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Abstract

We construct solutions to the Kadomtsev-Petviashvili equation (KPI)
by using an extended Darboux transform. From elementary functions we
give a method that provides different types of solutions in terms of wron-
skians of order V. For a given order, these solutions depend on the degree
of summation and the degree of derivation of the generating functions.
In this study, we restrict ourselves to the case where the degree of deriva-
tion is equal to 0. In this case, we obtain multi-lump solutions and we
study the patterns of their modulus in the plane (x,y) and their evolution
according time and parameters.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction
We consider the Kadomtsev-Petviashvili equation (KPI) in the following form
(dup — Uty + Upgsr)s — uyy = 0, (1)

where subscripts z, y and ¢ denote partial derivatives.

Kadomtsev and Petviashvili [1] proposed first this equation in 1970. This equa-
tion is a universal model describing weakly nonlinear waves in media with dis-
persion of velocity. For example, it is used for surface and internal water waves
[2, 3], and in nonlinear optics [4]. Zakharov extended the inverse scattering
transform (IST) to this KPI equation, and obtained several exact solutions.

A Tump solution of the KPT equation was first constructed by Petviashvili [5] in
1976. The first rational solutions were found in 1977 by Manakov, Zakharov,
Bordag and Matveev [6]. Krichever [7, 8] showed that the dynamics of the lumps



of the KPI equation is governed by the Calogero-Moser system.

Other researches were led and more general solutions of the KPI equation were
obtained. We can mention the following works of Satsuma and Ablowitz in 1979
[9], Matveev in 1979 [10], Freeman and Nimmo in 1983 [11, 12], Ablowitz and
Villarroel [13, 14] in 1997-1999, Biondini and Kodama [15, 16, 17] in 2003-2007.

We construct solutions of the KPI equation in terms of a second derivative
with respect to x of a logarithm of a wronskian of order N. For any order N
the solutions depend in the degree of summation S and the degree of deriva-
tion D. So these N order solutions depend in general on N(S(D + 5) 4 1) real
parameters. In the following, we restrict ourselves to the case where the order
N is equal to 1 and the degree of derivation D equal to 0. In this case, we get
lines of multi lump solutions to the KPI equation.

We construct some explicit solutions of order 1, depending on several real pa-
rameters, and give the representations of their modulus in the plane of the
coordinates (x,y) according to parameters and time ¢.

2 Multiparametric solutions of order N to the
KPI equation

We consider the Kadomtsev-Petiaviasvili (KPI) equation
(duy — 6uty + Uggs)s — SUyy = 0.

We will use in the following the wronskian of order N of the functions f1,..., fx
which is the determinant denoted W (f1, ..., fn), defined by det(9:! f;)1<i<n, 1<j<N+
d¢ being the partial derivative of order i with respect to x and 82 f; being the
function f;.

We consider aj, bjsaq, djs, €js, gjs, hjs, arbitrary real numbers with c¢j; =

Gjs + Z.hjs~

We consider the following elementary functions f;, defined by

i a2 i3 (. dibh . Yr—i(a: ih . V2o tila. 4ih. 3
fis(z,y, t) = e'=" i ytici ttdjtiess _ oi(gjstihgs)w—i(gistihys) y+i(gss+ihys) thdjstiess 2)

Then, we have the following statement :

Theorem 2.1 Let ¢;, be the functions defined by

S D S D
2 3 e
Yi(z,y,t) =a; + Z Z bjsdagjseszm ics ytic ttdjstiejs a; + Z Z bjsdagjsfjs(:ra y,t). (3)

s=1d=0 s=1d=0

Then the function u defined by

’LL(:L’, Y, t) = _283 IH(W(¢1 ({E, Y, t)? cee VJJN(»T, Y, t)) (4)



is a solution to the (KPI) equation (1) depending on real N(S(D +5) + 1) pa-
rameters a;, bjs.da, Gjs, Pjs, djs, €js, L <F<N,1<s<85,0<d<D.

We will call the order IV of the wronskian, the order of the solution. The number
S of terms of the summation will be call the degree of the summation of the
solution and D the degree of derivation of the solution.

For each order N of the solution there is a lot of choices concerning the degrees
of the summation and derivation.

In the following, we restrict ourselves to the study where D = 0.

3 Solutions of order 1 with a degree of summa-
tion equal to 1 (S = 1) depending on 6 real
parameters

In this case, we observe lines of lumps whose intensities and directions depend on
6 real parameters. These structures are more sensitive to g; and h; parameters
than to others. If a; or by is equal to 0, we get the trivial solution equal to 0.
Solutions to the KPI equation can be written as

n(x,y,t)

= 0

with

; 2
n(x,y,t) = b1,1,0(291,1 - hl,l)
Xei91,1m—h1,1m—iy91,12+2991,1h1,1+iyh1,12+itgl,13—3tg1,12h1,1—3itg1,1h1,12+th1,13+d1,1+i61,1al
and
d(xuyvt> = bl,l,O
Xe—h1,1$+i91,11—3t91,12h1,1—3itgl,1h1,12+it91,13+2ygl,lh1,1+iyh1,12+th1,1S—iy91,12+d1,1+i€1,1_|_
ai
We give some figures in the (z,y) plane of coordinates. If a; = 0 or b119 = 0,
we get the trivial solution v = 0. Otherwise, we remark that parameters
aj or byyg are negligible and plays very little role in the structure of solu-
tions. So if these parameters are not equal to 0 we fix them equal to 1.




Figure 1. Solution of order 1 to KPI, on the left fort =0, a1 =1, b1,10 =1,
911 =0.1,h11=1,di1=1, e 1 =1;in the center for t =0, a; =1,
biio=1,6911=1 h11=009,di1 =1, e, =1; on the right for t =0, a; =1,
bipo=1,g11=1h1=1d1=1€e,, =01
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Figure 2. Solution of order 1 to KPI, on the left for t =0, a; =1, b1,10 =1,

gi11 = 1, hl,l = 1, d171 = 1, €1,1 = 1, in the center for t = 1, a] = 1, b1,1’0 = 1,

gi1 = 1, hl,l = 09, d171 = 1, €11 = 1; on the right for t = 1, a; = 1, b17170 = 1,
g11=1h11=1,d11 =10, e =10.

Figure 3. Solution of order 1 to KPI, on the left for t = 10, a1 =1, b1,1,0 = 1,
91,1 =01, h11=1,d11 =1, e;,1 =1; in the center for t = 102, a; =1,
biio=1g11=1h11=009,d11 =1, e 1 =1; on the right for ¢ = 103,
ayp = 1, b1y170 = 1, 91,1 = 1, hl,l = 1, dl,l = 1, €1,1 = 0, 1.



4 Solutions of order 1 with a degree of summa-
tion equal to 2 (S = 2) depending on 11 real
parameters

In this case, we observe lines of lumps but contrary to the order 1, with a
bifurcation in two branches whose intensities and directions depend on 11 real
parameters. These structures are more sensitive to g; and h; parameters than
to others. A generic solution can be considered as two lumps chains meeting
in a double point; we get also a whole set of degenerated configurations. In
this case, we take N = 1, S = 2 and the solutions to the KPI equation can be
written as

IICN)

R

with
n(z,y,t) =
—b11 Oei91,1$*h1,1$*iy91,12+2y91,1h1,1+iyh1,12+it91,13*3t91,12h1,1*3itgl,lh1,12+th1,13+d1,1+i€1,1gl 12a1
+b11 Oe*h1,2$*h1,1$+igl,lw‘i’igl,2€U*3itgl,lh1,12*7;ygl,22+i31,1*3itgl,2h1,22+iyh1,12+d1,l*3 tg1,1%h11
Xe+iyh1,22+th1,13+it91,23+2 yg1,2h1,2+ie; 2+2 y91,1h1,1*3t91,22h1,2+it91,13+th1,23+d1,2*iy91,12hl 12b1 2.0
—b1 o Oei91,2$*h1,2$*iy91,22+2 yg1,2h1,2+iyhy 22 +itgr 2*—3 t91,22h1,2*3itgl,2h1,22+th1,23+d1,2+i€1,2gl 22a1
+b1 9 Oe*h1,2$*h1,1$+igl,1I+i91,2€U*3itgl,lh1,12*7;ygl,22+i51,1*3itgl,2h1,22+iyh1,12+d1,1*3 tg1,1%h11
wetivhi 2 +thi 12 +itgr 2°+2yg1 2 by 2 +ier 242 yg1,1h1,173tg1,22h1,2+itgl,13+th1,23+d1,27iy91112hl 22b1 10
—2iby o Oeig1,2ai*h1,293*iy91,22+2 yg1,2h1 2 +iyhy 22 +itg 2% —3 t91,22h1,2*3itgl,2h1,22+th1,23+d1,2+i€1,2gl 2hy 001
)2, ) )
+2ib1 1 Oe*hl,zw*hl,lerigl,1w+i91,296*3it91,1h1,12*iyg1,22+i61,1*3it91,2h1,22+iyh1,12+d1,1*3 tg1,1%hi1
)1,
iyhi,2%+thy 12 +itgy 2> +2 h i 2 hi,1—3tg1,2°h itg1,1°+thy 23 +dy 2 —i 2
Xe+%y 1,2° +thi,17+1tg1,2"+2yg1,2h1,2+2e1,2+2yg1,1h11 g1,2"h1 2+1tg1 1°+thi 27 +d1 2—1yg1 1 h1,1b1,2,091,2
+2b11 Oe_hl,293—h1,193+i91,11+i91,21—3itgl,1h1,12—iy91,22+i61,1—3it91,2h1,22+iyh1,12+d1,1—3t91,12h1,1
)1,
+iyhy o2 +thy 13 itgr 25 +2 hi,2+ier,2+2 hi,1—3tg1,22h1 2 +itgr, 13 +thy 22 +di o —i 2
xeTiWhi2 +thia 4itgr 2" +2yg1 2k atier s +2yg1 b =3 tg1 2 b o Fitgra Htha 2 +dia=iyg11" gy 1 by 4 gy o
—2ib1 1 Oigl,lw—hl,lw—iy91,12+2ygl,lh1,1+iyh1,12+it91,13—3t91,12h1,1—3it91,1h1,12+th1,13+d1,1+i61,1gl 1hi1a1
)1, ) )
—21ib1 o (]e_hl’zw_hlvlw"'iglv1w+i9112w_3it91,1h1,12—iy91,22+i61,1—3it91,2h1,22+iyh1,12+d1,1—3tg1,12h1,1
)2,
+iyhy o2 +thy 13 itgr 25 +2 hi,2+ier 2+2 hi,1—3tg1,22h1 2+itgr, 13 +thy 23 +dy 2 —i 2
xetivhi 2 +thi "4itgr 2" +2yg1 2m 2 Hier 242y g1 ha 1 =3 t912 ha 2 Hitgra e+ di2 =917 gy Ry oby g
—b11 Oe—hl,zw—hl,lw-l‘i!,h,1w+i91,2év—3it91,1h1,12—iyg1,22+i61,1—3it91,2h1,22+’5yh1,12+d1,1—3 tg1,1%h11
)1,
Xe+iyh1,22+th1,13+it91,23+2 yg1,2h1,2+ie1 2+2 ygl,lhl,l—3t91,22h1,2+it91,13+th1,23+d1,2—iy91,1291 12b1 20
) )2,
+2ib1 1 Oe—hl,2$—h1,1w+i91,1w+i91,230—3it!h,lh1,12—iy91,22+i61,1—3it91,2h1,22+iyh1,12+d1,1—3 tg1,1%h11
)1,
tiyhy o2 4thy 15 4itgr 25 +21 h ie1 242 h11—3tg1.2%h itgr 1°+thy 25 +dq o —i 2
xetiwhi2 1,1 91,2 Ygi,2h1,2+e1,2+2yg1,1h1,1 g1,2" h1,2+itg1,1"+thy 2" +d1,2—1yg1,1 91,1b1,250h1,2
—by o Oe—hl,zw—hl,lw-l‘igl,1w+i91,2$—3it!h,lh1,12—iy91.22+i€1.1—3it91,2h1,22+iyh1,12+d1,1—3 tg1,1%h11
)2,
Xe+iyh1,22+th1,13+it91,23+2 yg1,2h1,2+ie1 2+2 ygl,lhl,l—3t91,22h1,2+it91,13+th1,23+d1,2—iy91,1291 22b1 10
) )1,
—2ib1 1 Oe—hl,2$—h1,1w+i91,1w+i91,230—3it!h,lh1,12—iy91,22+i61,1—3it91,2h1,22+iyh1,12+d1,1—3 tg1,1%h11
)1,
tiyhy o2 4thy 15 4itgr 25 +21 h ie 2 h11—3tg1.2%h itgr 1°+thy 25 +dq o—i 2
xetiwhi2 1,1 91,2 Ygi,2hi,2+2e1,2+2yg1,1h11 g1,2" h1,2+itg1,1"+thy 2" +d1,2—1yg1,1 91,1h1,1b1,2,0
—2b11 oe_h1~2x_h1’1x"’_igl’lw"'i-‘h,?w_?’it91,1h1,12—iy91,22+i81,1—3it91.2h1,22+iyh1,12+d1,1—3tgl,12h1,1
)1,
iyhi,2%+thy 12 +itgy 23 +2 h i 2 hi,1—3tg1,2°h itg1,1°+thy 23 +dy 2 —i 2
xeTihi2"+thi 17 +itg1,2" +2 yg1 2h1 2+ie1,2+2yg1,1 h1 1 g1,2" h1,2+itg1,1"+thy 2" +d1,2—1yg1,1 h1,1b1,2,0h1,2
i —hy1z—i 242 h iyhy,1%+itg1,1°—3tg1,12h1,1—3itg1,1h1,12+thy 1°+d ' 2
+b1,1,0elgl’lm 1,12—1Yyg1,1~+2yg1,1h1,1+iyhi 17 +itg1,1 g1,1"h1,1—=34tg1,1h1,1"+thi 17+ 1,1+1€1,1h1’1 a;

) . 2 ) 2, . 3 2 ) 2 3 :
_~_b1’2’0el!]1,2I—h1.2$—1y91,2 +2yg1,2h1,2+iyh1 2" +itg1,2° —3tg1,2"h1,2—34tg1,2h1,2" +th1 2 +d1,2+1€1,2h1’22a1



and

d(z,y,t) =

b1 Oe—h1,1$+ig1,1m—3t91,12h1,1—3it91,1h1,12+itg1,13+2y91,1h1,1+iyh1,12+th1,13—iy51,12+d1,1+i81,1
+b1,2 Oe_h1v2$+i91,2x—3 tgi,22h1,2—34tg1 ah1 22 +itgr 22 +2yg1 2hi 2 +iyhy 22 +thy 2% —iygr 22 +dy 2 tier 2
+a1

We give some figures in the (z,y) plane of coordinates.

There is a formation of multi-lines of lumps meeting in a same point which

varies according to the values of the parameters. A maximum of three lines has
been observed.

Figure 4. Solution of order 1 to KPI, on the left fort =0, a; =1, b1,10 =1,
b120=2,911=01,912=2,h11=1,h12=2,d11=1,d12=2,e11 =1,
e1,2 = 2; in the center for t =0, a1 =1, b1,10=1, b120=2, g11 =1,
g1,2 = 0.1, hip =1, h1,2 =2, d1,1 =1, d172 =2,e11=1,e12=2;0n the right
fort=0,a1=1,b110=1b120=2,911=1,912=2, h11 =05, h12 =2,
d1,1 = 1, d1’2 = 2, €1,1 1, €12 = 2.

Figure 5. Solution of order 1 to KPI, on the left fort =0, a; =1, b1,10 =1,
bioo0=2,011=1,g12=2,h11=1h12=05,d11=1,d12=2,e11 =1,
€1,2 = 2, in the center for t = 0, a]; = ]., 61’170 = ]., b172’0 = 2, gi1 = ]., gi12 = 2,
h1,1 = ]., h1,2 = 2, d1,1 = 0.1, d1,2 = 2, €1,1 = ]., €12 = 2; on the I‘ight for t = 0,



a1 =1,b110=1,b120=2, 011 =1, g12=2, b1 =1, h12=2,d11 =1,
d172 = 05, 6171 = ]., 6172 =2.

Figure 6. Solution of order 1 to KPI, on the left for t =0, a1 =1, b1,10 =1,
bigo=2,g11=1,g12=2, hi1=1, h12=2,d11=1,d12=2,e11 =0.1,
e12 = 2; in the center for t =0, a1 =1,b110=1,b120=2, 11 =1, g12 =2,
h171 =1, h172 =2, d1,1 =1, dl’g =2, e11 = 1, €12 = 0.1; on the I‘ight for t = 0,
ar=1,b110=1,b120=2, 011 =1, g12=2, b1 =1 h12=2,d11 =1,
dip=2,e11=1e12=2.

Figure 7. Solution of order 1 to KPI, on the left for t = 1, a; = 102,
biio=1b100=2,011=1,012=2, h11=1, h12=2,dy1 =10, dy 2 = 20,
e1,1 = 10, e1 2 = 20; in the center for ¢t = 102, a; = 102, b1,1,0 =10, by 2,0 = 20,

g1,1 = 0.17 91,2 = 0.2, hl,l = 0.1, hl’g = 0.2, d171 = 1, d172 = 2, €1,1 = 1,
€12 = 2; on the I'ight for t = 103, a; = 103, b171,0 = 10, b1,270 = 20, gi1 = 0.1,

912=02,h11=01,h12=02,di1=1,di2=2,e11=1,e12=2.

Remark
Sub-particular case of solutions of order 1 without derivative (D = 0)

with a degree of summation equal to 2 (S=2)

We can choose for the functions f;, the functions defined by f; = piciw—iciytictttie;



with Cj, €5 real numbers for j =1 and j = 2, ayp = 0 and b110 = b120 = bl.
then the function ¢ (z,y,t) can be written as

wl(z y t) —_ bl (eiclzfic%y+ic:ft+iel + ei0217ic§y+icgt+iez)
' Yy

. 2, 2 3,3 .
_ 2b161(62+C1)I*Z(Cfrcl)@/+(Cg+wl)t+1(e2+el) ><cosh(i(cz—cl)x—i(cg—cf)y—ki(cg—c?)t—i—i(eg—el))

So the solution to the KPI equation can be written as

—2((c2 —1)?)
cosh(i(ca — c1)x —i(c3 — D)y +i(c3 — )t +i(e2 —e1))

a(z,y,t) = —2(Iny(x,y,t)) =

5 Solutions of order 1 with a degree of summa-
tion equal to 3 (S = 3) depending on 16 real
parameters

In this case, we observe lines of lumps but contrary to order 1 and 2, with a
bifurcation in three branches whose intensities and directions depend on the 16
real parameters. These structures are more sensitive to g; and h; parameters
than to others. A generic solution can be considered as three lumps chains
meeting in a triple point; we get also a whole set of degenerated configurations.
In this section, we take N equal to 1 and S = 3. The general expression with
all the parameters being too complex is given in appendix. We give here only
this with some parameters values to simplify. For example we choose :

ap =1,b110=1,b120=2,b130=3,911=1, 912 =2, g13 =3, h11 = 1,
hi2=2,h3=3,di1=1dipo=2,di3=3,e11=1,e120=2,e13=3.

So, the solutions to the KPI equation can be written as

n(z,y,t)
vz, y,t) = —2——""4,
) = =2y 12
with
n(x y t) — _21(12 e4im74w+20y756it+4+4i756t+2783iw73w+18y754it754t+3+3i+

eim—x+2y—2it—2t+1+i+862iw—21+8y—16it—16t+2+2i+6 e5ix—5w+26y—70it+5+5i—70t+
2e3ix—3x+10y—18it+3+3i—18t)

and
d(w,y,t) = e~ TiE—20=2it+2y+14i 4 9 o= 20+2iw—161—16it+8 y+2+2i | 3 =3 o+3ir—541—54it+18 y+3+3i

1.
We give some figures in the (z,y) plane of coordinates.



Figure 8. Solution of order 1 to KPI, on the left fort =0, a; =1, b1,10 =1,
b120=2,b130=3,011=01,012=2,013=3,hi1=1, h12=2,hi3=3,
d171 = ]., d172 = 2, d173 = 3, €11 = ]., €12 = 2, €1,3 = 3, in the center for t = 0,
a;=1,b110=1,0120=2,0130=3,911=1,912=0.1,g13=3, h11 =1,
hio=2h3z3=3di1=1di2=2,diz=3,e11=1€e12=2,¢e,3=3;0n
the right for t =0, a1 =1, b110=1,b120=2,b130=3, 91,1 =1, g12 = 2,
913=01, hi1=1,hi2=2 hi3=3,di1=1,di2=2,d13=3,e11 =1,
€12 = 2, €1,3 = 3.

Figure 9. Solution of order 1 to KPI, on the left for t =0, a1 =1, b110 =1,
bioo=2,b130=3, g11=1,912=2,913=3, h1,1 =05, h12 =2, h1 3= 3,
di1=1,di2=2,di3=3,e11 =1, e12=2, e;3=23; in the center for ¢t =0,
ap=1,b110=1,b120=2,b130=3, 11=1,912=2,13=3, 11=1,
h12=05h13=3,di1=1,di2=2,di3=3,e11=1,€e12=2,e13=3;0n
the I'lght fOI‘ t= 0, ay = ]., b1’170 = ]., b172’0 = 2, b17370 = 3, g171 = 1, 9172 = 2,
91,3 = 37 hl,l = 15 h1,2 = 2) h1,3 = 075 dl,l = ]-» d1,2 = 2) d1,3 = 3) €1,1 = ]-»
e12=2,e13=3.
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Figure 10. Solution of order 1 to KPI, on the left for t =0, a1 =1, b1,10 =1,
bi20=2b130=3, 011=1,012=2,013=3,h11=05,h12=2, h13=3,
d171 = 01, d172 = 02, d173 = 03, 6171 = ]., 61’2 = 2, 6173 = 3, in the center for

t=0,a1=1,b110=1,b120=2,b130=3,911=1,012=2, 1,3 =3,
hii1=1,h12=05 hig3=3,di1=1,di2=2,di3=3,e1,1=01,e12=02,
€1,3 = 03, on the I‘ight for t = 0, a; = 1, b1,1,0 = 1, bl’gyo = 2, b1’3’0 = 3,
gii=1012=2,013=3, hi1=1hi2=2hi3=07di1=1,di2=2,
dizg=3,e11=1,e120=2,e13=3.

3 et
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"':“t

Figure 11. Solution of order 1 to KPI, on the left for t =1, a1 =1, b1,10 =1,
bioo=2,b130=3, g11=1,912=2,913=3, h1,1 =05, h12 =2, h13=3,
di1=1,di2=2,di3=3,e11 =1, e12=2, e;3=23; in the center for t =1,
ap=1,b110=1,b120=2,0130=3,911=1,012=2,913=3, h11 =1,
h12=05h13=3,di1=1,di2=2,di3=3,e11=1,e12=2,e13=3;0n
the I‘lght fOI‘ t= 103, ayp = ]., b171’0 = 1, b17270 = 2, b17370 = 3, 9171 = 1, g172 = 2,
91,3 = 3) hl,l = ]-7 h’l,2 = 27 h1,3 = 077 dl,l = 107 d1,2 = 207 d1,3 = 307
€1,1 = 10, €12 = 20, €1,3 = 30.
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6 Solutions of order 1 with a degree of summa-
tion equal to 4 (S = 4) depending on 21 real
parameters

In this case, we observe generically lines of lumps, with a bifurcation in four
branches whose intensities and directions depend on the 21 real parameters.
These structures are more sensitive to g; and h; parameters than to others. We
get also a whole set of degenerated configurations.

In the case S = 4, the expression of the solutions with all the parameters being
too long, we present only one of them with particular values of parameters . For
example we choose :
ar=1,b110=1,b120=2,b130=3,b140=4011=1,012=2, q1,3 =3,
g1a=4 hi1 =1, h2=2 h3=3 ha=4d1=1di2 =2 d13=3,
diy=4,e11=1,e12=2,e13=3,e14=4

So, the solution to the KPI equation, with these choices of parameters, can be
written as
n(x,y,t)

Y= 07

with
n(m y t) =9 Z(27 e3 ir—3 x+18 y—54it—54 t+3+3 2_|_12 e—7 47 ix+T+7i+50y—1827t—182 t+
) )
8 e2 it—2x+8y—16it—16 t+242 Z+2 673 43 ix+34+3i+10y—18it—18 t+125 e5 ix—5 x+50 y—250it—250 t4+5+5 ’L+
60 e—8 z+8 ix+8+8i+68 y—304 it—304 t+90 e—7 T+7 ix+7+7 i+58 y—266 it —266 t+6 e—5 45 ix+5+5i+26 y—701it—70 t+
32 e—6 r+6ix+6+6i+40 y—144 it—144 t+eiz—w+2 y—2it—2 t+1+i+64 e4 ix—4 432 y—128 it—128 t+4+4 z+
36 6_5 z+5ix+5+5i+34y—1304it—130 t+ 12 e—4 z+4 ix+4+4i+20 y—56 it—56 t_,’_20 e—9 z+9ix+9+9i+82y—378it—378 t+
80 9_6 z+6 1x+6+46 1452 y—252 it —252 t)
and
d(ac y t) — e—m+im—2 t—2it+2 y+1+i+2 e—2 z4+2ir—16t—16 it+8 y+2+2 z+3 e—3 z+3ir—54t—54it+18 y+3+3 i+
s Y
4 e—4 r+4ir—128t—128 it+32y+4+44 +5 e—5 z+5ix—250t—250 it+50 y+5+51 +1.

Generically, we get five lines of lumps with degenerate situations. We present
some figures in the (z,y) plane :

et
ehete
9 e
S
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Figure 12. Solution of order 1 to KPI, on the left for t =1, a1 =1, b1,10 =1,
bioo=2b130=3b140=4011=1,912=2,913=3,914=4, h11 =1,
hi2=2,h3=3hia=4di1=1,dipo=2,di3=3,dia=4,e11=1,
e12 =2, e13 =3, e;4 =4; in the center for t = 102, a; =1, bi1,0=1,
b120=2,b130=3,b140=4,011=01,012=02,913=0.3, g14 =04,
h171 =0.1, h172 =0.2, h173 =0.3, h1,4 =04, d1,1 =1, d172 =2, d173 =3,
d174 = 4, 6171 = 1, 6172 = 2, 6173 = 37 6174 = 4, on the I‘lght fOI‘ t= 103, ap = 1,
bi,10=1,b120=2,b130=3,b140=4,911=0.1, g12 =02, g13=0.3,
g14 = 0.4, h1$1 = 0.17 hl’g = 0.2, h1’3 = 0.3, h1’4 = 0.4, d1’1 = 1, dl,g = 2,
dig=3,dia=4e11=1e12=2,e13=3,e14=4

7 Solutions of order 1 with a degree of summa-
tion equal to 5 (S=5) depending on 26 real
parameters

In this case, we observe generically five lines of lumps and a whole set of degene-
rated configurations. These structures are more sensitive to g; and h; parameters
than to others.

In the case S = 5, the expression of the solutions with all the parameters being
too long, we present only one of them with particular values of parameters . For
example we choose :

a; =1,b110=1,b120=2,b130=3,b140=4b150=5,911=1, 912 =2,
g13=3,914a=4g15=5 hi1=1 hi2=2 hi3=3 hia=4 his=05,
dip=1dipg=2,di3=3,d1a=4 dig=4e1=1e12 =2, e13 =3,
€14 = 4, €1,5 = 5.

So, in this case, the solution to the KPI equation can be written as

n(x,y,t)
T,y,t) = —2—"=
’U( 'Y, ) d(l‘,y,t)z
with
n(z y t) — _2i(2763i173z+18y754it754t+3+3i + 8C2ix72x+8y716it716t+2+2i +

6675 z+5ix+5+5i+26 y—70 it770t+32 676x+6 iz+6+6i+40y7144it7144t+64 e4i174 z+32y—128 it7128t+4+4i+
12 ef4z+4iw+4+4i+20y756it756t+12 ef7w+7iw+7+7i+50y7182it7182t+eimfa:+2y72it72t+1+i+

9 e—3 r+3ir+3+3i+10y—184t—18¢ + 36 e—5 r+54ic+5+59+34 y—130it—130 t)

and

d(.l?,y,t) — e—x+iz—2t—2it+2y+1+i+2 e—2x+2im—16t—16it+8y+2+2i+3e—3x+3im—54t—54it+18y+3+3i+
4ef4z+4ix7128t7128it+32y+4+4i 4 1.

Generically, we get four lines of lumps with degenerate situations. We present
some figures in the (z,y) plane :
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Figure 13. Solution of order 1 to KPI, on the left for t =0, a1 =1, by 1,0 =1,
bi20=2,b130=3,b140=4,b150=56911=0.1,¢12=02,g13=0.3,
g14 = 0.4, 915 = 0.5, hl,l = 0.1, h1)2 = 0.2, h1’3 = 0.3, h1,4 = 0.4, h1)5 = 0.57
dig=1,di2=2,d13=3,dia=4,di5=5e11=1,e12=2,e13=3,
€14 = 4, €1,5 = 5, in the center for ¢t = 10, a1 = 1, b17170 = 1, b17270 = 2,
bi130=3,b140=4,0150=5,011=01,912=02,913=0.3, g14 =04,
g15 = 05, hl,l = 0.]., h1’2 = 0.2, h1’3 = 037 h1’4 = 04, h1’5 = 05, d1,1 = 1,
dip2=2,di3=3,dia=4dis=5e11=1e12=2,e13=3, e14 =4,
€15 = 5; on the I‘ight for t = 103, ayp = 1, b171,0 = 1, b17270 = 2, b1,370 = 37
b1,470 = 4, b175,0 = 5, 91,1 = 0.1, g12 = 0.2, 91,3 = 03, gi14 = 0.4, 915 = 05,
hl,l = 01, hLQ = 02, h173 = 03, h174 = 04, h175 = 05, d171 = ]., d172 = 2,
di3=3,dia=4,dis=5e11=1,e12=2,e13=3,e14=4,e15=5.

8 Conclusion

Using an extended Darboux transform, we succeed to construct multi-parametric
solutions to the KPI equation. These solutions depend on the order of determi-
nant N, the degree of summation S and the degree of derivation D. In the case
general case the solutions to the KPI equation can be expressed as a second
derivative with respect to = of a logarithm of a determinant of order N, we
obtain solutions depending on N(S(D + 5) + 1) real parameters.

We only give the expressions of the solution in the simple case of order N = 1.
All these solutions are different from these given in another approach given par
the present author [50, 51, 52, 54, 56, 62, 64].

In the frame of plasmas, the KP equation is derived [76] to describe certain
particular solutions called dust acoustic waves. The KP equation in [76] could
be renormalized to use the classical KP equation. The solutions presented in
[76] are different from those built in this study. Multi-lum solutions with 0
degree derivation are exact theoretical solutions to the KP equation. It will be
interesting to observe them in plasmas.

It would important to study in more details this first order with the degree of
derivation non equal to 0 and try to classify these solutions.

We postpone to another publication the study of the solutions with a non zero
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degree of derivation.
It would be also relevant to study the cases of order greater or equal to 2 and
to realize an exhaustive classification of the solutions to the KPI equation.
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Solution to the KPI equation for N =1, S =3, D =0 depending on 16
real parameters
The solutions to the KPI equation can be written as

n(z,y,t)
U($7yat):_2d 2
(2,y,t)
with
. . . . 3 . 2 . 2 2
n(m,y,t) — _bl)1,Oe—h1,zx—hl,1x+zg1,2x+zg1,1x+ze1,1+zt91,2 —iyg1 22 4+2yg1,1h1 1+iyhy 124d11—3tg1 12k
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12,

—34tg1,oh1,22+thy 23 +iyh 22 +2yg1 3h1, 3 +ie iyh1,32—3tg1,3°h1,3—iyg1,3°+th1, 35 +d1 3+itgr s> 2
e~ 31tg1,2h1 27 +thy 2" +iyh1 2" +2yg1,3h1 s +ier 2 +iyha s 91,87 h1,3—1yg1,3"+thy 3" +d1 3 +itg1 s g1,2°b1,3,0
—bi 3 Oeigl,333—h1,13?+ig1,13¢—h1,3x+2 yg1,1h1,1+iyhy 12 4ier 1+ie1,3—3itgr sh1 3% +di,1—3tg1,12h1,1—3itgi 1h11°

thy 13 4itgr, 12 +2yg1,3h1,3—i 2tiyhy,3%—3tg1,3%h1,3—iyg1 3> +thy 3% +di 3+itgr 3> 2
xeTthi,1"+itg1,1"+2yg1,3h1,3—1yg1,1" +iyhi,3 91,3 h1,3—1yg1,3" +th1,3"+d1,3+1itg1,3 91,3 bl,l,O

_bl 3 Oe_hl,Sx_h1,2x+igl,3$+i§1,2x+2 yg1,2h1,2—3itg1,3h1,32+iel,3+itg1,23—iyg1,22+d1,2—3t91,22h1,2—3it91‘2h1122
+thy o3 4iyhy 2242 3h1,3+ie iyh1,3%2—=3tg1,3%h1 3—iyg1 3> +thy 32 +d1 3+itgr 33 2

xe 1,2°Fiyhi 2 Yg1,3h1,3 1,2+tyh13 91,3 h1,3—1yg1,3"+th1 3" +d1 3+itg1,3 91,3 b1,270

+b1 4 Oe—h1,2£—h1,1$+1'91,2$+1'91,1$+i61,1+itg1,23—iyg1,22+2yg1,1h1,1+iyh1112+d111—3 tg112h1,1—3itg1 1hy 12
+thy 13 —3itgr oh1 2242 h itg1 12 +iyht 22 —3tg1 2% h1 o +ier 2 +thy 2% +dy 2 —i 2 2

xe 1,1 g1,2h12°+2yg1,2h1 2+itg1 1" +iyhy 2 g1,2"h12 1,2 1,2°+d1,2—1yg1 1 hl,l b172,0

+b11 Oei91,3ﬂf—h1,1x+ig1,1x—h1,3ac+2 yg1,1h1,1+iyhy 12 4ier 1+ie1,3—3itgr sh1 3% +di,1—3tg1,1°h1,1—3itgi 1h11°

thy1®+itg 1% 42 hy,s—i 2+iyhy 3> —3tg1,3%h1 3—iyg1,s”+thy 3°+dy s+itgr 3® 2
xetTthi,1"+itg1,1"+2yg1,3h1,3—1yg1,1" +iyhi,3 91,37 h1,3—1yg1,3" +th1,3" +d1 3+itg1,3 hl,l b173,0
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+b1 9 0C7h1*2z7h1v1z+i91v2m+i91-,1m+i81,1+it91,23*iygl,22+2 yg1,1h1,1+iyh1 12 4di,1—3tg1,1%h1,1—34tg1,1h1,12

)2,

3_ o 2 . 3 . 2 2 . 3 . 2 2
xetthi,1”=31itgi,2h1,2"+2yg1,2h1 24itg1,17 +iyhi 2" =3 tg1,2" h1 2 +ier 2 +thi 2" +d1,2—iygi 1 h1,2 bl,l,O
+b1 2 OC*h1,3I*h1,2z+igl,3r+i91,2m+2 yg1,2h1,273itgl,3h1,32+ie1,3+itgl,237iygl,22+d1,273 tg1,22h1,2

)2,

Yy 2 3 . 2 . . 2 2 ) 2 3 . 3 9
xe3itg1.2h127Fthy 2 Hiyha 272 yg1 sha s Fieratiyh 57 =3 1915 ha 3 —iygra"Htha s diatitarsT o2, 4 g
+b1 3 Oeigl,sx*hmr+iy1,11*h1,3z+2 yg1,1h1,14iyh 12 +ier 1 +ier 3 —3itgr shy 3> +d11—3tg1,1°h1,1—3itg1,1h1 1>

»3,

3, . 3 . 2 2 2 . 2 3 3 2
xetthi1”+itgr 17 +2yg1,3h1,3—iyg1 1" +iyhy 3" —=31g1,3"h1,3—iyg1,3" +th1,3" +d1 3+itg1 3 h173 bl,l,O
+b1 3 Oe*h1,3$*h1,2w+igl,313+i91,21:+2 y91,2h1,273itgl,3h1,32+ie1,3+itgl,237iygl,22+d1,273 t91,22h1,2

»3,

ey 2 3 . 2 ) . . 2 2 ) 2 3 . 3 9
x e 3%tg1,2h1 2" +thy 2" +iyhi 2" +2yg1,3h1,3+ie1,2+iyha 37 =3 91,37 h1,3—iyg1,3" +thi 3" +di 3 +itg1 3 h13b1.2,0

. . 2 - 2 3 2 . 2 3 -
_bLl,Oelgl,lI*h1,1$*1991,1 +2yg1,1h1,1+tiyhi 17 +itgr,1° —3tg1,1"h1,1—34tg1,1h1,1 " +tha 1 +d1,1+181,191712a1

. . 2 . 2 . 3 2 . 2 3 .
_bl72,06191,21*’11,290*1991,2 +2yg1,2h1,2+iyh1 2" +itg1,2”° —3tg1,2"h1,2—3itg1,2h1,2" +th1 2 +d1,2+181,291722a1
761 3 Oeigl,3mfh1,3x7’b.ygly32+2 ygl,3h1,3+2’yh1,32+it91,33*3 t91,32h1,3*3it91,3h1,32+th1,33+d1,3+i81,3gl 2

»3, ,

. _ . 2 . 2, . 3_ 2 _as 2 3 . 9
+by 1,0€79117 hii@—iygi,1”+2yg1,1hy 1+iyhy 1" +itgr,1° —3tg1,1 k11 —34tg1,1hy 1" +Hth +d1,1+181,1h171 a1
) -~ . 2 . 2, . 3 2 o 2 3 ) 2
+bl72,06191,29E h1,2x—1iyg1,2"+2yg1,2h1 2+iyh1 2" +itg1,2° —3tg1,2"h1,2—3itgi 2h1,2"+th1 2 +d1,2+161,2h172 ay
) -~ . 2 . 2, . 3 2 o 2 3 ) 2
+bl73,oelgl,3$ h1,3T—1yg1,3"+2yg1,3h1 3+iyh1 3" +itg1,3° —3tg1,3"h1,3—3itg1 sh1,3"+th13 +d1,3+ze1,3h173 a1
—2b1 Oe*hl,21*h1,11+i91,21+i91,11+i61,1+itg1,2d*iyg1,22+2 yg1,1h1,1+iyhi 12 +di 1 —3tg1,1%h1,1—3itg1,1h1 12

)1,

3_ o 2 : 3, . 2 2 . 3 . 2
wetthi,1”=3itg1 2h1 2% +2yg1,2h1 2 +itgr, 1" +iyhy 2% —3tg1,2°ha 2 tier 2 +thy 27 +d12—iyg1 1 hi,101,2,0h1 2
—2b11 061‘91,31’*h17193+i91,195*h1,3m+2 yg1,1h1,1+iyhy 1 2 +ier,1+ier,3—3itgr 3hy 32 +di,1—3tg1,12h1,1—3itg1 1h1,1>

)1,

3, . 3 . 2 - 2 2 : 2 3 . 3
Xe+th1’l +itgi 1 +2yg1’3h113—1yg1’1 +7,yh1,3 —3tg1,3 hl,sflygl,Zi +th1,3 +d1,3+1t91,3 h1,1b1,370h173
—2by o ge~ MaT 2T tigy e tig 2ot 2 yg1,2h1,2—3itgr,3h1,3% +ie1 3 +itgr,2® —iygr 2”+d1,2—3tg1,27h1 2

)2,

. 2 3, . 2 ) ) 2 2 ) 2 3 ) 3
xe 3 itg1,2h1,2" +thy 9" +iyhy 2" +2yg1 3h1 3Fie1 2 +iyh1 3" =3 191,37 h1,3—iyg1,3" +th1 3" +d1 3+itg1,3 h172b17370h173
+2b11 Oe*hl,21*h1,11+i91,21+i91,1$+i€1,1+it91,23*iy91,22+2 yg1,1h1,1+iyh1 1% +di 1 —3tg1,1%h1,1—3itg1,1hi 1?2

)1,

thy 1°—3itg1,2h1 2242 h itg1 1°+iyh1 2% —3tg1,2%h i thy 23 4dy o —i 2
setthin itg1,2h1,2°4+2yg1,2h1,2+itgr 1° +iyhy 2 91,2 h1,2+ie1 2+thy 2" +d1,2—1Yg1,1 91,1[)172,091,2
+2b11 Oeigmfr*h17193+i91,195*h1,393+2 yg1,1h1,1+iyhy 1 2 +ier 1 +ier,3—3itg 3hy 32 +di,1—3tg1,12h1,1—3itg1 1h1,1>

,1,

thy 12 4itgr 1242 hy,3—i 24iyhy 32 —3tg1,3%h1,3—i 24 thy 3% +d itg1,3°
weTthi, 1" +itg1,1°+2yg1,3h1,3—iyg1,1" +iyhi 3 91873 =1ygr 5" tha 37 d1 s 19157 g by 50413
+2b1 9 Oe*hl,3®*h1,2I+i91,31+ig1,21+2y91,2h1,2*3it91,3h1,32+i€1,3+it91,23*iy91,22+d1,2*3 tg1,2°h1,2—3itg1 2h1 2>

)2,

thy 22 +iyhy 2242 h i iyh1,32—3tg1,3%hy 3—i 24thy 3% +d itg1,3°
xetthi 2" +iyhi 2" +2yg1 3h1 3 +ie1,2+iyhi 3 91,3 h1,3—1Yg1,3" +th1 3" +d1 3+itg13 91,2b1,3.001,3
—24b1 1 Oei!h,3I*h1,11+i91,11*h1,31+2 yg1 1h1,1+iyhy 12 +ier 1+ier,3—3itgr 3h1 32 4+di,1—3tg1,12h1,1—34tg1,1h1,1>

)1,

thy 12 4itgr 1242 hy,3—i 2 4iyhy 3% —3tg1,3%h1,3—0 24 thy 3% +d itg1,3°
wxetthi1”+itg11°+2yg1,3h1 3—iyg11"+iyhi s 1873 =1yg1s" A tha 7 d1 s 19157 g by by 50
—21by o Oe*hl,2I*h1,11+i91,21¢+i91,1513+i61,1+it91,23*iy91,22+2 yg1,1h1,1+iyh1,1%+d1 1—3tg1,12h1,1—3itg1,1h1,1°

)2,

thy 1®—3itg1,2h1 2242 h itg1 1°+iyh1 2% —3tg1,2%h i thy o3 4dy o —i 2
xetthi i =3itg12h 2" $2yg1 2l atitgr 1 biyh 2 =3 g1 2 hatier attha 2"t di2—iyg1a " gy o By oDy g
—24by o Oe*h1,3$*h1,2z+ig1,3:17+i91,251?+2 yg1,2h1,2—3itg1 shi 3% +ier 3 +itgr 2°—iygr 22 +di 2—3tg1,2%h1 2

)2,

o 2 3. 2 . . 2 2 . 2 3 . 3
we—31tg1,2h1 2" +thy 2" +iyh1 2°+2yg1,3h1 s+ier 2 +iyh 3" —3tg1 3 h1,3—iyg1,3" +thy 3 +d1 s +itgr s g1.2h12b130
—2iby 3 Oei!h,3I*h1,11+i91,11*h1,31+2 yg1 1h1,1+iyhy 12 +ier 1+ier 3—3itgr 3h1 32 4+d1,1—3tg1,12 k1,1 —34tg1,1h1,1>

»3,

thy 12 4itgr 1242 hi,3—i 24iyhy,3%2—3tg1,3%h1,3—1 24 thy 3% +d itg1,3°
x e Tthia +itg11"+2yg1 3k 3 —iyg1,1 " +iyh 5" =3 191,57 h1,a—iyg1,s” +thas +disitgrs” g ohy aby ) g
—2iby 3 Oe*h1,3$*h1,2$+ig1,3w+i91,21’+2 yg1,2h1,2—3itg1 sh1 3% +ier 3 +itgr 2°—iygr 22 +di 2—3tg1,2%h1 2

»3,

. 2 3, . 2 . . 2 2 . 2 3 . 3
xe~ditgrahio  +thy o biyhi o® +2yg1 sha atier atiyhs 5" =3 tga hi s —iygr a®+tha s +diatitgrs® g ohy ob) 5
+2iby 1 Oe*hl,w&*hl,1$+i91,2£E+i91,1$+i61,1+it91,23*iyg1,22+2y91,1h1,1+iyh1,12+d1,1*3 tgi,1%h1,1—3itg1,1h112

)1,

3 . 2 . 3, 2 2 . 3 . 2
wetthi,1”=3itg1 2h1,2%+2yg1,2h1 2 +itgr,1 " +iyhy 2 —3tg1,2° ha 2 +ier 2+thy 2" +d12—iyg1 1 91,101, 2.0h1 2
+2iby 1 Oei!h,SI*h1,1I+igl,1I*h1,31+2 yg1,1h1,1+iyhy 1% +ier 1+ier 3—3itgy 3h1 32 +di1—3tg1,1%h1 1

)1,

. 2 3, 3 . 2, . 2 2 . 2 3 . 3
xe 3 tg1,1h1,17 Hthy 1" Fitg1,1"+2yg1,3h1,3—1yg1,1" +iyhi 3" =3 91,3 h1 3 —1yg1,3" +thy 3" +di 3 +itg1 3 91,1b1,3,0h1,3
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+2iby 4 OC*h1‘2I*h1,1I+i91,2I+igl,11?+i81,1+itg1,23*iygl,22+2 yg1,1h1,1+iyh1 12 4di,1—3tg1,1%h1,1—34tg1,1h1,12
)1,
th1,1%—3itgi oh1 2242 h itgr,1°+iyh1,22—3tg1,2%h i thy 23 4+dy 2 —i 2
xetthin itgi,2h1,2°+2yg1,2h1 2+itg: 17 +iyhy 2 g1,2"h1 2+ie1 a+thy 2°+d1 2—iyg1 1 h1,1b1,2,091,2
+2iby 1 Ocigl,iix*hl,lx+i91,1m7h1,3m+2 yg1,1h1,1+iyh1 12 dier 1 +ie1,3—3itgr,zh1 3% +d1,1—3tg1,1%h1 1
)1,
xe*3itgl,1h1,12+th1,13+it91,13+2 yg1,3h1,3—iyg1,1°+iyhy 3> —3 t91,32h1,3*iygl,g.z+th1,33+d1,3+it91,33hl 16130913
,191,3,091,
+2ib; o Oefhl‘3z7h1v2z+iglv3m+igl12m+2 yg1,2h1,2—3itg1 3h1 3% +ie1 3+itgr 2> —iyg1 2> +d1,2—3tg1,2%h1,2
)2,
xefBitg1,2h1722+th1,23+iyh1,22+2y9173h1,3+i6172+iyh1,3273tgl,szh1,37iyg1,3‘2+th1,33+d1,3+itg1,33g172b17370h173
+2ib1 o Oe*hl13$*h1,2$+i91,31’+i91,213+2 yg1,2h1,2—3itg1, sh1 3% +ie1 3+itgr 2° —iygr 22 +di 2—3tg1,2°h1 2
)2,
—3itgr oh1 2% +th 23 diyhy 2242 h i iyh1 32 —3tg1 3%h1,3—1i 24thy 3% +d itg,3°
x e~ 3%tg1,2h1 2" +thy 2" +iyhi 2" +2yg1,3h1 3+ie1 2 +iyha 3 91,37 h1,3=1Yg1,3" +the 3"+ d1 3 Hitg13 h1,2b1,3,091,3
—2iby 1 Oeigl,lehl,leiyg1,12+2y91,1h1,1+iyh1,12+it91,13*3t91,12h1,173itgl,1h1,12+th1,13+d1,1+i81,1gl 1hy 101
)1, ) )
—2iby 5 Oei91,2x7h1,2x7iygl,22+2 yg1,2h1,2+iyht 22 4itgr 2% 3 t91,22h1,273itgl,2h1,22+th1,23+d1,2+i81,2gl ohi say
)2, ) )
—2iby 3 Oeigl,fix*hl,fix*iygl,32+2 yg1,3h1,3+iyh1 3% +itg1,3°—3 tgl,32h1,3*3itgl,3hl,32thh1,33+d1,3+ie1,391 shisay
»3, , ,
—21by 1 Oeihmzihlv1z+iglv2m+iglv1m+i6111+”91,25*iygl,22+2 yg1,1h11+iyhy 1 +di1—3tg1,1%ha 1
)1,
Xefgit9111h1712+th1,1373itg1,2h1,22+2 y91,2h1,2+itgl,13+iyh1,2273 tg1,22h1,2+i61,2+th1,23+d1,27iyg1,12gl 1h1 1[)1 2.0
) ,101,2,

and
. 2 ) 2, . 3 ) 2 3. 2 )
d(x’y,t) — bl’l’oe—hl,lw-ﬁ-lm,li—?)t91,1 h1,1—3itg1,1h1,1"+itg1,1°+2yg1,1h1,1+iyhi 1" +thy 1° —iyg1,1"+d1,1+ie11

+b1 5 Oe—h1,2w+i91,2w—3 tg1,2°h1,2—3itg1 2h1 2% +itg1 25 +2 yg1 2h1 2 +iyhi 22 +thy 2® —iygr 2% +d1 2 +ie1 2

+b 5 Oe—h1,3w+i91,3w—3 tg1,3°h1,3—3itg1 sh1,3% +itg1 3°+2 yg1,3h1,3+iyh1,32+th1,33—iyg1,32+d1,3+i61,3+

ai
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