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A look at scientific and pedagogical literature on mathematical problem solving reveals a wide range of different problems for which the use of the heuristic strategy of working backwards is considered useful by the respective authors. A comparison of these problems shows that the amount and type of information given, and thus the requirements and processes involved in working backwards, are quite different. This purely theoretical article proposes a systematization of the problems and processes that can provide a valuable basis for future studies and for design and revision of teaching materials. On the one hand, two different facets of working backwards and, on the other hand, three types of problems are distinguished and illustrated by examples.

On the importance of working backwards

Worldwide, problem solving is considered as an important process standard for school mathematics in all grades. This includes the goal of enabling students to acquire heuristic strategies and to apply or adapt them to new mathematical problems.

In mathematics, but also in "real life", working backwards is regarded as a particularly important heuristic strategy (e.g. [START_REF] Zimmermann | On the genesis of mathematics and mathematical thinking -a network of motives and activities drawn from the history of mathematics[END_REF]. Pólya, who recommends it as a general approach to problem solving unless there is a specific reason to do otherwise [START_REF] Pólya | Mathematical discovery: On understanding, learning, and teaching problem solving[END_REF], describes working backwards as follows:

… we assume what is required to be done as already done (what is sought as already found, what we have to prove as true). We inquire from what antecedent the desired result could be derived; then we inquire again what could be the antecedent of that antecedent, and so on, until passing from antecedent to antecedent, we come eventually upon something already known or admittedly true. (Pólya, 1971, p. 142) Thus, working backwards is characterized by trying to get from the sought to the given (problems to find) or from the statement to prove to the assumptions (problems to prove). This temporarily changes the focus when working on the problem: starting from the unknown or unproven aim, the step-bystep construction of a previously unknown solution path occurs (phase of analysis), which afterwards should enable the problem solver to proceed in the reverse direction from the given to the sought (phase of synthesis). This view is widely shared. However, in many teaching materials, mathematics didactic textbooks, and research papers, problems or problem solutions are assigned to this strategy that do not fit this theoretical view. For example, Posamentier and Krulik (2015, p. 30) see the following as "a typical problem that lends itself nicely to the working-backwards strategy":

Problem 1: David just came back from playing four games of baseball cards. He now has 45 cards in his package of cards. When I asked how he did, he told me he had lost one-half of his cards in the first game. After the second game, he had 12 times what he had before. In the third game he won 9 cards. The fourth game was a tie so no cards changed hands. How many cards did he start with? (cf. [START_REF] Posamentier | Problem-solving strategies in mathematics: From common approaches to exemplary strategies[END_REF] We agree with the authors insofar as the problem text describes a process whose final state is known (45 cards) and whose initial state is searched for. If one tries to determine this initial state by applying the reverse process steps in reverse order to the final state, however, one starts from given data. Thus, this approach contradicts Pólya's classical view of working backwards as starting from the unknown. Because this discrepancy is so widespread, it seems necessary to us to attempt a theoretical clarification of the working-backwards strategy in educational contexts. This could also contribute to a better understanding and evaluation of corresponding tasks and how students work on them.

We start our theoretical considerations with a more detailed analysis of two sample tasks and thereby elaborate processes that are commonly understood as working backwards. Based on this, we deduce two facets of working backwards: working backwards in the classical sense and working backwards as reversing a process. The article ends with a systematization of problem types for working backwards and a discussion of very specific cases and possible implications for further research or applicability in everyday school settings.

Two facets of working backwards

In order to elaborate different facets of working backwards, we compare two problems that are commonly associated with this heuristic strategy:

Problem 2: Construct to a point outside a circle the tangents of the circle through this point.

This problem requires the execution of a construction. If the construction procedure is not known, it can be determined by working backwards as described by Pólya: One thinks of the tangents as already determined, thus the desired final state of the problem as already achieved. By analyzing it (possibly based on a sketch), conditions are determined backwards step by step, which must be fulfilled in order to be able to execute the construction forwards later on. The aim one starts from is what is sought in the problem.

Generalizing, it can be said that the final state of the problem (F), which forms the starting point of the working process, is (only) assumed to exist and to be constructible. Additionally, the individual operations from the initial (I) to the final state are not given. One has to investigate on one's own, which properties the assumed solution has and from which antecedent the desired aim or partial aim can be reached forward. This search process sometimes also includes aberrations or detours. To summarize: In problems of this type, planning starts from the aim which is the unknown solution of the given problem, working backwards towards the things "within one's power" (given data, assumptions, …).

Problem 3: "A certain man entered a certain pleasure garden through 7 doors, and he took from there a number of apples; when he wished to leave he had to give the first doorkeeper half of all the apples and one more; to the second doorkeeper he gave half of the remaining apples and one more. He gave to the other 5 doorkeepers similarly, and there was one apple left for him. It is sought how many apples there were that he collected" (Fibonacci, 2002, p. 397) In Problem 3, starting from an unknown initial value, a process as a chain of operations and the resulting final value are described. This process can be reversed to determine the searched initial value, here by applying the reversed operations in reverse order to the final value. One starts from the "aim" of the described process which, however, does not correspond to what is sought in the problem.

Generalizing again, unlike problems of the above type, the final state as starting point is concretely given here. Also concerning the knownness of the steps to be executed, differences become apparent because the problem text already contains all information about the operations to be executed from the initial to the final value. The "path" is thus given, for a solution it must be gone in reverse direction. Therefore, reversal processes play an essential role. If these are mastered, search processes are not necessary. To summarize: In problem of this type, doing starts from the aim which is the given final state of the described process, working backwards using the things "within one's power".

The approach described for Problem 2 fits with the traditional view of working backwards by Pólya and others as described above. Despite the outlined differences, tasks such as Problem 3 or Problem 1 are very often used to address working backwards in classroom situations. The two different approaches do not seem to be commonly distinguished or they are perceived as matching each other; possibly the approach to Problem 3 is assumed as preparatory to Problem 2. A possible explanation for the latter could be found in the didactic approach of complexity reduction in the introduction to the working-backwards strategy: The idea of working backwards should first be experienced as starting from a given final state with given operations, in the hope that students can later transfer this approach to problems with unknown final states and partial aims or operations to be found on one's own. Whether and to what extent such a transfer will be really attained, a corresponding heuristic program is really successful, has not been investigated so far, to our knowledge. Due to the commonality of starting at an aim, we also understand both described approaches as working backwards. However, the differences that have been highlighted indicate that two different facets of working backwards should be distinguished, the first of which we would like to name working backwards in the classical sense and the second working backwards as reversing a process.

A review of mathematics didactic research and teaching literature reveals a large spectrum of different problems for working backwards, which can be assigned primarily to the second facet. In the following, a systematization is proposed with the aim to work out problem-type dependent requirements related to working backwards.

Problem types allowing working backwards

For a classification of different problem types for working backwards it can be distinguished on the one hand whether the initial state of a problem or a described process is determined by the problem itself, on the other hand whether the operations from the initial to the final state are given in the problem. In our view, three types of problems can be distinguished on the basis of the specification of the operations:

A. The operations and their order, and thus the entire process, are known / are described in the problem definition.

B. The types of operations are known; their respective number and order is not known.

C. The operations are not known.

Problems of types A fit to working backwards as reversing a process, problems of type C to working backwards in the classical sense. Problems of type B leave scope for interpretation.

Figure 1 gives an overview of the problem types we have identified that allow working backwards. It was obtained on the basis of an extensive review of research and teaching literature in German and English. Nevertheless, it does not claim to be exhaustive, which is indicated by the ellipsis points. Type A: This includes problems in which operations are applied to an initial value in order to achieve a final value. The initial value is unknown, the operations and the resulting final value are given (often in text form). The (number and) order of the operations is fixed by the problem. As a result, also the intermediate values arising when working backwards are determined. Problem 3 belongs to this problem type.

Subtypes of this problem type can be formed according to the reversibility of the operations: While subtype A1 includes those of the above problems where all operations are directly and uniquely reversible (Problem 3), this is not the case for problems of subtype A3 for at least one step. This occurs, for example, in the case of non-bijective operations (Problem 4), but also in problems as Problem 5, where (at least) one change described in the text (taking away a third) involves the composition of several mathematical operations (determining the third and subtracting it from the previous number) which is why its direct inversion is not possible. It may be possible to generate a reversible operation (multiplying with 2/3) by reinterpreting the given one.

Problem 4: I think of a number, square the number, subtract 37, multiply the result by its successor, and get 156.

Problem 5: "Three tired and hungry men went to sleep with a bag of apples. One man woke up, ate 1/3 of the apples, then went back to sleep. Later a second man woke up and ate 1/3 of the remaining apples, then went back to sleep. Finally, the third man woke up and ate 1/3 of the remaining apples. When he was finished there were 8 apples left. How many apples were in the bag originally"? (Watson, 1988, p. 20) In problems of subtype A2 given operations are uniquely reversible one by one, but not all values resulting in this way lead to the correct solution of the problem. Thus, not every reversed operation contributes to the solution of the problem. An example is the number machine (Problem 6): An inversion of the operation "minus 1" is always possible, however, starting from an odd number it delivers an even number as intermediate result, which would have to be halved on input into the number machine (and not decreased by 1). An unexamined reversal of all possible operations thus leads to partially incorrect results in this problem.

Problem 6: The number machine works according to the following rules: If you enter an even number, the number is halved. If you enter an odd number, the number is reduced by 1. Once you have converted a number, you can enter the new number back into the number machine. You can do this until you reach 0. For example, if you start with the number 6, you get the sequence 6 → 3 → 2 → 1 → 0. Since you need four steps to reach 0 from 6, 6 is a "four-step number". Find all the four-/, five-/, six-step numbers. How many are there in each case? (cf. [START_REF] Fritzlar | Mathe für kleine Asse. 5./6[END_REF] A special form A* of this type represents problems, with which the order of the operations is known, but the continuous adherence to this is not necessary for success or single operations can be ignored. The first is the case, for example, if several additive or several multiplicative operations follow one another, which are interchangeable due to commutativity. An example is Problem 7. The order in which the 15 and the 20 balls are removed is not relevant for the result as long as these are the last two operations. For working backwards, only the inversion of the operations is necessary here. Therefore, problem 7 can be assigned to subtype A3*.

Problem 7: "The Wolverines baseball team opened a new box of baseballs for today's game. They sent 1/3 of their baseballs to be rubbed with special mud to take the gloss off. They gave 15 baseballs to their star outfielder to autograph. The batboy took 20 baseballs for batting practice. They had only 15 baseballs left. How many baseballs were in the box at the start?" (Portnov-Neeman & Amit, 2016, p. 87) In problem 1 in the introduction, the last game has no influence on the number of cards, so this step can be ignored. Therefore, it is a problem of type A1*.

Type B: In this problem type, the operations are not explicitly given, but only known in their nature. From a larger "range of operations" the target-leading reversible operations are to be selected (subtype B1) or e.g. by structure recognition to be constructed (subtype B2). The operations must be selected, for example, in the classical jug-pouring problems (Problem 8). The type of operations (filling the cans, decanting the water, possibly emptying the cans) is known, but the exact order and the number of steps must still be constructed in the problem-solving process. When working backwards, the concrete decanting actions have to be selected, which lead to possible intermediate aims (full can, empty can) when running through the sequence of actions forwards, until the initial state (all cans empty) is reached.

Problem 8: "Lauren has an 11-liter can and a 5-liter can. How can she measure out exactly 7 liters of water?" (Posamentier & Krulik, 2015, p. 31) The so-called NIM games can be assigned to problem type B2, as illustrated by Problem 9. Although possible operations are given in the problem (adding natural numbers that are smaller than 5), it is not possible to use the working-backwards strategy directly. Only by constructing of suitable operations, with which winning positions can be reached, working backwards becomes possible. In Problem 9, such winning positions are the numbers 15, 10, 5 and 0, which result starting from the target number 20 by stepwise subtraction of the sum of the smallest and largest possible number to add (1 and 4). Here, also the initial value (the number 0) is known in advance.

Problem 9: Two players take turns adding numbers between 1 and 4 to the total reached so far. The player who reaches 20 wins.

Since in problem 8 operations are partly implicit and especially their reversibility has to be considered, from our point of view search rather than selection processes play an important role in working backwards. Therefore, we assign it to working backwards in the classical sense, just like problem 9, in which suitable operations have to be constructed.

Type C: In problems of this type, no explicit hints are given about the operations to be used. The path between initial and final state must therefore be found completely independently. This type includes problems which can be assigned to working backwards in the classical sense, especially proof or construction problems like Problem 2. The initial state can be known or unknown.

Some special cases

A classification of tasks is usually somewhat fuzzy. In the following, we will briefly discuss some special cases that are interesting from our perspective.

Problem 10: After going to the store and buying milk for $2, Tony had $3 in his wallet. How much money Tony must have had before he bought the milk? (cf. [START_REF] Katz | Using the working backwards strategy of problem solving in teaching mathematics to foster mathematics self-efficiacy[END_REF] On the one hand, this task could be assigned to type A1 in purely formal terms. On the other hand, it can be objected that in the task only a single operation is described, which can be reversed immediately. However, if one understands working backwards as a heuristic strategy, this is a global (not local or even one-step) approach to a challenging problem (not to a simple task). Therefore, the second facet of working backwards occurs at most as a germ in this task.

Problem 11: A farmer wants to cross a river and take with him a wolf, a goat, and a cabbage. But the boat can only fit himself plus either the wolf, the goat, or the cabbage. If left unattended together, the goat would eat the cabbage, or the wolf would eat the goat. How can the farmer bring the wolf, the goat, and the cabbage across the river? [START_REF] Katz | Using the working backwards strategy of problem solving in teaching mathematics to foster mathematics self-efficiacy[END_REF] consider this problem, which has been known since the 9th century [START_REF] Folkerts | Die älteste mathematische Aufgabensammlung in lateinischer Sprache: Die Alkuin zugeschriebenen Propositiones ad Acuendos Iuvenes [The oldest mathematical problem collection in Latin: The Propositiones ad Acuendos Iuvenes[END_REF], to be particularly suitable for working backwards. However, there is no difference between the initial and final state of this transport problem (except the river bank) and all operations are uniquely reversible. Thus, working backward results in exactly the same requirements as working forward; the working-backwards strategy is not beneficial here.

This also addresses the question of when (beyond Pólya's general recommendation) working backwards is appropriate. According to [START_REF] Sewerin | Mathematische Schülerwettbewerbe: Beschreibungen, Analysen, Aufgaben[END_REF], this is the case when the final state of the problem is clear, when operations are known that lead to or can be applied to the final state, and especially when the initial state does not allow or suggest a goal-directed approach. Indeed, in this case, working forward, if at all possible, would be associated with large uncertainties and the risk of "dead ends." Schreiber (2011) therefore considers working backwards as a heurism of reduction.

Problem 12: Four students in the class weighed themselves. Cobi was 15 kilograms lighter than Adi and Jenya was seven kilograms heavier than Gaby. They also noted, that Gaby was twice as heavy as Cobi. If Jenya weighed 71 kilograms what was Adi's weight? (cf. Portnov-Neeman & Amit, 2016) Given relations can be arranged in a chain, which starts at the searched element and ends at a given element. In similar problems, such a chain of relations is sometimes already explicitly given. Starting from this, the problem can be (further) processed analogously to problems of type A. Because problems of this kind seem to us quite rare and artificial, we would like to include them as special cases in the presented classification. If, as in problem 12, a suitable chain of relation is not given, but can be generated by sorting given specifications, the problem seems to us to be located in the transition from problem type A to problem type B. If a chain is already explicitly given, it would be a special case of type A.

Possible consequences

All of the problems collected can be found in this or a very similar form in papers that aim to investigate or promote working backwards as a heuristic strategy. However, the differences identified here, which can have a considerable influence on problem demands and students' problem-solving processes, have not been addressed so far, which seems to us to be quite important for the validity of the studies and programs. In addition, we believe that it could be worthwhile to systematically investigate whether an intensive work on the second facet actually facilitates the acquisition of the classical working-backwards strategy. Of course, the elaborated theoretical foundation could also be used for mathematics didactic design research, specifically for the design and revision of problems for working backwards. The precise knowledge of the requirements of problems for working backwards are, of course, also important for the mathematics teaching in school and for supporting students in the acquisition of heuristic experiences and competencies.
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