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Abstract

In this paper, we consider a ferromagnetic material of ellipsoidal shape. The associated magnetic
moment then has two asymptotically stable opposite equilibria, of the form +7m. In order to use
these materials for memory storage purposes, it is necessary to know how to control the magnetic
moment. We use as a control variable a spatially uniform external magnetic field and consider the
question of flipping the magnetic moment, i.e., changing it from the 4+ configuration to the —m
one, in minimal time. Of course, it is necessary to impose restrictions on the external magnetic
field used. We therefore include a constraint on the L° norm of the controls, assumed to be less
than a threshold value U. We show that, generically with respect to the dimensions of the ellipsoid,
there is a minimal value of U for this problem to have a solution. We then characterize it precisely.
Finally, we investigate some particular configurations associated to geometries enjoying symmetries
properties and show that in this case the magnetic moment can be controlled in minimal time
without imposing a threshold condition on U.
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1 Introduction

1.1 The Landau-Lifshitz equation for ellipsoidal ferromagnetic samples

Ferromagnetic materials have come into common use in the last few decades, especially since they are
found in devices used to store digital information such as magnetic tapes or hard disks, but also in
magnetic chips called Magnetic Random Access Memory (MRAM). These chips have many advantages
over their silicon counterparts, in particular that of requiring energy only to change the value bits and
not to maintain the storage itself. This is probably one of the most challenging applications since it
opens the door towards new spintronic applications and storage technologies while allowing a very fast
access to information (see, e.g., [18]).

The magnetic moment of a ferromagnetic material represented by a domain  C R? is usually
modelled as a time-varying vector field

m:RxQ—S?

where S? is the unit sphere of R3, the evolution of which is driven by the so-called Landau-Lifshitz
equation (see [16])
a—n; = —m A h(m) —am A (m A h(m)), (1)

where the effective field h(m) is defined by
h(m) =2AAm + hd(m) + hext,

with o > 0, a constant (in time and space) damping coefficient which is characterized by the material.
We refer for instance to [15, 7] for additional explanations. The constant A > 0 is the exchange



constant, and can be assumed to be equal to A = 1/2 without loss of generality, with a normalization
argument. The demagnetizing field hq(m) is the solution of the equations

in D'(R3),

where m is extended to R3 by 0 outside  and D'(R3) stands for the space of distributions on R3.
In other words, hg(m) = V¢ where ¢ : R® — R is the potential defined by A¢ = —divm g and
[On¢] = m - n on the boundary 092, so that

ir Jo  lz—yP

o(x) = 1 M dy.

We refer to |2, 7| and |11, Section 1] for additional explanations on this representation formula. The
field hext is an external one, for instance it can be an external magnetic field. Note that it is possible
to complete and specify this physical model by adding other relevant terms, for example by taking into
account the anisotropic behavior of the crystal that composes the ferromagnetic material.

Remark 1. Notably, every solution of (1) maintains a constant norm over time, which remains equal
to 1 given the assumption |m(0,-)| = 1. Specifically, we can compute

om
——|m(t,z)* = m(t, z) - E(t,x} = —m- (m A h(m)+amA (m A h(m)))|,, (t0) = 0-

Finally, it is standard to assume homogeneous Neumann boundary conditions on the magnetization
on the boundary of €.

In this article, we will consider a ferromagnetic sample of ellipsoidal shape, and the magnetization
m and external field heyy both spatially uniform. Indeed, ellipsoidal domains have been much studied
in the literature dedicated to ferromagnetism [17, 10, 22]: on the one hand, they cover a large variety
of geometrical shapes, and on the other hand, they are the only known bodies that can be uniformly
magnetized in the presence of a spatially uniform inducing field. From the mathematical point of view,
it is nice to consider such samples because the demagnetizing field hg appearing in the Landau-Lifschitz
equation can be determined in an explicit way.

Let us be more precise and clarify the model obtained in this case. In all the following of this article,
let © be the ellipsoid of R? of semiaxes a; > 0, as > 0 and a3 > 0, and (O;e1, €2, e3) be an orthonormal
basis chosen so that the Cartesian equation of €2 reads

An illustration of the ellipsoid €2 is shown in Figure 1. According to [17, 10], for uniform (in space)
magnetizations m on €, the demagnetizing field hy(m) can be explicitly computed and reads

v 0 O
hq(m) = —Dm, with D=0 ~ 0],
0 0 73

where v; (1 = 1,2,3) is a positive constant depending only on the semiaxes aj, as and ag (we provide
the precise dependence in Appendix A).

One can easily infer from this result that, provided that the external field hext and the initial
magnetization m® are constant in space, so is the magnetic moment m solving the Landau-Lifshitz
equation (1) completed with homogeneous Neumann boundary conditions.



As a consequence, the Landau-Lifschitz equation with a time-dependent external magnetic field hext
reads as the ordinary differential system

0 (3)

m = a(ho(m) — (ho(m) - m)m) —m A ho(m) in (0,T),
m(0) =m".
where the dotted notation 7 stands for the time derivative of m, ho(m) = —Dm + hex, T > 0,

m(t) € S? ¢ R3, D = diag([y1,72,73]) is a diagonal matrix with positive coefficients. Up to a change
of basis, we will also assume without loss of generality that

O<m<mnsmns<L (4)

In what follows, we will assume that the ferromagnetic particle is subjected to a spatially uniform
external magnetic field heyt, and we are interested in two asymptotically stable stationary states of the
resulting system, denoted m. We refer to Appendix B for the characterization on the steady-states of
(3) and their stability. We seek to answer the following question:

Given a mazimum value U of the norm of the field hexy at all times, can we determine
whether there exists such a field flipping the magnetic spin from m to —m in minimal time?
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Figure 1: The ellipsoid shaped ferromagnetic sample

1.2 State of the art and structure of the article

The development of the use of ferromagnetic materials has led to the emergence of new storage pos-
sibilities, and consequently to a renewed interest of the scientific community around the control of
ODE/PDE on this topic.

Indeed, controlling the spin and magnetic moment in ferromagnetic materials is essential for ad-
vanced technologies like spintronics and data storage |9, 6]. It enables the development of faster, more
compact, and energy-efficient devices, such as MRAM magnetic memory. In spintronics, manipulating
electron spin (in addition to charge) allows for circuits that generate less heat, improving energy effi-
ciency. Additionally, controlling spin affects the quantum properties of materials, opening possibilities
for advanced quantum physics experiments, such as studying the spin Hall effect. Finally, mastering
magnetic properties paves the way for new applications in magnetic logic and information processing,
where logic operations are performed solely with magnetic materials.



The use of an external magnetic field to control a ferromagnetic system is a very present issue in
the literature of the field (see for instance [8, 21, 23, 241]).

Many works have focused on both the derivation of relevant models, i.e. sufficiently close to the
physics, but also simple enough to be exploited mathematically, and on the related optimization issues.
Many studies are devoted to these modeling questions, to the obtaining of exploitable optimality con-
ditions leading to numerical simulations. Thus, in the same spirit as the present study, the authors of
[5] seek to flip the magnetic spin using electric current injections. Let us mention in the same vein the
works [13, 11] also addressing similar issues: minimization of the distance to a target state with a fixed
time horizon, addition of stochastic term in the model, search for a feedback and numerical analysis of
the considered problems.

Recent progress has been made in the understanding of the control (exact and approximate) of
ellipsoidal samples/networks : [12, 4, 1]. Our study has been particularly motivated by [3], in which
it is notably proved that, when the size of an open bounded set €2 tends to 0, then we find a uniform
magnification in the domain, which lends itself to the study of ellipsoids.

Structure of the article. In this paper, we are interested in a single ferromagnetic particle of
ellipsoidal shape in R3. We seek to perform a magnetic moment reversal in minimal time, using an
external magnetic field as a control of the resulting physical system.

We model this issue in section 2.1, imposing a maximum L° norm on the control translated using
the parameter U > 0, reflecting the difficulty and cost of using very high magnetic fields. In the
absence of additional symmetries on the geometry of the system, we show the existence of a minimal
threshold on U for the minimum time problem to have a solution. We refine this result when additional
symmetries are assumed on the material geometry. The main results of this paper are gathered in the
section 2.2. The section 3 contains the foundation of the proofs of the main results: indeed, we state
necessary and sufficient conditions guaranteeing the well-posedness of the time-optimal problem and
write the necessary conditions of optimality to the first order using the Pontryagin maximum principle.

The proofs of the main results are contained in the sections 4, 5 and 6. Finally, some numerical
simulations are listed in the section 7 to illustrate the qualitative behavior of the solutions obtained
in theoretical theorems. The appendices contain additional information and/or secondary calculations.
Appendix A contains the calculation of the demagnetizing field in the case of a ferromagnetic ellipsoid
sample. Appendix B contains the proof that +e; are indeed the only asymptotically stable states for
equation (3). Finally, Appendix C contains the calculations of the explicit constants in the case y; < 2.

Notations. In the whole article, | - | stands for the standard euclidean norm on R? (or R%), and we
write with a dot - its inner product in R?.
We are essentially interested in a control problem where the control function is the external field:
we abide by the usual convention, and let
hext = u.

2 Existence of a minimal switching time

Let us recall that, as mentioned in the introduction, we will consider a ferromagnetic sample whose
shape ) is the ellipsoid with Cartesian equation (2). The dynamics of the magnetic moment m(-),
equal to mg at the initial time, is hence driven by the simplified Landau-Lifshitz equation (3).

2.1 Towards an optimal control problem

The main issue we want to tackle reads



Given a steady-state m of (3) in S?, can we achieve a reversal by solving an optimal control
problem, i.e. steering the system from m(0) =m to m(T) = —m while minimizing T ?

In what follows, we will consider particular stationary states: m = =e;. It is proved in appendix B
that these equilibria are asymptotically stable when 77 < 2. Therefore, they can be used as magnetic
spin orientation for memory storage purposes. We will denote by u(-) the external (spatially uniform)
magnetic field imposed on the system. This is the control variable in this problem. The question is
then to ask if it is possible to steer the solution m,, of the system (3) associated to the control u(-) and
to the initial data m,,(0) = e; until m,(7") = —ej, in minimal time.

Of course, it is necessary to add physical constraints to this problem: if one imposes no restrictions
on the choice of admissible controls, it is likely that the minimal time problem will have a solution,
reached by unrealistic controls'. For this reason, we will assume in what follows the constraint

lu(t)| < U a.e. in (0,7), (eru)

in order to limit the choice of controls to realistic possibilities.
All in all, the problem we aim at investigating reads as follows.

Minimal time problem: let U > 0 and assume that mg = e;. The problem reads

Ty = inf T, P
v (T,’IILI;IEOU ( 0)

where
Ov ={(T,u) | T € Ry, uwe L*(0,T) satisfies (¢71,7) and my(T) = —eq },
with my,, the solution to (3) associated to the control function u(-) and the initial datum ey .

We will investigate the following issues:
e Does Problem () have an optimal solution for any value of U > 0 ?
e How to characterize all the solutions to this problem and understand their geometric dependence

to the parameters v;, ¢ = 1,2, 37

2.2 Main results

First, the minimization problem is indeed well-posed, meaning that the existence of an optimal solution
is equivalent to the existence of a minimal trajectory.

Theorem 2. Let U > 0. The following properties are equivalent:
(i) There exists an optimal pair (Ty,w) € Oy for Problem ().
(it) Tu is finite.

(i) Oy is nonempty.

The behavior of the control system differs greatly depending on the values of the parameters ~; and
more specifically on the values of v and 5.

Theorem 3. Assume v1 < 2. Then there exists Ugyt > 0 such that

Indeed, an applied magnetic field in a region cannot be excessively strong, as it is not feasible to create infinitely
strong fields due to physical limitations such as material saturation and thermal effects.



o for allU € (0,Uqit], (P0) has no solution.
o for allU > Ugit, (P9) has a solution.

Remark 4. [t is notable that the proof of this theorem provides an explicit lower-bound estimate of
Ueit- The precise bound is derived in Remark 19.

We are now interested in the case where y; = 79, which is not covered by the above result. It is
interesting to note that in this case, the behavior of the optimized physical system is very different from
the one described in the Theorem 3. Indeed, this situation of symmetry leads to the fact that there is
no longer a threshold from which the system is controllable.

To complete this analysis, we also investigate in the following result the existence of optimal planar
trajectories. In view of the system symmetry, it is natural to conjecture that the optimal trajectory
are planar, since all the points in span(ey, e2) NS? are stable, and this set is even asymptotically stable.
Somewhat surprisingly, we show here that this is actually not the case.

Theorem 5. If 1 = v < 73, then the optimal control problem () has a solution whatever the value
of U > 0, meaning that Uy = 0, with the notations of Theorem 5. Furthermore, if v1 < 73, the
optimal trajectory in S is not contained in the plane span(ey, es).

It is interesting to notice that Theorem 3 can be refined in the particular case where v; < 2 = 73.
To this aim, we will deeply exploit the necessary first order optimality conditions provided by the so-
called Pontryagin Maximum Principle (PMP). We refer to Section 3.3 for a precise statement of such
conditions.

Theorem 6. If v, < 9 =73, then Uyt = — ). Furthermore, for all U > Ui,

[0
Wirar (12

™

Y 1+ a2 \/ U2 - Uczrit

Remark 7. In particular, we infer from the result above the following asymptotics:

Tu =

T 1
Ty ~ as U\, Uit
v \/2Ucrit(1 + a2) \/U - Ucrit \‘ !
and .
Ty~ ———— asU — +o0.

UV1+a?

Remark 8 (Case of where the shape of the sample is a sphere). In the case where ) is a sphere, then
one has y1 = v2 = v3. Then, both conclusions of Theorem 5 and 6 apply, meaning that Uqrypy = 0 and
the optimal time is given by Ty = 7/(UV1+ «?). Furthermore, it may be shown that, in that case,
there exists optimal planar trajectories in each of the hyperplanes span(e;, e;) with i # j. We refer for
instance to [9, Proof of Prop. 2], whose main argument can be reproduced in our case.

We end this section by a result on the asymptotic behavior of optimal magnetization trajectories
as U diverges to +00. We prove that optimal trajectories tend to be supported on a geodesic on the
sphere whenever U is large.

Theorem 9. Let v1 < v2 < v3 and U > Uqiy and m be an optimal trajectory. Let p be its adjoint state.
Then, if U is large enough, m stays close to the plane V = span(e1, p(Tv)) in the following sense: there
exists Up > 0 and C > 0 such that for every U > Uy and t € [0, Ty],

SIQ

[m(t) = Pym(t)|| <

i

where Py is the orthogonal projection onto V.



3 Minimization and optimality

3.1 Proof of Theorem 2: existence of an optimal trajectory

Let us assume that Oy is nonempty. This allows us to consider a minimizing sequence (7}, up )nen € (’)5,
and m,, € €([0,T,]) the solution to (3) with field u,. By definition, T,, — Ty as n — oco. In what
follows, we will index similarly a sequence and any subsequence with a slight abuse of notation, for the
sake of simplicity.

Let us introduce the functions u,, m, defined on [0, 1] by

Un(s) = up(Typs) and my(s) = mu(T,s).

Hence, System (3) rewrites

{ i = T <a (Eo(mn) — (ho (i) - mn)mn) — i /\%O(mn)) in (0,1),
mn(0) = eq,

()

where }Eo(mn) = —Dm,, + uy,.

Similarly, since the sequence (up)nen is bounded in L*°(0, 1), it converges weakly-star in L>°(0, 1)
up to a subsequence to some element u* such that |u*(-)] < U a.e. in [0, 1] according to the Banach-
Alaoglu-Bourbaki theorem. Since both (77, )nen and (2, )nen are bounded in L*°([0, 1]), we infer that so
is m,, according to (5). Therefore, the sequence (M, )nen is bounded in W1°°(0, 1) and hence converges
(up to a subsequence) towards an element m* € W1°°(0, 1) in C°([0, 1]) according to the Ascoli theorem.
In particular, one has necessarily |[m*(-)| = 1. Now, let us rewrite (5) as the fixed-point equation: for
all s € [0,1],

Fin(s) = e1 + T /0 ) (a (ﬁo(mn) — (ho (i) - ﬁn)ﬁn) — fin A Eo(mn)) do.

Observe that the right-hand side is linear with respect to ﬁo(mn) and that, according to the properties
above, (ho(mny))nen converges weakly-star to ho(m*) in L>°(0, 1), where ho(m*) = —Dm* +u*. Letting
n tend to +oo in the equation above, we obtain:

Vse (0,1, m*(s)=ei+ T /0 <a (Eo(m*) — (ho(*) m)m) _ Aﬁo(m*)) do.

Moreover, since M, (1) = —ej by construction, the convergence in C°([0,1]) leads to m*(1) = —e;.
Taking the previous formula with s = 1, we get

—2e1 =Ty /01 (a (ﬁo(m*) — (ho(*) - m*)m*) — WA Eo(m*)) do.

This proves that 7y > 0. Now, let us introduce u* as u*(t) = u*(t/Ty). By undoing the change of
variable above, we get that m*(¢t/Ty) = my-(t) for a.e. ¢ € [0,Ty]. Furthermore, my«(0) = e; and
my+(Ty) = —eq since my(0) = e; and m, (1) = —ej. The converse sense is straightforward and the
expected conclusion follows.

Finally, observe that the same reasoning can be reproduced whenever 7y is finite.

3.2 Sufficient and necessary condition for the existence of an admissible trajectory

Let (m,u) be a solution to (3) on [0,7], and for ¢ € [0,T], consider the mobile frame B(t) =
(m(t),é(t),m(t) A é(t)) where? é = /|| According to [3], by observing that

mLm, mLlmAm and m LmA(mADm),

2Here, ¢é is merely a notation, and not the time derivative of a previously defined vector e.



one shows easily, by decomposing u(t) into B(t) and writing the equation for u— (u-m)m, the projection
of u on m*, that there exists A € L>°(0,T) such that

u:m(am—l—m/\M)—i—Dm—(Dm-m)m—i—)\m. (6)
In fact, A\ = u-m. Reciprocally, given any function m € WhH*°([0,T],S?), and any function A\ €
L*>([0,T],R), if we define u by (6), then (m,u) is solution to (3). These considerations can be seen as
a consequence of a flatness property of the main system.

Again assuming that (m,u) is admissible trajectory, i.e a solution to (3), We infer from (6) that
u(t) expands as

«
14+ a?

1
u=Am+ |m|+é-Dm)é+ | Dm-(mAé)+——=]|m||mAeé. (7)
1+a?

As, a consequence, using that Dm - (m A é) = é- (Dm Am) due the triple product property, we get

2 . 2
|u|2:)\2+<a2|77'z|+é'Dm> +<Dm-(m/\é)+ il >

14+« 14 a?
!

N2 . 2
. a|m . m
:)\2+<6-Dm+ | ’) +<e-(Dmu/\m)+1‘+a2> .

1+ a?

Clearly, this computation and the previous remarks show that, without loss of generality, we can
furthermore assume that an optimal trajectory satisfies A = 0, or equivalently, u - m = 0: we will do
this in the following.

Let us introduce, for a given T' > 0,

Y = {m e HY([0,T];S?) | m(0) = e; and m(T) = —e; }.

To investigate the existence of an admissible trajectory, it is then convenient to introduce

. ml N\, (. alm| \?
La(m) <e (Dm Am) + T+ +(é-Dm+ T+ a? (8)
AT) := inf inf  sup (A2 4 Lo(m
( ) AEL>®([0,T]) me¥T te[O,T]( ( ))
= inf sup Lu(m) 9)
meIT 10,1

We summarize the above discussion in the form of a lemma.

Lemma 10. The existence of an admissible trajectory for Problem (2y) comes to the existence of
m € Y7 such that the function u given by (7) with A = 0 satisfies ||ul|poo(jo,r;r3) < U, which is also
equivalent to A(T) < U?. Also, u satisfies u-m = 0.

3.3 Necessary optimality conditions for Problem (%)

This problem can be solved by using the Pontryagin maximum principle. The main results of this
section are gathered in Proposition 12, at the end of this section.
The Hamiltonian associated to Problem () is

H: S?xR¥x{-1,0} xR® — R
(m,p,po,u) = p(_am/\(m/\hO(m))_m/\hO(m))

It can be noted that the dependence of H on the control function u is affine and one has

H(m,p,p°,u) =p- (—am A (mAu) —mAu)—p-(—am A (m A Dm)—mA Dm).



As a first remark, the magnetization stays in S?> = 0B, where B is the closed unit ball of R3.
Therefore, our problem is obviously equivalent to the problem with restricted conditions

TU = inf T.
(T’U)GOU
Im|*—1=0

Thus, we use the version of the Pontryagin maximum principle with restricted phase coordinates, as
stated in |20, Theorem 22|. This theorem is stated for a minimization of an integral with fixed 7', but it
can be easily adapted to the case of a minimal time with classical changes (see for instance the passage
from Theorem 1 to Theorem 2 in the same reference). With such a statement, we point out that, for
all m € R3

V(jml* 1) = 2m,

and that
2m - (—am A (m A ho(m)) — m A hg(m)) = 0.

Therefore, in our case, this statement gives the exact same necessary conditions, with an additional
orthogonality condition for the adjoint state, stated hereafter.

The first order optimality conditions read as follows: let (7, u) be an optimal pair for this problem;
there exists an absolutely continuous mapping p : [0,7] — R3 called adjoint state and a real number
p° € {0,—1} such that the pair (p,p°) is non-trivial and for almost every ¢ € [0,T], the following
conditions hold.

e Adjoint equations. Setting

Fi(m,p) = a(pA(mADm)+DmA(mAp)
~D(m A (m Ap))) = Dm Ap—DipAm),
Fy(m.p,u) = —a(pA(mAu)+un(mAp)+unp,
one gets
p:—gzzFl(m,p)Jng(m,p,u). (10)

Remark that, since |m| = 1, one equivalently has

Fi(m,p) = «a(Dp— (Dm-m)p—2(m-p)Dm +2(Dm -p)m)
—Dm Ap—D(pAm),
Fy(m,p,u) = a(p-m)u+a(u-m)p—2a(p-wym+uAp.

e Mazimality conditions. For a.e. t € [0,T], u(t) solves the optimization problem

H(m(t), p(t), p°,v), 11
max (m(t),p(t),p”,v) (11)
and one has at the final time T
max H(m(T),p(T),p", vr) = —p°. (12)
o |<U

o A useful identity. Since the dynamics only depends on the magnetization m(-) and the control
u(+), the Hamiltonian functional is constant in time:

H(m(t),p(t),p",u(t)) = —p", t€[0,T], (13)

according to (12), by evaluating the expression for ¢t = T.

10



e An orthogonality condition for the adjoint state. At the final time ¢t = T', the adjoint state p(T')
is tangent to the boundary |m|? —1 = 0 at m(T) = —e;. This condition is thus equivalent to

p(T) - e =0. (14)
e Orthogonality between u and m. As seen in Lemma 10, u-m = 0 on [0, 7.

Remark 11. Since the initial and final state are fized, there is no need to impose any additional
transversality condition on the adjoint state.

Let us analyze the conditions (11) and (12).

The adjoint state p cannot vanish on [0,7]. Indeed, in the converse case, if there exists tg € [0, 7]
such that p(tg) = 0, then by the Cauchy-Lipschitz theorem and the linearity of the equation on p, it
follows that p(-) = 0. Then, by using Condition (12), one gets p° = 0, a contradiction with the
non-triviality of the pair (p, p°).

On condition (11). Observe that v — H(m(t), p(t),p°,v) is affine with respect to v. According to
the Karush-Kuhn-Tucker theorem, there exists u > 0 such that V,H(m(t),p(t), p°, u(t)) — pu(t) = 0
and the slackness condition p(|u(t)|*> — U?) = 0 is satisfied.

If the set Z := {|u| < U} is of positive Lebesgue measure, then one has

a(p(t) — (p(t) - m(E)m(t) = p(t) Am(t) ae. t €T.

Taking the scalar product of this identity with p(t) leads to [p(t)|?> = (p(t) - m(t))? on Z. Since p does
not vanish, it follows from the equality case in the Cauchy-Schwarz inequality that p(t) is proportional
to m(t). We will show that such a case cannot occur.

Let us introduce the function ¢ := p — (p - m)m. One can compute that ¢ satisfies the differential
(linear) relation

¢ =aDp—a(Dm-m)p—DmAp—D@eAm)+uhp+(m-(DmAgp)m-—a(u-p)m, (15)

a.e. in [0, 7). This follows from an easy but lengthy computation, and from the fact that the function
A given by A = p - m satisfies

A= —=2a(Dm -m)A — (Dm Ap) -m — a(u-p) — 2a(Dm - p),

a.e. in [0,T]. We leave the details to the reader.

Now, let us assume that the set Z := {|u(-)| < U} is of positive Lebesgue measure. According to the
discussion above, there exists a bounded function A such that p = Am on Z, and therefore, ¢ vanishes
on Z. Due to (15) being linear in ¢, we obtain that ¢(-) = 0 on [0, 7], which means that

p(T) = (p(T) - m(T))m(T) = (p(T) - ex)er = 0,

from the orthogonality condition (14). But recall that p cannot vanish on [0,T]: we reached a contra-
diction.
We conclude that |u| = U a.e. on [0,T]. It follows that

a(p—(p-m)m)=pAm+puu on [0,T],
and using furthermore that

la(p — (p-m)ym) —p Am|*> = ?(]p|* = (p-m)*) + |p A m|?
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= (& +1)(Ip]* = (p-m)?),

one gets an expression of u in terms of p or ¢:

U a(p—(p-m)m)—pAm U ap—pAm
=73 172 ) 172 : (16)
(a?+1)Y p]? = (p - m)? (@ + D)2 gl
In particular, we get

A U amA @ —

m/Au = 3
(@2+1)12 |yl

U —a?p —am A
am A (mAu) = G- amny
(a2 +1)1/2 [

Substituting those terms in (3) and (15), we get at last

m:m/\DTrH—omz/\(m/\Dm)—i—U(er+1)1/2£ (17)

ol

¢ = aDy —a(Dm-m)e — Dm A ¢ — D(e Am) + (m - (Dm A @))m — U(a? +1)Y2|p|m. (18)

On condition (12). By setting p(T") = (0, p27,p3.1) (since p(T) - e; = 0) and vy = (vi,1, V2.1, V3.7),
since m(T') = —ey, this condition also rewrites

0

v a +
—p° = max p(T) - [ aver —vsr | = | max ( 2,T> ‘ ( P21 pg,T) '
<U k] Hl _ 2 U a _
lor|< avs.r + var v3 ptvg p=U2 \U3,T P3,T — P2,T

The Cauchy-Schwarz inequality then implies that —p® = Uv/1 + oz%/p% T+ pg o~ It follows that p0 =
—1 (else, the pair (p”, p) would be trivial) and condition (12) finally rewrites:

UV1+a2|p(T)| = —p° =1,

Analysis of the optimality conditions. From the previous discussion, u(t) is given by (16) for a.e.
t € [0,T7], leading to

o] (@ (u— (u-m)m) —mAu) =A (e’ —ap Am—amAp+mA(pAm))

= A(a® + 1)g,
where A = W, so that
Hm(t), p(t), p°, u(t)) = U(a® + 1)2|g] = p- (@ (Dm — (Dm - m)m) — m A D)
= U(a2+1)1/2\<p[ —Dm - (a(p—(p-m)m)—pAm)
= U(a2 + 1)1/2\g0] —Dm - (ap —p A m)
2 1/2
U
and we infer that
U
) . .

12



On condition (13) From the previous discussion, we have for any ¢ € [0, 7]

‘E)Illg}é}[(m(t)ap(t)apoav) = _pO =1, (20)

which leads at t = 0 to

UV1+a2|p0)|=—-p° =1. (21)

More generally, with the above expression (16) of u(t) which is the argmax of H, we get
1:U\/1+a2]<p|—90-[aDm—m/\Dm] (22)

For the sake of clarity, we sum-up all these informations in the following result.

Proposition 12 (Necessary first order optimality conditions). Let (T,u) be an optimal pair for Prob-
lem (). Then, the adjoint state p defined by (10) does not vanish on [0,T] and one has

_ U ap—eoAm
RCEE T IE = I 29

where @ is given by ¢ =p — (p-m)m. In particular, one has |u(t)| =U a.e. on [0,T].
Moreover, ¢ satisfies the differential relation (18) completed by the conditions (19) and

UV1+a?p0)] =UV1+a?|e(T (24)

Finally, m satisfies (17).

4 Proof of Theorem 3

4.1 Preliminary results

We first state preliminary results, in the form of a series of lemmas.

Lemma 13. For all T < oo, the map

L>®(0,T) — Wh>(0,T)

u +— m solution to (3) with m(0) = e;
is continuous and locally Lipschitz.

Proof. Let uy,us € L*(0,T') and my, ma the corresponding solution to (3). Define dm = mj; —mg and
ou = u1 — ug. Simple, though tedious, calculations provide that dm satisfies

dém

7 = —Ddém+ du — ((—=D dm + du) - my)my

— ((=Dma 4 uz) - dm)my — ((—Dma + ug) - ma)dm
—mq A (—Dém + du) — dm A (—Dmga + ua).

n (0,7). Since |mq| = |ms| = 1, we obtain

dé
‘ T < (40 +2)|IDlly + (20 + Dlual) [5m] + (20 + Doul, 0 (0,7), (25)
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where ||-||, stands for the operator norm associated to the euclidean norm |-|. Since m(0) = 0, we have

for all t € (0,T)
t
om(t)| < /
0

+/ ((4a +2)|Dly + (2 + Dffuz| o) [dm[(s) ds
0

dom

o (s)ds < 2o+ 1)T||0ul] ;00

and thus by Gronwall’s lemma,
[0m(t)] < (2a + 1)T[0ul| oo exp (4o + 2)[| D, + (2a + DJuz]| 1)t), T €0, T].
Using this estimate, and plugging it also in (25), we get
[omllwree < C(T, [[ug|| o) [0ul| Lo,
and the conclusion follows. O

Lemma 14. If v; < 72, there exists 6 > 0 such that for all U > 0, if |m(0) + e1| < ¢, then —e; can be
reached in finite time with a control u such that |u| < U.

Proof. Let us introduce m as the solution to (3) with the feedback control term

U  af(—e + (er-m(t))m(t)) + e Amf(t)
V1+a? V1= (m(t) e)? ’

so that the equation on m becomes autonomous, and is well defined as long as m(t) # +e;. Observing

that
e1 — (m-ep)m mA ep
m? Y
V1= (m-e)? /1 —(m-er)?
is an orthonormal basis, one immediately gets that |u(t)| = U for a.e. ¢t € [0,T].
Let m = (mq, m2, m3) be the coordinates of m. From (3), the ODEs satisfied by ms and ms are

u(t) =

rig = —a(v2 —y1)ma — ((y2 — 1)m3 + (v3 — y1)m3)ma] + (11 — v3)mams + va,
g = —af(ys — 71)m3 — (2 = )m3 + (y3 — m)m3)ma] — (11 — y2)mama + vz,

Therefore, by setting m = (mg, ms), it follows that m solves the controlled system

o= A_mm+¢ +7, (26)
where
_ a2 —m)  (n—m)
A- = [ —(2-m) —a(y3—m)
£ = [@((72 —y1)m3 + (3 — y1)m3)ma — (y3 — 11)(1 +m1)ms
N a((y2 —y)m3 + (3 — y)m3)msz + (v2 — 1) (1 + ma)ma|’

and 0 = (v2,v3) where v = (v1,v2,v3) = a(u — (u - m)m) —m A u, which means here

v—U\/1+72\/ e1 +my(t)m(t)) _U\/r 61+1’n1|) (75))’
m(t)[* = (ma(t))? "

14



We infer that & = Uv/1+ a2mym/|m|. Observing that (1 —m1)(1 +my) = |m|? yields, as soon as
my <0, |1+ m1| <|m|? and thus

€= (O] < (1+ [a]) §v4 [m(D) P,

where dvy :=v3 — 1 > 0, and also
n(t
UVt aﬂ%f < UVI+ a2li(t)
m

With these estimates and by taking the inner product of (26) with m, we get

1d
s MO < —UV1+a?[m(t)] +[|A-|,|m(t W+ UV + a2im(t) + (1+ |al) 6y [imn(b)[*,

and
d . N - -
M@ < UV1+a? +[|A-|,lm()] +Uv1+ 2|im(t)]* + (1 + |af) v (1),
Let us introduce 6y € (0,1/2) small enough (depending on U > 0) so that

UV1+a?
(UV1+0? 4 [A-|ly)du + (1+|al) 67 6 < ————. (27)

Then, if |m(0) + e1| < dy, which gives |m(0)| < oy, one has

d UV1+ a?

S < -

as long as |m(t)| < dy. This yields that, for such time intervals, the mapping ¢ — |m(t)| is decreasing.

Therefore, this shows that if §;; satisfies (27) and m(0) is such that [m(0)+e1| < oy, then |m(t)| < dy
for all £ > 0 and that m(t) reaches 0 in finite time. In other words, —e; can be reached in finite time
with a control u such that |u| < U if m is such that [m + e;| < dp.

To conclude, it remains to drop the dependency of § in U. Let us use that —e; is asymptotically
stable according to Proposition 25. Therefore, there exists § > 0 such that, starting from a point
m(0) chosen so that [m(0) + e1]| < J, we can first let the system evolve without control until we obtain
|m(Ty) + e1] < dy for some finite time Ty;. From this moment, we know we can reach —e; in finite
time, whence the expected conclusion. ]

<0,

Recall for the sake of readability that the notation 7 has been introduced in Section 2.1.
Lemma 15. Let y1 < 2 and U > 0 such that Ty < oco. Then there exists € > 0 such that Ty_. < oo.

Proof. Since Ty < oo and according to Theorem 2, there exists u, € L*(0, 7y) such that m.(0) = e;

and m.(Ty) = —e;. Now, let us consider m the solution to (3) associated to the control choice
u= U(fu* for some € € (0,U) to be defined later. From Lemma 13, we obtain
U-—e¢ [l oo (0,7
rm—mwmeMSCH s = U = e < e,
L>(0,Ty)

for some C' > 0.

Since m.(Ty) = —ep by definition, we can take € > 0 small enough so that |m(7y) + e1| < d, where
0 > 0 is given by Lemma 14. From this lemma, we know we can reach —e; in finite time, and since
|u| < U — ¢, this leads to Ty_. < co. O

Lemma 16. 7y is non-increasing with respect to U > 0. In particular, if Ty, < oo for some Uy > 0,
then Ty < oo for all U > Uy.

Proof. This property is an immediate consequence of the definition of 7y and the fact that the sets Oy
are increasing for the inclusion. O
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4.2 Emergence of a threshold

The following result is the most crucial for concluding. It quantifies the asymptotic stability of e; for
the evolution of the magnetization m, with respect to u viewed as a perturbation. It is notable that its
proof not only highlights the emergence of a threshold but also provides an explicit expression.

Lemma 17. Let us assume that v1 < 2. There exists Ugap > 0 depending only on vy3 — 1, v2 — M1
and o such that, for any U < Ustap, the following holds. Let (m,u) be a solution of (3) on [0,+00),
such that uw € L*>([0,00)) and ||ul|;c < U. Then for allt >0, my(t) > 0.

In other words, m remains in the hemisphere with pole ey, and in particular, m can not reach —e;.
One has the same statement if (m, u) are defined on a bounded interval [0,77].

Proof. Let v = a(u— (u-m)m) —mAwu. Then, using that v reads as the sum of two orthogonal terms,
one has |v|* < (1 + a?)U?. Moreover, since |m|* = 1, there holds

Dm-m =y + (72 — 71)7”% + (13 — 'Yl)mg'

As in the proof of Lemma 14, m solves the controlled system

= A+ € + 0. (28)
where
_[alve—m) —(—m)
4= [ Ye—-m  —al -]’ (29)
¢ = {a((’ya —y1)m3 + (y3 = y1)m3)ma + (33 — 1) (1 — m1)mg
a((y2 = y1)m3 + (3 — y)m3)ms — (v2 — 1) (1 — m1)ma|

It is important to note the sign change between A and £ in this context, as well as A_ and £_ introduced
in the proof of Lemma 14. Let v € (0,1] to be fixed later and define

T, =inf{t >0 | |m(t)| > v}.
Our goal is to derive suitable bounds on m, so that for a well chosen v, T, = +o0.

Since m(0) = e; and m is continuous, we know that 7, > 0. Note that one has necessarily
mi(-) > 0 on (0,7,). Then, for all t € [0,T,), using that m is normalized, there holds like previously
0<1—mi(t) <1—my(t)? = |m(t)]* and therefore

€] < (14 |a]) d7+ MO < (14 |a]) d74 17,

where dv4 = v3 —v1 > 72 — 71 =t 07— > 0. On the other hand, thanks to the Duhamel formula on
(28) using the fact that m(0) = 0, there holds

i(t) = /0 exp (£ — ) A)(€(s) + 5(s)) ds

for all ¢t > 0. This, together with the previous estimates, drives to
m(t)] < /OtHexp((t — 5)A), ((1 + a6y + V1 + ofo) ds
< (0l +0) [ o (¢ )A) s
< (1t lal 70+ 0) [ esp (sl ds, (30)
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for all t € [0,T,), where |||, still stands for the operator norm associated to the euclidean norm |[-|.
We will now provide an estimate of the norm of the exponential matrix. Recall that the characteristic
polynomial of A is P4(X) = X? — Tr(A)X + det(A) with

det(A) = (14 a?)éy_ dyy > 0, Tr(A) = —a(dy- + 6v4) < 0.

Its discriminant A reads A = Tr(A)? — 4det(A) = o?(6v, — 67_)? — 46y_0y,. To compute the
eigenvalues of A, we have to distinguish between several cases.

1st case: A > 0. Then its eigenvalues are AL = %(Tr(A) + +/A). Remark that both eigenvalues of
A are negative (according to the signs of the trace and the determinant above) and different from each
other, which means that A is diagonalizable. Therefore, we infer® that

sy SA—sA_ L e sA —sAi Iy

A) =
exp (s4) = e SAy — SA_ c SA_ — sAy

1
== <esA+ (A=A L) — e (A -\, 12))
= \/15 <(e‘(”)‘+ — GSA*)A + (68)‘* Ay — 68)‘+)\,) Ig)
es)\+

- ((1 VRV A4 (VBN AL 12)

_s/A WA
_ geth <1—@A oy Lo
svVA svVA

Thus, using the facts that A_ < A < 0, || 4|, > |A-| and also that the function f given by f(z) = 1=¢—
analytically extended to R is uniformly bounded by 1 on [0, 00), we get

12> + 65)\7 I.

lexp (sA) [l < e+ (s(Ally + [A=]) +1) < e+ (2s]|All, +1).

Hence,

t
/ lexp (s4) ||y ds < A7 (1 = M) + 2| All oA | 721 = (1A ]t + 1))
0
< (1= (Il + 24l A4 %)
< 3(1 = MNIAl A7
and according to (30), one has for all t € [0,7})
()] < B[ Al A+ |72 (1 = ML+ |al)(§r4° + U).

To conclude, we will choose U adequately so that the function z — 3||A|ly|A+| > (1 + |a|)(0y42% 4 U)
admits a fixed point z¢ in (0, 1]. This is possible thanks to the next lemma, whose proof is postponed
to the end of this section for the sake of clarity.

Lemma 18. Let a,b,c > 0. The function x — a~'(bz® 4 ¢) has a fived point o in (0,1] if, and only
if ¢ < awy — ba} where z1 = min{1, /% }.

3Here, the Lagrange interpolation formula is used to compute the exponential of A: for every matrix M € M4(C)
whose spectrum {)\i}lgigd consists of distinct eigenvalues, one has

M — X 14

d
_ Aj
exp(M) = ‘E: e N

Jj=1 i#]
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Remark that if 71 is as in this lemma, one has ax; — bx3 > %awl > 0. Thus, by applying Lemma 18
with the parameters a = |A;|?/(3||Al|y(1 +|al)), b = 074 and ¢ = U, we arrive at the assumption that

A 3 : A+

UL ——F—F—F——x1 —dvyy 2y, with z;:=min<1, .
3[|A[ly (1 + laf) 3VIIAl (1 + |al)ovs

Therefore, based on the conclusion of this lemma, we can set v = xg, and the preceding estimate yields

()] < (1M,

for all t € [0,7,). A continuity argument then implies that 7, = co. In other words, for all ¢ > 0,
Im1(t)] = /1 — [m(t)2 > /1 — (1 — e*+t)2u2 > 0. Now, m; is continuous, so that it keeps a constant
sign. As m1(0) =1, mq(¢t) > 0 for all ¢ > 0, which is the desired conclusion.

2nd case: A < 0. In this case, the eigenvalues are
Tr(A) +ivV—-A
5 .
One more time, the two eigenvalues are distinct, complex conjugate with negative real part. Yet, the
same decompositions as previously can still be applied and there holds
A SA—sA Dy e sA —sAy ]y
SAy — SA_ SA_ —sAy

Ai =

exp (sA) =¢°

1
= (M A A T e (A )
1
—_ (M — e )A+ (e Ay — M) I2>
TRVASYAN (
§TI”(A) is/= isv/— isv/— 15y —
= (T A (e AT D)

[
N|w
g
2

o= a1 s (52 570 s (B,

Thus, we get
exp (sA4)]; < S8 ™ (2] All, ~ Tr(4)) + e T < o3 O (a5 A, + 1),
since Tr(A) = Ay + A_ and |A4| < ||A4||,. Hence, following the same way as in the first case, we get
t
1 _ _
[ e (sl s < (1= 3T (2T £ 8 AT )
< 12(1 = e TN AL Tr(4)]
and according to (30), one has for all t € [0,7})

(1)) < 12] Ally| Te(A)] > (1 — e2 ™A (1 + |a]) (9y40* + U)
Now, by mimicking the reasoning done in the first case, by assuming
Tr(A)? Tr(A
U< r(4) x1 — 0y, 3, with 2 :=min{ 1, r(4) ,
12[|Ally (1 + |af) 6/TAllo (1 + [o])ov+
and taking v = x( given by Lemma 18, the previous estimate leads to

m(t)] < (1 — ez A,

for all t € [0,7,,). Arguing as in the first case, we infer that 7, = oo in this case as well, and then,
mi(t) > 0 for all ¢ > 0.
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3rd case: A =0. In this case, both eigenvalues are equal, one has A = Tr(A)/2 < 0. Note that, in
that case, A— 3 Tr(A) Iy is therefore a non-zero nilpotent matrix, and more precisely (A—1 Tr(A) I,)? =
(sA— $Tr(A)I)? = 0. Thus, there holds

exp (sA) = exp (g Tr(A) Ig) exp (sA — ;Tr(A) I)

= 5 A1, 454 — g Tr(A) ),

which yields

S

s 1 s
lexp (sA)ll, < e2 ™A+ s(|All, — 5 Tr(A)) < 3T+ 25 A],).

The computations are then exactly the same ones as in the second case, and the conclusion follows in
the same fashion. O

Proof of Lemma 18. We are looking for a root z¢ € (0, 1] of the polynomial function f given by f(X) =
bX3 — aX + ¢, whose derivative 3bX? — a is negative for X < \/% =: x9 and positive for X > xo.
The minimum in [0, 1] is therefore reached at z; and, since f(0) = ¢ > 0, there is a root if and only if
f(x1) <0, which corresponds to the assumption in the statement. O

Remark 19. From the proof of Lemma 17, we obtained the following expression for Usyp. Consider
the matriz A defined there in (29), let A = Tr(A)? — 4det(A) the discriminant of its characteristic
polynomial, Ay its eigenvalues chosen so that Ay > A_ whenever A > 0, and §y+ = v3 — vy > 0.

Let

in<1, A+ ] FA S0
= i 3\/||A||2(1+\Ot|)5'y+ Zf

min § 1, Tr(A) else.

64/l Allo (1+|e])ov+
Then 2

P (A

al) 1 v+ 21(A) if A >0
Ustah = T'(A) := 3[IAll2 (1+]a])

2
%xl(m — 0y w1 (A)® else.

Note also that, to complement this result, explicit computations of the quantities involved (like ||All2)
are provided in Appendix C.
We now have all the elements to conclude the:
Proof of Theorem 3. Define
Ugit := inf{U | Ty < oo}.

From Lemma 17, we know that U.j > 0. Lemma 16 proves the second point. To investigate the case
where U = U, observe that, by definition, () has no solution for all U € (0, Uci). Moreover, if
(#)) had a solution for U = Ui, then Lemma 15 would provide a contradiction with respect to the
definition of Ugit. O]

5 Cases with symmetry

In this section, we deal with the two cases when the material satisfies additional symmetry without
being a sphere (in which case the analysis becomes trivial). They correspond to the cases v;3 = v2 < 73

and y1 < 2 = 3.
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5.1 Proof of Theorem 5 (case vy, = 73)

From Theorem 2, we have to investigate the existence of an admissible trajectory for this problem,

in other words, the existence of a control v € Oy and a time T' > 0 such that m,(7T) = —e;. This
property is known to be true as soon as U is large enough according to [3]. But it has to be proved for
smaller U.

Let us assume that 71 = v2. We will prove that, in that case, infr-o A(T) = 0, (with A(7T") defined
by Equation (8)) which will prove that Problem (%) has a solution whatever the value of U > 0.
For ¢ > 0, let us consider a particular trajectory m. of the form m. = (cos(et),sin(et),0). Then, by

defining
. |17 | ? . aln| ?
Fe = 65‘(Dms/\ms)+1+a2 + | €e - Dm. + )

with é. = /||, a straightforward computation yields

2
€
< 52.

f:
142~

We infer that infr-q A(T) < F. < €2 whence the conclusion, since ¢ is arbitrary.

Let us now prove the last point of this result, assuming that from now on v; < 3. Assume that
m3(t) = 0 for all ¢ > 0. Then, Dm = y;m. By contradiction, if such an m is an optimal trajectory,
Proposition 12 is satisfied, and (17) gives

= U(a?+1)1/2 2
ol

By taking the third coordinate, we get ¢3(t) = 0 for all ¢ > 0. Thus, we also get Dy = 1 and (18)
gives
p = —mmAg—D(pAm)—U(a® +1)|p|m.

By taking again the third coordinate, we get
0=-—m(mAp)-e3—D(pAm) -e3=(y3—7)(mAp)- es=(13—71)(esAm)- .

Since 3 > 71, this proves that (e3 A m) - ¢ = 0. However, at t = 0, this means that

0= (es Ae1)p(0) = ¢2(0).
Now ¢1(0) = ¢(0) - m(0) = 0, and we obtained ¢(0) = 0: this is a contradiction with (24).

5.2 Proof of Theorem 6 (case v, = 73)

For this case, we first show that the (PMP) conditions are also sufficient conditions for optimal trajec-
tories :

Lemma 20. Let U > Ugy. Then any trajectory m satisfying the (PMP) ((10)-(13) with p® = —1) is
an optimal trajectory.

Proof. Let m, be an optimal trajectory, and p, the associated adjoint state. By definition, they satisfy
the (PMP) conditions. Now, let (m,p) be a trajectory and its adjoint state satisfying the (PMP)
conditions. Let also ¢ = p — (p- m)m and s = p« — (px - myx)ms. In particular, we know that ¢(0)
satisfies (24) and ¢(0) L m(0) = e, and similarly for ¢, with respect to m,. Thus, there exists
6 € [0,27] such that Rgp(0) = ¢.(0) where Ry is the rotation along e; of angle 0:

1 0 0
Ry=10 cosf —sinb
0 sinf cosf
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On the other hand, since v2 = 3, we have DRy = RyD for all 0, but also Rgf A Rgg = Ro(f A g)
for any f,g € R3. Last, Rgm.(0) = Rge; = e1. Thus, (Rym, Rep) satisfies the same system of
ODEs as (mx, p«) (i-e. (3)-(10) with u(-) or u,(-) satisfying (23)) with the same initial data. By the
Cauchy-Lipschtiz theorem and using the fact that both ¢ and ¢, never vanish thanks to (19), we obtain
(Rgm, Rpp) = (M, px), i.e. (m,p) = (R_gms, R_pp«), and thus the conclusion. O

The following two results exploit in a precise way the (necessary and sufficient) optimality conditions.

Lemma 21. Let U > 0 and (m,p) satisfy the (PMP) conditions ((10)-(13) with p° = —1) and ¢ =
p— (p-m)m. Then, for everyt >0, p(t)- (e1 Am(t)) =0.

Proof. We know that ¢ satisfies (18) and m satisfies (17) with u given by (23). Moreover,

Clo(er Am) =@~ (er Am) + - (ex Ari).

Using the facts that « L m and m L (e; A m), there holds

$-(esAm)=aDyp-(e1 Am)—a(Dm-m)p-(e1 Am)— (DmAp)- (et Am)—D(peAm)-(e; Am)

PoAm)) - (e1 Am),

F o (o A
\/1—1-0(280 |l
p- (e Am)=—ap-(eg ADm)+a(Dm-m)p-(ex Am)+¢-(e1 A(m A Dm))

+U 1—|—a2<p-(61/\ﬁ).

First, we point out that ¢ L m so that ¢ A (o Am) = —|p|*m, and thus (o A (@ Am)) - (e Am) = 0.
Similarly, Uv1 + a?p - (e1 A |—£|) = 0. Then, using the triple product formula, we get

p-(eg ADm)=—Dm- (e1 A @)
(DmAp)-(es Am)=(pA(et Am))-Dm=—(p-e1)(m-Dm),
(mADm)- (et Ap) = ((es Ap) Am)-Dm = (m-e1)(p-Dm).

Moreover, since 5 = 3, we know that, for any vector f € R? such that f-e; =0, Df = yof = 3f.
With the fact that D is symmetric, this leads to

Dy -(e1 Am) =¢-D(eg Am) =yp-(e1 Am),
Dm-(es ANp)=m-D(e1t Ap) =vyam-(e1 Ap) = —y2p - (e1 Am),
D(@Am)-(esAm)=(pAm)-D(es Am)=y(p Am)-(e1 Am).

Last, using again the double product, we have
¢+ (e1 A (m A Dm)) = (p-m)(e1 - Dm) — (- Dm)(ex - m) = (2 - Dm)(e1 - m).
But one has then

(o ex)(m - D) — (9 Dm)(e1 -m) = ex - [(Dm - m)p — (D - )

=—e1- (DmA(mAp))
=—Dm-((mAp)Ne1)=—m-D((mAyp)Ae)
= —y2m- ((mA @) Aer) =y(pAm)- (et Am).
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This means
v-(es AN(mADm))— (DmAg)-(egt Am)—D(p Am)-(eg Am) =0.

Hence,

o lernm)) =0,

The conclusion comes by integration, noticing furthermore that m(0) = e; and thus e; Am(0) =0. O

Lemma 22. Let U > 0 and (m,p) satisfy the (PMP) conditions ((10)-(13) with p® = —1). Let
m = (m1,ma,m3) be the coordinates of m, and define to := inf{t > 0| m(t) = xe1} > 0 (possibly +o0)
and 6 € [0, 7] such that mi = cosf on [0,tg). Then my and 0 satisfy on [0,tg)

1 = a(ye — 7)1 —m3)my — UV 1+ a2y /1 —m?,
0 = —a(y2 — 1) sinb cos + Ur/1 + a2, (31)
Last, tg = 00 if U < Uit and to = Ty if U > Uit

Proof. Let p its adjoint state and ¢ = p— (p-m)m. Then ¢-(e; Am) = 0 from Lemma 21, which means
that ¢ is orthogonal to both m and e; A m for all times in [0, 7Ty7]. Moreover, as soon as m(t) # +e;
(i.e. assoon as t € (0,7Ty)), (m(t),er Am(t), m(t) A(e1 Am(t))) is an orthogonal basis of R?. Therefore,
©(t) is colinear to m(t) A (e A m(t)), i.e. there is A € €((0, ), R) such that

e=AmA (et Am)= )\|:61 —mlm]

Moreover, from (22), we know that ¢ does not vanish, thus neither does A, which has a constant sign.
Then, we also have

e1-@(t) = MO)(1—m3) and |p()] = A®)]y/1 — m,

o) _ . /
e - W = sign(\)y/1 — m3,

with sign(A\) = %1 constant in time. We also have

which leads to

(Dm - m) = y1mi 4+ 72(m3 +m3) = 72 — (2 — 71)m7,
er1-(mADm)=Dm-(egt Am)=m-D(eg Am)=m-7ya(ex Am)=0.

Therefore, the evolution equation on m; is

1 = a(ye — 1) (1 —m?)my +sign(\)UV1 4+ a2y/1 — m3. (32)

On the other hand, we know that m = (ma, m3) satisfies at t = 0:

2o #(0)
m(0) =Uv1+ ozzm,

with @(0) # 0 since ¢(0) - e; = 0 and |p(0)| = U\/11+7 > 0. Since m(0) = (0,0), this means that |m| is

not vanishing on (0, €] for some & > 0 small enough. Since |m|*> = 1, this necessarily means that m? < 1
on (0,e]. Now, we can introduce 6(t) the first angle of the spherical coordinate such that m; = cos,
and we can assume that #(0) = 0 and 6(¢) > 0 on (0,¢]. The angle 6(¢) is then well defined on [0, tg)
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where tg = min{t > 0|m(t) = de1} and 6(t) € [0,7]. Moreover, since m; is €' (due to (32), for
example), 0 is € on (0,tg) as well. Then, on this interval, we can replace m; in (32) by its expression
in terms of 6, which leads to

—0sin® = a(vyy — 1) sin? 0 cos 0 + sign(A)U+/1 + a2 sin 6,

hence
0 = —a(v2 — 1) sinf cos 6 — sign(A\)U /1 + a2,
From this, we also see that 0 is €' at t = 0 with 6(0) = —sign(\)Uv1+a2. As 6 > 0 on [0,1], we
can easily see that sign(\) = —1 (otherwise we would have §(0) < 0). This gives the expected ODEs
on m; and 6, but on [0, ) only.
To conclude, we shall prove that tg = oo if U < Uiy or tg = Ty if U > Uepig, which is equivalent
to prove that m does not reach e; again (up to reaching —e; before), or equivalently that 6 does not

come back to 0 before reaching 7. This follows from the fact that 6 satisfies an autonomous first-order
ODE of the form 6 = f(#) with f(0) > 0. O

We are now in position to prove Theorem 6.

Proof of Theorem 6. Let U > 0 and (m, ¢) satisfying the (PMP) conditions ((10)-(13) with p® = —1).
From Lemma 20 and Theorem 3, we have 2 cases:

e cither U < Ui, and then no trajectory reaches —e; (and so in particular m),
e cither U > Ui, and then m reaches —ej.

Therefore, we shall analyze only the case when U > U,y and m is able to reach —e;. From Lemma 22,
we can define 0(t) € [0, 7] such that m; = cos, and it satisfies (31). Since it is an autonomous ODE of
the form § = f(0) with f(0) > 0, it is easy to prove that 6 is able to reach 7 (which means m; reaches —1
or also m reaches —ep) if and only if f > 0 on [0, 7], where f(z) = —a(y2 —y1) sinzcosz + UV1 + a?.
From this,

UV1+ a?

1.
f(z)>0 Vzel0,n] <= §s1n(2:r)<a(72_71>

Vo € [0, 7]

— U>

«
W(W—’Yl)-

This gives the desired expression of Ueit.
Let us now compute the minimal time in that case. From the ODE (31) satisfied by 6 for the
optimal trajectory, we know that

do

-
v 0 —a(y2—71)sinb cosf +UV1+ a?
de

™
/o —2a(y2 — ) sin20 + UV1 + o2

_/2ﬂ dzr
0 —a(yy—m)sinz 4+ 2UV1 + o?

B 1 /” dx
_2V1+a2 —7 _UcritSinfL"i‘U.
With the change of variable y = tan §, so that dz = 12f52, sinx = %, we get
7 1 /+°° 2dy
U P —
2v/1 + a? — 0 _2Ucrity + U(l + y2)
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dy
N \/1+OZ2 /;OO U( _ U;]rit) + U2 UUc2r1t

U\/ 1+ @2 /oo y + iert
/ UCert /+OO dz
U\/ 1 =+ C¥2 U2— crlt 2 + Uz U(:ert ’

U2-u?
with the change of variable y = \/ — 2. Therefore,

+oo T
Tu = 2 2 / . O
U\/l—i—a2 U Ucrlt 22 +1 AT a2

crlt

6 Proof of Theorem 9: on almost planar trajectories

Let us first state a result based on tedious computations, whose detail is left to the reader.

Lemma 23. Let U > Ui, m be an optimal trajectory and p its adjoint state.
Then ¢ == p A'm = p A m satisfies

éza(D(m/\C)/\m—(m/\()/\Dm)—Dm/\C—DC/\m.

Similarly, denoting Z = (/|C|, then at every point where { does not vanish, one has
Z:PZL[a(D(m/\Z)/\m—(m/\Z)/\Dm)—Dm/\Z—DZ/\m, (33)

where P,y :x— x — (Z - x)Z is the projection onto the orthogonal space to Z.

The proof of the Theorem 9 relies on the following result, establishing the existence of a planar
trajectory joining e; to —e;, without any norm condition on the chosen control.

Lemma 24 (Existence of planar trajectory). For any ¢ > 0, there exists a trajectory of the form
m(t) = (mi(t),ma(t),0) defined on [0,T] for some T, > 0, joining the state e; to —e1 and such that

. 2 . 2
F = <é.(Dm/\m)+ ‘m’2> +<é-Dm+ a’”;‘) <

1+«

for all t € [0, T;]. Furthermore, T <

~

1/e.

Proof of Lemma 24. Define my(t) = cos6(t) and ma(t) = sinf(t), our goal is to define a suitable
function 6, such that 6(0) = 0 and 0(7;) = 7.
Observe that é, Dm, m are coplanar so that é - (Dm Am) = 0. Also

| = 6], €-Dm = sgn(f)(y2 — 1) sin(8) cos(#) = sgn(é)fy2 ; n sin(20).

Hence

N
1 ) N2 — Y1 a\&]
F=——750I"+ ———sin(260) +
{a 22 0] (sgn(@) 5 sin(26) 1 3
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512 a2 —n) 0 2—m)?
10]* + sgn(6) T a2 sin(26)|6] + 1 sin“(26).

1+ a?

This is a quadratic expression in |f]. Assume that § > 0 and let us solve F = 1(v2 —1)*(1 +¢): this
is a polynomial equation of degree 2, whose discriminant reads

(o — ~1)2 N2
A= ((171 a])g) sin2(26) — q +4a2) (2 471) (sin2(20) — 1 — ¢)
(v2 — m)?

- m((l +¢)(1 + a?) —sin?(20)).

Observe that A > 0 for all 8, so that we can choose

- % <—asin(29) + \/(1 +e)(1+a?) - sin2(29)> =: fe(0)

T2 =7 (1 +a?)
fe(6) > % <\/5(1+a2)—|—a2—a) > NEETOET >0,

we infer that this ODE on 6 admits a unique solution 6, strictly increasing such that 6. 2 ¢, and so,
there exists a unique 7. < 1/e such that 6.(7T.) = 7. This provides the desired trajectory. O

~

Let Uplan = % Lemma 24 shows in particular that Uit < Uplan. We are now in position to

complete the:

Proof of Theorem 9. Let ¢ and Z as in Lemma 23: Z satisfies (33). Observe moreover that the equations
on ¢ and Z remain unchanged if one replaces D into D — AI3 for some A € R. We can therefore assume
that the spectral norm of D is | D|| = 252 by taking A = 22391 Then, since |Z| = |m| = 1 and
|IPso|| =1, we get

2| <201+ a)ID] = (1 + a)(rs = ),

On the other hand, according to Lemmas 10 and 24, we know that for all U > Upjan, there holds
To < for some constant C' > 0. Thus, one has

&
UfUplan

C

1206) = Z(To) < (14 )5 = )T < (L el — 1) g

(34)

for all ¢ € [0, T7].We also know that |¢| = |¢|. Thus, by introducing ¥ = ¢/|p|, one gets Z = A'm
and m A Z = 1) since ¢ - m = 0. A straightforward computation yields that the pair (m, 1)) satisfies

Y = a(Dp — (DY - p)Y) — U1+ a2m — Dm A + D(m A1)
= (- D(mAY)) Y — ((mAp) - Dm)m,
m = —a(Dm— (Dm-m)m)+mA Dm+ U1+ a2y. (35)

From estimate (34), we infer that, for U large enough,

Vi e [0,Tu],  |w(t) —m A Z(Ty)| <

S[Is

Putting this in Equation (35) for m, we get some constant C' > 0 such that for all U large enough and
te [Oa TU]v

‘m UVt a?mA Z(TU)( <,

25



which leads to
‘m . Z(TU)‘ < (.

Since m(Ty) - Z(Ty) = 0 by definition and using once again that Ty < ﬁ’ we get for all U large

enough and ¢ € [0, Ty]
C

< —.
- U
However, p(Ty) = ¢(Ty) (since p(Ty)-m(Ty) = 0 from the orthogonality condition) and m(7Ty) = —eq,

and thus the orthogonal space of V is exactly span(Z(7y)), which means that m(t) — Pym(t) =
(m-Z(Tv))Z(Ty). The conclusion easily follows. O

im - Z(Tv)

7 Conclusion

7.1 Extension of our results

It would be natural to extend our study in several directions. On the one hand, we would like to
complete our study of a single ferromagnetic particle of ellipsoidal shape by studying other criteria,
and typically a combination of time and L? cost of control. This problem could read:

Second version of the optimal control problem: case of L? constraints. Let A > 0
and let us assume that mg = e;. The problem reads

)\ T
E\ = inf T+/ t)|? dt, P
0= ol 3 ), ()] (2))

where m,, is the solution to (3) associated to the control function u(-),
or alternatively, if one aims at dropping the effect of the L°° constraint on the control,

Modified second version of the optimal control problem: case of L? constraints.
Let A > 0 and let us assume that my = e;. The problem reads

A T
&) = inf T+/ u(t)|? dt, P
0= el o 3 ), u(t)] (2))

where m,, is the solution to (3) associated to the control function wu(-).

Finally, we also plan to study similar issues for more realistic physical systems, for example a
network of ellipsoidal particles, possibly rectilinear, as in the model introduced in [1].

7.2 Numerical illustrations of our results

We provide hereafter several numerical illustrations of our results. More precisely, we want to determine
numerically the existence or not of an admissible trajectory connecting e; to —ey, in accordance with
what we have found theoretically. Let us first notice that a trajectory m can easily be computed
numerically by solving the ODE (3) with the expression (23) for the control u where the variable ¢ is
given by (15).

To initialize both ODE (3) and (15), m(0) = e; is given, but ¢(0) is unknown. On the one
hand, we overcome this difficulty by noticing that ¢(0).e; = 0, which allows us to have only two
unknowns: ¢2(0) and ¢3(0) to be determined. On the other hand, working with the normalized
variable ¢ = ¢/|¢| enables us to reduce the unknowns to only one angle variable ¥ € [0, 27] such that
(12(0),13(0)) = (cos(?),sin())). ODE (3) and (15) are thus replaced by the system (35).
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Numerically, implement a shooting method to determine ¢ € [0, 27]: namely, for each ¢, we solve
the system (35) on a very large time horizon by a fourth-order Runge-Kutta method and determine if
the trajectory m reaches —e; on a certain time 7.

We list below the numerical results, all obtained with o = 0.6. The initial position e is represented
with a red circle on the sphere and the goal —e; with a green star. Parameters ~;, ¢ and control U
are specified in the caption of each figure. For each one, we have represented the trajectory m on the
sphere as well as the coordinates of m and of the control u as functions of time.

First of all, in the non-symmetric case, a threshold on the control appears. If the control is suffi-
ciently large, there is (at least) an initialization of v (i.e at least one angle ¥) which allows to have an
admissible trajectory represented in Subfigures 2(a)-2(b). On the contrary, if the control is not large
enough, no initialization of ¢ will give an admissible trajectory. We have represented for instance one
of them in Subfigure 2(e)-2(f) with a particular ¥ but be aware that they all have the same behavior
whatever the initialization of : the trajectory remains in the northern half-sphere without enough
control. Figure 2 is thus a perfect illustration of Theorem 3. Note that it also helps to illustrate
Theorem 9 since the larger U is, the closer the trajectory is to a planar trajectory, as we can see by
comparing Subfigures 2(c)-2(d) with a medium control and Subfigures 2(a)-2(b) with a larger control.

Figure 3 illustrates once again the case of control too weak to reach —ey, for other v; parameters.

The symmetric case y; = 72 is shown in Figure 4. Even for small controls (U = 0.7 numerically),
there is (at least) one initialization of v leading to an admissible trajectory reaching —e; in finite
time. This illustrates well Theorem 5: Ugiy = 0 in this symmetric case. When o < 73 (Subfigures
4(a)-4(b)), the admissible trajectories are non planar whereas it is, in the case of a spherical symmetry
(Subfigures 4(c)-4(d)) without changing anything other than the symmetry of the test case. This is
again in accordance with the second statement of Theorem 5.

For the symmetric case y9 = 73, we see numerically in Figure 5 that for small values of U, an
admissible trajectory exists. With the parameters of Figure 5, Theorem 6 gives the following value
for Ueiy = Nﬁ(’}/g — 1) =~ 0.026, which effectively allows to have admissible trajectories for very

small values of U. Note also in Subfigure 5(b) that all admissible trajectories reach the target —e; in
. : : = s ~
a time greater than 14. With the values chosen for Figure 5, NN o 13.58 corresponds to

crit

the minimum time determined in Theorem 6. Here again, we notice the non-planar character of the
trajectory.

7.3 Perspectives

The obtained results provide a complete characterization of the question of the magnetic moment
reversal in minimal time in a simple configuration. Indeed, we have considered here only one ellipsoidal
particle. In order to approach more realistic configurations, we wish to analyze a model in which several
ferromagnetic particles of ellipsoidal shape are combined to form a network. We refer for example to
[1] for a possible model. After having characterized the set of stationary configurations, we will then
ask ourselves the question of controllability in minimal time, in order to go from one stationary state
to another.
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(¢) Admissible trajectory for ¥ = 2.2440, (d) The components of m and u for ¥ = 2.2440, medium control U = 3
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(e) Generic trajectory for ¢ = 0.8976, (f) The components of m and u for ¥ = 0.8976, small control U = 0.1
small control U = 0.1

Figure 2: Non-symmetric test case with (y1;72;7v3) = (0.2;0.5;1), top: with a large control U = 10,
middle: with a medium control U = 3 and bottom: with a small control U = 0.1
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Figure 3: Non-symmetric test case with (71;72;7v3) = (0.0;0.8;1), ¥ = 2.5646 and a small control
U=02
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(¢) Admissible trajectory with v3 = 0.2 (d) The components of m and u with 3 = 0.2 (spherical case)
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Figure 4: Symmetric test case 71 = 72 with (y1;72) = (0.2;0.2), ¥ = 0.3206 and a small control
U = 0.7, top: 3 = 1.0 and bottom: 3 = 0.2 (spherical case)
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(a) Admissible trajectory (b) The components of m and u

Figure 5: Symmetric 2 = 73 test case with (y1;72;7v3) = (0.1;0.2;0.2), ¥ = 2.7925 and a small control
U=0.2

A Computation of the demagnetizing field in a ferromagnetic ellipsoid

sample
It is shown in [17, 10] that the demagnetizing tensor D reads D = diag([y1,72,73]), where the 7;’s are
given by
ajagaz [T dt
Vi = :
o2 Do e+ 2)(a3+ ) (ad + ) (af + )

Such an expression can be rewritten in terms of the elliptic integral of the second kind F, defined by
xr
E(z,p) = / (1—psin®0)/2dh, zecR, pe(0,1).
0
If a1 > as > as, then, one has 0 < v < 9 <73 <1 and these coefficients read

7 =1—7 -3,

Y2 = B - <a3 S - E <a2 a% — a§>>
G-\ @) \ar @ -a))
13 = g <a2_a1a3 E(a3 Cﬁ_a%)).
F-3\* @G- \a -

In the case where a1 > as = ag (prolate spheroid), these formula simplify into

2
_ as 2 2\1/2 ay
= g (o () ).
_ _1-m
Y2 V3 5

In the case where a1 = ag > ag (oblate spheroid), these formula simplify into

a% 2 2\1/2 as T
vy o= — CETELE (af —a3)"/* + azarctan @) — 503 )
m 2 5
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B Stability of steady-states for Eq. (3)

Let us first notice that, if /m is a steady-state of Equation (3) and if no control is applied on this system
(hext = 0), then by orthogonality of the terms in the right-hand side, it satisfies

ho(m) = (ho(m) - m)m and  m A ho(m) = 0.
Therefore, m is an eigenfunction of Dm and we infer that m = £e;, j = 1, 2,3 whenever 11 < 72 < 73.

Proposition 25 (Asymptotic stability). Let v1,72,7v3 be sorted in ascending order v1 < v2 < 73.
Then, in the absence of any control hext, the steady-state tey is an asymptotically stable equilibrium
state for Equation (3). Nevertheless, the steady-states +es and +es are linearly unstable steady-states
for Equation (3).

Proof. Let h = (hl,hg,hg)T € R3 be a small perturbation such that e; + h is still an admissible
magnetization, i.e. on the unit sphere S> C R3. We obtain:

1
ler+hP=1e 1+h)?+h3+hi=1<h = -5 (h3 + h3 + h3) = O(||h]?).

The unknown h; is therefore of second order and does not occur in a linearized system of the first order.
By linearizing Equation (3) around the equilibrium state e, one has, without any control w:

{Hz = a(y1 — y2)he + (71 — 3)hs + O(||h]?),

. (36)
hs = a(y1 — 73)hs + (v2 — 71)ha + O(|[1]]%).

The Jacobian matrix of the linearized system around e; is therefore :

J— (04(71—72) 1~ 3 > .
Y2 — 7 04(71 - ’73)

Since 1 < v2 < 73, one has

det(J) = (& + 1)(y1 —2)(n —3) >0 and  Tr(J) = a(v —12) + (11 —73)] < 0.

We infer that the two eigenvalues of the Jacobian matrix are of negative real parts. The steady state
e1 is therefore linearly stable and is a hyperbolic point (no eigenvalue with zero real part).

The Hartman-Grobman theorem [19] allows to conclude about the asymptotic stability of e; for the
non-linear Equation (3) without any control u. As for —e;, similar computations give the conclusion.
Regarding now the stability of +ex, k = 2,3, notice that a similar computation drives to the following
expression of the Jacobian determinant: det J = (a®+1)(v2—71)(72—73) < 0. The expected conclusion
follows. O

Remark 26. If v1 < v < 73, an eigenvalue of the Jacobian matrix may have a zero real part. In
which case one can conclude that ey is linearly (non-asymptotically) stable, but the Hartman-Grobman
theorem no longer applies to return to the non-linear Equation (3).

C Complement in the case v; < 73: explicit computations of the con-
stants

Let us use the notations introduced in Remark 19. We compute

(14 a?)dv2  —2advy_ §v.

A= —2a6y- vy (14 a?)ey2 ]’
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Tr(A*A) = (1 +a?) (572 + 673) > 0, det(A*A) = (1 — a®)?6v2673 > 0,
and the discriminant of its characteristic polynomial is
Tr(A*A)? — 4det(A*A) = (1 + a?)2(072 + 693)% — 4(1 — a?)?0~26+%
= (1+a®)*(872 = 673)% + 1602072 77
= (14 a®)?(67= — 674)% (67— + d7v4)* + 1607592673 > 0.

and its largest eigenvalue is therefore

(1+a?)(072 +0v3) + \/(1 + a2)2(8y- — 674)2(0v— + 674)? + 16026726~

Al =

On the other hand, when A = o?(6y, — 6v_)% — 45v_6v+ > 0, we have

—a(0vy +07-) + /a2 (6vy — 07-)% — 40y b7y

Ay = >
and therefore, with T' = 57_7_157,,
A _

[Allo (1 + [e)dv+
2
3 (a(1+r) — /a1 -T)2 —4F)
4(1 i
(1l ((1 +a?)(1+4T2) + /(1 +a2)2(T —1)2(1+T)2 + 16a2r2) :

Similarly, when A < 0, we obtain

ITr A|? B
[ ANl (L + af)dy+
V2 a?(1+1)2

(1+ ) ((1+0a2)(1+12) + /T + 22T = 2T +T)2 + 16a7T7)

1
2

Remark also that A = §v% (a2(1 -T)? - 4F). Therefore, if we define

At |? :
7o = J TATL(THao: A 20,
Te(A) if A <0,

A Al A+ oy 7
and then Z; = min (1, @), we obtain that both of them only depend on I' and « and thus so is

po = Fr1 — x3. Last, the conditions on U becomes U < §v, po, which is in agreement with the

invariances on D (invariance by shifting of the ;s, invariance by multiplication of the ;s with respect
to a change of time variable and a multiplication of the external field-control).
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