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. INTRODUCTION

Since the pioneering work of Mie [1] and Ritchie [2], theresHzeen a vast amount of research effort to investigate the
electromagnetic (EM) properties of metal/dielectric ifdees (see.g[3—6] and references therein). Surface plasmon polaritons
(SPPs) can show strong coupling to light and have waveleoigtinly a few tens of nanometers, hence beating the classical
diffraction limit [7, 8]. In particular, localized surfagglasmons (LSPs) can be excited in a metal particle and gbeetd
a local enhancement of the EM field. In the literature, the im&ation of the field enhancement is generally obtained by
combining the strong overall resonance of the plasmonigctire with very small and sharp geometric features whete ho
spots arise. Following this principle, several plasmotigciures have been investigated, such that triangles/sgwvith sharp
corners [9, 10], nanoparticle dimers [10-24], cresceapsl nanoparticles [25—-32] or nanoshells [33—38]. Thafgignt field
enhancement, that such structures may provide, has drawnsiderable attention in surface enhanced Raman spemposc
[16, 25, 39—-42] or enhanced fluorescent emission [43, 44{il biow, the theoretical description of the optical resppo§such
structures has remained a challenge: numerical simukatiomgenerally performed and few qualitative argumentprangosed
to explain these numerical results. An elegant physicdupecto describe the interaction of LSPs in dimers or nantssisethe
plasmon hybridization model [15, 36]. In analogy with malkse orbital theory, the dimer plasmons can be viewed asibgnd
and antibonding combinations of the individual nanop#etiglasmons. However, albeit elegant, the plasmon hylaiidia
picture is a limited tool: numerical simulations are stidleded to calculate the optical response of a dimer. Anothars
challenge for potential applications lies in the spectramdwidth over which plasmonic particles can efficientlyrape. Indeed,
small devices tend to be efficient collectors at just a fevomast frequencies, contrary to an infinite structure thatinadly
shows a broadband spectrum [6]. Nevertheless, transfimmaptics (TO) can take up this challenge by leading to theigie
of broadband plasmonic nanostructures acting as strompcagicentrators [45].

TO has been used as a tool in electromagnetic design for So1ag46—48] and has drawn considerable attention in the last
six years sparked by the seminal works of Leonhardt [49] agnldB [50]. Whereas the Leonhardt approach approximates
Maxwell's equations by the Helmhotz equation which is iiestd to the far field, the latter approach is exact at thellefre
Maxwell's equations and can be deployed to treat both nedfamfields, and has even been applied to static fields. In this
review we are concerned with near field applications.

The paths of EM waves can be controlled by devising a matetiake constitutive parameters should vary spatially inya wa
prescribed by coordinate transformations. Various apptias have been proposed and implemented experimerdaiigng
which the famous EM cloak [51-56]. This strategy has beeanttyg extended to plasmonics [57-64]. At visible and irddar
frequencies, most of the energy of SPPs is contained in #ledtiic layer adjacent to the metal slab. Hence, by deyidie
optical parameters of the dielectric placed on top of a matdiace, one can design plasmonic devices capable of efiffer
functionalities such as beam shifting, waveguide bendit@gking or focusing. Following this strategy, plasmonieieburg
and Eaton lenses have been implemented experimentallyiedldfpequencies [60]. The carpet-cloak concept [52] Hag been
extended to plasmonics and tested experimentally in thiel@isegime [59, 64].

In a series of papers [45, 65—76], an alternative strateggdan TO has been proposed for plasmonics. It consistsigies
and studying analytically plasmonic devices capable of

¢ an efficient harvesting of light over a broadband spectruth othe visible and the near infrared regimes
e a strong far-field to near-field conversion of energy, legda considerable field confinement and enhancement.

The strategy is as follows: start with an infinite plasmonistem that naturally shows a broadband spectrum and théyn app
mathematical transformation that converts the infinitecstrre into a finite one while preserving the spectrum [4%).provides
us with a very general set of transformations but here wd sbatentrate on a specific subset: the conformal transfoons
(CT) [77]. Both the electrostatic potentials and the matgrermittivity are preserved under 2D conformal mappingnég, it
does not require the delicate design of a metamaterial wsffadial variation in its constitutive parameters. Noté tmaformal
mapping has also been used in the past to study the eletizastaraction between dielectric or metallic particlaghe context
of effective medium theory [78—-82]. Following the CT stgtevarious broadband plasmonic structures have beenraesand
studied analytically, such as 2D crescents [65, 71], kiseanowires [70], touching spheres [67], groove/wedge-ilkasmonic



structures [65], nanoparticle dimers [66, 73] or roughacgE[75]. All these structures have in common to displayrgdncal
singularities that allow simultaneously a broadband adton with the incoming light as well as a spectacular nacasing of
its energy.

Despite the power and elegance of the CT approach, one ctaild that these theoretical predictions will be difficult to
retrieve experimentally. First, the singular structuresweéd from the CT approach will suffer from inevitable innfeestions
due to the nanofabrication process. This issue has beeedsimha recent paper [68]. Blunt-ended nanostructures canba
derivedvia CT and the possibility of designing devices with an absorpfiroperty insensitive to the geometry bluntness has been
demonstrated. Second, the CT approach relies on the gadisiapproximation. Its range of application should berieted
to plasmonic devices whose dimension is at least one ordmaghitude smaller than the wavelength (typically 40 nm & th
optical regime). However, a conformal map of radiative éssallows to go beyond the electrostatic approximation atehe
the range of validity of the CT approach until a nanostrueimension of 200 nm [72]. The third potential limitationtbg
CT approach is non-locality. The spatial extent of the EMiiah singular structures is comparable to the Coulomb sarge
length in noble metals, hence non-local effects can be itapbim the vicinity of the structure singularity. A recetady has
shown how non-locality can be taken into account by confomregpping [69]. A conpromise can be found between radiative
losses and non-local effects by adjusting the nanostreidiomension such that the absorption band width and fieldrexgmaent
capabilities of the nanostructure are maximized.

In this chapter, we review the main designs provided by the@droach and present the corresponding analytical prexatsct
The first section presents the general strategy and thefdmekes of nanostructures that one can devileeconformal mapping:
the perfectly singular plasmonic devices, the singulaiosamctures and the resonant ones. In Sec.lll and IV, thadivand
light harvesting and nanofocusing properties of singuliarctures are investigated. The vertex angle, which chariaes the
strength of the singularity, is shown to be a key parametdre donformal picture also provides novel physical insigirs
the formation of hot spots in the vicinity of the structuragilarities. The issue of the nanostructure bluntnessalsh be
addressed. The fourth section is dedicated to resonanstrantures. The plasmonic hybridization model is revisitgth TO
and a full-analytical solution is provided for 2D nanostures. In Sec.VI, we show how to take into account radiaiesés
in the CT approach. Besides being capable to predict analljtithe optical properties of nanostrutures until a disien of
200 nm, the fluorescence enhancement of a molecule as widlgsaintum yield can be predicted analytically in the vigioif
complex nanostructures. At last, the CT strategy is refinéaviestigate the impact that non-locality has on the opticaperties
of plasmonic nanostructures.

II. THE CONFORMAL TRANSFORMATION APPROACH

A conformal map is an analytic transformatieh= f(z) that preserves local angles [77]. If we consider an anaflytiction
¢(2) in the complex plane with = x + 4y, it will satisfy
¢  0%¢
a2 gy =" &

If we now make a coordinate transformatign= =’ +iy’ = f(z), ¢(2’) also satisfies the Laplace equation in the new coordinate
system:

T 00y @

a$/2 8y’2

provided that the transformation is everywhere analytithi; region under consideration. Hence, in 2D electrostaicCT
preserves the potential in each coordinate system:

¢(x7 y) = (;5/(1_/’ y/) 3

Moreover, the continuities of the tangential componenhefelectric fieldr; and of the normal component of the displacement
currentD | = ¢E, across a boundary are also conserved due to the preserghtamal angles. Thus, the permittivity of each
material is the same in each geometry:

e(z,y) = e(z,y) (4)

On the one hand, the CT approach allows a tractable andlgticdy of complex structures, in contrast with full-waveotdinate
transformations that generally imply strong spatial wéizgs and anisotropy for the constitutive parameters. @rother hand,
the CT approach is only valid in the quasi-static approxiomat the plasmonic structures that we will deduce by confdrm
mapping should be one order of magnitude smaller than theleagth. However, we will show in Sec.VI how to go beyond
the quasi-static limit and take into account radiative dssis the CT picture.
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The strategy of our approach is as follows: start with an itefiplasmonic system that generally shows a broadbandrspect
and apply a mathematical transformation that convertsrifigite structure into a finite one whilst preserving the $peuo.
We will start by describing a set of canonic structures gdsiictable analytically on which we will then apply an endderof
transformations.

A. A set of canonic plasmonic structures

The set of infinite plasmonic structures displayed in Figoir&spond to the initial geometries used for the CT approach
Fig.1(a) and (b) correspond to the classical insulatoi¥iasulator (IMI) and metal-insulator-metal (MIM) struces widely
studied in plasmonics [5]. A 2D dipole pumps energy into tiferSodes of the metallic slab(s) that transport the energy out
to infinity. Although the SP spectrum of a plane surface isetlegate atv,,, the SP frequency, in a thin slab, hybridization
of SPs on opposing surfaces creates a continuous spectitinawawer bound at zero frequency and an upper bound at the
bulk plasma frequenay,. Conformal mapping of such structures will give rise to addgderfectly singular metallic structures
(kissing nanowires, 2D crescent with touching tgis) capable of an efficient harvesting and a strong nanofogusiiight
over a broadband spectrum [45] (see Sec.lI B).
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FIG. 1: A setof canonical structures. A thin layer of metal (a) and ®voidnfinite metallic slabs separated by a thin dielectric film (b) support
SPs that couple to a 2D dipole source, transporting its energy to infinitgdY@n infinite and periodic stack of metallic slabs separated by
dielectric layers can support hybridized SPs excited by an array of ilioded. (e)-(f) The SP modes of the IMI and MIM structures are now
excited by an array of 2D dipoles.

The CTis not only dedicated to the design of broadband plagmmanostructures. It can also generate resonant nanases.

To that aim, an array of 2D dipoles can be used to excite SRdlimhd MIM geometries (see Fig.1(e)-(f)). In that case, SPs
can only be excited at certain resonant frequencies fixethéyitch of the dipole array. Such a structure will give riftlera
conformal mapping to resonant nanostructures, such adlimeimers [10-13, 15, 17, 18, 20-22, 24], 2D nanoshellsZj

or a hanowire placed on top of metal plate [39, 42, 83—85}, lthae been widely studied both numerically and experimignta
in plasmonics (see Sec.lI D).

At last, more exotic structures can be studied like the omsvahn Fig.1(c)-(d). A periodic and infinite stack of metalli
slabs supports hybridized SPs over a broadband spectrum.laftbr ones are excited by an infinite array of dipoles place
between each metallic slab. This geometry is unrealispieBmentally but can be transformed by conformal mapping tips
or wedge-like structures [86—88], common in plasmonics,abep to finite nanostructures such as 2D open crescent8225—
or overlapping nanowires [14, 18, 19] (see Sec.ll C). Theagation of SPs along rough metal surfaces [89-91] can also b
investigated through a conformal map of the structures shiowig.1(c)-(d).

B. Perfect singular structures

Our canonical system is a line dipole that can be located a¢lin layer of metal (Fig.2(a)) or between two semi-infinite
metal slabs (Fig.2(d)). In the following of the study, thetatgermittivity is denoted as and the dielectric permittivity, is



fixed arbitrarily to 1. Now apply the following CT:
s =9 (5)

wherez = x +iy andz’ = 2’ +1y’ are the usual complex number notations aiglan arbitrary length scale constant. Obviously
all points at infinity inz translate to the origin iz’ and planes translate into cylinders. Hence the resultingtsires are a 2D
crescent with touching tips (Fig.2(b)) and two kissing ugikers (Fig.2(e)).
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FIG. 2: (a) A thin layer of metal supports SPs that couple to a line dipo)eTHe latter structure is mapped onto a crescent-shaped nanowire
illuminated by a uniform electric field following an inverse transformation gfSe (c) If the dipole is placed on the metallic surface in the
original frame ¢ = 0), the inversion map of Eq.5 leads to a semi-infinite metal slab with a hole djilkdoelow its surface. (d) Two
semi-infinite metallic slabs separated by a thin dielectric film support SPs @éwmita 2D dipole source. (e) The latter structure is mapped
with Eq.5 onto two kissing nanowires illuminated by a uniform electric fieldlf ¢f)e dipole is placed at the surface of one of the metal plates
in the initial geometry, the transformed structure is a nanowire placedrusipoof a metal plate.

For the crescent, we define a key parametarhich is the ratio between the inner and outer diametersetthscentD;
andD, respectively ¢ = D;/D,). Note that, if the line dipole is placed on the surface ofrietal plate in the initial frames
(Fig.2(a)-(d)), the resulting asymptotic structures aoglandric hole drilled just below the surface of a metalllats (Fig.2(e))
and a nanowire placed on top of a metal film (Fig.2(f)).

Transformation of the dipole is equally interesting - seg i We have chosen the origin of our inversion at the ceritéreo
dipole. Thus the two charges comprising the dipole, vergelm the origin inz, translate to near infinity in’, which gives
rise to a uniform electric fiel@®g in the transformed geometry. To prove it more rigoroushe oan first express the incident
potential due to the dipolA = A ux + Ayuy in the slab geometry,

_ 1 Az +Ayy 1 A
do(z,y) = re 21 - ome Re{ : } (6)
with A = A, + iA, the complex notation applied to the dipole moment The incident potential is preserved under the CT
(po(z) = ¢p(2")), which yields the following expression for the incidentgatial in the transformed geometry,
VAN 1 AN !
QSO(Z ) - 271'6092 Re{AZ } (7)
This incident potential can be related to a uniform eledteld, Ef; = —V ¢y, such that
;1 Aguyx — Ayuy
EO - 27T€O 92 ) (8)

with ux anduy the unitary vectors along the axi®z’) and (Oy’). This confirms our previous intuition that the dipae
should map to a uniform electric fielgy. As we assume that the dimensions of the crescent and thedisdinders are small
compared to the wavelength, the SP modes are well describibeé inear field approximation. The uniform electric field can
then be taken as due to an incident plane wave of polariztjpn
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The mathematics of CT closely links the physics at work inheafcthe very different geometries. Solving the relatively
tractable slab problems solves the crescent and kissiimgeyk problems. In particular, the dispersion relatiothefSP modes
supported by IMI and MIM structures under the near-field agpnation can be transposed to all the transformed geoasetri
The dispersion of the excitations can be derived from theviehg condition [70, 71]:

e2lklaz (6‘1>2:o )

e+1

The dispersion relation is thus given by,

In(<2), ifRe[ < —1
kas = a = il _ g (10)
In(=), if —1<Rge] <1

with k the wavenumber of the SP modes. The dispersion relatiomisrsin Fig.3. The metal is assumed to be silver with
a SP frequencw,, = 3.67 eV and permittivity taken from Johnson and Christy [92]. HEpectrum of modes is continuous

Bulk plasma frequency o

1 SP frequency o,
0.8
o
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FIG. 3: Dispersion relation for IMI and MIM plasmonic structures shawfig.2(a) and (d).

with a lower bound at zero frequency and an upper bound atuhepbasma frequency,. At the SP frequencys,, there

is a singularity where the symmetry of the potential modeischiws from antisymmetric to symmetric. Fig.3 indicatet ttine
symmetric mode (namely, the SP excitation above the sugtamma frequency) is relatively narrow-band compared o th
antisymmetric mode. Therefore, in the following of thisiesv, we shall focus on the frequency range below the surfesa
frequencytsy.

In Fig.2(a)-(d), the dipole pumps energy into the SP moddh@Mmetallic slab(s) which transport the energy out to itfini
without reflection. The same modes are excited in the créseehthe kissing cylinders by the incident electric figlg (Eq.8).
Since we make the near field approximation all dimensionsesethan the wavelength but the changed geometry means that
the excited modes have a net dipole moment. This providgglioguo the external field. Transformation of the modesstali
that in the crescent, modes are excited mainly at the fatgfdite crescent and propagate around to the claws in an didiaba
fashion (Fig.2(c)). Similarly, the plasmon modes propagébng the surface of the kissing cylinders towards thehimgcpoint
(Fig.2(e)). As SPs propagate towards the structure sirigyltheir wavelength shortens and velocity decreasesapgrtion.
Just as modes excited in the original slab never reach wfinia finite time, modes excited in the crescent or in kissing
cylinders never reach the tips or the touching point. In aalidossless metal, energy accumulates towards the siitgula
its density increasing with time without bound. In practfogte loss will resolve the situation leading to a balancesMeen
energy accumulation and dissipation. The harvesting andfoausing properties of the 2D crescent and kissing naeswiill
be described in more details in Sec.lll. The physics desdrimtil now is similar for the two asymptotic structureswhadn
Fig.2(c) and (f). The system consisting in a nanowire plametbp of a metal plate is investigated in details in Ref.[J70]

Solving the 2D problem is interesting but quite restriciivéerms of applications. One can wonder if similar broadband
nanofocusing properties can be observed with 3D nanostestike kissing spheres or a 3D crescent. This extensi8b toas
been performed by A. Feamdez-Doringuezet al., using coordinate transformation [67]. Starting this tifream the desired
geometry, a dimer of kissing spheres (see Fig.4), the fallg8D inversion can be applied

2
r = g—2r (12)
Ir|
wherer andr’ are the position vectors in the transformed and originatspespectively. Eg.11 transforms the spheres into two
semi-infinite slabs. In contrast to 2D conformal mapping, 3D inversion also acts on the material properties of theerys
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FIG. 4: Figure courtesy of Antonio Feaindez-Doringuez [67]: Transformation used to solve the kissing spheres prok@nTwo metal
nanospheres of radik, and Ry touching at a single point. (b) Slab geometry with the illumination and permittivitigained from the
inversion of the kissing nanospheres.

TO determines that the transformed slabs are not filled withreentional metal, but with a modified material having aisiig
dependent dielectric function of the foref(r’) = eg?/r'? and that the relative permittivity between them¥jigr’) = ¢*/r".
Fig.4(b) describes the geometry and the permittivity distion obtained from the inversion of Fig.4(a).

Albeit more difficult to solve analytically, the 3D problem actually very close to the 2D problem in terms of physicg.[67
The SP propagate along the surface of the two kissing spb@nesds the touching point. As they approach the structure
singularity, their velocity decreases, which leads to anuawilation of energy. Actually, the nanofocusing perfonceis even
better since the energy is focused onto a single point in 3f2ad of aline in 2D. The system also displays a continucestspm
with a lower bound at zero frequency and an upper bound atutkepbasma frequency. The light absorption and nanofogusin
properties of the kissing spheres will be described in metail$ in Sec.lll C.

C. Singular plasmonic structures
1. Conformal mapping of singular structures

A more systematic study of singularities in plasmonics & poesented and relies on the work made by Y. letial. [65].
The mothersystem is more complex than in the previous subsectionF@gand (b)). It consists in an array of 2D dipoles
located at: = i2wmd (with m an integer) embedded into a periodic stack of infinite mietéilms. Each element of the dipole
array is assumed to have a dipole momAntThe total incident field, is given by:

1 mahe A
¢o(z) = — Sreq Re{mzoo z—z27rmd} 12)
Now apply the following exponential transformation
w = dexp (2) (13)

wherew = u + v is the complex number notation. This CT maps lines parailléhéy—axis of the original coordinate system
to circles centered around the origin in the-plane. A metallic wedge (Fig.5(c)) and a V-shaped metaliomyge (Fig.5(d)) are
thus obtained. A geometric singularity is created at thginy the exponential map. The vertex angle of the wedge lamd t
groove is denoted & As to the transformation of the source, the conservatigdh@®fncident potentialdy (z) = ¢f(w)) leads
to:

1 e A
/ e —_—
9o(w) = 2meg Re{m_z_oo dln(w/d) } (14)
Expanding the field about its singularity (= d) leads to
, 1 A
oow) = ——re{ 2 (15)

(16)



Hence, the line dipole array is mapped to a single line dipbame strengtiA located atv = d.
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FIG. 5: (a),(b) Periodic metallic thin films support SPs that couple to alelipoay. The exponential map (Eq.13) transforms these two
structures into a metallic wedge (c) and a V-shaped metallic groove (d)aifay of dipoles is transformed into a single dipole of same strength
A located atw = d (Eq.15). Finally, under the inversion mapping (Eq.17), the wedgeigrtike structures are converted to a metallic open
crescent (e) and to overlapping nanowires (f). The dipole is mappadniformed electric field&g. In the particular case of a dipole placed
along the metal wedge or groove, the transformed structures becoytiadrical groove engraved onto a metal surface (e) and a cyliddrica
protrusion partly embedded in a metal surface (f).

A new CT can be applied to the metallic groove and wedge. Isistéin an inverse transformation about the dipole looatio

2
/ g
= 17
P= (17)

On the one hand, this transformation maps the groove to an@pscent-shaped structure in the general case and asigalbyo
to a cylindrical groove engraved onto a metal surface (comwagh surface, see Fig.5(e)). On the other hand, the ilorers
map of the wedge gives rise to overlapping nanowires in timeige case and asymptotically to a cylindrical protrusiartlyg
embedded in a metal surface (concave rough surface, s&¢fpigln both cases, the dipole is transformed into a unifetectric
field Ef that we shall take as due to incident plane wave (Eq.8).

All the structures shown in Fig.5 share the saBlA. In particular, the singular structures derived in Fig)g(r are
characterized by the same vertex an@le Note that theperfectsingular structures previously described in Sec.ll B &ig.
constitute a particular case of the singular nanostrusturaler study with a vertex angle= 0. The behavior of SPs in
singular structures can be deduced fromrttahersystems (Figs.5(a)-(b)). In particular, the dispersidatien of the SP modes
supported by the initial system can be transposed to allréimstormed geometries. This dispersion relation is definethe
following equation [65]:

(52) e <o

Although, this relation is not tractable analytically, @rcbe solved recursively. The result is shown in Fig.6(a)e fitetal is
still assumed to be silver [92]. The plasmonic system is shtmsupport a continuous spectrum of bounded SP modes with
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symmetric and antisymmetric profiles of the tangential field The symmetric (or even) mode spans the frequency range
[we, wsp, While the antisymmetric (or odd) mode spans the rajpgg, w.]. w. andw, are the lower and upper bound cutoff
frequencies determined by the following conditions:

Refe(w)} = 27 Refe(wl)} = 5o (19)

Although the dispersion relation cannot be solved anailtictwo asymptotic solutions can be derived [73]:

kdf = 73(6*26)

€ —

, for Refe} — €. (20)

(&)

kdd = ‘i (6_1> for
2 e+1

These two asymptotes are superimposed to the dispersaiiorein Fig.6(a).

e—1
In(—— —e ! 21
n<6+1>‘>> €, (22)
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FIG. 6: (a) Dispersion relation of the SP modes supported by the plasstonctures shown in Fig.5. (b) Evolution of the lower bound cut-off
frequencyw. (red line, Eg.19) and the critical frequengy (white line, Eq.36) as a function of the wavelengtfand of the vertex anglé.
The spectrum of SPs is continuous framto ws, (blue and light blue areas). The field is divergent at the singularity ofiéimestructure for

w < wyp (blue area). For both panels, the metal is assumed to be silver [92].

The fact that all the plasmonic structures shown in Fig.5estize same dispersion relation implies that they displaysdime
broadband properties from. to w’,, as summarized in Fig.6(b). The bandwidth of these strastanly depends on the vertex
angled. The stronger the singularity is€ smaller theta), the broader the bandwidth of the light heting process is. As shown
by Fig.5, they also share the same nanofocusing mechanignawaccumulation of energy about their geometrical saipyl
due to the distortion of the space under conformal mappinge fleld is even divergent at the singularity below a certain
critical frequencyw, that we will define in Sec.IV A (see Fig.6(b)). However, thenluzal properties of encountered at small
length scales will prevent the electric field from divergisigthe singularity (see Sec.VIl). Moreover, due to nanadéabion
imperfections, the singularity of these structures catweqgberfectly reproduced in practice, which reduces theraatation of
energy at the tip of the singular structures.

2. Conformal mapping of blunt-ended singular structures

In this paragraph, the CT approach is applied to investigageeffect of the singularity bluntness on the harvesting an
nanofocusing capabilities of singular nanostructuresvshia Fig.5 [68]. To that aim, we will consider the example airited
open crescents designeid conformal mapping as depicted in Fig.5(e).

Fig.7 shows the basic idea of the transformation strategletd with that issue. Compared to the original transforomati
shown in Fig.5, the blunt nanocrescent is simply obtainedloypting the sharp tips of the singular crescent structaes (
Fig.7(b)). This change in the transformed frame impliesiadation of the infinite metallo-dielectric system on bdttes in the
initial frame (Fig.7(a)). The distances from the dipolefte two truncation pointg andl, determine, respectively, the bluntness
of each tip of the crescent [68]

5 — Dsin S tan(0/2)
T Ising[(l; 4+ i8) /2] sing[(1; + 8 + i6) /2]

(22)



uniform electric field
L g
a a
2 B X Z= exp(z) 1 + E
T o |27-B-0
12 ‘/ ll :
—— -
avaws—r ¥
e

FIG. 7: Figure courtesy of Yu Luo [68]. The coordinate transfornratidnich bridges (a) the truncated periodic metallodielectric system and
(b) the blunt crescentD is the total dimension of the cresceatjenotes the distance between the two crescenttippresents the maximum
distance between the inner and outer crescent boundaries (refeaedhe crescent thicknesg)is the vertex angle, and denotes the angle
between thec-axis and the outer boundary of the crescent.

01 andé, denote the bluntness dimensions (or the diameters at thbltwmbtips). The remaining geometrical parameter# D,
andg are defined in the figure caption of Fig.7.

Since the whole system under investigation has now a firieeadbngr, the SP modes are now distributed at several discrete
spatial frequencies,, = nw/(l; + l2), with n an integer. Replacing the continuous spatial frequénby the discrete spatial
frequencieg:,, into the previous dispersion relation (Eq.18) leads to tleing resonance condition,

2
(61 1) |:end7r(27r—0)/(l1+l2) _ endﬂé‘/(l1+l2):|2 _ [GQndﬂ'z/(ll+l2) _ 1}2 —0 (23)
€

The bluntness imposed to the geometrical singularity mékespectrum of modes become discrete. As shown in Ref.[68],
the number of SP modes decreases exponentially as the tijnbks increases. The SP modes are characterized by a linear
momentumk,, in the original frame that maps onto an angular momeint the transformed geometries. In Sec.lV B, we will
show in more details the effect of the tip bluntness on thw ligirvesting and nanofocusing capabilities of singulaos&uctures.

D. Resonant plasmonic structures

Until now, only singular structures have been studied witthie CT approach. Resonant plasmonic structures are now
considered since they do not rely on any geometrical simigpland thus will be easier to implement experimentally. that
aim, the initial geometry we consider are the MIM and IMI stures excited by an array of dipoles shown in Fig.8(a) and (b
Unlike in Sec.lI B, the modes supported by these systemsisteste due to the presence of the dipole array and chaizxder
by a linear momenturk,, = 27n/d, with n an integer.

Now apply the exponential transformation already defindfigril3. The IMI structure (Fig.8(a)) leads to a metallic rtabe
(see Fig.8(c)), whereas the MIM structure (Fig.8(b)) gitise to the complementary structure, an insulator nanotube drilled
into a block of metal (see Fig.8(d)). The transformationhaf source is the same as before: the array of dipAlesaps into a
single dipoleA located atv = d (Eg.15). The linear momentum of the SP modes supported byripmal systems now map
to the angular momentum of SPs that propagate along theatesuhetal surfaces. The configurations described in @)
can correspond to the experimental situation of a moledileansition dipole momenA interacting with LSPs supported by
a nanotube [93, 94], but we can go beyond these simple coafigns by applying a new inverse transformation at the @ipol
position (Eq.17). On the one hand, the metallic tube (F&3)8¢ transformed into an off-axis nanotube in the genesiakand
asymptotically to a hole drilled below the surface of a metate (Fig.8(e)). On the other hand, the insulator tube. &)
maps to a dimer of nanowires in the general case and asyogitptio a nanowire on top of a metal plate separated by a thin
layer of insulator (Fig.8(f)). Once again, the dipole of Big)-(d) maps to an incident plane waklg (Eq.8).

As their mother system, the new structures display a discrete spectrum desig, = 27n/d, in agreement with the
hybridization picture [15, 36]. Replacing the continuopstial frequency: by k,, into Eq.9 leads to the following resonance

condition,
. dmnag  [e—1 2 (24)
*P d T \le+1
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FIG. 8: An array of dipolesA with a pitch27d excites the SP modes supported by an IMI (a) and MIM (b) structureonldponential
mapping (Eq.13), these two materials are transformed into a metallic ten@tyand its complementary structure (d) excited by a single
dipole of same strengtih. Finally, an inverse transformation of (c) and (d) about the dipole locdt®.17) leads to a nanotube (e) and a
dimer of nanowires (f) illuminated by a uniform electric fidk},. When the dipole is placed at the metal surface in (c) and (d), these two
structures become asymptotically an insulator hole drilled into a semi-infinitel plate (e) and a nanowire placed on top of a metal plate
with a thin layer of insulator between them (f).

This resonance condition can be rewritten for the transéarigeometry. For instance, it yields for a dimer with nanewiof
equal diameterl) = D, = D) [66, 74],

(Vi vizs)" —re{ 1} (29)

e+1

Note that this condition of resonance only depends on the pat= §/(2D) between the gap and the overall physical cross-
section2D. Each mode may give rise to a resonance which is red-shifteshthe two nanowires approach each other, as it will
be shown in Sec.V. The transformation shown in Fig.8 telthasthese modes couple to each other in the narrow gap separa
the two nanowires (Fig.8(f)) or when the nanotube gets #hirfRig.8(e)): their wavelength and velocity decreasejileato
an important field enhancement at this location. Howeventreoy to the kissing cylinders or the crescent-shapeaddgli (see
Sec.lI B), their velocity does not vanish, hence the LSPs tofinitely around the nanoparticles before being absarbéds
accounts for their resonant behavior. This brief qualitaticcount will be completed by quantitative results in 8ec.

This section has presented the three main families of naratstes that can be derived by conformal mapping from the
classical MIM and IMI structures (Fig.1). In the three nea¢ttons, we will present the main analytical results predity this
CT approach for each of these families.

Ill. BROADBAND LIGHT HARVESTING AND NANOFOCUSING

This section deals with the light harvesting and nanofamygroperties of touching dimers and crescents-shapedtrantures
(see Fig.2). It reviews the main results presented in asefithree papers [45, 70, 71].

A. Broadband light absorption

The absorption cross-section of nanostructures can betlgigerived from the dipole power dissipated in the inifi@me
[70, 71]. The energy pumped into the SPs in the metal slab{g)A(a)) can be calculated from the scalar product of tdaé¢ed
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electric field and the dipole [95]:
P= —%Im{A*.E(z:O)} (26)

This quantity can be calculated in the near field approxiomebly picking out the poles due to the propagating SP mode§ [10
This dipole power dissipated maps directly onto the poweogled from a plane wave incident on the nanostructure in the
transformed geometry. Following this strategy, the absmamrross-sectiown,, of the crescent can be deducedder —1 [71]

2 2 -5
aazw{pDO} Re{ln(el) x (61) } 27)

c |1-p e+1)1—e2\e+1
Note that all orientations of the incident electric field agpially effective at excitation. This isotropy is allowegthe contact
between the two crescent tips. On the contrary, an highlyotirdpic behavior is expected as soon as the tips are norlonge
touching [26-29, 65]. At the surface plasma frequency whete—1 , Eq.27 is singular ifp = D,;/D, < 1/3, i.e only for
fat crescents. Fig.9(a) and (b) display the wave-lengtredépnce absorption cross-sectignas a fraction of the physical
cross-section, fob, = 20 nm and considering silver [92]. For> 1/3, the crescent exhibits a broadband spectrum that shifts

towards red when the crescent gets thinner. The efficientheafrescent in light harvesting is also significant singalitsorption
cross-section is of the order of the physical cross-seei@m for such a small particle sizB{ = 20 nm).
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FIG. 9: (a) Absorption cross-section of the 2D crescent as a fraofitime physical cross-section as a functiorpaind the wavelength. (b)

The same result is shown fpr=0.2, 0.5, 0.8 and compared to the case of a single nanowire [96Abgdrption cross-section of the kissing
cylinders as a fraction of the physical cross-section= 2D as a function of the wavelengthfor an incident electric field polarized along
2’. The overall sizeD, of each device is 20 nm. All the graphs are shown in log-scale.

The same analytical calculation can be performed for twsikgsnanowires of same diametd? & D, = D). However,
unlike the crescent, this plasmonic device is strongly ddpat on the polarization of the incoming field. Indeed, the kissing
cylinders geometry is derived from a MIM plasmonic struet(iFig.2(d)). This configuration only supports odd SP modes f
e < —1[70]. If the dipole is placed at the center of the two metabs|anly itsz—component can give rise to odd SP modes
and itsy—component is totally ineffective. In the transformed getmét means that only the’—component of the incident
electric field can excite SPs for two kissing cylinders of shene diameter. The corresponding absorption cross-sectioan

be derived fore < —1 [70]
2w e—1
0=~ D Re{ln<e+l>} (28)

Fig.9(c) displaysr, as a fraction of the physical cross-sectidh,(= 2D = 20 nm). Similarly to the crescent, the two kissing
cylinders are powerful light harvesting devices over a bb@ad spectrum for an incident wave polarized alohd\ote that, in
both casess, /D scales linearly withD. Thus higher cross-sections could be obtained for largeedsion but in this case our
near field analytic theory may not be valid [45, 72] (see SEB)Y

B. Balance between energy accumulation and dissipation

The 2D crescent and kissing nanowires are capable of areefficarvesting of light over the visible and near infrareelcsa.
As we will see now, they are also strong far-field to near-fagdverters of energy, providing a considerable confinerapdt
amplification of the electric field in the vicinity of their phical singularity. Fig.10(a) and (b) illustrate this flgtshowing our
analytical calculation of the field distribution in the twamostructures. The metal is still silver [92]. In the sladnfie, the SP
modes transport the energy of the dipole out to infinity (sge2l. In the transformed frame, the same modes are excitdbi
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FIG. 10: Amplitude of thex’-component of the electric field normalized by the incoming field (polarédedgz’). The (a) and (b) panels
display the field in the crescent (for= 0.8) and in the two kissing cylinders respectively, considering silver at 0.9w,,. The color scale

is restricted to [-5 5] but note that the field magnitude is by far larger atél@ singularity of the structures. (c) The electric field is plotted
along the surface of the kissing nanowires, plotted as a function of the,gnglefined in the figure, faw = 0.75wsp, € = —7.06 + 0.213
[92] (blue curve) and = —7.06 + 2 x 0.214 (red curve, losses2). Both curves are normalized to the incoming field amplitée

fat part of the crescent and the diametrically oppositessafeghe kissing cylinders. Then, they propagate around ldvescof
the crescent and the surface of nanowires in an adiabaltiofas

Fig.10(c) shows our analytic calculation of the electri¢tdfimduced at the surface of the kissing cylinders by a plaaeew
polarized along the’ axis. As pointed out previously, the wavelength of SPPsteheras they approach the touching point,
leading to an enhancement of the electric field. The growthefield is then truncated by absorption losses at a finiteeardg
total field enhancement @f x 103 arises here at an angle= 179.75 deg. Also shown is a second calculation in which losses
are increased by a factor of two greatly reducing the enhmang and decreasing the angle at which maximum enhancement
occurs.

For kissing nanowires, the field enhancemdi/ £, along the nanowire can be expressedefer —1, as [70]

1/2 exp (—Im{~}|tan(v/2)|/2)
cos?(7/2)

with ~y, the angle defined in the inset of Fig.10(c), andefined in Eq.10. The exponential term of the last equatiomwstow
the dissipation losses truncate the growth of the field atbagylinders surface. From this expressionfdf/ E{, and using the
fact that I{a} = atan(2e;/(|e|?> — 1)), the angley,,.... at which the maximum field enhancement occurs can be easllycee
as a function of the permittivity imaginary pa [70],

2(1 — .
Tmaz =T — (|6|2p)61 if ef << e -1 (30)

‘ b (29)

/
EOa:

= Slallcosh(a)

-1

This expression of,,... shows that an increase of the dissipation losses makes timoma field enhancement shift to smaller
angles, resulting in a worse confinement of the field arouadtiucture singularity.

By injecting the expression ef,, . (EQ.30) into Eq.29 and replacingby its expression (Eq.10), one can deduce the maximum
field enhancementE!, ...|/ Eb.., that can be expected at the surface of the kissing cylinfters; << |e[> — 1 [70],

e—1 [e2 +1
In

e+1 e —1
The dissipation losses reduce the field enhancement as/greénsquare of the permittivity imaginary part This explains the
ratio 4 observed between the blue and red curves in Fig.1Tf® same analytic calculations can be performed for thecerd
[71] or for a nanowire placed on top of a metal plate [70] (&6).

Note that the field enhancement displayed by Fig.10(c) maynbealistic in practice. There are indeed two limits to thle C
approach:

2T

2 _ 1 2
() an

€7

max

!
EO:E

E’

e A micro-scale limit: when the size of the device becomes canaiple with the wave length, radiation losses are non longer
negligible and will reduce the field enhancement inducechbynanostructure. This point has been addressed for kissing
nanowires in Ref.[72] and will be discussed in this revievéet.VIB for the case of a dimer of non-touching nanowires.

e A nano-scale limit: at small length scales, continuum etettnamics is no longer valid and non-local effects canlté@su
an increase of the permittivity imaginary part [4, 97—100his issue will be addressed in Sec.VII. Furthermore, quant
mechanical effects, such as electron tunnelling or scngghiave to be taken into account in the vicinity of the stitest
singularity and may also reduce the field enhancementveltticlassical predictions [101].
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C. Extensionto 3D

In Sec.lI B, we have shown how the 2D conformal mapping ofikggsanowires can be extended to 3D leading to the study
of the kissing spheres (Fig.4). The problem cannot be saxedtly due to the spatial variations of the permittivitytie slab
frame, but describe accurately the EM fields behavior atdhering point of the spheres. A quite simple expression &n b
found for the absorption cross-section of two identicasiig spheres of radi; with an incident polarization along [67]

4 2

Oq = %%R%RG{QQ — a} (32)
Fig.11(a) plots the absorption cross-sectignnormalized byR? for kissing spheres of different dimensions calculatedgisi
COMSOL multiphysics (color or shaded dots). The metal isiag] to be silver with a permittivity taken from Palik [102].
The analytical spectrum obtained from Eq.32 is also showgldok solid line. The agreement between theory and sinaulati
is remarkable for radii up to 35 nm, where the near-field agpration fails and radiation losses become significant.eNbat
the comparison for smalR; worsens at high frequencies, as metal absorption prevént8eids from reaching the touching
point, where the theoretical result is the most accuratg1E{a) indicates that, for small dimers is of the order of the physical
size even at frequencies well below the single sphere resen@lack dots). This demonstrates that touching dimeosigty
interact with radiation over the whole optical spectrung #mat their cross-section presents a much smoother depemdea
frequency than an isolated nanopatrticle.

(a) R,=5nm_, sm

z 0
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177,56 178.0 1785 179.0 1795 180.0
0 (degrees)

FIG. 11: Figure courtesy of Antonio Feandez-Doringuez [67]. (a) Numerical absorption cross sectigrnversus incident frequency for
twin Ag touching spheres of different rad#; (color or shaded dots), and a single 5 nm radius sphere (black ddésk blid line plots the
analytical result obtained from Eq.32. All the spectra are normalizétftob) Electric field amplitude enhancement versus afdiefined
in the inset) at 500 THzR; = 20 nm). Black (red or gray) line corresponds to analytical (numergzdulations (Eq.33).

In order to gain a physical insight into the origin of the ltband response of touching spheres, the amplitude enhantem
of the z—component of the electric field close to the contact pointasted in Fig.11(b). Fields are evaluated at 600 nm (500
THz, e = —16.0 4 2.1:), where the dimer cross section is 50 times larger than tigdessphere. For this magnitude, the TO
approach yields [67]

E. T 20 a2 —a)2 o sinf

E)  \/2(1 4 cos 0)3/2 Re{a (3277 +e75) Jo (2 1+Cost9)} (33)
wheref is defined in the inset of Fig.11(b) anfd is the Bessel function of rank 0. There is again a good agreebeween
theory (black) and simulations (red) for spheres of radius@. £’ /E} is superior tol0* at the vicinity of the contact point
of the spheres far from the single particle resonance. Bhasclear demonstration of the broadband superfocusindititipa
of the structure. The physics is similar to the 2D case: gnacgumulates due to the drastic reduction of group velaaity
effective wavelength that the surface waves experiencéewapiproaching the contact point of the dimer. Note thateeithe
TO model nor the numerical simulations include nonlocatef (see Sec.VII).

D. Conclusion

This section has highlighted the power and elegance of thegpifoach. On the one hand, this approach allows to desigha pa
towards a broadband nanofocusing of light at the nanos€alé¢he other hand, it provides novel insights on the physiehhvior
of SPs at the nanoscale. The nanostructures derived froforooed mapping should rely on perfectly shaped singukssitin
which drastic hot spots arise. In practice, such a geomeiiiyber particularly difficult to implement. In the next seat,
this issue is addressed by considering the bluntness afplais structures at the nanoscale, considering the coifomap
described in Sec.lIC 2.
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IV. SURFACE PLASMONS AND SINGULARITIES

This section deals with the light harvesting and nanofa@yuproperties provided by the family of nanostructures diesd
in Fig.5 (V-groove, wedge, open crescent, rough surfacetlapping nanowires). These nanotructures have beeredtili
details in a series of paper [65, 73, 75]. Here we will firstfoon the effect of the vertex angle on the bandwidth of thet lig
harvesting properties by considering the example of oppiteg nanowires [73]. Second, we will show how conformal piag
can address the issue of not perfectly shaped singuldé@dsinherent in any nanofabrication process.

A. Control of the bandwidth with the vertex angle

The last section has addressed the issue of singular nactses (crescent, kissing nanowires) whose singulargy a
characterized by a zero vertex angle. This situation ieqdrrigalistic experimentally, hence one can wonder whapbap when
the vertex angl® increases. Here, we will study the transition between kgsianowires studied in Sec.lll and overlapping
nanowires (Fig.5(f)) that has been studied in details by .[eYet al. [73].

Solving the problem in the slab frame allows to derive theoghison cross-section, following the same strategy as the one
described in Sec.lll A. A full-analytical expression®f for two overlapping nanowires of same diamefeis not available but
one can derive the following asymptotic limits for an inaitlevave polarized along’ [73]

in?(6/2) € 1
~ 472 E%DQR c ifR 4
Oa 77\/36 02 e iy , ifRe{e} — e, (34)
. 2
owsin®(0/2) e—1 . e—1 4
oy ~ 4T Tz D“ReqIn 1 , If |In P >> —e; (35)

with e, the permittivity threshold defined in Eq.19. The first asyomg of o, (Eq. 34) displays a square-root singularity at
the cut-off frequencyv.., for which Rele} = e.. The second asymptote (Eq. 35) applies for larger freqesrtbianw,. and

is strictly identical to the expression derived for kissimydinders (Eq.28). Fig.12(a) displays the absorption i®ection of
overlapping nanowires normalized by the overall physicaks-sectionD,, as a function of the wavelength and the vertex
anglef. Fig.12(b) displays the wavelength dependence ofor different values of the vertex angfe The two asymptotes
derived in Egs.34 and 35 are superimposed o As shown in Fig.12, the absorption spectrum is stronglyedepnt on the
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FIG. 12: (a) Absorption cross-section normalized by the physical cross-sectiby as a function of) and X for an overlapping cylinders
pair of overall sizeD, = 20 nm. The white dashed line represents the low-frequency cut-offThe white continuous line represents the
frequencyw, (Eq.36). The color bar is in log-scale. (b) The same quantity is displagedunction of frequency for different valueso& 5°
(blue),20° (green)40° (red). The low-frequency asymptotes (coloured dots, Eq.34) ankdi¢ih-frequency asymptote (black dots, Eq.35) are
shown. At last, the single cylinder case is also shown for comparisdrid@én continuous line). For both panels, the metal is silver [92]

vertex angle?, which governs the cut-off frequency. (Eq.19). Three distinct regimes can be distinguished:

e Kissing cylinders regimef( — 0°): The absorption spectrum of kissing nanowires correspdodhe high-frequency
asymptote derived in Eq.35 (see Fig.12(b)). In that cagectitoff frequency. is zero and the absorption cross-section
displays a continuous and broadband absorption spectranttoy whole visible and near-infrared spectra.

¢ Overlapping regimedf < 6 < 90°): When the vertex angleincreases, the cut-off frequeney blue-shifts, which limits
the bandwidth of the light harvesting process. An absongtieek is observed around and its line shape is well predicted
by Eq.34 forw < w.. Whenw — wy,, the device behaves like kissing cylinders (Eq.35) in teofgyht harvesting (see
Fig.12(b)). The comparison stops here since the nanofogiishaviors differ in both situations.
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e Single nanowire regimed(— 90°): the two nanowires merge into a single one. The absorppestsum exhibits one
sharp resonance at the SP frequengy(see Fig.12(b)).

In contrast to kissing nanowires, overlapping nanowirasish clear cut-off frequency,. in their absorption spectrum. This
cut-off frequency can be adjusted by tailoring the overlegashce between the two nanowires. Note that the spectypkpties
shown by overlapping nanowires can be extended to all tietsties displayed in Fig.5: A squeezed metallic wefige 0°
can support SP modes over a broad bandwidth, whereas lagtgsén— 90° imply an extremely narrow line width.

The nanofocusing mechanism is on the contrary quite diftetempared to kissing nanowires (see Sec.lll). The field can
be actually divergent at the singularity for the family ofwatructures shown in Fig.5. The field divergence conditiam be
rewritten as [65, 73]

arctan [ilm{e}} < (36)

The term on the left is directly related to the dissipatiogskes in the metal with the imaginary part of the permittivitiie term

on the right is the vertex angle which accounts for the fielshpression at the structure singularities. Let us introducéhe
frequency for which the two terms of the last equation areabdgBieloww,, Eq.36 is checked: the field compression dominates
over dissipation losses and the field diverges at the steistagularities. Beyond,, Eq.36 is no longer verified: the dissipation
losses are large enough to make the field vanish at the steusingularity. The wavelengths correspondingutoandw, are
shown as a function af and are superimposed to the absorption spectrum in Fig.1Pff@ comparison between the two curves
shows that the frequencey is clearly larger than the cutoff frequengy and that both frequencies blue-shift with the overlap
distance. The divergence of the electric field occurs ovestrofthe overlapping nanowires bandwidth. This divergertavior

is surprising but not realistic in practice since it is sggiynrdependent on how sharp the singularity is.

B. Effect of the bluntness

The effect of bluntness on singular nanostructures is neesiigated considering the example of blunt-ended nasoerds
(see Fig.7). However, note that this strategy can be apmiéte whole set of singular plasmonic structures displage€dgs.2
and 5. The absorption cross sectignof the crescent can be directly deduced from the power digsipby the dipole in the
original frame shown in Fig.7(a). Analytical details aregented in Ref.[68]. Fig.13(a) shows the evolution of theogfition
spectrum as a function of the bluntnéssf the tip crescent (Eq.22). Three distinct regimes can sengjuished:

(@ 10"
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8D 107 ;
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FIG. 13: Figure courtesy of Yu Luo [68] (a) Normalized absorptiavssrsections /D as a function of frequency and the tip bluntnéser a
nanocrescent with = 9° and¢ = 0.16D. (b) Normalized electric field&”,, / E along the inner boundaries of the blunt and the corresponding
singular crescents gt = 3687 H z (the resonance of the dipole modeg). Here, the geometry parameters are sét as9°, t = 0.16D and

0 = 0.01D (for the blunt crescent). The metal is silver considering Palik data [102]

e Single-resonance structur®( > 10~'): the absorption spectrum displays only one sharp resenang,,. The system
behaves like a single rounded nanoparticle.

e Multi-resonance regime)(< §/D < 10~): When the tips of the nanocrescent become sharper, ressmassociated
to a small angular moment start to arise at a smaller frequency thay),. These resonances are red-shifted when
¢ decreases and the absorption spectrum displays sevevabres in the visible spectrum in addition to the overall
structure resonance @j,,.
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e Broadband regime)( D — 0): When the tips become extremely sharp, the absorptionrspedtecomes continuous and
broadband with a lower cut-off frequency. depending only on the vertex andle

Fig.13(a) indicates the degree of sharpness required twnoatbroadband harvesting of light. In the conditions of Figa)
(0 =9°,t=0.16D), abluntness /D = 102 is sufficient to get an efficient light absorption frgfn= 350 THz (A = 850 nm)
to f =900 THz (A = 333 nm),i.e over the whole visible spectrum.

Fig.13(b) shows the effect of the bluntness on the field ecéraent that arise in the vicinity of the singularity. Themalized
electric fieldE”, /E; is plotted along the inner boundaries as a function of thdeamglefined in the inset. The case of the
blunt (red dashed line) and the corresponding singulare(bhlid line) crescents are compared. As expected, the niaxim
field enhancement is distinctly decreased aro2has the claw tips are rounded. However, away from the tip, #d tnly
undergoes minor changes due to the bluntness. It shouldibeeg®ut that quantum mechanical effects are not considare
our calculation. For subnanometer bluntness dimensiom@ra general quantum description and nonlocal constiuélation
of the metal may be necessary to further improve the analytiodel [15, 97].

V. PLASMONIC HYBRIDIZATION REVISITED WITH TRANSFORMATION OPTICS

This section deals with the light harvesting and nanofewyugiroperties provided by the family of resonant nanostmest
described in Fig.8 (metallic nanotubes, nanowire diraer). Such nanotructures have been widely studied both theallgt
numerically and experimentally in the literature [10, 138, 15, 17, 18, 20, 33-39, 83—-85]. An elegant physical pictare
describe these resonant structures is the plasmon hydii@mizmodel [15, 36]. In analogy with molecular orbital tingahe
dimer plasmons can be viewed as bonding and antibonding icatidns of the individual nanoparticle plasmons. Howgver
albeit elegant, the plasmon hybridization picture is atiéitool: numerical simulations are still needed to caleuthe optical
response of the nanostructures. Onthe contrary, the Cbagipprovides an analytical description of the plasmoniidjzation
and a unigue physical insight on the propagation of SPs irkihd of nanostructures [66, 74].

A. Aresonant behavior

In this section, we will consider the example of a dimer ofoines [66, 74] to illustrate the plasmonic hybridizatiamncept.
However, note that the same strategy can be applied to sedvaroblem of off-axis nanotubes (Fig.8(e)).

The absorption cross-sectiep of a cylinder pair (Fig.8(f)) can be deduced in the quadiistanit from the power absorbed
by each dipole in the original frame (Fig.8(b)). The follmgiexpression af, is found for an incident wave polarized along
[66]

s =1Im {167Tgp’(1 + p')D2x} 37)
c
e— 1 n
with, x = > (38)
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with p’ the ratio between the gajbetween the two nanowires adf) their added diameters. The parametén Eq.38 displays
the sum of each contribution due to the LSP modes supportéuelgylinder pair and denoted by their angular momeritach
mode may give rise to a resonance at a frequency satisfyingahdition previously defined in Eq.25.

Fig.14 illustrates this resonant feature by displaying (2D) as a function of frequency and = 6/2D, for an overall
physical cross-sectionD = 20 nm. The metal is silver with a permittivity taken from Johnsmd Christy [92]. As shown by
Fig.14, the absorption spectrum is strongly dependentendtiop’ = §/(2D) and let show three distinct regimes:

e Weak coupling regimeg( > 0.5, i.e for a gap larger than the cylinder diameter): all the esoksonate at the vicinity of
the surface plasma frequenoy,. The coupling between the two nanoparticles is weak andyisters exhibits the same
absorption spectrum as an individual cylinder.

e Strong coupling regimey( < 0.5): when the two nanoparticles are approached by less thadianmeter, resonances for
smalln start to arise at a smaller frequency thayy. These resonances are red shifted when the gap decreasi® and
absorption spectrum displays several resonances in theevipectrum in addition to the individual LSPs resonartce a
Wsp-

e Kissing cylinders regimey{ — 0): the number of excited modes becomes infinite, leading tmérmuous and broadband
absorption spectrum (Fig.9(c)).
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FIG. 14: Absorption cross-sectien.: normalized by the physical cross-sectzP as a function of’ and wavelength for a cylinders pair
with D, = 10 nm. The color bar is in log-scale.

B. Nanofocusing properties

The electric field’ induced by the dimer can be deduced from the electrostatémfial solved in the original frame(Fig.8(b)).
It can be decomposed as an infinite sum of mo#é¥): E' = °°°  ¥(®. The analytical expression of the mod&s® is
derived in Ref.[74]. Note that in the near-field approxiroatithe enhancement of electric field is independent of teedfithe
system.
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FIG. 15: Electric field forp’ = 1072 associated with the two first modes= 1,2 (from top to bottom) at their corresponding resonant
frequencies (Eq.25) for an incident wave polarized alohga) Amplitude of the imaginary part (MS}) normalized by the incoming field;,
(polarized along:’). (b) Amplitude of the imaginary part Qﬁﬁf,’) normalized by the incoming field;, (polarized along,’). For (a) and (b)
plots, the color scale is restricted to [-10 10] but note that the field magnitady far larger in the narrow gap between the structures. (c)

Amplitude of the imaginary part 01&9(07)/]36 (blue) andzpf/’,’)/E{, (red) along the cylinder surface as a function of the angiiefined in the
figure. '

Fig.15(a) and (b) represent the imaginary part of the figdtrithution alongr’ andy’, respectively. These figures can be easily
interpreted with CT. In the slab frame, the SP modes tramsperenergy of the dipoles along the surface of the metas<ksde
8(b)). The same modes are excited in the transformed framh@m@pagate along the cylinder surface. As they approach the
gap separating the two nanoparticles, the LSPs supporteddiynanoparticle couple to each other, their wavelengittests
and group velocity decreases in proportion. This leads terdiancement of the field in the narrow gap. However, contary
the kissing cylinders (Sec.lll), the velocity of LSPs does vanish and energy cannot accumulate infinitely in theavagap.
Instead, LSPs propagate indefinitely around the cylindeasling to the resonant behavior pointed out previously.

Fig.15(c) represents the imaginary part of the field alomgstiiwface of the cylinders. The comparison between each mode
allows to confirm our previous qualitative description: #regular momentum associated to each mode corresponds to the
number of spatial periods covered by the SP when propagatghd one nanowire. Fig.15(c) also highlights the drdid
enhancement that can be induced within the gap between theamoparticles. Typically, faf = D /50, the field enhancement
|E'|/Ey can reach a value of 600. Note that the field enhancementisHas one order of magnitude of the value obtained for
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kissing cylinders £ 10%) (Fig.10(c)).

Note that the results displayed by Fig.14 and Fig.15 arelvalthe quasi-static limit,e for D < 20 nm. In the next section,
we show how to take into account the radiative losses in th@i€flire and extend the range of validity of conformal magpin
Note also that the problem of a nanowire separated from al slataby an insulator thin layer (Fig.8(f)) has also beeweadl
explicitly and the analytical details are presented in [Réf.

VI. BEYOND THE QUASI-STATIC APPROXIMATION

Until now, the CT approach has been quite restrictive sihcan only apply to nanostructures of a few tens of nanometers
(typically 20 nm). In this section, the range of validity bf¢ approach is extended by taking into account the radiakzonping
[72]. The radiative losses are shown to map directly ontoptheer dissipated by a fictive absorbing particle in the oadgi
frame. We apply this approach to the case of the nanowirerditndied in the previous section. Radiative losses are show
to limit the light harvesting process but improve its broalth feature. The field enhancement induced by the nanasteuct
decreases with the structure dimension but remains signtfidn a second part, we take advantage of this strategudy she
interaction of a dipole emitteie(g molecule or quantum dot) with complex plasmonic nanostmest by means of conformal
mapping. The fluorescence enhancement as well as the quaffiai@ncy are derived analytically. Their spectral andtigha
properties are analyzed in the perspective of experiments.

A. Conformal transformation picture

The aim of this section is show how to extend this CT approacievices of much larger dimensions. Rigorously, this sthoul
be done by considering the magnetic component in addititimetelectric field. However, this would be particularly ®as and
intractable analytically since the permeability is not served under conformal mapping and should vary spatially/a% in
the original frame [103]. We propose an alternative and finate based on energy arguments [72]. It consists in extgritie
electrostatic results by taking into account the radiatiamping. For simplicity but without loss of generality, wélwonsider
the example of a dimer of nanowires illuminated by an incidggane waveE;. A dipole p’ is placed in the vicinity of the
plasmonic system and accounts for the transition dipole emiraf a fluorophore (Fig.16(a)). This complex problem can be
mapped to a much simpler geometry through the transformatiscribed in Fig.16 and already studied in the quasiedtatit
in Sec.V.

In the dimer frame, the incoming beam is both absorbed aritesed by the nanostructure. The scattered field can be taken
uniform in the near field of the nanoparticles. Similarlytie incident field that is transformed into an array of dipahethe slab
frame, the counterpart of the scattered field in the slab gégnis an array of fictive absorbing particles,, of polarizability
Vs = fi%zeogQwQ/cz [74], superimposed to the emitting dipolAs(Fig.16(b)). These absorbers account for the radiativeelos
in the transformed geometry.
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FIG. 16: (a) A pair of metallic nanowires of diamet@rand separated by a distants illuminated by an incident plane wa®,. The dipole

p’ accounts for a fluorescent molecule placed in the vicinity of the nandisteudb) Using the transformation already described in Sec.ll D,
the latter system is transformed into two semi-infinite metallic slabs separai@dhiny dielectric film. Eq andp’ are transformed into two
dipolesA andp, respectively. An absorbing particlss accounts for the radiative losses in the initial frame [72].

Radiative losses in the transformed geometry correspotitetpower dissipated by this small absorber in the origirsahg.
The radiative reaction is then considered to go beyond getrelstatic approximation. Taking into account the raggateaction
is necessary in order to satisfy the optical theoreeehergy conservation) [104]. In the transformed frame, ritegponds to the
self-interaction between the particle and its own scattéiedd [104—106]. In the slab frame, the radiative reactionmesponds
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to the field scattered by the fictive absorbing particle araktemitted toward the metal slabs. The analytical resaksy into
account radiation damping will be presented in Sec.VI B ailidbe confronted to numerical simulations.

The fluorescent moleculg’ located atz(, in the dimer frame is transformed into an array of dipolespsehlocatiorz, and
dipole momenp are given by

2 27,2

o= (155, 5=l (39)
Zod 1+ 75

]

On the one hand, we will be able to study the total decay rateeofluorescent moleculp’ by investigating the total power
of the dipolep dissipated in the slab frame. On the other hand, the radidti¢ay channel g8’ will correspond to the power

dissipated by each small absorlzkg in the slab geometry. This problem will be treated in Sec.VIC

B. Radiative losses

The introduction of a fictive absorbing particle at the arigf the slab frame allows to take into account radiation damp
in the transformed frame. It yields the following expressior the extinction cross-sectian.,; of a dimer illuminated with a
z'—polarized incident field [66]

w / 2
Gert = Im { Lomer L+ /DX } (40)
1L —2np/ (14 p/)D? %5 x
with the parametey defined in Eq.38. This expression should be compared witpréagous expression of the absorption cross-
sectiono, derived under the quasi-static limit (Eq.37). Radiatiosskes lead to a renormalization@f,; by the denominator
of Eq.40. Fig.17(a) shows the effect of radiative dampingthan extinction spectrum for different size of dimers at adixe
ratiop’ = 6/(2D) = 0.01. The theoretical predictions (Eq.40) are compared to thelteof numerical simulations performed
by D. Y. Lei with the software Comsol. An excellent agreemisnfound in the quasi-static limitZl§ = 10 nm). For larger
structure dimensions, the numerical results are sliglettirshifted compared to our theoretical predictions. Thidue to the
retardation effects which are not considered by the CT ambr$72]. However, the magnitude and line shape of resosaaree
nicely predicted for structure dimension up to 200 nm. Fi@a] shows that radiative damping broadens the line wid#tach
resonance and leads to the saturation of the extinctiors®stion at the level of the physical cross-section.
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FIG. 17: Extinction cross-sectiom..: (2) and scattering cross-sectien (b), normalized by the physical cross-sectidP, plotted as a
function of frequency for nanowire dimers of different size with= 0.01. The theoretical predictions (continuous lines, Eqgs.40-41) are
compared to the results of numerical simulations (dots). (c)imagiremtyop E., / E, along the surface of the nanowire at the first resonant
frequencyw = 0.8ws,, for p” = 0.01. The theoretical predictions (continuous lines, Eq.42) and numessalts (dots) are compared for
different nanowire diameted: 10 nm (blue), 25 nm (red), 50 nm (green). For all panels, the mesaisismed to be silver [92].

An expression of the scattering cross-sectigitan also be derived by computing the power dissipated bydtiesfiabsorber
in the slab frame,
3
_ 32m% 0 (1 + )’ D x|

= 5 (42)
. 2
’1 —2mp' (1 + p’)DQ%Xf

Os

The radiative spectrum depends |aff*. Hence, the resonances defined by Eq.25 also occur in thersegispectrum. This is
confirmed by Fig.17(b) which displays /(2D) as a function of frequency for different size of dimers at adixatiop’ = 0.01.
There is a perfect agreement between our theoretical pi@uignd the numerical result in the quasi-static lindt & 10 nm).
The resonances displayed by Fig.17(b) clearly display gsmasetric line shape. We stress on the fact that these areamat F
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resonances which appear usually in the extinction spectmighcorrespond to the coupling between bright and dark modes
[107-110]. The sharp dips observed in Fig.17(b) originatenfthe destructive interference between each successgi b
mode. Typically, the sharp dip observed.at= 0.85w;), results from the destructive interference between the swode 1 and

n = 2 which resonate on each side of the dip [74]. This feature egprbmising in perspective of sensing applications, since
the ratio between the absorption and scattering crosgaeatan reach for instance a value of 150 in the conditionsidered

in Fig.17(b). At these invisibility frequencies, the narievdimer can harvest light efficiently from the far-field afodus its
energy at the nanoscale, without any scattering in the sodiog area. The dimer acts then as an invisible/non-imgasgnsor.
This idea is in relation with the concept of sensor cloakingppsed by All and Engheta [111]. Note that the dimer is invisible
in all the directions except in the forward scattering onemetthe absorption of light will induce an attenuation of ithe@dent
beam.

As for the extinction cross-section, radiation dampinglgeto a renormalization of the scattering cross-sectiordiae
structure dimensions (see the denominator in Eq.41) whiakesy, saturate at the level of the physical cross-section (see
Fig.17(b)). A satisfying agreement is found between nucatand analytical results in Fig.17(b), except for theldliged shift
explained by retardation effects. The Q-factor of the iitniiidy dips decreases for large structure dimensions aechanowire
dimer may keep its invisible feature only for nanowire dia@nénferior to50 nm.

In the quasi-static limit, the near-field enhancement datgslapend on the size of the device. However, radiative dagnpi
breaks this property and limits the nanofocusing propedighe dimer. Radiative reaction requires the renormiadinaf the
electric field by a factot [74]

2
g:1—2mﬂu+ﬁﬂﬂ%x (42)

The effect of the radiative losses on the field enhancemestiasin in Fig.17(c). The imaginary part &, /E; along the
surface of the nanowire is displayed at the first resonaguacyw = 0.8ws,, for p’ = 0.01. The theoretical and numerical
results are compared for different dimensidns= 10, 25, 50 nm and a good agreement is found. The radiation losadsd
a renormalization of the electric field by the factowhich increases with the structure dimension (Eq.42). Fee 50 nm, a
slight disagreement starts to appear between theory andmzathsimulations, due to the retardation effects whihreot taken
into account by our model [72].

Note that the same strategy can be applied to determinedtativa losses in all the structures that can be deni@donformal
mapping. For instance, the effect of radiative damping leentstudied analytically for kissing nanowires as well [72]

C. Fluorescence enhancement

We now apply the CT strategy beyond the quasi-static limgtrealict analytically the fluorescence enhancement for cudds
placed in the vicinity of metallic nanostructures. We firgelly recall the main point of the spontaneous emission bykoule
in the near-field of a nanoantenna. Then we will show how the@iroach can be used to predict analytically the fluorescenc
enhancement of molecules placed in the vicinity of metaloostructures. As the absorption and emission process atc
different frequencies, a perfect knowledge of the speeinal spatial properties of the field enhancement might besigedior
the implementation of new types of biosensors.

1. Fluorescence enhancement in the near-field of nano-antenna

A plasmonic device can strongly influence the fluorescen@eroblecule placed in its near-field [44, 112-116]. On the one
hand, LSPs can induce intense fields at the nano-scale thékely to increase the number of photons absorbed by a miglec
at its excitation frequency. On the other hand, at the eonigsequency, the radiative and non-radiative propertiéseemitter
strongly depend on its environment. This is the so-called&bleffect [L17]. The interplay between local-field enbements,
radiative and nonradiative decay channels can lead to aaneement of the fluorescence signal or to quenching.

The fluorescence emission by a molecule is governed by anriemigparameter, the decay rate which describes the
amplitude decay suffered by the transition dipole of theeuole in time. Two contributions to this overall decay can be
identified: v is the radiative decay rate that gives rise to the emissiarpbibton in the far fieldyY 7 is an intrinsic nonradiative

decay rate that accounts for internal losses. The emisfficiency of a fluorophore is then quantified by the intrinsimgtum
yield:

_Yr_ _ Tk (43)

To =
Y YRTeR
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The quantum yield represents the probability that an eafis@rescent molecule emits one photon. The presence obgattitle
in the vicinity of the emitter can modify the quantum yieldtbé molecule, such that

TR YR
=12 . (44)
Y YR+ INR+VNR

We can identify three different decay channels in the system: the radiative rateyg, the external nonradiative decay rate
induced by dissipation in the metaly r, and the nonradiative decay rate intrinsic to the emittgr,. A metallic nanostructure
sustains highly confined modes and induces strong radiltsses. Hence, it may give rise to a large enhancement of the
radiative decay rate experienced by any emitter placed widinity. The ratioyr /v is usually termed as the Purcell factor.

The fluorescence of a molecule is given by the product of tiferdint factors: the emitter quantum yield,which measures
its ability to re-radiate once excited, and the EM energy ithia able to absorb from the incident electric field in theigation
process, which is proportional tp’.E’|> (wherep' is the transition dipole moment, ai is the electric field evaluated at the
emitter position). The fluorescence enhancement then reads

$/S0 = (nlp"E'*) / (o Ip"Eo ") (45)

The radiative decay rateg is proportional to the power radiated in the far field, white thonradiative decay ratgyr is
proportional to the power absorbed by the metallic nanosiras.

2. The CT approach

As an example, we consider the interaction of a fluorophoth widimer of nanowires as already described in Fig.16. To
solve this problem, this configuration is mapped onto a muetpler one consisting of a dipole sandwiched between two
semi-infinite metal slabs (Fig.16(b)). The solution in thi#dr geometry allows to derive analytically different gtitkes such
that the fluorescence enhancement as well as the quantuiereffiin presence of the metallic nanostructure. Note tfetipus
works have investigated theoretically similar problemé, [#18, 119] but none of them have led to a full analytical Sofu

The radiative decay rate is proportional to the power radidty the nanostructure. In the slab frame(Fig.16(a)), nissts
in calculating the power dissipated by the small absorbeowatting for radiative losses. Normalizing it by the powadiated
by the molecule in free space leads to the Purcell fagtgty%. The wave-length dependence of the Purcell factor is disgla
in Fig.18(a) for a transition dipole momept aligned along:’ and located at the center of the gap. The Purcell factoraiyspl
dramatic peaksx 107) at the LSPs resonances (Eq.25). Fig.18(b) and (c) showptiteasdependence of the Purcell factor for
a transition dipole moment’ aligned alongr’ andy/’, respectively. These graphs are shown at the first LSP resefia= 1)
for a gapé = D/50 between the two nanowires. The Purcell factor displaysgtapatial variations in the near-field of the
nanowire with the highest values within the gap. These testlow the extreme tunability of the Purcell factor acangdbp the
dipole position and the wave-length.
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FIG. 18: Purcell factor for a dimer of silver nanowires (with= 20 nm, permittivity taken from Ref.[92]). (a) Wavelength-dependerfce o
the Purcell factor as a function of the distance between the two nanowiradifiorophore placed exactly at the the center of the gap and a
transition dipole moment aligned along. (b) and (c) Spatial dependence of the Purcell factor at the firsheexe frequencyn(= 1) for a
transition dipole moment aligned alongandy’, respectively. The dimer size is 20 nm and the §apD /50.

The quantum vyield is an important parameter for future drpemts. It can be computed through the CT approach by
calculating the ratio between the power dissipated by thalsabsorber accounting for radiative damping (proposidno the
radiative decay rate) and the total power dissipated by titey @f dipolesp in the slab frame (proportional to the total decay
rate). This is valid under the assumption that the nonrasialecay rate intrinsic to the emitter, ,, is negligible compared to
the nonradiative decay rate due to the dissipation lossiimetal,yR, . Fig.19(a) and (b) show the spatial dependence of the
guantum yield; (Eqg.44) for a transition dipole momept aligned along:’ andy’, respectively. These graphs are shown at the
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first LSP resonance(= 1) for a gapd = D/50 between the two nanowires. Similarly to the Purcell fadtee, quantum yield
displays strong variations in the near-field of the dimen d&transition dipole moment oriented along the quantum yield is
maximum at the exact center of the gap but strongly decrehsa the molecule move along the axis of symmetry of the dimer.
The lines defined by’ = 42’ correspond to the area outside of the gap where a molecutesendipole moment is oriented
along ther’-axis, is quenched. For a dipole moment oriented along/thaxis, the molecule is quenched if it is placed along
the axis of the dimer, hence in the gap as well.
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FIG. 19: Fluorescent properties of a molecule placed in the vicinity of adafsilver nanowires at the first resonamce- 1 (with D = 20nm,
§ = D/50, permittivity taken from Ref.[92]). (a),(c) Spatial variations of theagtum yield for a dipole oriented along andy’, respectively.
(b),(d) Spatial variations of the fluorescence enhancement foradedipiented along’ andy’, respectively. The intrinsic quantum yield
has been fixed to 0.66.

Fig.19(c) and (d) show the fluorescence enhancement (Ei.45% same conditions as for the quantum yield (Fig.19(d) an
(b)), assuming that the absorption and emission proceas atthe first resonance frequency of the dimer. Of course igh
a strong hypothesis but, note that, in practice, differéasbgption and emission frequencies can be incorporatdueimidel
according to the fluorophore used in the experiment. Thasitrquantum yield)y has been arbitrarily fixed to 0.66. Again,
the fluorescence enhancement highly depends on the positibie fluorophore and on the orientation of its dipole moment
Maximal values for the fluorescence enhancement (Li®tp occur in the gap for a dipole oriented along Hence, plasmon
hybridization offers spectral and spatial degrees of foeethat can be used to tune the fluorescence and the appaagntiou
yield with high sensitivity.

To conclude, note that the CT strategy is really powerfutsiit provides a fully analytical solution to describe the/gihs
of the interaction between a fluorophore and a plasmonicstargiure. Unlike a numerical approach, an efficient anddrap
optimization of the nanostructures can be performed. Oalyfinal model predicts quantitatively the quantum yietdlahe
fluorescence enhancement induced by these metallic stegcior nanowire diameters below 100 nm. As the absorptiah an
emission process occur at different frequencies, a pedafestledge of the spectral and spatial properties of the éislchncement
might be decisive for the implementation of an experimesgalip aiming at single molecule detection. The main petisgeuf
this work is to extend this study to a 3D configuration and irtipalar to consider a 3D dipole rather than a 2D dipole, \ultias
not physical existence. We believe our 2D model providesaitative knowledge for the spatial and wavelength depeode
of the Purcell factor, the quantum yield and the fluorescemtencement. However, note that the values provided hensoar
guantitative predictions of what would happen for a 3D titaos dipole moment like in a real experiment.

VII. NON-LOCAL EFFECTS

Conformal mapping designs a path towards the plasmayiaal, i.e a broadband light harvesting accompanied with a
drastic focusing of light at the nanoscale (see Sec.lll-IMpwever, the nanostructures derived by conformal mapgisiglay
geometrical singularities in which the spatial extent & M fields is comparable to the Coulomb screening length bieno
metals §. =0.1 nm for silver [120]). From a theoretical perspectivee #tudy of SPs in the vicinity of such singularities
requires the implementation of non-local, spatially dispe permittivities that take into account the effect afatfon-electron
interactions in the dielectric response of the metal. Inceme study, A. Ferandez-Doringuezet al. have adapted the CT
approach to investigate the impact of non-locality on th&cap properties of singular plasmonic nanostructureg.[6Bhis
section is dedicated to the review of this theoretical biteakigh.
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A. Conformal mapping of non-locality

A. Fermandez-Doringuezet al. have shown in particular how the spatially dispersive ottaranf the metal permittivity can be
considered in the CT leading to kissing nanowires (see I869]. Fig.20(b) depicts the system under study, a paioathing

g?/R

FIG. 20: Figure courtesy of A. Feandez-Doringuez [69]. Conformal map transforming a MIM structure (a) intoikigmanowires (b) with

a non-local description of the interaction of light with the nanostructuree Sftaded areas in both panels represent the decay length of the
longitudinal plasmons excited in the system. Blue solid lines show artistic plebeaflectrostatic potential describing propagating SPPs in
both frames.

nanowires illuminated by a plane wave polarized along timeediaxis, as already investigated under the local apprdiama
in Sec.lll. Now, the metal permittivity is modeled using tbe-called hydrodynamical Drude model [121], which yields t
following dielectric functions:/. ande’,, for transverse and longitudinal EM fields, respectively

wh
(w+ivy) — &2[k[?
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(46)
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The usual Drude constants are obtained from the fitting tex@ntal data for silver [102], whereds which measures the
degree of non-locality, is set as a free parameter for the embniThe dark ring in Fig.20(b) accounts for the decay lemgth
the longitudinal plasmons into the metél,~ j— (w << wp). ¢ represents the extension of the surface charges induckd in t
nanowires by the incident light. ’

Through the conformal inversion (Eq.5), the problem cdirgisin an incident field illuminating the touching nanovgre
(Fig.20(b)) map onto a dipole sandwiched between two sefirifie metallic slabs (Fig.20(a)). Whereds(w) is preserved
under the transformation, tHi€ —dependence of’ (w,k’) makes it sensitive to the inversion. Assuming that the rooadl
length scale is much smaller than the spatial range in wihighiz’ varies significantly, the general relation between theioaig
longitudinal permittivity and its transformed counterpaads [69]

dz
k,w) =e (|52
e(k,w) = ¢ ( Ew,

k, w) (47)

Hence, conformal mapping leads to a wave-vector stretehaighted byldz /dz’| and to a longitudinal permittivity characterized
by a degree of non-locality(z) = ¢’|z|?/g°. The surface charge thicknesén the slab frame now exhibits;#—dependence
(Fig.20(b)). The problem in the slab frame is solved understrcalled eikonal (WKB) approximation [69]. This assuropti
relies on the fact thalk(y) varies in space much more slowly than the oscillating EM §ieMote that this approach omits electron
tunnelling effects, which could have some influence in tlasplonic response of nanoparticle dimers as well [101].

B. Towards the physics of local dimers

Solving the problem in the slab frame leads to an analytiohit®n for the non-local kissing nanowires problem. The
analytical expressions of the absorption cross-sectidrtam field enhancement can be found in the original artic%. [Blere
we will present the main results and insist on the physicdéndoehind them. The plasmonic behavior of non-local towhi
nanowires is qualitatively different from the local preiiba. In the local approximation there is a continuous speatof modes
that propagate towards the touching point but can nevehritadn the non-local description, the modes can sneak h&st t
touching point and circulate round and round the structdience the spectrum is now discrete and the physics is closialed
to the case of non-touching local nanowires (see Sec.V).
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Fig.21(a) displays the absorption spectra faR a= 10 nm nanowire dimer. Analytical results are compared to nicaér
ones obtained with COMSOL. For comparisen,is also displayed for a local dimer (grey), local (solid dpand non-local
(6 = 1072),, dashed line) single nanowires. Whereas non-locality ohigghifts the dipolar resonance of isolated nanowires,
it gives rise to a set of absorption peaks for kissing naresviiThese non-local resonances shift to higher frequendiesa&
increases, in a similar manner as the dipolar peak of a sivaglewire. Importantly, Fig.21(a) shows that the broadbrasgdonse
of touching dimers is lost at frequencies below the lowestlogal resonance. Fig.21(b) plots the field enhancemengahe
nanowire surface evaluated at the three first resonancesvialue ofs’ = 1072\, (green line in Fig.21(a)). In analogy with
non-touching local nanowires (Sec.V), the ran&f the modes can be related to the number of nodes that the 8B8$gresent
near the singularity. Note that the non-local effects drally reduce the maximum field enhancement that can be egach
(typically 2 x 10? instead of2 x 10* under the local approximation). The electric field now sgeeaver a larger range of
angles than under the local approximation. The good pothiisthe area of field amplification will be much more accdedib
molecules in surface enhanced Raman-scattering and fagmes enhancement experiments.
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FIG. 21: Figures courtesy of A. Feandez-Doringuez [69]. (a): Theoretical (solid lines) and numerical (dots) giiem spectra for 10
nm radii non-local nanowires compared with the cross section obtaiitathwhe local approximation (grey dashed lingj, for a local
(non-local,é = 1072),) single nanowire is also plotted in solid (dashed) black line. (b) Field emmagit close to the touching point at the
three lowest non-local resonancesdor 103\, (value appropriate for silver). (c) Absorption cross section normaliag¢he structure area
for Ag (B = 3.6 x 10~ 3¢) for nanowires of different radii. Color solid lines plot the non-localuiés and dashed black line corresponds to the
electrostatic local result for alR. The inset shows the absorption efficiency versus the incident fnregnd nanowires radius.

Fig.21(c) shows the absorption spectra normalize*for various nanowire sizes (color solid lines). Within theatrostatic
local approximation (Eq.28) [45}, scales as??, hence plottingr, /R? allows to investigate simultaneously non-local and
radiative effects on the optical properties of the systeadi&ion damping is taken into account incorporating aviéicéibsorber
in the slab frame (see Sec.VI). The comparison between thdaoal results and the electrostatic local predictiomifiéss how
non-locality and radiation losses modify the optical pmbips of the system. For small size3 & 2 nm), radiation is negligible,
but the weight of spatial dispersio#i,/ R, is high. The absorption spectrum shows a single peak witrw line width like a
single nanowire (see Fig.21(a)). For larger sizes, therpkisn cross-section decreases compared to the eledicgstadiction
due to radiative reaction, while the impact of non-localgydiminished. Thus, the dimers interact less efficientlyhvihe
incoming light, but over a larger bandwidth. In the inse& #gbsorption efficiency,/R is shown as a function a@/w;, and
the nanowire radiu®. The light collection performance of the structure is ofitimal for nanowire radii between 5 and 50 nm,
where the balance between radiative and non-local effe¢keimost convenient.

Note that the study of non-locality with conformal mappirsgniot restricted to the case of kissing nanowires but can be
extended to all the singular structures mentioned earlidre review and displayed in Figs.2 and 5.

VIll.  SUMMARY AND OUTLOOK

To briefly conclude, this review shows how CT provides anamedool to design plasmonic structures capable of an dfficie
harvesting of light over the whole visible spectrum. SP nsoale shown to propagate toward the structure singularigrevh
their velocity vanishes and energy accumulates. Strond éehancement{ 10) and confinement at the nano-scale have
been predicted within the classical approach. Subseqeéinements of the CT theory has allowed to take into accownt th
bluntness of the nanostructure that will be inevitable mcgice, as well as radiative losses and non-locality. Thesickeration
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of these limits makes the CT approach really powerful, clpabpredicting analytically the optical properties of ega variety

of nanostructures and designing a path towards a broadtmmafatusing of light. Experiments are currently perforned
confirm the theoretical predictions [42, 122, 123]. The gy plasmonic nanostructures may find great potentiaicapipins

in solar cells [124-126], surface-enhanced Raman saagtf3il, 127], single molecule detection [128, 129], plasfoontrolled

fluorescence [44, 112-116], high-harmonic generation @6} SPASERS [85, 130].
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