebra for Noether currents in the
Carrollian CFT at null infinity. This constitutes a first
important insight suggesting that the Carrollian CFT and
the CCFT can be related to one another. We explore this idea
in further details in the following section.

B. From Carrollian to celestial holography

In this section, we show that the celestial Ward identities
associated to large gauge and BMS symmetries can be
recovered from Carrollian correlation functions involving
(quasi)conformal Carrollian primary source operators of
specific weights.

1. Soft-photon theorem

We consider again here the holographic description of
massless scalar electrodynamics and we use the objects
defined in Sec. VB 2. The goal now is to deduce the
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celestial Ward identity (6.4) from the U(1) invariance of First, it is useful to express the soft-photon current J(z)
Carrollian correlators (5.35) after some B-transforms. We in terms of conformal Carrollian fields. Recalling (5.25),

are giving more details about the simpler U(1) case, as the  we write 6" = 9,6\, which carries Carrollian weights

gravity case proceeds similarly. 3,1

3.1) and 6§A) = (6"V)7. The soft flux (3.18) then reads

1 +o0 +o0
F$ = / dPxF3(s,2,2) == / d?z2 ( / dud.6) — / dvazéiA)) +H.c., (6.8)
g > —0 —0

where all objects have been promoted to quantum operators. Now using the electricity condition (3.12) after performing the
time integrals explicitly,

2 +oo +oo
FS = dzz/l( ) dud.6t" — dvo-6V
A -~ Z
+oo0 1
—— / 4?7010 ( / duc — / dw-,w) = / d?20.29J(z), (6.9)
—00 T Js

using the expression of the soft-photon current [126,155]

4 +oo +oo
I =-=2 < / dus® — / d@”). (6.10)
e —0 —00

This operator inserts a soft photon of positive helicity. Notice that by using the electricity condition to trade 026§A) in favor

of 0Z6'§A), one can insert a soft photon of negative helicity instead by means of the Hermitian conjugated operator J(Z).
Starting from the Ward identity (5.35), splitting the flux F, = F + ff as in (3.17) and (3.18) and using (F7X$) =
it (X) as a consequence of (3.19), we find

%(FfXﬁ,) + 81(X3) = / d?z0:20(J(2)X3) + 88 (X3) = 0, (6.11)

2rxih
owing to (6.9). Here 65 (X¢,) represents the homogeneous part of the U(1) transformation of the source operators, i.e.
5H (O:t/km)Q ( /U]’Z]’_l-) :F leQ /1 (Zj’zj)a?]tl/t!/[_:])Q/(u//v]’zj’zj)’ (612)

obtained explicitly from (4.28), (5.15), and (5.16). Particularizing for 1) (z,2) = Z_LW and using the property

1 1
5(7 —w) = —09. , 6.13
(@ w) = gp0r( 1) (6.13)
we have
1 N 0,0
— Xg) +iey —L(X§) = 14
77 OR) +ie DL 5) = (6.14)

where 7, = +1 for incoming/outgoing insertions. The last step needed to translate this result into the celestial picture
amounts to relating Carrollian outgoing and incoming source operators to the celestial operators by means of the
B-transform as in (2.65), i.e.

out 7. + oo dui _ out s
Olta.0, (2 Zi) =k elfgﬁf G i1 O o k.0, (M- Ziv Z0):

(6.15)

i dv; i _
in — +00 J in 5.
O(A,Jj) 0 (z.2)) = KAEIE(% 23 (0,—ie) G(kj,kj),Qj(U/’ 2, %)),
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which is also consistent with the extrapolate-style dic-
tionary of [93]. Importantly, let us recall that, in our picture,
the Carrollian sources that are 3-transformed in (6.15) are
identified with the boundary values of bulk massless fields,
namely implying that the 2d spins are implicitly fixed by
Carrollian weights as (5.17). Denoting as before the set of
celestial insertions by X'y, one finally checks that (6.14)
becomes (6.4), which is nothing but the celestial encoding
of Weinberg’s soft photon theorem.

Remark—Let us stress that, in this last step to relate
Carrollian and celestial results, our proposal to exchange
time and conformal dimension by means of (6.15) differs
from the proposal of [55] to use the “modified Mellin
transform” introduced in [208]. By construction, the B5-
transform (2.63), defined in Sec. II C as the combination of
Fourier and Mellin transforms acting on ladder operators,
maps boundary values of bulk scattering fields onto
celestial operators and vice versa thanks to the inversion
formula (2.73). On the other hand, the modified Mellin
transform maps functions in Fourier space onto functions
depending both on (retarded) time and conformal dimen-
sion, which thus cannot be interpreted as boundary values

Firo = //pﬁ (r0)(8:2.2)

of scattering fields. Nevertheless, since both integral trans-
forms provide amplitudes which solve conformal Carrollian
Ward identities, the link between the B-transform and the
modified Mellin transform would be worth exploring.

2. Soft graviton theorems

Now we turn our interest to scattering processes involving
gravitons in asymptotically flat spacetime. Let (X§) be a
conformal Carrollian correlator with N insertions, among
which can be found either boundary values for the gravita-

tional field [i.e. quasiconformal Carrollian primary source

operators ¢

conformal Carrollian primary source operators ¢(#)).

From the considerations of Sec. V C, we impose (5.33)
for each conformal Carrollian transformation (4.31). The
splitting in hard and soft variables induces a corresponding
separation in the integrated fluxes as in (3.49). Considering
first a supertranslation (by setting )* =0 = )*) and

and O'( -) = (aﬁg)

of weights (3, —1)] or null matter fields (i.e.

defining 6% = auog?_l) )T, we promote
272

the soft flux to the following quantum operator

1 +o0 . +o0 ]
= 162G ;T </ du@%ag) +/ dv@%aﬁ?) +H.c.

1 +oo +oo0
== d2z7< / du?26t) + / dv%é—g«‘g)) =

1
—— [ d*z0-TP(z,%). 1
2ﬂ/d 20:TP(z.2) (6.16)

The second equality involves the electricity condition (3.41) after performing the time integrals, the third equality uses an
integration by parts on the angles and the following definition the supertranslation current [125,151]

P(z,7) =

1 “+oo0 “+oo0 .
G </ du- ozz /_oo dv@zag‘g))

(6.17)

which inserts of a soft graviton of positive helicity. Notice again that by using the electricity condition to remove @2(3—22) in

favor of 7 az Z,

1
T (FeroXi) + 67 (X5) =

1 =\ vo H o\
_2ﬂih/>; d*z20-T (P(z,7)X%) + 5;3 (X%) =0,

we would insert a soft graviton of negative helicity instead. With this definition, (5.33) becomes

(6.18)

where we used the factorization property (3.52) and 6? reproduces the homogeneous transformation (5.13). We have

2mh/dzzaT 2, 2)X%) (ZT(Z,, )0y, + Z T (zj,%;)0

(6.19)

)05 =0,

j=n+1

assuming that the first n fields are holographically identified with outgoing radiative modes. We now perform the

B-transforms
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Oout (Zz, Zi) _ KA lim +oo &O_om_ (”i» Zi Zl_)’
0" o (u; +ie)Ai (kiki)
+00 dv .
J in
O(A 7, >(ZJ,ZJ) = KAelil(l)n+ . T —ieh ,—(j)(vj,zj,zj), (6.20)
such that
527,0)0?2{11[1)(217 Z;) =F iT(2;.%;)0a, O?u )(zj,zj) (6.21)
in accordance with e.g. (2.31) and the holographic map (5.15) and (5.16). Notice that one also has
Oout/m (zj, Zj) (y&(zj)azj + )5 (Zj)dz/_ + hjazjyz,- + }_ljazjj)zj)(f)(()zzlji)(zj, Zj), (6.22)

where /1, h; are fixed as (6.2). Then particularizing (6.19) for 7 (z,z) =

Jo

trading X§; for X'y through (6.20) and using

z— w’

(6.13), we recover (6.5), namely the celestial encoding of the (leading) soft-graviton theorem.

The case of a holomorphic superrotation (setting 7 =0 =

yz()_

z=w’

s _ 3.8 N
”7:25(0.3)) - /jd 'XFE(()’:);)(S1Z’Z) = —iT(w)

for the holomorphic stress tensor 7(z) [158,159]

. 2) too 1
T(a)= 16;G/ zd—vtv U_m a (”93 Bt S 9, ae+ 56%9W6%0>) e ”>] ’

where 655@0) (w, w) denotes the quantum operator represent-

ing the soft variable CESV)V defined by (3.40). Then proceed-
ing the same way as before and recalling (6.22), one
recovers the 2d CFT Ward identity (6.6) from (5.34) after
performing the integral transforms (6.20).

VII. DISCUSSION

In this paper, we have provided more details about the
Carrollian approach to flat space holography. Let us
summarize the steps of this proposal. First, consider gravity
in 4d asymptotically flat spacetimes without radiation. In
this case, the putative dual theory is an honest Carrollian
CFT without external source. The insertions of operators in
the correlators of this theory, denoted by ¥, are typically
components of the Carrollian momenta. This situation is
similar to what is usually considered in AdS/CFT with
Dirichlet boundary conditions, where the correlation func-
tions in the CFT involve the holographic stress tensor. It is
also very reminiscent of the situation arising in 3d
asymptotically flat spacetimes where the bulk theory is
topological.

The second step consists in introducing the radiation in
4d asymptotically flat spacetimes. In this case, a first
observation is that the BMS charges are no longer con-
served due to the radiation reaching null infinity. Therefore,

)%, the antiholomorphic case being analogous) taken as

can be considered in a similar fashion. The related soft flux is promoted as the following quantum operator

(6.23)

(6.24)

if one identifies the BMS charges in the bulk theory with
the Noether charges of the putative dual Carrollian CFT,
something has to spoil the global symmetries in the dual
theory to yield the nonconservation. In [60] and in the
present paper, we have argued that the right setup to spoil
the symmetries and encode the radiation at null infinity is to
consider a sourced Carrollian CFT. The situation would be
very similar to the case of AdS/CFT if one considered
leaky boundary conditions instead of conservative boun-
dary conditions such as the standard Dirichlet boundary
conditions. In that case, the boundary metric, which plays
the role of source, is allowed to fluctuate on the phase space
and becomes a field of the dual theory. In the flat case, for
pure gravity, the source operators ¢ correspond to the
asymptotic shear and encode insertions of gravitons at null
infinity. The correlators of source operators are therefore
identified with S-matrix elements in the bulk. In this sence,
from the Carrollian perspective, the S-matrix is described
by the source sector of the theory. Obviously, this sector
does not exist in the 3d case since there is no propagating
degree of freedom and no scattering process occurring.

In the last part of the paper, we have then shown that the
source sector of the Carrollian CFT could be related to the
celestial CFT. More precisely, the source operators in
the Carrollian CFT are mapped on the operators of
the CCFT.
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We end up this manuscript by providing future poten-

tially interesting directions for this work.

(i) The formalism of sourced quantum field theory
introduced in Sec. IV was applied in this work to
flat space holography and its associated asymptotic
dynamics of the bulk spacetime. We believe that this
setup describing a sourced system could be applied
to a much broader scope than the one presented here.
Indeed, any gravitational system with leaky boun-
dary conditions could in principle be holographi-
cally described using this formalism. For instance, it
would be worth applying this framework in the case
of hypersurfaces at finite distance (see e.g.
[196,199,212-217]), such as black hole horizons,
to deduce some insights on holography for finite
spacetime regions.

(i) As mentioned in the introduction, most of the results
obtained in Carrollian holography are deduced from
AdS/CFT by taking a flat limit in the bulk, leading
to an ultrarelativistic limit at the boundary. However,
as highlighted in [61-65,218], one has to start from
leaky boundary conditions in 4d AdS if one wants to
obtain radiative spacetimes in the limit. This con-
trasts with the standard Dirichlet boundary condi-
tions that are usually considered in AdS/CFT.
Therefore, the first step would be to obtain a holo-
graphic description of AdS spacetimes with leaky
boundary conditions by coupling the dual CFT with
some external sources and using the formalism of
Sec. IV. Then, taking a flat limit in the bulk will
imply an ultrarelativistic limit at the boundary. The
hope is that one might get an explicit realization of
the sourced Carrollian CFT using this procedure. It
would also be interesting to revisit in this context the
flat limit procedure of scattering amplitudes in AdS
in the spirit of the works done in [219-222] and
relate it to our setup.

(iii) The newly uncovered w;,, symmetries in the
CCFT [98] have not yet been given a clear inter-
pretation in the Carrollian CFT. As suggested by the
recent analysis of [103], the information on these
symmetries might be encoded in the subleading
orders of the bulk metric. In our analysis, we have
only considered Carrollian stress tensor or source
operators. However, nothing would prevent us to
consider Carrollian fields that are holographically
identified with subleading orders in the expansion of
the bulk metric. It might be instructive to revisit
these wy, . symmetries in those terms and provide
an interpretation at null infinity.

(iv) Finally, it would be a great progress if one could
provide an explicit example of Carrollian CFT living
at null infinity that would holographically capture
some features of gravity in the bulk (for the celestial
approach, see e.g. [223-226] for recent top-down

models). A good starting point is the BMS geometric
action constructed in [32] which, together with
[227], furnishes an effective description of the dual
Carrollian CFT for nonradiative spacetimes. The
source sector of the Carrollian CFT is not yet known
but we believe that the analysis provided in the
present paper imposes strong constraints on it. For
instance, the Carrollian weights of the source oper-
ators are completely fixed via (5.17). Moreover, the
2-point correlation function for source operators is
identified with the bulk 2-point amplitude as in
(5.23). In particular, this tells us that the propagator
of source operators is u-dependent, which suggests
that the source sector of the Carrollian CFT is a

timelike electric-type of  Carrollian  theory
[41,46,190,228,229].
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APPENDIX A: BONDI COORDINATES FOR
MINKOWSKI SPACETIME

In the main text, we make an extensive use of the
parametrization of Minkowski space by Bondi coordinates.
We found convenient to work with a flat representative of
the conformal boundary metric, which amounts to perform
a boundary Weyl rescaling with respect to the usual choice
of round boundary representative. The aim of this appendix
is to install our conventions and notations regarding this
choice of coordinates.

1. Bondi coordinates with round boundary
representative

In retarded Bondi coordinates {u.,r,,z.,Z.} (4, € R,
r, € RT, z, € C), the Minkowski line elements reads as

4 2
ds* = —du? - 2du,dr, + ﬁ?z)zdzodzo. (A1)

Cuts of constant u, of future null infinity % = {r, —»
+oo} are spheres on which the line element is the unit
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round-sphere metric in stereographic  coordinates
7, = €' cot g. The change of coordinates from the
Cartesian chart X# = {¢, X} is given by

Xt =udy+ro—— =gz 2), (A2)

1+ 2.2,

where

7" (z,2) = %(1 +2Z,z+2,-i(z—2),1 —zz) (A3)

is the standard parametrization of a null direction pointing
toward the direction (z.,Z,) on the celestial sphere. In a
similar way, one defines advanced Bondi coordinates
{vs, 7, 20,7, (v, €R, ¥, eR", zL €C) in which the
Minkowski line element is

4r%
ds? = —dv? + 2dv.dr, + %dzgdzﬁ,. (A4)
(14+2.2))
In terms of the Cartesian coordinates, we have
V2 _
X = 0.6 = rls ) g (2., 7). (AS)

For any finite value of r,,r,, both Bondi coordinate
systems are related as

1
vo:uo+2rov rg:roa Z{::_Tv (A6)
<o
where in particular the holomorphic coordinates are related
by the antipodal map (6,¢)+ (z—6,9+x), or
Zo > — Zl This particularly convenient choice [151] allows

one to label a light ray crossing the spacetime with the same
value of the angular coordinates in both coordinate sys-
tems. In other words, a light ray originating from a point
7/, = a on the celestial sphere at past null infinity will pierce
again the celestial sphere at future null infinity at the
antipodal point identified by z, = a.

2. Bondi coordinates with flat boundary representative

We now introduce the coordinate system {u,r,z,Z} by
trading the unit round-sphere metric on the boundary for
the flat complex plane metric. The diffeomorphism that
implements the boundary Weyl rescaling has been worked
out e.g. in [230] and reads as

V2 , M R % S A
1+ZOZO o \/57 \/z o 2}" ’
ZOMO
2=2,— , A7
e (A7)

for retarded coordinates. Here u,r € R and z € C. The
relation with Cartesian coordinates is now given by

X' = u0,0;q"(z,2) + rq"(z.2) (A8)
and the Minkowski line element reads as
ds* = =2dudr + 2r*dzdz. (A9)

These coordinates are such that .#* and .#~ are respec-
tively obtained by taking the limits » — +oco0 and r — —o0.
Cuts of .#" are now complex planes endowed with a flat
metric. Lines obtained by keeping (u, z,Z7) fixed form a
null geodesic congruence extending from past to future null
infinity. The matching between past and future null
infinities is therefore here immediate.

Similarly, we can also flatten the boundary representative
in advanced Bondi coordinates to reach the coordinates
{v,¥,7/,7'}. The diffeomorphism implementing the boun-
dary Weyl rescaling is given explicitly by

, V2o, 1+27.7 7 v?
= —ro——=, V= Vo +—F——,
1+ 2.2, V2 V2 2r
200,
7=+ Al0
o (A10)
In these coordinates, related to the Cartesian coordinates via
Xt = 00,0,q°(2,F) = " (2.7),  (All)
the Minkowski line element is
ds* = 2dvdr + 2r*d7 d7 . (A12)

Here .#% is reached in the limit ¥/ - —co while .~ is
obtained by taking ' — +oo. Inverting (A7) recalling that
r, € RT and taking into account the diffeomorphism (A6),
one can show that (A10) yields

r=-r, 7=z

(A13)
The Bondi coordinates with flat boundary representative are
asymptotically related to those with round boundary repre-
sentative as follows. In the limit where r, goes to infinity in
the retarded Bondi coordinates, we deduce from (A7) that

1+ 2,2 V2
u=u, 2+ O(rs 1), r=r, — 4+ O(1Y),
V2 (=) 1+ 2.2, (re)
=2+ 07, (A14)

while, in the limit where r, = r, goes to infinity in the
advanced Bondi coordinates, (A 10) together with the match-
ing (A13) imply

126027-45



DONNAY, FIORUCCI, HERFRAY, and RUZZICONI PHYS. REV. D 107, 126027 (2023)

1477 V2 coordinate system up to performing the simple change of
V=1, NG + o(rsh). r=-= 1 n L ] +0O(r)), coordinates (A13).
) —1
¢=2+0(r). (A15) APPENDIX B: ISOMORPHISM BETWEEN
GLOBAL CONFORMAL CARROLLIAN AND
In this sense, the coordinate system {u,r,z,z} with flat POINCARE ALGEBRAS

boundary representative interpolates between the advanced

: ) In Cartesian coordinates X* = {t,x'}, the Poincaré
and retarded coordinate systems with boundary round

generators on Minkowski spacetime are

representatives at large distances. In particular points situated (i) Translations: Py = 0, P; = d, i = 1, 2, 3.

atz, onthefuturecelestial sphere are identified with points at (ii) Rotations: R; = x/du — xkaxj, (i.j.k) = (1,2.3)
z, = —= on the past celestial sphere through a null ray 2, 1,3), 3,1, 2).

defined w1th constant (u, z, Z) such that z = z, at future null (iii) Special Lorentz transformations: B; = x/d, + 0.,
infinity. Similar considerations apply for the advanced i=1,2,3.

They satisfy the well-known i80(3, 1) algebra
[P, Pj] = 0 =[Py, Pi, [Ris Pj] = —&;jx Py [Ri» Po] = 0, [B;, P;] = —6;;Py,
[B» Po] = =P, [Ris Rj] = —&;3 Ry [Ris Bj] = —&;jxBx [Bi, Bj] = &ijxRy- (B1)

Performing the change of coordinates to retarded Bondi gauge with flat conformal frame at the boundary, one finds that the
Poincaré generators can be expressed as (4.31) on .# " with particular functions 7, ) and )* given in Table I.

From the intrinsic point of view, these generators do not necessarily seem natural but can be related to the standard
generators of a conformal Carrollian symmetry algebra (see Sec. IV D 1) thanks to the following isomorphism:

CCarr; ~ Conf,¢R* ~ 80(3,1)&R* = i80(3, 1). (B2)

The dictionary is as follows:

1 _ _ I _ _ _ _ i, _ _ _ _
Py=— (B, + P3), P, =—(R iR B, + B,), P, =—(R, —iR, —iB, +B,),
0 \/5(0+ 3) 1 2(1+12+l1+2) 2 2(1 iRy —iB; + By)
= _ 1 _ = | -
J = lR3,D = B3, Bl = —75( 1—1P2), Bz = —7§(P1 +lP2),
Ko =—-V2(By—B;), K, =—i(Rj+iRy—iB —B,), K, =i(R — iRy +iB —B,). (B3)

The bar over the Poincaré generators means again their restriction to future null infinity. Applying the redefinitions
(B3) on (B1) gives the algebra (4.32) and (4.33).

TABLE I. Poincaré generators in retarded Bondi gauge.

Generator 7(z,7) Vi (z) V4(2)

P, #1+22) 0 0

Py —L\/—(z +3) 0 0

P, Fi(z-2) 0 0

P3 T(l - z2) 0 0

R 0 li(1=2%) -Li(1-22)
Ry 0 S 42 114727
R3 0 iz —iz

B 0 H1-2%) 1(1-2%)
By 0 pi(l+2) —i(1+2)
Bs 0 z Z

126027-46



BRIDGING CARROLLIAN AND CELESTIAL HOLOGRAPHY PHYS. REV. D 107, 126027 (2023)

APPENDIX C: CONSTRAINTS ON THE CARROLLIAN STRESS TENSOR

In this appendix, we detail the proof of the identities (4.38) obeyed by the Carrollian stress tensor C“;, at the classical
level. All of them stem from the flux-balance law (4.37).

For Carrollian translations, £ = 63, hence d,C?, = F), is immediate from (4.37). Invariance under Carrollian rotation
imposes

0=10,(-C"z+C%Z) 4+ zF. — zF; = —z(0,C%, — F.) + 2(0,C% — F>) — C*, + C%;, (C1)
which gives C¢, = C%; using the invariance by translation, i.e. the first condition in (4.38). For the Carrollian boosts,
0=0,(Cx") —x"F, = (9,C%, — F,)x* +C*, = C*, = 0. (C2)
The invariance under Carrollian dilatations finally gives
0 =0,(C%x") = Fyxt = (0,C%, — Fj)x* +C%, = C%, =0, (C3)

which concludes the demonstration of (4.38).

It remains to show that the Carrollian special conformal transformations K, = —2zz0,,, K| = 2uzd, + 2720; and K, =
2uzd,, + 27%0, do not impose further constraints. Let us prove this statement for K, (the proof for K and K is similar). The
flux-balance law is particularized as

0

aa(cauuz + CuzZZ) - FuuZ - FZZ2
= (0,04, — F,)uz + (0,C%, — F,)z*> + C*,z + C*,u + 2C* 2
= (C", +C*, +C)z=0. (C4)

The second equality holds by virtue of the invariance by translation and boosts, the third one holds thanks to the invariance
by rotation while the last one uses the invariance by dilatation.

Let us finally prove that the global conformal Carrollian symmetries are enough to completely constrain C%;, i.e. (4.37) is
automatically satisfied by the pure supertranslation and superrotation currents provided (4.38) holds. Considering first a
generic supertranslation E“ =7(z,2), ZjA =0, we have

0=9,0C"T)-F,T =(0,C" —F,)T +C*,0,7 =0 (C5)
using successively the invariance by Carrollian translations and boosts. For superrotations & = Lo, & = )*(z) and
& = )%(z), we have
u u
0, <C“u EaAyA + C“AyA) -F, EaAyA —F )

u 1 u

= %C”u(azyz +0:)7) + €70, Y7 + C7:0:)"

= DOV 4 0.07) 5 (O GOV 43 (€ C)0Y

= (0 G GO + 0.5 =0, (c6)
The third equality uses the invariance by translations and boosts. It also uses the fact that superrotations are holomorphic.

The fourth equality uses the invariance by rotation while the last one invokes the invariance by dilatation. This concludes the
proof of (4.38).
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