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Today's floating-point landscape

Bits
Signif. (t) Exp. Range wu=2""
bfloati6 B 8 8 10t%¥  4x1073
fp16 H 11 5  10%° 5x 1074

fp128 Q 113 15 10!4!1! 1><10—I4

e Low precision increasingly supported by hardware

¢ Great benefits:

o Reduced storage, data movement, and communications
o Reduced energy consumption (5x with fp16, 9x with bfloat16)
o Increased speed on emerging hardware (16x on A100 from fp32 to
fp16/bfloat16)
e Some limitations too:

o Low accuracy (large u)
o Narrow range
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Mixed precision algorithms

Mix several precisions in the same code with the goal of
e Getting the performance benefits of low precisions

e While preserving the accuracy and stability of high precision

Terminology varies: Mixed precision, Multiprecision, Adaptive
precision, Variable precision, Transprecision, Dynamic precision, ...
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Mixed precision algorithms

Mix several precisions in the same code with the goal of
e Getting the performance benefits of low precisions

e While preserving the accuracy and stability of high precision

Terminology varies: Mixed precision, Multiprecision, Adaptive
precision, Variable precision, Transprecision, Dynamic precision, ...

How to select the right precision for the right variable/operation

¢ Precision tuning: autotuning based on the source code, my thesis
area: CADNA / PROMISE...

A Does not need any understanding of what the code does
Vv Does not have any understanding of what the code does

e This work: another point of view, exploit as much as possible
the knowledge we have about the code
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Adaptive precision algorithms

e Given an algorithm and a prescribed accuracy ¢, adaptively select
the minimal precision for each computation

= Why does it make sense to make the precision vary?
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Adaptive precision algorithms

e Given an algorithm and a prescribed accuracy ¢, adaptively select
the minimal precision for each computation

= Why does it make sense to make the precision vary?

e Because not all computations are equally “important™!
Example:

Unimportant bits

and small elements produce small errors :

[fl(aop b) —aopb| <ulaopb|,  op€ {+,—* +}

= Opportunity for mixed precision: adapt the precisions to the
data at hand by storing and computing “less important” (usually

smaller) data in lower precision
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Adaptive precision at the variable level?

e Pushing adaptive precision to the extreme: can we benefit from
storing each variable in a (possibly) different precision?
e Example: Ax = b with adaptive precision for each Aj;

o Is it worth it?
Need to have elements of widely different magnitudes
o Is it practical?
Probably not for compute-bound applications, but could it work for
memory-bound ones?
= Natural candidate: sparse matrices
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Sparse matrix—vector product (SpMV)

y = Ax, A€ R™x"
fori=1: mdo
yi=0
for j € nnz;(A) do
Yi =Yi+t ajX
end for
end for

e Standard error analysis for y = Ax performed in a uniform
precision € gives,

Zi—yil <me 30 ai
jennzi(A)

¢ ldea: store elements of A in a precision inversely proportional to
their magnitude (smaller elements in lower precision)
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Adaptive precision SpMV

fori=1: mdo
yi=0
for k=1: pdo
Yi(k) -0
for j € nnzi(A) do
if a;jx; € B then
y,.(k) = y,(k) + ajjx; at precision uj
end if
end for
vi=yi+y"
end for
end for

e Split row / of A into p buckets Bjx and sum elements of Bj in
precision uy

(K k k
e Error analysis: \yi( ) —yi( )| < n,( )”kza,-,-xjeB,-k |ajjxj]
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Building the buckets

(k K K
¢ |yi( )_yi( )l < nl(' )ukZainjGBik |aUXJ|

= Build the buckets such that u)_, . g laijxj| ~ € )_;|ayx|

e By setting Bjx to the interval (¢53;/uks1,20i/uk], we obtain
(K k K ~
7 — y 9 < nNep; and so |7 — yil < nief;

e Two possible choices for j;:

o fB;= Zj |ajixj| = guarantees O(¢) error:
Vi = yil < ned;lajxl Vie{l,..n}
o B; = ||A|lllx]| = guarantees O(¢) error:

lyi = yill < nell All[|x]]

e Smallest elements are simply dropped
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Visualise mixed-precision gains

Matrice dgreen
%10°

0
\ Il dropped
[ bfloatl6

2 I p32
I fp64
a

0 2 4 6 8 10 12
nz = 26606169 %105

For some matrices, many elements can be dropped that leads to
major gains.
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Visualise mixed-precision gains

Matrice imagesensor

o «<10*
Il dropped
[ Ibfloatl6

2 I p32
P64

4

6

8

10
0 2 4 6 8 10

nz = 1446396 «10%

For some matrices, many elements can be dropped that leads to
major gains.
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Visualise mixed-precision gains

Matrice nvl

©10*

Il dropped
[ Ibfloatl6
I fp32
I fp64

nz = 1635003 %104

For some matrices, many elements can be dropped that leads to
major gains.
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Visualise mixed-precision gains

Matrice nv2

%10°

Il dropped
[ Ibfloatl6
N p32
I p64

0 5 10
nz = 37475646 105

For some matrices, many elements can be dropped that leads to
major gains.
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Visualise mixed-precision gains

Matrice power9

0 %10%
Il dropped
[Ibfloatl6
B fp32
I fp64
5
10
15 \ \
0 5 10 15
nz = 1887730 x10*

For some matrices, many elements can be dropped that leads to
major gains.
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SpMV experimental settings

e 33 matrices coming from SuiteSparse collection and industrial
partners with at most 166M non-zeros
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SpMV experimental settings

e 33 matrices coming from SuiteSparse collection and industrial
partners with at most 166M non-zeros
e 3 different accuracy targets:

0 €= 2—24
o €= 2_37
0 =275
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SpMV experimental settings

Various sets of precision formats:

e 2 precisions: fp32, fp64

e 3 precisions: bfloatl6, fp32, fp64

e 7 precisions: bfloatl6, "fp24”, fp32, fp64, " fp40", "fp48", "fp56"

Bits
Mantissa Exponent

bfloat16 8 8
llfp24ll 8 8
"fp40" 29 11
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SpMV experiments

Maintaining componentwise accuracy

107 . 1 ¥ . '
_7.l5=|;‘5§' e R A «  Unif.

5 1077 Adapt. 2 prec.
I~

@ 1077 L T t .
- R e N S E TS IT LA I T Adapt. 3 prec.
S10711 H . v Adapt. 7 prec.
§10‘13 - -2
= .

1015 =2

€=2"%

Matrices

Adaptive methods preserve an accuracy close to the accuracy of
uniform methods.
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SpMV experiments

Maintaining normwise accuracy

105 ey !l:'!:5".'55155","'--" B Unif.

L10—8 [P P S AU S S IR A A R A IR S TR O 4

%10‘10 AR R R A SRR R R R R EE N RN dapt. 2 prec.

A N H PR . I N « Adapt. 3 prec.

_%10—14 Adapt. 7 prec.
Q10710 - -2

“107 -2
10720 c— o

Matrices

Adaptive methods preserve an accuracy close to the accuracy of
uniform methods.
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SpMV experiments

Theoretical storage gains targetting ¢ = 2733 accuracy (fp64)

Accuracy target: € = 2%

—_
(==
(=)

—— Unif. fp64

Adapt. NW 2 prec.
Adapt. NW 3 prec.
Adapt. NW 7 prec.
Adapt. CW 2 prec.
Adapt. CW 3 prec.
Adapt. CW 7 prec.

Storage cost
wrt uniform fp64 (%)
D (0o}
o (o=}

[SCREN
(==

(=)

Matrices

Up to 88% of storage reduction
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SpMV experiments

Actual time gains targetting ¢ = 273 accuracy (fp64)

Accuracy target: € =27
120 —— Unif. fp64
| I Adapt. NW 2 prec.
I Adapt. CW 2 prec.

—
o
(=)

[0.]
S

Time
wrt unif. fp64 (%)

N = D
oo o

(=)

Matrices

Up to 85% of time reduction
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SpMV experiments

Theoretical storage gains targetting ¢ = 2724 accuracy (fp32)

Accuracy target: € = 2

ot
(=)

********* Unif. fp32

40 Adapt. NW 2 prec.
I Adapt. NW 3 prec.
I Adapt. NW 7 prec.
Adapt. CW 2 prec.
|
|

Storage cost
wrt uniform fp64 (%)
(S~ (YN
S S

=
S

Adapt. CW 3 prec.
Adapt. CW 7 prec.

Matrices

Up to 97% of storage reduction
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SpMV experiments

Actual time gains targetting ¢ = 2724 accuracy (fp32)

Accuracy target: e =272

—_
(S~
f=)

,,,,,,,,,, Unif. fp32
I Adapt. NW 2 prec.
BN Adapt. CW 2 prec.

—
(o=
(=

[0.9]
f=}

Time
D
(=]

wrt unif. fp32 (%)

DO =
(=

(=)

Matrices

Up to 88% of time reduction
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SpMV experiments

Theoretical storage gains targetting ¢ = 2737 accuracy
(unavailable in hardware!)

Accuracy target: € = 257

:\;80 Unif. fp48
2 g Adapt. NW 2 prec.
8 860 BN Adapt. NW 3 prec.
g" §40 I Adapt. NW 7 prec.
;% E Adapt. CW 2 prec.
£ 20 I Adapt. CW 3 prec.
g 0 I Adapt. CW 7 prec.

Matrices

We are able to target any kind of accuracy with only natively
supported precisions.
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SpMV experiments

Actual time gains targetting ¢ = 2737 accuracy (unavailable in
g g g

hardware!)
Accuracy target: € = 257
0 : | — Unif. fp6a
5100 5 ¥ ¥ 7 | — Unif. fp32
.3 80 W “LEAE L L ya B Adapt. NW 2 prec.
E:_: 60 / B Adapt. CW 2 prec.
E 10
2 920
0

Matrices

We are able to target any kind of accuracy with only natively
supported precisions.
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Applying adaptive GMRES to iterative solvers

Performance of GMRES rely on SpMV

r=>b— Axgy
B=lIrl2
q=r/B
for k=1,2,...do
y = Aqx
for j=1: k do
hix = gy
y =y — hjiq;
end for

ik = llyll2
Qi1 = ¥/ Prs1k
Solve the least squares problem min¢, ||Hcyx — Ber|2
X = x0 + Quck
end for

How does the adaptive method affect the convergence?
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GMRES-IR experimental settings

e Adaptive SpMV achieve larger speedups for lower accuracy targets

e GMRES-based iterative refinement particularly attractive

1: fori=1,2,...do

2: rr=b— Ax;_1

3: Solve Ad; = r; by GMRES
4: X; = xj_1 + d;

5: end for

e SpMV line 2 in CW adaptive, target ¢ = 2753

e GMRES line 3 experimented with multiple variants
e Use of simple Jacobi preconditioner

e Fixed outside threshold €y, = 2723

e Varying inside threshold ¢j, = 272

o Fixed inside restart to 80 iterations
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Application to GMRES: convergence scheme experiments

GMRES convergence for matrix ML_Laplace

107! —&— Unif. fp32
5 10*f —— Unif. bfloat16 (50%)
& 1070 —e— Adapt. CW ¢, = 272! (77%)
‘§ 10~ ~+ Adapt. CW ¢, = 272 (60%)
< 107 —+— Adapt. CW ¢;,, = 2715 (52%)
@1 —4+— Adapt. CW ¢;, = 2710 (46%)

10713

0 500 1000 1500 2000 2500 3000 3500 4000

Iteration

e With reasonable accuracy targets, adaptive SpMV, does not affect
the confergence scheme

e Choose the best compromise between the iteration cost and the
number of iterations
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Application to GMRES: convergence scheme experiments

GMRES convergence for matrix CoupCons3D

10:; —— Unif. fp32

g 1875 v, | = Unif. bfloat16 (50%)
% 107 © | —— Adapt. CW ¢;, =27 (68%)
2107 ~+ Adapt. CW ¢, = 272 (56%)
E 18::; —— Adapt. CW ¢;,, = 2716 (46%)
10-15 ~+— Adapt. NW ¢;, = 27> (36%)
0 200 400 600 800 1000 “r Adapt. NW e, = 2710 (1%)
Iteration < Adapt. NW €, = 272 (17%)

e For a given €;, value, NW variants achieve a lower cost but a

slower convergence than CW ones

e ¢, = 272 leads to the best NW variant, which converges in 1040

18/14°

iterations with an SpMV cost of 36% of the fp32 uniform one
€in = 2720 leads to the best CW variant, which converges in 320

iterations with a corresponding SpMV cost of 56%
Both options should be considered.



Application to GMRES: convergence scheme experiments

GMRES convergence for matrix Geo_1438

—a— Unif. fp32
—¥— Unif. bfloat16 (50%)

o
f L verer | —e— Adapt. CW e, — 22 (89%)
gl e e Adapt. NW c;, = 22 (61%)
< 10 4
@10 .
1013 Vesesavess
9500 1000 1500 2000 2500 3000 3500 000

Iteration

e Surprising behavior

e Consistently reproduced and occurs for several other matrices in
our set

e Aggressive dropping of small coefficients might lead to a “nicer”
matrix for which GMRES can converge quickly.
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Conclusion: take-home messages

e Adaptive precision SpMV algorithm
o Ruilds computing buckets according to the elements magnitude
o Targets any accuracy
o Matrix-dependent gains

e Application to Krylov solvers

o Reasonable accuracy targets preserves convergence scheme

More info

Thank you! Any questions?
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