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Abstract 

NiTi shape memory alloys are known to exhibit a Lüders-type deformation behaviour 

associated with its stress-induced martensitic transformation. Such 

phase-transformation-caused Lüders deformation presents a different metallurgical mechanism 

to the dislocation-related Lüders deformation of mild steels. To explain this phenomenon, 

many hypotheses have been proposed in the literature. However, all these explanations seem to 

contradict some experimental evidence in one way or another. In this work, a new explanation 

for the occurrence of the Lüders-type deformation in NiTi is proposed and a model is derived 

based on the criterion of conservation of sample length changes produced by the stress-induced 

transformation, the crosshead movement of the testing machine and the elastic contraction. The 

model is verified by tensile experiment and digital image correlation measurement. The new 

model is able to describe the upper-lower yielding phenomenon and the plateau stress of the 

Lüders-type deformation behaviour. 

 

Keywords: NiTi; Shape memory alloy; Martensitic phase transformation; pseudoelasticity; 

Lüders deformation.  
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1. Introduction 

NiTi shape memory alloys (SMAs) are known to exhibit a Lüders-type deformation behaviour 

[1, 2], analogous to the Lüders deformation behaviour of mild steels [3]. The Lüders-type 

deformation in NiTi occurs during stress-induced martensitic transformation [4] or martensite 

reorientation [5], and for both the forward B2B19' transformation upon loading and the 

reverse B19'B2 transformation upon unloading [1]. The Lüders-type deformation has been 

observed to occur with an upper-lower yielding followed by a stress plateau with a strain span 

of typically 5~7% [6]. Such upper-lower yielding behaviour presents a typical situation of 

mechanical instability. Similar Lüders-type deformation behaviour has also been observed for 

stress-induced martensitic transformations in other alloy systems, such as NiFeGa 

(B210M14ML10 phase transformations) [7], CuZnAl (β18R6R) [8, 9] and 

FeMnNiAl (BCCFCC) [10].  

 

The Lüders-type deformation behaviour of NiTi has been observed to occur only in tension, 

and not in compression [11, 12], shear [11, 13], or biaxial tension [14]. Some studies reported 

the observation of strain localisation in simple shear [15] and torsion of thin wall tubes [16] and 

wires [17], but in all these cases the stress response increases monotonically with strain without 

the signature upper-lower yielding and the stress plateau of the Lüders deformation. In bending 

mode, the localized Lüders deformation appears in the tension side but not in the compression 

side [12]. In this regard, the Lüders-type deformation behaviour is a general phenomenon for 

stress-induced martensitic transformations and yet appears to be a special occurrence only to 

some specific mechanical conditions such as tension.  

 

The Lüders deformation of NiTi has also been studied by various means in addition to 

mechanical testing. Video cameras [1, 18-20], infrared cameras [1, 21-24] and digital image 

correlation (DIC) technique [12, 15, 23, 25-28] have been used to observe the macroscopic 

behaviour of Lüders bands in situ during mechanical testing. Synchrotron X-ray diffraction 

[29-32], neutron diffraction [33] and electron backscatter diffraction (EBSD) [34] techniques 

have also been used to elucidate the phase transformation and microscopic metallurgical 

processes of the Lüders-type deformation. Transmission electron microscopic (TEM) 

examination has been carried out to study the detwinning process of martensite variants during 

Lüders-type deformation [35].  
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From these experiments, a broad empirical knowledge base of the Lüders-type deformation of 

NiTi has been established. Among the many characteristics of the Lüders-type deformation in 

NiTi, the following needs specific mentioning here. The Lüders-type deformation initiates by 

the sudden appearance of a narrow and localized strain band and proceeds by its propagation 

through the length of the sample over a stress plateau. The initiation of the band is associated 

with a stress drop, as commonly observed. Associated with the stress drop is an elastic strain 

reduction of the austenite part outside the newly formed Lüders band, as reported by Elibol and 

Wagner [25] and later by Shariat et al. [26]. During the propagation of the Lüders band, the 

strain inside the band remains relatively constant at a high value corresponding to the end of the 

global stress plateau whereas the strain outside the band also remains constant at a low value 

corresponding to the beginning of the stress plateau [4, 5, 23]. Upon the arrival of the Lüders 

band, the local strain increases rapidly from the low level to the high level [15, 23, 29, 32]. 

Shariat et al. conducted a DIC measurement and reported that the local strain rates at the 

initiation and during the propagation of a Lüders band are orders of magnitude higher than the 

nominal strain rate applied by the testing machine [26]. 

 

The martensitic transformation associated the Lüders-type deformation in shape memory 

alloys represents clearly a different metallurgical process from the dislocation-related Lüders 

deformation of mild steels [36, 37]. This requires a new understanding of the mechanism of the 

phenomenon. Despite the many studies, most of the published work in the literature focus on 

the characterisation of the phenomenon and only a few have devoted their attention to 

explaining the underlying mechanisms of the phenomenon. Miyazaki et al. first reported the 

Lüders-type deformation in NiTi and attributed the phenomenon to the effect of local stress 

concentrations at grain boundaries in the small-grain matrix of the alloy used [2]. This may 

support the self-catalytic nature of the martensitic transformation and thus the strain 

localisation, but clearly cannot differentiate between tension and compression/shear 

deformation modes. Shaw and Kyriakides [1] attributed the phenomenon to a higher stress 

required for martensitic transformation nucleation than that for martensite growth, in analogy 

to the phenomenon of nucleation supercooling for solidification. This explanation is 

challenged by a few considerations. For example, the Lüders-type deformation also occurs 

during stress-induced martensite reorientation, where no phase transformation (thus nucleation) 

is involved. For stress-induced transformations, the Lüders-type deformation is not observed in 

shear or compression [11, 38] or in biaxial tension [14] where martensite nucleation is required 

for the transformation. In addition, when a Lüders band propagates through a polycrystalline 
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matrix, concurrent nucleation and growth of martensite occur in every grain continuously 

throughout the propagation of the band from one end of the sample to the other. In this regard, 

this explanation is also unsupported. 

 

Mao et al. used EBSD method to characterise the Schmid factors of various martensite variants 

in a polycrystalline NiTi and calculated their critical resolved shear stresses for stress-induced 

transformation. They compared these critical resolved shear stresses between tension and 

compression and explained the absence of Lüders deformation in compression on the basis of 

these differences [34]. In this work, the occurrence of Lüders deformation in tension is 

attributed to the self-catalytic effect of martensite, i.e., the stress field caused by the formation 

of one martensite variant in one grain triggers the formation of more martensite variants in an 

avalanche manner in the surrounding austenite grains. This will lead to a continuously 

radiating and expanding transformation region, as opposed to disconnected pockets, but how it 

is in the form of a band is not explained [34]. Sittner et al. [6] took a micromechanics modelling 

approach and provided a similar explanation for the tension-compression disparity for the 

occurrence of Lüders deformation in polycrystalline NiTi. Their modelling suggests that a 

unique partitioning of stresses, strains, and phase fractions among grains for textured 

polycrystalline NiTi exists under tension that allows it to deform via stress-induced martensitic 

transformation with very small deformation modulus over the stress plateau (often on an 

engineering stress-strain curve), thus favourable for a localised band deformation. Such 

partitioning does not occur in compression. Whereas a very low (and positive) deformation 

modulus over the apparent stress plateau for the stress-induced transformation may be 

favourable for a localized deformation, it does not present a strain softening (negative modulus) 

or a mechanical instability condition for an upper-lower yielding, which is essential for a 

Lüders deformation behaviour. 

 

To overcome this conundrum, Hallai and Kyriakides [39] conducted a carefully designed 

comparative experiment using sandwiched steel-NiTi-steel and steel-steel-steel plate samples 

and derived a “natural” mechanical behaviour of stress-induced martensitic transformation of 

NiTi when strain localization is prevented from occurring (by the steel casing). This behaviour 

features a continuously decreasing stress, i.e., a continuous strain softening, over the course of 

the transformation in the sample. Such behaviour has enabled several successful finite element 

simulations of the Lüders-type deformation of NiTi samples [40-43]. However, neither the 

original work nor the later works have offered a metallurgical justification of such a behaviour, 
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i.e., why a stress-induced transformation will proceed with a progressively decreasing global 

stress. In summary, to date, a credible explanation of the mechanism of the occurrence of the 

Lüders deformation in NiTi is still absent. 

 

In this work, we propose a new explanation for the occurrence of the Lüders-type deformation 

in NiTi based on the consideration of the mismatch between the fast speed of stress-induced 

martensitic transformation and the slow speed of deformation applied by the testing machine. 

The local strain rate of Lüders deformation in NiTi has been measured to be more than two 

orders of magnitude higher than the global strain rate applied by the testing machine [26]. Such 

large discrepancy between the two must have direct impact on the deformation behaviour of the 

alloy in tension. This paper presents the argument, the mathematical formulation, and the 

experimental verification of this mechanism for the occurrence of Lüders-type deformation in 

NiTi. 

 

2. Experimental method 

A commercial polycrystalline Ti-50.9at.%Ni sheet from Memry Corp. was used in this study. 

The sheet was 0.52 mm in thickness. The transformation behaviour of the as-received alloy 

was measured by differential scanning calorimetry (DSC) using a TA Instrument Discovery 

DSC 25 unit with a heating/cooling rate of 10 K/min.  

 

Dog-bone shaped tensile samples (Fig. 1) were fabricated by wire cutting using an electrical 

discharge machine (EDM). The samples have a gauge section of 2.530 mm. Tensile testing 

was conducted using a WDT-10 universal mechanical testing machine at 28 C (±0.5 C) in an 

air-conditioned environment. A slow nominal strain rate of 110
-4

 s
-1

 was used to minimize the 

heating effect caused by the release of latent heat during the stress-induced martensitic 

transformation. 

 

Digital image correlation (DIC) method was used to measure the strain fields on the surface 

of the tensile samples. The camera used was Sony α7R IV with 60.2 megapixels in a 

95046336-pixel format. This gives a camera resolution of 3.76 m on the sensor and 5.25 

m resolution on the sample on the image of 50×28 mm in dimension. This also implies a 

strain measurement resolution of 0.0175%. DIC analysis was conducted using the GOM 

Correlate Pro software. For this analysis, a grid size of 35 m was used, which yielded 
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reliable data for local strain measurement. Images were captured at 1 Hz frequency. 

 

3. Theoretical formulation of Lüders deformation mechanism in NiTi 

3.1 The hypothesis 

It is a common and fundamental knowledge that martensitic transformation occurs locally at 

a speed close to that of sound in the alloy [44]. This is due to the need to transmit the large 

lattice distortion strains through the matrix to a free surface or an internal interface so to be 

accommodated. The speed of this transmission is the speed of the mechanical waves of atoms 

in the lattice. Experimentally, the martensitic transformation in a Fe-29.5Ni alloy has been 

measured to propagate at a speed of ~1×10
6
 mm/s, corresponding to roughly 1/3 of the speed 

of sound in the alloy [45]. The same behaviour has also been observed under high-speed 

camera on a NiTi thin-wall tube as the sudden formation of a transformation band, of which 

the interface front velocity was estimated to be up to 2×10
3
 mm/s [19]. This is an intrinsic 

nature of the martensitic transformation. Recently, Shariat et al. used DIC technique to 

measure the local strain rates of Lüders deformation of a polycrystalline NiTi in tension and 

determined a local strain rate of 22310
-4

 s
-1

 for the nucleation of a Lüders band [26], which is 

223 times of the global strain rate applied by the testing machine, or corresponding to a sample 

elongation speed several times higher than the crosshead movement speed. This implies that 

the testing device is unable to provide the necessary elongation required by the formation of the 

Lüders band. In other words, a Lüders band cannot form unless additional elongation is 

provided to it. With these thoughts, we hypothesize that elastic contraction of the sample 

outside the band is the source of this “additional” elongation required for the formation of the 

Lüders band. This is consistent with the observed stress drop [1] and elastic strain drop [25] 

observed at the initiation of a Lüders band. In addition, it is also known that elastic 

deformation occurs by the same mechanism of lattice waves of atoms, i.e., also at the speed 

of sound in the solid, thus has the intrinsic ability to match in speed with the martensitic 

transformation. 

 

In this hypothesis, the occurrence of martensitic-transformation-associated Lüders-type 

deformation must have four essential conditions: 

 

(1) The martensite must form into a continuous band and the band must reach the free 

surface of the sample due to the need to accommodate (relax) the large lattice strain 
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energy of the transformation.  

 

It is known that the martensitic transformation is associated with a lattice distortion of 

a finite lattice strain [46]. Due to the diffusionless nature of the transformation [47], 

the lattice distortion of the unit cell manifests as a shape change of a martensite (M) 

crystal relative to the austenite (A) it replaces. In a thermally-induced martensitic 

transformation, these local shape changes of the martensite crystals are 

self-accommodated in variants of different orientations [48]. In a stress-induced 

martensitic transformation, the selection of variants is dictated by the need to produce 

a maximum strain in the loading direction, thus there is no freedom for 

self-accommodation (in fact, there is still a secondary self-accommodation among the 

variants in the lateral directions to maintain a nil lateral shape distortion and loading 

axis alignment). In this case, the formation of one martensite in one grain with an 

elongated dimension relieves itself immediately from bearing the load, thus 

redistributing the load to the adjacent grains in parallel to the loading axis and 

preferably triggering the transformation there. This has been referred to as the 

self-catalytic or the avalanche effect of martensitic transformations. It dictates the 

martensite to form into a continuous region (band), as opposed to scattered and 

disconnected islands, until a free surface is reached, so to maintain the matrix 

continuity and to avoid excessively large and prohibitive internal elastic lattice 

distortions. From a mechanics viewpoint, in tension, this localized martensite region 

forms into a narrow band across the entire cross-section of the sample in series 

configuration with the untransformed part of the sample in the loading direction (same 

for compression). In the case of simple shear, the band runs across the sample in 

parallel configuration with the shear direction. 

 

(2) The localized transformation band (Lüders band) must have a finite length (Note: this 

refers to the dimension of the band along the gauge length of a tensile sample, or the 

direction of the tensile load. This dimension has also sometimes been intuitively 

referred to as the width of the band when the band is newly formed and is narrow and 

thin. In this discussion, we use “length” so to be mathematically more consistent with 

the mechanics of the situation) in a polycrystalline matrix, so to be able to 

accommodate sufficient number of grains for coordination among the strain tensors of 

the variants in neighbouring grains across their boundaries. 
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(3) The localized transformation band must have a discrete strain output. This is 

apparently true considering the transformation crystallography and it is a collective 

manifestation of the crystallographic changes of the martensite variants in a 

polycrystalline matrix. 

 

(4) The local strain rate (in the direction of loading) of this localized transformation band, 

which is a collective manifestation of the speed of the martensitic transformation, is 

high, in fact, much higher than the nominal strain rate applied by the testing machine. 

 

The combination of the four conditions above produces a fast elongation rate by the sample 

upon the occurrence of the Lüders-type deformation. This implies that the testing machine 

must provide such fast elongation rate to allow the Lüders-type deformation to occur, i.e., 

meeting this elongation rate is an essential condition for Lüders-type deformation.  

 

3.2 Mathematical model 

Based on this hypothesis, a mathematical model is developed based on the criterion of sample 

length change conservation in real time among three contributions: sample length change 

(elongation) produced by the formation (or expansion) of a Lüders band (  ), sample length 

change (elongation) caused by the crosshead displacement of the testing machine (  ), and the 

sample length change (reduction as a negative value) by the elastic contraction of the rest of the 

sample (   ). This relationship can be expressed for any time interval between    and     

during the deformation as: 

          (1) 

The same may also be expressed in differential form, i.e., 

             (2) 

which states that the rate of sample length elongation applied by the testing machine equals 

the sum of those provided by the activity (formation or propagation) of the Lüders band and 

the change of elastic strain in the sample.  

 

To derive the model, the following variables are defined:  

   is the local strain of the austenite, and    is the local strain inside the Lüders band. 



9 

   is the global strain over the full gauge length based on direct DIC measurement at 

momont t (i.e., it is a function of time t). 

   is the machine crosshead movement speed, which can be obtained from the experiment. 

     is the length of the original austenite corresponding to the active length of the Lüders 

band (  ). The active length of a Lüders band is the full length of the band during its 

initiation and is the front transition zone of a band during its propagation.      can be 

measured from the experiment, but cannot be controlled. 

       is the length of the original austenite that has transformed to the Lüders band of 

length     . It is a function (variable) of time t (since the Lüders band grows with 

time), i.e., it is an instantaneous length at t. It is also the length of the original 

austenite at the stress-free state (no elastic strain). It can be computed as        

    

        
, where      can be measured from the experiment and controlled during the 

experiment.  

   is the initial gauge length of the sample at the stress-free state, which can be obtained 

from the experiment. Thus           is the original length of the section of the 

sample excluding the active section of the Lüders band, which participates in elastic 

contraction during Lüders deformation. 

    is the local strain rate within the newly formed Lüders band, which can be measured 

from the experiment, but cannot be controlled. 

     is the strain rate of the elastic contraction of the sample in the section excluding     , 

which can be measured from the experiment, but cannot be pre-determined or 

controlled.  

 

Some notes should also be added on the notation of the parameters: 

(i) Capital-case symbols are used for testing constants (such as sample initial gauge length 

  ). 

(ii) Lower-case symbols are used to express instantaneous values (such as length of the 

Lüders band    and the length of the austenite section that transforms into a new Lüders 

band     ). 

(iii) Numeral subscripts are used to indicate global strains at different stages of the 

deformation process (such as    and    for the global strains at point 1 and point 2 on 

the stress strain curve, respectively).  
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(iv) Roman numeral subscripts are used to designate a specific point in time. 

(v) Capital letter subscripts are used to indicate local strains at specific locations of the 

sample along the length (such as    for the instantaneous local strain inside a Lüders 

band and    for the local strain in the austenite region of the sample outside the Lüders 

band), considering non-uniformity of the local strains along the length of the sample due 

to the Lüders deformation behaviour. 

(vi) Three different strain terms are used in this discussion, including (i) nominal strain, (ii) 

global strain and (iii) local strain. These are all engineering strains. Consequently, there 

are three corresponding strain rates. The nominal strain refers to the crosshead 

displacement divided by the original gauge length of the sample. In the case of localized 

heterogeneous deformation, this strain does not represent any actual strain in the sample. 

The global strain is the strain measured by DIC over full gauge length of the sample. This 

is in principle the same as the nominal strain, but more practically accurate without the 

side effects of the shoulders of the dog-bone shaped sample and the griping etc. The 

global strain is used in the model analysis, whereas the nominal strain is used only in 

discussion to express the argument on the effect of the machine speed. The local strain is 

DIC data processing, the local strain is an average strain within that dimension. 

 

4. Model development 

4.1 Characterisation of Lüders-type deformation  

To develop the analytical solution of the conceptual model expressed in Eqs. (1) and (2), 

some parameters need to be determined experimentally. Fig. 1 shows the DIC field maps of 

the axial strain    of a sample at two different points in time during the pseudoelastic Lüders 

deformation. Fig. 1(a) corresponds to the time when the Lüders band was just initiated. Fig. 

1(b) shows the Lüders band in the propagation stage. Some parameters defined above are 

indicated in the figure, including the current gauge length of the sample          at time 

 , the current length of the Lüders band    at time   and the active length of the Lüders 

band             (where     is the length of the original austenite corresponding to the 

active length of the Lüders band. It is noted that the active length of a Lüders band is the 

whole length of the band               during the initiation stage of the band, but only 

the moving front edge(s) of the Lüders band during its propagation. In addition, two 
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observation points on the sample for local strain analysis are also indicated in the figure. 

Point P1 is at the initiation site of the Lüders band and P2 is far away in the austenite region.  

 

 

Figure 1. DIC    strain maps of a sample at two different stages of the Lüders-type 

pseudoelastic tensile deformation. (a) Initiation of a Lüders band. (b) Lüders band 

propagation stage. 

 

Fig. 2 shows the Lüders-type deformation behaviour induced by tension of a Ti-50.9at.%Ni 

alloy. Fig. 2(a) shows a pseudoelastic stress-strain curve of a 30 mm gauge length dog-bone 

shaped plate sample deformed under a global strain rate of 110
-4

 s
-1

. The sample showed a 

clear Lüders deformation mode. Fig. 2(b) is an enlarged view of the stress drop at the onset of 

the Lüders deformation, as indicated by the box in (a). Point 1 is the peak point on the global 

stress-strain curve before the stress-drop, point 4 is the end of the stress drop (the beginning 

of the stress plateau), and point 7 is the end point of the stress plateau. Based on the stress 

evolution, the Lüders-type deformation behaviour may be divided in two stages: (i) the 

formation of a Lüders band, which is associated with a continuous stress drop, corresponding 

to stage 1-4, and (ii) the propagation of the Lüders band at a constant stress, which 

corresponds to stage 4-7. 

 

Fig. 2(c) shows the strain-time curves for the same test, including the global strain (the black 
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curve) and the two local strains at points P1 and P2 on the sample (shown in Fig. 1) as 

determined by DIC method. It is seen that the local strains at both P1 and P2 increased 

linearly with time, apparently corresponding to the elastic deformation of the sample, until 

190 s when the P1 local strain increased suddenly, demonstrating the burst formation of the 

Lüders band. The local strain rate at P1 reached 22310
-4

 s
-1

, which was 223 times higher than 

the applied global strain rate (110
-4

 s
-1

). The local strain at P2 remained relatively unchanged 

until ~520 s when it also increased suddenly, signalling the arrival of the Lüders band front. 

The local strain rate at P2 when the Lüders band front swept through reached 2610
-4

 s
-1

, which 

was 26 times higher than the applied global strain rate. It is also to be noted that the magnitude 

of strain increases at P1 and P2 is the same, representing the strain of the Lüders band. This 

strain rise corresponds to (     ) in global strain on the stress-strain curve. 

 

Fig. 2(d) is an enlarged view of the strain curves in the section identified by the small box d in 

(c), which corresponds to the section of the stress drop seen in (b). The numerals indicated in 

(d) correspond to those in (b) in real time. It is evident that corresponding to the progressive 

stress drop, the strain at P2, which represents the elastic strain in the austenite region outside 

the newly formed Lüders band, decreased continuously within the same time period, as 

expected based on Hooke’s law.  

 

 

Figure 2. The phenomenon of Lüders-type deformation of NiTi. (a) A tensile pseudoelastic 

stress-strain curve of a 30 mm long NiTi dog-bone shaped sample deforming in Lüders band 
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mode. (b) An enlarged view of the area in the dashed box in (a) showing details of the stress 

drop at the onset of the Lüders deformation. (c) Time evolution of local strains at two locations 

(P1 and P2 indicated in Fig. 1) along the length of the sample and the DIC-measured global 

strain (average strain) over the full gauge length during the pseudoelastic deformation cycle. 

(d) An enlarged view of the area in the dashed box in (c) showing details of the strain 

relaxation of the austenite at the onset of the Lüders deformation. In (b) and (d), points 2, 3, 4, 

and 5 represent the stress and strain states at 2 s, 8 s, 29 s and 60 s after point 1. (e) Schematic 

of the expansion of the Lüders band from one point in time to the next. 

 

4.2 Analytical solution of the model 

To derive the solutions of the three terms in the model expressed in Eq. (1), let us examine 

the sample length changes between any two points in time during the Lüders-type 

deformation process, i.e., from    to    . During this period, the crosshead displacement    

can be computed as: 

                  (3) 

where    and     are the global strains of the sample at    and     respectively,    is the 

speed of the movement of the crosshead of the testing machine, and   is the generic variable 

time. They are measured directly from the experiment. 

 

To solve the second term    (note: it is important to reiterate that this is not the change of 

the length of a Lüders band, but the sample elongation caused by the formation or expansion of 

a Lüders band), let us examine the change of      from    to    , as schematically expressed 

in Fig. 2(e). Here        represents the instantaneous length of the original austenite 

corresponding to the length of the Lüders band (    ) at time t in the stress-free state, thus 

       
    

      
. At   , the Lüders band length is      and the corresponding length of the 

original austenite is       , thus the sample elongation generated by this length of the Lüders 

band is                  , where      is the local strain inside the Lüders band at    and      

is the (elastic) strain of the austenite at   . Thus             expresses the strain increase of 

the Lüders band. Similarly, at    , the length of the Lüders band is      , and the 

corresponding sample elongation now is                    , where       is the strain inside 

the Lüders band at    . Therefore, the net sample elongation produced by the expansion of the 

Lüders band from    to     can be expressed as: 
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                                         (4) 

All the parameters in this equation, including        (    ),         (     ),     ,       and 

       , are determinable directly in experiment. 

 

The third term is the elastic contraction of the sample, as seen in Fig. 2(d). This elastic 

contraction occurs to the entire length of the sample, except the active part of the Lüders band 

(   with the corresponding length of the original austenite being     ) which transforms and 

produces the    discussed above, i.e., the sample length that participates in elastic 

contraction is          . Thus, the elastic contraction can be expressed as: 

                                          (5) 

In this equation,       and        represent the average (elastic) strains of the length of the 

sample excluding the active region of the transformation     . Apparently, here the elastic 

moduli of the austenite (A) and the martensite (M) are assumed the same [49]. Thus, 

                  represents the elastic strain change (contraction is designated negative) 

of the sample length          . The active length      evolves with time during the 

formation of the Lüders band and remains constant during its propagation [26]. It is believed 

to be determined or influenced by three intrinsic factors, including (1) the transformation 

crystallography, which determines the discrete strain jump between the two phases that the 

transition zone needs to accommodate, (2) metallurgical condition of the matrix (e.g., grain 

size, texture), which needs to rally and organize sufficient grains (martensite variants) to form 

a reasonably continuous strain field in the context of continuum mechanics to accommodate 

the strain transition, and (3) the cross-section geometry of the sample (e.g., wire, rod, thin 

plate or thick plate) which a Lüders band transition zone has to penetrate through. It is also 

clear that all parameters required in Eq. (5) can be determined experimentally. 

 

Substituting Eqs. (3), (4) and (5) into Eq. (1) and solving the new equation for the elastic strain 

contraction      gives: 

     
                                                                              

                          
 (6) 

Following the Hooke’s law, the stress drop    from    to     can be determined as: 

          
                                                                              

                          
 (7) 



15 

where   is the apparent elastic modulus of the sample length          , and in this analysis 

       .  

 

For the parameters identified above,      and       are the instantaneous local strains of 

(inside) the Lüders band at    and    ,      and       are the lengths of the Lüders band at    

and    , and      is the original austenite length corresponding to the active length of sample 

during the Lüders deformation, i.e., the evolving length of the Lüders band during its 

formation or the active front of the Lüders band during its propagation. These parameters can 

be determined experimentally by local strain measurement (e.g., DIC).      is the local strain 

in the austenite section outside the Lüders band at   .    and     are the global strains at    

and     respectively on the stress-strain curve. Thus     ,    and     can be determined by 

global stress-strain curve measurement.    is the original gauge length of the sample, and 

   is the elongation speed of the testing machine. Both are setting parameters of the 

experiment, i.e., also available from the experiment. 

 

In addition, from Eqs. (4) and (5), the rates of sample elongations produced by the Lüders band 

and by the elastic contraction can also be obtained by differentiating the equations against time. 

In this case,     ,      and        are of the chosen time point    and thus function as known 

values for differentiation, whereas       and         for     are the time variables for 

differentiation, thus: 

                              (8) 

                             (9) 

 

4.3 Formation and propagation of a Lüders band as defined by the model 

Eqs. (6) and (7) are applicable to the entire Lüders-type deformation process. Depending on the 

values of      and   , the entire process may be divided into two distinctive stages, i.e., the 

Lüders band formation stage and the propagation stage. The Lüders band propagation stage is 

defined as      and       , which also implies       . According to Eq. (9), 

therefore,       . Further, according to Eq. (2),        . 

 

The Lüders band formation stage is characterized by      and       . It commences 
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at point “1” and ends at point “4” as designated in Fig. 2(b). In this case,    corresponds to 

point “1” on the stress-strain curve,       ,              [5] (the sample is in full 

austenite state and the strain is uniform in the sample), and             . Also substituting 

                       for convenience of experimental measurement, Eqs. (6) and (7) are 

reduced to: 

     
                                   

                 
 (10) 

    
                                   

                 
 (11) 

 

When     corresponds to point “4” on the stress-strain curve, Eq. (12) expresses the full 

stress drop        of the Lüders-type deformation. In this case,            and       . 

Parameter       is the strain within the Lüders band at point “4”. Considering the 

Lüders-type deformation nature,         , where    is the global strain at the end of the 

stress plateau on the stress-strain curve seen in Fig. 2(a) [5]. Thus: 

        
                           

             
 (12) 

In this equation,   ,    and    are all directly measured from the global stress-strain curve 

of a conventional tensile mechanical testing,    is the sample initial gauge length, and      

is length (dimension in the loading direction) of the Lüders band at point “4”, which needs to 

be determined visually, e.g., using a visible camera, an infrared camera or by means of DIC 

technique. Based on Eq. (12), it can be recognized that the full stress drop        of the 

Lüders-type deformation is dependent on two parameters, in addition to the three 

characteristic strains mentioned above: sample initial gauge length    and the length of the 

Lüders band   
  (which is      re-denoted for generality) at its full birth prior to propagation. 

It is expected that   
  is dependent on the crystallography of the transformation, magnitude of 

the lattice distortion strain, grain size and texture of the austenite matrix, and the sample 

geometry. 

 

5. Model Simulation of the stress-strain response of the Lüders-type deformation 

5.1 Experimental data preparation 

Fig. 3 shows a time resolved DIC strain analysis of the deformation process shown in Fig. 



17 

1(a). Fig. 3(a) plots the axial normal strain (  ) profiles along the central line of the sample at 

different times from point “1” to point “5” as indicated on the stress-strain curve seen in Fig. 

2(b). Fig. 3(b) shows the    strain field image of the sample as at the time corresponding to 

point “5”. The emerging strain peak in the profiles indicates the formation of a Lüders band. 

It is seen that in the initial stage of the formation of the Lüders band both the peak strain and 

the length (width of the strain profile) of the Lüders band increased. During this stage, small 

changes also occurred to the austenite part outside the band. Fig. 3(c) shows an enlarged view 

of the progressive decrease of the strain of the austenite at time points “1-5”. This 

corresponds to the strain-time shown in Fig. 2(d), which is measured at one observation 

point.  

 

Fig. 3(d) plots the time evolutions of the peak strain (  ) and the length (  ) (measured as the 

width of the strain profile at half height) of the Lüders band. It is seen that the strain rate (   ) 

is the most rapid between points “1” and “2” (within 2 seconds), which is measured to be 

0.0223 s
-1

. This strain rate is 223 times of the applied global strain rate. This demonstrates the 

burst initiation of the Lüders band. This is followed by a continued growth of the peak strain 

inside the Lüders band to the maximum (            ) at point 3. After this, further sample 

elongation is provided by the expansion of the length of the Lüders band, and not further 

increase of the peak strain inside the Lüders band. In this is regard, the Lüders-type 

deformation process may also be considered in two distinctive stages at point 3. It is also to 

be pointed out that prior to point “3”, the active length of the Lüders band contributing to 

elongation is the full length of the band (full width of the strain profile), i.e., following the path 

of the red curve in (d). After point “3”, the active length of the Lüders band becomes one 

moving front of the band (the second front is arrested by the end of the sample in this case), i.e., 

following the dashed red line in (d). 

 

Using exponential curve fitting, the       and       curves shown in Fig. 3(d) can be 

empirically expressed as: 

                                      (13) 

                               (14) 
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Figure 3. Time-resolved strain analysis of the initiation and propagation of a Lüders band 

based on DIC measurement. (a) Local strain profiles along the centre line of a sample at 

different times during Lüders band deformation. (b) DIC image of the axial strain    map of 

the sample as at the time corresponding to point “5”. The dashed box indicates the area of the 

   profiles shown in (a). (c) Changes of the elastic strain of the austenite outside the Lüders 

band during its formation and propagation. (d) Evolutions of the length    and the peak strain 

   of the Lüders band. The numerals correspond to those identified in Fig. 2. 

 

5.2 Model simulation of the experimental data 

Using the experimental data       and       as expressed by Eq. (13) and (14), the Lüders 

deformation behaviour can be analysed. First let’s examine the sample elongation produced 

by the Lüders band, which is described by Eq. (4). The Lüders deformation commences at 

point “1”. At this point,    is set as 0 (    ),     is taken as the time variable   (     ), 

       ,         , and given that        
     

       
, Eq. (4) becomes: 

                 
 
    

       
    (15)  

Using the experimental data       and       as expressed by Eq. (13) and (14) for       and 

      respectively,       is computed as a function of time using Eq. (15) and plotted in Fig. 

4(a). Using Eq. (3),       is also calculated as a function of time and plotted in the figure. 

Then             is computed, as shown in the figure. It is seen that in the early stage of 

the Lüders deformation    increased much faster than   . This excess of elongation 
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(     ) is the cause of the elastic strain contraction, thus the stress drop, of the Lüders 

deformation. The raise of (     ) slowed down gradually and reached a constant value at 

point “4”, indicating that the elongation rate from the Lüders band equals that produced by 

the testing machine. This represents the stress plateau stage of the Lüders deformation.  

 

 

Figure 4. Model simulated tensile stress-strain behaviour of the Lüders-type deformation of 

NiTi. (a) Comparison between the sample elongation produced by the Lüders band    and 

that provided by the testing machine   . (b) Comparison of the experimentally measured 

and the model calculated stress-strain curves of the sample. 

 

It is to be noted that at point “3”,       reached the maximum and the active Lüders band 

length    reached the maximum (Fig. (3)) and at point “4”, the magnitude of the stress drop 

   reached the maximum (Fig. 2). These two points represent two different characteristic 

points in time of the Lüders deformation process.  

 

The stress-strain behaviour of the Lüders deformation (the section between point “1” and “7” 

on the stress-strain curve shown in Fig. 2(a)) can also be calculated by the model. The stress 

drop    is described by Eq. (7). As discussed above, when calculated from point “1”, Eq. (7) 

is reduced to Eq. (11). Further, for the stage from point “1” to point “3”,          (Fig. 

3(d)), which is defined by Eq. (13),       is defined by Eq. (14), and with   =1.0% as the 

global strain and   =436 MPa at point “1” (both measured from the stress-strain curve 

shown in Fig. 2(a)),  =22 GPa being the apparent modulus of the austenite section as 

determined directly from the stress and strain measurements shown in Figs. 2(b) and (d), 

  =30 mm being the sample gauge length, and       as the variable, then using Eq. (11) 

the stress drop    is calculated as a function of   and         as the stress is plotted 
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in Fig. 4(b).  

 

For the section after point “3” to point “7”, the Lüders band starts to expand on one front only, 

thus its active length    remains unchanged as roughly half of the length at point “3”, as 

expressed in Fig. 3(d). In this case,    represents point “3”, and   =0.7 mm as determined 

by DIC measurement (Figs. 1(b) and 3(d)), thus      
  

      
,     =6.42% is the Lüders band 

strain at point 3 (Fig. 3(d)) (or it can also be calculated using Eq. (14)),       is the time 

function of    given in Eq. (14),   =1.05% is the global strain at point “3” (Fig. 2(b)), 

    =0.92% is the elastic strain of the austenite section at point 3 (Fig. 2(d)),       is the time 

function of    given in Eq.(13),     =1.55 mm is the length of the Lüders band at point “3” 

(Fig. 3(d)), and   =401 MPa is the global stress at point “3” (Fig. 2(b)), then using Eq. (7) 

the stress drop    for the section after point “3” is calculated and         as the 

stress is also plotted in Fig. 4(b), together with the actual experimental stress-strain curve. It 

is evident that the two curves match nearly perfect.  

 

6. Interpretation of other empirical observations based on this model 

 

6.1 Stress-induced martensitic transformation under other loading conditions than tension 

As presented above, Lüders-type deformation in NiTi has been observed empirically to occur 

in tension and not in compression or shear. The model presented above needs to be 

cross-examined with regard to those experimental observations. 

 

The model declares one criterion of sample elongation conservation among all contributions 

on real time, including machine crosshead movement, Lüders band deformation and elastic 

strain contraction. Whereas the overspeed of the elongation production by the Lüders band 

over the machine crosshead movement is the root course for the elastic strain contraction, the 

elastic strain contraction, which implies a stress relaxation, is the prerequisite condition of 

deformation softening for the occurrence of the Lüders-type localized deformation. 

 

The amount (rate) of the elastic strain contraction     required is determined by the speed of 

the elongation generated by the Lüders band formation    , which in turn can be decomposed 

into three aspects: the strain increment             of the Lüders band, the speed of this 

strain increment    , and the initial (active) length of the Lüders band    (or   ) at its 
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sudden formation. On the other hand, the supply of a sufficient elastic strain contraction     

is dependent on the sample having a sufficient gauge length    for a given     , as per Eq. 

(5). 

 

It has been considered that the absence of Lüders-type deformation in compression and shear 

is possibly caused by the generally short gauge length used in such tests. However, the 

following experimental evidence defies such a conclusion. Orgéas and Favier [11] conducted 

a comparative tension and compression test of identical typical “dog-bone” plate samples 

with narrow stripe gauge section of 40 mm in length (gauge section dimension 405.62.7 

mm), using a specially designed constraint device to prevent compression buckling. This is 

probably the highest length to width/thickness aspect ratio used for compression testing in the 

literature. This sample did not exhibit Lüders-type deformation in compression. This 

experiment indicates that the absence of Lüders-type deformation in compression cannot be 

argued for the lack of sufficient sample gauge length.  

 

Shear testing is another case where short sample “gauge length” is commonly used. For simple 

plate shear tests, the sample usually has a very narrow “gauge width” (which is effectively the 

length direction for Lüders band formation) and a large length parallel to the shear direction 

(which is effectively the width for Lüders band formation). This gives a very small aspect ratio 

well below 1 for the formation of a Lüders band [11]. Huang et al. reported the formation of a 

localized high shear strain band in a plate sample under simple shear [15]. The shear band is 

in parallel configuration with the shear (as expected for a Lüders band) but did not across the 

entire gauge width of the sample (thus to form a band) and the global stress-strain response 

showed no strain softening but a monotonic hardening behaviour. Lüders-type deformation 

behaviour also did not happen in this case. However, torsion testing of thin wall tubes 

provides a practical case of shear with high “gauge length”. Many studies have demonstrated 

the absence of Lüder-type deformation in such samples. Reedlunn et al. [16] conducted a 

complete tension-compression-torsion test of thin wall tube samples, following an earlier work 

by Sun and Li [13]. Both works demonstrate clearly the formation of a Lüders band under 

tension and the disappearance of the Lüders band when shear deformation becomes dominant. 

This also suggests that absence of Lüders-type deformation in shear cannot be argued for the 

lack of sufficient sample gauge length. 
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Another interesting case is stress-induced martensitic transformation of NiTi in bending mode 

[12, 50, 51]. Watkins et al. conducted a four-point bending test of pseudoelastic NiTi rod and 

thin wall tube samples [50]. The rod sample exhibited a unique deformation localization 

behaviour, with enhanced strains in the outer layers on both the tensile side and the 

compressive side. Such behaviour is different from the typical Lüders-type deformation 

expected, apparently due to the self-constraint between the higher strained surface and lower 

strained core regions in bending, preventing the “free” Lüders-type deformation. The tube 

sample, due to the emptiness underneath the tube wall along the bending axis and thus the 

absence of self-constraint to deformation, is more comparable to uniaxial tensile and 

compressive tests. This sample exhibited a Lüders-type localized deformation on the tensile 

side and uniform deformation on the compression side. The compressive side can be 

effectively considered a test of compression with a long gauge length. Thus, this test provides 

another evidence of the absence of Lüders deformation in compression with long gauge length, 

echoing Orgéas and Favier’s work discussed above [11]. 

 

The evidence discussed above demonstrates that the absence of Lüders-type deformation in 

compression and in shear cannot be explained by the lack of sufficient gauge length for 

elastic contraction, but by other reasons, for example metallurgical, texture or 

crystallographic reasons. In fact, the suppression of Lüders-type deformation by such factors 

is also evident in the literature. One example is the “linear pseudoelastic behaviour” (total 

absence of Lüders deformation) of cold worked [52-54] or pseudoelastically cycled NiTi 

under tension [55, 56]. This may be attributed to the effect of massive defects within the 

matrix introduced by the processes. In another work by Grassi et al [57], a flattened 

Ti-50.8at%Ni sheet of a thin wall tube was used to fabricate tensile samples at various 

orientations from 0 to 90 relative to the tube axial direction. They found that whereas 

samples oriented in both the longitudinal (at 0~22.5) and the transverse (at 67.5~90) 

directions exhibited perfect pseudoelasticity in Lüders deformation mode, the 45-oriented 

sample showed a perfect pseudoelasticity in the total absence of Lüders deformation 

behaviour. This experiment gives direct evidence to the effect of metallographic texture.  

 

To put this into the context of this model, considering that the sample elongation change 

conservation criterion expressed in Eq. (2) is non-negotiable, it implies that the demand for 

elastic strain contraction is negligible or nil for compression, shear or in the cases of heavily 
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defected matrices and certain metallographic textures. This could be a result of     being 

small so that        . This, obviously, is subjective to future experimental verification. In 

this regard, Eq. (2) is a necessary condition for Lüders-type deformation of NiTi, but not a 

sufficient condition. 

 

6,2 Lüders band deformation via martensite reorientation 

Lüders band behaviour is also observed for tensile deformation via martensite reorientation of 

polycrystalline NiTi [5]. The model presented above is also fully valid in this case. This may 

be explained in two aspects. First, the model is built purely on the consideration of the 

mechanical behaviour, with no reference to a phase transformation or otherwise. Second, the 

mechanical behaviour is characterized by two distinctive features, i.e., that the strain change 

across the Lüders band interface is a finite-discrete value and that the occurrence of this 

discrete strain change is intrinsically very fast (at the speed of sound in the medium) in the 

local scene. The macroscopic strain of stress-induced martensite reorientation is essentially 

the same as that of the stress-induced martensitic transformation, because they both are the 

manifestation of the same transformation crystallographic lattice distortion. The fast speed of 

propagation of the transformation interface is out of the need to accommodate such large 

crystallographic lattice distortions (as explained in section 3.1). Such need is also the same 

for martensite reorientation and for stress-induced martensitic transformation. 

7. Conclusions 

This study proposed a new explanation for the occurrence of the Lüders-type deformation of 

stress-induced martensitic transformation in polycrystalline NiTi. The explanation is based on 

the criterion of real-time conservation of sample dimension changes from three contributions, 

including the dimension change applied by the testing machine, the dimension change 

produced by the Lüders band formation or expansion, and the elastic strain contraction of the 

sample. Based on this criterion and the experimental evidence presented, the following 

conclusions are reached: 

 

(1) The Lüders band of the stress-induced martensitic transformation of polycrystalline NiTi 

initiates suddenly within a finite width and a high local strain rate that can be orders of 

magnitude higher than the applied strain rate in a typical tensile testing. This leads to a 

sample elongation rate faster than the applied elongation rate by the testing machine. This 

causes an elastic strain contraction of the sample to produce a negative elongation to 
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compensate for the elongation shortfall provided by the testing machine. The elastic strain 

contraction causes the stress drop marking the initiation of the Lüders band. 

(2) Based on the criterion of real-time sample elongation conservation, a mathematical model 

with experimental input is established. This model is able to describe the full stress-strain 

response of the Lüders-type deformation of NiTi, including the initial stress drop and 

strain reduction, and the stress plateau that follows. The reproduced behaviour matches 

perfectly with the experimental measurement. According to this criterion, the initial 

“upper-lower yielding behaviour of the Lüders-type deformation is defined by the 

condition that the rate of sample elongation from the Lüders band is higher than that from 

the testing machine, i.e.,        , whereas the stress plateau section is defined by 

       .  

(3) The sample elongation conservation-based model describes a necessary condition for the 

occurrence of the Lüders-type deformation, but not a sufficient condition. Other factors 

may take effect to prevent the Lüders-type deformation behaviour, e.g., metallographic 

and crystallographic textures, high density of defects, and compression and shear.  

(4) Considering that the criterion is a necessary condition for Lüders-type deformation, the 

absence of Lüders-type deformation in compression (including solid bending) or shear 

(including torsion) suggests that in these deformation modes the rate of sample dimension 

change produced by the stress-induced martensitic transformation is slow and conforms 

to        , so that no elastic strain contraction (      ) is required for sample 

dimension change compensation. This is a logical deduction from the criterion, and it 

obviously requires experimental verification, e.g., by DIC analysis. 

(5) It is also worth noting, though not directly verified in this study, that the criterion and the 

model proposed above are equally valid for the case of Lüders-type deformation via 

martensite reorientation of NiTi, given that the model is built solely on mechanical 

considerations without any reference to a phase transformation and that the mechanical 

characteristics of deformation via martensite reorientation are practically identical to 

those via stress-induced martensitic transformation. 
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