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LIMITING ABSORPTION PRINCIPLE AND WELL-POSEDNESS FOR

THE TIME-HARMONIC MAXWELL EQUATIONS WITH ANISOTROPIC

SIGN-CHANGING COEFFICIENTS

HOAI-MINH NGUYEN AND SWARNENDU SIL

ABSTRACT. We study the limiting absorption principle and the well-posedness of Maxwell
equations with anisotropic sign-changing coefficients in the time-harmonic domain. The
starting point of the analysis is to obtain Cauchy problems associated with two Maxwell
systems using a change of variables. We then derive a priori estimates for these Cauchy
problems using two different approaches. The Fourier approach involves the complement-
ing conditions for the Cauchy problems associated with two elliptic equations, which were
studied in a general setting by Agmon, Douglis, and Nirenberg. The variational approach
explores the variational structure of the Cauchy problems of the Maxwell equations. As
a result, we obtain general conditions on the coefficients for which the limiting absorption
principle and the well-posedness hold. Moreover, these new conditions are of a local charac-
ter and easy to check. Our work is motivated by and provides general sufficient criteria for
the stability of electromagnetic fields in the context of negative-index metamaterials.

Key words: Maxwell equations, sign-changing coefficients, well-posedness, limiting absorp-
tion principle, Cauchy problems, resonance, negative-index metamaterials,
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1. INTRODUCTION

Negative-index metamaterials are artificial structures whose refractive index has a negative
value over some frequency range. Their existence was postulated by Veselago in 1964 [35]
and confirmed experimentally by Shelby, Smith, and Schultz in 2001 [33]. Negative-index
metamaterial research has been a very active topic of investigation not only because of po-
tentially interesting applications, but also because of challenges involved in understanding

Date: April 23, 2020.



2 H.-M. NGUYEN AND 8S. SIL

their peculiar properties due to the sign-changing coefficients in the equations modeling the
phenomena.

In this paper, we study the stability of electromagnetic fields in the context of negative-
index metamaterials from a mathematical point of view. More precisely, we study the limit-
ing absorption principle and the well-posedness of Maxwell equations with anisotropic sign-
changing coefficients in the time-harmonic domain. Let D be an open, bounded subset of R3
of class C! and let e, u* be defined in R3\D, and €=, u~ be defined in D such that e*, u*,
—e~, and —p~ are real, symmetric, uniformly elliptic matrix-valued functions. Set, for § = 0,

(et i) in R\ D,

1.1 €5, =
(1) (€5:10) { (e +4ddl,p~ +140I) in D.

Here and in what follows, I denotes the (3 x 3) identity matrix and D denotes the closure of
D. We also denote Bg the open ball in R? centered at the origin and of radius R > 0. We
assume as usual that for some Ry > 0, D < Bg,, (¢*,u") = (I,1) in R®\Bg,, and

(1.2) et,ut, e, u~ are piecewise C.

Given § > 0 and J € [L?(R?)]? with compact support, let (Es, Hs) € [Hioc(curl, R?)]? be
the unique radiating solution of the Maxwell equations

V x Es = iwusH in R3,
V x Hs = —iwesE+J in R3.

Physically, €5 and ps describe the permittivity and the permeability of the considered medium,
w is the frequency, D is a plasmonic structure of negative-index metamaterials and 61 de-
scribes its loss, and J is the density of charge.

The goals of this paper are to derive general conditions on (eo, 1) for which (Ejs, Hs)
are bounded and to characterize its limit. The corresponding scalar version of Maxwell
equations in the frequency regime is the Helmholtz equation. The well-posedness of the
Helmholtz equation with sign-changing coefficients has been studied intensively, with the
initial investigations initiated by Costabel and Stephan [J]. Later, the well-posedness and
the Fredholms character were investigated using the integral method [32] and the T-coercivity
method [5, [7] (and the references therein). Recently, one of the authors [22] obtained general
results on the limiting absorbtion principle and the well-posedness for the Helmholtz equation.
His approach is based on a priori estimates using Fourier and variational approaches for
Cauchy problems associated with two elliptic equations derived naturally in this context. The
use of the Cauchy problems in the context of the Helmholtz equations with sign-changing
coefficients originally appeared in [I8]. The theory behind the Helmholtz equations is now
almost complete and is the state-of-the-art in this area.

There is very little in the mathematical literature about the stability of the (full) Maxwell
equations with sign-changing coefficients. The only known work in this direction that could
help us is due to Bonnet-Ben Dhia, Chesnel, and Ciarlet [6] using the T-coercivity method.
They considered a bounded setting with isotropic coefficients and obtained the well posedness
outside a discrete set of w under requirements on € and p of a non-local nature, which is
generally difficult to check. The goal of this paper is to fill this gap by developing the
approach in [22] for the Maxwell equations. The idea is first to obtain the Cauchy problems
associated with two Maxwell systems via a change of variables and then to derive a priori
estimates for these Cauchy problems. Two approaches are proposed to obtain these estimates.
The Fourier approach involves the complementing conditions for Cauchy problems associated
with two elliptic equations, which were studied in more general setting by Agmon, Douglis,
and Nirenberg [2]. The variational approach explores the variational structure of the Cauchy

(1.3)
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problems. In comparison with the acoustic setting [22], new ideas are required to handle
the complex structure of the Maxwell equations and to be able to apply the theory on
complementing conditions for elliptic systems. In particular, various forms of the Poincaré
lemma and the Helmholtz decomposition are used with a suitable implementation of local
charts to avoid imposing topological conditions. As a result, we obtain very general conditions
on the (anisotropic) coefficients to ensure the well-posedness and the limiting absorption
principle. Moreover, these new conditions are local and easy to check. For example, the well-
posedness and the limiting absorption principle hold under the condition i) (¢*, —~) and
(™, —p~) are smooth near the interface dD and both satisfy the complementary condition on
the interface (Theorem and Corollay [2.1} ., or ii) ¢ and p are isotropic near the interface
and |et 4+ &7| and |pT —|— p~| are away from 0 there (Theorem [2.2 - 2| and Corollary (4.1} ., or
it1) €T, —e~, pt, p~ are equal to I near the interface and the interface is (strictly) convex
(Corollary .

Our work thus provides general sufficient criteria for the stability of electromagnetic fields
in the context of negative-index metamaterials in the electromagnetic setting. This work also
clarifies the role of the complementary conditions considered in [24] in ensuring the resonance
associated with negative-index metamaterials appeared in their various applications, such as
superlensing [24] and cloaking [27, 25], in the electromagnetic setting. Previous mathematical
works on applications of negative-index metamaterials, such as superlensing, cloaking using
complementary media, cloaking via anomalous localized resonance for a source or for an
object, can be found in [19], [211 28], [3|, 13}, 14} 16}, 20} 26], 27, B1], and [23], respectively, and
the references therein.

2. STATEMENT OF THE MAIN RESULTS

The starting point of our analysis is to obtain Cauchy problems associated with two
Maxwell systems using a change of variables. A central point of the analysis is then to
derive a priori estimates for these Cauchy problems. We first use a Fourier approach involv-
ing the theory of complementing conditions as developed by Agmon, Douglis, and Nirenberg
[2]. Given a unit vector e € R3, denote

R:es,-i- = {x€R3;<1’,€>>0} and Rio = {$€R3;<x,e>=0},

Here and in what follows, (-, -) denotes the standard scalar product in R? or C3. The definition
of the complementing condition for the Cauchy problem of two elliptic equations is as follows

Definition 2.1 (Agmon, Douglis, Nirenberg [2]). Two constant, positive, symmetric matrices
Ay and Ay are said to satisfy the (Cauchy) complememfz'ng boundary condition with respect
to direction e € 0By if and only if for all £ € R? 20\{0}, the only solution (ui(x),uz(x)) of the

form ( KU1 (t), eV vy (t )) with ©x = y + te where t = (x, e), of the following system
div(A;Vuy) = div(42Vug) = 0 in R
{ up = ug and A1Vuy -e = AsVus - e on Rgo,
that is bounded in R? | is (0,0).
Remark 2.1. Agmon, Douglis, and Nirenberg [2] (see also [1]) considered the complementing
conditions for a general elliptic system and derived properties for them. The special case given

in the above definition found a particular interest in the context of the Helmholtz equations
with sign-changing coefficients (see [22]).

Denote

T = oD,



4 H.-M. NGUYEN AND 8S. SIL

and, for 7 > 0, set
D; = {a: e D; dist(z,I') < T} and D_; = {l‘ e R3\D; dist(z,T) < T}.
For the Fourier approach, we prove the following result:

Theorem 2.1. Let 0 < § < 1, J € [L*(R3)]® with supp J < Bg,, and let (Es, Hs) €
[Hioc(curl, R?)]? be the unique radiating solution of (L.3). Assume that et, p* e CY(D_;),
e, u~ € CYD,) for some T >0, and (¢7,—e7)(z) and (u*, —p~)(x) satisfy the (Cauchy)
complementing conditions with respect to the unit normal vector v(x) for all x € T'. Then

(2.1) I(Es, Hs)llz2(Bg) < CrIJ2msy ¥R >0,

for some positive constant Cr independent of 6 and J. Moreover, (Es, Hs) converges to
(Eo, Ho) strongly in [L2 (R3)]® as 6 — 0, where (Eo, Ho) € [Hioc(curl, R3)]? is the unique
radiating solution of (L.3|) with § = 0. As a consequence, we have

(2.2) I(Eo, Ho)ll2(Bg) < CrlJ|r2@s)y YR >0.

Let © be an open set of R3. Given (u,) < L2 () and u € L% (), one says that uy,
converges to u in L () if u, converges to u in L?(K) for every compact subset K of .
Recall that, for w > 0, a solution (E, H) € [Hjoc(curl, R3\Bg)]?, for some R > 0, of the

Maxwell equations
V x E = iwH in R?\Bg,

V x H=—iwE in R3Bg,
is called radiating if it satisfies one of the (Silver-Miiller) radiation conditions
Hxz—|z|E=0(/|z]) or Exz+|z|H=0(1/|z|) as |z| — +o0.

Here and in what follows, for « € R, O(|x|%) denotes a quantity whose norm is bounded by
Cl|z|* for some constant C' > 0. One also denotes

Hicurl, Q) = {u e [L2Q)P;V x ue [L2(Q)]3},
Hige(ourl, @) = {u e [L2(Q)]5V x we [LR ()},

H(div, Q) = {u e [L2(Q)]3; divu e LQ(Q)},
and, on 0f2, v the unit normal vector directed to the exterior of €.

The proof of Theorem is given in Section 3] The existence and uniqueness of (Ey, Hy)
are also established there. The analysis given in Section [3| requires a number of tools and
results, such as Poincaré’s lemma, the Helmholtz decomposition for both electric and mag-
netic fields, the analysis on the complementing conditions and duality arguments. From the
analysis, we derive that the complementing conditions for the Cauchy problem associated
with two Maxwell systems follows from the complementing conditions for the Cauchy prob-
lems associated with two elliptic equations corresponding to the pair of permittivity and
permeability. To the best of our knowledge, this insight is new, and its discovery makes the
required conditions on € and u easy to check (see Proposition below). The optimality
of the complementing conditions is discussed in Proposition [3.1] whose proof is given in the
appendix.

To check the complementing condition, one can use its following algebraic characterization
(see [22, Proposition 1]).
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Proposition 2.1. Let e € 0By, and let A1 and As be two constant, positive, symmetric
matrices. Then Ay and Ay satisfy the (Cauchy) complementing condition with respect to e if
and only if

(Age, e)(Ax€, &) — (Age, £ # (Are, e)( A1, &) — (Are,€)° V& e RE\{0}.

In particular, if Ay > Ay, then A1 and Ao satisfy the complementing condition with respect
to e.

In this paper, for two (3 x 3) matrices A and B, the notation A > B means that (Az,z) >
(Bx,z) for all x € R3\{0}. A similar convention is used for A > B. As a direct consequence
of Theorem [2.1] and Proposition [2.1], one obtains

Corollary 2.1. Let 0 < § < 1, J € [L*(R®)]®> with supp J < Bgr,, and let (Ej, Hs) €
[Hioc(curl, R?)]? be the unique radiating solution of (L3). Assume that et, u* e C'(D_;)
and e, = € CY(D;) for some T > 0, and for each connected component of T,

(s+>—5_~|—cl or —5_>5++cl),
and

<u+>—u*+cl or —;f},u*—i—c[),
for some ¢ > 0. Then

I(Es, Hs)l|L2(Bg) < CrlJ|L2msy VR >0,

for some positive constant Cg independent of 6 and J. Moreover, (Es, Hs) converges to
(Eo, Ho) strongly in [L2 (R3)]® as & — 0, where (Eo, Ho) € [Hioc(curl,R3)]? is the unique

radiating solution of (L.3|) with 6 = 0. As a consequence, we have
|[(Eo, Ho)|22(Br) < CrIJ|L2m3) ¥ R > 0.

Theorem (see also its consequence Corollary [2.1)) provides very general conditions for
ensuring the well-posedness and the validity of the limiting absorption principle. One does
not require that e* + &~ and u* + p~ have the same sign on I'. This was previously out of
reach.

Our next approach for addressing the Cauchy problems is a variational one. To this end,
we first introduce some notations.

Definition 2.2. Let 7 > 0 and U be a smooth, open subset of R3 such that U ¢ D. A
transformation F : D\U — D_; is said to be a reflection through T if and only if F is a
diffeomorphism and F(x) = x onT.

Here and in what follows, when we mention a diffeomorphism F : Q — Q' for two open
subsets © and € of R?, we mean that F is a diffeomorphism, F € C*(Q), and F~* € C1(Q).
For a diffeomorphism F from € to €/, for a matrix A defined in Q, and for a vector field £
defined in €2, denote

T
FoA@) = YE@ADVE (@) 4 Fagw) = VFT(@)E(),
J ()
with z = F~(2') and J(x) = det V.F(z). For a vector field .J defined in €, we set
e - TF@I@)

J (x)
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In what follows, dsq denotes the distance function to 0€2 for an open, bounded subset 2 of
R3, i.e.,
doq(z) := min {|y —z|;y € (99} for € R3.

The main result in this direction is

Theorem 2.2. Let 0 <§ <1, 7> 0, J € [L*>(R®)]® with supp J = Bg,, and let (Es, Hs) €
[Hioc(curl, R3)])? be the unique radiating solution of (1.3)). Assume that there exist a smooth
open subset U of R? with U = D and a reflection F through T' from D\U onto D_, such
that, with the notations
(e,n) = (e, put)in D_; and (&) = (Fae , Fap~) in D_g,

for each connected component O of D_,

(—ezcdp' I inO or e—&=cdi'l inO)
and

(p—p=cd®>TinO or p—p=cdi®I inO),
for some 0 < ay,as < 2 and for some positive constant c¢. In the case a1 + ag > 0 in O,
additionally assume that

supp J n (O U .7-"_1(0)) = .
Set, in D_,
Es=F«FEs and Hs=JF=+Hg;

and additionally assume that D is of class C?. Then, for all R > 0 and for all open set V
containing T,

(2.3) j ((Es, Hy)|? + f (e — &)Bs, Es)| + [{(u — ) Hy, Hy)|
Br\V D

-7

| IEs — Es s~ ) < 1y
for some positive constant C = Cry independent of 6 and J. Moreover, for any sequence
(0r,) converging to 0, up to a subsequence, (Ejs,,Hs,) converges to (Ey, Hy) strongly in
[L2 (R3\D)]S as n — +oo, where (Eo, Hy) € [Hioc(curl, R3\I')]? satisfies with § = 0
and is a radiating solution of with 6 = 0. In the case a1 = ag = 0 for all con-
nected components of D_;, the convergence holds in [L2 (R3)]® for § — 0, and the limit
(Eo, Ho) € [Hioc(curl, R?)]? is unique.

The meaning of the radiating solution of (Ey, Hp) in Theorem is understood as follows.
A pair (Eg, Hy) € [Hioc(curl, R3\I')]? satisfies (2.3) with § = 0 and is called a radiating
solution of (1.3)) with § = 0 if (Ey, Hp) is a radiating solution of

V x Ey = iwpoH in R3\T,
{ V x Hy = —iweoE +J  in R3\T,
and it satisfies
(2.4) (Eo — Eg) x v=0= (Hy— Hy) xvonT.
Note that makes sense since, if a3 + ag > 0 in O,
V(Ey — Eo) = iwpuHy — iwjiHy = iwp(Hoy — IEIO) + dw(p — ﬂ)ﬁg in O

and
V(Ho — ﬁo) = weky — iwéEo = iws(Eo — Eo) + iw(e — é)EO in O.
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One can then check, in both cases a3 + @ > 0in O or a3 + as = 0 in O, that
Ey—FEye H(curl,D_;) and Hy— Hye H(curl, D_;)

using with § = 0.

The proof of Theorem is given in Section 4 The variational structure is explored in
Lemma Important ingredients in the proof are two forms of Poincaré’s lemmas: one
with a gain in the integrability (Lemmas and and one with a gain of regularity
(Lemma . We also suitably use local charts to avoid imposing topological conditions.
Nevertheless, a more global approach in comparison with the proof of Theorem is required
in order to remove undesirable terms in the process of using local charts (see Remark .
Some applications of Theorem are given in Section

Let B,.(x) denote the open ball in R? centered at z and of radius r for x € R3 and for
r > 0. It is shown in [27, Proposition 2.2] that if £ = € and 4 = p in By(z9) n D_; for
some xg € I' and r > 0, then resonance may occur. These requirements on €, i, €, and fi are
related to the complementary property of media [24, Definition 1]. This property plays a role
in the construction of lensing and cloaking devices using negative-index materials [24], 25]
for which a localized resonance can take place, an interesting phenomenon of negative-index
metamaterials in which the solutions blow up in some regions and remain bounded in others
as the loss goes to 0.

The rest of the paper is organized as follows. The proof of Theorems and are given
in Sections [3] and [4 repectively. In the appendix, we present the proof of Proposition
on the optimality of complementing conditions for the Cauchy problem associated with two
Maxwell systems.

3. FOURIER APPROACH FOR THE CAUCHY PROBLEMS

This section is devoted to the proof of Theorem We first establish several lemmas
in Section [3.1] which are used in the proof of Theorem The proof of Theorem [2.1] is
given in Section The optimality of the complementing conditions used in Theorem
is discussed in Proposition whose proof is given in the appendix.

3.1. Preliminaries. We begin this section by recalling the following known form of Poincaré’s
lemma, see e.g. [12, Theorem 3.4].

Lemma 3.1. Let Q be a simply connected, bounded, open subset of R3 of class C'. There
exists a linear, continuous transformation T : H(curl, Q) — [H(Q)]? such that
V xT(u) =V xu in .
We next establish the key ingredient of the proof of Theorem

Lemma 3.2. Let Q be a simply connected, bounded, open subset of R® of class C'. Let
€, €, j, fi be real, symmetric, uniformly elliptic matriz-valued functions defined in €2 and of
class Ct. Let Jo, I, Je, Jm € [L2(V)]? and let (E, H), (E, H) € [H(curl, Q)]? be such that

V x E =iwuH + J, wn €, Vsziwﬂﬁ—Fje in €,

VxH=—iweE+J, iin, V x H = —iwéE + J,, inQ,
and X X

Exv=FExv and Hxv=Hxvond.

Set
E=T(E), E=T(E), H=T(H), H=T(H) inQ,
where T' is the operator given in Lemma[3.1 We have
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1) If (&,€) satisfies the complementing condition with respect to v(z) for all x € 0S0, then

(3.1) [(E-E,E—E)|r9

< C(H(E, E, Jum, )l r2(@) + |B = Elg-12000) + |(E - B, E - E)H[Hl(ﬂ)]*>-

2) If (u, 1) satisfies the complementing condition with respect to v(x) for all x € 09,
then

(32) [(H-H, A —H)|q

< C(H(H,I:I, e Jo) |2y + H = H gr-v2(o0y + | (H — H, H — I:I)H[Hl(ﬂ)]*>'
Here C denotes a positive constant depending only on €, u, and 2.
Here and in what follows, [H'(2)]* denotes the dual space of H'().

Proof. We only prove assertion 1). Assertion 2) can be obtained similarly and its proof is
omitted. From the properties of T', we have

Vx(E—E)=Vx(E—E)=0 inQ.
Since (2 is simply connected, there exists o, ¢ € H'(Q) such that

(3.3) E-E=Vyp, E-E=V$ inQ, and jﬂgpzjggbz&
We have, by the second equation of the system of (E, H),

(3.4) div(eVe) — div(eE) — div(cE) — — div(cE) — %div(Jm) in Q,
by the second equation of the system of (E JH ),

(3.5) div(V ) = div(2E) — div(éE) = — div(¢E) — %div(jm) in Q,
(3.6) (Vo—V@)xv=(E-E)xv—(E—E)xv=(E—-E)xvon dQ,
and, on 02,

(3.7) (ew 4 eE+ éJm) v— (éws 4B+ %jm) v
- <5E+5Jm> - (5E+£jm) v

1 - 1 3
=——Vx(H-H) v=—divp[(H-H = 0.
o x ( ) v o ivp[( ) x V]

Since (g,€) satisfies the complementing condition, applying [29, Lemma 18] (with A = 1,
¥ =1, ¥3 > 0 sufficiently large) and using the standard arguments of freezing coefficients,

we derive from (3.4), (3.5)), (3.6), and (3.7]) that
(38) (Ve V) iz() < C (1B B I J) @) + B Bllygagony + 10 @) lieqey ).
We claim that, for u e H'(Q) with {,u =0,

lull 22y < CIVul [z ()
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In fact, fix £ € L2(Q) arbitrary and set &g := ﬁ §o & Let g€ H' () be the unique solution
of —Ap =§—&q in Q and dy = 0 on IQ with §;, ¢ = 0. We have

Q

|, ute - o
Q
and the claim follows.
Applying the claim, we have
I(e: D)2y < Cl(Ve, V)l a3+
and assertion 1) follows from (3.8)) and the choice of ¢ and ¢ in ({3.3)). O
Remark 3.1. In the proof of Lemma we used [29, Lemma 18]. This lemma is in the

spirit of the results given in [2] due to Agmon, Douglis, and Nirenberg where more regular
data are used.

_ UQ ww\ < IVl 2| Vel 2.

We next establish a compactness result used in Lemma [3.4] which is a key ingredient of
the proof of Theorem

Lemma 3.3. Let d > 2, and let O < R? be open, bounded, and of class C'. Let (uy) be a

bounded sequence in L?(0). Then, up to a subsequence, (uy) converges in [H'(O)]*.

Proof. Without loss of generality, one may assume that (u,,) converges weakly to u in L2(O).
It suffices to prove that, up to a subsequence, (u, —u) converges to 0 in [H'(O)]*. By definition
of the norm on [H* (O)]>X< , for every n € N, there exists v, € H! (O) with [vnll 10y < 1 such
that

1

Since ||vy,]| a0y S 1for every n € N, passing to a subsequence, we can assume v, — v weakly
in H! (O) and v, — v strongly in L? (O) for some v € H* (O). Thus, {u, v,y — {u,v) and
{u, vy )y — {(u,v). Passing to the limit in (3.9)), one obtains

which yields the conclusion. U

As a consequence of Lemma [3.2] one can derive the following compactness result for
Maxwell’s equations, which is the key ingredient in the proof of Theorem

Lemma 3.4. Let Q < R? be open, bounded, and of class C' and let e, é, u, fi be real,
symmetric, uniformly elliptic matriz-valued functions defined in Q and of class C'. Let
(o), (Jmm)s (Jem), and (Jmn) < [L2()]?, and let (En, Hy), (En, Hy) € [H(curl, Q)]? be
such that

V x B, = iwpHy, + Je  in €, V x Ep = iwjiHy, + Je,  in S,
V x H,, = —iwekE, + Jm,n in €2, V x .Hn = —iwéEn + jm,n in €,
and R R
E,xv=E,xv and H,xv=H,xv on .
Let S be a connected component of dS2 and assume that

(g,é)(x), (u, 1) () satisfy the complementing condition with respect to v(x) for all x € S,
(Ey, Hy, E,,, Hy,) are bounded in [L*(2)]'2,
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and
(Jens Imons je,n, jm,n) converges in [L2(Q)]12 as n — +00.

There exists a neighborhood U of S such that, up to a subsequence, (Ey, Hy, En, ]:In) converges
in [L2(U n Q)]*2.

Proof. Let £ > 1, z € S, rp, > 0, and ¢, € CH(R3) for 1 < k < £ be such that B,, (z) n Q
is simply connected with connected boundary, supp ¢y, € B,, j2(7), and 2221 o =11in a
neighborhood U of S. For 1 < k < ¢, set, O, = By, (zx) N 2, and, in O, define

Epn = T(prEn), Bin=T(prEn), Hin=T(ppHy), Hipn=T(opHy),
where T' = T}, is the operator given in Lemma for the set Of. By Lemma [3.1] we have
| (Bt B Hieon, Hic) | 1110, ) < C(Ens By Huy Hy, T, Jens Jnms Jmn) | 12(04) -
Without loss of generality, one may assume that, as n — 400,
(Ekn, Ek,na Hkm,ﬂk’n) converges in [Lz(Ok)]w,

(Egn — Ek,n, Hy, — flkn) converges in [H_1/2(6Ok)]6,
and

(05 En — Epny 06t — Epony o Hi — Hyy o5 Hy — Hy ) converges in [[Hl(ok)]*]12-
Applying Lemma EL we have
| ((rEn — Ern) — (oxEr — Brp), (0eFn — Brn) — (r B — E0) 2200
< C|((erEn — Brn) — (06 Er — Epy), (0rBn — Bin) — (6Bl — E)) g0,
+ Cl(Ern — Eit, B — Bigy T — Tt Jmin — Im) | 22 (04)
+ C|(Brn — Brn) = (Bi — Epn)lg-12000,) — 0 as 1,n — 40,
and
|((prHp — Hi ) — (pH — Hyy), (prHn — Hyp) — (prHy — ﬂl))”L?(ok)
< Cl((prHn — Hip) = (puHy — Hiy), (orHn — Hip) — (0pHi — Hi )l 0412
+ C|(Hy — Hyg, Hyo — Higty Jen — Jes Jen — Jei) 2204
+ C|(Hpp — Hip) — (Hyp — Hyp)l g-1/200,) — 0 as I,n — +o0.

Hence (gokEk,n,cpkEkﬂ,gpka,n,cpklﬁIkW) is a Cauchy sequence in [L?(Oy)]'? and therefore
convergence in [L?(O})]*2. The conclusion then follows since Zf;:l vr=1inU. O

We next recall the following well-posedness result on ([1.3) (see [24, Lemma 6]).

IThe complementing conditions holds on 0O N S a priori. However, since pr = 0 in By, (2x)\Br, j2(zk),
one can modify e, u, &, i in By, (xx)\Bar,/3(Tx) so that the complementing conditions hold on the whole
boundary and the systems are unchanged, e.g. € > & and p > i in By, (zx)\Bar,/3(xk) (see Proposition [2.1).
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Lemma 3.5. Let 0 <0 < 1, f,g € [L?(R®)]?, and (5, us) be defined in (1.1]). Assume that
supp f, supp g € Bg,. There exists a unique radiating solution (Es,Hs) € [Hioe(curl, R?)]?
to

V x& =iwusHs + f  in R3,
V xHs = —iwesEs+g in R3.
Moreover, we have
Cr
1(Ess Ho)ll rr(curt,Br) < TH(f, 922
where Cr denotes a positive constant depending on R, Ry, €, and u, but independent of f,
g, and §.

We now deal with the uniqueness of (|1.3)) for 6 = 0.

Lemma 3.6. Let J = 0 and (Eo, Hy) € [Hyoc(curl, R3)]? is a radiating solution of (1.3)) with
0 =0. Then
E0=H0=0 ZTZR3

Proof. The proof is quite standard as in the usual case. We present it here for the com-
pleteness. Multiplying the equation of Ey by V x Ey (Ep denotes the conjugate of Ep), we
have
(uIV x By, V x Ep) = (iwHy, V x Ep).
BRO BRO

Integrating by parts the RHS and using the equation of Hy, we obtain

(u™V x By, V x Ey)y = JB w?| Ey? +L iw(Hy x v) - Ep.
Ro

Br, Br,

This implies

x (HoXl/)-E[):O.

0B,
It follows, see, e.g., [8, Theorem 6.10], that Ey = Hy = 0 in R3\ Bg,. Therefore, Eg = Hy = 0
in R? by the unique continuation principle, see [4, 30] (and also [15] [34]). O

3.2. Proof of Theorem We first prove (2.1) with ro := Rp + 1 by contradiction.
Assume that there exist a sequence (J,) = (0,1) and a sequence (J,) < [L?(R3)]® with
supp Jn < Bp, such that

(310) H(En, Hn)HL2(BrO) =1 and EIE@ HJHHL2(R3) =0.

n

Here (E,, H,) is the corresponding solution of (1.3 with § = d,, and J = .J,,. By Lemma
without loss of generality, one may assume that 6, — 0. Since

V x B, =iwH, in R3Bg,,
V x H, = —iwE, in R Bg,,
we have, for R > Ry + 1/2, by [19, Lemma 5],

H(En7Hn)HLz(BR\BRO_'.l/Q) < CRH(V x E”’ v X Hn)HH_l/Q(din,ﬁBRO+1/2)
(3.11) < Cr||(En, Hn)HH(Curl,BRO+1/2\BRO) by the trace theory (see e.g. [12]).

Combining (3.10) and (3.11)) yields
(312) H(En, H'IZ)HL2(BR) < Cg for all R > 0.



12 H.-M. NGUYEN AND 8S. SIL

Fix 1 € C}(R3) (arbitrary) be such that ¢ = 0 in a neighborhood of I'. We have, in R3,
Vx WE,) =¢yV x E,+ Vi x E, and div(egpE,) = ¢ div(eoE,) + V¢ - o Ey.

Using (3.12)) and the system of equations of (E,, Hy) and applying e.g. [24, Lemma 1], one
may assume that

(YE,,) converges in L?(R?),
which yields, since ¥ is arbitrary,

(3.13) (E,) converges in L% _(R3\I').
Similarly, one may also assume that
(3.14) (H,) converges in L2 _(R3\I').

For 7 > 0 sufficiently small (the smallness depends only on D), define F : D, — D_; by
F(xr + tv(ar)) = ar —tv(zr) Varel, te (—71,0)
and set, in D_,,
(6,0) = (Fae ™, Fep™) and (En, H,) = (F * By, F * Hy).
Note that the pairs (¢, €)(x) and (u, 1) (z) satisfy the complementing conditions with respect
to v(z) for all x € ' if and only if the pairs (¢*, —e7)(z) and (™, —p~)(x) do, by Propo-

sition By a change of variables for the Maxwell equations, see e.g. [24, Lemma 7], we
have

V x E, =iwuH, in D_,, V x B, = iwﬂﬁ’n + jem in D_,,
V x Hp = —iweEp +J, in D_g, V x fAIn = —iwéEn + jmm inD_,,
and R X
FE,xv=FE,xv and H,xv=H,xv onl.

Here

N

Jon = —0wFel H, and Jy, =0wF I E, + FyuJ, inD_,.
By Lemma there exists a neighborhood U of I" such that, up to a subsequence,

(3.15) (En, Hy, By, Hy,) converges in [L*(U A D_, 5)]"2.
It follows from (3.13), (3.14]), and (3.15) that, up to a subsequence,
(3.16) (En, H,) converges in [LE (R)]'2

Moreover, the limit (Ey, Hp) is in [Hoc(curl, R3)]? and is a radiating solution of the equations
V x Eg = iwpgH  in R3,
V x Hy = —iwegE  in R3.
By Lemma we have
Ey = Hy = 0 in R®.
This contradicts the fact that |[(En, Hn)|r2(p,,) = 1 and, up to a subsequence, (En, Hy)
converges to (Ep, Hp) in [L2 (R3)]°.
Hence ([2.1]) holds for R = Ry + 1. This implies, exactly as in the proof of (3.12]),
H(Eg, HJ)HLQ(BR) < CRHJHLQ(]R?’) for all R > Ry + 1,

which is (2.1)).
We next establish the remaining part of Theorem By (2.1)), for every sequence (d,,) —
0, there exists a subsequence (dn,) such that (Ej, ,Hs, ) converges weakly in [L2 (R3)]C.

loc

Moreover, the limit (Eg, Ho) € [Hioc(curl, R3)]? is a radiating solution of (1.3]) with 6 = 0.
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By Lemma the limit is unique. Therefore, (Es, Hs) converges to (Ey, Hp) weakly in
[L2 .(R3)]® as § — 0. It is then clear that follows from (2.1). The strong convergence
follows from by the same way followed from (3.12) and once again using the
uniqueness of the limit. The proof is complete. O

A key part in the proof of Theorem is the compactness result in Lemma [3.4] which is
derived from Lemma where the complementing conditions plays a crucial role. Assume
that (e,€) and (u, 1) both satisfy the complementing conditions and of class C2. Then,

instead of (3.1) and (3.2)), one has (see [2])
(3.17) |(E,E,H,H)

N

sy < © (1B B H A oy + |G e T T i)

for some positive constant C' independent of (E,E,H JH ), (Je, je,Jm,jm). The following
proposition shows that the complementing conditions on each pair (¢,é) and (u, i) are nec-
essary to have (3.17).

Proposition 3.1. Let Q be a bounded, connected open subset of R® and of class C? and let
g, &, W, fi be real, symmetric, uniformly elliptic matriz-valued functions defined in 2 and of
class C'. Assume that either (g,€) or (u, j1) does not satisfy the complementing condition at
some point xg € 0SY. Then there exist sequences (Jen), (Jmn), (JA&n), (jmn) c H(div,Q) and
((Bn, Hy)), ((En, Hy)) < [HY()]° such that

V x E, =iwuH, + Jep in €, V x E, = iw,&lﬁ[n + JAe,,1 in €,
{ V x Hy, = —iweE, + Jy,n in Q, { V x Hy, = —iwéEy + Jpn  in €,
EnXV:EnXV, H, x v =H, x v on o
sup |(Temn)s (Tmm): (Jem)s (Jmm) | 1 (aiv(e)) < +90, SlrlLPH(EmEnyanﬁIn)||L2(Q) <+,
and ) )
SUP||(En, By Ho, Hn)ll 0y = +00.
The proof of Proposition [3.1]is given in the appendix.

4. VARIATIONAL APPROACH FOR THE CAUCHY PROBLEMS

This section containing three subsections is devoted to Theorem [2.2] In the first section,
we present lemmas used in the proof of Theorem [2.2] The proof of Theorem [2.2] is given in
the second subsection. In the last section, we give some applications of Theorem

4.1. Some useful lemmas. We begin with the following version of Poincaré’s lemma which
plays an important role in the proof of Theorem

Lemma 4.1. Let 0 < a < 2 and 2 be a domain diffeomorphic to By. There exists a linear
operator

T : {f e H(div,Q): div f = 0 in Q} — H(curl, Q)

such that
VxTi(f)=finQ
and
(4.1) | mnpas<c | dplrbs

for some positive constant C = C(«, Q) independent of f.
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Proof. We first consider the case 2 = B;. Without loss of generality, one can assume that
1 < a < 2. We first assume that f is smooth (and div f = 0). Set

1
(4.2) F(x) = —JO tx x f(tx)dt in Bj.

Using the fact that, for two vector fields A and B defined in Bj,
Vx(AxB)=AdivB—BdivA+ (B-V)A—(A-V)B,
we have, in By,

V x F(z) :2f tf(tx)dt+f

0 0
We next prove (4.1]). We have

2
f |F|2dxf (f!tm”f(tx)]dt) do
Bl Bl 0

.. 1 1
e L;l (J [t|?|f (t2) 2 (1 — [tz]) dtfo (1 tlz])~@ dt) dz.

0

In what follows in this proof, C' denotes a positive constant depending only on a and (2.
Since

1 1 1

1
tf(tx) dt+f t2i[f(ta:)] dt = f(z).

t(z-V)f(te)dt = ZJ U

0

1
| a=tahar = @ = Djal 1= e 1] < €1 fa e,

0
it follows that
1
(4.3) f |F|2dm<6’f f 2| £ (t2)[2(1 — [t])® dt(1 — [2])~+ da
By B JO

y=te ! —a a—
< OJO JB WA @)PA = D — [y~ e dy dt
t

1

Fubini
20| WRIFWPA 1) | (-l drdy,
B lyl
Since a < 2, we have
(4.4)
fl (t _ |y|)fa+1ta74 dt —L(t _ |y‘)fa+2ta74‘1 + ; fl (t o ‘y|>foz+2ta75 dt
v 2-a W 2—a)d—a)ly

1
<C+ cf 3 < Cly| 2.
lyl

Combining (4.3)) and (4.4) yields
(4.5) | ppaz<c| 1rwPa- ).
Bl Bl
which is (4.6)). The conclusion for a general f now follows by a standard approximation
process.

We now consider a general 2. Let 7 : Q — Bj be a diffeomorphism. Set, for 2’ € By,
f/(x/) — VT(x)

7@ f(z) with 2" = T (x) and J(z) = det T (z)
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and

1

F'(2) = —f ta’ x f'(tx') dt.
0

Since (see, e.g., [I7, Lemma 3.59]),

V) = L o By,

it follows from the case ) = Bj that
V' x F'(2") = f'(2') in By.
Set, for z € €,
T (f)(x) = VT T (2)F'(2) with 2’ = T (z).
Then (see, e.g., [17, Corollary 3.58])
V xTi(f)(z) = f(z) for x € Q.

Assertion (4.6)) now follows from (4.5)). O

Remark 4.1. The definition of F' in (4.2)) is an explicit formula for solving the Poincaré
lemma in a star-shaped domain taken from a note of Dacorogna [I1].

In what follows, we denote R3 = {(z1,z2,23) € R% 25 > 0}, R} = {(x1,22,73) € R3; 23 =
0}, Q = (1,13, Q1+ =Q nR3, and Qo = Q N RJ. The proof of Lemmacan be used to

obtain

Lemma 4.2. Let 0 < a < 2 and let Q be an open bounded subset of R and let H 10— Q4
be a diffeomorphism. Denote S = 0Q\Qo and let U < R3 be a neighborhood of S. There
exist an open set V. R3 containing H~1(S) and a linear operator

T : {f e H(div,Q): div f = 0 in Q} — H(curl, Q)

such that
VXTl(f) :f ’LTLQ,

(4.6) fg Ty (f)? dr < cfﬂ %I f I de,

for some positive constant C = C(«, Q) independent of f, and
Ti(f)=0inVAaQiff=0imH(UnQy).

Proof. Without loss of generality, one can assume that 1 < o < 2. Let 71 : Q4+ — By be a
bi-Lipschitz homeomorphism such that 71(S) = ¥ and C < 73(U nQ), where ¥ := 0B nR3
and C := {ra;r € (0,1) and o € E}. Let ¥4 < 0B; be an open set of 0By such that ¥ < ¥4
and C; < T1(U n Q4), where C; = {ro;r € (0,1) and 0 € 5, }.

Let 7 : Q — By be defined by

T =Ti0oH.
As in the proof of Lemma set, for 2’ € By,
(') = vj(-ig)v)f(:v) with ' = T (z) and J(z) = det T (),

and

1
(@7) Pl = — f ta! % f(ta') dt.

0
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Define, in €2,
Ti(f)(z) = VT (2)F'(2') with 2’ = T (x).
As in the proof of Lemma we have
VX Ti(f) = f in Q
and

j Ty (f)Pde < C f d%ol 12 d.
Q Q

Let V be an open subset of R? such that H=1(S) =V and V n Q = H (T (C1)). Such
a V exists by the choice of C;. Assume that f = 0 in X Y(U n Q). Then f'(z') = 0 for
x' € C1. Tt follows from that F'(z') = 0 for 2’ € C;. This implies that T7(f) = 0 in
H-YTYC)) =V n Q. The proof is complete. O

In what follows, we use several times the following simple compactness result whose proof
is omitted.

Lemma 4.3. Let Q be a bounded open subset of R? of class C' and let v < 2. Assume that

(un) = L2 (Q) is such that u, — u in L2 _(Q) as n — +00 and

SUp [tn | 12, @) <+

Then u, — u in L*(d}, Q) as n — +o0.

Here and in what follows, for a non-negative, measurable function ¢ defined in €2, one

denotes, for u e L2 (Q),
1/2
fulizgam = ([ o)
Q

loc
For (up,) < L.(Q) and u € L (), one says that u, — u in L%*(g,Q) as n — +o0 if

loc
limy, oo [un — ufr2¢g,0) = 0.
Let 2 be a bounded open subset of R? with Lipschitz boundary. We denote

Hy(curl, Q) = {u € H(curl,Q);u x v =0 on 6Q}.
In the proof of Lemma [4.5] we also use the following form of Poincaré’s lemma:

Lemma 4.4. Let Q be a simply connected, bounded, open subset of R3 of class C%. There
exists a linear continuous transformation Ty : Ho(curl, Q) — [HL(Q)]? such that

V x Ty(u) =V x u in Q.

Consequently, for every s > 0, for every 0 < a < 2, and for every B = 0, there exists a
constant Cs = C(s,a, 3,Q) > 0 such that

(4.8) ITo ()] 12az50) < slulleute) + Cslul g, gy

Proof. We only prove (4.8) and we prove it by contradiction. Assertion (4.4) is known, see
e.g. [12, Theorem 3.6], [L0, Theorem 8.16]. Assume that (4.8) does not hold. There exists a
sequence of (u,) < Hy(curl, ) such that

(4.9) = [To ) asg gy > Sl reuniay + nlnlZa g

Since Ty is continuous, it follows that the sequence (|To(un)] HI(Q)) is bounded. Without loss

of generality, one may assume that Tp(u,) converges to v strongly in [L?(€2)]? and weakly in
[H'(Q)]?. By Hardy’s inequality

f dgg\v]_z < CQJ ‘VU’Q,
Q Q
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we derive that
| azimsu < c.
Q

Since 0 < o < 2, by Lemma without loss of generality, one may assume that Ty(u,) — v
n (L2051

From (4.9), one may assume as well that u, — 0 weakly in Ho(curl,2). Since Tj is linear
and continuous, this in turn implies that v = Ty(lim,,— o up) = Tp(0) = 0. This contradicts
the fact ”UHL2(d5§,Q) = limy, 1o HTo(un)HLQ(dQS’Q) = 1. Therefore, (4.8) holds. O

We now present the key ingredient of the proof of Theorem which is a variant of
Lemma, [3.41

Lemma 4.5. Let 7>0,0<d <1, s> 0, and let Q be a connected component of D_,. Let

€, € W, [b be real, symmetric, uniform:ly elliptic matriz-valued functions defined in ). Let
Jey Iy Jey Im € [L2()]? and (E, H),(E, H) € [H(curl,Q)]? be such that

(410) { VxE=iwuH+J. inQ, { VXAEAziw/)fAIA—i—J} in Q,
Vx H=—iweEl+J,, inQ, VxH=—iwéE+J, inQ,

and

(4.11) Exv=FExv and Hxv=HxvondnT.

We have

1) if, for some ¢ >0 and 0 < ay < 2,
E—ezcdi'l inQ  or e—Eé=cdi'l inQ

then, for every s > 0 and for every 0 < [ < 2, there exists a constant Cs > 0,
depending only on s, B, ¢, a1, §2, and the ellipticity of , €, u, i such that

(4.12) f|< S)E, B + |E - B < f]uH uH!2+Cf|J Il

+csf P (E B H, ) + [(Jor Jor Jon Jon)
Q
2) if, for some ¢ >0 and 0 < ag < 2,

fo—p=cdi' I inQ  or  p—p=cdpl in

then, for every s > 0 and for every 0 < B < 2, there exists a constant Cs > 0,
depending only on s, B, ¢, as, 2, and the ellipticity of €, €, u, i such that

(4.13) J|< [)H, HY| + [H — 2 < f]eE—eE]QJrCJ]J—JHH\

e f 1B, B H, D)2 + (Jus Jos T Jon) .
Q

Proof. We only establish assertion 1) and assume that € — € > cd\' I. The proof of assertion
1) in the case € — e = cd' I and the proof of assertion 2) can be derlved similarly. Without
loss of generality, one may assume that s is small.
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We use local charts for 02 N T. Let £ > 1 and let o, € C! (R3), Up = R3 open ball, and
Hy : Uy — Q for 1 < k < £ be such that Hy, is a diffeomorphism, Hy(Ux N Q) = Q4+, and
Hi(Ux nT') = Qo, supp ¢x € Uy, and ® = 1 in a neighborhood of 02 n I, where

4

P .= Z ¢, in R3.
k=1

By Lemma for 1 < k < £, there exists Ek € H(curl,Uy n Q) and an open V;, < R3
containing oU; m  such that

(4.14) V x B, =V x (grE) in Uy n 9,
(415) ”EkHL2(Uka) < C‘|E‘|L2(d1€’Uka)a
(4.16) E,=0in Uy n Q" V.

Here and in what follows, C' denotes a positive constant depending only on ¢, a1, 3, €2, €, €, u,
and [i; thus C' is independent of s.
Set, for 1 <k </,
(59%5; = (pk(E - E) in Uk M Q,

Let s; be a small positive number defined later. Since (E — E) xv =0o0nod2nI, by
Lemma for 1 < k < ¢, there exists 0g, € Hg (U n 2) such that

(4.17) V x 5Ek =V x 5SOkE in Uk N Q,

(418)  10mul g iy < OOl 2t gy + 51005l e o)
It is clear then
(4.19) 0, = 0in o(Uy N Q).
We have, in €2,
V x (prE — opB) = Vigy, x (E — E) + ¢, V(E — E)

A~

E10) ~ . .

Vor x (E—E) +iwer(uH — pH) + @p(Je — Je).

We derive from (4.18)) that

(4'20) HéEk HLQ(d;gUka) < Cs, HE_EA”LQ(dIE,Uka) +C's H (E_E7 :LLI—I_:’:LFAI7 Je_je) HLQ(U;CmQ)'
For 1 < k </, let &, m, € HY(U, N Q) be such that

(4.21) ka = 5<P/cE - 5Ek and Vﬁk = gOkE - Ek in Uk N Q.
Such & and 7y exist by Poincare’s lemma, (4.14]), and (4.17)); moreover, one can assume that
(4.22) &=00nd(Uy,n Q) and =0 on dU; N

since V&, x v =0 on (U n Q) by (4.19) and Vi x v = 0 on oU; n Q2 by (4.16]).
Extend & and n by 0 in Q\Uy and still denote these extensions by & and ng. Set, in €,

(4.23) Fp=0a <5E—éE+ZJm—me> + Vo x (H - H),
w w w

l 4
(4.24) 5f=>.0m, f=> Ex, and dop=2(E-E).
k=1 k=1
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It follows from (4.21]) and (4.24)) that, in Q,

V4 l
(4.25) Z V&, = dop — 0y and Z Vi = PE — f,
k=1 k=1
and from and - that

(4.26) H5fHL2(d55,Q) + 1f 2 (@) < Coi(Je, Je) 20

+ 081|‘(E’E7H7ﬁ) + 051”(E_ E?MH_ﬂﬁ)||L2(Uka)'

“LQ(dI‘iﬂ)

Since, by (4.10) and (4.23)),

w

Fp =2V x (PH) — -V x (®H) in Q
w

and, by ,
(V x (H — ®H)) -v = divp (®H — ®H) x v) =00on QN T,
we obtain
(4.27) divFg=0inQ and Fgp-v=00nd2nT.
From (4.22)) and (4.27)), we have, for 1 < k < ¢,

f <FE,V77k> = 0.
Q
Summing this identity with respect to k& and using (4.25)), we obtain

(4.28) | o208 = | b
Q Q
We have, for 1 <k </,

%(V x (orH) — Ve x H) = *80 v x o &0 E(prE) + - (PkJm in Q.
It follows that
div[é(prE)] = —5 div (cpkjm + Vi X ﬁ) in Q.
We derive that, for 1 < k,1 </,
(1.29) | sy = 2 [ Vo + Vo x i,
since & = 0 on Jf). Summing with respect to k and [ and using , we get
L<é(6¢E —§;), BE) = 5 L@@E — 87, ®J,, + VO x H).
This yields
(4.30) L@M, BE) — L@af, BE) + 5 L<5‘I’E 5@+ VO x HD.
Noting that eE — éE = e(E — E) + (¢ — €)E in €, we obtain from that

(4.31) Fp = edpp + (c — £)OF + 5@ <Jm - jm) + £v¢> x (H— H) in Q.
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Subtracting (4.30) from (4.28)) and using (4.31)), we have

(4.32) L<(e — &)0pp, PE) + L«s — )DL, )
:_J@ n) + VO x (H — ), ®E)

+ J <FE,f>— J <é§f,q)E>— ZJ <(5q>E —(5f7CI)jm + V& x H>
Q Q w Ja
From (4.22)) and (4.27), we derive that, for 1 < k </,
(4.33) L<FE, Ve = 0.
Summing (4.33)) with respect to k and using (4.25)), we get
f <FE75<I)E - 5f> =0.
Q

It follows from that
(4.34) f (edop,0oE) + J e - e’f](I)E,5q>E>
Q Q
=—f<q) +V(I)><(H H) 5¢E>+J<FE,5f>.
We have, by ,
1/2 1/2
s || ap|<c([ 1) ([ Ke-o0E0bI+ 50P)

+ CJ \(fs Ty I, V® x H,V® x H)|.

Since € — € = 0 and ¢ is uniformly elliptic, we deduce that
(e = &)z, 2) + (ey,y) + (e = E)a,y) + (e = &)y, ) = C({(e — &)z, 2) + ey, ),

for any x,y € R3. It follows from (4.32), (4.34), and (4.35) that

(4.36) J (e — &), ®EY| + |55
< cf (s Jons VO x H,V® x H, £,57)|? + c” (637.9E)
Q Q

+cf o — Am||E|+cf VP x (H — 0)||0E)|.
Q Q

We next estimate ‘ §o €0y, <I>E>‘ Since
[ cesrom|=|[ - ess. (e - epamy
) Q

1
@ Q
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and € — € = cd' I in Q, we obtain

(4.37) U <éaf,<1>E>‘ j dp?o (64| —|—sf< E)DE, DE).
Combining (4.26]) and (4.37)) yields

(439) Uﬂ@éﬁ 05| < Cuy [ |0 B0+ oy [ a1, B 11,11

+ C‘Slf (uH — i, E — B)? + sf {(e — £)DE, DE).
Q Q

Using (4.26)) and the fact ® = 1 in a neighborhood of I' n 092, we derive from (4.36]) and

[E33) that

(4.39) J (e — &), ®EY| + |5,
< Cs,slj‘ ‘(Jeaj(iu‘]majm)|2+08,81f d?‘|(E7E7H)‘FI)|2
Q Q
081 R N
+SJQ\(MH—MH7E—E)’2

+ Csj {(e — &)DE,DE) + CJ | T — Tl | E.
Q Q
Take s; = Cs?. One derives from (4.39) that, for s small,

f (e — &)BE, BEY| + 5,5 < C’SJ [EA A A +ch P\, B, H, 1)
Q Q Q

" f (uH — AP + cj o — A,
Q Q

which implies (4.12]). O

Remark 4.2. The proof of Lemma [£.5] involves local charts. The involvement is of a global
character in the sense that one has to combine local charts before deriving desired estimates

in some parts of the proof see and (|4.39 - In fact, one cannot derive variants of (4.12] -
and - for ( gokE,gakE wrH, gokH) To this end, note that, in U n €2,

V x (o E) = iwp(prH) + Je, V x (prE) = iwfi(prH) + Je
V x (ppH) = —iwe(prE) + Jim V x (ngf{) = —iwé(@kﬁ') + ijk,
where
Jek = prde + Vop X B, Jep = opde + Vor, x B,
Ik = Pkdm + Vor x Hy Ik = @rdm + Veor, x H.

Due to the terms Vi x E, Vi, x E, Vi x H, and Vi, x Hin Je ks JAe,k, Ik, and jm,k7 re-
spectively, we are not able to derive the variants of (4.12)) and (4.13]) for (¢px E, cpkE, orH, oH).
This combination is the key difference between the proof strategies of Lemmas and

and makes the proof of Lemma more involved. Another difference between the proofs is
that one considers the extensions of pEj and ¢p(F — E) in the proof Lemma instead of
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the extensions of ¢FE) and @kE as in the proof Lemma to ensure integration by parts
arguments, see (4.29) where {, = 0 on (2 N Uy) is required.

4.2. Proof of Theorem For a simpler presentation, we will assume that D_, is con-
nected. We first consider the case where o + as > 0. Set

B = (max{ay,as} +2)/2

and N .

0ps =FEs —Esin D_. and 0py; =Hs— Hsin D_;.
Then
(4.40) max{ag,az} < < 2.

We first prove by contradiction that

(4.41) I(Es, Hs) ) < Ol L2 s)-

HL?(dﬁ,BRO
Assume, for some &, — 0 and J,, € [L*(R?)]® with supp J,, © Bg,\((D-r v F 1(D_;)) = &
that

(1.42) Jim Talpaey =0 and (B Hal e

where (E,,, Hy,) is the solution corresponding to ¢,, and J,. Integrating by parts and using
the radiating condition, as usual, we obtain

=1,

%J (uz 'V % En,V x Eny — w*(es, En, Ep)| < f (iwdp, Epd| — 0 as n — +0o0.
BRo BRo

This implies
(4.43) f 6n(|Enl? + |H,|?) — 0 as n — +o0.
D

By a change of variables for the Maxwell equations, see e.g. [24, Lemma 7], we have
V x E, =iwuH, in D_,, V x E, = iwﬂﬁn + j@n in D_,,
V x H, = —iweFE, inD_g, V x ﬁn = —iwéEn + jmm, inD_,,

and

E,xv=FE,xv and anu:f[nxu on I
Here A R R A
Jen = —0wF I H, and Jy, =0wF I E, inD_,.
Note that, in D_,,

~

eE—¢éE=(c—&)E+E4(E—-E)

and R .
pH — pH = (pn— p)H + o(H — H).

Applying and for a sufficiently small s and using , we have

(4.44) f K(e = &), B + f [t — ) Ho Hy + f (55,011, < C.

-7 D_- -7

This implies
(4.45) HEnHL2(d?1,BRO) + HHH”B(d??,BRO) <C
Fix 1 € C}(R3) (arbitrary) such that 1 = 0 in a neighborhood of I'. We have, in R3,
V x (WE,) =¢V x E,+ V¢ x E, and div[eg(VE,)] = ¢ div(egE,) + VU - eoEy,.
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Using (4.40) and (4.41)), and applying |24, Lemma 1], one may assume that
(¢ E,) converges in [L?(R3)]?,

which yields, since 1 is arbitrary,

(4.46) (E,) converges in [LE . (R3\I')]3.
Similarly, one may also assume that
(4.47) (H,) converges in [LZ (R3\I")].

Moreover, from (4.45)), (4.46)), (4.47) and the fact 8 > max{a1, s}, by Lemma [4.3] one may
assume that

(4.48) ((En, Hy)) converges in [L2(dp, Bg,)]®
and, by (4.44)),
(4.49) (0, 0m,)) converges weakly in [L?(D_,)].

Let (E, H) be the limit of ((E,, Hy)) in [L . (R*\I')]®. From (4.44)), we derive that (65, 6p) €
[L?(D_,)]?. From the equations of (E, H), it follows that (6g,dy) € [H(curl, D_;)]?. One
also has
(4.50) dpxv=0dgxv=0onT.

We have, for R > Ry,

@E43)
< limsup
n—+00

ny-E‘z lim ‘8% H,xv-E,
0BRr n—+0 0BR

f J.E,
Br
Since (E, H) satisfies the radiating condition, it follows that
E = H =0 in the unbounded connected component of R3\D,

which in turn implies, by (4.50) and the unique continuation principle, that
(4.51) E=H=0inR3
Combining (4.42)), (4.48)), (4.49), and (4.51)) yields a contradiction. Hence (4.41]) is proved.
Applying Lemma again, we derive ([2.3]) from (4.41]).

By the same method, one also obtains the following fact: for any (§,) — 0, up to a

subsequence, ((Ej,, Hs,)) converges in [L2 (R3\I')]%, and the limit is a radiating solution of
the corresponding system.

»

We next consider the case a; = as = 0. We first prove by contradiction that
|(Es, Hs)l£2(Br,) < ClJ | L2®s)-
Assume, for some §,, — 0 and J,, € L?(R3) with supp J,, = Bg, that

(4.52) | Jnllz2@sy =0 and  |[(En, Hn)|r2(Bg,) = 1,

lim
n—+400
where (E,, Hy,) is the solution corresponding to d,, and J,,. By a change of variables for the
Maxwell equations, see e.g. [24, Lemma 7], we have

{ V x E, = iwpuH, in D_, { V x B, = iwjiH, + Jo,, inD_,,

V x H, = —iweby +J, inD_g, V x ﬁ[n = —iWéEn + jmm inD_,,

and R .
E,xv=F,xv and H,xv=H,xv onl.
Here

N ~

Jon = —O0wFel H, and Jy, =0wFI E, + Fyd, inD_,.
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Note that

R R R R R R 1/2 R R 1/2
[ 1= Tl + el 0] < ( | |<Jn,Jm,n,Je,n>|2) ( | |<En,Hn>|2) .
Q Q Q
As in (4.45)), we then have

Bl 25 ) + 1Hnlz2sm, ) < C.
As in the proof of Theorem 2.1} one can prove that, up to a subsequence,

(4.53) (En, H,) converges in [LZ_(R3)]'2.

loc
Moreover, the limit (Ey, Hp) is in [Hoc(curl, R3)]? and is a radiating solution of the equations
V x Eg = iwpoH  in R3,
{ V x Hy = —iwegE  in R3.
By Lemma [3.6] we get
Ey = Hy = 0 in R®.

This contradicts (4.52) and (4.53). The uniqueness of (Ey, Hp) is a consequence of Lemma [3.6]
and the strong convergence of (Es, Hs) to (Eg, Ho) in [L2 (R3)]'? can be derived as in the

loc

proof of Theorem 2.1 and are omitted. O

4.3. Some applications of Theorem In this section, we present two applications of
Theorem The first is a consequence of Theorem [2.2] with iy = ag = 0. We have

Corollary 4.1. Let 0 < § < 1, J € [L*(R3)]® with supp J < Bg,, and let (Es, Hs) €
[Hioe(curl, R?)]? be the unique radiating solution of (L.3). Assume that D is of class C?
and, for each connected component O of D_, 0 I' U D, with T > 0 small, the following four
conditions hold

either e*|p__~0 or €~ |p.~o is isotropic,

either u*|p__~o or u~|p,~o is isotropic,
et (zr—tv(ar)) = —e (ar+tv(ar)) +cd  or —c (zr—tv(ar)) = e’ (ar +tv(ar)) +cl
and
pt(zr—tv(zr)) = —p~ (zr+tv(zr))+el  or  —p (zr—tv(ar)) = pt (zr+tv(zr)) +cl,

for every xp € T' n O and for every t € (0,7), for some ¢ > 0. Then, for all R > 0,
| iEs )P < Crl e
Br

for some positive constant Cg independent of 6 and J. Moreover, (Es, Hs) converges to
(Eo, Ho) strongly in [LE (R%)]%, as § — 0, where (Ey, Hy) € [Hioc(curl,R?)]? is the unique

radiating solution of (L.3|) with 6 = 0. As a consequence,
|1 B < Cal e
Bgr
Remark 4.3. It is worth comparing Corollary with Corollary First, in Corollary

one does not require e, e, u*, u~ to be C! near I'. Second, in Corollary one does
not require any isotropy conditions on e, e, ut, u”.
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Proof. For 7 > 0 sufficiently small (the smallness depends only on D), define 7 : D, uT U
D_.—D,ul'uD_; by
F(zr + tv(ay)) = apr —tv(zp) Varel,te (—7,7)
and set, in D_,
(&) = (Fue™, Fup™).
For the simplicity of the presentation, we assume that D_. is connected. We will only consider
the case
et|p_. is isotropic,
,LL+|D7_F is isotropic,
et (xr — tu(:cr)) > —e (a:r + tv(mr)) +cl,
and
pt(zr —tv(ar)) = —p (ar + tv(zr)) + ol
for every xr € I' n O and for every 0 < t < 7, for some ¢ > 0. The other cases can be dealt
similarly.
For o' € D_,, set x = F~1(2) and J () = det VF(x). We have, for z € T,
VF Y 2)VF () =Tand J(z)=—1.

Since €t is isotropic and ™ (a:p — tu(azr)) > —e~ (xp + tu(xp)) +cl in D_,, it follows from
the definition of € that, for sufficiently small T,

(4.54) e(z') = é(a') + el /2 for 2’ € D_,.

Similarly, we have, for sufficiently small 7,

(4.55) (') = p(z’) + el /2 for ' € D_,.

Take 7 sufficiently small such that and hold. Applying Theorem we obtain
the conclusion. 0

Here is a direct consequence of Corollary [4.1] Let Q; and Qs be open subsets of D such that
Qo =, D =000, 00 noD # &, and 0Q2n0D # . Assume that e~ = —v{1 in
and = —92l in Qg, and et = I in R3\D for some constants 71, v2 > 0 with min{~y;,v2} > 1 or
max{vy,v2} < 1. For J € L?(R3) with supp J < Bg,, let (Es, Hs) € [Hyoc(curl, R?)]? be the
unique radiating solution of for 0 < 6 < 1. We have (Es, Hs) is bounded in [LZ (R?)]S.
Moreover, (Es, Hs) converges to (Eo, Ho) strongly in [L2 _(R3)]%, the unique radiating solution

of (1.3])) with § = 0. Note that this setting is out of the scope of Corollary for v # .
Here is another consequence of Theorem for which a7 = ag = 1. We first introduce

Definition 4.1. A connected component of T" is called strictly convex if it is the boundary
of a strictly convex set.

We have

Corollary 4.2. Let 0 < § <1, 7 > 0, J € [L3(R3)]? with supp J = Bg,\(D- u D_,), and
let (Es, Hs) € [Hioc(curl,R?)]? be the unique radiating solution of . Let e, m be positive
symmetric matriz-valued functions defined in D_; 0T U D, such that they are constant and
isotropic on each connected component of their domain of definition. Assume that

D is of class C3, each connected component of T' is strictly convex,
(et,u")=(e,m) in D_., and (¢ ,u” )= —(e,m) in D,.
Then, for R > 0 and open V o T,
(4.56) I(Es, Hs)|L2(Bp\v) < CrV I |23y VR >0,
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for some positive constant Cry independent of 6 and J. Moreover, for a sequence (6y,) — 0,
up to a subsequence, (Es, ,Hs ) converges to (Eg, Hy) strongly in L2 _(R3\I') as n — +o0,

loc
where (Eg, Hy) € [Hyoe(curl, R3\I')]? is a radiating solution of (1.3) with § = 0 and (4.56)
holds with 6 = 0.

Proof. For simple presentation, we assume that D is convex. Let F be defined as follows:
ap — tv(zr) — ar + t[1 + te(zr) v (zr),

for xr € I' and 0 < t < 7 (small). Here c(ar) = fStracell(xr) where II(zr) is the second
fundamental form of I at xr and —1 < 8 < 0. By taking S sufficiently close to —1, one can
prove that, see [22, Proof of Corollary 3],

f*(—I) —I= ’)/drI in D_T.

for some positive constant v (note that the definition of F, in this paper is different from the
one in [22] in which | det(V.F)| is used instead of det(V.F)). We are now in the range of the
application of Theorem and the conclusion follows. O

Here is an immediate application of Corollary Let D be a smooth strictly convex set
of class C® and assume that, for § > 0,

( ) I, I in R3\D,
€5, 115) =
o 1o T +i6I,—I +i6] inD.

Let J € [L?(R?)]? with supp J < Bg,\(D, u D_,) and let (Ejs, Hs) be the unique radiating
solution of (1.3]). As a consequence of Theorem and [22, Corollary 3|, one has

I(Es, Hs)| r2(Bp\vy < Crv || L2@sy VR >0,
for some positive constant C'r independent of § and J. Corollary is a variant of [22]
Corollary 3] for the Maxwell equations.

APPENDIX A. PROOF OF PROPOSITION [3.1]

We only consider the case (yu, /i) does not satisfy the complementing conditions at some
point zg € 0. The other case can be dealt similarly. Then, from [2], there exist sequences

(s @) © H2(Q), ((far ) < L2(Q), (pn) © H?(09) and (g) = Hz(69) such that
div (uVuy) = fn,  div(aViy) = fn  in Q,
Uy — Up = pp o0 OS),
(Mvun - ﬂVﬁn) "V =dn on 697
( ||fn||L2(Q) ), (anHLQ(Q))a ( HanH%(aQ) )s ( anHH%(aQ)) and ( ||(un,1ln)||H1(Q) ) are bounded

and limy,—, 4o ||(un,ﬂn)||H2(Q) = +o00.
Let ¢, € H? and g%n € H? be the unique solution of

{div (uVén) = fu  inQ | div (V) = fo 0 Q.
an
¢n =pn on 0K ¢n=0  on .
By the standard theory of elliptic equations, one has
6allze < C (Ifullze + Ipall 3 o)) and||8a] < €| .
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for some positive constant C' independent of n. Set

H, =Vu,—V¢, and H, = Vi, — Ve, in Q.

We have, in €2,

curl H, =0 =curl H, and div(uH,) = 0 = div (/lf:ln)

Since u, — Uy = pn = ¢p, on 02, and ¢, = 0 on 02, we deduce that

v X (Hn—fIn)=0 on 09).

Set

E,=FE,=0inQ

and, in €Q,

A

Jen = —twpHy, Jen = fiwﬂﬁn, Imn =0, and jmm = 0.

One can easily check that (E,, E‘n, H,, ﬁn) and (Jep, je,n, Im.ns jen) satisfies all the required
properties. U
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