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Noise predictions of a Mach 0.9 round jet
using tailored adjoint Green’s functions
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Centrale de Lyon, Institut National des Sciences Appliquées de Lyon, Université Claude

Bernard Lyon I, UMR 5509, 69130 Écully, France

Abstract

The turbulent mixing noise radiated by a Mach 0.9 jet is investigated. The

focus is put on the proper calculation of acoustic propagation effects by means

of adjoint Green’s function that are tailored to the jet mean flow. Tam and

Auriault’s statistical mixing noise model is recast for Pierce’s wave equation

that is energy preserving. An unconditionally stable formulation to compute

propagation effects is thus obtained. Adjoint fields are computed from the

direct problem with help of the flow reversal theorem. A finite element solver

is used to solve tailored adjoint Green’s functions, and corresponding adjoint

fields are displayed. Acoustic predictions are carried out for a wide range of

polar angles, and compared to measurements. A particular attention is given to

predictions achieved at upstream observer angles. At these angles, the present

model describes the physics of upstream travelling guided jet waves. The adjoint

method provides a suitable framework to split the generation of sound from its

propagation. It is illustrated how tailored adjoint Green’s functions filter the

radiating part of Tam and Auriault’s sound source model, by weighting with

propagation effects.

Keywords: jet noise, sound propagation, adjoint method, tones.

∗Corresponding author
Email address: etienne.spieser@ec-lyon.fr (Étienne Spieser)

Preprint submitted to Journal of LATEX Templates December 20, 2022



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
of

1. Introduction

The modelling of turbulent mixing noise involves the expression of the noise

spectrum Spp. This quantity is of interest in many applications dealing with

subsonic jet noise, including acoustic certification of aircraft [26]. For a mi-

crophone located at xm, the spectrum is obtained by considering the Fourier

transform of the pressure autocorrelation defined in Appendix A,

Spp(xm, ω) =

∫

R
dτ p(xm, •)p(xm, •+ τ)eiωτ (1)

where ω denotes the angular frequency , where • stands for a dummy time

variable , and where a stationary noise generation mechanism is assumed. Let

us introduce Green’s function G(xm, tm)
xs,ts to realise sound propagation from the

source region Ω to the microphone one,

p(xm, tm) =

∫

R
dts
∫

Ω

dxs G
(xm, tm)
xs,ts q(xs, ts) (2)

where (xm, tm) and (xs, ts) are associated with the observer and a current source

in Ω respectively, q is the source term. The propagation problem is moreover

time-shift invariant, G(xm, tm)
xs,ts = G

(xm, tm − ts)
xs for a steady base flow.

Acoustic analogies are often used in this context to reduce the computational

cost, Lighthill’s acoustic analogy [44] being the first and most famous formula-

tion. In these approaches where the sound propagation is explicitly separated

from generation, the spectrum Spp is expressed from the two-point correlation

Rqq of the source term,

Spp(xm, ω) =

∫

R
dτ
∫

R
dt1
∫

R
dt2
∫

Ω

dx1

∫

Ω

dx2 G
(xm, t1)
x1 G

(xm, t2 + τ)
x2 Rqq(x1,x2, t1−t2)eiωτ

(3)

In the past, most of the efforts of improvements have focused in finding a5

proper description of the source correlation term Rqq by modelling the sound

stemming from fluid dilatation [52, 63], from the quadrupole correlations arising

in isotropic turbulence [53, 11, 40] or those from more complex shell models of

turbulence [33, 4, 5]. The definition of the source term q and its associated wave

equation is also a critical step [45, 46, 29]. These modellings are however not so10
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often used in practice because the numerical determination of Green’s function

Gx1
and Gx2

for all positions x1, x2 in the source domain Ω is not affordable.

Lagrange’s identity [41, 59] provides an especially suitable framework to

shape further statistical models in giving a better account of sound propagation.

By using the reciprocity principle in its most general form that involves adjoints,

Green’s functions for the acoustic propagation can be recast to depend solely

on the receiver [25, 59],

G
(xm, tm)
xs,ts = G†(xs, ts)

xm,tm (4)

where G†
xm,tm is adjoint Green’s function expressed for the microphone position

xm and time tm, and for which a tacit choice of a suitable scalar product is

made.15

The first reformulation of Lighthill’s acoustic analogy in the adjoint frame-

work was proposed by Dowling et al. [25]. A major contribution was made

by Tam and Auriault [62, 63] for statistical jet noise modelling. Goldstein and

Leib [31, 42, 32], Raizada and Morris [51] amongst other, proposed additional

statistical jet noise models involving adjoints later on.20

Statistical jet noise modelling has benefitted from the advances in compu-

tational science in providing an access to an accurate description of the source

term’s correlation Rqq [12, 24, 43] and in informing on the manner flow struc-

tures radiate to the observer [18, 67, 1]. Solving numerically adjoint Green’s

functions for arbitrary base flows and geometries has remained a challenge,25

and beside contributions done in the group of Karabasov [38, 58], only adjoint

Green’s function tailored to some specific flow profiles have been used to account

for the sound propagation in statistical models. In that case, adjoint Green’s

functions are often not known analytically, but their governing equations are

smartly rearranged so to be tractable by ordinary differential equations. Sound30

is then considered to propagate either in the free field [47, 30], over a plug flow

[25], over a general parallel jet flow [62, 51, 2] or over a slowly diverging jet flow

[31, 34, 7, 8, 6].

Spieser and Bailly [59] recently proposed the use of Pierce’s wave equation to

3
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compute sound propagation in the adjoint framework. The self-adjoint nature35

of this operator possesses two main advantages, it guaranties the stability of the

sound propagation problem and enables the computation of the adjoints with

help of the handy flow reversal theorem. This study intends to evaluate numer-

ically such adjoint Green’s functions using a finite element solver, and aims to

illustrate how the modelling and the understanding of jet noise can thereby be40

improved. Tam et al. [65, 66] already highlighted on an experimental campaign

how the adjoint formalism could be used to characterise and extrapolate the

radiating parts of the coherent structures in jets. As explained in their study,

the whole sound source is not contributing to the acoustic radiation, in fact,

only the part filtered by the wave operator is. Green’s functions are the formal45

inverse of an operator and adjoint Green’s functions are therefore the appro-

priate tool to isolate the radiating parts of a sound source. On the basis of

this observation, this contribution also means to illustrate how insight into the

radiating parts of a jet can be gained within the adjoint framework.

The paper is organised as follows. Tam and Auriault’s mixing noise model is50

reformulated for Pierce’s wave equation in section § 2. The numerical procedure

to compute tailored adjoint Green’s functions in an efficient way is explained in

section § 3. Mixing noise radiated in the sideline direction by a subsonic round

jet at Mach 0.9 is investigated in section § 4. Section § 5 is focused on the

acoustic field radiated in the upstream direction and the emergence of tones.55

The influence of the nozzle for the computation of the acoustic field is discussed,

and predictions for a wide range of polar angles are presented in section § 6.

Concluding remarks are finally drawn in the last section. Calculation details

have been included in the appendices for ease of reading.

2. Jet mixing noise model for Pierce’s wave equation60

Tam et al. [64] gave experimental evidences for two contributions arising in

the turbulent mixing noise process of a jet. The first one is associated with the

large-scales of turbulence, often associated with the development of convective

4
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instability waves, while the second one originates from the turbulence fine scale.

Shortly after, Tam and Auriault [63] proposed a statistical model to predict the65

noise spectra radiated by the latter component. The concern of this section

is to reformulate their model for Pierce’s wave equation.

2.1. Prequel of Tam and Auriault’s model

The starting point for this model is based on an acoustic analogy, where the

sound generation process and its propagation over a base flow are addressed

separately. A parallel and steady base flow is assumed and forced linearised

Euler’s equation reads as,




ρ0
D(u)

Dt +∇p = −∇ · (ρ0u⊗ u)

D(p)

Dt + γp0(∇ · u) = 0

(5)

where D/Dt = ∂/∂t + u0 · ∇ is the material derivative along the mean flow.

The fluctuating variables are written without subscript nor superscript, and the

mean flow field is indexed with 0. The non linear source term on the right-hand

side of the momentum equation has been identified by Bogey et al. [19] and

discussed later [9]. As also underlined in these previous studies, Pierce’s wave

equation does not describe instability waves [59] and is therefore particularly

well suited to be used in an acoustic analogy. Introducing the acoustic potential

ϕ as p = −D(ϕ)/Dt, and a0 the speed of sound, an acoustic analogy based on

Pierce’s equation can be derived [49, 59],
D2(ϕ)

Dt2 −∇ · (a20∇ϕ) =
D(Sm)

Dt , ∇2Sm = ∇ · ∇ · (ρ0u⊗ u) (6)

where the source term presented in equation (6) has been reduced to its main

contribution provided by Reynolds stress tensor. A drastic simplification of the

source term is considered in Tam and Auriault [63] by contracting the instan-

taneous Reynolds stress tensor ρ0 u ⊗ u ≈ qs I, where qs is linked to the

turbulent kinetic energy and I is the identity matrix. As a result, the source

term in equation (5) is reduced to,

−∇ · (ρ0u⊗ u) ≈ −∇qs (7)

5
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and its quadrupolar feature is lost. Identification with the acoustic analogy built

for Pierce’s wave equation (6) is straightforward and leads to,

Sm = −qs (8)

2.2. Recast of the model

2.2.1. Adjoint statement of the problem70

Pierce’s wave equation (6) is self-adjoint for the canonical scalar product

defined in Appendix A, and its adjoint Green’s function ϕ†xm,tm is the

anti-causal solution of,

D2(ϕ†xm,tm)

Dt2 −∇ · (a20∇ϕ†xm,tm) = δxm,tm (9)

where δxm,tm is the Dirac delta function taken at the microphone position xm

and time tm. Applying Lagrange’s identity [59, eq. (4.4)] with adjoint Green’s

function ϕ†xm,tm then directly leads to,

ϕ(xm, tm) = < ϕ†xm,tm ,−
D(qs)

Dt > (10)

2.2.2. Calculation of the acoustic noise spectra

Choosing Pierce’s wave equation to describe the propagation of sound, the

acoustic spectral density Spp, equation (1), can then be recast as,

Spp(xm, ω) =

∫

R
dτ D(ϕ)

D•,xm

D(ϕ)

D•+τ,xm

eiωτ (11)

where D/DtA,xB
= ∂/∂tA+u0 ·∂/∂xB is the material derivative with respect to

the position xB and the reference time tA. This cumbersome notation is used in

the following whenever there may be a confusion in the variables on which the

material derivative applies and is omitted elsewhere. Following the derivations

provided in Appendix B, expressing previous relationship with help of adjoint

Green’s functions, leads to,

Spp(xm, ω) =

∫

R
dτ
∫

Ω

dx1

∫

Ω

dx2

∫

R
dt̃1
∫

R
dt̃2

D
(
ϕ†

(
x1, t̃1

)

xm

)

D−t̃1,xm

D
(
ϕ†

(
x2, t̃2 − τ

)

xm

)

D−t̃2,xm

RQQ(x1,x2, τ̃)e
iωτ

(12)

6
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where τ̃ = t̃1 − t̃2 is the time separation and RQQ is the space-time correlation

defined as,

RQQ(x1,x2, τ̃) ≡
D(qs(x1, •+ τ̃))

D•,x1

D(qs(x2, •))
D•,x2

(13)

To compute the acoustic spectral density, only the time-shifts in the source cor-

relation are of significance. Adjoint Green’s functions and the material deriva-

tive that apply on them can thus be expressed in the frequency domain to obtain

the concise form,

Spp(xm, ω) =

∫

Ω

dx1

∫

Ω

dx2 D−u0,xm

(
ϕ†

(x1, ω)

xm

)
D−u0,xm

(
ϕ†

(x2,−ω)
xm

)

∫

R
dτ̃ RQQ(x1,x2, τ̃)e

−iωτ̃

(14)

where the Fourier transform conventions introduced in Appendix A are chosen.

Equation (14) is the most advanced expression of the noise spectrum that can

be derived from equations (6) and (7) without introducing further hypothesis.

2.2.3. Far field approximation75

In classical jet noise applications, Fraunhofer’s far field condition is satisfied

[36]. This approximation is made here to make the evaluation of the double vol-

ume integral over the source region more tractable. Introducing the separation

vector r = x1 − x2 between two points x1 and x2 in the jet region, enables to

link an acoustic ray reaching an observer position xm to a neighbouring ray by

modelling only the phase shift in between them. Following Tam and Auriault’s

work, two neighbouring acoustic ray paths are related by,

ϕ†
(r+ x2, ω)
xm

≈ ϕ†
(x2, ω)

xm
exp

(
iω xm · r
a∞|xm|

)
(15)

where a∞ is the ambient speed of sound. Replacing this formula in the expres-

sion of Spp, and some calculus detailed again in Appendix B provide,

Spp(xm, ω) =

∫

Ω

dxs

∣∣∣D−u0,xm

(
ϕ†

(xs, ω)

xm

)∣∣∣
2
∫

Ω

dr
∫

R
dτ̃ RQQ(xs, r, τ̃) e

iω[ xm·r
a∞|xm|−τ̃]

(16)

Please note that the use of this far-field approximation implies a simplification

of the physics of the problem, as no phase differences are accounted for when

7
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xm · r = 0, according to equation (15). Depending on the expression of the

source correlation term RQQ, this approximation may thus entail a singularity

for observer located in a direction normal to the jet axis. In particular, if80

at the leading order in r, the expression of the source correlation behaves in

RQQ ∝ exp (|r|α), then it is becomes singular for an observer located normal to

the jet axis when α ≤ 1. Future study may investigate the benefit of using a

Taylor expansion to replace equation (15).

2.2.4. Modelling of the source correlation term RQQ85

In this study, the Q-quantity space-time correlation model used by Tam and

Auriault [63, eq. (27)][52, § III.] is considered,

RQQ(xs, r, τ̃) =
q̂2s
τ2s

exp

(
−|r · u0|

u20τs
− ln(2)

l2s
(r− τ̃u0)

2

)
(17)

where u0 = |u0|. In other words, turbulence is assumed to be locally homoge-

neous. The mean velocity u0 and the local quantities q̂s, τs and ls measuring

the turbulence intensity, decay time and correlation length, are informed by the

statistics of the flow as provided for instance by a Reynolds-averaged Navier-

Stokes flow solution. These three variables are function of the position xs in

the jet volume. This model for the source correlation RQQ result in subsequent

expression for the sound pressure level Spp, details are provided in Appendix

B,

Spp(xm, ω) =

∫

Ω

dxs
2q̂2s l

3
s

τs

(
π

ln(2)

)3/2 ∣∣∣D−u0,xm

(
ϕ†

(xs, ω)

xm

)∣∣∣
2

exp

( −ω2l2s
4 ln(2)u20

(
1 +

u20|xm,⊥|2
a2∞|xm|2

))

1 + ω2τ2s

(
1− u0 · xm

a∞|xm|

)2

(18)

where xm,⊥ = xm−(xm·u0)u0/u
2
0, and where D−u0,xm is the material derivative

along −u0 taken at the position xm and expressed in the frequency domain.

This relation is comparable with the one proposed by Tam and Auriault [63, eq.

(35)], apart from original adjoint Green’s function p†
(xs, ω)
xm

that is replaced by

D−u0,xm

(
ϕ†

(xs, ω)
xm

)
.90

8
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2.2.5. Final expression

The material derivative D−u0,xm

(
ϕ†

(xs, ω)
xm

)
can be expressed analytically

in presence of flight effects, that is when the ambient media is moving at a

constant velocity uf . The intermediate steps are reported in Appendix B. In

the end, for a microphone located in the far-field at an angle θm from the jet

axis, as illustrated in figure 3, Tam and Auriault’s mixing noise formula can be

recast for Pierce’s wave equation into,

Spp(θm, ω) =

∫

Ω

dxs
2ω2q̂2s l

3
s

τs

(
π

ln(2)

)3/2 ∣∣∣ϕ†(xs, ω)

θm

∣∣∣
2
(
1 +

Mf cos θm
1 +Mf cos θm

)2

exp

( −ω2l2s
4 ln(2)u20

(
1 +M2

∞ sin2 θm
))

1 + ω2τ2s (1−M∞ cos θm)
2

(19)

where M∞ = u0/a∞ is the local acoustic Mach number and the flight Mach

number is Mf = |uf |/a∞. The azimuthal dependency on the microphone po-

sition ψm is not accounted for, it is however fairly straightforward to include

such effects in the derivations.95

2.3. Calibration of the parameters

In the present analysis, the parameters q̂s, τs and ls appearing in equation

(19) are informed by a statistical description of the jet flow. This is often per-

formed from a Reynolds-averaged Navier-Stokes solution. Here, the statistical

results considered for the modelling are obtained from the large-eddy simu-100

lation (LES) of an isothermal jet at a Mach number of 0.9 and a Reynolds

number based on the diameter DJ of ReDJ
= 105. The LES has been car-

ried out using an in-house solver of the three-dimensional filtered compressible

Navier-Stokes equations in cylindrical coordinates based on low-dissipation and

low-dispersion explicit schemes using a grid containing approximately one bil-105

lion points [13]. The jet originate at z = 0 from a straight pipe nozzle of radius

DJ/2 and length DJ , into a medium at rest at a temperature 293 K and a

pressure 105 Pa. A Blasius laminar boundary-layer profile is imposed for the

9
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axial velocity at the pipe inlet at z = −DJ , yielding a momentum boundary-

layer thickness of 0.009DJ at the exit. Random low-level vortical disturbances110

are also added inside the pipe [21, 22] with a magnitude adjusted to obtain a

peak turbulence intensity of 9% at the exit. During the simulation, density,

velocity components and pressure have been recorded at several locations dur-

ing a time of T = 2000DJ/uj , creating a data base described in reference [16],

for instance. More details and results of the jet LES can be found in previous115

studies [1, 14, 17].

In their contribution, Tam and Auriault proposed to model the parameters

q̂s, τs and ls from a k-ε flow solution [63] considering following relationships,

ls ∝
k3/2

ε
, τs ∝

k

ε
and, q̂s ∝ ρ0k (20)

so that only three constants were left to calibrate. In this work the number

of independent variables is reduced to two by assuming that the characteristic

time scale τs, which corresponds to the life time of turbulence, and length scale

ls of Tam and Auriault’s model are related in a moving reference frame by u′ref

that is a measure of the turbulent velocity, such as,

τs =
ls
u′ref

, with, u′ref =

√
2

3
kmax (21)

and, where kmax ≡ kmax(z) is the maximum value of the turbulent kinetic energy

k in a plane of constant z. From dimensional considerations, k [m2.s−2] and ε

[m2.s−3] must then be linked by a characteristic time scale of the mean flow [56]

[10, chap.9]. In the following, the turbulent dissipation rate ε is reconstructed

from,

ε ∝ k

∣∣∣∣
∂uz
∂r

∣∣∣∣
max

(22)

where |∂uz/∂r|max ≡ |∂uz/∂r|max (z) is the maximal shear in a plane of constant

z. Finally from equations (20) and (22), ls can be expressed as,

ls ∝
√
k/

∣∣∣∣
∂uz
∂r

∣∣∣∣
max

(23)

Only the mean flow and turbulent kinetic energy k are consequently required

to calibrate ls and τs. This is expected to make the calibration procedure fairly

independent from the flow solver.

10
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It is now argued that ls corresponds to an integral length scale of the tur-

bulence computed in a direction transverse to the jet flow. Let us consider a

given instant of the source such that τ̃ = 0, and let σ be the standard devi-

ation associated to the Gaussian source correlation RQQ, then RQQ(xs, r, τ̃ =

0) = (q̂2s/τ
2
s ) exp

(
−r2/(2σ2)

)
. From the expression of RQQ presented in equa-

tion (17), the source correlation can be expressed as RQQ(xs, r, τ̃ = 0) =

(q̂2s/τ
2
s ) exp

(
− ln(2)r2/l2s

)
, whenever r · u0 = 0. Thus for a separation vector

transverse to the flow direction, ls =
√
2 ln(2)σ which is precisely the expression

of the half width at the half maximum of a Gaussian distribution. To verify

that this measure is equal to an integral length scale li, this latter length is

computed in the transverse direction from the source correlation function given

in equation (17),

li(xs) =

∫ ∞

0

RQQ(xs, (0, ξ, 0), 0)

|RQQ(xs,0, 0)|
dξ =

∫ ∞

0

e
− ln(2)ξ2

ls(xs)2 dξ = ls(xs)

2

√
π

ln(2)
≈ 1.064 ls(xs)

(24)

It turns out that ls corresponds to the transversal integral length scale of the120

Gaussian distribution RQQ within 6%.

Without any direct access to the distribution of RQQ, the latter distribution

is assumed to be similar to that of Ru′
zu

′
z
. There are experimental [28] and

theoretical [53, 3] arguments indicating that turbulence in the plumes of jets can

reasonably be assumed as homogeneous and isotropic. Within this assumption,125

if L(1)
11 is the longitudinal integral length scale computed from Ru′

zu
′
z

as defined

in [28], then ls ≈ L
(1)
11 /2. The longitudinal integral length scale L(1)

11 has been

computed along the jet lip-line from the large-eddy simulation [1], and serves as

a reference for the calibration of equation (23). Two evaluations of formula (23)

along the jet lipline are presented in figure 1 for which proportionality constants130

of 1.0 and 2.0 are used respectively. These transversal scales ls are compared

to the reference longitudinal length scale L
(1)
11 . As expected, the size of the

structures grow linearly with the axial distance z. The slope of ls computed

for a proportionality constant of 2.0 is comparable with that of L(1)
11 , indicating

that ls should be computed from equation (23) considering a proportionality135

11



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
of

constant equal to 1.0.

Figure 1: Evolution of the longitudinal and transversal integral length scales L
(1)
11 and ls along

the jet lip-line normalised by the jet diameter DJ . reference L
(1)
11 /DJ directly calculated

from the large-eddy flow solution for two points separated in the streamwise direction and

compensated according to equation (24), ls/DJ rebuilt from equation (23) considering a

proportionality factor set to 1.0, and ls/DJ computed from equation (23) for a propor-

tionality constant of 2.0.

To calibrate the amplitude q̂s of the source correlation defined in equation

(20), the noise spectra radiated at θm = 90◦ from the axis of a Mach number

0.9 isothermal round jet is considered. Noise spectra are expressed in dB/St,

they are normalised to a distance of 1 m and corrected so as to correspond

to an equivalent jet of section 1 m2. The Fourier transform of the pressure

autocorrelation Spp obtained with Tam and Auriault’s formula is hence related

to the normalised sound pressure level (SPL) by,

SPL(dB/St) = 10 log10

(
Spp(xm, ω)

p2ref

)
+ 10 log10

(
uj
DJ

)
− 10 log10

(
πD2

J

4

)

+10 log10
(
|xm|2

)

(25)

where pref = 20.0µPa and |xm| corresponds to the distance from the jet exhaust

to the microphone position. The Strouhal number St is based on the jet diameter

DJ and exhaust velocity uj such that, St= ωDJ/(2πuj). At θm = 90◦ from the

jet axis, mean flow refraction effects are deemed not of leading order and without

external wind, Green’s function appearing in Tam and Auriault’s formula may
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be approximated with,

|D−u0,xm(ϕ†
(x, ω)

xm
)|2 =

ω2

16π2a40|x− xm|2 (26)

The derivation of this expression is provided in Appendix C. This analytical

Green’s function is used to evaluate the noise spectra model given in equation

(18).

The acoustic spectra computed for q̂s = ρ0k, i.e. without fine-tuning of the140

amplitude of the source space-time correlation RQQ, is plotted in figure 2. As

previously ls and τs are related through equation (21) and ls =
√
k/|∂uz/∂r|max

is considered. The thereby obtained noise spectra is compared in figure 2 to the

spectral density computed from the LES of the Mach 0.9 round jet [14, 17, 50]

that is used in this study to inform the sound source correlation RQQ. This fig-145

ure additionally displays two acoustic spectra measured at θm = 90◦ from two

Mach 0.9 isothermal round jets, one during a ECL (École Centrale de Lyon)

campaign [20, 17], the other at CNRS-Pprime during the JERONIMO campaign

[23, 48]. A sensible prediction in terms of level, peak frequency and width of the

jet noise hump is obtained in figure 2 for the recast of Tam and Auriault’s mix-150

ing noise model presented in this study. This result is all the more satisfactory

as no particular tuning of the sound source parameters has been used. Note how

the crudely simple free field analytical solution given in equation (26) provides

a fair prediction at θm = 90◦ from the jet axis [30, 47]. While the acoustic lev-

els computed from the LES and that recorded at the CNRS-Pprime are closely155

recovered by the model, the jet investigated at ECL is 2.5 dB louder. This dif-

ference is significant, but is typical of the discrepancies that can be encountered

between different acoustic test campaigns of jets presenting different nozzle-exit

boundary layer states [15, 39, 70]. To enable far field acoustic measurements in

directions that are upstream of the jet, the nozzle considered during the ECL160

test campaign has been extended by a straight conduit [20, fig.1 & fig.2] and its

nozzle exit boundary layer profile differs thus from that of the two other jets.

As a section of this study focusses on the acoustic field radiated upstream of

the jet, noise spectra from the ECL campaign are considered in what follows.

13
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Figure 2: Acoustic spectral density at θm = 90◦ from the axis of a Mach 0.9 round jet

normalised to an equivalent distance of 1 m and to equivalent jet cross-section of 1 m2.

ECL data [20, 17], CNRS-Pprime data [23, 48], computed from the LES acoustic

field extrapolated at a distance of 75 DJ from the jet axis [14, 17, 50], and, predictions

of the mixing noise model with an amplitude calibration set to 1.0.

3. Computation of tailored adjoint Green’s functions with Actran TM165

Choosing a self-adjoint operator such as Pierce’s wave equation (6) to com-

pute the radiation of sound has two major advantages. Along with ensuring

the conservation of the acoustic energy, and thus preventing the development

of instability waves, this feature enables the computation of adjoint solutions to

Pierce’s wave equation (9) by making use of the flow reversal theorem (FRT).170

The equivalence of both statements operators has recently been highlighted for

self-adjoint operators [59]. The FRT is more handy to use than computing ad-

joints, since no anti-causal boundary conditions are required, only the mean-flow

direction has to be reversed. This can fairly easily be achieved with some off-

the-shelf solver. In this work, the frequency-domain commercial solver Actran175

TM is employed for that purpose.

3.1. Acoustic equation implemented in Actran TM

The finite element method solver chosen however does not solve Pierce’s

wave equation (6), but a linearised and normalised expression of Möhring’s

equation [46]. If B is the fluctuating total enthalpy, Actran TM then considers
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as dependent variable the normalised fluctuating stagnation enthalpy b, that is

defined by,

db = ρT,0dB (27)

where ρT,0 is the mean total density,

ρT,0 = ρ0

(
1 +

γ − 1

2
M2

0

)1/(γ−1)

(28)

This variable is related to the acoustic pressure p through ∂p/∂t = (ρ0/ρT,0)Db/Dt,

and Möhring’s equation solved by Actran TM expresses then as,

∂

∂t

[
ρ0

ρ2T,0a
2
0

Db
Dt

]
+∇ ·

[
ρ0u0

ρ2T,0a
2
0

Db
Dt −

ρ0
ρ2T,0

∇b
]
= S (29)

where S is a generic sound source.

3.2. Solving Pierce’s wave equation with Actran TM

Pierce’s wave equation (6) and Möhring’s equation (29) are both scalar con-

vected wave equations. Both equations are in fact related one with another by a

change of variable, and it is possible in practice to solve Pierce’s wave equation

(6) with Actran TM by preprocessing the mean-flow fields specified in input. Let

ρ0,C , p0,C , u0,C and a0,C be the customised inputs that achieve this transfor-

mation and which enable to solve Pierce’s wave equation for a mean-flow given

by ρ0, p0, u0 and a0. From a direct comparison between equations (6) and (29),

it follows,

u0,C = u0 , a0,C = a0 , and ρ0,C
ρ2T,0

=
1

ρ0
(30)

To verify these relationships, the mean flow must be preprocessed accordingly,

p0,C
p0

=
ρ0,C
ρ0

=

[
1 +

γ − 1

2

u2
0

a20

]−2/(γ − 1)
(31)

where it has been assumed that the mean pressure p0 is constant. This is a very180

reasonable approximation for parallel flows such as jets.

This change of variable must additionally be reflected in the amplitude of

the source term either prior to the computation or be compensated a posteriori
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in the acoustic field computed. Let b the solution obtained with the solver when

an impulsive source of unitary amplitude is considered and the preprocessing

describe in equation (31) applied. The acoustic solution must then be compen-

sated to retrieve the correct solution of Pierce’s wave equation, considering,

ϕ =
iω

4πa20,S

(
1 +

γ − 1

2

u2
0,S

a20,S

)−1/(γ − 1)

b∗ (32)

where b∗ is the complex conjugate of b, ω the acoustic pulsation considered, a0,S ,

and u0,S , the speed of sound and mean velocity evaluated at the source position.

The source amplitude considered in Actran TM is defined with respect to the

pressure (variable AMPLITUDE_TYPE set to P). Note that this correction holds185

for a three dimensional space, if a bidimensional configuration was studied, the

amplitude correction factor, equation (32), should be multiplied by π. The im-

plementation of this background mean flow fields reformulation has successfully

been verified for a sheared and stratified propagation medium [60].

3.3. Computing strategy and numerical parameters chosen190

The adjoint formulation relies on a sensor based description of the propaga-

tion problem, it characterises how a point in the surrounding media would ra-

diate towards the observer location if an elementary source of sound was placed

there. Thus no distributed unsteady sound sources have to be mapped on the

acoustic grid, instead a delta Dirac source is set at the microphone position xm.195

Extending the computational domain until the microphone location would make

the numerical costs prohibitive, and a strategy to solve the propagation problem

for a source set out of the domain is considered therefore. The idea, illustrated

in figure 3, is to separate the acoustic propagation into two regions: a numerical

domain containing the meaningful part of the jet flow for which adjoint Green’s200

function is solved numerically, and the ambient region containing the adjoint

source with possibly a uniform flow. The spherical waves emitted by the adjoint

source are mapped analytically on the edge of the computational domain and

adjoint Green’s function is solved numerically on the domain interior.
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×xm

)θm

z

x

y

Figure 3: Schematic representation of the propagation problem and definition of the reference

frame. Adjoint Green’s function ϕ†(xs)
xm

is solved numerically for any xs in the light

grey volume where the flow is mapped.

The computational aeroacoustic grid that has been set up with Actran TM’s205

built-in meshing tool. The mesh obtained with elements of size 0.1DJ is shown

in figure 4. The physical domain is composed by a duct of diameter DJ and

of length 5DJ , from the duct exhaust the domain is 20DJ long, and has a

cylindrical shape with a radius of 2.5DJ . The cylinder corners are rounded to

avoid numerical singularities. The truncation of the domain is achieved with210

a 0.5DJ thick perfectly matched layer (PML). An additional PML region is

added in the duct interior to simulate a semi-infinite conduit. A discussion on

this specific in-duct boundary condition is given in § 5.2.

Physical domain

PML

Transition layer

Figure 4: Slice of the computational aeroacoustic grid with elements of size 0.1DJ .

It is not feasible to map on the boundary of the computational domain an
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incident field from a source set outside of this domain when the exterior flow is215

non-uniform. A 0.5DJ thick transition layer is built for this reason, to interface

the physical domain and the non-reflecting boundary condition. The set of

variables that characterise the propagation media, namely the mean velocity

u0, the mean pressure p0, the mean density ρ0 or combinations of these fields

are obtained from the averaging of a large-eddy simulation [13, 14] and are220

mapped on the physical domain. A linear smoothing is applied on these mean

flow fields for x/DJ > 18 and r/DJ > 2 so to match the uniform ambient

values prescribed in the transition layer. This smoothing is visible on the Mach

number field presented in figure 5. The interpolation of the turbulent kinetic

energy in this domain is also shown to illustrate that this region is sufficient225

large to contain all the relevant sources of mixing noise. Recall that the flow

reversal theorem is used to compute adjoint Green’s function [59, eq. (9)], and

that the mean flow fields that are mapped, have undergone the transformation

described in § 3.2 and are reversed with respect to the averaged LES solution.

Figure 5: Averaged Mach number M0, and turbulent kinetic energy k computed from the large-

eddy simulation and interpolated on the physical domain. M0 ∈ [0, 0.9] and k ∈ [0, 5.6× 106].

For x2 + y2/D2
J ≥ 4.0 and z/DJ ≥ 18.0 the mean velocity u0, mean density ρ0 and mean

pressure p0 fields are smoothly cropped to fit their ambient value.

Second order elements are found to enable a better cost/accuracy trade-230

off than first order ones [60] and are therefore considered here. To improve

numerical performances, hexahedral elements are favoured over tetrahedral ones

[54]. The mesh with quadratic elements of size 0.1DJ considered in this study

possesses 7.7 × 106 degrees of freedom. Single precision is used to save half of

the RAM requirements of the MUMPS solver, so that 75 GB of RAM and 6.5 h235

per frequencies were required to compute the solution. It is possible to chose

alternative sparse system inversion algorithm with different RAM/CPU.h trade-
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Size of elements DOF RAM requirements Time for 100 freqs.

0.5DJ 0.2× 106 1.8 GB 1.6 CPU.h

0.2DJ 1.7× 106 13 GB 62 CPU.h

0.1DJ 7.7× 106 75 GB 655 CPU.h

0.075DJ 16.2× 106 178 GB 5500 CPU.h

Table 1: Evolution of the computation costs with the grid refinement considering quadratic

elements and MUMPS solver in single precision.

offs [69]. An Intel Skylake node with 32 cores 190 GB of RAM was used with

2 parallel tasks and 16 threads on each. The computation for 100 frequencies

took around 40 hours. The computation costs associated with this geometry,240

for different grid refinements are presented for the record in table 1.

4. Acoustic predictions at ninety degrees

Tam and Auriault’s mixing noise formula is evaluated for an observer at

ninety degrees from the jet axis. The reformulated expression given in equation

(19) is considered. The receiver is located at a distance of 52DJ from the duct245

exit, this to mimic the acoustic far field conditions under study in [20]. The noise

spectra over a Strouhal number interval ranging from 0.01 to 10 is calculated

with a sampling of 100 adjoint Green’s functions. Results are shown in figure 6.

The acoustic spectra obtained with the free field analytical solution and250

numerical adjoint Green’s function overlap almost perfectly. Refraction effects

were expected not to be of leading order at this observer angle [30, 47], but the

accuracy of this match is truly remarkable. The confidence in the methodology

proposed is restricted by the refinement of the aeroacoustic grid and a criteria

of number of points per wavelength. From the superposition of both curves, an255

upper limit for the confidence interval can be estimated, and for a mesh with

elements of size 0.1DJ a good representation of the solution can be expected up

to St∼ 4.
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Figure 6: Acoustic predictions at θm = 90◦. measurements [20], predictions with

analytical free-field Green’s function from equation (26), and, predictions with tailored

adjoint Green’s functions.

The numerical solution allows to investigate in depth the behaviour of the

adjoint solution. Details on the computation of the sound pressure level are260

provided here for the Strouhal numbers St= 0.3 and St= 0.9. The first value St=

0.3 corresponds to the Strouhal number for which the acoustic level is maximal,

computed solutions are reported in figure 7. To illustrate the behaviour of

adjoint fields at higher frequency, results for St= 0.9 are shown in figure 8.

Re(ϕ†xm
)

xz-plane yz-plane

|ϕ†xm
|

δSpp(xm)

Figure 7: Real part and absolute part of adjoint Green’s function ϕ†
xm for an observer at

θm = 90◦ and St= 0.3. The resulting modulation of the integrand δSpp(xm) is depicted.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.
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xz-plane yz-plane

|ϕ†xm
|

δSpp(xm)

Figure 8: Real part and absolute part of adjoint Green’s function ϕ†
xm for an observer at

θm = 90◦ and St= 0.9. The resulting modulation of the integrand δSpp(xm) is depicted.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.

These figures present visualisations in different cross-sections of the real part265

and the absolute part of adjoint Green’s function ϕ†xm
. The integrand δSpp(xm)

of Tam and Auriault’s formula, as given by equation (19), is also reproduced

for these Strouhal numbers. It is the projection of adjoint Green’s function

on the turbulent mixing noise source model. In other words, this function

filters the energy of the sound source by selecting the part that radiates toward270

the observer in weighting this contribution to include the acoustic propagation

effects. Adjoint Green’s function ϕ†xm
(x) accounts for all the propagation effects

and indicates how effectively a source put in x would radiate to the observer xm,

while δSpp(xm) represents the actual contribution at the observer position of the

sound source. Note that within the present framework, sound generation and275

sound propagation are genuinely decoupled. In this sense the adjoint method

shares the mindset of acoustic analogies and offers an interesting extension to

the latter theory [25].

Even though it is seen in figure 6 that the acoustic noise spectra computed

using tailored adjoint Green’s functions closely follows the one obtained with280

free field analytical Green’s functions, numerical Green’s functions depicted in

figures 7 and 8 present substantial differences with regard to their simplified an-

alytical counterparts. This is most easily observed by considering the absolute
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values of both sets of Green’s functions, and by recalling that from equation (26)

the amplitude of the analytical solutions is roughly constant over the physical285

domain for an adjoint source set in the far field. An acoustic mode confined in

the jet plume is clearly identified in figures 7 and 8, leading to a modulation

of the integrand δSpp(xm) that is the scalar product of adjoint Green’s func-

tion with the source term. Surprisingly enough, for the two Strouhal numbers

considered and for this simple jet, St= 0.3 and St= 0.9, the acoustic energy290

received at ninety degrees from the jet axis originates slightly more from the

shear layer area masked by the jet flow than from the area directly facing the

observation point. The presence of the duct surface and the jet flow induce a

scattered field. These results are reproduced for observers located at θm = 30◦

and θm = 150◦, and presented in Appendix D for the same Strouhal numbers295

values St= 0.3 and St= 0.9.

Discussing in details these adjoint solutions would go beyond the scope of

this study which targets at presenting a methodology based on a stable formu-

lation to compute sound propagation, and to calculate tailored adjoint Green’s

functions to predict jet noise. Note merely that the scalar product of adjoint300

Green’s function on a sound source a priori as considered in this approach ex-

plicitly provides the actual contribution of a source of sound to a given observer

location. With respect to previous formulations, the adjoint fields are easily

accessible and computed in a robust manner. Note also that modal structures

in the jet plume are almost absent for an observer located at θm = 30◦, they305

are visible at θm = 90◦ and very strong for an observer located upstream at

θm = 150◦. What is more, the projection of these adjoint Green’s functions

on the sound source model makes clearly visible that various parts of the shear

layer contribute at different observer angle.

5. Acoustic predictions in the upstream direction310

Tailored adjoint Green’s functions or analytically known free field Green’s

functions provide nearly identical predictions at ninety degrees. To illustrate the
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improvements in the predictions that can result from the use of tailored adjoint

Green’s functions, acoustic spectra computed at θm = 150◦ are presented. At

this shallow angle, the emergence of tones in the acoustic far field spectrum has315

been reported and receive, since recently, a special attention in the literature

[68, 14, 17, 71]. It has been shown that these tones are related to the existence

of guided jet waves inside the jet flow, and that despite their strong intensity,

they are of purely acoustic nature.

Predictions obtained with the proposed model in considering numerical and320

analytical adjoint Green’s functions computed over a sample of 200 Strouhal

numbers are plotted in figure 9. The interested reader will find in Appendix

D and in Appendix E visualisations of some tailored adjoint Green’s functions

which have been used for this calculation. The noise predictions are compared

against the far field noise spectra measured for a Mach 0.9 isothermal round jet325

during the ECL test campaign[17]. Six tones are clearly visible in the sound

pressure level calculated from the experiment at this grazing upstream angle.

They are qualitatively reproduced in the prediction based on tailored adjoint

Green’s functions and absent from the noise spectra relying on the free field

propagation model, indicating thereby that the tones are associated with purely330

sound propagation effects.

Figure 9: Acoustic predictions at θm = 150◦. measurements [20], predictions con-

sidering free field adjoint Green’s function, and, predictions with tailored adjoint Green’s

functions.
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The amplitude of the tones are properly captured by the model within 2dB.

The first peak computed with tailored adjoint Green’s functions is overesti-

mated, while the third, the fourth and the fifth peak are a slightly underes-

timated. Above the frequency of the first tone, the broadband level of the335

acoustic spectra predicted is lower than the measured one, leading to higher

peak-to-peak amplitudes in the prediction. It is seen in figure 9, that the most

significant flaw in the prediction lies in the frequencies of the tones computed

that are systematically lower than the measured ones. This point is addressed

in what follows.340

5.1. Influence of the flow and the geometry

Guided jet waves were first identified as the neutral wave modes of the jet.

Tam and Ahuja [61] have shown that their mode shape as well as their frequency

are correctly predicted by a cylindrical vortex sheet model. In order to get closer

to the assumptions of their model, and attempt thereby to retrieve the correct345

tone frequencies, tailored adjoint Green’s functions are computed for the two

additional configurations displayed in figure 10. Figure 10 (a) represents the

base flow considered in previous calculations. The configuration shown in figure

10 (b) models the jet flow with a cylindrical plug flow exhausting from the

semi-infinite straight duct. As in figure 10 (a), the base flow in figure 10 (b)350

is gradually restored to ambient values to enable a truncation of the numerical

domain with minimal reflection at the boundary. A cylindrical plug flow with

no solid surface that aims at best reproducing the hypothesis of the vortex sheet

model is considered in figure 10 (c). For this last configuration, the truncation

of the numerical domain is achieved with three independent PML mapped with355

uniform flows.

Acoustic spectra at θm = 150◦ computed for these configurations over a

sample of 200 Strouhal numbers are presented in figure 11. In all configurations,

the sound sources are modelled identically to those of previous calculations, and

hence, only the presence or absence of the pipe, the base flow, and the associated360

propagation effects differ in these computations. The prediction obtained for the
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(a)

(b)

(c)

Figure 10: Mach number M0 considered for the computations of tailored adjoint Green’s

functions. The cases (a) and (b) include a portion of straight duct, from z/DJ = 18.0

downstream of the jet exhaust the mean flow is smoothed to ambient value. In (b) and (c),

a plug flow with an infinitely thin shear layer is considered to fit into the assumption of the

vortex sheet model. M0 ∈ [0, 0.9].

case (a) is identical to the one presented figure 9 and reproduced for comparison.

The acoustic results obtained with the infinitely thin shear layer model, the

cases (b) and (c), are quite similar. The amplitude of the first three peaks

increased with respect to the reference spectra corresponding to the case (a) as365

well as the peak-to-peak amplitude that is larger than 15 dB for cases (b) and

(c). The tones are narrower, and the broadband level is more than 5 dB less

energetic compared to the reference spectra. The reason for this substantial

decrease of the broadband level is found in the recast of Tam and Auriault’s

model, in equations (18) and (19), for which the exponential in the integrand370

filters out any contribution of the sound source when u0 → 0. That is for

the plug flow of case (b) and (c), only the part of the sound source in the

flow effectively contribute to the total sound pressure level. It is however seen

from figure 11, that the position of the peaks are not significantly modified,

indicating a fairly high robustness of the peak position with respect to the jet375

flow profile [14] and geometry. Adjoint Green’s functions tailored to these three

configurations are presented in Appendix E, and their structure for the first

three tones are also briefly discussed. It comes out, that the length of the jet

potential core, the shear layer thickness as well as the presence of the nozzle are
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not sufficient to recover the correct frequencies of the tones.380

Figure 11: Acoustic predictions at θm = 150◦ for the configurations presented in figure 10.

case (a), case (b), and, case (c).

5.2. Influence of the in-duct boundary condition

Acoustic modes in the jet plume are visible in tailored adjoint Green’s func-

tions computed for observers located in the upstream direction. This is illus-

trated in Appendix E for an observer at θm = 150◦. At the conduit exhaust

these modal structures interface with the duct modes, so that an influence of385

the nozzle impedance on adjoint Green’s function computed in the jet potential

core can be expected.

So far, the duct has been modelled as semi-infinite by considering a PML,

and the value of the reflection coefficient in the duct is low. This contrasts with

laboratory tests for which ducts have finite length, and are reflective. This re-390

flection in the conduit needs to be accounted for in the global stability analysis

of trapped acoustic modes as shown by Schmidt et al. [55, Appendix B] to

retrieve the correct envelope of the least damped global mode. It is moreover

known that changing a non-reflecting boundary condition to a partially reflect-

ing one shifts the eigenfrequencies of resonators [57], and a modification of the395

nozzle impedance may influence the tone frequencies of upstream-propagating

guided jet modes in a similar fashion.
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Since the nozzle impedance is unknown, a simple hard-wall boundary con-

dition (u′z = 0) that is permeable to the flow (u0,z ̸= 0) is considered in what

follows to mimic the finite duct length and its internal reflection. Figure 12400

(a) compares the acoustic prediction obtained with the semi-infinite duct model

and the one assuming a finite length duct. Taking into account the duct internal

reflection as for an effect to increase slightly the tone frequencies and to widen

the peaks. With respect to the predictions obtained with the semi-infinite duct

model, the falling edge of the tone occurs for a Strouhal number increased by405

roughly 0.1, but the rising edge of the tone is unchanged. The amplitude of

the peaks remain globally identical, except for the fifth peak that is increased

by approximately 3 dB. The sound pressure level minima between the peaks

are also 3-5 dB more energetic. For Strouhal numbers lower than St= 0.4, the

acoustic spectra presents series of peaks, the frequency of which are harmonics410

of the quarter wave resonator formed by the duct cavity [27]. Experiments on

the acoustic resonance of an open-ended duct [37] have shown that such reso-

nances of a duct in flow are almost completely suppressed by losses when the

flow Mach number exceeds M = 0.4. To remove these peaks, three computa-

tions with ducts of length DJ , 2DJ and 5DJ are considered, and their acoustic415

spectra averaged. Figure 12 (b) displays the thereby obtained averaged acous-

tic spectra as well as the three individual predictions made for that purpose.

The tones identified previously as guided jet waves are not significantly altered,

while the other events associated with the duct resonance are smoothed. In

addition, the amplitude of the fifth tone returned to a level similar to the one420

obtained with a semi-infinite duct model.

This acoustic spectra obtained from averaging of the predictions computed

for different duct lengths gives an estimate of the sound pressure level that would

be obtained if the duct internal reflection would be accounted for in the sound

propagation. Figure 13 compares this acoustic spectra with measurements and425

predictions that consider the duct as semi-infinite. Predictions associated with

a free field propagation of Tam and Auriault’s mixing noise are given for the

record. The tone frequencies predicted by accounting for the in-duct reflec-
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(a) (b)

Figure 12: Acoustic predictions at θm = 150◦. (a), predictions with the semi-infinite

duct model, and with a fully reflective duct of length 5DJ . (b), predictions with a fully

reflective duct, , of length DJ , , of length 2DJ , and, , of length 5DJ . , noise

spectra computed from the averaging of the three predictions with different duct length.

tions matches now much better with the measured ones. The noise spectra

computed by accounting for in-duct reflections is also systematically louder430

that the solution considering free field propagation. For the semi-infinite duct

model, minima between peaks are lower than their counterpart that assume

free field propagation, suggesting that some acoustic energy possibly leaks out

through the duct at these frequencies.

Figure 13: Acoustic predictions at θm = 150◦. , measurements [20], , predictions

assuming the duct is semi-infinite, , predictions modelling the duct internal reflection,

and , predictions with analytical free-field Green’s function from equation (26).
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6. Far field acoustic spectra with a duct of finite length435

The effect of accounting for in-duct reflections is now investigated for other

polar angles. Figure 14 presents the acoustic spectra computed for observers

located at angles from θm = 30◦ to θm = 140◦. As previously, to remove

the non-physical duct quarter wave resonances, adjoint Green’s functions are

computed in assuming a total in-duct reflection of the acoustics for three440

duct lengths. An averaging of the resulting spectra is then considered.

The emergence of guided jet waves are visible for the predictions that con-

sider tailored adjoint Green’s functions at the polar angles θm = 120◦, θm = 130◦

and θm = 140◦, which are displayed in figures 14 (d) to (f). At these angles

the dynamic of the tones are correctly predicted within a tolerance of 3 dB for a445

decade of Strouhal number between St= 0.2 and St= 2.0. The tones are about

5 dB more energetic when in-duct reflections are modelled, and, as for pre-

vious computation at θm = 150◦, their position is also better predicted when

in-duct reflections are modelled. This confirms the importance of accounting

for the nozzle impedance to correctly predict these events.450

Although the model is reasonably successful in capturing noise levels above

θm = 120◦ in this decade of Strouhal number, the predicted spectra underes-

timate the measurements as the observer moves away from these angles. At

θm = 90◦, measured levels are under-predicted by 2 dB, at θm = 60◦, 5 dB are

missing, and at θm = 30◦, the gap is as large as 17 dB. The downstream polar455

angles are dominated by the radiation of large turbulent scales [64] which are

not included in Tam and Auriault’s mixing noise model. Thus it is not surpris-

ing that the model fails at predicting the correct amplitudes at these angles. A

more complete modelling of the Reynolds stress tensor than that of equation

(7) seems also able to consistently retrieve the correct polar directivity [53, 3].460

Investigating alternative noise source models [31, 42, 4] may thus correct this

trend.

At θm = 130◦, θm = 140◦ and θm = 150◦, the low frequency spectra is over-

estimated independently of the sound propagation model considered indicating

29



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
of

(a) (b)

(c) (d)

(e) (f)

Figure 14: Acoustic predictions at, (a) θm = 30◦, (b) θm = 60◦, (c) θm = 90◦, (d) θm = 120◦,

(e) θm = 130◦ and (f) θm = 140◦. , measurements [20], , predictions assuming

the duct is semi-infinite, , predictions modelling the duct internal reflection, and ,

predictions with analytical free-field Green’s function from equation (26).

an imperfection of the model proposed here. At these upstream shallow angles,465

a hump centred around St= 0.1 emerges in the noise spectra computed from

tailored Green’s functions. The latter is predicted equally by modelling the duct
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as semi-infinite or as totally reflecting, but it is absent from the measurements

and from the predictions that assume free field propagation. The amplitude of

this peak increases as the observer moves upstream and that it finally merges470

with the first tone of the upstream-propagating guided jet wave. The origin of

this phenomena is presently unknown and deserves further investigation.

At θm = 30◦, the acoustic spectrum computed considering tailored adjoint

Green’s functions are significantly narrower than their free field counterpart.

This is a well-known consequence of acoustic refraction, yet what is remarkable475

is that the shape of the θm = 30◦ degree measured spectrum is thereby retrieved.

Noise spectra computed without modelling in-duct reflections closely follow

the predictions achieved with the free field analytical model from θm = 60◦ to

θm = 130◦ in a noteworthy way. All acoustic predictions overlap for Strouhal

numbers lower than St= 0.1. Above this threshold, predictions are sensitive to480

the methodology used to propagate sound. It is seen that the acoustic predic-

tions that account for in-duct reflections are systematically more energetic

than those obtained with a semi-infinite duct model. For Strouhal numbers

greater than St= 0.3, this extra acoustic energy is spread over more than one

decade of Strouhal number, and is of the order of 2-3 dB. This amount of energy485

is considerable.

7. Conclusion

This study reformulates Tam and Auriault’s mixing noise model for Pierce’s

wave equation, and solves numerically adjoint Green’s functions associated with

the jet noise propagation problem. The benefits of this new formulation are490

twofold; the acoustic propagation problem is made unconditionally stable and

the adjoint solution to the propagation problem can be solved using the con-

venient flow reversal theorem. The commercial solver Actran TM is used to

compute adjoint Green’s functions that are tailored to the geometry and the

flow of the subsonic jet under consideration. Noise predictions with a reason-495

ably fine frequency discretisation are obtained in computing time of the order
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of one day.

Within a noise prediction strategy based on acoustic analogies, there are fea-

tures related to sound propagation in jets, such as upstream propagating guided

jet waves, that tailored adjoint Green’s functions can describe with some success.500

Deviations have been observed between the frequencies of the tones measured

and those predicted assuming a semi-infinite duct model. Investigations at con-

stant jet Mach number have shown that the position of these peaks are not very

sensitive to the structure of the jet plume, but are strongly influenced by the

impedance of the conduit. Considering a total reflection of the acoustic energy505

in the duct broadens the descending fronts of the tone associated with the jet

neutral mode, and give peak positions more in line with what is measured.

Tam and Auriault’s prediction model for turbulent mixing noise is unable

to describe the acoustic directivity in the downstream direction, but encounters

also limitations in the upstream arc. Effort in consistently redrafting a noise510

source model can be undertaken, now that some confidence is gained in the

computation of sound propagation effects with help of tailored adjoint Green’s

functions. An effort will be made to address this specific point.

In an acoustic analogy framework, the radiating part of the sound source is

filtered by Green’s functions. The adjoint isolates this contribution and weights515

the source intensity by taking into account the acoustic path from the source to

the listener. Starting from a source model, the adjoint allows to characterise its

contribution to the sound received by a given observer, and thus, gives indication

on the localisation of the radiating part of sound sources. It is seen that the

way in which shear layers radiate depends on the point of observation. At some520

frequencies, the sound field which radiates downstream of the jet does not pass

through the jet, but comes mainly from the shear layer that is directly visible

from the observation point. Upstream, the opposite is true, adjoint Green’s

functions indicates that it is more the part of the shear layer hidden by the jet

that contributes to the listener position.525
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Appendix A. Conventions and formulae

Appendix A.1. Definition of the pressure autocorrelation

The pressure autocorrelation Rpp(xm, τ) at a position xm and for a time

separation τ is by definition, Rpp(xm, τ) ≡ p(xm, •)p(xm, •+ τ), with,

p(xm, •)p(xm, •+ τ) = lim
T→∞

1

T

∫ T/2

−T/2

dtm p(xm, tm)p(xm, tm + τ) (A.1)

Appendix A.2. Convention for the Fourier transform540

A non-unitary Fourier transform in time is considered in this study,

F (x, ω) =

∫

R
dt f(x, t)eiωt and f(x, t) =

1

2π

∫

R
dω F (x, ω)e−iωt (A.2)

Source-observer Green’s function is defined in the frequency domain as G(xm, ω)
xs

and in the time domain as g(xm, tm)
xs,ts ≡ g

(xm, τ )
xs , with τ ≡ tm − ts. The time

Fourier transform definition for Green’s function chosen for this study writes,

G
(xm, ω)
xs =

∫

R
dτ g(xm, τ )

xs eiωτ =

∫

R
dτ g(xm, ts + τ)

xs,ts eiωτ (A.3)

and,

g
(xm, tm)
xs,ts = g

(xm, τ )
xs =

1

2π

∫

R
dω G

(xm, ω)
xs e−iωτ (A.4)
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Appendix A.3. Choice of the scalar product

The scalar product of two real valued vectors a and b is defined on a space

Ω as,

< a,b > =

∫

Ω

dx
∫

R
dt a(x, t) · b(x, t) (A.5)

Appendix A.4. Integration formulae

The reformulation of Tam and Auriault’s mixing noise model has recourse

to the following formulas.

For Re(µ) > 0, ∫

R
dx exp

(
−µx2

)
=

√
π

µ
(A.6)

∫

R
dx x exp

(
−µx2

)
= 0 (A.7)

For Re(µ) + Im(ν) > 0,
∫

R
dx exp (−µ|x|+ i νx) =

1

µ− i ν
+

1

µ+ i ν
=

2µ

µ2 + ν2
(A.8)

∫

R
dx x exp (−µ|x|+ i νx) =

1

(µ− i ν)2
− 1

(µ+ i ν)2
=

4iµν

(µ2 + ν2)2
(A.9)

Integral computation found in [35, eq. (3.323), p.337 in 7th ed.] for Re(p2) > 0,
∫

R
dx exp

(
−p2x2 ± qx

)
=

√
π

p
exp

(
q2

4p2

)
(A.10)

Appendix B. Details on the derivations

This section presents the details of the reformulation of Tam and Auriault’s

mixing noise model, where, for the sake of concision, the pressure autocorrelation545

Rpp is considered as starting point instead of its Fourier transform Spp.

Appendix B.1. Calculation of the acoustic noise spectra

The pressure autocorrelation expressed with Pierce’s wave equation writes,

Rpp(xm, τ) =
D(ϕ)

D•,xm

D(ϕ)

D•+τ,xm

(B.1)
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or more explicitly,

Rpp(xm, τ) = lim
T→∞

1

T

∫ T/2

−T/2

dtm
D(ϕ)

Dtm,xm

D(ϕ)

Dtm+τ,xm

(B.2)

Recasting ϕ with Lagrange’s identity furnishes,

Rpp(xm, τ) = lim
T→∞

1

T

∫ T/2

−T/2

dtm
D

Dtm,xm

[∫

Ω

dx1

∫

R
dt1 ϕ†

(x1, t1)
xm,tm

D(qs(x1, t1))

Dt1,x1

]

D
Dtm+τ,xm

[∫

Ω

dx2

∫

R
dt2 ϕ†

(x2, t2)
xm,tm+τ

D(qs(x2, t2))

Dt2,x2

]

(B.3)

Because τ is constant with respect to tm, D/Dtm+τ,xm = D/Dtm,xm , moreover

x1, x2, t1 and t2 are independent of xm and tm, so that previous material

derivatives only applies on the ϕ† fields leading to,

Rpp(xm, τ) = lim
T→∞

1

T

∫ T/2

−T/2

dtm
∫

Ω

dx1

∫

Ω

dx2

∫

R
dt1
∫

R
dt2

D
(
ϕ†

(x1, t1)
xm,tm

)

Dtm,xm

D
(
ϕ†

(x2, t2)
xm,tm+τ

)

Dtm,xm

D(qs(x1, t1))

Dt1,x1

D(qs(x2, t2))

Dt2,x2

(B.4)

Recalling the equivalent notation for the Green functions, G(xm, tm)
xs,ts ≡ G

(xm, tm − ts)
xs ,

and applying to t1 and t2 the change of variable t̃1 ≡ t1 − tm and t̃2 ≡ t2 − tm

gives,

Rpp(xm, τ) = lim
T→∞

1

T

∫ T/2

−T/2

dtm
∫

Ω

dx1

∫

Ω

dx2

∫

R
dt̃1
∫

R
dt̃2

D
(
ϕ†

(
x1, t̃1

)

xm

)

Dtm,xm

D
(
ϕ†

(
x2, t̃2 − τ

)

xm

)

Dtm,xm

D(qs(x1, t̃1 + tm))

Dt̃1+tm,x1

D(qs(x2, t̃2 + tm))

Dt̃2+tm,x2

(B.5)
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Due to the time-shift invariance of ϕ†xm
, their material derivatives can be ex-

pressed as function of t̃1 and t̃2,

∂

∂tm
ϕ†

(
x1, t̃1

)

xm =
∂

∂tm
ϕ†(

x1, t1 − tm)
xm

= − ∂

∂(t1 − tm)
ϕ†(

x1, t1 − tm)
xm

= − ∂

∂t̃1
ϕ†

(
x1, t̃1

)

xm

(B.6)

and similarly,
∂

∂tm
ϕ†

(
x2, t̃2 − τ

)

xm = − ∂

∂t̃2
ϕ†

(
x2, t̃2 − τ

)

xm (B.7)

Since t̃1 and t̃2 are independent of tm the pressure time autocorrelation Rpp

rewrites as,

Rpp(xm, τ) =

∫

Ω

dx1

∫

Ω

dx2

∫

R
dt̃1
∫

R
dt̃2

D
(
ϕ†

(
x1, t̃1

)

xm

)

D−t̃1,xm

D
(
ϕ†

(
x2, t̃2 − τ

)

xm

)

D−t̃2,xm

lim
T→∞

1

T

∫ T/2

−T/2

dtm
D(qs(x1, t̃1 + tm))

Dtm,x1

D(qs(x2, t̃2 + tm))

Dtm,x2

(B.8)

Eventually, the change of variables t̃m ≡ tm+ t̃2 and τ̃ ≡ t̃1− t̃2 = t1− t2 allows

to retrieve the Q-term space-time correlation RQQ defined as,

RQQ(x1,x2, τ̃) ≡ lim
T→∞

1

T

∫ T/2

−T/2

dt̃m
D(qs(x1, t̃m + τ̃))

Dt̃m,x1

D(qs(x2, t̃m))

Dt̃m,x2

(B.9)

or with an alternative notation,

RQQ(x1,x2, τ̃) ≡
D(qs(x1, •+ τ̃))

D•,x1

D(qs(x2, •))
D•,x2

(B.10)

As previously, the Fourier transformed pressure autocorrelation Spp can be

computed, and after decomposing in the Fourier space the material derivatives
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of ϕ†xm
, i.e.

D
(
ϕ†

(
x1, t̃1

)

xm

)

D−t̃1,xm

=

∫

R

dω1

2π

(
iω1ϕ

†(x1, ω1)

xm
+ u0 · ∇ϕ†

(x1, ω1)

xm

)
e−iω1 t̃1

= −
∫

R

dω1

2π
D−u0,xm

(
ϕ†

(x1, ω1)

xm

)
e−iω1 t̃1

(B.11)

in a similar fashion,

D
(
ϕ†

(
x2, t̃2 − τ

)

xm

)

D−t̃2,xm

= −
∫

R

dω2

2π
D−u0,xm

(
ϕ†

(x2, ω2)

xm

)
e−iω2(t̃2−τ)

(B.12)

where Du0,xm
is the material derivative along u0 taken at the position xm

and expressed in the frequency domain. Additional variables in index refer to

position or frequency for which the material derivative applies. After integrating

over τ by recalling, ∫

R
dτ ei (ω+ω2)τ = 2πδ(ω + ω2) (B.13)

following formula is obtained for the acoustic spectral density Spp,

Spp(xm, ω) =
1

2π

∫

Ω

dx1

∫

Ω

dx2

∫

R
dt̃1
∫

R
dt̃2
∫

R
dω1

∫

R
dω2 D−u0,xm

(
ϕ†

(x1, ω1)

xm

)

D−u0,xm

(
ϕ†

(x2, ω2)
xm

)
e−iω1 t̃1−iω2 t̃2RQQ(x1,x2, t̃1 − t̃2)δ(ω + ω2)

(B.14)

The straightforward evaluation of the integral over ω2 along with the change

of variable t̃2 = t̃1 − τ̃ are performed,

Spp(xm, ω) =

∫

Ω

dx1

∫

Ω

dx2

∫

R
dt̃1
∫

R
dτ̃
∫

R
dω1 D−u0,xm

(
ϕ†

(x1, ω1)

xm

)

D−u0,xm

(
ϕ†(

x2,−ω)
xm

)
e−i t̃1(ω1−ω)

2π
e−iωτ̃RQQ(x1,x2, τ̃)

(B.15)

which leads to equation (14) by the successive integrations over t̃1 and ω1.
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Appendix B.2. Fraunhofer’s approximation

Fraunhofer’s approximation considered here,

ϕ†
(r+ x2, ω)
xm

≈ ϕ†
(x2, ω)

xm
exp

(
iω xm · r
a∞|xm|

)
(B.16)

differs from the one found in the literature [63],[51, eq. 14] by the sign of the

phase-shift. This is due to the differences in reciprocity principle used by Tam

and Auriault [62, eq. (2)] and by the authors [59, eq. (B5)]. Details on this

formula are given in what follows. Only the difference in travel time between

rays is accounted for, so that the ray coming from x2 is the same as the one

from x2 + r but with an additional phase φ = k · r, i.e. for the direct prob-

lem ϕ
(xm, ω)
x2 = ϕ

(xm, ω)
x2+r eiφ, where k is the wave number pointing toward the

observer point xm. Then for a medium at rest, φ = k · r = ω
a∞

(xm−x2)
|xm−x2| · r ≈

ω
a∞

xm

|xm| ·r, so that, ϕ(xm, ω)
x2+r = ϕ

(xm, ω)
x2 exp

(
−i ω

a∞
xm

|xm| · r
)

, the use of the reci-

procity principle ϕ(xm, ω)
xs = ϕ

(xs, ω)
xm

∗
then provides equation (B.16). It is now

shown how equation (16) is derived considering Fraunhofer’s approximation.

The quantity appearing in the integrand expresses then as,

D−u0,xm

(
ϕ†(

x2 + r, ω)
xm

)
= D−u0,xm

(
ϕ†

(x2, ω)
xm

)
exp

(
iω xm · r
a∞|xm|

)

−ϕ†(x2, ω)
xm

u0 ·
∂

∂xm

(
exp

(
iω xm · r
a∞|xm|

)) (B.17)

Since ∂

∂xm

(
xm · r
|xm|

)
=

|xm|2r− (r · xm)xm

|xm|3 , the derivative along u0 expresses

as,

u0 ·
∂

∂xm

(
exp

(
iω xm · r
a∞|xm|

))
= iω

|xm|2(u0 · r)− (r · xm)(u0 · xm)

a∞|xm|3

exp

(
iω xm · r
a∞|xm|

)

≈ O
( |r|
|xm|

)

(B.18)

where |r|/|xm| tends toward zero in Fraunhofer’s approximation. Replacing550

this expression in the formula for Spp, and by property of the Fourier transform
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(
ϕ†(

x2,−ω)
xm

)
=
[
D−u0,xm

(
ϕ†

(x2, ω)
xm

)]∗
, one

obtains equation (16). From here on x2 ≡ xs, and two points in the source

region are defined by the position and the separation vectors, xs and r.

Appendix B.3. Modelling of the source correlation term RQQ555

Reproducing Tam and Auriault’s change of variable for the integration, let

s = τ̃−r ·u0/u
2
0, then it comes r− τ̃u0 = r⊥−su0, where r⊥ = r−(r ·u0)u0/u

2
0

is the projection of r on the hyperplane associated to u0 so that r⊥ · u0 = 0.

The source correlation term given in equation (17) then becomes,

RQQ(xs, r, τ̃) =
q̂2s
τ2s

exp

(
−|r · u0|

u20τs
− ln(2)|r⊥|2

l2s
− ln(2)u20s

2

l2s

)
(B.19)

After implementing this change of variable in the noise spectrum formula, one

obtains,

Spp(xm, ω) =

∫

Ω

dxs
q̂2s
τ2s

∣∣∣D−u0,xm

(
ϕ†

(xs, ω)

xm

)∣∣∣
2
[∫

R
ds exp

(
− ln(2)u20

l2s
s2 − iωs

)]

[∫

Ω

dr exp

(
−|r · u0|

u20τs
− ln(2)|r⊥|2

l2s
+ iωr ·

(
xm

a∞|xm| −
u0

u20

))]

︸ ︷︷ ︸
Ir

(B.20)

The integration over ds can now be performed making use of [35, eq. (3.323),

p.337 in 7th ed.] reprinted in § Appendix A.4,
∫

R
ds exp

(
− ln(2)u20s

2

l2s
− iωs

)
=

ls
u0

√
π

ln(2)
exp

( −ω2l2s
4 ln(2)u20

)
(B.21)

The integration over r can be performed using the split r = r⊥ + r// defined by

the mean flow direction u0, where r⊥ · u0 = 0 and r// × u0 = 0. The volume

integral Ir over r can then be split into,

Ir =

[∫

R
dr// exp

(
−|r// · u0|

u20τs
+ iωr// ·

(
xm

a∞|xm| −
u0

u20

))]

[∫

R2

dr⊥ exp

(
− ln(2)|r⊥|2

l2s
+

iωr⊥ · xm

a∞|xm|

)] (B.22)
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The integral over r// is evaluated using classical integral formula, given in §

Appendix A.4, with µ =
1

u0τs
and ν = ± ω

u0

(
1− u0 · xm

a∞|xm|

)
,

∫

R
dr// exp

(
−|r// · u0|

u20τs
+

iω(r// · u0)

u20

(
u0 · xm

a∞|xm| − 1

))
=

2u0τs

1 + ω2τ2s

(
1− u0 · xm

a∞|xm|

)2

(B.23)

Similarly, the one running over r⊥ is obtaining with formula [35, eq. (3.323),

p.337 in 7th ed.] reprinted in § Appendix A.4, setting pi =

√
ln(2)

ls
and

qi =
iωxi
a∞|xm| leading to,

∫

R2

dr⊥ exp

(
− ln(2)|r⊥|2

l2s
+

iωr⊥ · xm

a∞|xm|

)
=

πl2s
ln(2)

exp

( −ω2l2s |xm,⊥|2
4 ln(2)a2∞|xm|2

)

(B.24)

where xm,⊥ = xm−(xm ·u0)u0/u
2
0. The double volume integral finally simplifies

for this sound source model under Fraunhofer’s condition into,

Spp(xm, ω) =

∫

Ω

dxs
2q̂2s l

3
s

τs

(
π

ln(2)

)3/2 ∣∣∣D−u0,xm

(
ϕ†

(x2, ω)

xm

)∣∣∣
2

exp

( −ω2l2s
4 ln(2)u20

(
1 +

u20|xm,⊥|2
a2∞|xm|2

))

1 + ω2τ2s

(
1− u0 · xm

a∞|xm|

)2

(B.25)

Note additionally that the above expression differs from the original one by a

factor of 2π, which is related to a different definition of Green’s function, refer

to [63, eq. (19)], from which a 4π2 factor appears; then because of differences in

the Fourier transform conventions, see [63, eq. (25)], the present relation should

be divided by 2π to comply with Tam and Auriault’s relation.560

Appendix B.4. Computation of D−u0,xm

(
ϕ†

(x2, ω)
xm

)

In the previous expression the material derivative with reversed flow D−u0,xm

of ϕ†xm
needs to be evaluated. When the observer is set in a region where the

fluid is at rest, the derivation is straightforward. In other cases, the knowledge

of the gradient of ϕ†xm
is required along the exterior mean flow uf . However
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with the adjoint approach, Green’s functions are solely known at the position

xm. From a general point of view, the calculation of an estimate of u0 · ∇ϕ†xm

is possible by additionally computing the adjoint Green function ϕ†x̃m
, where

x̃m = xm + ε
uf

|uf |
and ε > 0. An estimate for the material derivative follows,

D−u0,xm

(
ϕ†

(xs, ω)
xm

)
= −iωϕ†

(xs, ω)
xm

− u0 · ∇ϕ†(xs, ω)
xm

= −iωϕ†
(xs, ω)
xm

− |uf |
(
ϕ†

(xs, ω)

x̃m
− ϕ†

(xs, ω)
xm

ε

)

ε→0
(B.26)

If the observer is set in the acoustic far-field this calculation can be done an-

alytically even in presence of an ambient flow. Indeed ϕ†
(xs, ω)

x̃m
then differs

from ϕ†
(xs, ω)
xm

by only a phase shift φ, this is illustrated in the sketch given

in figure B.15. The anti-causal adjoint field travels with a phase velocity

u0

uf

θm

ε

ε

˜l

θm

θmuf

adj

Figure B.15: Moving from ε the adjoint source in the acoustic far-field is equivalent to add a

phase shift φ.

|vp| = a∞ + |uf | cos θm towards the observer set in the far-field. From the

anti-causality property it comes ϕ†(xs, ω)

x̃m
/ϕ†

(xs, ω)
xm

= eiωφ with φ > 0. And
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the previous expression is recast into,

D−u0,xm

(
ϕ†

(xs, ω)
xm

)
=

(
−iω − |uf |

[
eiωφ − 1

ε

]

ε→0

)
ϕ†

(xs, ω)
xm

(B.27)

The computation of φ with help of figure B.15 follows straightly, cos θm = ˜l/ε
with ˜l = φ|vp|. A Taylor expansion for small ε of the exponential function then

readily gives,

D−u0,xm

(
ϕ†

(xs, ω)
xm

)
=

(
−iω − i

ω|uf | cos θm
a∞ + |uf | cos θm

)
ϕ†

(xs, ω)
xm

(B.28)

Since the previous expression depends on the adjoint source location only by its

polar angle θm, by defining ϕ†(xs, ω)
xm

→ ϕ†
(xs, ω)
θm , a far-field expression for Tam

and Auriault’s mixing noise formula is obtained,

Spp(θm, ω) =

∫

Ω

dxs
2ω2q̂2s l

3
s

τs

(
π

ln(2)

)3/2 ∣∣∣ϕ†(xs, ω)

θm

∣∣∣
2
(
1 +

Mf cos θm
1 +Mf cos θm

)2

exp

( −ω2l2s
4 ln(2)u20

(
1 +M2

∞ sin2 θm
))

1 + ω2τ2s (1−M∞ cos θm)
2

(B.29)

where M∞ = u0/a∞ and Mf = |uf |/a∞. It is fairly straightforward to include

in these derivations an azimuthal dependency on the microphone position ψm

as well.

Appendix C. Free field analytical solution to Pierce’s equation565

In section § 2.2.3 and § 2.2.5, the squared absolute value of adjoint Green’s

function solution of Pierce’s equation |ϕ†xm
|2 and the squared absolute value of

its material derivative |D−u0,xm(ϕ†xm
)|2 are involved in the computation of the

acoustic spectral density Spp. Free field adjoint Green’s function for a medium

with an uniform flow are derived here to the sake of validation. In a first

approximation, only the movement of the surrounding medium is considered to

model the acoustic propagation, and Pierce’s equation reduces to the convected

wave equation,

(−iω + u0 · ∇)2ϕ†xm
− a20∆ϕ

†
xm

= δxm
(C.1)
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where δxm is an impulsive source set at the observer position. The boundary

conditions of the adjoint problem are such as the solution is anti-causal, and

the adjoint solution to the free field propagation problem expresses as [59],

ϕ†
(x)

xm
= exp

(
−i

ω

a0

M0 · (x− xm)

1−M2
0

) exp

(
−i

ω

a0

rxm

1−M2
0

)

4πa20rxm

(C.2)

where rxm
=
√

(1−M2
0 )|x− xm|2 + (M0 · (x− xm))2, and M0 = u0/a0 is the

vectorial Mach number. It is worth remembering that this solution is such as

the reciprocity principle is fulfilled,

ϕ†
(x)

xm
= ϕ(xm)

x

∗ (C.3)

Then by choosing the axis in such a way that the flow is oriented along the first

direction, the material derivative D−u0,xm

(
ϕ†xm

)
, expresses as,

D−u0,xm

(
ϕ†

(x)
xm

)
= −iωϕ†

(x)
xm

− u0,1
∂ϕ†

(x)
xm

∂x1
=

(
−iω + iω

M0

1−M2
0

(
M0 +

∂rxm

∂x1

)

+
u0,1
rxm

∂rxm

∂x1

)
ϕ†

(x)
xm

(C.4)

where ∂rxm/∂x1 = (x1−xm,1)/rxm , x = (x1, x2, x3)
T , xm = (xm,1, xm,2, xm,3)

T

and u0 = (u0,1, u0,2, u0,3)
T . A (2π)2 difference with respect to the analytical

solution derived in [47, eq. (49)-(50)] is noted. Remark other analytically known

adjoint Green’s function with a wider range of applicability could be considered

[25, 62].570

Appendix D. Adjoint maps at θm = 30◦ and θm = 150◦

Maps of adjoint Green’s functions for Strouhal numbers St= 0.3 and St=

0.9 have been reported in § 4 for an observer located perpendicular to the jet

axis in the acoustic far field. Corresponding cartography are displayed here

for upstream and downstream observer positions forming shallow angles with575

respect to the jet axis. Adjoint Green’s functions are shown for an observer at

θm = 30◦ in figures D.16 and D.17 and for an observer located at θm = 150◦ in
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figures D.18 and D.19. Results corresponding to Strouhal numbers St= 0.3 and

St= 0.9 are presented respectively.

Compared to the computations performed at θm = 90◦ and shown in figures580

7 and 8, the presence of the jet flow causes stronger variations in the adjoint fields

computed for these shallow observer angles. The fields obtained for upstream

and downstream observers are however substantially different. At θm = 30◦

the jet flow causes a significant reflection of the adjoint field in the form of a

horseshoe, creating a shielding in the area masked by the jet. This is most easily585

seen in the absolute value of adjoint Green’s function presented in figure D.17.

The acoustic reflection observed at this angle lead to low amplitudes of adjoint

Green’s functions in the jet potential core. At θm = 150◦ the shielding does

not happen, and the levels of the adjoint fields in the region masked by the jet

flow are comparable with the area directly visible from the observer location.590

Maximum amplitudes of adjoint Green’s functions are found, this time, in the

jet potential core and in the duct. As for adjoint fields calculated for an observer

at θm = 90◦, the adjoint fields present modal structures in the jet plume. Their

amplitudes at θm = 150◦ are however much higher.

The complete integrand of Tam and Auriault’s mixing noise formula are595

presented for these two observer angles and two Strouhal numbers. At θm = 30◦,

the shear layer region directly visible from the observer location has the largest

contribution. This area is the main one selected by the squared absolute value

of adjoint Green’s functions. At θm = 150◦, modulation of the visible part as

well as modulation of the hidden part of the shear layer contribute to the sound600

pressure level computed. For this upstream located observer, the shear layer

part masked by the jet flow is seen to contribute the most significantly.
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)

xz-plane yz-plane

|ϕ†xm
|

δSpp(xm)

Figure D.16: Real part and absolute part of adjoint Green’s function ϕ†
xm for an observer

at θm = 30◦ and St= 0.3. The resulting modulation of the integrand δSpp(xm) is depicted.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.

Re(ϕ†xm
)

xz-plane yz-plane

|ϕ†xm
|

δSpp(xm)

Figure D.17: Real part and absolute part of adjoint Green’s function ϕ†
xm for an observer

at θm = 30◦ and St= 0.9. The resulting modulation of the integrand δSpp(xm) is depicted.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.
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xz-plane yz-plane

|ϕ†xm
|

δSpp(xm)

Figure D.18: Real part and absolute part of adjoint Green’s function ϕ†
xm for an observer at

θm = 150◦ and St= 0.3. The resulting modulation of the integrand δSpp(xm) is depicted.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.

Re(ϕ†xm
)

xz-plane yz-plane

|ϕ†xm
|

δSpp(xm)

Figure D.19: Real part and absolute part of adjoint Green’s function ϕ†
xm for an observer at

θm = 150◦ and St= 0.9. The resulting modulation of the integrand δSpp(xm) is depicted.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.

Appendix E. Sensitivity analysis for adjoint Green’s functions com-

puted at θm = 150◦

In § 5.1, a base flow representative of the jet averaged flow profile (a), a605

simplified cylindrical vortex sheet model (c), along with a hybrid combination of

the two that includes the duct geometry and a downstream smoothed truncation

of the jet flow (c), have been considered. Configurations (a) and (c) model

the duct as semi-infinite by absorbing the acoustic energy that enters into it

by means of PML. The frequency of the tones predicted did not significantly610
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vary for these various cases. In § 5.2, the effect of the acoustic reflection in

the duct has been investigated by considering a total reflection of the acoustic

penetrating in the conduit. This last configuration, denoted (a-HW) in what

follows, considers identical flow and pipe length as in case (a) but assumes

a total reflection in the pipe. Compared to cases (a), (b) and (c), a tangible615

modification of the tone signature has been observed in this configuration. In all

these cases the sound source model is unchanged, only adjoint Green’s functions

differ. This section compares visualisations in the xz-plane of the latter quantity

to gain a broader understanding of the generation process of upstream travelling

guided jet modes.620

Absolute value of adjoint Green’s functions for the cases studied in § 5 are

shown in figure E.20 for Strouhal numbers St= 0.27, that corresponds to the

first tone, and St= 0.34, that is associated with the minima between the first

and second peak. The noise level in Tam and Auriault’s model is obtained from

the scalar product of the absolute value of adjoint Green’s functions and the625

sound source model, thus only the region of adjoint Green’s function for which

the sound source is non-zero are meaningful. In these regions, for the first peak

at St= 0.27, adjoint fields computed for identical base flows are identical, i.e.

the field in figure E.20 (a) resembles to that in figure E.20 (a - HW), and that

in figure E.20 (b) resembles to that in figure E.20 (c). These similarities are630

retrieved in the acoustic predictions presented in figure 11 and in figure 12 (a).

The acoustic energy in the duct is not directly correlated with the in-duct

boundary condition, and the effect of nozzle impedance is not recognisable at

the Strouhal number of the tone. At Strouhal number St= 0.34, that is for the

minima between the first and the second tone, a 3 dB difference in the noise635

spectra was observed between the case that model acoustic reflection in the

duct (a-HW), and the configuration that does not (a). Comparing the structure

of the adjoint fields of the second column in figure E.20, solutions for case (b)

and case (c) are again alike in shape and amplitude. The case (a) and the case

(a - HW) present similar structure of adjoint fields, but their amplitudes are640

significantly different and account for the additional 3 dB predicted.
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St= 0.27 St= 0.34

(c)

(b)

(a)

(a - HW)

Figure E.20: Tam and Auriault’s mixing noise source model, and corresponding adjoint

Green’s functions |ϕ†
xm | in the xz-plane for St= 0.27 and St= 0.34 computed for an observer

set at θm = 150◦. The modelled sound source is represented in the first row, it corresponds

to the complete integrand of equation (18) leaving aside the material derivative of adjoint

Green’s function. The three central rows present the solution obtained for the configuration

of figure 10, the last row shows the result obtained for a case identical to case (a) but with a

permeable hard-wall boundary condition to model in-duct reflections. |ϕ†
xm | ∈ [0, 4]×10−6

Pa.s.

Structure of adjoint fields tailored to the four cases studied are presented in

figure E.21 for Strouhal numbers corresponding to the second and the third tone

computed, that is for St= 0.52 and St= 0.82. The global structure of adjoint

Green’s functions for cases assuming a flow model with infinitely thin shear layer645

differ noticeably from fields considering a realistic base flow. Regular patterns in

the streamwise direction are visible for the adjoint fields that consider the plug

flow model which are absent from the more realistic flow model. However, in

the region were the sound source is significant, different tailored adjoint Green’s

functions are fairly comparable.650

The azimuthal and radial structure of the modes in the jet for the Strouhal
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St= 0.52 St= 0.82

(c)

(b)

(a)

(a - HW)

Figure E.21: Tam and Auriault’s mixing noise source model, and corresponding adjoint

Green’s functions |ϕ†
xm | in the xz-plane for St= 0.52 and St= 0.82 computed for an observer

set at θm = 150◦. The modelled sound source is represented in the first row, it corresponds

to the complete integrand of equation (18) leaving aside the material derivative of adjoint

Green’s function. The three central rows present the solution obtained for the configuration

of figure 10, the last row shows the result obtained for a case identical to case (a) but with a

permeable hard-wall boundary condition to model in-duct reflections. |ϕ†
xm | ∈ [0, 4]×10−6

Pa.s.

numbers of the first three tones are presented in figure E.22 for the case (a).

Real part and absolute part of adjoint Green’s functions extracted at z/DJ = 5.0

downstream of the duct are shown. The duct section is marked with a dotted

circle. Tam and Ahuja [61] gave the (nθ,nr) eigenfunction distribution of the655

neutral wave modes, where nθ corresponds to the azimuthal mode order and nr
is the radial order. Looking at the real part of the structure presented in figure

E.22, a (0,1) mode is obtained for the first tone, a (1,1) mode for the second

and a (2,1) mode for the third tone. Remarkably, the structure of these adjoint

fields comply with the physical ones [14]. The contributing part of the jet can660

be deduced from the absolute value of adjoint Green’s functions. At this axial
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location, it appears for the third tone, that the major contribution of the shear

layer originates from the area masked by the jet.

St= 0.27

Re(ϕ†xm
)

St= 0.52 St= 0.82

|ϕ†xm
|

Figure E.22: Real part and absolute part of adjoint Green’s function ϕ†
xm computed for the

case (a) and an observer at θm = 150◦. The Strouhal numbers corresponding to the first three

tones are considered, extracts at z/DJ = 5.0 downstream of the duct exhaust are presented.

Re(ϕ†
xm ) ∈ [−3, 3]× 10−6 Pa.s and |ϕ†

xm | ∈ [0, 4]× 10−6 Pa.s.
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