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Concurrent development of local and non-local damage with the
Thick Level Set approach: Implementation aspects and application
to quasi-brittle failure

Kévin Moreau, Nicolas Moés*, Nicolas Chevaugeon, Alexis Salzman

Ecole Centrale de Nantes, GeM Institute, UMR CNRS 6183, I rue de la Noe, 44321 Nantes, France

The present paper focuses on the discretization and implementation of the Thick Level Set (TLS) approach for quasi-brittle
failure when dealing with both local and non-local development of damage.

The TLS damage model introduces a length scale and nonlocality in the Fracture Process Zone (FPZ) and it handles the
continuous to discontinuous failure transition. The added nonlocality is limited to the FPZ and therefore the model is local away
from the FPZ or before its emergence. It leads to concurrent development of local and nonlocal damage during simulations. This
paper presents a space—time discretization that handles concurrent computations in a unified manner. It is based on an explicit time
discretization written as a predictor—corrector scheme and a space discretization that uses specific approximation functions (modes)
that embed nonlocality. It also uses an alternative implementation of the eXtended Finite Element Method (X-FEM) enrichment
used in the TLS which is based on virtual nodes.

Keywords: Damage; Fracture; TLS; Thick Level Set; XFEM

1. Introduction

Quasi-brittle failure is commonly characterized, at the macroscopic scale, by a strain localization followed by the
emergence of a crack. Strain localization appears in a privileged region called the fracture process zone. At a lower
scale, strain localization results from a microcracking process and macrocracks are the consequence of microcracks
growth and coalescence. In the present paper a quasi-brittle failure model is developed at the macroscopic scale.

Modeling quasi-brittle failure can be achieved in several different ways. The first one consists in extending the
linear elastic fracture mechanics by adding cohesive zones on crack tips in which cohesive tractions gradually
decay as the crack faces separate [1-3]. Another way consists in using continuum damage mechanics [4—6]. Within
this theory, material behavior softens through the use of a damage internal variable which models microcracking
effects. Unfortunately, local rate-independent damage models are known to allow solutions which are not acceptable
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(crack creation without dissipation [7]). This theoretical issue affects the numerical simulations by spurious mesh
dependencies.

Several models have been proposed in the literature to make sure that solutions reach a proper level of dissipation
by avoiding damage to localize in an infinitely narrow band. They can be classified into different categories as integral
based [8,9], differential (gradient dependent) based or rate based [10,11]. Regarding the gradient based category, one
may even distinguish between the introduction of higher order kinematics [12] or damage gradient in the description
of the energy [13]. The latter category involves more recent approaches as the variational approach to fracture [14] as
well as the phase-field approach [15]. A recent paper [16] details the similarities and differences between the initial
gradient damage approach and the phase-field approach.

Note that, as it should be, the above models do not necessarily ensure uniqueness of the solution, bifurcations are
still possible and must ideally be taken into account in the simulation. Even though the above models avoid spurious
localization, the transition to a crack (displacement discontinuity) is not directly addressed by the existing models.
The crack placement is an extra step. Several papers are devoted to crack placement within damaged zone, see for
instance [17-19].

The TLS model follows a different line of thought. It merges the capabilities of the strong discontinuity approach
and of continuum based damage model. On one hand, damage is used to predict crack initiation and to handle
complex crack patterns (topological changes such as crack birth coalescence and branching). On the other hand,
the discontinuity capability is used to avoid the need to keep a fine computational mesh along the path of already
formed cracks.

The Thick Level Set (TLS) approach was first introduced in [20] and later improved to handle both smooth and
localizing damage within the same simulation in [21]. The key TLS equation is:

IVd| < g(d) ey

where d is the damage variable damage and g(d) a function parameter of the model. Defining a function d = d(¢),
such that

dd
gld) = @ @)

Eq. (1) may be recast in a simpler expression
Vol <1 3

where one recognizes the Eikonal equation (up to the inequality sign), the corner stone of the level set technol-
ogy [22,23]. The above shows that function ¢ is a distance function (when the inequality is fulfilled). The damage
profile d = d(¢) is chosen so that the material is fully damaged (d = 1) when ¢ = [.. The crack lips are thus located
on the level set ¢ = I.. The extraction of the crack lips is robust using ¢ since the latter is a distance function. The
damage variable enters thus a classical damage model but has at the same time a geometrical interpretation through
the damage profile d(¢). The TLS gives a configurational twist to the local damage model.

The present paper, discusses an efficient implementation of the inequality (3). An implementation was already
discussed in [21] but it was only appropriate in the 1D setting. The scheme presented here has the advantage that
damage evolution is computed without solving any linear system. Cracks location (obtained as a given level set), is
modeled using the X-FEM. Note that to allow an easy implementation of the TLS even within an FEM code that does
not allow node enrichment, an alternative implementation of the XFEM enrichment is detailed in the paper. It is based
on the virtual node concept [24-26].

The paper is organized as follows. Next section details the TLS governing equations. The third section describes
the space discretization of the formulation using the X-FEM. In the fourth section, we propose an explicit time
discretization based on a prediction—correction scheme. Finally, the full implementation is detailed in the fifth section.
Section six is dedicated to numerical applications. A last section proposes a discussion.

2. Governing equations

We model quasi-brittle failure considering an isotropic homogeneous elastic scalar damage constitutive model,
under small deformation assumptions. The considered body occupies the domain 2 C R?® with boundary 3 (2. We
assume a quasistatic evolution and introduce a time-like parameter ¢ belonging to the time interval T = [0, #].
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Fig. 1. Example of damage shape function.

2.1. Damage field

Within the TLS [20,21], the damage field
d: 2 xT— [0,1]

(x,1) = dx,1), @)
is deduced from another field, the level set field, denoted as ¢,
$: 2 xT— R, 5)
(x,1) = P(x,1).
This field must satisfy the following inequality
Vol < 1, (6)

where ||.|| indicates the euclidean norm on R?. The damage field is then deduced from ¢ using the damage shape
function

d:R; — [0,1]
o — d(), )
simply by writing
d =d(¢). ®)

The damage shape function is a parameter of the model, it is assumed continuous and differentiable with the following
properties

d0) =0, )
d' (o) > 0fora € [0, 1], (10)
d(a) =1fora e [l,, +o0ol, (11)

where /. is a parameter called the characteristic length. An example is illustrated in Fig. 1.
Using the ¢ field, the domain {2 is decomposed into three parts, one for which the body is fully damaged, one for
which the inequality (6) is strict and one for which the inequality reduces to an equality

Q.={xe:¢px) >11}, (closed) (12)
Q7 ={xe 2\ :|[IVox)| < 1}, (open) (13)
=2\ 2)\ 2. (open) (14)

These parts of {2 are called the fully damaged zone, the local zone and the nonlocal zone, respectively. The fully
damage zone is defined as a closed set to take into account the case where its interior is empty and as a consequence,
the fully damaged zone reduces to its boundary (2. = 9(2.. This is the case when the crack is simply a curve in 2D
and a surface in 3D (the TLS does not force a priori forces the fully damaged zone to be of zero measure this is why
we take some mathematical care).



Fig. 2. Parts and interfaces involved in TLS.
non-local zone and the fully damaged zone is denoted as I.
I'=02-NnN+

I.=0tNnN.

The following inclusion holds true

The interface between the non-local zone and the local zone is denoted as I" whereas the boundary between the
I c C 800,

I, = iso-l.(¢)

(16)
and the equality is obtained whenever 92, C 327, which is the case either when fZC =@oraf.Naf2 =@ Fig. 2
illustrates such parts and interfaces, we can see that I, models crack lips. Note that I, is also

a7
IVd@)ll = d'(PIIVell < d'(#),

d=' 10,1 = [0, [

and if we introduce the reciprocal function of the damage shape function restriction to [0, /[

(18)
which is comfortable from the computational point of view. This particular point is discussed in the implementation
B d7\(B).
we finally conclude that

section. We can furthermore establish the function g given in Eq. (1), using Eq. (6), by writing that, in 2 \ {2,

g(d) = d'(¢(d)).

19)
diivell
dr

Regarding the damage evolution, we enforce the following condition on 27 to maintain ||Vg| = 1
=V¢- Vo =0.

(20)
d=d(¢)p.

@D

The above brings nonlocality into damage evolution since by taking the material derivative of Eq. (8), we have
the space of admissible ¢ by A

X € A such that

A= {a regular enough over {2 : V¢ - Va = 0 in Q+} .

(22)
(23)
Since ¢ is constant along gradient of ¢ in 2, d/d'(¢) must also be constant along gradient of ¢ in 2. We denote

(24)

Given a local field X, the associated nonlocal field X is given by solving the following variational formulation: find

s)



f Xd'(¢p)a dw = f Xd'(p)adw, Va e A. (25)
2\ 2

O\ 2

We can observe that X = X in £2~. A unidimensional interpretation of (25) may be found in [21].
2.2. Mechanical problem

We assume that loading conditions on the body are prescribed on the boundary ({2 \ {2.) which is partitioned into
three parts

It UL UL, =32\ ), (26)

Nlh,=IyNI.=T,NTI=4. Q7

Note that since (2. evolves as damage grows, parts Iy and I, are time dependent. Fig. 2 illustrates such a case. We
introduce a time-dependent load factor A (radial type loading for simplicity), a constant stress vector field T :lef defined
on I’y and a constant displacement field u;,ef defined on I, so that prescribed boundary conditions are written AT :ﬁf

on I’y and )»uzef on [',. The damage model is given by the following strong formulation

Problem 1 (Mechanical Problem). Given u'$' and T'¢', find u, ¢ and A such thatin 2\ 2. x [0, #£]

o) = % [Vu+ vay'] (28)
o, ¢)=(1—d(¢)C: e@m), (29)
divo(u, ) =0, (30)
Y(u) = %e(u) :C:e), 3D
fu, ) =Y — Y.h(d@)), (32)
fu,$)<0, >0, fu,d)d=0, (33)
max ¢ = bmax- (34)

with boundary conditions

u=)uf onl,, (35)
o(,¢)-n=xrT%on Iy, (36)
ou,$)-n=0onI,, 37

and initial condition at t = 0
¢ =0in T, (38)

Note that in the above, the domains (2., I, I, and I'7 may evolve with time. Also, the load factor is part of the
unknown and determined by (34) (dissipation control algorithm).

Regarding the notations, &(u) denotes the infinitesimal strain (second order) tensor field, o (u, ¢) the Cauchy stress
(second order) tensor field and Y (u) the energy release rate scalar field. Function f is the threshold function written
in terms of nonlocal fields and n the outward normal to d({2 \ {2.). Concerning material parameters, C is the elasticity
tensor (fourth order), Y, is the critical energy release rate and / : [0, 1] — R, is a strictly increasing continuous
hardening function with /2(0) = 1. Parameter ¢pax € R? is an algorithm control parameter imposing a maximum rate

to ¢.

3. Space discretization

The domain {2 occupied by the body is discretized with a finite element mesh. The approximated domain is denoted
as £2". To each node i belonging to the set of nodes S, we associate a hat function N; which is piecewise linear on



each element connected to node i. More generally, we denote by L; any approximation function. It can be associated
to a node, an edge or an element.

The first section gives approximations of displacement field and level set field. Then, the second section presents
approximations of any nonlocal field and field ¢. These approximations are particular to the TLS approach and are
based on modes.

The notion of modes has already been used in the TLS approach [27] and modes were computed using a streamline
Upwind Petrov—Galerkin formulation. Current computation of modes is rather based on the Fast-Marching Method.
This is discussed in the implementation section. A third and last section applies the space discretization of Problem 1.

3.1. Approximation of the displacement and level set fields

We approximate the displacement field u by

3
uh(x) = Z uiLi(x) = Z Z u(p(i,j)Li(x)ej (39)

ieU ieR j=1

where

e (u;);cu are scalar approximation coefficients (the fact that the coefficient are scalars and not vectorial will allow
to write easily the stiffness matrix),

U is the set of approximation coefficient ids,

R is the set of node ids in the mesh,

(€;)ie(1,2,3) are natural basis vectors of R3,

¢ : R x {1, 2,3} - U is a one-to-one and onto map,

L(p(i,j)(x) = L,-(x)ej with (l, j) € R x {1, 2, 3}

To take into account prescribed displacements, we introduce the following sets
Utived = {9(i, j) : (i, j) € R x {1,2,3} and x; € I}, Udot = U \ Ufixed; (40)

where x; is the location of node i. We denote (u;ef)gg(i,_,-) = u&ef(x,-) -ej with (i, j) € R x {1,2,3} and ¢(i, j) € Ufixed.
Note that more general boundary conditions can be prescribed (component-by-component) but this one agrees with

Eq. (39).
We approximate the ¢ field as
¢"x) =) ¢iNi(x), (41)

ieS
where ¢; are degrees of freedom. Gradient field is then given by
Vo' (x) = ¢ VN (x). (42)
ieS
As further described in the implementation section, both ¢ and u fields are enriched. This enrichment is realized by

adding virtual nodes to the mesh and revising mesh connectivities. A consequence of enriching the approximation in
such a way is that Egs. (39) and (4 1) remain valid, only sets S, R and related change.

3.2. Nonlocal fields and ¢ approximations

We first realize a partition of the set of node numbers S into a local set S| and a nonlocal set Sy| . The nonlocal set
is built by looking for finite elements such that

IVe" @) > 1, (43)

where x is here the location of a point inside the considered finite element. Eq. (42) is used to evaluate the gradient.
All nodes of such finite elements are classified in Sy.. We obtain the local set as S| = S \ SyL. We further realize
a partition of Syi into a nonlocal boundary set Sy g and a nonlocal interior set Sy by studying nodes adjacencies.
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Fig. 3. Nodal classification.

For each node classified in Sy if at least one adjacent node is classified in S_ then we classify the node in Sy . We
obtain the nonlocal interior set as Sy | = SnL \ Snig- To summarize, we have partitioned the nodes in the mesh into a
local and a non-local subset, (44). The non-local nodes are then partitioned into the boundary and interior nodes, (45).
Finally the set of modes Sy is linked to the local and boundary non-local nodes, (46). Fig. 3 illustrates the partitions.

S=SLUSNL, SLNSnL=9 (44)
SNL = SniB U SN, Snis N S =9 (45)
Sm = SL U Snis. 46)
As in [27], modes are introduced to discretize the space A, we write
A= 1d"x) =) aiMix). a eR, (47)
ieSy
where modes are written as a linear combination of piecewise linear finite element shape functions. It reads
Mi(x) =) M;N;(x),  VieSw, (48)
jes
where M;; € R, are computed in order to verify
M;(x) = N;(x), Vi eSSy, (49)
Vo' - VM; =0, Vi € SniB. (50)

Once modes are created, any field belonging to function space A can be approximated as an element of A", We
approximate any nonlocal field X using modes

—h —
X'(x)=Y X;Mx), (51)
ieSy
where X; are coefficients computed from the local field X with
_ o Xd'(@")M; do
X, = Jama, h . VieSw. (52)
th\Qch d/(d) )M, da)
In the following, we write Eq. (52) in a compact manner with
Xi = (X.d'@")M;),  VieSm (53)



To obtain Eq. (52), we injected approximation (51) of X and a in Eq. (25) and we lumped the involved matrix. In
practice, Eq. (52) is not computed directly but is rather obtained from basic algebra and finite element assembling
procedure, this is further described in the implementation section. We approximate ¢ in the same way

)= iMi(x). (54)

ieSy
3.3. Mechanical problem discretization

All of the material needed to discretize Problem 1 in space is given. It reads

Problem 2 (Space Discretized Mechanical Problem). At any time ¢, given u(rff'h and T:lef’h, find u”, ¢" and A" such
that

S K@y = @Y, Vi€ Ug, 43
J€Ugof
fh 6 <0 §iz0. S ghd=0.  Viesw. 0
max (1'5,‘ == (i’maXa (57)
lESM

with initial condition at t = 0

¢" =0in 2", (58)
where
Kij(qsh) = / v VL; : [(1 — d(¢h))C] : VLJ- do, V(i, j) € Ugot x U, 59)
ol
Flh = / TP Lida— )0 K@) x ;. Vi € Ugor, (60)
7 J €Ufixed
f@", oM = (Y@, d'@"M;) — (Y h(d@"),d' (@"M;), Vi€ Sw. (61)

4. Time discretization

In this section we give the prediction—correction scheme used to update both the damage field (through ¢) and the
displacement field. To simplify notations, we remove the ." superscript from discretized fields. We assume a strictly
increasing instant sequence (") ey with 1 = 0 and t"*! = ¢" + Ar. We denote f" = f(t") and Af = Atf”.
Furthermore, to simplify notation, we denote f* = f" and f' = f"*!. Problem 2 is discretized in time to

Problem 3 (Space and Time Discretized Mechanical Problem). Given u[lef and T ;Ief, knowing ¢°, find u', ¢' and A!
such that

> Kij@hul =1'F¥@"),  V¥ie Uy (62)
jeUzl:lof
fiw', ") <0, Ag; =0, fi@', ¢"H)Agp; =0, Vi € Sy, (63)
max A¢l = A¢max. (64)
ieS,'vI

This problem is split into prediction and correction steps. The predictor solution is denoted with a 1/2 upper index.
Problem 4 (Prediction). Given u'$' and T'®, knowing u° and ¢°, find su = u'? — u®, 8¢ = ¢'/> — ¢° and
SA = A2 — 1% such that

D7 Kij@Msu; = SAF(¢%), Vi Uy, (65)

10
]eUdof



£, ¢") +a%¢; + Bi(du) <0,  VieS,
8¢ >0, Vi € Sy,

(Fi@®, ¢°) + a’8¢; + B; (Su)sp; =0, Vi S,

max ¢p; = Admax,
ieSy
where
@ = (—Yh'(d@")d' (@°), d'(¢")M)),
B sur> (e(bu): C: e@®), d'(¢")M?)

and /' is the first derivative of the hardening function #.

Problem 5 (Correction). Given u(rff and T:ff, knowing ¢'/2, find u', ¢' and A! such that

o' = ¢/
> Ky@huy =2"F@h,  vieUly,
jEU(liof

malei(ul, qbl) =0.

ieSM
Note that we can rewrite Eq. (65) as
> K@ = F¥@",  Vie Uy,
jEUgof
Sup = 500, Vi e UYy,,
and Eq. (73) as
> K@t = F(gh),  Vie Ul
€05

1 __ 41 refl . 1
u =ru; ", Vi € Uy,

(66)
(67)

(68)
(69)

(70)
(71)

(72)
(73)

(74)

(75)

(76)

(77)

(78)

from which we see that the linear system involved in the correction step at instant " is the same as the linear system
involved in the prediction step at instant "+, Therefore, this linear system is solved once and we obtain the u"' field.

The solution to the prediction problem is then given by

0 0y =0
SA = min (fz(u N )+“;A¢max> ’

ieSRA _‘E?(uref)
Su = s)u",
—0
(£, 40+ Bl o), 0
A¢i = _ao s Vi € SM'

The solution to the correction problem is given by

ul — )Lluref,

where
al = (@™, d' @M},

1

b; = (Yh(d@"), d'@"M)).

(79)

(80)

(81)

(82)

(83)

(84)
(85)



5. Implementation

This section provides a description of the implementation in a finite element code. In the first part, we focus on
modes computation and the ¢ field reinitialization and in the second part we describe the X-FEM enrichment using
virtual nodes. All the algorithms are also detailed as flowcharts in the Appendix.

5.1. Modes computation and ¢ reinitialization

Modes are known as soon as the coefficients present in Eq. (48) are known. We place such coefficients in a matrix
that we call the delocalization matrix
[M] = (M;j)iesy- (86)
jes
This matrix is initialized as the identity matrix with a number of lines corresponding to the number of nodes in the
mesh (card(S)). At this stage, damage evolution is purely local. As non-locality steps in, the number of lines in the
matrix reduces (since local modes are being aggregated) while the number of columns does not change. At any given
step, matrix M can be expressed as

(L 0 0
= (¢ 0y 0): (87)

Local modes form the first lines of the matrix followed by the non-local modes. Matrix [/ ] is the identity matrix of
size card(SL), [InLg] is the identity matrix of size card(Sn.g) and

[C]= (Cij)iESNLBs (88)
JESNLI
is a rectangular matrix of size card(Syg) x card(SnLp)-
Eq. (50) is computed using the Fast Marching Method (FMM). The FMM allows to build solutions of the two
following boundary value problems, respectively called reinitialization problem and velocity extension problem.
Knowing ¢ on I, find @ in 27 such that

Vol =1in 27, (89)

d=¢onl, (90)
and knowing ¢ in 21 and v on I, find ¥ in 2% such that

V¢ -Vi=0in 27, on

v=vonl. 92)

The FMM algorithms are not described in this paper and can be found in detail in [28] and [29]. Only the input data
and the exploitation of the output data are considered in the following. If we rewrite the velocity extension problem
for modes, we have that, for all modes i € SniB

Vo' - VM; =0in 27", 93)
M; = N; on I'". (94)

Nodes belonging to Sy g are located on the discrete interface I'" between the nonlocal zone and local zone which
means that boundary condition can be written ¢ ; = ¢; for the reinitialization problem and M;; = §;; for the velocity
extension problem, for all j € Sng and where §;; is the Kronecker symbol. For the reinitialization problem input and
output data are

e input data: ¢;,i € SniB
e output data: ¢;, i € SnLJ-

For the velocity extension problem they are

e input data: C;; = §;,i € SniB, J € SnLB
e output data: Cj,', i € SNLB, J € SNLI-

10
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Fig. 4. Tllustration of modes in local and nonlocal zones.

Fig. 4 illustrates modes. Modes in the local zone are simply nodal piecewise linear approximation functions
whereas in the nonlocal zone, they are obtained by transports of nodal piecewise linear approximation functions
taken at the boundary into the interior of the nonlocal zone. Once the delocalization matrix is built, computation of
coefficients X; of any nonlocal field X" is done by two finite element assembling procedures. Given ¢” and X", for
any test field vt = Ziesvi N; assemble the linear form

v > X"d' ("W dw, (95)
Qh\Q{IJ

into vector {A} and assemble the linear form

LN d' ("W dw, (96)
Qmok

into vector {B}. Then for {X} = (X;)ies,,

{X} = (IMI{A}) -/ (AM1{B)), 7

where -/ is the element-wise division.
5.2. Enrichment by virtual nodes

In this section, we present the enrichment considered in this work. This enrichment is interesting when used with a
finite element code that does not provide an easy way to add additional degrees of freedom. The enrichment is added
through virtual nodes as proposed in [25,26] and is equivalent to the Hansbo enrichment [24]. Note that the virtual
node approach does not modify the obtained displacement field [30].

The approximation of the displacement field reads

w'@) =) uiLi(x), (98)
ieU

where the set U will enlarge as damage grows (to account for displacement discontinuity). This approximation is a
FEM approximation for which the underlying mesh evolves. Following the work of [26] on a mesh generation using
virtual nodes, a hybrid mesh approach is considered. In such an approach, two meshes are required: the simulation
mesh, that is the finite element mesh and the quadrature mesh. There are no degrees of freedom associated to the
latter. In the context of this paper, the quadrature rule is a standard Gauss quadrature for uncut elements and a Gauss
quadrature based on an element partition, as presented in [31], for cut elements. As a consequence, the quadrature
mesh is built using a triangulation of cut elements only. Quadrature elements are classified either in fully damaged
zone or nonlocal zone depending on values of ¢ compared to /.. Fig. 5 illustrates such a quadrature mesh and describes

11



simulation mesh at t!

e
quadrature mesh at ¢!
_____ : simulation mesh at ¢°

ry/?

0
r(‘,

Fig. 5. Enrichment with virtual nodes as (2. evolves, I')' = iso-[.(¢") (simulation meshes are elevated to see the duplication).

the simulation mesh update process: from bottom to top, we see a simulation mesh at an instant " over which the
¢" field has been updated to ¢"*!/2, it is the state of computation after the 2prediction step going from ¢ to t"*!. The
quadrature mesh is obtained from a triangulation of elements cut by I’ *1/Z 6n the simulation mesh at instant . The
simulation mesh is then updated by studying quadrature mesh connectivities. It is based on the following steps (further

detailed in the Appendix):

e model cleaning: fully damaged nodes (i.e. nodes for which d = 1) and cut elements are removed from
the simulation mesh, connectivity table is updated, related approximation coefficients are removed from
approximations (but everything is kept in memory),

e node creation: new fully damaged nodes are duplicated from removed ones and are added to the mesh (to each
removed node, one or several nodes with same location are added, connectivities differ),

e clement creation: new cut elements are duplicated from corresponding new nodes and are added to the mesh,

o data transfer: new approximation coefficients (if any) on added entities are initialized to values of corresponding
removed ones (several new nodes take value from the same removed node),

e ¢ reinitialization: ¢; new values are computed with a fast marching call by taking the neighboring nodes layer
as boundary,

e deletion: removed objects are deleted.

6. Numerical applications

Two numerical experiments are considered. The first one is a pull-out test and the second one is the failure of
specimen with an initial notch. For both cases, the same damage profile is used

_ 2
d($) = {i«b/(l;; ; gp . 0=¢/l=1 0

It is depicted in Fig. 1.
6.1. Pull out test
This test is anti-plane. The deformation is orthogonal to the sheet. The outer circle, Fig. 6, is clamped whereas the

central cylinder is pulled up with a rigid displacement. The cross-section of the cylinder is either a disk, an ellipsis or
a cross. All three cross-sections have the same perimeter. Lengths are made non-dimensional using the outer radius:
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Fig. 6. Three geometries for the pull out test.

the outer radius is thus 1. The inner disk has a radius of 0.385, the ellipse radii are 0.5 and 0.25. Finally, the cross is
formed of 8 straight segments with length 0.170 and four semi-circle of radius 0.0848. The TLS length /. is set to 0.1.
Stress type quantities are made non-dimensional using the Young modulus. The shear modulus (half Young’s modulus
assuming a Poisson ratio of 0) is thus 0.5. The critical energy release rate and softening function are given by

Y. =5.10"°,  h(d) = exp(4d). (100)

With the above choice, the local damage models become unstable for the critical damage value of 0.75. Before this
value, the model exhibits a hardening effect. Beyond this value, it softens.

The mesh size chosen is uniform and satisfies 4/lc ~ 0.15, whereas A¢max = 0.994. Fig. 7 shows the total force
needed with respect to the imposed displacement. The curve is obtained directly from the algorithm and no smoothing
is applied. The observed slight oscillation may come from the explicit character of the algorithm as well as the lack
of dissipation parameter in the algorithm.

It is observed that the cross gives the lowest failure force followed by the ellipse. The cross failure is less “brittle”
than for the circle and does not show a snap-back phenomenon.

The development of damage may be studied in Fig. 8. For the circle, the damage develops in a uniform manner
around its perimeter. The peak load is obtained for a value of damage close to the critical damage value. At this stage,
the non-local damage zone is not yet formed. The damage then develops in a rather symmetrical manner. For the
ellipse and the cross, damage develops first on the closest point to the outer circle (where the shear is maximum). At
the peak load, some points are already fully damaged. After the peak load, damage progresses as well as the extent of
the non-local zone. In the cross case, the crack goes does not follow the perimeter of the cross.

6.2. Notched specimen

The second test case is depicted in Fig. 9. The domain is loaded with imposed upward displacement under plane
strain. The length is H = 1m and the angle is 8 = 45°. The Young modulus is set to 210 GPa and Poisson ratio to
0.3. The critical energy release rate and softening function are given by

Y. = 1.3210° Pa, h(d) = exp(4d). (101)

The TLS length [. is set to 0.1 m. The mesh size, A, is finer along the expected crack path in order to satisfy 4/l. = 0.1.

The load displacement curve is given in Figs. 10 and 11 depicts the evolution of damage. It may be seen that
damage is already developed at the peak load (this is not surprising since the damage evolution model has first a
hardening effect). Snap-back only occurs at half the peak load.
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Fig. 7. Load—displacement curves for the three geometries. The load unit is Newton per meter (thickness) and the displacement is in meters.
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7. Conclusions

We have presented in this paper a new implementation of the Thick Level Set approach. Both local and non-local
damage may evolve in a concurrent manner. In the implementation chosen, an element is either in the local or non-local
zone. This simplifies the set up on a computer. Displacement discontinuity is inserted by element duplication. This
allows to use legacy code not able to handle easily a varying number of degrees of freedom per element. From the
computational point of view, we also introduced a way to update damage without any matrix solve.

Regarding future work, extension to 3D could obviously be investigated. It does not raise specific difficulties. We
are also aware of the fact that a bifurcation analysis would be useful. The definition of the local and non-local zones
is only based on the evolution of the damage gradient. It does not guarantee that every point in the local zone is stable
(positive definite stiffness tangent matrix).

This analysis could force meta-stable locus in the local zone to be placed in the non-local zone.
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Appendix. Algorithms

In this appendix, we describe algorithms in a compact manner. All of the material concerning enrichment with
virtual nodes is given in a separate box to keep a maximum orthogonality between parts of the algorithm. (See
Figs. A.12-A.14.)

Given: u'® and T
Initial state: {¢} = {0} (i.e. p = 0), [M] = (S;j),:eg,
j€

Sm =S = S and Snig = Snu = 9.
1. assemble [K (¢)] and {F"¢'(¢)},
2. solve [K(@)]{u"®'} = {F*(¢)}.
3. compute {a} and {b} (alg. 2),
4. compute load factor A (alg. 4),

5. post process, exit if A max({z"®'}) (maximum displacement) is too big
or increase step number,

6. compute {a} and {8} (alg. 3),
7. compute load factor variation §A (alg. 5),
8. update ¢ field (alg. 6),
9. classify nodes (alg. 7),
10. reinitialize ¢ field (alg. 8),
11. update X-FEM enrichment (alg. 10),
12. compute [M] (alg. 9),

13. goto 1.

Algorithm 1: general algorithm.
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Knowing ¢, ure and [M1]:
1. assemble linear form v +— fQ\-Qz: Y (u""d'(¢)v dw into vector {a},
2. assemble linear form v +— fQ\!?c Y. h(d(¢))d'(¢)v dw into vector {b},
3. compute {a} = [M{a},
4. compute {b} = [M]{b}.
Return {a} and {b}.

Algorithm 2: nonlocal computation of constitutive model (for load factor computation).

Knowing A, ¢, u"' (at integration points) and [M]:
1. assemble linear form v fﬂ\!?(: Y.h'(d(¢))(d'(¢))*v dw into vector {o},
2. assemble linear form v — fQ\Q[ 20Y (u™Mvd' (¢) dw into vector {B},
3. compute {o} = [M{a},
4. compute {8} = [M1{B).
Return {ar} and {B}.

Algorithm 3: nonlocal computation of constitutive model (for load factor variation computation).

Knowing {a}, {b}):
1. compute A> = min({b} - /{@}),
2. compute {F} = 22{@} — (B},
3. compute A = +/A2.

Return A and {f}.

Algorithm 4: load factor computation.

Knowing {f}, {@}, {B}:
1. compute 83 = min[(A¢max{@} — {1 - /{B}],
2. compute {A¢} = max({0}, {f} + 8A{B}) - /{a},
Return 8§ and {Ag}.

Algorithm 5: load factor variation computation.

Knowing {¢}, {A¢} and [M]:
1. compute {¢} += [M]T{Ag)}.

Algorithm 6: ¢ update.
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Knowing ¢:
1. search for finite elements for which ||V¢| > 1,
2. collect node numbers in Sy,
3. compute S| = S\ Sni,
4. compute Sn.g: loop on Sy nodes and search for a S| neighbor,
5. compute Sy = SnL \ SN,
6. compute Sy = Sp U Snis-

Return all sets.

Algorithm 7: nodal classification.

Knowing ¢, SNLB and SNLI:
1. call Fast Marching with input data: for all i € Sy, give ¢;,
2. update ¢ with output data: for all i € Sy, obtain ¢;,

Return ¢.

Algorithm 8: ¢ reinitialization.

Knowing ¢, Snig and Snii:
1. call Fast Marching with input data: for all i € Snig, give {V}; = (8i)jesy.g>
2. build [M] with output data: for all i € Sniy, obtain {V}; = (M) jesy >

Return ¢.

Algorithm 9: [M] computation.

Knowing ¢ and the simulation mesh:
1. generate the quadrature mesh (triangulation of cut elements only),
2. remove nodes for which ¢ > /. and remove adjacent elements,
3. dispatch neighbor nodes (alg. 11),
4. duplicate removed nodes (alg. 12),
5. duplicate removed elements (alg. 13),
6. transfer data (if any) from removed entities to added entities,

7. call Fast Marching with input data: for all neighbor nodes, give ¢ value,

*®

update ¢ with output data: for all duplicated nodes, obtain ¢ value,

Return the simulation mesh and the quadrature mesh.

Algorithm 10: X-FEM enrichment using virtual nodes.
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attach

attach

Fig. A.12. Neighbor nodes dispatch.

For all neighbor nodes,

1. collect adjacent elements,

2. collect quadrature elements from adjacent elements,

3. find connected components,

4. keep only the connected component in nonlocal zone,

5. attach node to the connected component.

Algorithm 11: neighbor nodes dispatch.

For all removed nodes,

1. collect adjacent elements,

2. collect quadrature elements from adjacent elements,

3. find connected components,

ARSI

keep only connected components in nonlocal zone,
duplicate node: a node per connected component,

attach duplicated node to the connected component.

Algorithm 12: Removed nodes duplication.

19




attach
attach

duplicate duplicate

Fig. A.13. Removed nodes duplication.

nodes attached

L ]
| |

nodes attached

duplicate duplicate

Fig. A.14. Removed elements duplication.

For all removed elements,
1. collect quadrature elements,
2. find connected components,
3. keep only connected components in nonlocal zone,
4. collect attached nodes,

5. duplicate element using collected nodes.

Algorithm 13: removed elements duplication.
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