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ANALOGUES OF HYPERLOGARITHM FUNCTIONS
ON AFFINE COMPLEX CURVES

BENJAMIN ENRIQUEZ AND FEDERICO ZERBINI

ABSTRACT. For C a smooth affine complex curve, we show the existence and uniqueness of a
minimal (for the inclusion) subalgebra A of the algebra O (C) of holomorphic functions
on its universal cover C, containing the algebra O(C) of regular functions on C and stable
under all the operations f + [ fw, for w in the space Q(C) of regular differentials on C. We
identify Ac with the image of the iterated integration map I, : Sh((C)) = O (C) based
at any point zo of C (here Sh(—) denotes the shuffle algebra of a vector space), as well as
with the unipotent part, with respect to the action of Aut(é’/C)7 of a subalgebra of Ohol(é)
of moderate growth functions. We show that a section of the projection Q(C) — Hig (C)
gives rise to an isomorphism of A¢ with O(C) ® Sh(H}g(C)), leading to the assignment
of a subalgebra H(C, o) of Ac to any such section ¢. When C has genus 0, we exhibit
a particular section oo and identify H(C,o00) with the algebra of hyperlogarithm functions
(Poincaré, Lappo-Danilevsky).
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1. INTRODUCTION

1.1. The context. For S C P} a finite subset with S 3 oo, a natural question is to construct
an algebra of multivalued functions on P¢ \. S, containing the algebra O(PL \ S) := C[z,1/(z —
8),8 € Soo] (where Sy := S\ {o0}) and stable under the antiderivation operation f +— (z —
szD f(u)du) (here zp is a fixed point in C \ S). Such an algebra necessarily contains all the
iterated integrals of the differentials dz/(z — s), s € S, which are the hyperlogarithm (HL)
functions Ly (z), w € S% (where S¥ := U,>0S5% is the set of words in S.,). It was proved in
[Br], Cor. 5.6, that the algebra Ap1 . g := OPLNS)[Ly,w € SZ] is stable under antiderivation,
so that A]P)(l: g is the smallest (for the inclusion) extension of O(P{ . S) with this property.

The HL functions, and hence all the functions of A]P%\ 5, have unipotent monodromies along
the paths encircling the points of S, and one can show that A]p}c s is a union of unipotent
modules (i.e., iterated extensions of the trivial module) over m; (PE \ S).

The theory of HL functions has been notably applied in [Br] to the identification of a set
of periods arising from the moduli space of marked stable genus-zero curves with the set of
multiple zeta values (Goncharov-Manin conjecture). The HL techniques of [Br| led in [Pa] to an
algorithm for expressing a large class of Feynman integrals computing scattering amplitudes! in

quantum field theory in terms of HLs; this was implemented in the software program HyperInt.

1Scattering amplitudes predict the probability of interactions of elementary particles. Feynman integrals are
a useful tool to obtain approximations of the amplitudes.
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Similar questions were studied in genus one. To an elliptic curve E, one attaches an algebra
As containing the function field of F (see [BDDT1], three lines before (3.35)) using iterated
integration. In loc. cit, §6, it is proved that Aj is stable under f +— [ fw, where w is a non-zero
regular differential over E. One can derive from this the construction, for any finite subset S
of E, of an algebra containing O(E ~\ S), which is stable under f — [ fw. Similarly to the
genus-zero case, the functions from A3 arise naturally in the computation of Feynman integrals
(see [BDDT2]).

It is a natural question to construct analogues of the HL functions associated to an arbitrary
affine curve C. Such functions are likely to find an application in the computation of amplitudes,
such as for instance the genus-two contribution to string theory amplitudes (see [DGP]).

In order to treat this problem, it seems convenient to introduce the notion of minimal stable
extension (MSE) of the algebra of regular functions O(C) of C. We fix a universal cover
p: C — C and call stable extension (SE) of O(C) a subalgebra A of the algebra 0} (C)
of holomorphic functions on € which contains p*O(C), and such that for any f € A, regular
differential w on C' and z € C, the function z — f;o f - p*w belongs to A. The intersection A¢
of all SEs of O(C) is again a SE which is minimal for the inclusion, and which we call the MSE
of O(C).

The present paper is devoted to the study of Ac. We show that A is a union of unipotent
m1(C)-modules, contained in an algebra of moderate growth functions over C, and is maximal
with respect to this property (see Thm. 1.1). This leads to the isomorphism of A¢ with an
explicit algebra (see Thm. 1.2). We also relate Ac to the minimal acyclic extension of the
differential graded algebra (dga) Q°*(C) := (O(C) @ Q(C),d) (see Prop. 5.14). As in the cases

of genera zero and one, iterated integration plays a key role in the construction of Ac.
1.2. Presentation of the results.

1.2.1. The main results. Let C' be a smooth complex affine algebraic curve. Let p: C — C be
a universal cover of the analytic curve underlying C. Let O(C) C Onoi(C) be the algebras of
regular functions on C' and holomorphic functions on C, and let Q(C) be the space of regular
differentials on C.

We define a subalgebra Omod(é ) C (’)hol(é’) of moderate growth functions on C. For this, we
consider the smooth compactification C of C, and denote by S := C . C the complement of C
in C, which is a finite set; then C is a universal cover of 16} ~p~1(S). The elements of Oy,04(C)
are the functions of 0,,;(C) whose growth at the neighborhood of p~'(S) is moderate (cf. §2.1
and [Ph]). Let T'c := Aut(C/C); the group I'¢ acts from the right on O,,04(C) C Onei(C), by
fiy == fov. We then set

Vn > O> FnOmod(é) = {f S Omod(é) |V’Ylv sy Yntl € 1—‘07 f|(’ylfl)~--('yn+171) = 0}7

FooOmod(C) = UnZOFnOmod(C)~
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Inspired by [Ch], we also set
(1.2.1)
FOOwa(C) =C, FJ101a(C) :={f € Ona(C) |df € F Oyt (C) - p*Q(C)} for n > 0,

(1.2.2) FrOuoi(C) := FOnei(C) - p*O(C) for n > 0,
as well as
(1.2.3) F2 0301(C) := Ups0F2 0401 (C),  FEOwoi(C) := Ups0FrOpoi (0).

Moreover, iterated integration gives rise, for any z¢ € C, to an algebra morphism

Ixo : Sh(Q(C)) — Ohol(c)v

where Sh(2(C)) is the (commutative, associative) shuffle algebra over Q(C') (see §2.3).
Denoting by F,,Sh(2(C)) the degree < n part of Sh(©2(C)), one then has:

Theorem 1.1. One has the equalities

(1.2.4) FuOpnoa(C) = FiOnot(C), Ly (FuSh(RA(C))) = F Opar(C)
of filtrations of Ono(C) as well as the equalities

(1.2.5) Ac = I, (Sh((C))) = Fa Opoa(C) = FLOnot(C) = FL Opoi(C)
of subalgebras of O (C) (see §1.1 for the definition of Ac).

The first equality of (1.2.4) follows from the combination of Props. 5.6 and 3.17(b), its
second equality follows from Prop. 5.5, and (1.2.5) follows from the combination of Cor. 5.4(c)
and of the equalities between total spaces of filtrations derived from (1.2.4), and from Prop. 5.9.

The proof of Thm. 1.1 relies on results on the action of I'c on the involved spaces, which
might be of independent interest. In order to formulate these results, we denote by CI' the
group algebra of a finitely generated group I' and for n > 0, by EY(CT)’ the set of linear
forms ¢ € (CI')* such that £((y1 — 1) - (41 — 1)) = 0 for all v1,...,7+1 € T Then
(CT') := U,>0Fy (CT)" is a commutative Hopf algebra (cf. Lem. A.8), which is the algebra of
regular functions on the pro-unipotent completion of T' (cf. §D.2).

Following Def. B.1, let us call Hopf algebra with comodule-algebra (HACA) a pair (O, A),
where O is a Hopf algebra, A is an associative algebra, equipped with an algebra morphism
Ay A— O® A, which turns A into a comodule over the coalgebra O.

The right I'c-module structure of Omod(é) induces a I'c-module structure on Foo Omod(é’),
which by Lems. 3.15 and B.8 gives rise to a HACA structure on ((CT¢), FaoOmoa(C)).

The proof of Thm. 1.1 is based on the following result. To state it, one needs to choose
a section o : HIF — Q(C) of the canonical projection, where HIR := Q(C)/d(O(C)) and
d:O(C) — Q(C) is the differential (as C is affine, one has HI? ~ Hl. (0)).
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Theorem 1.2. Let o : HdcR — Q(C) be a section of the canonical projection.
(a) The bilinear form

Powy i CTo x Sh(HIR) = C, v®@a— I, (c(a))(y - zo)
is a Hopf algebra pairing; it induces an isomorphism of commutative Hopf algebras
v(Po.zy) : Sh(HEY) = (CTc)'.
(b) The map
fowo  SWHE) @ O(C) = FusOmoa(C), a® g~ Iy, (o(a)) - p*(9)

s an isomorphism of commutative algebras; moreover, the following equalities hold
(1.2.6)
F-Omod(é) = fcr,zo (F.Sh(H%R) ® O(C)), Ffohol(é) = fa,mo (F'Sh(H%R) ® Ff”UO(C)),

where FI'O(C) is given by F{"*O(C) = C and F{"™O(C) = O(C) (see §3.1).

(¢) (V(Poran)s foran) = (SH(HER), SW(HIR) © O(C)) - ((CTeY, FauOmoa(C)) is a HACA
isomorphism, where the source is equipped with the HACA structure given by the coproduct
Aghaary @ idoc) Sh(H{R) — Sh(HIR) @ (Sh(HIR) © O(C)), and Agh(mary 48 the (deconcate-
nation) coproduct of the Hopf algebra structure of Sh(HZR).

(a) is proved in Prop. 3.12, the first sentence in (b) is proved in Prop. 3.17(a), the first (resp.
second) equality in (1.2.6) is proved in Prop. 3.17(b) (resp. follows from the combination of
Props. 5.2 and 5.5), (c) is proved in Prop. 3.17(a). Note that the second equality of (1.2.6)
may be expressed as FOpo1(C) = fo.zo (FoeSh(HIR) ® C 4 F,_1Sh(HI) @ O(C)).

1.2.2. Further results on Ac. In §4, we give precisions on the local behavior of elements of A¢c,
which may be viewed, since Ac C (’)mod(é), as functions on a universal cover of T . p~1(T)
with moderate growth near each element of p~!(7T') (see Prop. 4.2); in particular, the germs of
the functions of A¢ near each such element are Nilsson-class functions (in the sense of [Ph],
p. 154) of a particular kind.

In §7, we further study the algebra structure of Ac. We show that f, ., (Sh(HI}) ® C) is a
subalgebra of Ae, which is independent of xg (§7.1); we denote it by H(C, o). In Prop. 7.2, we
exhibit a vector space basis of H(C, ¢), and show it to be a basis of Ac as an O(C')-module. For
S C C any finite subset and C' = C \ .S, we exhibit (§7.2) a section o such that H(C \ S, 09)
coincides with the usual algebra of hyperlogarithm functions ([Po, LD]), so that Prop. 7.2 is a

generalization of Cor. 5.6 in [Br].

1.2.3. Further results on HACA structures. The result of Thm. 1.2(c) leads to the following
extension of the notion of filtered formality ([SW1]) to the setting of HACAs. Any Hopf
algebra O is equipped with a Hopf algebra filtration Fy’ O generalizing the already introduced
filtration when O = (CI')’ (see Lem. A.2, [BGF], §3.3.4 and [Fr] §7.2), which gives rise to a
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graded Hopf algebra gr¥(0). We say that O is filtered formal if there exists an isomorphism of
filtered Hopf algebras O — gr¥O, compatible with the filtrations and whose associated graded
is the identity (see Def. C.2); we show that if a finitely generated group I" is filtered formal
in the sense of [SW1], then the Hopf algebra (CT')’ is filtered formal (see Prop. D.18). These
notions extend to HACAs as follows. Any HACA (O, A) is equipped with a HACA filtration
(FY O, F,A), whose first term is the above filtration of O (see Lem. B.3), and therefore gives
rise to a graded HACA (gr¥ 0, grA) (see Lem. C.3). We say that the HACA (O, A) is filtered
formal if there is an isomorphism of filtered HACAs (O, A) — (gr¥” 0, grA), whose associated
graded is the identity (see Def. C.4).

Proposition 1.3. (see Prop. 3.18) The HACA ((CT), FouOmoa(C)) is filtered formal; the
associated graded HACA is (gr¥ ((CT)), grOpmoa(C)), where gr®, gr are graded spaces associated
to the filtrations FS and Fy of (CT) and FaOpmoa(C).

Moreover, in §6 we introduce the notion of connection of a HACA (Def. 6.1); we show that

the HACA ((CT"), FooOmoa(C)) is equipped with a natural connection (Prop. 6.3), and we
compute its pull-back under the HACA isomorphism (v(ps 4, ), fo,z,) (Prop. 6.5).

1.2.4. Further results on I,,. In §8, we obtain an explicit description of Ker(I,,) (Thm. 8.7(a)),
and associate to each section o : HI® — Q(C) a complement Sub, of Ker(I,,) in Sh(Q(C))
(Thm. 8.7(b)).

1.2.5. The main tools. The proof of Thm. 1.2 and Prop. 1.3 rely mostly on a collection of
general results on Hopf algebras and HACAs, which are the subject of Appendices A to D.
The main of these results are Lem. B.17 on the construction and injectivity of a natural
transformation (O, A) + nat(p, 4) relating two functors HACA — Alg,,., where Alg,, is the
category of graded associative algebras, and Prop. B.18 giving criteria for the construction of

isomorphisms of HACAs.

2. MODERATE GROWTH FUNCTIONS AND ITERATED INTEGRALS

We introduce in §2.1 the algebra Omod(é) of moderate growth functions on C, and in §2.2
the space of moderate growth differentials Q,,,,4(C), which is a module over it. In §2.3, we define
the iterated integral morphism I,,, review its standard properties, and relate it to moderate

growth functions.

2.1. Moderate growth functions on C. Let C be a nonsingular affine algebraic curve defined
over C; we also denote by C the underlying Riemann surface. We fix a universal cover p : C — C,
and set T := Aut(C/C). We denote by O(C) := H°(C,O¢) the commutative algebra of
algebraic functions on C' and by Q(C) := H°(C, QL) the O(C)-module of regular differentials
on C. We also denote by Ohol(é‘) the algebra of holomorphic functions on C.
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2.1.1. Moderate growth functions on a disc. Set D = {z € C | |z| < 1}, D* := D ~ {0},
D* := {u € C|¥(u) > 0}, e : DX — D* be the map defined by e(u) := exp(2riu) (we
set i := y/—1), 6 be the automorphism of D* given by 8(u) = u+ 1. For f : M — N a
morphism in the category of complex manifolds, we denote by f* : Opoi(N) — Opoi(M) the
induced morphism between algebras of holomorphic functions. For F = D, D%, D*, we denote
by Opnoi(F) the algebra of continuous complex functions on F' which are holomorphic on its

interior.

Definition 2.1. (see [Ph], Ch. VIII, Def. 1.2) Define O,,00(D*) C Opoi(D*) as the set of
functions f such that there exists an integer n > 0 and a function {(a,b) € R?|a < b} >
(a,b) = C,p € Ry such that |f(z +iy)| < Cype?™Y for (x,y) € [a,b] x Ry

Remark 2.2. If f satisfies these conditions for the pair (n, (a,b) — Cy), then it satisfies it
also for (n+1, (a,b) = Cyp).

Lemma 2.3. O,,0q0(D*) is a subalgebra of Ono(D*), equipped with an action of Z where 1
acts by 0*.

Proof. The constant function ¢ satisfies the conditions from Def. 2.1 with n = 0 and (a,b) —
Cap = |cf; if the function f (resp. g¢) satisfies them with (n, (a,b) — Cyp) (resp. (m, (a,b) —
Dgyp)), then the function f + g satisfies them with (max(n,m),(a,b) — Cqp + Dayp), the
function fg satisfies them with (n + m, (a,b) — Cq Dy ), and the function 6* f satisfies them
with (n, (a,b) — Cat1py1)- O

Definition 2.4. Set O(D*) :={f € Opai(D*)|3In > 0,2"f € Opai(D)}.
Then O(D*) is the algebra of meromorphic functions on D* with only possible poles at 0.
Lemma 2.5. O,,,q(D*)% = O(D%).

Proof. The inclusion O,,0q(D*)% > O(D*) is evident, let us show the opposite inclusion. Let
f € Omoa(D*)%. Then there exists n > 0 and Cp; € Ry, such that |f(z + iy)| < Cp1e>™
for any (z,y) € [0,1] x Ry. Since f is Z-invariant, f € Op(D*), therefore 2" f € Opo (D).
For z € D*, there exists a unique (z,y) € [0, 1[xR4 such that z = e(z +iy). Then |2" f(2)| <
Core2™¥e?™y = (5. By the removable singularity theorem (see [L], Thm. 3.1), 2™ f is the
restriction to D* of a function of O (D), therefore f € O(D*). O

2.1.2. The algebra Op,0q(C) of moderate growth functions.

Definition 2.6. (a) (C,S) is the pair of a nonsingular projective algebraic curve C and a finite
set S of complex points of C such that C = C' . S.

(b) For s € S, s : D — C is an injective holomorphic map, such that 0 + s and ps(D)NS =
{s}; we set U := ¢5(D) C C, so that o corestricts to a biholomorphic map D = Us.
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(c) For s € S, ¢ : D* — (' is the injective holomorphic map obtained by restriction of ¢g;
we set UX 1= Uy \ {s}, so that ¢X corestricts to a biholomorphic map D* = UX.

(d) For s € S, we set UX := p~(UX) and X, := mo(UY); for z € X,, we define stm as the
connected component of U corresponding to .

(e) For s € S and » € X, §5, ¢ D* — C is a holomorphic map with image contained in

Ug, such that po ¢, = ¢ oe. Then ¢, corestricts to a biholomorphic map D* — U}x

The choice of (p;,)ses,zex, is not unique, but any two choices are related by 1[)516 =@l,0
0% where (asz)seszex, 1S in GgesZe.

For any s € S, the group I'c acts on USX, and therefore also on the set X;. The latter
action is transitive, and the stabilizer of any element = € X is a cyclic group, generated by an

element 6, ; € I'c which restricts to an automorphism of UX_, equal to the conjugation of 8 by

s,z

the corestriction of ¢, to an isomorphism D* — UJ, .

Lemma 2.7. There exists a map c : T'c X Xy — Z satisfying the identity c(v'y, x) = e(v',yz) +
(7, ), such that for any (v,x) € I'c x X, one has §5.,, o 6°(r*) = ~ o ¢ (equality of
holomorphic maps D* — C’)

Proof. The existence of a map c satisfying the identity ¢, o ge(r7) = vo gy, follows from the
fact that for any pair of holomorphic maps «, 3 : D* — C such that poa = prXoe=mpof, there
exists n € Z such that 8 = a0 ¢". Then $J , o 60" 1:7) = 4/ o Pl =7 0@F 0 ger®) =
(ﬁ;v’w 0 (" 7®) 6 ge(1:®) which implies the identity satisfied by c. O

Lemma 2.8. (a) For any s € S, the space X X D> is equipped with an action of Do given
by v - (x,d) := (yz,0°")d). The induced right action of T on []
(fz)zGXs Y= (gm)x€X57 where g, 1= (ec(’y’x))*(fvz)

(b) The map [],cq Xs X D* = C, (s,z,d) — ¢ . (d) is T'c-equivariant, its source being

reX, Ohol(ﬁx) 18 given by

equipped with the direct sum of the actions of T'c defined in (a). It induces a T ¢-equivariant
algebra morphism
(2.1.1) D I @) : 0na(C) = P [[ Ona(DX),

seS zeX, seS xeX,

in which the target is equipped with the direct sum over s € S of the right actions from (a).
Proof. This follows from Lem. 2.7. O

Definition 2.9. O,,,4(C) is the subset of Op,4(C) of all functions f such that for any s € S
and = € Xy, ($X,)"(f) € Omoa(DX).

Proposition 2.10. Omod(é) is a subalgebra of Opy(C), stable under the action of T'c.

Proof. This follows from the equality of Oy,,4(C) with the preimage of @ses [[,cx. Omod(f)x)
under (2.1.1), and from the fact that this is a I'c-stable subalgebra of the target of (2.1.1). O
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2.1.3. Computation of Opea(C)FC.

Lemma 2.11. For any s € S, the diagonal embedding O(D*) < [[ ¢ x. Omod(D*) gives rise
to an isomorphism O(D*) ~ ([T,ex. Omoa(D*))'.

Proof. The inclusion of the image of the diagonal embedding in ([],cx. Omoa(D*))FC is ev-
ident, let us prove the opposite inclusion. Let y € X,. The stabilizer of y for the action
of T'e on X, is a cyclic group, generated by an element 6, € I'c such that c(0,,y) = 1.
If now f = (fo)zex, € ([Leex., Omoa(D*))Fe, then f = f - 6,, therefore for any z € X,
fe = (GC(ey’I))*(fgyz), which for z = y implies f, = 6*f,. By Lem. 2.5(b), this implies
fz € O(D*). For any v € I, one has f = f -+, which given the f-invariance of each f, r € X,
implies f; = fy for any x € X,. Since the action of I'c on X is transitive, this implies that

the map x — f, is constant. O
Proposition 2.12. O,,,4(C)'c = O(C).

Proof. Let n > 0. It follows from Prop. 2.10 that (2.1.1) induces a linear and I'¢-equivariant
algebra morphism
(2.1.2) Omod(C) = €D [] Omoa( D).
seS reX,

This map restricts to a linear map Omod(é)rc — (Dses Hzexs (’)mod(DX))FC. The target is
equal to Bses([[,ex, Omod(D*))Fe, which by Lem. 2.11 is equal to @,csO(D*).

On the other hand, Omod(é)rc - @hol(é)l“c = Opei(C). All this implies that Omod(é)rc
is the preimage of GscsO(D*) by the map

@565’(90?)* : Ohol(c) — @SESOhOZ(DX)a
which is equal to O(C). O

One checks that the subalgebra Omod(D) - Ohol(é) is independent of the choice of the
famﬂy (‘ps)ses-

2.2. The module ,,,,4(C) of moderate growth differentials. If M is a complex manifold,
let Q2 _,(M) be the dga of holomorphic differential forms on M. Then Q) (M) = Opo(M). The
assignment M — Qp (M) is a contravariant functor, so a morphism f : M — N of complex
manifolds gives rise to a dga morphism f* : Qp_,(N) — Q3 ,(M). If M is 1-dimensional,
we set Qnot(M) := Qf ,(M); then Qpp (M) is a Ope(M)-module, equipped with a derivation
d: Opot(M) = Qpot(M).

Lemma 2.13. Q,,(D*) is a free rank 1 module over O, (D*) generated by e*(dz/z), so
f f-e*(dz/z) gives rise to a Ohol(ﬁx)-module 1somorphism (’)hol([)x) = Qhol([)x).

Proof. This follows from the fact that dz/z is an invertible differential in Q0 (D), which
implies the same about its pull-back by D* — D*. O
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Definition 2.14. Define Q,,04(D*) := Opoa(D*) - e*(dz/z) as the image of O,,q(D*) under

the isomorphism from Lem. 2.13.
Lemma 2.15. Qmod(ﬁx) is a free rank 1 module over (’)mod(DX).
Proof. The follows from the injectivity of the map Opo1(D*) = Qo (DX), f +— f-e*(dz/z). O

The morphism [[,cq [[,ex, ¥se : [lses [eex, D* — C gives rise to a morphism

(2.2.1) B I @) ma(C) = P ] Qma(DX).

seS zeX, seSxeX;

Definition 2.16. Define Qmod(é) as the preimage of @ cg HIGXS Qmod(f)x) under (2.2.1).

Lemma 2.17. Qmod(é') 18 a module over Omod(é),

Proof. If f € Onod(C), w € Qmoa(C), then fw € Qu(C). If s € S and x € X, then
it (fw) =45 . (f)is (W) € Qmod(D*) where the last relation follows from it (f) € Omoa(D*),

s,T

iy . (w) € Qmoa(D*). Therefore fw € Qpoa(C). O

Since D* is simply-connected, the assignment w — (z — fiz w) is a well-defined linear map
int; : Qhol(DX) — Ohol(DX).

Lemma 2.18. The map int; takes Qmod(DX) to Omod([)x).

Proof. Let w € Qmod(DX). Then there exists f € Omod(DX) such that w = f - e*(dz/z).
Let n > 0 and (a,b) — Cqp be the integer and function associated with f (see Def. 2.1).
Then int;(w) € Ope(D*) is the function u — 2mi [ f(W)du'. Let A > 0 and u = z + iy
with © € [—A, A]; set C4 := C_4 4. Then the path of integration may be chosen as the
sequence of paths i — iy — u = x + iy, therefore [ f(u/)du/ = fiiy fu)du' + fiZHy fu)du' =
LY fGtdt+ [y f(t+iy)dt.

One has |f(it)| < Cae?>™ for t € [1,y], while |f(t + iy)| < Cae*™™ for y € [0, z]. Therefore
i [ f(it)dt] < Cal [ 2™ dt| = Cale*™¥ —e>™|/(2mn), and | [; f(t+iy)e?™dt] < AC ™.

T -
———— + AC4e" ™.

Therefore
u
. /d A
[ sy —

If y > 1, the right-hand side of (2.2.2) is < Ca(A + 1/(27n))e*™ ™ (expressing the absolute
value as its argument as the latter is > 0 and bounding the resulting expression from above

by removing the negative term); if y < 1, the right-hand side of (2.2.2) is < C4e?™/(27n) +

e

(2.2.2) < Cy

AC 4e®™¥ (expressing the absolute value as the negative of its argument as the latter is < 0
and bounding the resulting expression form above by removing the negative term) which is
< Ca(e®™/(27n))e?™Y + AC 2€>™ (as e?™Y > 1), therefore the right-hand side of (2.2.2) is
< (A+ (¥ /(2mn)))Cae?™m.
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Set Dy = (A + (¢*™/(2n)))Ca, then one obtains [i [[* f(u')du’| < Dse*™™ for every
u € [—A, Al +iR%, and therefore

u
’/ w’ < 27D e
i

for any u € [-A, A] +iR}. This shows that u — fiuw satisfies the condition of Def. 2.1 with

the pair (n, (a,b) = 27 Dyax(|al,|5))), and therefore belongs to O,ea(D™). O

Fix a point zg € C. Since C is simply-connected, the assignment w —» (z — fzzg w) is a

well-defined linear map int,, : Qpoi(C) = Opot(C).

Lemma 2.19. The map int,, takes Qmoa(C) to Omoa(C).

Proof. Let w € Qpoa(C). Let s € S and x € X,;. By additivity of the integral w.r.t. the
composition of paths, one has
¢35 ()

(2.2.3) (Pi0)" (inte, (w)) = / w + int; ((5,)"w)

Zo

(equality in Oy (D)), where fi:’”(i) w belongs to C. Since w € Qy0q(C), one has (Prz)*we
Qmoa(D™); it then follows from Lem. 2.18 that int;i((43,)*w) € Omea(D™). Since Opod(D™)
is an algebra containing C, it follows that the right-hand side of (2.2.3) belongs to Oy0q(D*).
Eq. (2.2.3) then implies that (¢7,) (ints, (w)) € Omoda(D*). As this holds for any s € S and
x € X,, one derives int,, (w) € Omod(C). d
2.3. Iterated integrals. Let (Sh(V'), ) be the shuffle algebra associated with a vector space V;
it is isomorphic to the tensor algebra @dZOV‘X’d as a vector space and is equipped with the shuffle
product, which is commutative. It has the decomposition Sh(V') = &4>0Sha(V'), where Shq(V)
is the degree d component V®¢ which is an algebra grading; an element v; ® -+ @ vg € V&¢
will be denoted [v1] - - - |vq] € She(V).

For n >0, let Y : Sh,, (V) — Sh,,_1(V) ® V given by [v1|...,|va] = [v1] ..., |vn_1] ® v, if
n>0,1+ 0if n=0. Let 9V : Sh(V) — Sh(V) ® V be the direct sum of the maps 9} for
n > 0. Then 9 is a derivation of the commutative and associative algebra Sh(V') with values

in the free module Sh(V) ® V' (with action a LW (b ® v) := (a W b) ® v), namely
(2.3.1) OV (awbd) =awdv(b) +bwdY(a)
for any a,b € Sh(V).

Definition 2.20. (a) For zop € C and n > 0, Ig(gz) : Sh,, (Q(C)) = Opoi(C) is the linear map

inductively defined as follows:

e for n = 0, the composition of 1352) with the equality Sh,(©2(C)) = C is the map C —

Ohol(C), 1— 1;
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e for n > 0, IJ(U?) is the composition

Q(C) (n=1) @p* - ~ . ac ~ _inty ~
Sho, (AC)) 7 Shy_ 1 (2AC) @ QC) " Onot(C) @ Dot (C) “F Dor(6) ™5° Opon (),

where the map act is the action map of O (C) on Qpe(C).
(b) The linear map I, : Sh(Q(C)) = Opnei(C) is the direct sum @nzofég).

One has therefore for n > 1 and wy, ... ,w, € Q(C) the equality (in O (C))
(2.3.2) Ly ([wi] - - Jwn]) = inty (L, ([wi] - - - Jwn—1]) - P*wn).
Lemma 2.21. I, : Sh(Q(C)) = O40i(C) is an algebra morphism.

Proof. It follows from Def. 2.20 that for any a € Sh(©(C)), one has
(2.3.3) d(I,(a)) = act o (I, ® p*) (8% (a)).
Let us show inductively on n := deg(a) + deg(b) that for a,b € Sh(Q(C)) homogeneous, one
has I, (aw b) = I, (a) - I, (D).
This is obvious if n = 0. Assume that this holds for total degree < n and let a,b € Sh(Q(C))

be homogeneous, such that deg(a) + deg(b) = n. Then

d(I, (awb)) = act o (I, ® p*) (0N (a W b)) = act o (I, @ p*)(aw (D) + b ) (a))

= act(Iy(a) - (L, @ p") OO (B) + L1y (1) - (L, © )0 ()

= Iy (a) - act((Iy, @ p*) (M (b)) + Ly, (b) - act((Lu, @ p*)(97V (a))

= Lny(a) - d(Iug (b)) + L (0) - d(Iay () = d(Iu, (@) - Ly (D).
where the first and fifth equalities follow from (2.3.3), the second equality follows from (2.3.1),
the third equality follows from the induction hypothesis, the fourth equality follows from the

fact that act is a Ope(C)-module morphism. Since the functions I, (a Wwbd) and I, (a) - I, (b)
both vanish at zg, it follows that I, (a W b) = I, (a) - I, (b) O

Lemma 2.22. For any xg,21 € C, v € T and a € Sh(Q(C)), L, (a)(x1) = Lz, (a)(yz1).

Proof. Tt suffices to prove this for a homogeneous. One argues by induction on deg(a). The
identity is obvious for deg(a) = 0, and the identity for degree n follows from the identity for
degree n — 1, (2.3.2) and the invariance of p*w for w € Q(C). O

Lemma 2.23. (a) The maps ¢* : O(D*) = Opoi(D*) and e* : Q(D*) = Qo (D) have their
images respectively contained in (’)mod(f)x) and Qmod(ﬁx).
(b) The maps p* : O(C) = Opoi(C) and p* : Q(C) = Quoi(C) have their images respectively

contained in Omoq(C) and Qpmod(C).

Proof. (a) Let f € O(D*). There there exist n > 1 and g € O(D) such that f = g/z". Then
e*f =e*g/(u— e(nu)). The function g is bounded on D, therefore there exists C' € Ry such



ANALOGUES OF HYPERLOGARITHM FUNCTIONS ON AFFINE COMPLEX CURVES 13

that for any u € D*, |(e*f)(u)| < C|1/e(nu)| = Ce> ™. So e*f satisfies the condition of
Def. 2.1 with the pair (n, (a,b) — C), so e* f € Opmoa(D™).

Let w € Q(D*). There exists f € O(D*) such that w = f - (dz/z). Then e*w = e*f -
e*(dz/2) € Opmoa(D*) - €*(dz/z) = Qmoa(D*) (see Def. 2.14).

(b) Let f € O(C) and s € S, x € X;. Then it follows from ¢ oe = po@, that (¢2,)" p*f =
e*(pX)* f. Then (pX)*f € O(D*), and (a) then implies e*(0X)* f € Opmoa(D*). It follows that
(PX)p'fe Omoa(D*) for any pair (s, z), therefore by Def. 2.9, that p*f € Opoa(C).

Snnilarly, let w e QC) and s € S, z € X,. Then (¢7,)"p*w = e*(¢)*w, and since
(pX)*w € Q(DX), (a) implies e*(pX)*w € Qmoa(D*). Tt follows that (P)p'w e Qnoa(D*)
for any pair (s, z), therefore by Def. 2.16, that p*f € Qpoa(C). O

Proposition 2.24. The algebra morphism I, : Sh(Q(C)) — Onei(C) has its image contained
in Omoda(C), therefore it induces an algebra morphism I, : Sh(Q(C)) = Opoa(C).

Proof. We prove inductively on n > 0 that im(Ig(cZ)) C Opmoq(C). This is obvious if n = 0.
Assume that 1m(I(" 1)) C Omoa(C). Let wy,...,w, € Q(C). By the induction hypothesis,
I (wi] . wno1]) € Omoea(C), and by Lem. 2.23(b), p*wn € Qmoa(C); since Qumoa(C)
is a module over Omod(é) (see Lem. 2.17), then Izgﬁfl)([wﬂ...\wn,l]) - prw, € Qmod(é).
Lem. 2.19 then implies 1ntr0(I(n 1)([wl\ e wn1]) - p*wn) € Omoa(C). By (2.3.2), the latter
term is Iéo)([wﬂ ... |wn]), therefore I§Z)([w1\ wn]) € Omoa(C), so im(Igﬂf})) C Omoa(C). O

Definition 2.25. If V is a vector space, then Agy(y) is the deconcatenation coproduct on
Sh(V), defined by [v1] -« |vn] = D F_olv1] -« Jvk] @ [vg41] -« |vp] for v, ..., v, € V; it equips

Sh(V') with a commutative Hopf algebra structure.

Lemma 2.26. For z9,z; € C and a € Sh(Q(C)), one has

(2.3.4) L (a) = I, (aM) (1)1, (a?),

(equality in Opmoa(C)), where Agniaoy (@) = aV @ a?.

Proof. The fact that the two sides of this equality belong to Omod(é ) follows from Prop. 2.24.
Let us prove (2.3.4) by induction on the degree of a homogeneous element a in Sh(©2(C)). (2.3.4)

is obvious if a has degree 0. Assume that (2.3.4) is proved for any a of degree < n and let us

prove it in degree n. Let wy,...,w, € Q(C). Then

deo([W1| e |Wn]) = Izo([w1| oo |wne 1 prwp= Z Iy ( W1| ‘Wk])(xl) xl([wk+1| |Wn71]) “prwn

=Y Ly(fwnl .. o)) (@1)dl, (Wil - lwn]) = foo [wil - fwr])(@1) L, ([Wrga] - - - [wnl))-

where the first and third equalities follow from (2.3.2), and the second equality from (2.3.4) in

degree n — 1.
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It follows that I ([wi]. .. |wn]) = Sr=g Leg (w1 - - |wr]) (1) Loy (Wht1] - - - |wn]) € Onat(C)
is a constant function. Its value at x1 is I, ([w1]...|wn])(21), therefore I, ([w1]...|wn]) =
Soro Luo (] - - lwi]) (1) Loy ([wrt1] - - - |wn]), proving (2.3.4) in degree n. O

3. THE ISOMORPHISM OF FILTERED ALGEBRAS fo ., : FeSh(HIR) @ O(C) = FeOpmoa(C)

We start this section by reminders on filtrations (§3.1). We compute the restricted duals
(CT'¢) of the Hopf algebra CT'¢ in §3.2 and Sh(HIR)Y of Sh(HIR) in §3.3. We define a
pairing p,, », between these Hopf algebras in §3.4 and prove in §3.5 that the induced Hopf algebra
morphism v(ps 4, ) is an isomorphism (Prop. 3.12). We define a filtered algebra morphism fy 4,
in §3.6 and use Prop. 3.12 and Prop. B.18(b) to show in Prop. 3.17 that it is an isomorphism.
In §3.7, we use the material of this proof together with Prop. B.18(c) to prove a filtered

formality statement. .

3.1. Background on filtrations. A wvector space filtration of a C-vector space M is an in-
creasing collection FeM = (F, M), >o of vector subspaces of M. The filtration FqM is called
exhaustive if and only if U, >oF,M = M. If Fo M is a filtration of M, then Foo M := U, >oF, M
is a vector subspace of M, called the total vector space of the filtration; then Fy M is an exhaus-
tive filtration of this vector subspace. The associated graded of FgM is the graded C-vector
space gro(M) := @®p>o8r,, (M), where gr, (M) = F,M/F,_1M (with F_1M :=0).

Let f: M — N be a morphism of C-vector spaces and FyeM be a filtration of M. Then f is
said to be compatible with a filtration Fe N on N if and only if f(F, M) C F,,N for any n > 0.
This is in particular the case if FoN is the image of FeM by f (denoted f(FoM)), defined by
F,N := f(F,M) for any n > 0; one then has F,oN = f(F,,M).

Lemma 3.1. If M, N are filtered vector spaces and f : M — N 1is a linear map compatible
with the filtrations, and such that gry(f) : gre(M) — gry(N) is an isomorphism of graded vector
spaces, then the maps F,, f : F,M — F, N for anyn >0, as well as Foof : Foo M — Fo N, are

linear isomorphisms.

Proof. Let us prove the first statement by induction on n > 0. The map Fyf : FoM — FyN
is the composition of the isomorphisms FoM =~ gr M, grqN ~ FyN and gry(f), which is an
isomorphism, therefore Fyf : FyM — FyN is an isomorphism of vector spaces. Let n > 0 and
assume that F, f is an isomorphism of vector spaces. The image of Ker(F,1f) C Fry1 M —
gr,.1M is contained in Ker(gr, ,f) which is 0 by assumption, so this image is 0, which
implies that Ker(F,,1+1f) C F, M; the restriction of F,,+1f to F, M coincides with F}, f, which
by the induction hypothesis is injective, therefore Ker(F,11f) = 0, so F,41f is injective.
For y € F,41N, let i be its image in gr, ;N. By the surjectivity of gr, ,(f), there exists
a € gr, . M with image 7 by gr,, , (f). Thenif x € F,, ;1M is any lift of , one has Fy, {1 (z) =y
mod F,N. Then y — F,,11(z) € F,N. Since F,f : F,M — F,N is surjective, there exists
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xo € F,, M such that F,,(z¢) = y— Fy+1(z). Then y = F,,(x+x¢), which implies the surjectivity
of Fi,41f. It follows that F,,;1f is an isomorphism, proving the induction.

One has Ker(Foo f) = Up>o(Ker(Fioo f)NF,, M) = Up>oKer(F, f) = 0, where the first equality
follows from FoM = Up>oF, M and the last equality follows from the injectivity of Fj, f for
n > 0; this shows the injectivity of Fi.f.

For any n > 0, one has Im(F M) D Im(F,,M), and Im(F,,M) = F,,N by the surjectivity of
F.f. Then Im(F,uM) D Up>0F, N = FoN, which shows the surjectivity of Fo f. It follows

that F f is a linear isomorphism. O

If FoM and F N are filtrations of C-vector spaces M and N, then a filtration Fo(M @ N)
of their tensor product M ® N is defined by Fr,(M @ N):= 3" . _, F},,M @ FyN; we denote it
by FeM ® FoN, and we call it the tensor product of FeM and FeN.

An algebra filtration of a C-algebra A is a vector space filtration Fy A of A, such that F, A -
F,A C FymA for nym > 0. Then F A is a subalgebra of A, called the total algebra of the
filtration; gr,(A) is then a graded algebra. If f : A — B is an algebra morphism and F,A is
a filtration of A, then f(F,A) is an algebra filtration of B. If Fy A and F,B are filtrations of
C-algebras A and B, then F, A ® F,B is an algebra filtration of A ® B.

An example of a filtration of an algebra A is the trivial filtration FI"* A defined by FI" A = A
for any n > 0. If A has a unit, another example is the unit filtration F¥™"A defined by
Fgnt A = C1 and F'"*A = A for any n > 0.

Similarly, a Hopf algebra filtration of a Hopf algebra H with coproduct Ay is a vector space
filtration FoH of H, which is an algebra filtration and such that Ay (F, H) C 32 . FyH®
F,H for any n > 0. Then F, H is a Hopf subalgebra of H and gr,(H) is a graded Hopf algebra.

3.2. Computation of (CT'¢)’. In §D.1, we recall the category CHA of complete Hopf algebras
(CHAs) and the functor HA ., — CHA, H — H” with source the category HA o, of

cocommutative Hopf algebras.

Lemma 3.2. IfT is a free group, there is an isomorphism (CD)" ~ T(T*® @ C) of CHAs, where
for V' a vector space, T(V) is the CHA defined as the degree completion of the tensor algebra

of V', where the elements of V' are primitive.

Proof. By assumption, I is the free group over a set X. Let (7;)zex be the corresponding
generating family. Then I'*’ ® C = CX; let (v, )zex be the canonical generating family of CX.
The assignment v, — exp(v;) (defined as Y, -, vS"/n!) for # € X defines a group morphism
I' — T(CX)*, therefore an algebra morphism CT — T(CX), which is checked to the compatible
with coproducts. It is compatible with augmentations, therefore gives rise to a CHA morphism
(CT)" — T(CX). The assignment v, + log(7,) (defined as 3°, o, (—1)" (v, —1)"/n) for z €
X defines a linear map CX — (CI')", therefore an algebra morI;hism T(CX) — (CI')", which

is checked to be compatible with coproducts. It is compatible with augmentations, therefore
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gives rise to a CHA morphism 7(CX) — (CI')”. The two constructed CHA morphisms are

checked to be inverse to one another. O

In §D.1, we define a subcategory HA ¢4 of finite-dimensional Hopf algebras of the category
HA of complex Hopf algebras, and a duality functor HA;; — HA, H — H’. When H is the
group algebra of a finitely generated group, H' is as in §1.2.1 (definition following Thm. 1.1).

Lemma 3.3. Let ' be the free group over a finite set of generators. Then CI is an object in
HA ;4 and there is a Hopf algebra isomorphism (CI') ~ Sh((T® @ C)*) (we denote by V* the

dual of a vector space V).

Proof. In this proof, we set V := I'* ® C. The first statement follows from the finite generation
of T'. It implies that (CI')" is an object in CHA f4, and by Lem. D.7, the duals (CT')" and
((CT)M)Y are well-defined isomorphic objects in HA ¢co-

By Lem. 3.2, the CHAs (CI')" and T(V) are isomorphic. Since (CT)" is an object in
CHA f,, so is T(V), so (CT')" and T(V) are isomorphic objects in CHA ;4. By Lem. D.5(b),
this gives rise to an isomorphism ((CI)") ~ T(V)
there is an isomorphism T'(V')’ ~ Sh(V*).

The result follows by composition of these isomorphisms. O

in HA .,co. Since V is finite dimensional,

Remark 3.4. Lem. 3.3 is proved in [BGF], §3.125 when |X| = 2.

3.3. Computation of Sh(V)¥. In §A.1, we equip each Hopf algebra H with a Hopf algebra
filtration Fy H; this construction gives rise to an endofunctor H — HY of HA.

For V a vector space, let FoSh(V'), be the algebra filtration corresponding to the grading of
Sh(V'); one has F,,Sh(V') := &}_,Shq(V) for n > 0.

Lemma 3.5. Let V' be a vector space.
(a) Forn >0, the subspace FYSh(V) of Sh(V) (see Def. A.1) is equal to F,Sh(V).
(b) One has Sh(V)¥ = Sh(V).

Proof. (a) Recall that FYSh(V) is the kernel of the map (id — en)®"*! o A+ : Sh(V) —
Sh(V)®"+! where we denote by €, 7, A the structure maps of Sh(V'). Since (id—en)®@" 1o A+
is graded, its kernel is the direct sum of the kernels of its restrictions to the various homogeneous
components of Sh(V'). For d > 0, let Shq(V') be the degree d component of Sh(V'). One checks
that the restriction of (id — en)®"+! o A"+ to Shy(V) is zero if d < n. On the other hand,
for k > 0, let prY : Sh(V) — Shy(V) be the canonical projection. Then one checks that for
d > n + 1, the composition

id—en)®ntloA(n+1) ry ryyen
Shy(V) = Sh(v) W7D LA g (pry@nin PGP gy gy g pen
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is the deconcatenation map corresponding to the partition (d—n, 1, ..., 1) of d, which is injective.
This implies that the restriction of (id —en)®" 1o A +1) to Shy(V) is injective. So FYSh(V) =
@l _,Shq(V) = F,Sh(V).

(b) follows from (a) and from {J, 5o F5»Sh(V) = Sh(V). O

3.4. A Hopf pairing p, ,, : Sh(HIF) ® CT'¢ — C.

Definition 3.6. p, ;, is the linear map CI'c ® Sh(HIR) — C such that y®a — I, (c(a))(yzo)
for v € T'¢, a € Sh(HIR),

Lemma 3.7. The pairing py ., : Cl'c ® Sh(HIR) — C is a Hopf pairing (in the sense of §4.3).

Proof. Let py.z, : Cl'c ® Sh(HER) — C be the map defined in Def. 3.7. For any 7,7’ € I'c and
a € Sh(HZR), one has
(341)  Pow(17 ) = Ly (0(a))(317'0) = Ly (0(0)) (120) Ly (0 () (12 0)

= Ly, (0(aM)) (v20) Ly (0(a'®)) (720) = Do (7,6 )P 2o (7, ),

where the second equality follows from Lem. 2.26 and the fact that o : Sh(HIR) — Sh(Q(C))
is a Hopf algebra morphism, the third equality follows from the invariance of the image of I,

by the diagonal action of I'c (see Lem. 2.22); and the first and last equalities follow from

definitions.
Denote by L the product in the algebra Sh(HR). Let v € T¢ and a,a’ € Sh(HR). Then
(3.4.2) Powo(V,aWwa’) = Iny(o(awa’))(v20) = Lo, ((a)) (Y20) Lay (0 () (y0)

= Do,z (’Y» a)pd,xo (’7) a/) = Po,xo (7(1), a)pa,xo (7(2)7 al)
where the first and third equalities follow from definitions, the second equality follows from the
facts that o : Sh(HER) — Sh(Q(C)) and I, : Sh(Q(C)) — Onei(C?)F'e are algebra morphisms,
and the last equality follows from the group-likeness of v for the coproduct of CI'¢.
The equalities (3.4.1) and (3.4.2) imply the statement. O

3.5. Proof that v(p, ,,) : Sh(HF)Y — (CI'¢)’ is a Hopf algebra isomorphism.

3.5.1. Construction of a Hopf algebra morphism Sh(HER) — Sh((H2)*). Denote H;(C,Z) the
first singular homology group of C with integer coefficients and set HZ. := H;(C,Z) ® C.

Lemma 3.8. There is a Hopf algebra isomorphism (CI'c)’ ~ Sh((HE)*).

Proof. Since C' is an affine curve, the group I'c is free. Lem. 3.3 then implies that (CT¢)’ is
isomorphic to Sh((I'% @ C)*). The choice of a point ¢ in C' induces an isomorphism I'c =~
m1(C, zp), whose conjugation class is independent on this choice; this isomorphism induces an
isomorphism I'% ~ 7,(C,z¢)%® = HP(C,Z) also independent on this choice, from which one

. . b -~ B
derives an somorphism I'}’ ® C ~ Hg. d
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Definition 3.9. ¢, ., : Sh(H?) — Sh((H2)*) is the Hopf algebra morphism obtained by
composition of

(a) the Hopf algebra isomorphism Sh(HR) = Sh(HIR)Y (see Lem. 3.5),

(b) the Hopf algebra morphism v(p,,) : Sh(HIR)Y — (CT'¢)’ arising by Lem. A.11 from
the Hopf algebra pairing p, 4, (see Lem. 3.7),

(c) the Hopf algebra isomorphism (CT'¢)’ ~ Sh((HZ)*) (see Lem. 3.8).

3.5.2. A criterion for a Hopf algebra morphism Sh(V) — Sh(W) being an isomorphism.

Lemma 3.10. Let VW be vector spaces and let f : Sh(V) — Sh(W) be a Hopf algebra
morphism. Then f(V) C W where V,W are the degree 1 subspaces of Sh(V'),Sh(W'). Denote
by gr?(f) : V. — W the corresponding linear map. Then f is a Hopf algebra isomorphism if

and only if gr?(f) is a vector space isomorphism.

Proof. Since f is an Hopf algebra morphism, Lem. A.4(c) implies that it induces a linear map
FOf: FOSh(V) — FYSh(W) for any n > 0. Whenn = 1, F} f is a linear map Ca&V — CHW.
The compatibility of Flv f with the units and counits on both sides implies that Ffp f is the
direct sum of id¢ : C — C and a linear map V' — W, which can be identified with the associated
graded of f for the filtration F .

If f is an Hopf algebra morphism, then for each n > 0, FY f : EYSh(V) — FYSh(W) is a
linear isomorphism, which when n = 1 implies the same for idc ® gr? (f), which implies that
gr?( f) is a linear isomorphism.

Assume now that f : Sh(V) — Sh(W) is a Hopf algebra morphism such that gry (f) is a linear
isomorphism. The associated graded map grg f : grySh(V) — grdSh(W) can be identified,
under the canonical isomorphisms grySh(X) ~ Sh(X) for X = V,W (see Lem. 3.5(a)), with
Sh(gry (f)), which is an isomorphism of graded vector spaces. Since the filtrations FY in the

source and target are exhaustive and by Lem. 3.1, this implies that f is an isomorphism. [

3.5.3. Isomorphism status of the linear map gry (¢o.zo) : HI — (HE)*.

YTo

Lemma 3.11. (a) Let 2o € C. The pairing Jer, @ Q(C) — C given by (y — 1) @ w — fmo w
forv €Te, we Q is independent on xg. It factors through a pairing

(3.5.1) HE @ HE = Jer /Jér, ® (2(C)/dO(C)) — C.
(b) The linear map HR — (HB)* induced by (3.5.1) is equal to g1y (qo.u,) : HIR — (HB)*.
(¢) The linear map gry (¢o.zy) : HR — (HB)* is an isomorphism.

Proof. (a) If zg,z; € C, v € T¢ and w € Q(C), then fgfl w— [T*w= ([~ [T =0 by

xo Z1 YT

the I'c-invariance of w; this implies the claimed independence. If v,+" € I'c and w € Q(C),

!’ ’ 7 !’
xr xr T xr xr .
then ()7 — [7 — [T %)W = ( ;go — [, "")w =0 by the same reason; since the clements
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(v —1)(7' — 1) generate J&p,, this implies the claimed factorization. The equality follows from
gr’(Cle) =T% ® C = HE (see [Q2]).

(b) Let O, H be Hopf algebras with gr!(H) finite dimensional and let p: O ® H — C be a
Hopf algebra pairing. By Lem. A.11, p gives rise to a Hopf algebra morphism v(p) : O¥ — H,
and by Prop. A.4(c), this morphism is compatible with the filtrations Fy on both sides. For
any n > 0, the restriction of p to FiYO ® H induces a pairing FYO ® (H/F"*'H) — C, which
gives rise to a linear map FYO — (H/F"t'H)* = F,H*; composing this linear map with
the identification from Lem. A.9 gives rise to a linear map FvO — FYH', which is equal
to FYv(p). The morphism v(p) is compatible the augmentation maps eo, €5, therefore gives
rise to a linear map FYO N Jo — EYH' N Jg, which for n = 1 coincides with gry (v(p)). It
follows that gry (v(p)) may be constructed as follows: the restriction of p to (Fy’ONJo)® F'H
induces a pairing (FyONJo)® (F*H/F?H) — C; then gry (v(p)) is the induced map gry (0) =
FP’ONJo — (F'H/F?H)* = gry (H').

It follows that gry (v(p)) : HIF = gry (Sh(HIR)) — gry ((CT)) = (I'% ® C)* is induced by
the restriction of p, 4, to H%R ® Jer. This restriction coincides with the lift of (3.5.1) since o
is a lift of the projection Q(C) — H3R. The statement follows.

(c) The pairing (3.5.1) coincides with the period pairing for C, which is nondegenerate. It
follows that the map HI® — (HB)* induced by (3.5.1) is an isomorphism. The statement then
follows from (b). O

3.5.4. Proof that v(py. ) : Sh(HIR) — (CT¢)’ is a Hopf algebra isomorphism.
Proposition 3.12. v(p,4,) : Sh(HR) — (CI'¢)’ is a Hopf algebra isomorphism.

Proof. By Lem. 3.11(c) and Lem. 3.10, g5z, is a Hopf algebra isomorphism. By Def. 3.9,
V(Po.z,) is obtained from ¢, ., by pre- and post-composition with Hopf algebra isomorphisms,

which implies that it is a Hopf algebra isomorphism. O

Remark 3.13. Prop. 3.12 may be related to Chen’s 71 theorem as follows. Let (H3 (C), €¢riv)
be the augmented dga with H3g (C) := C & HI? with zero differential and &4y, : H§5 (C) — C
the projection in degree 0, and let (£°(C),e,,) be the augmented dga of smooth differential
forms on C, with &,, given by evaluation at z¢. Then the dga morphism H3y(C) — £°(C)
induced by o is compatible with the augmentations, therefore it induces an isomorphism of
commutative Hopf algebras H(B(HSg (C),etriv)) — H(B(E°(C),e4,)), where H(B(—)) is
the zero-th cohomology of the bar-construction of an augmented dga. The combination of
this isomorphism with the Hopf algebra isomorphisms H°(B(HSg(C), etriv)) ~ Sh(HR) and
HO(B(E*(C),e4,)) =~ (CT¢)" (by [BGF], Thm. 3.150) is the Hopf algebra isomorphism from
(a).

3.6. The isomorphism of filtered algebras f, ., : FeSh(HI) @ O(C) = FuOy0a(C).
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Lemma 3.14. The map fo », : Sh(HE)QO(C) — Opmoa(C) such that fo . (a2 f) = L, (a)-p* f
is an algebra morphism.

I @p* m .
Proof. Follows from the decomposition of f, ., as Sh(HIF) ® O(C) "ogP Omod(C)®? Omga ()

Omod(C), where Mo, (&) 18 the product map of O,,,4(C) and from the algebra morphism

status of Iy, p* and mg (&) (the latter coming from the commutativity of Op,0q(C)). d

d

In App. B, we introduce the notions of Hopf algebras with comodule algebra (HACA) and
Hopf algebra with module algebra (HAMA). Then by Prop. B.18(a), the algebra O(C) and
Hopf algebra Sh(H3R) give rise to a HACA structure (Sh(H$R), Sh(HIR) ® O(C)); on the other

hand, a HAMA structure is constructed as follows.

Lemma 3.15. The pair (Onmoa(C),CT¢) is equipped with a HAMA structure.

Proof. This structure is induced by the right I'c-structure of Op,04(C) (see Prop. 2.10). O

In App. B (see Def. B.12), we also introduce the notion of pairing-morphism from a HACA
(0, A) to a HAMA (B, H), and denote by PM((O, A), (B, H)) the set of such structures.
Recall the Hopf algebra pairing py ., : Sh(HF) ® CT'¢ — C (see Lem. 3.7).

Lemma 3.16. (po.zq. fo.z,) € PM((Sh(HI), Sh(HIR) © O(C)). (Omoa(C). CTe)).

Proof. By Def. B.12, the identity to check is

(Izo (a‘)p*(f))l’y = Izo (a(2))p*(f)pa,:ro (7 & a(l))
for any a € Sh(HIR), f € O(C) and v € T'¢, using the notation Agpaary (@) = a® ®a®. This
follows from the invariance de p*f under the action of I'c and from the identity I.,(a), =

Ly (@) py 4o (v © aV)) which is proved as follows: for any = € C, one has

Ly (@)} (@) = Lo (@) (72) = Lug (@) (720) Ly (a®)) (1) = oy (v © D) L (aP) ().
where the second identity follows from Lem. 2.26 and the third identity follows from the
definition of p, ;, and Lem. 2.22. O

By Lem. B.8, the HAMA structure (O,,0q4(C),CT¢) gives rise to an algebra filtration

F.Omod(C) of Omod(C).

Proposition 3.17. (a) (V(po.z,), fo.ze) induces an isomorphism of HACAs (Sh(HER), Sh(HR)®

O(C)) — (((CFC)/a Fooomod(c))
(b) fo.z, induces an isomorphism of algebra filtrations FoSh(HIR) @ O(C) — FeOrmoa(C).

Proof. Set a := O(C), O := Sh(HF), B := Opmoa(C), H := CT¢, (B, H) be the HAMA
structure induced by the action of T on C; it is an object in HAMA ta since I'c is finitely
generated. Set p := py s, € Pair(O,H), f := f,4,- By Lem. 3.16, (p, f) € PM((0,0 ®
a),(B,H)). By Prop. 3.12, v(ps.4,) : Sh(HI)Y — (CI'¢) is a Hopf algebra isomorphism
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and by Prop. 2.12, f, ., induces an algebra isomorphism C ® O(C) — Op0a(C) . The
assumptions of Prop. B.18(b) are therefore satisfied. The conclusion follows by applying this
lemma. O

3.7. Filtered formality of the HACA ((CT¢), FoaoOpmod(C)). In §C.2, we introduce the
definition of a filtered formal HACA.

Proposition 3.18. The pair ((CT¢)’, FooOmod(C)) is filtered formal.

Proof. 1t follows from the proof of Lem. 3.17 that the data

(3.7.1)  (0,a) = (Sh(HEY),0(C)), (B, H) = (Omod(C),CTc), (0, f) = (Powos foa)-

satisfy the hypotheses of Prop. B.18(b),(c). The statement is then a consequence of Prop. C.5.
O

4. LOCAL EXPANSION OF THE ELEMENTS OF Foo(’)mod((:*)

By §2.1.1, one may view wu,z as elements of Ohol(ﬁx) and Opy (D) respectively, such
that e*z = e(u). We therefore use the notation e*logz for 2miu. Recall the action of Z on
Omoa(D*), where 1 acts by 0* (cf. Lem. 2.3). Let us denote by FoOpuoq(D*) the algebra
filtration of Omod(bx) induced by this action according to Def. B.7 and Lem. B.8.

Lemma 4.1. The algebra morphism O(D*)[X] — Opmoa(D*) given by f — f for f €
O(D*) and X +— e*logz induces an isomorphism between the algebra filtrations FeO(D*)[X] of
O(D*)[X] given by F,O(D*)[X] := O(D*)[X]<n forn >0 and FoOpoa(D*) of Opmoea(D*).
In particular, one has FaoOmoa(D*) = O(D*)[e*logz] (equality of subalgebras of Opmoa(D)).

Proof. Let us denote by can : O(D*)[X] = Opoa(D*) the algebra morphism from the state-
ment. The image of @(D*) by can is contained in FyO,,0q(D*) and the image of e*logz by
can is contained in FyO,,,q(D*) since (8* — 1)3(e*logz) = (6* — 1)(1) = 0, therefore for any
n >0, can(F,O(D*)[X]) = can(O(D*)[X]<n) C FOpmoa(D*). Therefore can is compatible

with the algebra filtrations in its source and target. Let
gr(can) : O(D*)[X] — gr(Omoa(D*))

be the corresponding graded algebra morphism. Its restriction to the degree 0 part of its source
is given by O(D*) 3 f — f € O(D*) = FyOpoa(D*) = gryOmoq(D*) and it is such that
O(D*¥)[X] 3 X  [e*logz] € gr;Omoa(D*) (degree 1 elements).

Let n > 0. By Lem. B.8(b), the linear map p, : FnOmod(f)X) — OmOd(DX) given by

f = (6*=1)"(f)/n! has its image contained in FyOy,0q(D*), whereas the image of the subspace

F,—10,04(D*) by this map is zero.
Under the identification CZ ~ C[X, X '] with X group-like, the ideal F,,CZ is identified

with ((X — 1)™), therefore Ker(u,) = Ann((6* — 1)) = Ann(F,CZ) = F,,_10pmea(D*). Tt
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follows that s, induces an injective linear map g/, : gr,,(Omoa(D*)) = FoOmoa(D*). where
by Lem. 2.5, the target space is equal to O(D*).

Define a graded linear map
1 8r(Omoa(DX)) = O(D*)[X]

by p(a) == pl(a)X™ for a € gr,(Omoa(D*)) and n > 0. As u is a direct sum of injective
maps, p is injective.

Let us show that for n,m > 0, the diagram

(4.0.1) FoOpoa(D*) @ FiOumoa(D*) "2 0(D*) © O(DX)
Fnomod(DX) B O(DX)
iu‘n-f—m

is commutative, where the vertical maps are given by multiplication. The relation

(4.0.2) “%j@i@?” e BV o XU L (X —1)")@CX, X +C[X, X Yo (X -1)"*)

in C[X, X~1]%? is a consequence of the relation

(VDT (Y0 (YT g ()
(n+m)! (n+m)! nlm! + !

+1

in C[X*!, Y+, where I := ((X — 1)) + (Y — 1)™*). Then f € F,Omoa(D%), g €
Fm(’)mod(DX), one has

gr—pntm X-—yntm X—pntm
o (Fg) = CRS D) = O (o g) = A(CEEE) - (f2g)

e =D @ D" 4 (X — 1)) @ CIX, X+ C[X, X o (X - 1)™) - (fog)

XDt g (Xo”

n!

+g = tn(f) - 1 (9);

where the third equality follows from the Hopf algebra action properties, the inclusion relation
follows from (4.0.2) and the group-likeness of X, and the last equality follows from (6* —
DL = (0* — 1)t lg =0 as f € FuOmoa(D*), g € FruOpmoa(D*). The commutativity of
(4.0.1) implies that u : gr(Opmoea(D*)) — O(D*)[X] is a morphism of graded algebras.

Then p o gr(can) is a graded algebra endomorphism of O(D*)[X]. For f € O(D*), one has
wogr(can)(f) = p(f) = f. One also has p o gr(can)(X) = p([e*logz]) = uj([e*logz]) X = X as
wy([e*logz]) = p1(e*logz) = 1. Tt follows that pogr(can) is the identity of O(D*)[X], therefore
that u is surjective. It is therefore an isomorphism, which using again p o gr(can) = id implies

that gr(can) is an isomorphism. Lem. 3.1 then implies the statement. O

Proposition 4.2. The algebra morphism @ ,cg [[,cx, ($5,)" (see (2.1.1)) is such that

(GB II ) FrOoa(@)) € @ T OD)le*logz].

seSxzeX; seES rxeX;
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Proof. Tt follows from the proof of Prop. 2.12 that (2.1.2) is a I'c-equivariant algebra morphism,
where the action on the target is the direct sum over s € S of the actions of Lem. 2.8(a). For
any s € S, the composition of (2.1.2) with the canonical projection is a I'c-equivariant algebra
morphism @.ex, (¢,)" : Omod(C) — @wexs(’)mod(f)x). For x € X,, the decomposition of
the target as Omoa(D*) @ (Darex. {2} Omoa(D*)) is preserved by the action of the stabilizer

subgroup Stabr. (z) C T'c of € X, under the action of I'c. The map
(4.0.3) (2X2)" : Omoa(C) = Omoa(DX)

is therefore equivariant under the action of Stabr (z).
By §2.1.2, there is a group isomorphism Z =~ Stabr.(z) given by 1 — 6, ,, and (4.0.3) is

Z-equivariant, the action of Z on the target being as in Lem. 4.1. Then
FaOroa(C) = P O0a(C) € FLOuoa(C) € (85,07 (P Oroa( D))
= (¢t 2) " (Omoa(D*)[e*logz])

where we use the notation of Lem. B.11, the first equality is the definition of FioOpod(C), the
first inclusion follows from Lem. B.11(a), the second inclusion follows from Lem. B.11(b), and

the last equality follows from Lem. 4.1. O

Remark 4.3. Prop. 4.2 implies that the elements of FiouO;,04(C) are Nilsson class functions
on C' in the sense of [Ph], p. 154. Indeed, for any f € O(D*)[e*logz], there exists o € Z such
that f = 2% Py(logz) with Py as in [Ph], eq. (1.4), p. 151. The Nilsson class functions obtained
in this way are not of the most general form, as the class in C/Z of the «; in their expansion
from [Ph], eq. (1.4), p. 151, is always 0.

5. FILTRATIONS ON Op,(C') AND THE MINIMAL STABLE EXTENSION OF O(C)

In this section, we first study the filtration of O (C) given by the image by I, of the
filtration F,(Sh(Q(C))) of Sh(Q2(C))) (§5.1), and identify it with the image by f, ., of the
filtration F"*O(C) @ FoSh(HIR) of O(C) @ Sh(HIR) (Prop. 5.2). In §5.2, we introduce and
study the filtrations F9 00 (C) and F&Opoi(C) of Opoi(C) inspired by the work of [Ch] on
Picard-Vessiot extensions of the function algebra of a smooth manifold. We study the relation
of the total space of these filtrations with the MSE A¢ of O(C) in §5.3, and with the maximal
acyclic extension E¢ of the dga (2°(C),d) in §5.4. In §5.5, we discuss the relation of this
material with [Ch].

5.1. An algebra filtration of (’)hol(é) defined by I,,. Recall the algebra morphism I, :

Sh(2(C)) = Opoi(C) (Def. 2.20 and Lem. 2.21) and the algebra filtration FeSh(V) for V

an arbitrary vector space (see §2.3). By §3.1, these data give rise to an algebra filtration

I, (FeSh((C))) of Onei(C), which we study in Prop. 5.2.
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Lemma 5.1. One has

(5.1.1) Vp,g >0, Ly ([Shy(R(C))[dO(C)[Shy ((C))]) C Luy (Shp+4(2(C))),
(5.1.2) Vn >0, L, ([dO(C)[Sha(2C))]) C L, (Shn(2(C))),
(5.1.3) V>0, Ly ([Sha(Q(C))O(C)]) € p*O(C) - Ly (Shn (R(C))).

Proof. Let us prove (5.1.1). The space [Sh,(Q(C))|dO(C)|Shy(Q(C))] is linearly spanned by
the elements [ov]. .., |op|df|B1] ... |Bq), where oy, 8; € Q(C) for any ¢,j and f € O(C). Then
Lol logldf181] - 18a]) = Lea(laal s laplf - 81l 18] = o], lop - F1B1] - 18]) €
Loy (Shyg(AC))).

Let us prove (5.1.2). The space [dO(C)|Sh,,(©2(C))] is linearly spanned by the elements
[df|aq]...|ayn], where f € O(C) and o; € Q(C) for any i. Then I ([df|ai]...|an]) =
Lo ([f - a1l -« - |an]) = f(xo) - Iy ([a] - - - Jon]) € Iy (Shy (Q2(C))). (5.1.3) similarly follows from
Loy (|- nldf]) = p* F-Lug([es] - - Jon)) ~ Loy (] - Jan- /1) € p*O(C) Loy (Sha(RC))). T

Proposition 5.2. One has the equality
Ly (FuSh(Q(C))) = foray(C1® FUSH(HE) + O(C) ® Fu_iSh(HEY)

of filtrations of Ohol(é), where fy 2, 5 the algebra morphism from Lem. 3.14.

Proof. Let us prove
(5.14)  Vn>0, IL,(F.,Sh(QC))) = fo.r(Cl® F,Sh(H) + O(C) ® F,,_1Sh(HIY)).

For any n > 0, one has f, ., (Cl ® F,Sh(H})) = I, (F,Sh(c(HR))) C I, (F,Sh((C))). For
f € 0(C), one has p*(f) = f(xo) + L, ([df]), and therefore

(5.1.5) P*(O(C)) = C + L, ([dO(C))).

Then
Fr2o(O(C) © Py 1Sh(HIR)) = p*O(C) - Ly, (Fu-1Sh(o(HER)))
— (€ + Ly ([O(C)))) - Ly (Fu1Sh(o (L))

(of
= Iy (Fr_1Sh(o(HERY)) + I, ([dO(C)] w F,_1Sh(a(HIRY)) C I, (F.Sh(Q(C))),

where the second equality follows from (5.1.5), the third equality follows from the algebra

morphism status of I, and the last equality follows from the inclusions of F,,_1Sh(o(HZR))
and [dO(C)] W F,—1Sh(c(HIR)) in F,Sh(Q(C)). This proves that

V>0, I, (FSh(QC)) D fruo(Cl® F,Sh(HF) + O(C) ® F,,—1Sh(HI)).
Let us now show, by induction on n > 0, the opposite inclusion

Vn >0, I, (F,Sh(Q(C))) C fru(Cl® F,Sh(HR) + O(C) ® F,_1Sh(HR)).
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For n = 0, the equality is obvious as both sides are equal to C. Let n > 0, assume the equality
for all steps < n — 1 and let us prove it at step n. By the induction hypothesis, it suffices to
prove the inclusion I, (Sh,,(2(C))) C fs,2,(Cl ® F,Sh(HIR) + O(C) ® F,,—1Sh(HIR)), i.e

(5.1.6) I, (Shy, (Q(C))) C I, (F,,Sh(o(HIR))) + p*O(C) - Iy (Fpr—1Sh(HIR)).

The space Sh,,(2(C)) is linearly spanned by the elements [w;] ... |w,] with wy,...,w, € Q(C).
For all 4, let h; € HIR be the projection of w; and choose f; € O(C) such that w; = o(h;) + df;.
Then

[wil - - fwn] € [o(h1)] - - |o(hn)] + [df1[Shn 1 ((C))] + [Shy—1 ((C))|dfn 1]

+ZShZ 1(2(CO)|dfi|Shy—s(2(C))] C Shy (o (HEY)) + [dO(C)[Shn—1(2(C))]

+ [Sho1 (RC))|dO(C +ZShll ONIAO(C)[Shoi (2AC))].

Lem. 5.1 then implies that

Loy ([w1] - - [wn]) € Loy (Sha (o (HEY))) + p*O(C) - Loy (Shn-1(2(C))) + p*O(C) - Ly, (Shy-1(2(C)))
n—1

(5.1.7) + D Lag (Shu—1(C))) = Ly (Sha (0 (HEY))) + 9" O(C) - Ly (Sha—1(Q(C)))-

i=1
Moroever,
P*O(C) - Iy (Shu—1((C))) C p*O(C) - Ly (Fum1Sh(Q(C))) € p*O(C) - Ly (Fo—1Sh(o(HEY))),

where the first inclusion follows from Sh,,_1(Q(C)) C F,,_1Sh(Q(C')) and the second inclusion
from the induction hypothesis, i.e. (5.1.6) at step n—1 by multiplication by p*O(C). Combining
this inclusion with (5.1.7), one obtains

Ly ([wi] - |wn)) € Ly, (Shu (0 (HEY)) + p*O(C) - Ly (Fr-1Sh(o (HEY))),

which is (5.1.6) at step n. O
5.2. The filtrations F20,(C) and F¥ Oy (0).

Lemma 5.3. Let f*: (A® da) — (B®,dg) be a morphism of C-dgas. Define F2B° and F} B°
as follows:
o [YBY:=C and forn >0, F2,,B%:={be B®|dp(b) € f1(A")- F2B"},
e for anyn >0, FFBY := fO(A%) . F2BO.
Then:
(a) Both FOB° and F{'B° are algebra filtrations of BY.
(b) For anyn >0, one has F{B° C FI'B° C FJ,,B°.
(c) One has FS.B° = F B® (equality of subalgebras of B°).
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Proof. (a) Let us prove by induction on n > 0 that FB° C F? ,B°. One has FyB® C F{B°
since dg(1) = 0. Assume that n > 1 and that F}_B° C FJB°. Then for f € F)BY,
dp(f) € fY(AY) - F°_,B° c flY(A') . F°B°, where the inclusion follows from the induction
hypothesis, and therefore f € F, B, This proves that FSB% C F° ,B° for any n > 0.

Let us prove by induction on n > 0 that for? any p € [0,n], one has FZ‘EBO . F37p30 C
FSBC. For n = 0, this follows from the algebra structure of C. Assume that n > 0 and that
FPBY-F)_ B C F)B° for any p € [0,n]. Let p’ € [0,n+1]. The inclusion F5 BYF?. |~ »B’C

_HBO is obvious if p" = 0or n+ 1. If p’ € [1, n]] let f € F‘SBO g€ F n+1 p,B Then
dp(fg) = f-dpg+g-dpf € F)B®- f1(A) - F} B°+F‘*+1 B (AN - F)_ B C
fH(AY) - F2B°, where the first relation follows from the definitions of F5 B% and FJ,,_ p,BO
and the second relation follows from the induction hypothesis. Therefore fg € F9 © 1 BY. This
proves the inclusion FI‘E,B Fo p,B C F2,,B° in all cases, hence the induction step. It
follows that
B

(5.2.1) Vp,q>0, F)B°-F)B°CF?,,

All this implies that F B is an algebra filtration of B°.

For n > 0, one has FFB® = f0(A%) . FSB® C f9(A°) - Fj,,B® = F! B° where the
equalities follow from the definitions and the inclusion follows from the already proved statement
F2B® C Fj,B°. For p,q > 0, one has F/B" - FI'B° = fO(A°) - F)B° . f9(A°) - FB® =
fO(A%) - FSBY - F2B® C fO(A%) - F2, ,B° = F!', B°, where the first and last equalities follow
from the definitions, the second equahty follows by commutativity and by the unital algebra
status of f9(A), the inclusion follows from (5.2.1). All this implies that Fi'B is an algebra
filtration of B, and therefore (a).

(b) Let n > 0. One has F2BY = C- F2BY C f°(A%) - FSBY = F}'B°, where the inclusion
follow from 1 € f9(A°).

For a € A% dg(f°(a)) = f'(da(a)) = f'(da(a)) -1 € fH(AY) - FSB°, where the first
equality follows from the compatibility of f® with differentials, and the last relation follows
from FgB® = C. It follows that f°(a) € F{B°, so

(5.2.2) 1A% c I BO.
Let again n > 0. Then FBY = fO(A%)-FSB° c F{B°-F.B° C FJ,,B°, where the equality
follows by definition, the first inclusion follows from (5.2.2), and the second inclusion follows

from (5.2.1). All this proves (b).
Statement (c) follows from (a) and (b). O

Recall the definition of the dga (Qf,,(C),d) from §2.2. Denote by (2°(C),d) the dga of
algebraic differential forms on C; it is concentrated in degrees 0 and 1, with Q°(C) = O(C),
QY(C) = Q(C), algebra structure given by the algebra structure of O(C) and the module

2For a, b integers, [a,b] is the discrete interval [a,b] N Z if a < b and § otherwise.
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structure of Q(C) over it, and differential given by d. The pull-back of p : C' — C gives rise to
an injective dga morphism p* : (Q°(C),d) — (2 ,(C),d).
In (1.2.1), (1.2.2), (1.2.3), we defined F2Opo(C), FtOnot(C), FE O0poi(C) and FE O (C).

Corollary 5.4. (a) Both Ff@hol(é’) and F.”Ohol(é) are algebra filtrations of (’);ml(CN').
(b) For anyn >0, one has FSOno(C) C FFOypi(C) C F2 1 Onot(C).
(c) One has F&Ohol(é’) = F&Ohol(é’) (equality of subalgebras of Ohol(é)).

Proof. F2Op0(C) (resp. FiOuoi(C), FS O04ot(C), FE 0ot (C)) is equal to FIB (resp. FLBO,
F2 BY, F* B%) from Lem. 5.3 in the case of the dga morphism p*; the statement then follows

from this lemma. g

Proposition 5.5. One has the equality
FJOnot(C) = Iy, (FSh(2(C)))
of filtrations of Opo(C).

Proof. Let us prove
(5.2.3) Vn >0, I, (F,Sh(QC))) = F}O0ha(C)

by induction on n. For n = 0, the equality holds since both sides are equal to C. Assume the
equality at step n > 0 and let us show it at step n + 1.

Let us first show the inclusion I, (F,,+1Sh((C))) C F2,Onha (C). For this, in view of the in-
duction hypothesis, it suffices to prove I, (Sh,11(Q(C))) C FT‘EHOhol(CN'). The space is linearly
spanned by the elements [w1] . .. |wp4+1], where wy, ..., wnp1 € Q(C). Then d(I, ([wi]. .. |wnt1]))
Lo ([w1] -+ - |wn]) -wni1, and L, ([wi] - - - [wn]) € ey (Shy (C))) € F2Ohe(C) where the last in-
clusion follows from the induction hypothesis. This shows that I, ([w1]. . . |wn+1]) € Fo1Ona(C),
therefore I, (Shy4+1(2(C))) C F,fﬂ(’)hol(é') as wanted.

Let us now show the inclusion F2,O0no1(C) C Iy (Fry1Sh(Q(C))). Let f € FS,10pa(C),
then there exist elements fq,...,fx € F,‘f(’)hol(é) and wi,...,wr € Q(C) such that df =
> fi - p*w;. By the induction hypothesis, there exist ti,...,t; € F,Sh((C)), such that
fi = I,y (t;) for any i. Thendf =", I, (t;)-p*w;. Integration gives f = f(zo)+>_; Iz, ([tilwi]) =
Lo (f(zo) + >, [tilwi]) € Loy (Frg1(Sh(22(C)))), which proves the claimed inclusion. O

Proposition 5.6. One has the equality
F{Onoi(C) = fo,0,(O(C) © FoSh(HEY))

of filtrations of Ope(C).

Proof. Let n > 0. In Prop. 5.2, we proved the equality I, (F,Sh(Q(C))) = I, (F,Sh(HZR)) +
p*O(C) - L,y (F,—1Sh(HZR)). Multiplying it by p*O(C), we obtain p*O(C) - I, (F,,Sh(Q(C))) =
p*O(C) - L, (F,Sh(HEY)). By Prop. 5.5, L, (F,Sh((C))) = F20p,(C) therefore p*O(C) -
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Iy (FuSh(Q(C))) = p*O(C) - FOhot(C) = FEOpoi(C). Tt follows that F¥Ope(C) = p*O(C) -
L., (F,Sh(H3R)); the right-hand side of this equality is equal to f, ., (O(C) ® F,Sh(HIR)). O

5.3. Relation with the minimal stable extension of O(C). Recall from §1.1:

Definition 5.7. (a) A stable extension (SE) of O(C) is a unital subalgebra A of 0,,(C), such
that for any f € A and w € Q(C), on has (z — f;o f-pw) € A.
(b) Ac := N4 asE of 0(0)A.

Lemma-Definition 5.8. A is a SE of O(C), contained in any SE of O(C); we therefore call
Ac the minimal stable extension (MSE) of O(C).

Proof. This follows from the fact that an intersection of two SEs of O(C) is a SE of O(C). O
Proposition 5.9. A¢ = F&Ohol(é).

Proof. Let us show that F2 O, (C) is a SE of O(C). By Cor. 5.4(c), FS One(C) is equal
to Fé‘o(’)hol(é) and is a unital subalgebra of (’)hol(é); the algebra Fgg@,wl(é) also contains
Fl'Onot(C) = O(0), therefore FS 00;(C) is a unital subalgebra of O, (C) containing O(C).
Let w € Q(C) and f € FS Oni(C). Then for some n > 0, one has f € F2O0p,(C). Let
F:=(z~ f;o f - p*w), then dF = f - p*w which implies F € F2,,Onn(C) C FOpa(C). It
follows that F2 00 (C) is a SE, therefore that Ac € FS 0o (C).

Let us show that if A is a SE of O(C), and n > 0, then F’O,(C) € A. For n = 0,
F0Oho(C) = C C A. Assume that n > 0 and F°Op(C) C A. Let f € FS. 1040(C), then
there exists a finite set I and maps I — Q(C), I — FSO}LOl(é)7 denoted 7 — w; and i — f;,
such that df = >, ., fi - p*wi. Then f = f(xo) + > /(2 — f;o fi - p*w;). By the SE property
of A, and since f; € A for any i € I, one has f € A, therefore F2.;0,(C) C A. Tt follows that
for any n > 0, one has F20,,(C) C A, therefore F2 0},,/(C) C A. As Ac is a SE of O(C), it

follows that FS O, (C) C Ac. O

5.4. Relation with minimal acyclic extensions of dgas. Recall the inclusion of dgas
(Q*(0),d) — (Q,,(C),d) from §5.2. One has H'(Q*(C)) =~ HIR, while H'(Q3,,(C)) = 0.

Definition 5.10. (a) An acyclic extension (AE) of Q°(C) is a dga (E*,d) with Q*(C) C E® C
Qp,,(C) and H'(E*®) = 0.
(b) E2 := Nge an AE of Qs () E°.

Lemma-Definition 5.11. E, is an AE of Q°*(C), which is contained in any AE of Q*(C);
we therefore call it the minimal AE of Q*(C).

Proof. Let us show that if E*, F'* are AEs of Q*(C), then so is E*NF*. The intersection E*NF*
is obviously a dga containing Q*(C). If z € E*NF1, there exists e € E° such that x = d(e) since
HY(E®) = 0, and f € E such that = = d(f) since H}(F*) = 0. Then d(e — f) = 0, therefore
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e — f € C, therefore f ce+ CC E°+C=E" so f € E°NF° So E*NF' C d(E°N FY),
which implies H!(E®* N F'®*) = 0. It follows that E® N F*® is an AE of Q°(C). This fact implies
the statement. d

Lemma 5.12. The maps E* + E° and A — (A @ dA,d) define inverse bijections between
the sets {AEs of Q*(C)} and Alge = {algebras A with O(C) € A C Onu(C) such that
d(A) D Q(C) and A-d(A) = dA (equality of subspaces of Qo (C))}.

Proof. Let E* be an AE of Q*(C). Then O(C) C E° C Q,i(C) since Q*(C) € E* € Q3,,(0).
Since HY(E®) = 0, one has E* = d(E®) and since Q*(C) C E®, one has E' D Q(C), therefore
d(E®) D Q(C). The equality E* = d(E°) implies the two extreme equalitites in EY - d(E°) =
E°. E!' = E' = d(E°), while the middle equality follows from the fact that E® is a dga with
unit. It follows that E° belongs to Alg.

Let A belong to Alg.. Since A-d(A) = d(A), the pair (A®d(A),d) is a sub-dga of Q3 (C),
and since d(A) D Q(C) and A D O(C), the dga (A @ d(A),d) contains Q°*(C) as a sub-dga.
One has clearly H!(A @ dA,d) = 0. It follows that (A @ d(A),d) is a AE of Q°(C).

The composed map Alg~ — {AEs of Q°(C)} — Alg. is obviously the identity, and the fact
that the composed map {AEs of Q*(C)} — Alg. — {AEs of Q*°(C)} is the identity follows
from the fact that if E® is an AE of Q°(C), then E! = d(E°) due to H}(E®) = 0. O

Lemma 5.13. (a) Alg C {SEs of O(C)}.
(b) Ac € Algc.
(C) mAEAlgCA = Ac.

Proof. (a) Let A € Alg,. Then A D O(C). Let f € A, w € Q(C) and set F := (z — f;o fr*w).
Since Q(C) C d(A) (by A € Alg.), there exists g € A with dg = w. Then dF = f-p*w = fdg €
A-dA = dA, where the last equality follows from A € Alg.. It follows that F' € A, therefore A
is a SE of O(C).

(b) By Lem. 5.8, A¢ is a SE of O(C), so it is a subalgebra of O, (C) containing O(C). Let
w € QC) and set F,, := (z — f;o prw) € Ohol(é). Then F,, € Ac by the SE properties of Ac.
Then d(A¢) 3 d(F,) = w, which implies d(A¢) D Q(C).

Let us show that A¢ - dAc = dAc. It suffices to prove that, for any f,g € Ac, the
element h = (z — f;o f-dg) € Ono(C) belongs to Ac. By Prop. 5.9 and F2 0p,,(C) =
UnZOFgOhOl(é), there exist n,m > 0 such that f € Fg(’)hol(é) and g € F;;(’)hol(é'). Then
there exists a finite set I and maps I — Q(C), I — F2 _ 0ni(C) denoted i — w;, i — k;
such that dg = 3", ; ki - p*w;. Then dh = 3, ; fk; - p*w;. For any i € I, fk; € FSOpu(C) -
FS_10pat(C) C F2 100 (C), where the last inclusion follows from Cor. 5.4(a). It follows
that h € FJ,,,Ono(C), and therefore h € Ac by F3 O0p01(C) = Un>0FOpoi(C) and Prop. 5.9.

(c) By (a), one has Nacalg, A D Na a sk of 0(c)A = Ac. On the other hand, Nacalg. A C A
for any A € Algg, so by (b) Nacalg, A C Ac. O
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Proposition 5.14. E} = (Ac @ d(Ac),d).

Proof. Set X := Naealg,A. One has
Eg = Nge a A of 00 (0)E® = Nacalg. (A @ d(A),d) = (X ®d(X),d) = (Ac @ d(Ac),d)

where the first equality follows from the definition of E¢,, the second equality follows from
Lem. 5.12, the third equality follows from (A @ d(A)) N (B® d(B)) = (AN B)®d(AN B))
(equality of subspaces of Q°® (é’)) for A, B any pair of subspaces of Ohol(é) containing 1, and
the last equality follows from Lem. 5.13(c). O

5.5. Relation with Chen’s work. In the Introduction of [Ch], K.-T. Chen defines an algebra
filtration FyC™(M) of C°°(M) for any smooth manifold M, where M — M is the universal
cover; it has the additional property that F,,C°° (M) is a subalgebra of C°°(M) for any n > 0.
If X is a nonsingular complex algebraic variety, and X is its universal cover, equipped with
its natural structure of complex manifold, one can similarly define a filtration FoOnor (X' ) of
the algebra Qe (X), by replacing in the definition of [Ch] the spaces of smooth functions and
1-forms (denoted there A°(M) and A'(M)) by the spaces of regular functions and differentials
on X. When X = C, the explicit definition of F.Ohol(é’) is as follows: FoOhol(C‘) = p*O(C)
and Fry10401(C) == C[f,inty, (g - p*w) | f,9 € FrOat(C), w € QO)] for r > 0, where C[—]

means the subalgebra generated by a family.

Lemma 5.15. (a) For any r > 0, F,O0p,,(C) C L, (Sh(Q(C))).
(b) For any r >0, I,,,(Sh,(Q(C))) C FrO0pa(C).
(¢) One has FrgOpoy(C) = L, (Sh(QUC))) (equality of subalgebras of Opoi(C)).

Proof. (a) FyOpei(C) = p*O(C) = I,,(C & [dO(C)]) C L, (Sh((C))). Let r > 0 and assume
that .00 (C) C I, (Sh(Q(C))). Let g € FO0p01(C), w € Q(C). One knows that for some a €
SH(QC)), w = Ly (). Then inbyy(g - pw) = ity (Iny (@) - pw) = Ly (lalu]) € Ly (SH(Q(C)).
Then F, 1040 (C) = Clf,inty, (g - p*w) | f,9 € FrOnoi(C), w € QC)] C L, (Sh(Q(C))) by

FrOnot(C) C I, (Sh(Q(C))) and the fact that I,,(Sh(Q(C))) is an algebra.
(b) I, (Sho(AC))) = C C FyOnei(C). Let 7 > 0 and assume that I, (Sh,.(Q(C))) C
F, Ohol(é) Let a € Sh,41(2(C)). There exist elements (a;)i=1,...k, (Wi)i=1,.. .k Where a; €
h, (2(C)), w; € Q(C) such that a = 2% l[ai\wi]. Then

Mr-

ZILO [a;]w;])

One has I;,(a;) € F,.0p0(C) by assumption, therefore the final term of this equality belongs
t0 Fry10hot(C). Therefore I, (Sh,41(Q(C))) € Fry 1040 (C). The statement follows by in-
duction.

(¢) By (a), we know that Fio 040 (C) C I, (Sh((C))). Moreover, (b) implies that, for any

>0, I,,(Sh,((C))) C FouOpot(C), and so I, (Sh(Q(C))) C FoOnot(C). (c) follows O

.
ity (I (a;) - pwi).
=1
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Remark 5.16. §2.3 of [Ch] contains the definition of another filtration F,C°°(M). This
definition is both an analogue of that of F¥(}0(C) (as both definitions give analogous val-
ues for the degree 0 term of the filtration) and of FZO.(C) (as both definitions share the
same induction step). However, the statement “F.C(M) - F,C®(M) C F,;,C>(M) for
any r,s > 07 from Prop. 2.3.1 in [Ch] appears to be wrong. Indeed, if r = 0, s = 1,
FyC®(M) = p*C®(M) while F,C>®(M) = {f € C®(M)|df € FC>®(M) - p*A*(M)}; since
FoC=(M) - p*AY (M) = p*A' (M), the set F;C>(M) is the set of functions on M of the form
T c+ f:; p*w, where ¢ € C and w € A'(M); this set in not stable under multiplication by
p*C>° (M) (the mistake can be traced to the proof of Prop. 2.3.1, which overlooks the fact that
the inclusion dF,C>(M) C F,_,C>(M) - p*A'(M) is valid in general only if one introduces
F_1C>®(M) =C).

6. CONNECTIONS FOR HACAS

We introduce the notion of connection on a HACA in §6.1. In §6.2, we construct a natural
connection on the HACA ((CT¢), FaoOpmoa(C)). We compute its pull-back under the HACA
isomorphism (v(pe. 4, ), fo,z,) from Prop. 3.17 in §6.3, and we relate it in §6.4 to the KZ

connection when C' is of genus 0.

6.1. Connections for HACAs. Let a be a commutative algebra. Recall that the a-module
of Kéhler differentials of a is the quotient €, := Ker(m)/Ker(m)?, where m is the product map
a®a — a; the derivation d : a — , is defined by d(a) = a ® 1 — 1 ® a + Ker(m)2. One has
Qo) = 2(0O).

Let (O, A) be a HACA where A is a commutative algebra; denote by Ay : A — O ® A its
coaction morphism. Then A® = {a € A|Aa(a) = 1 ®a} = FyA and A ®40 Qo is a left

A-module.

Definition 6.1. A connection for (O, A) is a map V4 : A = A ® 40 Qq0, which: (a) is a
derivation, i.e. Va(aa’) = aVa(d') + a’'Va(a) for any a,a’ € A; (b) is O-equivariant, i.e.
(Ay ®@idg,,) o Va=(ido®Va)oAy; (c) is such that V4(a) =1 ® da for a € A°.

If (O, A) is a HACA with connection V 4, then one defines the pull-back of V4 by a HACA
isomorphism (O, A’) — (O, A), which is a connection for (O, A").

Remark 6.2. If G is an algebraic group and P is a principal G-bundle over an affine base,
and (O, A) is the pair of regular functions on these spaces, then a connection for (O, A) is an

algebraic version of a G-invariant Ehresmann connection on the bundle P — P/G.

6.2. A connection for ((CT)’, FooOmoa(C)).

Proposition 6.3. (a) The map Foo(’)mod(é') Ro(c) UC) — Qhol(é) gwen by fQw— f-p*w

18 injective.
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(b) There exists a unique map V : FroOmod(C) = FooOpmoa(C) ®o(c) QUC) such that the

diagram

(6.2.1) Foo(Dmod(C’) 4 FOOOmod(C‘) Qo) Q(C)

Onat(C) Qpot(C)

commutes.

(c) V is a connection for the HACA ((CT)’, FooOmoa(C)).

Proof. (a) By Lem. 3.17, fo 4, : Sh(HIR) @ O(C) = FaoOmoa(C) is an isomorphism of filtered
O(C)-modules. Its image by the functor — ®o ¢y ©2(C) is an isomorphism of filtered vector
spaces ¢y, : Sh(HF) ® Q(C) — FOOOmOd(C’) ®o(c) UC). The natural morphism can :
FroOmoa(C) Roc) UC) — Qnot(C) is Tc-equivariant, therefore by Lem. B.5(b) is compatible
with the filtrations induced by the action of I'c. The composed morphism canog, ., : Sh(HI)®
Q(C) = Qi (0), given by @y py(a @ w) = I, (c(a)) - p*(w), is therefore compatible with the
filtrations F, Sh(HIR) @Q(C) of the source and FyQ,0(C) of the target (see Def. B.4), therefore

it gives rise to an associated graded map gr, (can o, 4,) : She(HIR) @ Q(C) — greQuoi(C). By
Lem. B.5(c), one attaches to the I'c-module ,0;(C) the injective graded map groQuo(C) —
@nonomC_vec(gr"(CFC),Qhol(é’)rc), where Q5,0(C)FC can be identified with the space of
holomorphic differentials on C; it contains (C) as a subspace.

For any n > 0, the composition of gr, Quei(C) — Home_yee(gr™(CTe), Quor(C)F¢) with
gr, (can o @, 4,) is given by the composition of the isomorphism Homc_ye.(gr"(CTl'¢),C) ®
Qpot(C)Fe =~ Home_yee (2™ (CT ), Qot (C)T) (due to the finite dimensionality of gr™(CI'¢))
with the tensor product of the injection Q(C) — Qhol(é)rc with the map Sh,(HIR) —
Homg_yec(gr™(CT'¢), C), which is injective by Lem. 3.8. It follows that gr,(can o ¢, 4,) is
injective, which as the filtration of the source of cano ¢, s, is exhaustive, implies the injectivity
of can o ¢, 4., which as ¢, 5, is an isomorphism implies the injectivity of can.

(b) In this proof, we abbreviate FOp,(C) into FJ. For any n > 0, the inclusion F? C
Fioo Ornoa(C) gives rise to the inclusion of subspaces im(F@Q(C) = Qor(C)) C im(FaoOpmoa(C)®

Q(C) = Qo(C)) C Qot(C). By the definition of F?, one has d(FJ,,) C im(F° ® Q(C) —

o)

Qhol(é)), therefore d(F,f_H) C im(Foo(’)mod(CN') ® QC) — Qhol(é)). This holds for any
n > 0 and Foo(’)mod(é') = UnZOFg (see Prop. 3.17, Cor. 5.4 and Prop. 5.6), therefore

A(Fe Opoa(C)) C im(FoeOpoa(C) @QC) = Qpoi(C)). The linear map Fao O poa(C) @Q(C) —

Qnot(C) admits a factorization FiooOpmod(C) @ QC) = FaoOmoa(C) ®o(cy UC) = Qnot(C)
where the first map is surjective, therefore im(Fa Onoa(C)RQUC) = Qpor(C)) = im(FDoOmod(é)@)o(c)

)
Q(C) = Qpoi(C)), which implies dFacOrmoa(C)) C im(FooOpmoa(C) @o(c) UC) = Qpot(C)).

The claim then follows from (a).
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(¢) The derivation property of V follows from the derivation property of d and of the injectiv-
ity of the right vertical map of (6.2.1). The equivariance of V follows from the same injectivity
and from the I'c-equivariance of d; the identity V(f) = 1 @ df for f € O(C) follows from the

same injectivity. O
6.3. A connection for (Sh(HZR), Sh(HIR) @ O(C)).

Definition 6.4. For V' a vector space and £ € V*, let R¢ be the vector space endomorphism
of Sh(V) given by [v1]...|vn] = [v1]...|vn-1]&(vpn) for n > 1 and vy,...,v, € V and by 1 — 0.

One has therefore R¢ = (id ® £) 0 9V, where 8V is as in §2.3.

Proposition 6.5. (a) The map V, : Sh(HI}) ® O(C) — Sh(HIR) ® Q(C) given by a @ f
a®df +, Ryi(a) ® o(h;)f defines a connection for the HACA (Sh(HZR), Sh(HIR) @ O(C))
(here (hi)i, (h'); are dual bases of HIR and (HIR)* ).

(b) The connection V, is the pull-back of V under the HACA isomorphism (V(Po,zg); fo,z0)
(see Prop. 3.17).

Proof. (a) Each of the maps a ® f — a®df and a ® f — Rp(a) @ o(W')f (where h € (HZE)*,
h' € HE) is a derivation of Sh(HE) @ O(C) with values in Sh(HE?) @ Q(C), it follows that
the same is true of V,. For V a vector space and £ € V*, it follows from Re = (id ® ) 0 9V
that Agpyvy o Re = (idsn(vy ® Re) o Agn(vy (equality of linear maps Sh(V') — Sh(V)®2). This
implies the Sh(HIR)-equivariance of 3°, o(h;) ® Ry,:. The equivariance of d ® id, as well as the
identity V,(1® f) = 1®@df for f € O(C) are trivial. All this implies the Sh(HZR)-equivariance
ofd®id+ 3, 0(hi) ® Rp:.

(b) For aq,...,a, € Q(C), one has dI,,([a1] ... |an]) = p*(an)ls,([a1] ... |an—1]), therefore for
a € Sh(Q(C)) one has VoI, = (I,,®id)od*) (equality of maps Sh(2(C)) — Omoa(C) @00
Q(C)). On the other hand, 9% o o = (0 ® ¢) 0 OHE" . Tt follows that

(6.3.1) Voly00= (I o00)R0) o IME"

(equality of maps Sh(HIR) — O,n0a(C) ®Ro(c) UCO)).

One has V, o (id® 1) = (id ® o) 0 01" (equality of maps Sh(H$R) — Sh(HIR) ® Q(C)),
(Iny ©0) @ 0 = Qo © (id @ o) (equality of maps Sh(HIF) @ HIF — FLoOmea(C) ®o(c) UC))
and I, 00 = fyu, 0 (id ® 1) (equality of maps Sh(HI) — FouOy0a(C)) which together with
(6.3.1) imply

(6.3.2) (Vo fo,wo)(a ®1)= (@U,wo oV,)(a®1)

for any a € Sh(HZR).
Then for a € Sh(HZR), f € O(C), one has V,(a® f) = V,(a)(1® f) + a®df, which implies

(633) Po,xo © Vg(a & f) = Yo,z © va(a)(l & f) + IIo (U((Z)) ® df
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On the other hand, for any f € O(C) and g € O (C), one has V(p*f -g) = (p*f @ 1)V(g) +
g ® df , which implies for @ € Sh(HIR) the equality

(6.3.4) V(fox(a® f)) = (" f @1)V (I (0(a))) + Luy(0(a) © df.

(6.3.3), (6.3.4) and (6.3.2) imply Vo fs 20 = ©o.z0 © Vo O

The HACA (Sh(HZR),Sh(HIR) ® O(C)) corresponds to the trivial principal bundle over
C with group Spec(Sh(HE)), and V, is the flat connection d + A, over it, where A, :=
> o(hi) @bt € Q(C) @ L((HER)*), where L(—) is the free Lie algebra over a vector space; one
has L((H{R)*) = LieSpec(Sh(HZR)).

6.4. The genus 0 case. Let S C C and C := PL N S, where S := Sy U {oo}. Then
O(C) = Clz,1/(2 — 8),5 € Soo] and Q(C) = O(C) - dz. Then HIF = @ 5. Chs, where hy is
the class of dz/(z — s) in HIR = Q(C)/dO(C). Let o¢ : HIF — Q(C) be the map given by
hs — dz/(z — s) for s € Se. Then the 1-form for the flat Spec(Sh(HER))-connection V,, on C
is Agy = D ges. d2/(z —s) @ R°.

This connection is related to the Knizhnik-Zamolodchikov (KZ) connection as follows. Recall
that this connection, denoted Vkz = d + Axz, is a exp(t,)-connection over the configuration
space Cp(C) of n points in C, where t,, is the topological Lie algebra with generators ¢;;,
i # j € [1,n] and relations t;; = t;; for [{i,j}| = 2, [tir + tjx,ti;] = 0 for [{i,j,k}| = 3 and
[tij tia] = 0 for [{i,j,k,1}| = 4, and that Axz = 3, ti; ® dlog(z; — z;). Let (s1,...,8n) €
Cpn(C) and S := {s1,...,8n}; then C~\ Sy is the preimage of (s1,...,s,) by the projection
Cns1(C) — Cp(C). Let injg_ : C~\ So — Cny1(C) be the canonical injection, and let
¢ L((HZR)*) — t,41 be the Lie algebra morphism induced by h® > t; ,41 for i = 1,...,n.
Then

te(Agy) = (injs, )" (Akz)-

7. RELATION WITH HYPERLOGARITHM FUNCTIONS

In §7.1, we attach to each pair (C, o) a subalgebra H(C, o) of Ope(C), and we show that it
is a free O(C)-module with an explicit basis (Prop. 7.2). In §7.2, we consider the case where
C = C~\ S, and we exhibit a section o( such that H(C \ S, 0¢) coincides with the algebra
of hyperlogarithm functions (Prop. 7.7).

7.1. The algebra H(C, o).

Lemma 7.1. (a) For any (o,x0), the algebra morphism I, o o : Sh(HIR) — O (C) is
injective.
(b) For any o € ¥, the image I, o o(Sh(HR)) is independent of xq € C. We denote by

H(C,0) C Opoi(C) this subalgebra.
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Proof. (a) follows from Prop. 3.17(a).
(b) Let xg,z; in C. Let 2t o Sh(HER) — C be the map ¢ — I (o(t))(z1). This is an
Iy

L

Omod(C) I C, the last one being the evaluation at z1. Set agi = (pg) @ id) o Agyary;

algebra morphism, as it is the composition of algebra morphisms Sh(HIR) % Sh(Q(C))

this is an algebra endomorphism of Sh(HdCR) as it is a composition of algebra morphisms. It
is also a vector space automorphism of Sh(H&R) since it is compatible with the filtration and
the associated graded endomorphism of grSh(H%R) is the identity. Therefore a3} is an algebra
automorphism of Sh(HZR).

Equation (2.3.4) implies the identity I, (o(t)) = I, (c(t™M))(20) L, (c(t?)) (equality in
Ohot(C)) for any ¢ € Sh(HZR), therefore the equality I,, o 0 = I,, 0 0 0 aZ! (equality of maps
Sh(HIR) — Ohet(C)), which together with the bijectivity of aZ! implies (b). O

T
Let d := dim(H) and let (h;);eqr,qp be a basis of HE. Then

(Lzo ([o(hi))] - - - |o(hiy )] k201 ... inelL.d]

is a family of elements of H(C,c). The following statement is a generalization of Cor. 5.6
in [Br].

Proposition 7.2. (a) The family (Iy,([0(hi,)] ... |o(hi)]))k>0,is,....ine[1,a] 5 a basis of the
vector space H(C, o).
(b) It is free over O(C'), namely for any family (fil""’i’“)kzo,il,...,ike[u,d]] in O(C), the relation

Z p*(fihm’ik)Imo([a(hil)l cee |O—(hlk)D =0

kE>0,i1,...,ip€[1,d]

implies the vanishing of (fil"“’i’“)kzo,il,...,ike[u,d]]-
Proof. (a) follows from Lem. 7.1 (a). (b) follows from (a) and Prop. 3.17(a). O

For (o,1z¢) € ¥ % C, set
Joaq = > Ly ([o(hi)] - o (hi,)]) @ (@ -+ @ h™) € Opi(CYST((HE)),
kzo,il,.,.,ike[[l,d]]

where (h®);e[1,q) i the basis of (HZ*)* dual to (h;);ep1,q (one checks that J, 4, is independent
of the choice of (h;)ie[1,qp)-

Proposition 7.3. The element J, 5, satisfies the equality

(7.1.1) (d@id)(Jmo)sz-( 3 p*a(hi)@)hi)
i€[1,d]

(equality in Qo (C)ST((HIR)) ) as well as Jy u, (x0) = 1; it is the only element of the algebra
Ohol(é)®f((HdCR)*) satisfying these conditions.
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Proof. (7.1.1) follows from d(I, ([t1] - .. [tn])) = Lse ([t1] - - - [tn-1])-p*tn forn > Land t1, ..., ¢, €
Q(C). The second statement follows from the fact that ¢ — I, (t)(zo) is the augmentation map

Sh(£2(C)) — C. The uniqueness follows from the fact the ratio of two solutions must be equal
to 1 at xg and be killed by d, hence be 1. O

Equation (7.1.1) is a generalization of (5.1) in [Br]|, and J,,, is a generalization of the
solution L(z) of this equation constructed in loc. cit., Prop. 5.1.
Remark 7.4. One can also derive (7.1.1) from the relation J, ; = (fo,z, ®id)(J?), where J'3
is the image of the canonical element J of Sh(H%R)®T((HdCR)*) in Sh(HZR) ®(’)(C)®T((H%R)*),
from V([h1]...|hk]) = [h1]...|hg—1] ® hg, which implies V,(J'3) = J13.3" 1@ 0(h;) ® k', and
from Prop. 6.5(b).

7.2. The algebra H(C,0) in the genus 0 case. Let So, C C be a finite set with S, 2 0
and let C' := C \ S,. Recall the linear isomorphism H%R ~ CS, and op € X such that
for any s € Soo, 0o(s) = dlog(z —s). By Lem. 7.1 (b), one attaches to it the subalgebra
H(C \ S, 00) C Onat(C).

Set H{, := @4es..-(03Cs C HI? and Sh'(HR) := C @ [H,|Sh(HI?)] (recall that [—|—]
denotes the concatenation in Sh(HR)). Then Sh'(HZR) is a subalgebra of Sh(HZR), and:

Lemma 7.5 (see [Pal, §3.3). (a) Denote by Sh'(HIR)[X] be the polynomial algebra in one
variable over the algebra Sh'(H3R). The combination of the canonical injection Sh'(HIR) —
Sh(HIR) and of the assignment X — [0] gives rise to an algebra isomorphism Sh'(HIR)[X] —
Sh(HZR).

(b) Fort € S (HIR) and z € C, the limit lim o I(00(t))(e, 2) exists; the function (z
lim, 0 I (00(t))(2)) =: I}(t) belongs to Onei(C); the map I} : Sh'(HIR) — Onot(C), t = I(t)

is an algebra morphism.

Definition 7.6 (see [Pa], §3.3). I : Sh(HIR) — O,0(C) is the composition with the inverse
of the isomorphism of (a) of the morphism Sh’(HIR})[X] — Opei(C) extending I, by X + log.

The map Iy is an algebra morphism. For w € Sh(HR), the element Io(w) € Opo(C) is
denoted L,, in [Pa], §3.3 and called the hyperlogarithm function associated to w.
Define an algebra morphism f,, o : O(C) @ Sh(HIR) — 040 (C) by f @t p*(f)Io(t).

Proposition 7.7. The algebra morphism fo, o is injective. Moreover Io(Sh(HR)) = H(C ~

SOQ7O'0).

Proof. Fix 2o € C. The subalgebra Sh'(H{R) of Sh(HZR) is a right coideal for the coalgebra
structure, so that Agyyar) induces an algebra morphism Agy(gar : Sh'(H&R) — Sh'(HR) @
Sh(HR). Composing with the tensor product of the composition Sh’(HZR) I Ohot(C) PECNe)
with the identity, one gets an algebra morphism ((evq, o Io) ® id) 0 Agy(gary : Sh'(HR) —



ANALOGUES OF HYPERLOGARITHM FUNCTIONS ON AFFINE COMPLEX CURVES 37

Sh(H$R). By Lem. 7.5, there exists a unique algebra endomorphism af° of Sh(HZR), whose
restriction to Sh'(H{R) coincides with ((evy, o In) ® id) o Agy(ugry and such that [0] — [0] +
log(g). One checks that a® is compatible with the filtration of Sh(HZ?) and that the associated
graded endomorphism of grSh(HZR) is the identity, so that a° is an algebra automorphism of
Sh(HZR).

Specializing (2.3.4) for ¢t € oo(Sh'(H?)) and taking its limit for = — 0, one obtains the
equality Io(t)(2") = Io(t™M)(2") L (o0 (t?))(2") for t € Sh'(HIR) and any 2/, 2" € C. Setting in

this identity 2’ := z¢ and viewing both sides as a function of 2", one obtains the identity
Io(t) = Io(t™)) (o) Ly (a0 (t))

(in Opo(C)) which is equivalent to the statement that the restrictions to Sh'(HIR) of Iy and
I, © 0g o aj®, which are algebra morphisms Sh(H‘éR) — Ohol(é) are equal. The images by
these morphisms of [0] € Sh(HZR) are also equal, since I([0]) = (2 ~ logz) while ag°([0]) =
[0] 4 log(z0) and I, 0 5¢([0]) = (z + logz — logxg). As Sh(HER) is generated by Sh'(H{R) and

[0], the algebra morphism status of both Iy and I, o 0g 0 ag® implies

(7.2.1) Iy =1,,00000a3°

(equality of algebra morphisms Sh(HIR) — O0,,(C)). Since foy.0=mo (p* @ Iy) and fry 20 =
mo (p*® (I, 009)) (where m : (’);wl(é')®2 — (’)hol(é) is the product map), this equality implies

(7.2.2) fo0.0 = foo,me 0 (id ® ag?)

(equality of algebra morphisms O(C') ® Sh(HIR) — Opna(C)).

The injectivity of fo, 2, (see Prop. 3.17(a)) and the automorphism status of ag® then imply
that f,, 0 is injective. Then Io(Sh(HIR)) = I, 0000al® (Sh(HIR)) = I, 000 (Sh(HIR)) = H(C~
S, 00), where the first equality follows from (7.2.1), the second follows from the automorphism
status of ag°, and the last from Lem. 7.1(b). O

Lemma 7.8 (sec also [Br], Cor. 5.6). (a) The map Iy is injective.

(b) The family of functions (Ligy(s,)|...|o0(sk)])k>0,51,....5 €S0 O Ohol(é’) (see notation after
Def. 7.6) is a basis of H(C \ Seo,00).

(¢) This family of functions is free over O(C) (see Prop. 7.2 for an explicit formulation).

Proof. Statement (a) follows from Prop. 7.7, as I is the composition of f,, ¢ with the canonical
injection 1 ® — : Sh(HR) — O(C) ® Sh(HIR). Statement (b) follows from (a) and from the
second part of Prop. 7.7. Statement (c) follows from (b) and from the first part of Prop. 7.7. O

8. COMPUTATION OF Ker(/,,)

The main result of this section is Thm. 8.7, where we compute Ker(I,,) and exhibit a

complement of this space in Sh(€2(C)). Fix an element o € 3.
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Lemma-Definition 8.1. (a) The direct sum of the map Sh(c) : Sh(HER) — Sh(Q2(C)) induced
by o and of the concatenation of Sh(c) with the canonical inclusion dO(C) — Q(C) is an
injective map Sh(HIR) & [Sh(HIR)|dO(C)] — Sh((C)).

(b) We define
(8.0.1) Sub, := Sh(o(HIR)) @ [Sh(o(HIR))|dO(C)] < Sh(Q(C))

to be the image of this map.
Proof. (a) follows from Q(C) = o(HR) @ dO(O). O

Define a vector space filtration FySub, by F,,Sub, := F,,Sh(c(H3R))@[F,Sh(c (HR))|dO(C)]
for n > 0.

Lemma 8.2. One has for any n > 0,

(8.0.2) Iy, (FnSubg) + L, (FuSh(Q(C))) = fozy (FuSh(HFY) © O(C)) + L, (FnSh(2(C))),
(8.0.3) fo.zo(Cl ® F,Sh(HEY)) C I, (F,Sub,).

Proof. (8.0.2) follows from the inclusion F;,_1Sub, C F,Sh(2(C)), from the fact that gr,Sub,

is linearly spanned by the elements [o(hi)|...|o(hy)|df] © 0 and 0 @ [o(hy)]...|o(hy)], where

hi,...,hn, € HIF and f € O(C) and from the identities

(8.0.4)

Leo(lo(h)] - - o (hn)ldf] € 0) = fouo ([Pl .- - [hn] @ f) = Lo ([o(R1)] . - - [0 (hn—1)|o (hn)p* (£)])-
Ly (0@ [o(ha)] . |o(hn)]) = fouo ([Pl .- - ha] @ 1).

for h1,...,h, € HiR and f € O(C). (8.0.3) follows from the equality of the maps F,,Sh(H?) —

Onot(C), t = frno(1@t) and t — Iy, (o(t) & 0). O

Lemma 8.3. One has, for any n >0,

(8.0.5) fo.20(O(C) ® F,Sh(HIR)) = I, (F,,Sub,).

Proof. For any n > 0, one has
fo.20(O(C) @ FSh(HEY)) C I, (F,Suby,) + I, (F,Sh(Q(C)))
= I, (F,Suby) + fy 2, (Cl ® F,Sh(HEY) + O(C) ® F,,_;Sh(HER))
= Iy (FuSub,) + fo,20(C1 ® F,Sh(HF)) + fo.4,(O(C) ® F,_1Sh(H))
= Ly (FuSubg) + fo,0,(O(C) ® Fr—1Sh(HEY))
where the first inclusion follows from (8.0.2), the first equality follows from Prop. 5.2, the third

equality follows from the inclusion (8.0.3) applied to the two first summands of its left-hand

side, therefore

fo.20(O(C) @ F,Sh(HIR)) C I, (F,Suby) + fozo (O(C) @ F,_1Sh(HIRY).
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Based on this inclusion, one proves inductively that, for any n > 0, one has
(8.0.6) fo.20(O(C) ® F,Sh(HIR)) C I, (F,Sub,).
On the other hand, for any n > 0, one has

Ly (FrSuby) C fo2o (O(C) ® F,Sh(HIR)) + I, (F,Sh((C))).
= f0.0s(O(C) ® F,Sh(HI)) + fo ., (C1 ® F,Sh(HI) + O(C) ® F,,_1Sh(HI))
= fo.2,(O(C) ® F,Sh(HEY))
where the inclusion follows from (8.0.2), the first equality follows from Prop. 5.2, and the last

equality follows from the inclusion of the second summand of its left-hand side in its first one,

therefore
Ly (FuStbg) C fo0,(O(C) @ F,Sh(HEY)).

This and (8.0.6) implies the statement. O

It follows from Prop. 3.17(a) that the corestriction of the map f, 5, defines a linear isomor-
phism f_:O(C)® F,Sh(HR) — £, ., (O(C) @ F,Sh(HIR)). Define

map,, ,, : Sub, — O(C) ® Sh(HE)

to be the composition

)
(8.0.7) Suby 8 I, (Suby) = frey (O(C) ® Sh(HIR)) "8 0(C) @ Sh(HIR),

where the equality (equality of subspaces of O}, (C)) follows from the collection of all equalities
(8.0.5) for n > 0.

Lemma 8.4. The map map, , is an isomorphism of vector spaces.

Proof. For any n > 0, the composition (8.0.7) restricts to a composition

I (E
F,Sub, =¥ I, (F,Sub,) = fy4,(0(C) ® F,Sh(HE)) "% 0O(C) ® F,Sh(HE),

where the equality follows from (8.0.5).
It follows that the map map,, ., is compatible with the filtrations on both sides, and therefore

induces, for any n > 0, a linear map
F,map,, ,, : F,Sub, = O(C) ® F,Sh(HE).

The composition of the associated graded map with the canonical isomorphisms is then
(8.0.8)
map,, : Sh,, (o(HI)) & [Sh, (o (HI))|dO(C)] = gr,Sub, " " =" O(C) ® gr,Sh(HEN)
~ Sh, (HIM) @ 0(0).
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Recall that a 2-step filtration of a vector space is the same as a vector subspace. The source
and target of map, are equipped with the 2-step filtrations associated respectively with the
subspaces Shy, (o(H3?)) and Sh,,(HI?) @ C.
The composition (8.0.7) restricts to a composition
dRyy = dR aryy Lowg) dR
Sh(o(HEY)) = Lo, (Sha(0(HEY))) = fouo (C® Sh(HGY)) "= C® Sh(HEY),

where the middle equality follows from the equality of maps Sh(HR) — Op0i(C), t — L, (o(t))
and t +— f 2,(1®1), therefore map, , restricts to the isomorphism Sh(o(H3R)) — C®Sh(HIR)
given by o(t) — 1 ®t. This map is compatible with the filtrations, therefore it induces an
isomorphism F,,Sh(c(H&R)) — C® F,Sh(HIR) for any n > 0, which by passing to the associated
graded implies that map,, is compatible to the 2-step filtrations on both sides. Its associated

graded for this filtration is then a map
®i—ogrymap,, : Shy (o (HEY)) @ [Shy (0 (HEY))[dO(C)] — Sh, (HEY) © (C & (O(C)/C)).

If follows from the fact that map, , restricts to the isomorphism Sh(c(HE)) — C @ Sh(HZ?)
given by o(t) — 1 ®t that gromap,, is the map Sh, (c(H})) — C ® Sh, (HR), o(t) = 1 @ ¢.
Moreover, (8.0.4) implies

Loy ([o(h1)] - |o(ha)df] @ 0) € fouo([ha]. .- [hn] @ f) + Loy (FuSh(Q(C))

C foo([hl - 1ha] ® f) + fo,e0 (C1 ® FeSh(HEY) + O(C) © Fo_iSh(HEY))
where the first relation follows from (8.0.4) and the second relation follows from Prop. 5.2,
therefore gr;map,, is the map [Sh,, (o (H?))|dO(C)] — (O(C)/C)@Sh,, (HIR), [o(t)|df] — [f]t.

The maps gr,map,, are isomorphisms for ¢ = 0,1 and any n > 0, which implies that map,, is

an isomorphism for any n > 0. This implies that gr, map, . is an isomorphism for any n > 0,
which as the filtrations on the source and target of map, , are complete implies that this map

is an isomorphism. O
Lemma 8.5. The restriction of I, to Sub, is injective.

Proof. This follows from the equality of this restriction with the composition fs ., o map, , ,
which is injective by Prop. 3.17(a) and Lem. 8.4. O

Proposition 8.6. One has Sh(Q(C)) = Sub, + im(D,, ).
Proof. Let us prove the inclusion
(8.0.9) Sh,, (2(C)) C Sub, + im(Dy,) + F,,—1Sh(2(C))

for any n > 0. One has Cl € Sub,, which proves (8.0.9) for n = 0. One has Q(C) =
o(H&R) @ dO(C), therefore Shy(Q(C)) C Sub,; this proves (8.0.9) for n = 1. Let n > 2. It
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follows from Q(C) = dO(C) + o(HR) that

(8.0.10)  Shy,(2(C)) = [Shp_1(c(HFY))|Q(C +ZShk 1(Q(C))|dO(C)[Shy & ((C))].
One has
(8.0.11) [Shy, (0(HF))[Q(C)] = Shp—1 (0 (HE)) @ [Shy—1 (o(HE))|dO(C)] C Sub,.

Moreover for k € [0,n — 1], f € O(C) and w; € Q(C), i € [0,n] ~ {k}, one has
[wi] .. Jwe—1]df lwrsa] - - lwn] = Doy ([wi] - - lwe—1] @ f & [wit] - - - |wn])
+ o] Jwra [P (fwrga| - Jwn] = [wi] - Jwk—1p™ (H)lwksal - Jwn]
€ im(D,,) + F,,—1Sh(Q(C))
if k>0 and
(dfles| . Jwon] = Dy (1@ £ & [wal . lwm]) + [ (P2l . ln] — (o) w2l .. ]
€ im(Dy,) + F,—1Sh(Q(C))
if £ = 0, which implies
(8.0.12) [Shr—1(2(C))|dO(C)|Shp—x(2(C))] C im(Dy,) + Frn—1Sh(Q(C)).
Then (8.0.10), (8.0.11) and (8.0.12) imply (8.0.9), which in its turn can be shown to imply the

statement by induction on n. d

Let Sh (©2(C)) be the augmentation ideal of Sh(Q2(C)). A left module structure of Sh (2(C))
over O(C) is defined by f-[wi]...|wk] := [fwi]...|wk] and a right module structure of Sh(2(C'))
over O(C) is defined by [w1]...|wk] - f = [wi]...|wrf] if & > 0and 1- f := f(xg)1, a tensor
V1 ® - ®@ vy in T(V) being denoted [vy]- -+ |v,] in Sh(V). Define a map

D, : Sh(Q(C)) ® O(C) @ Shy (C)) = Sh(Q(C)), s@f@ s s [s|df|s] — [s|f -]+ [s- fIs'].

Theorem 8.7. (a) The sequence of maps
D, I,

Sh(2(C)) ® O(C) © Shi((C)) ¥ Sh(UC)) = Opa(C)

is an exact complex, so that Ker(I,) = im(Dy,).

(b) There is a direct sum decomposition Sh(Q2(C)) = Sub, ® Ker(I,,).

Proof. (a) One checks that I, o D,, = 0, therefore im(D,,) C Ker(l;,). Let us prove the
opposite inclusion. The subspace Sub, C Sh(Q(C)) (see (8.0.1)) is such that (i) the restriction
of I, to Sub, is injective (see Lem. 8.5), (ii) Sh(2(C)) = Sub, + im(D,,) (see Prop. 8.6).
Then (i) implies Sub, NKer(I,,) = 0, and therefore Sub, Nim(D,,,) = 0. Then (ii) implies that
Sh(2(C)) = Sub, ®im(D,,). The restriction of I, to the two summands are then respectively
injective (by Lem. 8.5) and zero (by I, o D,, = 0), which implies im(D,,) = Ker(I,).

(b) This follows from combining the already proved equalities Sh(2(C')) = Sub, @ im(D,,)
and im(Dy,) = Ker(I,). O
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APPENDIX A. BACKGROUND ON HOPF ALGEBRAS

This section is devoted to constructions on Hopf algebras. In §A.1, we define an endofunctor
O — O of the category of Hopf algebras HA, and in §A.2, a duality functor HA D HA;z; —
HA um, H— H'. In §A.3, we show that a Hopf algebra pairing p : O @ H — C gives rise,
under a finite-dimensionality assumption, to a Hopf algebra morphism v(p) : O¥ — H’ (see
Lem. A.11).

A.1. An endofunctor O — O of HA. Let O be a complex Hopf algebra with coproduct
Ap. For a > 1, let Ag) : O — O®% be the morphism obtained by iteration of Ap. Let
pro : O — O/C be the canonical projection.

Definition A.1 (see [Q1] B3, [BGF], §3.3.4 or [Fr] §7.2). For n > 0, we define FYO :=

Ker(r§™*! 0 AG*),

We also set F¥,0 = {0}. Note that Fy O = C1.

Lemma A.2 (see also [Fr], §7.2.15). (a) Forn >0, FYO C F§+1O-
(b) Forn >0 and k € [0,n+ 1], one has Ao(FYO) C Fy .00 +0® FY 0.
(¢) For n >0, one has Ao(FyYO) C Y i F,?O ® F,?_kO-

(d) For n,m >0, one has (FY0) - (FY0) c EY,,. O.

n+m

Proof. (a) Let 1o, €o be the unit and counit maps of O. One checks that Fy O = Ker((id —
noeo)®" 1 o A(O"H)). One has (id — n0€0)®? 0o Ap = Ao o (id — no€o), which implies that
(id — noeo)®" 2 o A(O"H) = (Ao ®idS"™) o (id — noeo)®" L o A(OnH) (equality of linear maps
O — O®"*2). Therefore FYO = Ker((id — noeo)®"*! o AgLH)) C Ker((id — noeo)®"*+2 o
A(On”)) = FS-HO-

(b) Assume that k € [1,n]. One has A(O"H) = (A(Ok) ® AgL_k+1)) o Ao, and so prg" o
Ag+l) = ((pr&Fo Agc)) @ (pr&" o A(OTF}HI))) o Ap. Therefore Ap(FyO) C Ker((prd* o
A(Ok)) @ (prg" o AgL_kH))) = Ker(pr&¥ o Ag)) ® O + 0 ® Ker(pr&" "1 o A(On_kJrl)) =
F 0®0+0®F,,0.

Assume that k = 0. It follows from the statement with k¥ = 1 that Ap(FYO) C C® O +
O® FEY 0. Tt follows that for f € FYO, there exists a € O with Ap(f) € 1®a+O0®FY 0.
Applying ep ® id, one derives f € a + F,?_IO7 hence a € f + F§_1O C FYO. Therefore
Ao(FPO) cC® FPO+0® FY 0. Tt follows that Ap(FY0) € O® FYO.

For k = n + 1, the proof of the statement Ap(FyO) C FYO ® O is similar, based on the
statement for k = n.

(c) It follows from the statements Ao (FyO) C O® FYO and Ap(FyYO) € EYO®O ((b) for
k = 0,n) that Ap(FY0) C FYO ® FYO. Together with the statement (b) for k € [1,n], this
implies that Ag(FYO) C FyY ,0® FYO + FYO ® FY O for any k € [1,n]. The statement
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then follows from

(A.1.1) ((F 00 FO+F/O®F, 0)=Y FOF); 0,
k=1 k=0
which we now prove. For i € [0,n], let A; be a complement of F,”O in F,” ;0. One has then
FSO - @ZL:OAl Then Fk(:‘?—lo ® FT?O + F,,?O ® FS—/{:O - ®(i,j)€ﬂ0,nﬂ2|i§k—1 or ]Sn—kA7 X A]
It follows that Np_, (K, 0@ FYO+ FYO® F, ,0) =3, ycq Ai @ Aj, where § := {(i, j) €
[0,n]?|Vk € [1,n], one has i <k —1 or j <n—k}. One checks that S = {(4,5) € [0,n]?|i +
j < n}, therefore the left-hand side of (A.1.1) is equal to ©; jye[o,n]?|i+j<nAi @ A; Sro F,?O@
F?Y 0, proving (A.1.1).
(d) Tt follows from (c) that

(A.1.2) AT (EY0) ¢ > FlO®- - ®F

Tntm+1
. . p 1
(i1, sintmt1) GZ;LJS mt |
i1+ A intmp1=n

For a > 1 and L C [1,a], define ¢r, : [1,a] — {0,1} by ¢r(z) = 0if x € L and ¢r(z) =1

otherwise. Set then

(A.1.3) 0% = L Uit O c 0%,

pr(i
where we recall F@"*0 = C1, F""*O = O.
. . n—+m n+m+1 .
Then for any (i1,...,0ntm+1) € Z;g 1 one has FgO@ e ®Fiqj+m+10 - Ogjrgj:z;}). This
and (A.1.2), together with the fact that [{j|i; =0} > m+1if (i1,...,9n4m+1) € Zggmﬂ is

such that 71 + ... 4+ tp4m+1 > m + 1, imply that

n+m n+m+41
(A.1.4) Nl 0 200 KR N 0 ).
JC[1,n+m~+1]|
|J|>m+1
Then

A(n-ﬁ-m-‘rl)((FSO) . (FgO)) c A(n+m+1)(FSO) . A(n+m+1)(F20)

1 1 1

c 2 : OL(]nerJr ) Og?erJr ) - E : OL(;%J;(er )
J,KC[1,n+m+1]| J,KC[1,n+m+1]|
|| >m1, | K| >n+1 |J|>m+1,| K| >n+1

- Z O(Ln+m+1) C Ker(pr%”"'m"'l)

LC[1,n+m+1]|
L#0

where the first inclusion follows from the fact that A*+t™+1 is an algebra morphism, the second
inclusion follows from (A.1.4), the third inclusion follows from OF]"+m+1) 'O%Hrm“) C O%}mﬂ)
for J, K C [1,n+m+ 1], the fourth inclusion follows from the fact that if J, K C [1,n+m+1]
are such that |[J| > m + 1,|K| > n+ 1, then J N K # 0, the last inclusion follows from the
vanishing of the restriction of prg" ™! to any Oy, where (} # L C [1,n+m+1]. The resulting

inclusion A+ (FY0) - (FY0)) C Ker(pr§™ 1) implies the statement. O

Definition A.3. Set OY := U,>FyO.
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Proposition A.4. (a) FJO defines a Hopf algebra filtration of O.

(b) O is a Hopf subalgebra of O. The assignment O — OY is an endofunctor of the category
HA of complex Hopf algebras.

(c) If f : O1 — Oy is a morphism in HA, then f is compatible with the filtrations FY on
both sides.

Proof. (a) follows from Lem. A.2. (b) follows from the fact that OY is the total space of
FPO and from (a). The functoriality statement is obvious. (c) follows from f®"+! o (id —

no,€o0,)®" o Agblﬂ) = (id — no,€0,)*" 1 o Agljl) o f for any n > 0. O

A2, A duality functor HA;; — HA?, H — H'. Let H be a complex Hopf algebra with
coproduct Ap. Denote by Jy its augmentation ideal of H, and set F""H := H for n = 0,
F"H = J} for n > 1.

Lemma A.5 (see also [Fr|, §8.1.1). For n,m > 0, one has F"H - F"H C F"*™H and
Ag(F"H)C Y F"H®F" H.

n'4+n’'=n

Proof. The decreasing character of (F™H ),z is obvious. The inclusion F"H-F™H C F"t™H
follows from definitions. The last statement follows from Ay (Jy) C H® Jy + Jg @ H, which

is itself a consequence of the compatibility of Ay with the augmentation of H. O

The coalgebra structure of H induces an algebra structure on H*. For n > 0, set F,,H* :=
(Fn-‘rlH)L.

Lemma A.6. FoH* is an algebra filtration of H*, and H' := U,>oF,H* is a subalgebra of
H*.

Proof. Let n,m >0, a € (F"* H)+, 3¢ (F™t H)*, then if h € F**™+1H, one has Ay(h) €
F"H®H+H®F™H by the second statement of A.5, therefore (a-8)(h) = (a®8)(Ax(h)) =0,
therefore o - 8 € (F"*™*1H)L. This proves the first statement. The second statement follows

from the first, as H' is the total subspace of an algebra filtration. O

Definition A.7. HA, is the full subcategory of HA of Hopf algebras H such that gr'H :=
F'H/F?H is finite dimensional.

Lemma A.8. If H is an object of HA 4, then H' is equipped with a linear map Ay : H —
H'®@H', uniquely determined by the identity A/ (o) (h®@h') = a(hh') fora € H and h,h' € H.
Then (H',Ap+) is a Hopf algebra. The assignment H — H' is a functor HA ;g — HAP.

Proof. It follows from Lem. A.5 that F'*H is a decreasing algebra filtration of H. The associated
graded algebra gr®H is such that gr"H = F"H/F"*'H for any n > 0. Then grt’H = C, and
gr*H is generated by gr'H. As this space is finite dimensional, so is gr*H for any k& > 0. It
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follows that for any n > 0, @?’:_01 gr'H is finite dimensional. As this space is non-canonically
isomorphic to the quotient space H/F™H, this quotient is finite dimensional as well.

It also follows from Lem. A.5 that for any n > 0, F"H is a two-sided ideal of H, therefore
H/F"H is an algebra, and H/F"*'H — H/F"H is an algebra morphism.

Since H/F™H is finite-dimensional, its associative algebra structure gives rise to a coas-
sociative coalgebra structure on its dual (H/F"H)* = F,_1H* (with F_;H* := 0). It fol-
lows from the algebra morphism status of H/F"*'H — H/F"H that the canonical inclusion
Tnntl @ o1 H* C F,, H* is a coalgebra morphism.

For n > 0, define then an algebra morphism Ay, : F,, H* — (H')®? to be the composition
i%20AF, p+, where Ap g+ is the coproduct of the coalgebra structure of Fy, H* and i,, : F,, H* —

H' is the canonical inclusion. One has
(AZI) AH/,n-"-l o in,n—i—l - AH’,n-

Indeed, A 4 10inns1 = ing100F, \ H* Olnni1 = iut10inp100F, ge = 1520 AR, g+ = A,
where the first and last equalities follow from the definitions of Ag/ 41 and Agr 41, the second
equality follows from the coalgebra morphism status of i, 41, and the third equality follows
from 4,,4104y nt1 = ip. It follows from (A.2.1) and from H' = U,,>oF,, H* that there is a unique
linear map Ags : H' — (H')®?, such that Ay oi, = A, for any n > 0. The identities
relating A g ,, with the product implies that it satisfies the announced identity. The uniqueness
statement follows from the fact that the annihilator of H ® H in F,,H* ® F,,, H* is zero for any
n,m > 0. One checks that Ag. satisfies the Hopf algebra axioms as well as the functoriality

statement. O

If H is an object of HA f4, it follows from Lem. A.8 and Lem. A.4 that H’ is equipped with
a Hopf algebra filtration Fy H'; it is also equipped with the vector space filtration Fy H* used
to define it, given by F,H* = (F"*1H)* for any n > 0. One has:

Lemma A.9. One has FYH' = F,H*.

Proof. Let n > 0 and let us show that FYH' = F,H*. Recall that FYH' = Ker((id —
e )" o Ag,ﬂ)), where Ags,ng and ey are the coproduct, unit and counit maps of H'.
Recall that H' = U,,>oF,, H* C H* and that for each m > 0, F,,,H* is a sub-coalgebra of H';
denote by Ag g« : F, H* — (F,, H*)®? the corresponding coproduct. Let e g+ : Fp H* — C
be the composition of e€ys with the inclusion F,, H* C H’. The unit of H' corresponds to the
counit map of H, which as it vanishes on F™ "1 H defines an element in (H/F™ 1 H)* = F,,H*;

let g~ be the corresponding map C — F,,, H*. Then

A("+1)

- id— * € «)®ntlL
FTCL?H/ ﬂFmH* _ Ker(FmH* Flf)f (FmH*)®n+1 ( nFm,H_F;nH ) (FmH*)®n+1)

(a subspace of F,, H*). Using that if f : E — F is a linear map, then Ker(f* : F* — E*) =
im(f)+, that the duals of Ap, g+ : FpnH* — (B H*)®2 np, g« : C — F,H* and €p, g+ -
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FnH* — C are respectively the product map mpy pm+1pg : (H/F™T H)®? — H/F™t1H,
the map ep/pm i1 : H/F™! — C induced by the counit of H, and the map NH/Fm+1H -
C — H/F™'H induced the unit of H, we see that FY H' N F,,H* is the annihilator (in
(H/F™ L H)*) of the image of the map
(H/Fm+1[)®n+l ("d*”H/F"LHff“j)/F"'L*lH)MJrl (H/Fm+1)entl mg&“ff H/F™H.

Since the image of id — ngey : H — H is F'H, and since the image of (F1H)®"*! by
m%ﬂrl) : HO™ L — H is F*TLH | the said image is (F"" H + F™ 1 H)/F™t1H. Therefore the
subspace FY H' N F,, H* of (H/F™T'H)* is the annihilator of (F"T'H 4+ F™+ {)/F™+1H. If
m > n, this subspace is the annihilator of F"*'H/F™ 1 H which is the kernel of the canonical
map (H/F™ T H)* — (F"*1H/F™ 1 H)* which is the image of the injection F,, H* — F,, H*.
Therefore FY H' = F,, H*. O

A.3. Hopf algebra pairings and Hopf algebra morphisms. Recall that if O, H are Hopf
algebras with coproducts Ap, Ay and counits €p, €y, then a Hopf algebra pairing between O
and H is a linear map p : O ® H — C, such that p(oo’ @ h) = (p ® p) o m(0 ® o' @ Ay (h)),
plo®@h) = (p@p)om(Aplo) ®h®@h') and p(1 @ h) = eg(h), plo® 1) = ep(o) for 0,0’ € O
and h,h' € H (for any n > 2, 7,, is the canonical map O®™ @ H®" — (O @ H)®").

Definition A.10. For O, H Hopf algebras, we denote by Pair(O, H) the set of Hopf algera
pairings between O and H.

Lemma A.11. For O an object of HA and H an object of HA 4, there is a map
v : Pair(O, H) — HA(O", H').
For p € Pair(O, H), v(p) is such that the diagram

0% o HP% Y o

io®idH\L \LPH

commutes, io : O¥ — O being the canonical injection and py : H @ H — C being the
composition H® H' — H® H* — C.

Proof. Let p € Pair(O, H). Let n > 0, then p(FYO ® F"" H) = p(FYO ® Jit) c p®tlo
Tn+1(A8H1) (FXO)@Jgm ) ¢ > 0Lt 1] p®"+1o7'n+1(05:n+1)®J§”+1) = 0, where the first
inclusion follows from the behavior of p with respect to coproducts, the second inclusion follows
from ATV (FP0) ¢ D 0ALC [t 1] O™ where OV is as in (A.1.3) (a consequence of
the definition of FY O), the last inclusion follows from p(1® Jz) = 0, itself a consequence of the
behavior of p with respect to counits. It follows that p(FY O @ F"*'H) = 0. This implies that
the restriction p| po gy of p to FYO®H induces a linear map p,, : FYO®(H/F" T H) — C. As
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H/F"+1H is finite dimensional, this gives rise to a linear map v(p),, : FyO — (H/F" T H)* =
F,H*. One checks that iﬁ;ﬂ o v(P)n = V(P)nt1 0 Y 41, where i, 1, iff,lnﬂ the canonical
maps FYO — FSHO and F,, H* — F, 1 H*. It follows that there exists a unique linear map
v(p) : O¥ — H’, such that v(p) 0i = il ov(p),, for any n > 0, where i, i’

" are the canonical

maps FYO — OY and F,H* — H'. One checks that v(p) defines a Hopf algebra morphism as

well as the announced commutative diagram. 0

APPENDIX B. BACKGROUND ON HOPF ALGEBRAS WITH (CO)ACTIONS ON ALGEBRAS

In §B.1, we introduce a category HACA of Hopf algebras with comodule algebra (HACAs)
and an endofunctor of that category extending that of §A.1. In §B.2, we introduce a category
HAMA of Hopf algebras with module algebras (HAMAs), together with a diagram HAMA D
HAMA ;; — HACA extending that of §A.2. In §B.3, we introduce the notion of a pairing-
morphism from a HAMA to a HACA and show that it gives rise, under a finite dimensionality
assumption, to a HACA morphism extending the Hopf algebra morphism of §A.3. In §B.4,
we make use of the natural filtration attached to each HACA to construct two functors gr, ® :
HACA — Alg,, and a natural transformation nat : gr = ® between these functors. §B.5
is devoted to the main technical tool of this paper (Prop. B.18), based on nat and giving a
criterion for the HACA morphisms arising from pairing-morphisms of a certain type by the

construction of §B.3 to be isomorphisms.
B.1. An endofunctor (O, A) — (0%, F,,A) of HACA.

Definition B.1. A Hopf algebra with comodule algebra (HACA) is a pair (O, A) where O is
a Hopf algebra and A is an algebra, equipped with a left coaction of O; the coproduct map of
O being denoted Ap and the coaction by Ay : A — O ® A, in particular Ay is an algebra
morphism and (Ap ® ida) o Ag = (ido ® Ag) o Ay. If (O, A) and (O, A’) are HACAs, a
morphism from (O, A) to (O’, A’) is the pair of (fa, fo) of an algebra morphism f, : A — A’
and a Hopf algebra morphism fo : O — O’ such that (fo ® fa) o Aa = A o f4. Denote by
HACA the resulting category.

Let (O, A) be a HACA.

Definition B.2. For n > 0, define F}, A to be the preimage of FYO® A by the map Ay : A —
O® A

Lemma B.3. (a) F,A is an algebra filtration of A.

(b) Forn >0, Aa(F,A) C FYO® F,A.

(c) Forn >0, As(F,A) C Zp+q:n F;?O ® F A.

(d) The restriction of Aa to Fao A corestricts to O¥ @ Fy A. Together with the structures of
algebra of Foo A and of Hopf algebra of O, the resulting map Ap_ 4 : Fso A = OV @Fo A equips
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(O, Fs A) with a HACA structure. The assignment (O, A) — (0%, Fy, A) is an endofunctor
of HACA.

Proof. (a) AQFY O is an algebra filtration of the algebra O® A; as A4 : A — O®A is an algebra
morphism, the preimage of this filtration is an algebra filtration of the source; as this preimage
is Fy A, the latter is an algebra filtration. (b) Let a € F,, A, then As(a) € FY O® A. There exist
families (0s)ses, (as)ses of elements of O and A, indexed by a finite set S, such that (0s)ses
is free and Ay (a) = Y, 05 ® as. Since Ag(FyYO) C (FY0O)®?, one has (Ao ®ida) o Aa(a) €
(FY0)®?® A. By the coassociativity of the coaction, this term is equal to (ido ® Ax) o Aa(a),
so (ido ® Aa) o Aa(a) € (FYO)®? @ A. Therefore Y. g0, ® Aa(as) € (FY0)®? @ A. As
(05)ses is free, this implies Ay (as) € FYO ® A for any s, therefore ay € F,A. The claim
follows.

(c) Let a € F,A, then by (b) Aa(a) € FYO ® F,A. Let U; be a complement of F;” O in
F’0,50 FPO=U,@---®U;. Then FYO ® F,A = (Uy ® F,A) @ - ® (U, ® F,A), giving
rise to a decomposition Ay(a) = zg + -+ + 25.

Since A4(a) € FYO®F, A, Lem. A.2 (c) implies that (Ao ®@ida)olda(a) €Y, ., FyO®
Fq@O ® F,A C (FY0)®? @ F,A. By the coassociativity identity, this term is equal to (ido ®
Ax)oAxla) = 31 o(ido @ Aa)(z). Tt follows that Y77 ((ido @ Aa)(2i) € X2 ,4 1m0 FY0®
Fq@O ® F,, A. There is a direct sum decomposition (FY0)®? ® F,A = @i, jefo,n)Ui @U; ® F A;
then >° . _, FP0 @ F)O © FrA = @, jejon]itj<nUi ® U; © FR A, and (ido ® Ax)(z) €
Ui@ FyO®F,A = ®jeponUi ®U; @ F,, A. Decomposing (ido @ Aa)(z;) = >_jefo,n Lij for any
i € [0,n], one obtains Zi,je[[o#n]] tij € @i jefo.n],i+i<nUi@U; @ F, A, therefore t;; = 0if i4-j > n,
therefore for any i € [0,n], one has (ido ® Aa)(z;) € EB?;&UZ- QU@ F,A=U;®FY ,00 F,A.
There exist families (0%)ses,, (al)ses, of elements of U; and F, A, indexed by a finite set S;,
such that (0f)ses, is free and z; = 35 g 0l ®@al. Then Y g ol®@Aa(a}) € Ui FY , 00 F,A.
Since (0%)ses, is free, this implies Aa(al) € FY ,0® F, A for any s € S;, therefore a’ € F,_; A.
Therefore z; € F?O ® F,_;A, proving the claim.

(d) By (b), Aa(F,A) C O¥ @ Foo A for any n > 0, which implies Ay (Faod) C OY ® Fy A.
One can then define the announced map Agr 4 : Foo A — 0% @ F A and check it to have the

announced properties. The endofunctor statement is then immediate. O

B.2. A category HAMA and a functor HAMA ;; — HACA. For M a right module over
an algebra A and V' C A, we use the notation Ann(V') to denote {m € M |m -V = 0}.

Definition B.4. For H a Hopf algebra, M a right H-module, define F,, M := Ann(F"*1H, M)
for n > 0.

Note that FyM is equal to MH, the submodule of M of invariants of the action of H.

Lemma B.5. Let H be a Hopf algebra.
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(a) For M a right H-module, FeM is an increasing H-module filtration of M.

(b) Any morphism f : M — N a morphism of right H-modules is compatible with the
filtrations.

(c) If M is a right H-module and n > 0, then for any m € F,M, the map F"H — M,
h +— m - h takes its values in M. The resulting map F,M — Home—yeo(F™H, MH) mnduces

a map gr, M — Homc_ye.(gt" H, M), which is injective.

Proof. (a) follows from the decreasing character of n +— F""'H and from the ideal nature
of F"1H for n > 0. (b) is immediate. (c) If m € F,M, h € F"H and h' € F;H, then
hh' € F"*1H so m - (hh') = 0, therefore (m - h)-h' =0, so m-h € M. The map F,M —
Homc_yee(F™H, M) factors through a map F,, M — Homc_ye.(gr™ H, MH) as m-h = 0 for any
m € F,M, h € F"'H. The restriction of this map to F,,_, M is zero as m-h = 0 for any m €
F,_ 1M, h € F"H. This leads to the announced map gr, M — Homc_e.(gr" H, MH). As the
map Home_ yee(gr™ H, M) — Home_yeo(F™ H, M) is injective, the kernel of the map F,, M —
Homg_yee(gr™ H, M) is equal to the kernel of the map F,, M — Homgc_ye.(F"H, M), which
is {m € F,M|m-h =0 for any h € F*H}, that it F"~'H. Tt follows that the map gr, M —
Homc_ e (gt™ H, M) is injective. O

Definition B.6. A Hopf algebra with module algebra (HAMA) is pair (B, H) where H is
a Hopf algebra and B is an algebra equipped with a right action of H, i.e. a linear map
B®H — H,b®h+ b-h, such that (b-h)-h' =b-(hh') and (bb') - h = (b- hV)(b- h?)
for any b, € B and h,h’ € H, the coproduct of h € H being denoted h() @ h(?) (Sweedler).
If (B,H) and (B’, H') are HAMAs, a morphism (B, H) — (B’, H') is a pair (fg, fB), where
fg : H — H is a a Hopf algebra morphism and fg : B — B’ is an algebra morphism, such

that fp(b- fr(h')) = f(b)-h' for any b € B and b’ € H'. Morphisms are composed as follows:
(9m,98) © (fu, fB) == (fu o gu, 95 ° fB).

One checks that HAMASs build up a category, which will be denoted HAMA..

Definition B.7. Let (B, H) be a HAMA. For n > 0, set F,,B := Ann(F""'H,B) = {b €
B|b- F*+'H = 0}.

Lemma B.8. Let (B,H) be a HAMA.

(a) FoB is an algebra filtration of B.

(b) Let n,m > 0. For n > m, then (F,B)- (F"H) C F,_,,B. If n < m, then (F,B) -
(F™H) = 0.

(¢) For any n > 0, the action map B® H — B induces a linear map F,B ® H — F, B,
which factorizes through a linear map F,B ® (H/F""*H) — F,B.

Proof. (a) Let n,m > 0. By the second part of Lem. A.5, one has Ay (F"™™ L H) C F"Tl1H ®
H+ H ® F™T1H. Together with the Hopf algebra action axiom, this implies the inclusion in
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((FwB)(FyB))-(F"™ 1 H) C ((FoB)-(F" H))((Fo B)-H)+((F, B)-H)((F B)-(F"™ 1 H)) =
0, and the equality follows from (F,B) - (F""1H) = (F,,B) - (F™T'H) = 0. The resulting
equality (F,, B)(F,,B)- (F"t™+1H) = 0 implies (F},B)(F,,B) C Fy,x;mB. (b) Assume n > m >
0. Then ((F,B)-(F™H))-(F"~™*'H) C (F,B)-((F"H)(F"~™'H)) C (F,,B)-(F""'H) = 0,
where the first inclusion follows from the right action axioms, the second inclusion follows from
the first part of Lem. A.5, and the equality follows from the definition of Fj, B. This implies
(F,B)-(F™H) C F,_,,,B, as claimed. In particular, for any n > 0, (F,,B)-(F"H) C FoB = BH.
Then if m > n, one has (F,,B) - (F™H) = (F,B) - (F"H)(F™ "H)) C ((F,B) - (F"H)) -
(Fm="H) C BH.(Fm~"H) = 0, where the first equality follows from F™H = (F"H)(F™ "H),
the first inclusion follows from the right action axioms, the second inclusion follows from the
inclusion (F,,B) - (F"H) C B the last equality follows from B - Jy = 0. This completes the
proof of the claim. (c¢) The first statement follows from (b) for m = 0. The second statement
follows from F,,B - (F" 1 H) = 0, which follows from the definition of F,, B. O

Definition B.9. HAMA 4, is the full subcategory of HAMA of objects (B, H) such that H
is an object of HA 4.

Lemma B.10. Let (B, H) be an object of HAMA 4.

(a) For any n > 0, the linear map F,,B® (H/F"™H) — F,B from Lem. B.8 (c) induces a
linear map Ar, g : F,B — (H/F""'H)* ® F,,B = F,H* ® F,,B.

(b) There is a linear map Ap_p : Fou B — H' ® Foo B, uniquely determined by the condition
that Ap_p o if=B = (if' @ iF<B) o Ap p for any n > 0, where Ap, p is as in (a) and
inH/ : P, H* — H', ime : F,B — F B are the canonical injections.

(c) Together with the algebra structure of FsoB and Hopf algebra structure of H', Ap_p
equips (H', Foo B) with a HACA structure. The assignment (B, H) — (H', FxB) is a functor
HAMA ; - HACA.

Proof. (a) follows from the finite-dimensionality of H/F"*1H, which has been established in
the proof of Lem. A.8.

(b) Let n > 0 and ifj’;fl :F,B — F, ;1B and if’ln_H : F,H* — F, 11 H* be the canonical in-
clusions. Recall that i/, | is the dual of the projection map pX, , , : H/F"*2H — H/F"1H.
The following diagram

F,B® H ——> F,B® (H/F"*'B)

— |

FopBRH—— > B®H

| T

FpB® (H/F"2B)
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is built up of two commutative square and a commutative triangle, therefore is commutative; it
is the composition of the square whose commutativity expresses the equality Ap_p o iifflfl =
(it @il ) o AR, g with the morphisms F,,41B — B and F,B® H — F,B® (H/F""2H),
which are respectively injective and surjective. This implies the commutativity of this square,
therefore the said equality, from which one derives the statement.

(c) Let us show the coassociativity of (H', Fio B). Recall that for £ € H' and b € Fy, B, one
has £-b= (id® & Ap(b)). Let b€ FooB and §,n € H', then - (n-b) = (id® &, Ag(n-b)) =
(id® &, Ap((idon, Ap(b)))) = ([de€®n, (Ap®id)o Ap(b)) = (id®E®n, (id@ Ax)oAp (b)) =
(id (€ n), Ap(b)) = (€ ) - b.

O

Lemma B.11. (a) Let (B,H) be a HAMA and let H' C H be a Hopf subalgebra. Let us
denote by FIB, F,H,B the algebra filtrations of B attached to the actions of H,H'. Then
FEB c FH'B.

(b) Let f : B — C be an algebra morphism; let H be a Hopf algebra right acting on B and C';
assume that f is H-equivariant. Then (f,id) : (B,H) — (C,H) is a HAMA morphism, and
f(FoB) C FoC.

Proof. (a) For n >0, one has FAB ={bc B|h-b=0for he€ F*"'H} c {b€ B|h-b=0
for h € F""'H'} = F*' B, where the inclusion follows from F"*'H’' ¢ F**1H. This implies
FIBc FI'B.

(b) Forn>0,b € F,B and h € F""™ H, one has f(b)-h = f(b-h) = f(0) = 0 where the first
equality follows the equivariance of f and the second equality follows from b € F;, B. Therefore
f(b) € F,C. So f(F,B) C F,C, hence f(FB) C Fo.C. O

B.3. Pairing-morphisms from a HACA to a HAMA and HACA morphisms.

Definition B.12. Let (O, A) be a HACA and (B, H) be a HAMA. A pairing-morphism from
(O,A) to (B, H) is a pair (p, f), where p : O® H — C is a Hopf algebra pairing, and f: A — B
is an algebra morphism, such that the following diagram commutes

f®id

(B.3.1) Ao H B®H
AA®’L'dl l
ORARH — A0 H B
coa®id f®p

where Ay 1 A - O ® A is the coaction morphism of (O, A), cpa : O® A — A® O is the
permutation isomorphism, and the right vertical map is the action map of (B, H). Equivalently,
one requests the identity
fla)-h= f(@®)p(a® @ h)
to be satisfied for any a € A and h € H, where one denotes A 4(a) := aM @ a?.
We denote by PM((O, A), (B, H)) the set of pairing-morphisms from (O, A) to (B, H).
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Lemma B.13. Let (O, A) an object in HACA and (B,H) an object in HAMA ;. If
(p, f) € PM((O,A),(B,H)), then f(FsA) C FoB, so that f induces an algebra morphism
Fof : FiuA = FooB. The assignment (p, f) — (v(p), Foo f) defines a map

7: PM((0, A), (B, H)) - HACA((O, Fx, A), (H', F5 B)).

Proof. Let n > 0 and a € F,A. Then As(a) € FPO® A. So (AY™) @idy) o Asla) €
(ZV)#LCHLnH]] O(LHH)) ®ACA®O0®"L Then for hy,...,h,y1 € J, one has

£(@) (hy -+ ngr) = ((id ® f) 0 Au(a), (hy -+ hny1) @ id)
= ((id®" @ £) o ATV (@), (h @ - @ hypyr) @ id) = 0,

where the first equality follows from Def. B.12, the second equality follows from the Hopf
algebra pairing axiom, the last equality follows from <O(Ln+1), J?"‘H) = 0, which follows from
(1,Jr) = 0. It follows that f(a) € F,,B.

Let us prove that (v(p), Foo f) is a morphism in HACA. Let n > 0. Since f(F,A) C F, B,
f induces a linear map F,, f : F,A — F,B.

By Lem. B.3(b), the coaction map Ay : A — O ® A induces a map Ap 4 : F,A —
FY0 ® F,A. By Lem. B.8(c), the action map acty : B® H — B induces a map actp, p :
F,B® H — F,B. Therefore (B.3.1) induces a commutative diagram

(B.3.2) FAoH 0% pBoH

AFHA®idi \LaCtFnB
(Frn f®p)o(o0a®id)

By the proof of Lem. A.11, the restriction of p to FiY O® F"*! H is zero, which induces a pairing
pn: FYO® (H/F" 1 H) — C. By Lem. B.8(c), the restriction of actp, g to F,, B (H/F"T'H)
is zero, inducing a linear map actp g : F,B ® (H/F""'H) — F,B. The above diagram
therefore gives rise to a commutative diagram

FoA® (H/Fr gy 2@

F,B® (H/Fn'HH)
AFnA®idi laCtFnB

FPO® F,A® (H/F"""\H) —— > F,B
n0O® ® ( /(an®pn)o(gOA®id)

Since H/F"+'H is finite dimensional, the map p,, gives rise to a linear map v(p), : FYO —

F,H* (see proof of Lem. A.11) and the map actp p gives rise to the map Ap, g : F,,B —
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F,H* ® F,B (see Lem. B.10(a)). The above commutative diagram then gives rise to a com-

mutative diagram

FA— "™ . FpB

AF”A\L \LAFnB

FPO® F,A——F,H*® F,B
v(P)n®@Fn f

This commutativity means that the restriction to Fj, A of the two composed maps of the diagram

rA—"' _F B

AFOOA\L iAFMB

OY9FuA——> H ® F. B
V(p)@Foof

are equal. Since Foo A = Up>0F, A, this diagram is commutative, therefore the pair (v(p), Foo f)
is a morphism in HACA. O

B.4. Two functors HACA — Alg,, and a natural transformation.
Definition B.14. Alg,, is the category of Z>o-graded associative algebras.

By Prop. A.4(a), a Hopf algebra O is naturally equipped with a filtration F,O. Set gr(O) :=
®isogr;(0), where gr;(0) := F O/F; 0 for i > 0, then gr(0O) is a Z>o-graded Hopf algebra,
therefore also a Z>¢-graded associative algebra. Recall that an object (O, A) of HACA gives
rise to an algebra filtration FeA on A (see Lem. B.3(a)). Then gr(A) := ®;>ogr;(A), where
gr;(A) .= F,A/F;,_1A for i > 0 is a Z>(-graded associative algebra.

Lemma B.15. (a) The assignment (O, A) — gr(A) defines a functor gr : HACA — Alg,,..

(b) For (O, A) an object in HACA, equip gr(O) ® FyA with the tensor product Z>o-graded
associative algebra structure, where FyA is concentrated in degree 0. Then the assignment
(0, A) = gr(0) ® FyA defines a functor ® : HACA — Alg,,.

Proof. (a) The assignment (O, A) +— (A, FoA) defines a functor HACA — Algy,; where Alg
is the category of filtered algebras (in the sense of §3.1). The said assignment is the composition
of this functor with the “associated-graded functor” Alg; — Alg,. (b) The assignments
(0,A) = A and (O, A) +— gr(O) define functors HACA — Alg and HACA — Alg,,,
where Alg is the category of associative algebras. The said assignment is the composition
of the product of these functors, of the “degree-0 functor” Alg — Alg, ., and of the tensor
product functor Algzr — Alg,,. O

Let (O, A) be an object in HACA. By Lem. B.3(c), the coaction map Ay : A - O ® A
is compatible with the filtrations on both sides, therefore gives rise to a morphism of graded

algebras gry(A4) @ gry(A) — gr (O ® A) = gry(0) ® gry(A). There is a unique morphism
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of graded algebras prg : gry(A) — FyA given by the identity in degree 0 and 0 on all degree

components of degree > 0.

Definition B.16. nat(o ) : gry(4) — gry(0) ® FyA is the composition of gr,(A4) with
id ® pro.

Lemma B.17. (a) The assignment (O, A) = nat(p,a) € Alg,,.(gr(A4),®(0, A)) is a natural
transformation relating the functors gr,® : HACA — Alg,, .
(b) For any object (O, A) of HACA, the morphism nat(o, 4y is injective.

Proof. (a) nat(o 4y is a morphism of graded algebras as it is a composition of such morphisms.
The naturality is obvious. (b) Let us prove that for any n > 0, the degree n component nat’("‘o, A)

of nat(p 4) is injective. The double inclusion of vector spaces of O @ A

Foa(0®A)CY FY 00 F,ACF,(0® A)

p=1

where F,(O ® A) := Zf:() FEﬂO ® F; A, gives rise to the map

Fo(O® A)/F,1(0® A) > F,(0@ A)/(Y_Fy ,0® F,A),
p=1
which can be identified with the projection id ® prg : gr,, (O ® A) — gry’ (O) @ FyA. Tt follows

that the map natzlo‘ A) is the vertical cokernel of the diagram

F,A B4

F,(O® A)

FoyA——=3Y" | FY 0@ F,A

therefore that its kernel is the image in F}, A/F,,_1 A of the preimage by Ay : F,A — F,,(O® A)
of the subspace 22:1 F,?_pO ® F,A of F,(O ® A). This subspace is contained Fy ;0 ® A,
which together with Def. B.2 implies that this preimage is contained in F,,_1A. This implies

the vanishing of the kernel of nat?o’ A) and therefore the injectivity of nat?a 4)- O

B.5. Isomorphisms in HACA.

Proposition B.18. (a) A pair (O,a) of a Hopf algebra O and an associative algebra a gives
rise to an object (0,0 ® a) of HACA, with coaction morphism given by Aoga = Ao ® ida
(where Ao is the coproduct of O). Its image by the endofunctor of HACA from Lem. B.3(d)
is the pair (O¥,0% ®@a), where the coaction morphism is Ago g, = Apo @ids (where Apo is
the coproduct of O%).

(b) If (O,a) is a pair of a Hopf algebra and an associative algebra, if (B, H) is an object
of HAMA ¢4, and if (p, f) € PM((O,0 ® a), (B, H)) is a pairing-morphism such that v(p) :
O% — H' is a Hopf algebra isomorphism and the algebra morphism f : O ® a — B induces
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an algebra isomorphism C ® a = BH between the subalgebras C @ a and BH of both sides,
then the morphism (v(p), Fso f) : (OY,0% ®a) — (H', Foo B) in HACA s an isomorphism; in
particular, Foof : OY¥ @ a — Foo B is an filtered algebra isomorphism.

(c) In the situation of (b), the algebra morphism f : O ® a — B is compatible with the
filtrations FYO @ a and FoB, and induces an isomorphism gry (O) ® a — gr,(B) in Alg,,.

Proof. (a) If o € O is such that Ap(0) € FYO ® O, then o = (id ® €¢0) o Ap(o) € FYO,
where ¢o is the counit of O, therefore {0 € O|Ap(0) € FYO® 0O} C FYO. On the other hand,
Lem. A.2(c) implies FYO C {0 € O|Ao(0) € FYO ® O}, therefore FYO = {0 € O|Ap(o) =
F?0®O0}. Then F,(O®a) ={o€ O|Ap(o) € FYO®0}®a = F’0O®a. It follows that
Fo(O®a) = Uy>oFYO®a = 0¥ ®@a. The fact that (0¥, 0% ®a) — (0,0 ®a) is a morphism
in HACA (see Lem. B.3(d)) implies that the coaction morphism of O¥ ® a has the claimed
value.

(b) and (c) Lem. B.13 applied to the pairing-morphism (p, f) implies that f : O ® a — B
is a morphism of filtered algebras. By (a), there is an isomorphism gr,(O ® a) = gr¢ (0) ® a.
Composing it with the associated graded algebra morphism gr,(f) : gr,(O ® a) — gr,(B), one

obtains a morphism
gro(f) : grd (0) ® a — gr, (B)

of graded algebras. Since (B, H) is an object of HAMA ¢4, one may apply to it the functor
from Lem. B.10(c) to obtain the object (H', Fso B) of HACA. By Lem. B.17, the latter object

gives rise to an injective morphism of graded algebras

nat, z/
gr(B) = gr,(FoB) "% ®(H',FouB) = g1l (H') ® (Fou B)? = g1 (H') ® BY.

The composition of these morphisms is the morphism
nat g p._ gy © gre(f) : gr?(O) Qa— g‘r?(H’) ® B

of graded algebras. As v(p) : O¥ — H' is a Hopf algebra isomorphism, it induces an isomor-
phism between the filtrations Fy on both sides (see Prop. A.4(c)), and an associated graded
isomorphism gry (v(p)) : gry (OY) — grd (H'), which we identify with its composition with the
equality gry (0) = gry (OV). Let us show that

(B.5.1) nat g p_p) 0 gre(f) = grd (v(p) ® fo,

(equality of morphisms of graded algebras gry(0) ® a — gry (H') @ Bf), where fy is the
isomorphism fy : C ® a — Bf. The composition C ® a = Fy(O ® a) grﬁf) FyB = B is
fo, which together with grg (v(p)) = 1 proves the degree 0 part of (B.5.1). Let n > 0 and
o € grY(0). The image of o under nat g p._p) o gr,(f) is equal to the image of 6 ® 1 by the
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horizontal composition

F’H @B —-——gY(H)® B

FPO®a F.B—— Y5, FY  H' ® F,B——>grY(H)® FyB
Fn B

Fnf
where 6 € FYO is a lift of 0. Since F,f is compatible with the coaction maps, the image of
this element in Y 1_, FY  H' ® FyB is equal to v(p)(6™)) @ f(6 ® 1), where 6(1) @ 6(2) =
Ao(0) € >, FY 0@ F 0 c 022, One has 6) ® 6@ € 6@ 1+ FY 0 ® O, therefore
v(p)(6M) @ f(6P @1) € v(p)(6)®1+ Fy | H' ® B (inclusion in FY H' @ B). It follows that the
image of 6 ® 1 in gry (H') ® B is im(v(p)(6) € FYH' — gry H') ® 1 = gry (v(p))(0) ® 1. This
implies that both sides of (B.5.1) coincide when restricted to gryy (O) ® C for any n, therefore
to gry (O) ® C. (B.5.1) then follows from the fact that each of its sides is an algebra morphism,
and that they agree of gry (O) ® C and C ® a, which generate the source algebra.

It follows from (B.5.1) that nat g r_p) o gr,(f) is an isomorphism of graded algebras. The
injectivity of nat g/ p_p) then implies that both nat g r_py and gr,(f) are isomorphisms of
graded algebras. By Lem. B.13, f induces a morphism of filtered algebras F..f : O¥ ® a —
FooB, and gr,(f) = gre(Fo f). It follows that gr,(Fio f) is an isomorphism of graded algebras,
which together with the fact that the filtrations of the source and target of F,, f are exhaustive,
implies that Fi. f is an isomorphism of filtered algebras (see Lem. 3.1). O

APPENDIX C. FILTERED FORMALITY FOR HOPF ALGEBRAS AND HACAS

In §C.1, we introduce a notion of filtered formality for Hopf algebras; this notion is related
in §D to the similar notion for discrete groups, introduced in [SW1]. We extend this to a notion
of filtered formality for HACAs in §C.2. The main result of this section is Prop. C.5, which
shows that a HACA constructed in the context of Prop. B.18 is filtered formal.

C.1. Filtered formality for Hopf algebras. In Prop. A.4(a), we attach to a Hopf algebra O
a filtration F’O. Let gr”O be the associated graded vector space.

Lemma C.1. (a) If O is a Hopf algebra, then gr¥O is a graded Hopf algebra, which is com-
mutative if O is, and such that for each n > 0, FY (gr?(0)) = gr?, (O).

(b) The assignment O + gr” O defines an endofunctor of the ;ategory HA_ ,um of commu-
tative Hopf algebras.

Proof. Let us show (a). The first statement follows from the fact that Fy O is a Hopf algebra
filtration (see Prop. A.4(a)). Let us show the second statement. Let n > 0. The inclusion
FY(gr’0) o grznO follows from the fact that gr”O is a graded and connected Hopf algebra.
Let us show the opposite inclusion. Since gr¥O is a graded Hopf algebra, F.” (gr”0) is the direct

sum of its intersection with the homogeneous components of gr”O. If k > 1, the intersection
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F?(gr?0) Ngry, O is contained in FY (gr¥0), which is the kernel of (id — ng0 o€go0) 2" o

n+k
Ag;r(l)) 1 gr¥0 — (gr¥0)®" L = gr¥(0%"+1), therefore F)Y (gr¥O)Ngr,., O is contained in the
kernel of the map gr2+k0 — grf+k(0®”+1) induced by (id — 1o 0€g00)2" T 0 Ag;é‘é). This

map is the degree n + k part of the associated graded of the map (id — noeo)®"*! o AgLH) :
O — 0%"+1 Tt follows that if V is the preimage of F’(gr¥0) N grf+k0 in F§+k
has (id — noep)®"*! o A(OnH)(V) C F§+k_1(0®"+1). The map ((id — noeo)®* o Ag)) ®

id®™ maps F,, (0®"+1) to FY . (0®"k)  therefore (id — noeo)®"** o A(O"Jrk)(V) C

O, one

F§+k71(0®n+k)- Now O = C1 @ FO; one has (id — noeo)®" % o Ag”rk) (V) c (FPO)@n+*
while F)7,,_(0®"+F) SR O®i-1 @ C1 @ O®"+F—i. As the second terms of both inclu-

sions have zero intersection in O®"** one has (id — noeo)®"** o A(On+k)(V) = 0. Therefore
V C F§+k_10, which implies F) (gr¥0) N grg+k0 = 0. Therefore Y (gr”0) = grznO.
(b) follows from the naturality of the assignment O — FyYO. O

Definition C.2. The Hopf algebra O is called filtered formal if there is an isomorphism of
Hopf algebra O — gr®(0O) whose associated graded for the grading gr” is the identity.

This terminology is justified by Prop. D.18.
C.2. Filtered formality for HACAs. Let HACA,, be the category of Z>o-graded HACAs.

Lemma C.3. The assignment (O, A) — (gr¥0,grA) is a functor (gr¥,gr) : HACA —
HACA,,.

Proof. Follows from the fact that for (O, A) a HACA, (Fy O, F, A) is a HACA filtration. O

Definition C.4. The HACA (0, A) is called filtered formal if there exists a isomorphism
(0, A) — (gr¥0,grA) in HACA, which is compatible with the filtrations (Fy O, F,A) in the
source and induced by the grading in the target, and whose image by the functor (gr®,gr) :
HACA — HACA,, is the identity endomorphism of (gr¥O, grA).

If the HACA (O, A) is filtered formal, then the Hopf algebra O is filtered formal in the sense
of Def. C.2.

Proposition C.5. Let (O,a),(B,H), (p, f) be as in the hypothesis of Prop. B.18(b),(c). Then
the HACA (H', Fx B) is filtered formal.

Proof. Recall from Lem. C.3 that (O, A) — (gr¥0, grA) is a functor HACA — HACA,,; one
checks that the same is true of (O, A) — (gr¥0, ®(0, A)). For (O, A) a HACA, (idp,nat 5 4)
is a morphism (gr¥0, grd) — (g0, ®(0, A)) in HACA,,, which is an isomorphism if and
only if nat s 4 is.

The proof of Prop. B.18(c) implies that nat g r_p) is an isomorphism in Alg,,, therefore

(C.2.1) (idgeo vy nat (g g py) ¢ (gt H',grB) — (grVH',er” H' @ BY)
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is an isomorphism in HACA,..

By the assumptions of Prop. B.18(b), v(p) : O¥ — H’ is an isomorphism in HA. Prop. C.1
then implies that gr®v(p) : gr¥(0) — gr¥(H’) is an isomorphism in HA .. The assumptions
of Prop. B.18(b) also imply that f restricts to an algebra isomorphism C®a — B, we denote
by fo the composed isomorphism a ~ C ® a — B. Both isomorphisms gr”v(p) and f, induce

an isomorphism

(C22) (@"v(p) L evp) @ fi ) (@ (H),er”(H') @ BT) = (@1¥(0),817(0) @ a).
in HACA,,. By Prop. B.18(b) and (c), the pair

(C.2.3) (v(p), Fof) : (O¥,0% ® @) — (H', Fso B)

is an isomorphism in HACA. The composition of (C.2.1), (C.2.2) and (C.2.3) gives rise to an

isomorphism

(C.2.4)
(v(p) o (er¥v(p)) ", Foof o (er” (v(p) ' ® fo ) omatgom pop)) : (er”H',grB) = (H', Foo B)

in HACA.
By Prop. A.4(c), v(p) is compatible with the filtrations F,’; it follows that v(p) o gr¥v(p)~*
is compatible with these filtrations as well, and one computes gr¥ (v(p) o gr¥v(p)~!) = id.
The algebra morphisms in (C.2.1) and (C.2.2) are compatible with the filtrations since they
are graded, and the algebra morphism in (C.2.3) is compatible with the filtrations. It follows
that the algebra morphism in (C.2.4) is compatible with the filtrations. Its associated graded

is the composed morphism

nat (g, po, B)

r@ v —1 —1
(C25) grB - grOH’ ® BH gr( (pﬁ) ®fo

0% ®a ef grB.

It follows from the proof of Prop. B.18(b) that relation (B.5.1) holds, and that nat g p_p) and
grf are both isomorphisms. The combination of these facts then implies that the map (C.2.5)
is the identity. Therefore the algebra morphism in (C.2.4) is compatible with the filtrations,
and its associated graded is the identity. O

APPENDIX D. HOPF ALGEBRA DUALITY AND PROUNIPOTENT COMPLETIONS

§D.1 relates the Hopf algebraic constructions of §A to complete Hopf algebras (CHAS) in
the sense of [Q1]. This is applied in §D.2 to obtain an expression of the function algebra of the
prounipotent completion of a finitely generated group in the terms of the functors of §A. The
main result of §D.3 is Prop. D.18, which relates the notion of filtered formality for a finitely
generated group ([SW1]) with the similar notion for Hopf algebras, introduced in §C.
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D.1. Completion and duality of Hopf algebras. Recall from [Q1], Al and A2 the cat-
egories CAA of complete augmented algebras (CAAs) and CHA of complete Hopf algebra
(CHAs): CAA is the full subcategory, in the category of pairs (A4, F*A) of an augmented
algebra A and a decreasing algebra filtration A = F°A D F'A O ..., of CAAs, i.e. of pairs
such that A is complete and Hausdorff for the topology of F* A, such that F'A is the augmen-
tation ideal of A and such that gr(A) is generated by gr!(4); a monoidal structure is defined
on CAA, given at the level of objects by ((A, F*A), (B, F*B)) — (AQB, F*(A®B)), where
A®B := lim (A/F"A) @ (B/F"B) and F"'(A®B) = lim im(}¥, ., F"A® F""B —
(A/F™A) ® (B/F™B)); a CHA is a pair (A, Ay4), where Ais a CAA, Ay : A — ARA is a
cocommutative and coassociative algebra morphism, which admits the augmentation of A as a

counit, and a morphism in CHA is a morphism in CA A which is compatible with coproducts.

Lemma D.1. (a) Let H be a cocommutative Hopf algebra with coproduct Ay and counit ep .
Let Jy := Ker(er). Set H" :=lim H/J} and forn >0, F*H" := lim FrH Foax(nm)
Then H” is a complete augmented algebra. There is a unique continuous extension of A to
a map Ay : H® — H &H", which equips H" with the structure of a complete Hopf algebra.
The assignment H — H”" is a functor HA oco — CHA, where HA .., is the category of
cocommutative Hopf algebras.

(b) If V' is a vector space and H is the cocommutative Hopf algebra T (V') with coproduct
defined by the condition that the elements of V are primitive, then T(V)" = T(V) (the degree
completion of T(V)).

Proof. (a) The first statement follows from [Q1], A1, Example 1.2. One has Ay (Jy) C Jg ®
H + H ® Jy, which implies that for any n > 0, one has Ay (J}) C Zp,q|p+q:n Jo @ Jh. It
follows that Ay defines a collection of maps H/J# — (H/J%)®" indexed by n > 0, which
are compatible for various n and which therefore induce a map Ay : H® — H &H”, which
is a continuous extension of Agy. The uniqueness of this extension follows from the Hausdorff
property of H”. The verification of the other properties of Ay is standard. (b) follows from
the fact that Jz, is the part of (V) of degree > n, and that T(V) is the completion w.r.t.
the corresponding topology. O

Definition D.2. (a) CHA 4, is the full subcategory of CHA of CHAs A such that gr'4 is
finite dimensional.

(b) For H a Hopf algebra, set gr*(H) := Jg/J%; where Jy := Ker(ey), and ey is the counit
of H.

(¢) HA coco, ra s the full subcategory of HA ., of all cocommutative Hopf algebras H such
that gr' H is finite dimensional.

(d) Gpy, is the full subcategory of Gp of finitely generated groups.
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Lemma D.3. (a) The functor Gp — HA oeo given by I' — CI' induces a functor Gpy, —
HA oco,fa-

(b) The functor HA ;oco — CHA, H — H" from Lem. D.1 induces a functor HA coco, fa —
CHA .

Proof. (a) IfT'is a group, then gr'(CI') = I'**®@C (see [Q2]). Moreover, if I is finitely generated,
then I'® is a finitely generated abelian group, which together with the above equality implies the
finite dimensionality of gr!(CT"). (b) follows from the fact that the natural map gr' H — grl(H")

is a linear isomorphism. O

Definition D.4. For H a CHA with associated filtration H = F°H O .-, set H' :=
UpsoF"HL C H*.

Lemma D.5. (a) If H is a CHA, then H' has an commutative and associative algebra structure.

(b) If H is an object in CHAq, then the algebra structure on H' can be upgraded to a
commutative Hopf algebra structure; the resulting assignment H — H' is a contravariant functor
CHA s — HA orim.-

Proof. (a) Let &,n € H'. Let n > 0 be such that &,7 € F"H", then £ ® 1 is a linear form
on (H/F"H)®2 which can be pulled back by the map H®2 — (H/F"H)®? to define a linear
form on H®2; it can be checked to be independent on the choice of n and will be denoted le .
Then /¢ ,, vanishes on F"H ® H+ H ® F"H. The assignment & -7 : h — l¢ 0 Ag(h) is then a
linear form on H, i.e. an element of H*. Since Ay (F?"H) C F"H @ H + H ® F"H, one has
€-n € F?HL | therefore £ - € H'. One checks that this defines a commutative and associative
algebra structure on H’.

(b) If n > 0, then H/F™H is noncanonically isomorphic to @7_,er*(H), which is finite
dimensional since it is generated by gr'!H and the latter space is finite dimensional. The
coproduct Ay defines a coproduct Apny : H/F"H — (H/F"H)®? for any n > 0. Since
H/F™H is finite dimensional, this coproduct can be dualized and defines a product M(pn )L -
((F"H)+)®? — (F"H)*. As in the proof of Lem. A.8, one checks that the collection of these
products is compatible, which gives rise to a product my : H'®? — H’, which can be shown

to define a Hopf structure. O
The following lemma is an topological analogue of Lem. A.9.

Lemma D.6. If H is a CHA, then for any n > 0 one has FY (H') = (F" H)Y (equality of
subspaces of H*).

Proof. Let us show that if H is a CHA and k,n > 1, then the image of the product map
(F*H/F™FH)®" — H/F"tRH is FPH/F"*H. We proceed by induction on k. For k = 1,
the statement follows from the surjectivity of the product map (F'H/F?H)®" — F"H/F"t1H.
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Assume the statement at order k& and let us show it at order k + 1. The product map
(FTH/F?H)®ntk — pnth [ /Frthtl [ s surjective, therefore F™"HFH/FHE+LH s equal to
the image of a subspace of (F'H/F"T*+1H)®" namely

(FYH ) FrH+1 ) en=t g jo (FYH il @ity pl g prtkt gy,

Combining this with the statement at order k, one obtains the statement at order k¥ + 1 and

therefore the induction. The proof of the lemma is then similar to that of Lem. A.9. O

Lemma D.7. The functors HA oco fa = CHA ;g — HA o (see Lem. D.3(b) and Lem.
D.5(b)) and HA coco a4 = HA comm (see Lem. A.8) are naturally equivalent.

Proof. For each n > 0, the algebra morphism H — H” induces an algebra isomorphism
H/F"H = H"/F"H", which fits in a commutative diagram

H—H"

]

H/F"H —— H"/F"H"

Dualizing and using the equalities (H/F"H)* = F*H*, (H"/F"H")* = (F"H")*, one ob-

tains a commutative diagram

(D.1.1) (F"Iff)L A (anf)l
(H/\)* H*

If VW are filtered vector spaces and f : V — W is a linear map such that for any n > 0, f
induces a linear isomorphism F,,V — F,, W, then f induces an isomorphism FV — F W.
This and (D.1.1) imply that the map (H")* — H* restricts to a linear isomorphism (H") — H’'.

One then checks this isomorphism to be compatible with the Hopf algebra structures. O

D.2. Isomorphism CI' ~ O(T'yy;p). Let I' be a group. A pro-unipotent completion of a group
T is the pair (U, ¢) of a prounipotent C-group scheme U and a morphism I' — U(C) satisfying
a universal property (see [BGF], Def. 3.105).

If ' is an object in Gpy,, then CI is an object in HA y4 by Lem. D.3(a), therefore (CI')" is
a commutative Hopf algebra (see Lem. A.8). Moreover, it was shown in [BGF], Thm. 3.109,
that a pro-unipotent completion exists is unique up to isomorphism, and can be constructed as
the pair (Tynip, Cunip), where I'yp iy is the spectrum of commutative Hopf algebra O(T ynip) ==
((CT)")’, which is isomorphic to (CT')" by Lem. D.7, and c¢yy;p is induced by the commutative
algebra morphism O(Typnip) = (CT) — (CT)* = CY, where C! is the algebra of all functions
Ir—cC.
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D.3. Relation between the filtered formalities of I' and (CT')’.
Definition D.8 (see [Q1], §A.2). (a) A Malcev Lie algebra (MLA) is a Lie algebra g, equipped
with a decreasing Lie algebra filtration g = F'g D F?g D --- (i.e., [Fig, Fig] C Ftig for
i, > 1) for which it is complete and Hausdorff, and such that the associated graded Lie
algebra grg is generated by gr'g.

(b) A morphism between two MLAs is a Lie algebra morphism which is compatible with the
filtrations. We denote by MLA the category of MLAs.
Lemma D.9 (see [Ql], Thm. 3.3). The functors U : MLA < CHA : P, where Ul(g) :=
I'&HiU(g/Fig) and P is the “primitive-elements functor”, taking (A,A4) to P(A) := {a €
AlA4g(a) = a® 14+ 1® a}, equipped with the filtration given by F,P(A) := P(A) N F,A for

n > 0, are quasi-inverse to one another.

Definition D.10. The composed functor Gp — CHA z MLA, where the first functor is
I'— (CT)" (see Lem. D.1), is denoted T — Lie(T").

Lemma-Definition D.11. The assignment g — (gr(g), F'*gr(g)), where gr(g) == [[;5, gri(g)
and forn > 1, Fgr(g) := Hiz” gri(g), is an endofunctor of MLA.. For g an object in MILA,
one has gr(gr(g)) ~ gr(g).

Proof. Immediate. O

Definition D.12 (see [SW1]). A group I'is called filtered formal if there exists an isomorphism
Lie(T") — grLie(T") in MLA, whose associated graded is the identity.

One checks that A — gr(A) := ;5o F'A/F""' A is an endofunctor of CHA.

Lemma D.13. The category equivalence CHA <> MLA quasi-intertwines the endofunctors
gr on both sides.

Proof. Follows from the natural isomorphism of graded Lie algebras

(D.3.1) gr(PA) ~ P(gr(A))

for A on object of CHA from [Q1], A1, Thm. 2.14. O
Definition D.14. MLA 4, is the full subcategory of MLA of MLAs g such that gr'g is finite

dimensional.
Recall the full subcategory CHA ;4 of CHA (see Def. D.2).

Lemma D.15. (a) The equivalence CHA < MLA induces an equivalence CHA y4 <> MLA ¢4.
(b) The endofunctors gr of CHA and MLA induce endofunctors (still denoted gr) of CHA ¢4
and MLA 4.
(c) The category equivalence CHA pq4 <> MLA 4 quasi-intertwines the endofunctors gr on
both sides.
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Proof. (
P(er(A)
)

a) For A an object in CHA, (D.3.1) implies the vector space isomorphism gr!(PA) ~
(A)) N grtA; moreover, gr(A) is a graded connected Hopf algebra, therefore gr'(A4) C
P(gr(A)); therefore gr!(PA) ~ grl A.
(b) follows from gr!(gr(A)) = gr!(A) for A a CHA and gr'(gr(g)) = gr'(g) for g an MLA.
(c) follows from Lemma D.13. O

’-S

Lemma D.16. Let H be an object in CHA ¢4.

(a) There is a natural vector space isomorphism (grH)" ~ @,>ogr™(H)*; it induces a natural
isomorphism FY ((grH)") =~ @r<ngr®(H)* for any n > 0;

(b) There is a natural isomorphism
(D.3.2) (grH) ~ gr”(H")
in HA.

(c) The composed isomorphism Gr<ngr®(H)* ~ FY((grH)") ~ FY (gr”(H')) ~ grzn(H’),
where the first isomorphism arises from (a), the second from the image by FY of (D.3.2) and the
third isomorphism arises from Lem. C.1(a), is the direct sum over k < n of the isomorphisms
grf(H)* ~ grgn(H’) arising from Lem. D.6.

Proof. (a) gr(H) is [[,,>,er" H, equipped with the filtration ([, gr'H),>o. It follows that
gr(H)" = @p>ogr™(H)*. One then has FY (gr(H)') = (F"Tigr(H))* ~ @p<pgr®(H)* for any
n > 0, where the first equality follows from Lem. D.6.

(b) follows from the sequence of equalities
ng?(H/) = @nZOFr?-l-lH//FT?H/ = @TLZO(an—HI{)l/(F‘n]{)l = @nZO(FnH/Fn—HH)*
= @nxogr" (H)" = (¢rH)',
where the second equality follows from Fy H' = (F**'H)* (see Lem. D.6) and the last equality
follows from (a).

(c) follows from the identification of the said isomorphism with the degree < k part of the
above sequence of equalities. O
Lemma D.17. Let T" be group. If T is filtered formal, then there exists an isomorphism
(D.3.3) isor : (CT)" ~ gr((CT)")
in CHA, such that gr(isor) = id.

Proof. Let I be a filtered formal group. There is an isomorphism
(D.3.4) Lie(T") ~ grLie(T")
in MLA with associated graded the identity. There is a sequence of isomorphisms in CHA

given by
(CI)" = U(Lie(T')) =~ U (grLie(T")) = gr(U (Lie(I"))) = gr((CT)")
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where the first and last isomorphisms come from Lem. D.9 and Def. D.10, the second isomor-
phism arises from applying the functor U to the isomorphism (D.3.4), and the third isomorphism

arises from Lem. D.15(c). This results in an isomorphism with the claimed properties. O

Proposition D.18. If ' is a filtered formal finitely generated group, then the Hopf algebra
(CTY is filtered formal (in the sense of Def. C.2).

Proof. Let T be a filtered formal finitely generated group. Then (D.3.3) is an isomorphism in

CHA ¢4. There is a sequence of isomorphisms in HA
(D.3.5) (CT) = ((CT)") = (gr((CT)")))" = gr”(((CT)")') =~ g™ ((CT))

where the first and last isomorphisms follow from Lem. D.7, the second isomorphism arises
from applying the functor CHA ¢y — HA, H — H' (see Def. D.4) to (D.3.3), and the third
isomorphism comes from (D.3.2). It follows from gr(isor) = id and Lem. D.6 that the second
isomorphism in (D.3.5) is compatible with the filtration F,’ and that the associated graded
is the identity. The third isomorphism in (D.3.5) induces an isomorphism between the F of
both sides for any n > 0. By Lem. D.16(c), the associated graded morphism coincides with the
composition of natural isomorphisms gry ((gr((CT')")))") ~ gr™(CI)* =~ gry (gr” (((CT)M)).
This implies that the image by grly of the isomorphism (CI')" ~ gr¥((CT')’) induced by (D.3.5)
is the identification gry (CT) ~ gry’gr” ((CT')’) induced by Lem. C.1(a). O

Remark D.19. Lem. D.17 relates as follows to [SW2]: combining Cors. 6.2 and 2.7 of loc.
cit., one obtains the equivalence of the filtered formality of I' with the conclusion of Lem. D.17

for any finitely generated group T.
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