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Abstract :

Flight Dynamics aims at studying the motion of an aircraft modelled as a solid. The equations of motion
are gathered in a dynamical system of coupled Ordinary Differential Equations. Classically, behaviours
of the aircraft are linked to equilibria of this system, and bifurcation theory is used. In the dynamical
system, the forces and the moments from the fluid on the aircraft rely on models with a chosen structure,
constructed with data coming from experiments. These models are therefore uncertain. It had be shown
that the uncertainties of these models can have influence on some equilibria, notably on their stability.
In this paper, a joint Uncertainty Quantification and Global Sensitivity Analysis study is conducted on
the temporal evolution of a given predicted behaviour of a light aircraft. As different combinations of
the uncertain parameters can lead to instability of the behaviour and other combinations to stability,
the state variables of the dynamical system can present some irregularities or some discontinuities with
respect to the uncertain parameters at a given instant. In this paper, a method to estimate Sobol indices
of a solution of an Ordinary Differential Equation approximated with a multi-element polynomial chaos
model is therefore used. It relies on two upcoming papers. The first paper presents a method relying
on Machine learning methods to get a multi-element polynomial chaos model for a non-time dependent
Quantity of Interest. The second one extends the analytical formula between the Sobol indices and the
coefficients of a polynomial chaos surrogate model to the case of a multi-element polynomial chaos
model. In the present paper, the time-dependent extension of the multi-element model is introduced. The
analytical formula permits to find Sobol indices from the coefficients of the local polynomial models at
every considered instants. Conversely to standard polynomial chaos models, the use of a multi-element
model permits to accurately approximate solutions of Ordinary Differential Equation with bifurcations,
being irregular or discontinuous with respect to the input parameters at some instants. This approach
is then used to conduct the sensitivity study on the state variables of an aircraft behaviour predicted by
the Flight Dynamics system.

Key words : Uncertainty Quantification, Sobol indices, Multi-element poly-
nomial chaos, Flight Dynamics, Machine learning.
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1 Introduction
Global Sensitivity Analysis (GSA) aims at finding the impact of uncertain parameters on a Quantity of
Interest (QOI). In the present study, the chosen parameters are called the input parameters, are supposed
to be random, independent and to follow a stochastic distribution of known probability density function
(pdf). Sobol indices, relying on ANOVA decomposition [3], rank the actions of the input parameters and
the interactions between them according to their impacts on the QOI. The indices also give a quanti-
tative number reflecting these impacts. Sobol indices can be estimated with Monte-Carlo methods, but
it usually requires a large number of simulations. Approximating the relation between the QOI and the
input parameters using a surrogate model in the form of Polynomial Chaos (PC) model permits to esta-
blish an analytical link between the chaos coefficients and the Sobol indices [4, 5]. Once the model is
learned, all the Sobol indices are directly available. However, PC models are not accurate in presence
of irregularities or discontinuities. It may need a high truncation degree to achieve accuracy, which be-
comes problematic with the famous curse of dimensionality. Moreover, Gibbs phenomenon amplifies
by increasing the degree of the model in presence of discontinuities.

Multi-elements (ME) models [6, 7, 8] were developed to address this issue. The abstract parameter space,
containing all possible combinations the input parameters, is partitioned into subsets, called elements,
where the QOI is locally smoother. Local PC models are trained on every element. The global model
is then a piecewise PC model and contains a method to determine which local model to use when an
evaluation is needed. However, with this piecewise model, the classical analytical formula with Sobol
indices and PC models does not hold anymore, as the formula relies on orthogonal properties on all the
parameter space. In an upcoming paper [2], the analytical link between PC models and Sobol indices is
extended in the case of ME models with non time-dependent QOI’s.

In the present paper, the approach is extended to the case of a ME model approximating a time-dependent
QOI, solution of an Ordinary Differential Equation (ODE). The time-dependent version of a new ME
method, called ME-ACD, developed in another upcoming paper [1], is used, although any ME poly-
nomial model able to handle time-dependent QOI’s would have been appropriate. At every considered
instants, the values of all the Sobol indices are obtained with the analytical formula linking them to the
coefficients of the local models. The new approach is then able to give an estimation of the temporal
evolution of Sobol indices with a relatively low number of runs, even if at a given instant, the QOI is
irregular or discontinuous according to the input parameters (traducing the presence of bifurcations).

The method is used in practical applications of Flight Dynamics. Flight Dynamics aims at studying the
motion of an aircraft modelled as a solid. The forces and the moments of the fluid on the aircraft rely on
a model with a chosen structure and come from data, which usually are data from wind-tunnel experi-
ments. These models are therefore uncertain.

Traditionally, the bifurcation theory is used on the dynamical system and equilibria are linked to beha-
viours of the aircraft. At low angle of attack, equilibria are usually safe trajectories but in the post-stall
domain, equilibria are usually dangerous behaviours, as spins. It has been shown in [12] that the uncer-
tainties of the model of the aerodynamic forces and moments can have some influence on some predicted
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spins, notably on their stability. For these behaviours, some combinations of the uncertain parameters
can lead to instability and others to stability, which implies that, at a given instant, state variables can
present irregularities and/or discontinuities with respect to these input parameters. The method presen-
ted in this paper is then suitable to conduct a joint Uncertainty Quantification (UQ) and GSA study on
the temporal evolution of the state variables of this system.

2 Notations
The QOI is denoted ŷ. ŷ depends on d ∈ N∗ input parameters p = (p1, ..., pd). Every pm follows a
stochastic distribution law of known pdf ρm and all the input parameters are supposed independent. To
stay close to the original definition of Sobol indices [3], every pm is mapped to a corresponding xm
following an uniform law in the interval [0, 1]. The mapping takes into account the distribution law of
the input parameter

xm = Cm(pm) (1)

where Cm is the cumulative distribution function of pm. If ρm > 0 (and not only ρm ≥ 0), the mapping
is bijective. This hypothesis is supposed verified in the scope of this study. From now on, "input para-
meters" denotes x = (x1, ..., xd) and "QOI" denotes y(x) = ŷ(p).

GSA aims at ranking the impact of the actions and of the interactions between the input parameters on
the QOI. A multidimensional indexing is used to denote these actions/interactions. The subscript i ∈ Rj ,
j ∈ R denotes all items referring to the interactions between the j input parameters xi1 , ..., xij . I

(d)
j is

the set containing all the possible indices i indexing interactions of order j. It is the set of combinations
without replacement of j elements of [|1, d|]. By convention, I(d)0 = {0} contains the index denoting
the part of the QOI which does not depend on any input parameter.

For a given vector x ∈ Rd, and a given i ∈ I(d)j , xi = (xi1 , ..., xij ) is the vector composed of the compo-
nents of x indexed by the components of i and x∼i is the vector composed of the d−j other components.

To denote the terms of multivariate polynomial series depending on d variables, another multidimen-
sional indexing logic is used. k = (k1, ..., kd) denotes the term being a coefficient times a product of
d univariate polynomials of degree km depending of xm. Series of polynomials of degree γ ∈ R are
then series containing terms denoted by an index k with

∑d
m=1 km ≤ γ. The set containing all these

possible indices is denoted K(d)
γ . It is the set of combinations with replacement of d elements of [|1, γ|]

following the previous inequality.

3 Sobol indices
In [3], the so-called ANOVA decomposition is introduced

y(x) =

d∑

j=0

∑

i∈I(d)
j

y
(j)
i (xi) (2)
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with

y
(0)
0 =

∫

Hd

y(x)dx (3)

and, ∀j ∈ [|1, d|] ,∀i ∈ I(d)j , ∀m ∈ {i1, ..., id}

∫ 1

0
y
(j)
i (xi)dxm = 0 (4)

The variance of the QOI is denoted D. With ANOVA decomposition (2), D can be decomposed as a
sum of terms called "partial variances"

D =

d∑

j=1

∑

i∈I(d)
l

D
(j)
i (5)

Every D(j)
i represents the impact of interaction i of order j on the total variance D. Sobol indices are

then defined as

S
(j)
i =

D
(j)
i

D
(6)

Partial variances can be estimated with Monte-Carlo methods [3], using random or pseudo-random sam-
plings as Sobol sequences. To estimate all the first order partial variances, (d + 1)N computations of
the QOI are needed. To estimate all the second order partial variances,

(
d
2

)
N additional computations

of the QOI are needed and so on. To estimate all the partial variances, 2dN computations are needed.
In [3], a method to estimate the total Sobol indices (being the sum of all the sobol indices involving a
given parameter appears) is also available.

4 Multi-element Polynomials Chaos models
First introduced by Wiener [9] to approximate random variables as series of Hermite polynomials depen-
ding on Gaussian variables, PC models were later extended in [10] as series of polynomials depending
on random variables having another distribution and having orthogonal properties corresponding to this
distribution. PC models’ coefficients can be obtained with Galerkin methods or Non Intrusive (NI) me-
thods [11]. In the scope of this article, only NI methods are considered. With NI methods, a given number
of deterministic computations of the QOI are realised with different combinations of input parameters.
These computations are used to get the chaos coefficients. In this paper, the computations are called
"training observations". An observation can be seen as a point in an abstract space. The abstract space
where the observations are seen as points of coordinates the values of the input parameters is called the
parameter spaceHd. It is the unit hypercube of dimension d.

With the mapped input parameters, PC expansion is
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y(x) =
∑

k∈K(d)
γ

αkΦk(x) (7)

∫

Hd

Φa(x)Φb(x)dx =
d∏

m=1

δam,bm (8)

where (Φk) is the normalised shifted multivariate Legendre polynomials basis, products of univariate
polynomials orthonormal with respect to the scalar product associated with the uniform law in [0, 1].
δm,n is the standard Kroenecker symbol.

An analytical formula [4, 5] links Sobol indices of a QOI with the coefficients of its PC model. Conver-
sely to the Monte-Carlo method to get the Sobol indices, all the training observations are used to get the
surrogate model and then all Sobol indices are available. A better exploration of the parameter space is
therefore possible. However, PC models suffer from the curse of dimensionality, the number of terms of
the chaos series being equal to

(
γ+d
γ

)
. More than else, accuracy of PC models deteriorates in presence of

irregularities and/or discontinuities. ME methods permit to get piecewise polynomial models. The pa-
rameter spaceHd, is partitioned intoNE subsetsEe called elements where the QOI is locally smoother.
ME-ACD, developed in an submitted paper [1], permits to get ME polynomials models expressed as

y(x) =

NE∑

e

[ ∑

k∈K(d)
γe

ce,kΨk(x)

]
IEe(x) (9)

where Ψk(x) =
∏d
m=1 x

km
m are the polynomials of the canonical basis of multivariate polynomials de-

pending on d variables and IEe is the indicator function returning 1 if x ∈ Ee or 0 otherwise.

With a non time-dependent QOI, ME-ACD algorithm uses agglomerative clustering on the training ob-
servations represented as points in a abstract space taking into account the values of the QOI and the
values of its derivatives with respect to the input parameters. It permits to partition the parameter space
in presence of discontinuities and irregularities with respect to the input parameters. The algorithm tests
partitions having between NEmin and NEmax elements, and for all these partitions, local polynomial
models are trained using Ordinary Least Square method with the training observations located in the
elements. Local models of degree between nmin and nmax are tested, and the optimal degree is selected
as the one minimising the predicted residual error sum of squares (PRESS) error. The partition is then
selected as the one minimising the maximum of PRESS errors of the local models with optimal degree.
This maximum is denoted below "partition error" δz . If, during the search, δz ≤ δmin, the partition is
kept and there is no need to look for another partition with more elements. If during the search, an ele-
ment has a number of training observations lower or equal thanNoutlier, the observations are considered
as outliers and are removed from the training set. The training is then conducted once again from the
beginning. Computations of the derivatives are done with the use of OLS and first order Taylor theory
on every training observations with its nearest neighbours in the space taking into account the values of
the input parameters and the value of the QOI. Regressions with a number of neighbours from kmin to
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kmax are tested and the one minimising the PRESS error is kept. During the agglomerative clustering,
the training observations are connected with their kconnect closest neighbours in the parameter space.
Once the local models are obtained, a neural network classifier is trained to know which local model to
use when an evaluation is needed. In the present paper, a brute force search on a set of learning rates is
realised to find the one leading the best accuracy of the classifier on the training set itself.

In ME-ACD expansion (9), the canonical basis is used instead of a polynomial basis having orthogonal
properties corresponding to the pdf of the input parameters like in classical PC models. The orthogonal
properties need information on all the parameter space to be used, and not only on local elements. This
explains why the formula linking standard PC models’ coefficients to Sobol indices [4, 5] cannot be used
in the case of a ME model. In a second upcoming paper [2], an analytical formula linking the coefficients
of the local polynomial models of a ME expansion to partial variances is found. In order to establish
this link, the elements are first approximated as an union of hyperrectangles. To find the set of hyper-
rectangles, the parameter space (the d−dimensional unit hypercube) is split in a grid of Nh hypercubes
in every dimensions (thus being a grid of (Nh)

d hypercubes in total). Every hypercube is then labelled
with the index of the element it is located in with the use of the classifier of ME method on Nrandom

points sampled in the hypercube. Once the hypercubes are labelled, a merging operation with identical
hypercolumns is effectuated for every direction. This leads to Nr ≤ (Nh)

d hyperrectangles. For every
hyperrectangle, a change of basis is realised for the local model located in this hyperrectangle from the
canonical basis to a mutivariate polynomial basis being orthonormal with respect to a scalar product
proper to the bounds of the hyperrectangle. Therefore, the ME model is now a piecewise polynomial
model over the hyperrectangles with polynomials having orthonormal properties proper to their corres-
ponding local hyperrectangle. The coefficients in these new basis are then linked with partial variances
with thanks to these orthonormal properties. This formula is therefore an extension of the analytical
formula linking chaos coefficients of standard PC models to Sobol indices in the case of a ME model.

In the present paper, the QOI is supposed to be the solution of an ODE. It is then time-dependent. The
ME model (9) is then extended

y(x, t) =

NE(t)∑

e

[ ∑

k∈K(d)
γe(t)

ce,k(t)Ψk(x)

]
IEe(t)(x) (10)

A discrete set of Nt instants {t1, ..., tNt} (indexed by increasing order) is considered. Taking advan-
tage of the potential similarities of the QOI from one instant to the next one, for every instant tz with
z ≥ 2, the partition obtained at the previous instant tz−1 is kept and the local models corresponding to
its elements are trained with the information of the QOI at instant z. The partition error δz is calculated.
This error is then a metric of accuracy of the global piecewise model at instant tz with the partition
corresponding to the previous instant. If δz ≤ δmax, δmax being a threshold to choose, the partition and
the local models are kept for this instant. In this case, the partition is the same for tz−1 and tz , but the
coefficients of the local models differ. For the first instant or if δz > δmax for z > 1, a new suitable
partition is obtained with the clustering method of ME-ACD algorithm and local models are found at
this instant with the values of the QOI at instant tz . A classifier is then trained for the new partition.
Time-dependent ME-ACD leads to Np ≤ Nt partitions with their corresponding classifiers. A list T of
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size Nt links the instants to the corresponding partitions. At every instant, a set of coefficients for every
elements of the partition considered for this instant is available.

For a dynamical system composed of several coupled ODE’s, this algorithm can be repeated for every
of the state variables of the system, all state variables being treated independently. As variables can have
different scales, a normalised partition error δz can be used to be compared with the chosen δmin and
δmax, these two parameters being chosen for all the variables. In the present study, δz is normalised by
the maximum of the absolute value the considered variable can take in all the scenarios corresponding
to training observations, at the considered instant tz .

Once every state variable has its temporal ME-ACD model, temporal evolution of all Sobol indices of
all the state variables can be estimated with the method described above.

5 Applications in Flight Dynamics

5.1 Presentation of the system
In this section, the described approach is used to study the influence of some parameters of a Flight Dy-
namics system. The forces and moments of the fluid on the aircraft are traditionally built on data coming
from wind tunnel experiments. In this study, the mathematical models of the forces and moments are
built on data coming from experiments conducted at the vertical wind tunnel of ONERA Lille on a light
aircraft scale model.

The motion of the aircraft in the terrestrial reference frame, supposed as an inertial reference frame, is
modelled by a dynamical system of 8 coupled ODE’s. The 8 state variables are :

— V : Norm of the velocity of the aircraft
— α : Angle of attack
— β : Angle of sideslip
— p : roll rate
— q : pitch rate
— r : yaw rate
— Θ : pitch angle
— Φ : yaw angle

and the parameters are :

— m : mass of the aircraft
— ρ : density of surrounding air
— S : reference surface of a wing
— c : reference chord of a wing
— A, B, C : Inertial moments of the aircraft
— δl, δm, δn : angular deflections of control surfaces, respectively aileron deflection, elevator de-

flection and rudder deflection.

Forces applying on the aircraft are
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— Its weight. Its mass is supposed constant in the scope of the study.
— Propulsion. In the scope of the study, propulsion is not considered.
— Aerodynamic forces from the fluid on the aircraft. In the scope of this study, the density of air is

supposed constant.

The global aerodynamic coefficients are the dimensionless aerodynamic forces and moments. In this
paper, the model has the following chosen structure

Cx = Cx0(α) (11)

Cy = Cy0(α, β) + Cyδl(α, δl) + Cyδn(α, δn) + Cyp̂a(α, β, p̂a) (12)

Cz = Cz0(α, β) + Czδm(α, δm) + Czp̂a(α, β, p̂a) (13)

Cl = Cl0(α, β) + Clδl(α, δl) + Clδn(α, δn) + Clp̂a(α, β, p̂a) (14)

Cm = Cm0(α, β) + Cmδm(α, δm) + Cmp̂a(α, β, p̂a) (15)

Cn = Cn0(α, β) + Cnδl(α, δl) + Cnδn(α, δn) + Cnp̂a(α, β, p̂a) (16)

Every coefficient takes the form of a sum of non-linear subfunctions depending of a reduced number
of variables. For example, Cmδm represents the non-linear effects of the elevator angular deflection on
the dimensionless pitch moment. Every subfunction has a corresponding database, data coming from
wind tunnel experiments conducted at Onera Lille on a light aircraft scale model. During numerical
integration of the dynamical system, evaluations of the subfunctions are done by linear interpolations in
the corresponding databases.

p̂a =
c

V

(
p cos(α) cos(β) + q sin(β) + r sin(α) cos(β)

)
(17)

is the dimensionless form of the aerodynamic roll, component of the rotation vector along the wind axis
(along the velocity of the aircraft). Databases corresponding to subfunctions dependent of p̂a come from
experiments conducted in the vertical wind tunnel of ONERA Lille where rotary balance permits to get
a conical motion of the aircraft around the wind axis (which is vertical in these experiments).

The equations of the system are
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Figure 1 – Picture of the light aircraft scale model fixed on the rotary balance in the vertical wind tunnel
of ONERA Lille. ©Onera

V̇ = g(− sinΘ cosα cosβ + cosΘ sinΦ sinβ + cosΘ cosΦ sinα cosβ)− 1

2m
ρSV 2Cxa (18)

α̇ =
qa

cosβ
+

g

V cosβ
(sinΘ sinα+ cosΘ cosΦ cosα)− 1

2m cosβ
ρSV Cza (19)

β̇ = −ra +
g

V
(sinΘ cosα sinβ + cosΘ sinΦ cosβ − cosΘ cosΦ sinα sinβ) +

1

2m
ρSV Cya (20)

ṗ =
B − C
A

rq +
1

2A
ρScV 2Cl (21)

q̇ =
C −A
B

pr +
1

2B
ρScV 2Cm (22)

ṙ =
A−B
C

pq +
1

2C
ρScV 2Cn (23)

Θ̇ = q cosΦ− r sinΦ (24)

Φ̇ = p+ tanΘ(q sinΦ + r cosΦ) (25)

(26)

with

qa = p cosα sinβ + q cosβ + r sinα sinβ (27)

ra = −p sinα+ r cosα (28)

Cxa = Cx cosα cosβ − Cy sinβ + Cz sinα cosβ (29)

Cya = Cx cosα sinβ + Cy cosβ + Cz sinα sinβ (30)

Cza = −Cx sinα+ Cz cosα (31)

Traditionally, bifurcation diagrams are drawn with the equilibria of this system [14]. Equilibria represent
safe trajectories in the linear domain (at low angles of attacks), but represent potentially dangerous
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behaviours, as spins, in the post-stall domain (at high angles of attack). In the present paper, bifurcation
theory is not used, but the joint UQ/GSA study is conducted on the temporal evolution of the state
variables during the first instants. To integrate the system, a Runge-kutta method of order 2 is employed.
The system has potentially several bifurcations, which is motivating the use of temporal ME-ACD. Every
state variable is a QOI ŷ depending on time and on the selected input parameters. Every of these QOIs is
approximated by ME-ACD at every considered instant and partial variances are found with the analytical
formula linking them to the coefficients of the local polynomial models.

5.2 Influence of damping parameters
With a model taking into account rotation effects with data only coming from rotary balance, a lot of
equilibria of the system in the post stall region are not stable [12]. It is shown that it can come from the
lack of knowledge on the dependence of the aerodynamic coefficients in terms of qa and ra, components
traducing the misalignment between rotation and velocity vectors. Experiments on a vertical wind-tunnel
using a rotary balance only give information on dependences of the aerodynamic coefficients on pa, the
projection of the rotation vector on the velocity direction. In [12], authors add the so-called damping
terms with information coming from forced oscillations along each of the 3 body axis of a similar aircraft
scale model. Damping terms are obtained using a linear hypothesis, as usually qa ≪ pa and ra ≪ pa in
spin motions. In this application, damping terms are added artificially in the Onera aerodynamic model.
The subfunctions depending on these variables are also supposed linear, and only the dimensionless
moments, having more impact, are modified.

Cl = Cstandardl + Clq̂a q̂a + Clr̂a r̂a (32)

Cm = Cstandardm + Cmq̂a q̂a (33)

Cn = Cstandardn + Cnq̂a q̂a + Cnr̂a r̂a (34)

where Cstandardl , Cstandardm and Cstandardn are the structures of the coefficients defined at (14), (15) and
(16).

The added damping termsClq̂a ,Clr̂a ,Cmq̂a ,Cnq̂a andCnr̂a are the input parameters of the study. In [12],
the results of the forced oscillatory experiments are added with a change of frame to get the damping
terms, as functions depending on α. In the considered approach, they are supposed constant, but taking
random values following uniform distribution laws.

— Clq̂a ∼ U(−0.1, 0.1)
— Clr̂a ∼ U(−0.1, 0.1)
— Cmq̂a ∼ U(−10, 0)
— Cnq̂a ∼ U(−0.1, 0.1)
— Cnr̂a ∼ U(−0.1, 0.1)

The intervals of the distribution laws are estimated with the extrema of values of the forced oscillation
data provided in [12] with a wider range for an in-depth theoretical study of the impact of the damping
terms.

The chosen initial conditions are the one corresponding to a spin, unstable without the damping terms
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Hyperparameters ME-ACD
N 10000

NEmin 1

NEmax 10

kmin 30

kmax 60

nmin 0

nmax 5

δmin 10−3

δmax 10−3

kconnect 100

Noutliers 5

tested learning rates for the classifier [10−m, 2× 10−m, 5× 10−m], ∀m ∈ [1, 7]

Nh 5

Nrandom 100

Table 1 – Selected hyperparameters for the study of the impact of damping parameters for an unstable
spin.

— V0 = 27m.s−1

— α0 = 59◦

— β0 = 5.9◦

— p0 = 1.8 rad.s−1, q0 = 0.58 rad.s−1, r0 = 3.03 rad.s−1, leading to a rotation velocity of
Ω = 3.6 rad.s−1 = 0.57tr.s−1

— Θ0 = −32◦
— Φ0 = 13◦

and control surfaces angular deflections are set to :

— δl = −100%
— δm = −20◦
— δn = −20◦

Table 1 sums-up the selected hyperparameters for temporal ME-ACD and Figure 2 shows the temporal
evolutions of the variance and of the partial variances. High variances at the last considered instants are
due to the instability of the equilibrium with some combinations of input parameters and stability with
another combinations. As it can be seen on the figure, Cmq̂a and Cnq̂a are the key parameters for the
stability of this spin. Figure 3 is a plot of α at instant t = 20s vs the two key parameters. It underlines
that for low values ofCmq̂a andCnq̂a (mapped in [0, 1] on the figure), α keeps the initial value (59◦), thus
a proof of stability, and for higher values (mapped Cmq̂a close to 1 and then real Cmq̂a close to 0), α is
not equal to the initial value at t = 20s. Figure 2 underlines the apparition of oscillations with different
amplitudes dependent of the unstable scenarios and with pretty similar frequencies, as variances have
pseudo oscillations with low minima. The approach permits to verify, with a relatively low number of
run, that adding damping terms gives some stability to the studied spin. Moreover, the approach permits
to identify that only 2 of the 5 suspected parameters have actually some impact on the considered spin.
The limit values of the input parameters changing the stability of the spin are also available with the ME
model. Some elements of the ME model at a given instant can be interpreted. For example, the orange
element of Figure 3 represents the different combinations of values of the input parameters which lead
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Figure 2 – Temporal evolution of the variance and of partial variances of (a) V , (b) α and (c) β. (d)
Legend.

to stability.

Nevertheless, at some instants, the clustering of ME-ACD failed to find a suitable partition, due to the
fact that the irregularity is located close to an edge of the parameter space. ME-ACD thus preferred a
standard PC model with no partition of the parameter space, thus suffering of a lack of accuracy with
the irregularity at these instants. ME-ACD is under development, and ameliorations of the method for
concrete applications is the subject of active research. Adding more training observations in the zone of
the irregularity might solve this issue.

5.3 Sensitivity and Robustness of aircraft’s behaviours with res-
pect to the aerodynamic model

An analysis of sensitivity and robustness on stable spins with respect to the aerodynamic model can
be conducted with the considered approach. As the aerodynamic model is built on data, experimental
uncertainties can affect the predictions of the model. Terms ∆Cl, ∆Cm and ∆Cn can be added to the
dimensionless moments. These terms can be taken as input parameters following stochastic distributions
in their confidence interval. Variances of the state variables can then give information on the robustness
of the behaviour with respect to the uncertainties (a low variance corresponding to a robust behaviour)
and partial variances can give a quantitative information of the impact of every uncertainty and every
interaction between the uncertainties.
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Figure 3 – 2000 evaluations of the temporal ME-ACD model of α for t = 20s. The different colors
refer to different elements and then different local models.

Initial conditions are the same from previous section, and damping termsCmq̂a = −10 andCnq̂a = −0.1
are added according to the previous study to give some stability to the spin.

Selected input parameters are ∆Cl, ∆Cm and ∆Cn and are supposed to follow a normal distribution
law :

— ∆Cl follows a normal distribution of mean 0 and of standard deviation 0.04
3 .

— ∆Cm follows a normal distribution of mean 0 and of standard deviation 0.08
3 .

— ∆Cn follows a normal distribution of mean 0 and of standard deviation 0.005.

Figure 4 underlines that the considered aircraft behaviour is not robust to experimental uncertainties,
even with the added damping terms. Uncertainties on the coefficients Cn make the long-time stability
of this spin uncertain. More experimental data or more accurate experimental data on this component
of the aerodynamic moment are then necessary to be more sure of the actual long time stability of the
spin (with the theoretically added damping terms). However, the state variables are constant during the
first 10s, which means that it can be ensured that the spin has a short-time stability, and is therefore
dangerous, even with the current uncertainties.

6 Conclusion and discussion
In this paper, an upcoming joint UQ/GSA method to estimate Sobol indices with a ME model is extended
to solutions of ODE’s. Considered ME method is the time-extension of ME-ACD algorithm [1] and the
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Figure 4 – On the left, temporal evolutions of the variables with all the combinations of input parameters
taken as training observations and evolution of the expectation (a) V , (c) α and (e) β. On the right,
temporal evolution of total and partial variances of (b) V , (d) α and (f) β

use of a formula linking coefficients of the local polynomial models to Sobol indices [2] is used at every
considered instant. Taking advantage of the ME approach, a pretty accurate model can be obtained at
every instant with a relatively low number of runs, handling both Gibbs phenomenon and the curse of
dimensionality.

The approach is used to study the impact of the uncertainties of the parameters of a Flight Dynamics
system. As predicted aircraft behaviours rely on models of forces and moments with a chosen structure
and evaluated through interpolation in experimental databases, they suffer from uncertainties. UQ and
GSA were conducted on the system and the impact of a modification of the model structure and the
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impact of the uncertainties of experimental data on a spin behaviour were studied. It permitted to under-
line, as in [12], that the behaviour is highly impacted by these uncertainties. The approach permitted to
determine that the added damping terms Cmq̂a and Cnq̂a had the most important impact on the stability
of the studied spin.

ME method leads to elements which can be interpreted. In the above example, the element where the
QOI is locally approximated by a constant polynomial highlights the combinations of values leading to
stability of the spin.

The applications highlight that interpretation of some predictions of behaviours must be taken with pre-
caution, as it is not robust to uncertainties and to lack of knowledge on the model of the aerodynamic
coefficients. A temporal evolution is considered in this paper. The study of attraction domains [13] of
spins, coupled with UQ and GSA, could be another step forward in the study of dangerous aircraft’s
behaviours with an uncertain model.

ME-ACD is under development and may lack of robustness in some practical applications. For example,
in the applications of the paper, ME-ACD failed to find a suitable partition at some instants. ME-ACD
thus preferred a standard PC model with no partition of the parameter space, thus suffering of a lack of
accuracy with the irregularity at these problematic instants. Ameliorations of the algorithm to be more
robust with practical applications are under development. Moreover, the approach can currently handle
only a moderate number of input parameters (less than 9).
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