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Abstract—We introduce the first complete equational theory
for quantum circuits. More precisely, we introduce a set of
circuit equations that we prove to be sound and complete: two
circuits represent the same unitary map if and only if they can
be transformed one into the other using the equations. The proof
is based on the properties of multi-controlled gates — that are
defined using elementary gates — together with an encoding of
quantum circuits into linear optical circuits, which have been
proved to have a complete axiomatisation.

I. INTRODUCTION

Quantum computation is the art of manipulating the states
of objects governed by the laws of quantum physics in order
to perform computation. The standard model for quantum
computation is the quantum co-processor model: an auxiliary
device, hosting a quantum memory. This coprocessor is then
interfaced with a classical computer: the classical computer
sends the co-processor a series of instructions to update
the state of the memory. The standard formalism for these
instructions is the circuit model [1]. Akin to boolean circuits,
in quantum circuits wires represent quantum bits and boxes
elementary operations — quantum gates. The mathematical
model is however very different: quantum bits (qubits) cor-
respond to vectors in a 2-dimensional Hilbert space, gates to
unitary maps and parallel composition to the tensor product —
the Kronecker product.

Quantum circuits currently form the de facto standard
for representing low-level, logical operations on a quantum
memory. They are used for everything: resource estimation
[2], optimization [3]-[8], satisfaction of hardware constraints
(91, [10], ezc.

However, as ubiquitous to quantum computing as they are,
the graphical language of quantum circuits has never been
fully formalized. In particular, a complete equational theory
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has been a longstanding open problem for 30 years [I1].
It would make it possible to directly prove properties such
as circuit equivalence without having to rely on ad-hoc set
of equations. So far, complete equational theories were only
known for non-universal fragments, such as circuits acting on
at most two qubits [12], [13], the stabilizer fragment [14], [15],
the CNot-dihedral fragment [16], or fragments of reversible
circuits [17]-[19].

Interestingly enough, other diagrammatic languages for
quantum computation have been developed on sound foun-
dations: it is reasonable to think that this could help in
developing a complete equational theory for circuits. Arguably
the strongest candidate has been the ZX-calculus [20], [21],'
equipped with complete equational theories [24]-[28]. The
ZX-calculus shares the same underlying mathematical repre-
sentation for states: wires corresponds to Hilbert spaces and
parallel composition to the tensor operation. Nonetheless, the
completeness of the ZX-calculus does not lead a priori to a
complete equational theory for quantum circuits. The reason
lies in the expressiveness of the ZX-calculus and the non-
unitarity of some of its generators. Any quantum circuit can
be straightforwardly seen as a ZX-diagram. On the other hand,
a ZX-diagram does not necessarily represent a unitary map,
and even when it does, extracting a corresponding quantum
circuit is known to be a hard task in general [4], [29].

Another example of a quantum language with a complete
equational theory is the LOv-calculus, a language for linear
optical quantum circuits for which a simple complete equa-
tional theory has recently been introduced [30]. While both
linear optical and regular quantum circuits are universal for
unitary transformations, they do not share the same structure.

Vor its variants like ZH [

] and ZW [23], sharing several similar properties.
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In particular, if the parallel composition of quantum circuits
corresponds to the tensor product, for linear optical circuits it
stands for the direct sum.

In this paper, we introduce the first complete equational
theory for quantum circuits, by first closing the gap between
regular and linear optical quantum circuits. Despite the seem-
ingly incompatible approaches to parallel composition, our
completeness result derives from the completeness result for
linear optical circuits. Indeed, unlike ZX-generators, linear
optical components are unitary, making it possible write a
translation in both directions.

The complete equational theory for quantum circuits is
derived from the completeness of the LOv-calculus as follows:
equipped with maps for encoding (from quantum circuits
to linear optical circuits) and decoding (from linear optical
circuits to quantum circuits), one can roughly speaking prove
completeness for quantum circuits as long as its equational
theory is powerful enough to derive a finite number of equa-
tions, those corresponding to the decoding of the equations of
the complete equational theory for linear optical circuits.

Due to the difference in its interpretation in both kinds
of circuits, the parallel composition is not preserved by the
encoding nor the decoding maps. The translations are actually
based on a sequentialisation of circuits, since the translation
of a local gate (acting on at most two wires) is translated as a
piece of circuit acting potentially on all wires. Technically, it
forces to work with a raw version of circuits, as a circuit may
lead to a priori distinct translations depending on the choice
of the sequentialisation. Moreover, a single linear optical gate
like a phase shifter (which consists in applying a phase on a
particular basis state) is decoded as a piece of circuits that can
be interpreted as a multi-controlled gate acting on all qubits.
As we choose to stick with the usual generators of quantum
circuits acting on at most two qubits, multi-controlled gates
are inductively defined and we introduce an equational theory
powerful enough to prove the basic algebra of multi-controlled
gates, necessary to finalise the proof of completeness.

The paper is structured as follows. We first introduce a
set of structural relations for quantum circuits generated by
the standard elementary gates: Hadamard, Phase-rotations, and
CNot. We define multi-controlled gates using these elementary
gates, and show that the basic algebra of multi-controlled
gates can be derived from the structural relations. In addition
to the structural equations, we introduce Euler-angle-based
equations. We then proceed to the proof of completeness,
based on a back-and-forth translation from quantum circuits
to linear optical circuits.

II. QUANTUM CIRCUITS

In quantum computation, circuits —such as quantum cir-
cuits or optical quantum circuits— are graphical descriptions
of quantum processes. Akin to (conventional) boolean circuits,
circuits in quantum computations are built from wires (ori-
ented from left to right), representing the flow of information,
and gates, representing operations to update the state of
the system. Every circuit comes with a set of input wires

(incoming the circuit from the left) and a set of output wires
(exiting the circuit on the right).

A. Graphical languages

To provide a formal definition of circuits, we first use the
notion of raw circuits.> Given a set of generators, one can
generate a raw circuit by means of iterative sequential (o) and
parallel (®) compositions. For instance, given the elementary
gates and (with one input and one output) and g
(with two inputs and two outputs), one can construct the raw
circuit g o ({HF ® {PE/m}) o g) Notice that a sequential
composition C’ o C' requires that the number of outputs of C'
matches the number of inputs of C’. This raw circuit can be
depicted by gluing the generators together and using boxes to
witness how the generators have been composed:

To avoid the use of boxes and recover the intuitive notion
of circuits, we formally define circuits as a prop [32], which
consists in considering the raw circuits up to the rules given
in Figure 1. More precisely, a prop generated by a set G of
elementary gates is the collection of raw circuits generated by
GU{——,2xC,7 }* quotiented by the equations of Figure 1.

The use of the prop formalism guarantees that circuits can
be depicted graphically without ambiguity. Circuits are thus
defined up to deformations, as for instance:

B. Quantum circuits: Syntax and semantics

We consider quantum circuits defined on the following
standard set of generators: Hadamard, Control-Not, and Phase-
gates together with global phases.

Definition 1. Let QC be the prop generated by {H |, g, and

for any p € R, and ®.
The gates and have one input and one output,

while has two and ® zero. A quantum circuit C' with n
inputs and n outputs is called a n-qubit circuit. Given an n-
qubit circuit C, the corresponding unitary map [C] is acting
on the Hilbert space C{%1}" = span(|z),z € {0,1}"):*

Definition 2 (Semantics). For any n-qubit quantum circuit C,
let [C] : CO1" — CO1" pe the linear map inductively
defined as follows: [Cy 0 C1] = [Cs] o [C4], [C1 ® C3] =
[C1] ® [C3], and Vz,y € {0,1}, Vp € R,

[HzH = l2) = Z5(10) + (=1)7[1)),

2Raw terms are for instance similarly used [31] as an intermediate step in
the defintion of prop.

3 denotes the identity, X the swap and | . the empty circuit.

4We use the standard Dirac notations.
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Fig. 1: Definition of = for raw circuits (either raw quantum circuits or raw optical circuits).
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Fig. 2: Usual abbreviations of quantum circuits.

[{r@H] = |2} = e ),
[—1=l2) = [2),
(L] =lew) = 2oy,
[ = [z, y) = ly, ),
@] =1 ¢,
[]=1w 1.
Remark 3. Although the definition of [.] relies on the in-

ductive structure of raw quantum circuits, it is well-defined
on quantum circuits as for any raw quantum circuits C,C",

whenever C = C' we have [C] = [C'].

Proposition 4 (Universality [33]). For any n-qubit unitary
map U acting on CL013" | there exists an n-qubit circuit C
such that [C] = U. O

We use standard shortcuts in the description of quantum cir-
cuits, given in Figure 2. In textual description, we sometimes
use CNot, s(¢), X, P(p), efc to denote respectively g, ®,
{x}, {P@}, etc. Moreover, when the parameters (e.g. ¢)

are not specific values they can take arbitrary ones. We write

Rx (0) for the so-called X -rotation [34], whereas the standard
phase gate P(¢) is a Z-rotation only up to a global phase. As
a consequence, they have a slightly different behaviour: P is
2m-periodic: [P(27)] = I, whereas Rx is 4m-periodic, and
we instead have [Rx (27)] = —1I.

C. Structural equations

We introduce a set QCy of structural equations on quantum
circuits in Figure 3. These equations are structural in the
sense that the transformations on the parameters are only
based on the fact that R is an additive group. In particular,
these equations are valid for any reasonable® restriction on
the angles.

We write QCy F €7 = Cy when C; can be transformed
into C using the equations of Figure 3.°

Proposition 5. The structural equations of Figure 3 are sound,
ie. lfQCO F C1 = Cy then [[Clﬂ = [[Cgﬂ

3Le. which forms an additive group and contains 7 /2.
%More formally, QCy I= - = - is defined as the smallest congruence which
satisfies equations of Figures 1 and 3.
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Fig. 3: Axioms of QC,: Structural equations on quantum circuits. The equations are defined for any ¢, 1, v2,60,60" € R.

Proof. By inspection of the equations of Figure 3. (|

Equations (a) to (1) are fairly standard in quantum comput-
ing. Equation (m), which is used for instance in [35], describes
two equivalent ways to define a controlled-Z gate. Notice that
this equation cannot be derived from the other axioms as it
is the only equation on 2 qubits which does not preserve the
parity of the number of CNots plus the number of swaps.
Equations (n) and (o) are more involved and account for
some specific commutation properties of controlled gates (see
Proposition 16 and Proposition 17).

The axioms of QC,, i.e. the equations given in Figure 3,
are sufficient to derive standard elementary circuit identities
like those given in Figure 4.

One can also prove that some particular circuits, called
phase-gadgets [36], can be flipped vertically:

P
ok | ] = . ©)
Ply)
—e— Rx(0) —o—
QCy - - ™
—e— Rx(0) —+—

The derivations are given in Appendix B-A. Combining
Equation (6) and Equation (i), one can easily prove the
following equation, used for instance in [8] in the context of
circuit optimisation:

QC, =
) P(¢) P(¢) P(¢)

Notice that when ¢ = —¢’ = «/2 the above circuits are
two equivalent standard implementations of a controlled-phase
gate of angle . We show in the next section how the basic
algebra of (multi-) controlled gates can be derived.

D. Controlled gates

Multi-controlled gates are useful to describe more elaborate
quantum circuits. We use the notations “A\” and “A” for
controls. Given a 1-qubit gate G, A\'G is a 2-qubit positively
controlled gate: if the control qubit (the top one) is in state
[1) (resp. |0)) then G (resp. the identity) is applied on the
target qubit (the bottom one). A2G is a 3-qubit positively
controlled gate, where the two upper qubits are controls: they
both need to be in state |1) for the gate G to fire on the
bottom qubit. We also consider more general multi-controlled
gates A*1%r(G with positive (when z; 1) and negative
(when z; = 0) controls: if the first qubit is in the state |x;)
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Fig. 4: Standard circuit identities that can be derived from the axioms of QC,, given in Figure 3 . The proofs are given in

Appendix B-A.

(resp. |Z1)) then A®2-*kG (resp. the identity) is applied on
the remaining qubits. Finally, AjG denotes a multi-controlled
gate with control qubits on both sides — above and below — of
the target qubit.

We will follow a standard construction for multi-controls
using a decomposition into elementary 1- and 2-qubit gates
(see for instance [33]). Note that we do not aim here at
defining all controlled operators: as this construction is the
main apparatus for the completeness result, we only focus on
the operations s(y), X, Rx () and P(y). Other controlled
operations can then be derived if needed.

We first define in Definition 6 circuits implementing regular,
all-positive multi-controlled gates A"G. We then present in
Definition 7 how to handle positive and negative controls. In
Definition 8 we finally introduce controlled gates with controls
both above and below the gate G.

Definition 6 (Positively multi-controlled gates). For all n €
N and G € {s(p),X,Rx(0),P(p)}, we define a quantum
circuit \"G.” This circuit acts on n wires when G = s()
and n + 1 otherwise. We define each circuit \"G as follows.

e N'"Rx(0) is defined by induction:

MRy (0) == Rx(6),

)\n-l-lp(sp) — )\HP(%

) NI Rx (o)

e \'X is a simple macro:

NX = AP

o Finally, \°s(vp) == s(¢) and \"*1s(¢) = A" P(¥).

Definition 7 (Multi-controlled gat
of booleans r = x1,...,x, (%;
{s(), X, Rx(0), P()} we define
as

es). For any k-length list
e {0,1}), for any G €
the quantum circuit A*G

X
A*G =
X7k

AEG

XTr

XTk

when G € {X, Rx(0), P(p)}, and

T

Tt

A%s(p) = M

()

)

g

whereT:l—:c, I

and = —

] iy

NHIR(0) = |

A"Rx (%)

NRx ()

o \"P(y) is defined by induction using \" Rx (p):

/\OP(<p) :

P(p),

"Note that G' spans non-elementary gates, the constructor \ is not consid-
ered as a gate operator, and the fact that the circuit A G happens to be related
to G is a corollary of its definition, as discussed further in the article.

Definition 8 (General multi-controlled gates). Given two lists
of booleans x € {0,1}* and y € {0,1}, if wy is the
concatenation of x and y we define the two quantum circuits

e forany G € {X,Rx(0),P(¢)}

k
AZG = ATYE

at

ng

o AZs(p) == A"Ys(p).

Y



One can double check using the semantics that AYG is
actually a multi-controlled gate:

Proposition 9. For any z,u € {0,1}*, y,v € {0,1}%, a €
{0,1} and G € {X, Rx (), P(¥)},

(26T fu a,0) = {|u> ® ([G] |a)) @ [v)

lu, a,v)
and

[A7s(@)] lu,v) = {

We use the standard bullet-based graphical notation for
multi-controlled gates: the i control is black (resp. white)
when x; = 1 (resp. z; = 0), and the j® from the end control
is black (resp. white) when y,—;4+1 =1 (resp. = 0), e.g.:

if uv = xy,
otherwise,

e lu,v) if uv = xy,

|u, v) otherwise.

A 1T ARk IO
e
AOP(g) 0 —o—,  AM1Rx(6): '

To avoid ambiguity with CNot we will not use this notation
in the particular case of A'’X and A;X. Notice however that
A'X is provably equivalent to CNot:

Proposition 10. QC, - A'X = g

Rx(6)

Proof. The proof is given in Appendix B-B. O

E. Properties of multi-controlled gates

In a multi-qubit controlled gate, all control qubits play a
similar role. This can be expressed as the following commuting

property:

—mal  me}—

This property is provable in QC,, considering three cases
depending whether the exchanged control qubits are either
above or below the target qubit:

Proposition 11. For any z € {0,1}F,y € {0,1}',2 €
{01}, a,b € {0.1} and any G € {s(), X, Rx(0). P(¢)},

k k
QC - Xara [ = A DC 20)
QCO F >< AzabyG : = : A:bayG >< (21)

k —

Azha

ay

QG - (22)

¢ —

ApeG

HENE

-1

el

A peculiar property of controlled phase gates (and hence
controlled scalars) is that the target qubit is actually equivalent
to the control qubits, e.g.:

—_— =

Ply)
Pl ——
This property is also provable in QC:

Proposition 12. For any = € {0,1}*, y € {0,1}¢,

QCy = Aj; P(p) = A" P(p) (23)

Proof of Proposition 11 and Proposition 12. The two proper-
ties are proved at once. The proof relies on the following
commutation property which can be proved by induction (see
Appendix B-E).

QCo :

A*Rx (9) ATRx(0')

= A Rx (0 rry@) | @Y

The proof of Equations (20)-(22) for G = Rx(6) follows
by induction. We then prove Equation (23) which requires
a few technical developments. The proof of Eq. (20)-(22)
for the other gates then follows from the Rx () case and
Equation (23) (see Appendix B-F). O

The gates P(p) form a monoid, i.e. P(¢ + ¢') = P(p) o
P(¢") (Equation (k)) and P(0) = (Equation (d)). Notice
that Rx () and s(y) also form monoids. It is provable in QC,
that their multi-controlled versions enjoy the same property:

Proposition 13. For any = € {0,1}*, y € {0,1}¥,
QCy F AZRx(6) o AZRx (8) = A*Ry (6 + 0'),
QCy = AyP(¢') o AyP(p) = AyP(p + '),
QCo = Ays(y’) o Ays(p) = Ays(e + ¢'),
QCy F A2 R (0) = idysrsn,
QCy F AYP(0) = idkte41,
QCo - AZ5(0) = idy o,

where idy, is defined as in Figure 1.

Proof. First, proving that multi-controlled gates with angle 0
are equivalent to the identity is straightforward by induction.

To prove the rest of the proposition, we first prove that
QCy F AV 1Rx(0") o AV 1Rx(0) = AV"1Rx (0 + ¢'). The
proof is by induction: we unfold the two multi-controlled



gates, use Equation (24) to put the multi-controlled gates with
angles 6/2 and 6’/2 side by side, and merge them using the
induction hypothesis. We use again Equation (24) to allow the
combination of the multi-controlled gates with angle —6/2
and —6’ /2, closing the case.

The cases with more general controls are derived from this
one using Definitions 7 and 8. The cases of P and s are
derived from the Rx case using Definition 6 and an ancillary
lemma stating that a multi-controlled phase commutes with
the controls of another multi-controlled gate. The details of
the proof are given in Appendix B-G. |

Remark 14. Note that Proposition 13 does not imply the
periodicity of controlled gates. The latter is proven in Propo-
sition 22 with the help of the rules of Figure 5.

Combining a control and anti-control on the same qubit
makes the evolution independent of this qubit, as in the
following example in which the evolution is independent of
the second qubit:®

Such simplifications can be derived in QC,,.

Proposition 15. For all bitstrings x € {0,1}*, y € {0,1}",
and for all G € {s(p), X, Rx(0), P(¢)},

QCy F AY* G o A)"G = — @ ALG.

Proof. Without loss of generality, we assume y as the empty
string € and G = Rx(0), as it can derive the other cases.
The proof is by induction: we unfold the multi-controlled and
multi-anti-controlled gates. We can then move the X gate
through H and CNot gates due to the anti-control, changing
the sign of an Rx rotation from —6/2 to 6/2. The rest of the
proof is similar to the one of Proposition 13, except that two
Rx gates cancel out, leading to the identity on the first qubit
and the desired multi-controlled gate on the second one. The
details of the proof are given in Appendix C-A. |

Proposition 15 shows how control and anti-control can be
combined on the first qubit of a multi-controlled gate. Note,
however, that it can be generalised to any control qubit thanks
to Proposition 11.

Another useful property of multi-controlled gates is that
they commute when there is a control and anti-control on the
same qubit, as in the following example in which their controls
differ on the third (and last) qubit:

8Notice that in the above example we implicitly use Proposition 11 to swap
the first two qubits and apply Proposition 15. As a consequence, the resulting
multi-controlled gate acts on non-adjacent qubits. Similarly to the CNot case
(see Equations (4) and (5)), we use some syntactic sugar to represent such
multi-controlled gates acting on non-adjacent qubits.

When the target qubit is the same, such a commutation prop-
erty can be derived in QC,, using in particular Equation (n).

Proposition 16. For any z,2’ € {0,1}*, y,y' € {0,1}!, and
G,G' € {X,Rx(0),P(p)}, if vy # 'y’ then

QCy F AZG o AL G = AZG 0 A2G.

Proof. The proof relies on a generalisation of Equation (24),
and follows by an induction argument whose base case can be
derived thanks to Equation (n). The details of the proof are
given in Appendix C-C. O

Controlled and anti-controlled gates also commute when the
target qubits are not the same in both gates, as in:
e .
d -

P(p) —o— .

—

This property can also be derived in QC,, using in particular
Equation (0):

Proposition 17. For any a,b € {0,1}, z,2’ € {0,1}%, y, o/ €
{Oa 1}2, szl € {Oa 1}m and Ga G' € {Xv RX(G)vP(w)}’ lf
xyz # x'y'2 then

Go A" G = AW G o A%, .G

yaz

QC, F A®

yaz

Proof. The proof is also based on the generalisation of Equa-
tion (24), using an inductive argument whose base case can
be derived thanks to Equation (o). The details of the proof are
given in Appendix C-E. O

F. Euler angles and Periodicity

QC, is not complete. In particular equations based on Euler
angles, which require non-trivial calculations on the angles,
cannot be derived. As a consequence we add to the equational
theory the three rules shown in Figure 5, leading to the
equational theory QC. We write QC - C; = C5 when C; can
be rewritten into Co using equations of Figure 3 and Figure 5
(together with the deformation rules).

The Euler decomposition of H (Equation (p)) is not unique:

Proposition 18. QC +-{H} = 4 P(-1) H Rx (1) H P(-2) #

Proof. The proof is given in Appendix C-F. O

More generally the Euler angles are not unique, but can be
made unique by adding some constraints on the angles, like
choosing them in the appropriate intervals (see Figure 5).

Proposition 19. Equations (q) and (r) are sound. Moreover,
the choice of parameters in the RHS-circuits to make the
equations sound is unique (under the constraints given in
Figure 5).

Proof. The soundness and uniqueness of Equation (q) are
well-known properties. Regarding Equation (r), we first notice

Sy # o'y iff I, x; # T, Vy £yl



= P HrROHPO- ®)

{Rx(e) HPteo) HRxea | = PGB0 HRx (B H PG |- @

1 1 1 1 1

1 1 1 1 1

T T T T T

1 1 1 1 1
1 1

-l - --

Rxn) -- Rx () T ' T Ry (00} P(oy) o
P(72) H Rx () — P H Po2) H Rx(3) P(65) H Rx o) - P(6r) | —— o) |-

Fig. 5: Non-structural equations. In Equations (q) and (r) the LHS circuit has arbitrary parameters which uniquely determine
the parameters of the RHS circuit. Equation (q) is nothing but the well-known Euler-decomposition rule which states that any
unitary can be decomposed, up to a global phase, into basic X- and Z-rotations. Thus for any a; € R, there exist §; € [0, 2)
such that Equation (q) is sound. We make the angles 3; unique by assuming that 81 € [0, 7), 52 € [0,27) and if 8y € {0, 7}
then 53 = 0. Equation (p) is the particular Euler decomposition of H. Equation (r) reads as follows: the equation is defined
for any n > 2 input qubits, in such a way that all gates are controlled by the first n — 2 qubits. Equation (r) can be seen as a
generalisation of the Euler rule, using multi-controlled gates. Similarly to Equation (q), for any ; € R, there exist J; € [0, 2)
such that Equation (r) is sound. We can ensure that the angles J; are uniquely determined by assuming that d1, d2, d5, € [0, 7),
03, 04,06 € [0,27), if §5 = 0 then d; = 0, if 63 = 7 then 07 = 0, if 64 = 0 then 6; = 03 (= d2) =0, if 4 = 7 then Jp = 0, if
d4 = m and 63 = 0 then §; = 0, and if s € {0, 7} then d5 = 0.

I R A,

I10
01U
where U is a 3 X 3 matrix. We then use the fact that this
matrix can be decomposed into basic rotations that can be
proved to be unique [30]. The details of the proof are given
in Appendix C-G. (|

that the semantics of both circuits is of the form

Notice that Equation (q) subsumes Equations (k) and (1),
which can now be derived using the other axioms of QC.

Proposition 20. The following two equations of QC,

P(p1) H Plg2) = P(p1+p2) (k)

P(p) =

can be derived from the other axioms of QC.

P(-¢) (1)

Proof. The proofs are given in Appendix C-H. (|

The introduction of the additional equations of Figure 5
allows us to prove some extra properties about multi-controlled
gates, like periodicity (for those with a parameter) in Propo-
sition 22 and the fact that a multi-controlled X gate is self-
inverse.

Proposition 21. For any = € {0,1}%, y € {0,1}*,
QCH AZX 0 ATX = idgys1s

Proof. The case x+ = y = € is a direct consequence of
Equation (10). For the other cases, by Definitions 6 to 8§,

Equations (10) and (a), and Proposition 13, it is equivalent
to show that, for any = € {0, 1}*,

QC F A*P(27) = idpys.

Without loss of generality, we can consider z € {1}*. Then
the result is a consequence of Proposition 13 and Equation (r).
Indeed, by taking y; = 73 = 74 = 0 and 2 = 27 in the LHS
of Equation (r), the unique angles on the right are all zeros:
01 =02 =603 =04 = 305 = 0 = 07 = 03 = dg = 0.
By Proposition 13, any multi-controlled gate with zero angle
is the identity, which gives us the desired equality. Further
details can be found in Appendix C-I. O

Proposition 22. For any = € {0,1}*, y € {0,1}%, 0 € R,
QCHF AjRx (0 +4m) = Ay Rx(0)
QC F AZP(0 4 27) = AZP(0)
QCF Ays( +2m) = Ays(0)
Proof. Following the additivity of Proposition 13, it is suffi-
cient to show that for any = € {0,1}*, y € {0,1}*,
QC F AzRX(ZLTF) = idk+g+1,
QC F A,lIJP(27T) = ’L'dk+[+1,
QC H AZS(27T) = idk+[.

Also, with Equations (10) and Definitions 7 and 8, it is
sufficient to show that for any = € {1}*,

QC F Ame(4ﬂ') = idk+17
QC F AIP(27T) = idk+1,



QC F A"s(2m) = idy.

First, we prove the three cases with x = e. Then, we
use QC + A*P(2m) = idg41, proven in Proposition 21
using Equation (r). We obtain the other statements as direct
consequences of the 27-periodicity of P. Further details are
provided in Appendix C-J. (|

III. COMPLETENESS

In this section we prove the main result of the paper, namely
the completeness of QC. To this end, a back and forth encoding
of quantum circuits into linear optical quantum circuits is
introduced. We use the graphical language for linear optical
circuits introduced in [30].

A. Optical circuits

A linear optical polarisation-preserving (LOPP for short)
circuit is an optical circuit made of beam splitters (2>%) and

phase shifters (4¢}):

Definition 23. Let LOPP be the prop generated by {7, >
with ¢,0 € R.

Like quantum circuits, LOPP-circuits are defined as a prop:
one can see them as raw circuits quotiented by the =-
equivalence given in Figure 1.

In the following, we consider the single photon case, hence
each input mode (or wire) represents a possible input position
for the photon. The photon moves from left to right in the
circuit. The state of the photon is entirely defined by its
position, and as a consequence the state space is of the form
C™ when there are n possible modes. We consider the standard
orthonormal basis {|p) },c[0,») of C". The semantics is defined
as follows.

Definition 24 (Semantics). For any n-mode LOPP-circuit C,
let [C] : C™ — C™ be a linear map inductively defined as
follows: [Cy0Cy] = [Cs] o [C1], [C1® C5] = [Ci] ®
0
C3] = : :
[[ 3]] 0 [[Cgﬂ
[>%C] = Ip) + cos(8) |p) + isin(6) |1 — p)
([ cos(d) isin(9)
~ \ésin(d) cos(8)

=== (] )
[H4] = e

Remark 25. The definition of [.] relies on the inductive
structure of raw LOPP-circuits, it is however well-defined on
LOPP-circuits as for any raw LOPP-circuits C,C’', C = C'
implies [C] = [C'].

[—1=1 [1=0

We consider a simple equational theory for LOPP-circuits
(Figure 6), which is derived from the rewriting system intro-
duced in [30]. Contrary to the rewriting system of [30], the
swap is part of LOPP-circuits. Moreover, the most elaborate

equation — Equation (G) — is slightly simplified in the present
paper to have one parameter less.

We use the notation LOPP + C; = C5 whenever C can
be transformed into C% using the equations of Figure 6 (and
circuit deformations of Figure 1).

Theorem 26. The equational theory given by Figure 6 is
sound and complete: for any LOPP-circuits C1,C5, LOPP
C1 = Cy iff [C1] = [C2].

Proof. The soundness can be shown with the semantics given
in Definition 24. Regarding completeness, we show that we
can derive from Figure 6 the rules of the strongly normal-
ising rewriting system of [30]. The full proof is given in
Appendix D-A. O

B. Forgetting the monoidal structure

The proof of completeness for quantum circuits is based
on a back and forth translation from linear optical circuits.
While both kinds of circuits form a prop, so both have a
monoidal structure, these monoidal structures do not coincide.
The monoidal structure of quantum circuits corresponds to the
tensor product, whereas that of linear optical circuits is a direct
sum. Hence the translations do not preserve the monoidal
structure.

As a consequence there is a technical issue around defining
the translation directly on circuits. We instead define the trans-
formations on raw circuits (cf. Section II-A). The collection
of raw quantum (resp. LOPP) circuits is denoted QC,,,, (resp.
LOPP,,,,). Notice that we recover the standard circuits by con-
sidering the raw circuits up to the equivalence relation = given
in Figure 1: QC = QC,,,,/= and LOPP = LOPP,,,,/=.

To avoid ambiguity in the graphical representation of raw
circuits one can use boxes like for ({x}®@-{xF)-{x}.
We also use box-free graphical representation that we interpret
as a layer-by-layer description of a raw circuit, more precisely
we associate with any box-free graphical representation, a raw-
circuit of the form C = (... ((LyoLs)o Ls)o...)o Ly where
Li= (.. ((9i1®gi2) ®gi3) @...) ® giu,-

For instance, ((id; ® id1) ® X) o (CNot ® H) is

— e

We extend the notation QC - - = - and LOPP - - = - to
raw circuits. For any raw quantum circuits (resp. raw optical
circuits) C1,Co, we write QC + Cy = Cy (resp. LOPP +
C1 = (Cy) if Cy and Cs are equivalent by the congruence
defined in Figure 3, Figure 5 and Figure 1 (resp. Figure 6 and
Figure 1).'°

Notice that there exists a derivation between two circuits
if and only if there exists a derivation between two of

101p this context, the circuits depicted in Figures 3, 5 and 6 are interpreted
as box-free graphical representations of raw circuits.



(A)

(B)

©

D)

(E)

(F)

(&)

Fig. 6: Axioms of the LOPP-calculus. In Equation (F) and Equation (G), the LHS circuit has arbitrary parameters which
uniquely determine the parameters of the RHS circuit. For any a; € R, there exist 8; € [0,27) such that Equation (F) is
sound, and for any 7; € R, there exist §; € [0,27) such that Equation (G) is sound. We can ensure that the angles j3; are
unique by assuming that 3y, 3> € [0,7) and if 3> € {0, %} then 31 = 0, and we can ensure that the angles ¢; are unique by
assuming that d1, d2, 63,4, 05, 96 € [0, 7). If 63 € {0, T} then 07 =0, if 64 € {0, 5} then d5 = 0, if 4 = O then J3 = 0, and
if 0¢ € {0, %} then J5 = 0. The existence and uniqueness of such 5; and J; are given by Lemmas 10 and 11 of [30].

their representative raw circuits. Indeed, intuitively the only
difference is that the derivation on raw circuits is more fine-
grained as the equivalence relation = is made explicit.

C. Encoding quantum circuits into optical ones

We are now ready to define the encoding of (raw) quan-
tum circuits into (raw) linear optical circuits. For dimension
reasons, an n-qubit system is encoded into 2" modes. One
can naturally choose to encode |z), with z € {0,1}", into
the mode |z) where z = Y | ;2" " is the usual binary
encoding. Alternatively, we use Gray codes to produce circuits
with a simpler connectivity, in particular two adjacent modes
encode basis qubit states which differ on exactly one qubit.

Definition 27 (Gray code). Let &, : C*" — CO1}" pe the

map |k) — |Gn(k)) where G, (k) is the Gray code of k,
inductively defined by Go(0) = € and

0G,,_1(k if k< 271
Galh) = 101 N
1G,_1(2" —1—k) ifk>2""1L

For instance G5 is defined as follows:

0 — 000 4 — 110

1 — 001 5 — 111

2 — 011 6 — 101

3 — 010 7 +— 100

In order to get around the fact that the encoding an n-
qubit circuit into a 2™-mode optical circuit cannot preserve
the parallel composition, we proceed by ‘sequentialising’ the
circuit: roughly speaking, an n-qubit circuit is seen as a
sequential composition of layers, each layer being an n-qubit
circuit made of an elementary gate g acting on at most two
qubits in parallel with the identity on all other qubits, e.g.
idi ® g ®id;. The encoding of such a layer, denoted Ej, ;(g),
is a 2"-mode optical circuit acting non-trivially on potentially
all the modes.

10

For instance, consider a 3-qubit layer which consists in
applying P(y) on the second qubit. Its semantics is |z, y, z) —
e™Y |z, vy, 2). Such a circuit is encoded into an 8-mode optical
circuit E7 1(P(¢)) made of 4 phase shifters acting on the
modes p € [2,5] (those s.t. G3(p) = zlz). Indeed, the

et |p) if p € [2,5]
otherwise

Ip)

The encoding map is formally defined as follows:

semantics of E1 1(P(p)) is |p) —

Definition 28 (Encoding). Let E : QC,,, — LOPP,, be
defined as follows: for any n-qubit circuit C, E(C) = E ¢(C)
where Ey, ; is inductively defined as:

. EH(Cl X 02) = Ek+n1_’[(02) o Ek7g+n2 (Ol), where (1
(resp. C2) is acting on ny (resp. na) qubits;
e Eio(Cy0Ch) = Ege(Ca) 0 By o(Cy);

Let us define oy, as a 28t -mode linear optical circuit
made only of swaps (that is, without any or YY) such
that &, o [ogne] o &, (|7, y,2)) = |z, 2,y) for any z €
{0,1}*, y € {0,1}" and = € {0,1}". We then define

Eip(OXC) = Ok,0,2 © Oktt,1,1 © Ok 2,0,
B = (—)®2",
Eyy(—) = (—)®""
' ®2k+@
Ere(s(p)) = ({7 :

r--

where C®™ means C n times in parallel: C*° = "
Contl = O OO,

For the remaining generators, we have:

and

k!




and whenever (k,?) # (0,0):

7( ®2k+271
4
Epo({HF) = oke10 | =5 = © Ok, 1,0
2 2
— @ok+e-t
_
B ) = 0Ok 0 () © 0%, 1,6,
7 ®2k+f71
>
Ekl(g) =0ke20 | Z 2 0 0k2-

Remark 29. Note that for any n-qubit circuit C, Ey, ;(C) is a
2kt node optical circuit. Also note that oy, ¢ is nothing
but a permutation of wires. By Lemma 36 — which is indepen-
dent from the definition of I — any actual circuit satisfying
the above property (8,0 [0k n.e] 0 &, (|2,y,2)) = |z, 2,9))
is convenient for our purposes. A formal definition of oy n e
is however given in Appendix D-G.

—q

Example 30. Consider the simple circuit Cy = —H—. The

encoding is as shown in Figure 7. Using the topological rules
(Figure 1), one can simplify E(Cy) into the circuit C:

s
4 000
g < E w
s
-5 4 =i 011
010
110

111
101

100

The encoding of quantum circuits into linear optical circuits
preserves the semantics, up to Gray codes.

Proposition 31. For any n-qubit quantum circuit C,
&, o [E(C)] =[C] 08,
Proof. By induction.

D. Decoding

Regarding the decoding, i.e. the translation back from linear
optical circuits to quantum circuits, we use the same sequen-
tialisation approach. Note that such a decoding is defined only
for optical circuits with a power of two number of modes.

The decoding of a 2"-mode layer idy ® g ® id; is a n-
qubit circuit denoted Dy, ,,(g). For instance consider a 16-
mode layer which consists in applying on the fourth mode.
¢i?lp) ifp=3
|p) otherwise
is decoded into a 4-qubit circuit D3 4(4#-) implementing

Its semantics is |p) — . Such a circuit
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the multi-controlled phase A%+(3)s(y), whose semantics is
if zyzt = G4(3)

elw |'r7 y7 Z’ t>
|z, y, 2, t) otherwise
The decoding map is formally defined as follows:

Definition 32 (Decoding). Let D : LOPPy,y — QC,,,, be de-
fined as follows: for any 2"-mode circuit C, D(C) = Dg ,(C)
where for any n, k, L with k+£ < 2" and C : { — ¥, Dy, ,(C)
is inductively defined as follows.

. Dk,n(Cl (9 Cg) = D/H_gl)n(Cg) Oka(Cl), where C1 is

acting on {1 modes;

e Dpn(Co0Ch) = Dy n(C2) 0 D n(Ch);

° Dk,n( ) = Zdn
The remaining generators are treated as follows.

Dkn([:]) = idp, Dkn() = AGn(k)S(‘p)v
where Togn = Gn_1(k), Yokn = € Tokt1n = w and
Yok+1,n = 1.09 where ¢ € {0,...n — 2} and w €
{0,1}"7972 are such that G, (2k + 1) = wal.0? for some
a€{0,1}.

Example 33. We consider the optical circuit Cy obtained in
Example 30. With all of the gates P and Rx parametrized
with =E, we can show that D(Cy) =

I
&

%

|z, y, 2,t) —

Similarly to the encoding function, the decoding function
preserves the semantics up to Gray codes.

Proposition 34. For any 2"-mode optical circuit C,
[D(C)] o &, =6&,0[C].

Proof. The proof is by induction. O

E. Quantum circuit completeness

The proof of completeness is based on the encod-
ing/decoding of quantum circuits into optical circuits. In-
tuitively, given two quantum circuits representing the same
unitary map, one can encode them as linear optical circuits.
Since the encoding preserves the semantics and LOPP is
complete, there exists a derivation proving the equivalence of
the encoded circuits. In order to lift this proof to quantum
circuits, it remains to prove that the decoding of an encoded
quantum circuit is provably equivalent to the original quantum
circuit, and that each axiom of LOPP can be mimicked in
QC. Notice that since the encoding/decoding is defined on
raw circuits, an extra step in the proof consists in showing
that the axioms of = can also be mimicked in QC.

Examples (30) and (33) point out that composing encoding
and decoding does not lead, in general, to the original circuit,
the decoded circuit being made of multi-controlled gates.
However, we show that the equivalence with the initial circuit
can always be derived in QC:



E(Co) Eo,o(g ® H{H})

B o(-{#]-) o Eo,l(g)

®

™

1

02,010 | =n = =
201

us
4

®2

n

4

idg O

2

0021,0000,1,2 °

oidg o Eé o

000,2,1

=

UK A

Fig. 7: Encoding of the circuit discussed in Example 30.

Lemma 35. For any n-qubit raw quantum circuit C,
QCH D(E(C)) =C.
Proof. We prove by structural induction on C' that
Vk, £, QCF D(Ey(C)) = idy ® C ® idy.
For any two n-qubit raw circuits C7, Cs, one has
D(E}¢(Cz 0 C1)) = D(E},¢(C2)) o D(E¢(Ch))
and for any m-qubit raw circuit Cj,
D(E(C1 ® C3)) = D(Ek1n,0(C3)) © D(Ej 14 (C1)).

Hence, it remains the basis cases which are proved as
Lemma 64 in Appendix D-D. O

Note that in general, the decoding function does not pre-
serve the topological equivalence. For instance, with the raw

[4

C5 but D(Cl)

circuits C4

q

Rx(-20
D(Cy) =

to be mimicked in QC:

. Thus, the topological rules also have

Lemma 36. For any 2™-mode raw optical circuits Cy,Cs, if
C1 =05 then QC F D(Cl) = D(OQ)

Proof. The proof consists intuitively in verifying that the
decoding of every equation of Figure 1 is provable in QC.
The proof is given in Appendix D-E. O

Lemma 37. For any 2™-mode raw optical circuits Cy,Cs, if
LOPP + Cy = Cy then QCH D(Cl) = D(CQ)

Proof. The proof consists intuitively in verifying that the
decoding of every equation of Figure 6 is provable in QC.
The proof is given in Appendix D-F. |

We are now ready to prove the main result of the paper.
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Theorem 38 (Quantum circuit completeness). QC is a com-

plete equational theory for quantum circuits: for any quantum
circuits Cy, Cy, if [C1] = [C2] then QCF Cy = Cs.

Proof. Given two quantum circuits Cy, Cs s.t. [C1] = [Ca],
let C] (resp. C%) be a raw quantum circuit, representa-
tive of C7 (resp. C3). Thanks to Proposition 31 we have
[E(C])] = [FE(C5)]. The completeness of LOPP implies
LOPP + E(C7) = E(C}). By Lemma 37, we have QC +
D(E(CY)) = D(E(CY)). Moreover Lemma 35 implies QC
C7 = C}. From this derivation we obtain a derivation of
QC + €y = (s, where the steps corresponding to the
equivalence relation = are trivialised. (]

I'V. DISCUSSIONS

We have introduced the first complete equational theory
for quantum circuits. Although this equational theory is fairly
simple, Equation (r) is an unbounded family of equations —
one for each possible number of control qubits. Such a family
of equations is a natural byproduct of our proof technique:
The decoding of each axiom of LOPP produces an equation
made of multi-controlled gates that has to be derived using
QC. It is actually quite surprising that Equation (r) is the only
remaining equation with multi-controlled gates.

Notice that one can get rid of these multi-controlled gates
by extending the context rule as described below. Indeed,
Equation (r) can be derived from its 2-qubit case

T T Rx (04) T T P(3s) (r,)
—{P01) H P2 H Rx (35) }i{ P(35) H Rx (06) H Po7) F—— P(30) |-

if one allows the following control context rule - AC; = ACs
when = C; = (Cs. Notice that it requires extending the A-
construction to any circuit — which can be done in an inductive
way like A(Cy0C1) = AC30AC; and A(C1®Cs) = (AC1 ®
de) o (Zdl X Um,n) o (ACQ X Zdn) o (Zdl ® Un,m).

A natural application of the completeness result is to design
procedures for quantum circuit optimisation based on this
equational theory. One can take advantage of the terminating
and confluent rewriting system for optical circuits [30] by
mimicking the applications of the rewrite rules on quantum




circuits. However, the exponential blowup of the encoding map
makes this approach probably inefficient as it is and requires
some improvements.

Another future work is to prove (upper or lower) bounds on
the size of a derivation between two given equivalent circuits,
as well as a bound on the size of the intermediate quantum
circuits. This might be useful for providing a verifiable quan-
tum advantage, in particular if there exist polysize quantum
circuits requiring exponentially many rewrites [11].
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APPENDIX A
CONTENTS

All the equations from Equation (6) to Equation (19) are proven either directly from the axioms of QC,, given in Figure 3,
or from the equations already proven. Those proofs are in Appendix B-A.

Proposition 10 is proven in Appendix B-B.

In Appendix B-C, we highlight the inductive properties of multicontrolled gates which will be used in the inductive proofs
of the following appendices, in the form of Lemmas 39 to 44.

Lemmas 45 to 47 are introduced and proven by induction in Appendix B-D. Alongside with Equation (24) proven in
Appendix B-E, those properties are used to prove Propositions 11 and 12 in Appendix B-F.

To prove Proposition 13, we introduce Lemma 48. We do a proof by induction with both hypotheses, to prove at the same
time Proposition 13 and Lemma 48, as detailed in Appendix B-G.

Appendices B-H, C-B and C-D introduce and prove Equations (28) and (29) and Lemmas 50 to 54. Those properties on
multi-controlled gates are to be used in other later proofs.

Propositions 15, 16, 17, 18, 19, 20, 21 and 22 are respectively proven in Appendix C-A, C-C, C-E, C-F, C-G, C-H, C-I and
C-J.

Theorem 26 is proven in Appendix D-A.

Appendices D-B and D-C introduce convenient notations and Lemmas 57 to 61, useful for proving the main result.

Finally, Lemmas 35, 36 and 37 are proven in Appendices D-D, D-E and D-F.

The oy, ¢ are defined in Appendix D-G.

APPENDIX B
USEFUL QUANTUM CIRCUITS EQUATIONS

A. Proofs of Equations (6) to (19)

—D— Py) ——

Proof of Equation (6):

® PP Plv) -PP+D
B N
N
[P() ]
© Ply)
o PP

Proof of Equation (8):




Proof of Equation (9):

5
ol
5

El
=]
%

g
E
t:’)l:/l

| B
E =
I &
Y Y
~ =
NL\ w!:a
ENES
9 |k

=]
~
t\Llil

g
B
&l
=
=

S

5
*

Note that the second use of Equation (m) relies on the fact that g is defined as W, and uses a few topological rules.
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Proof of Equation (17):
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Proof of Equation (19):
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It follows that

B. Proof of Proposition 10

First, we can notice that
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C. Inductive properties for multi-controls: Lemmas 39 to 44

The following technical lemmas highlight the inductive properties of the circuits A*G. They are at the heart of the proof of
the completeness result.

Lemma 39 (Base case for the inductive properties). For all G € {s(v)), X, Rx(0), P(p)}, if € is the empty list, A°G = G.

Proof. In the case of an empty list, in Definition 7 there are no gates X7, and A°G = A\°G. We can then check in Definition 6
that each \°G is G: by definition this is true for Rx(6), s(¢)) and P(6). For X we fall back on the definition of X as
HP(n)H =HZH. O

Lemma 40 (Inductive properties for A®G). For all x € {0,1}*, and G € {s(¢), X, Rx(0), P(¢)},

AOzG _ Alzcy

Proof. This is directly derived from the definition of A*G: the X*'’s on the top wire are X for A°*G and the identity for
A @, while the X%’s on the lower wires are the same. O

Lemma 41 (Inductive properties for A%s(p)). Suppose that = is a k-length list of booleans. We then have A's(p) = P(y),
ALs(p) = A P(p), and

APs(p) = AP
Proof. By definition, Als(p) is A\'s(ip): there are no X7 since the list only contains a single 1. By definition, A\'s(¢) is

AP (), which is P(p).
Suppose now that z is a k-length list of booleans, and b is a single boolean. Consider A'**s(y): by definition it is

XTr ) XTr
A H25(p)

Xk Xk

Xt Xt
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By definition, A**2s(p) = AF1 P (). Now, AP (¢p) is

s

S

)\k+1p(99)

g

We directly recover A'*1s(¢p), i.e. when b = 1, and the case b = 0 since this just amounts to add the two gates X0 = x!

on the bottom wire.

Lemma 42 (Inductive properties of A*X). Suppose that x is a k-length list of boolean. Then

AYX = AP .
Proof. By definition,
= =
ALY /\"‘“P(fr)

ATX =

which is exactly the right-hand-side of the desired equation.

o
5

¢

¢

Lemma 43 (Inductive properties of A*P(y)). Suppose that x is a k-length list of boolean. Then

QG = AlzP(‘P) =

Proof. By definition,
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We can conclude by noting that
) (p X )\kp(g) X . X™
x xr
A 5(5) = Ix= e and A" Rx(p) = %5

Lemma 44 (Inductive properties of A* Rx ()). Suppose

M1 Rx ()

that x is a k-length list of boolean. Then

¥7a
LA |

QCy F A" Rx(0) =

A"Rx(5)

Ely

A*Rx(-%)
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Proof. By definition of A'*Rx(#) and \**!Rx (6), we have:

L] H
AYRx(0) =
x(6) X7t | MRy (£) NeRx(-§) - x7

Using Equation (10), we infer that
] Kl
1z _
AT Rx(0) = X7 H M Rx () H x70 X7 H M Rx(-) | xm

We can then conclude by using the definition of A””Rx(g) and A*Rx (-g) (and the deformation of circuits coming from the
O

prop structure).
Since these lemmas are essentially consequences of the definitions (except for the use of Equation (10) in Lemmas 43

and 44), in the following we will mostly keep their uses implicit.

D. Ancillary lemmas: Lemmas 45 to 47
For the following lemmas, it is convenient to introduce a graphical notation of multi-controlled gate which allows for more

flexibility in the position of the target qubit, relatively to the control qubits:

Lemma 45. For any x € {0,1},

A* A® A” A*
. = /
Rx(0) Rx(0)
Rx (0" Rx (6"
Proof. We proceed by induction on k. If £ = 0, then the equality is a consequence of the topological rules. If £ > 1, by
Equation (10) we can assume without loss of generality that z = 1z with z € {0,1}*~1. One has
(7] (771 (71
5] |H | H] Kl
(N (N (N (N
AI
Lemga 44 A* A* A* A*
\/ \/ \/ \/
— —| Bx(§) -+ Rx(-3)
Rx(%) Rx(-%)

Rx (6"
then it is easy to see that the two parts commute by induction hypothesis and Equations (8) and (a), together with topological
O

rules.
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Lemma 46. For any = € {0,1}%,

() ()
A* A”
= %

— RX(H) ——

—eo— Rx (9) >

Proof. We proceed by induction on k. If k = 0, then the result is just Equation (7). If £ > 1, then we can assume without
loss of generality that z = 1z with z € {0,1}*~1. One has
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Lemma 47. For any = € {0, 1},
il
] L]
QC, - A% Rx(0) = |
Proof. The proof relies on the following property:
QC, - ARx(0)— = —JA"Rx(-0)|—
i
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that we prove by induction on the length of = as follows:
If x = ¢, then

(10)((e)
= P()

OO B9

If « # ¢, then the commutation is a direct consequence of the induction hypothesis and Equation (i).

Given this property, the result can be deduced as follows:
H H

—1A*Rx (%) ARy (-

A%Ry(0) =

[IES
—

Q@)

25 |

—1A"Rx (%) A*Rx (%)

— Hzfe———
(] z

(15)(121)(13)

—1A"Rx (%) A*Rx (%)
(771
| H Els

(2)(a:)(l3)
—{A"Rx (%) A"Rx (%)




E. Proof of Equation (24)

We actually prove a slightly more general result: for any z,z’ € {0, 1}*,

c, - ,
Qo | pArRy(0) A" Ry (6)

Equation (24) corresponds to the case where z = z’.

Proof of Equation (26). The proof is by induction on z.
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If k > 1, then we can write = az and 2’ = o'z’ with a,a’ € {0,1}. One has (where the + signs correspond respectively

to (—1)* and (—1)%):
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Lemma 47

A" Rx(6') A*Rx(0)

O

F. Proof of Propositions 11 and 12

First, we consider the case G = Rx (#) of Equations (20)-(22), for which the proof is a direct induction based on Equation (24)
that is proven in Appendix B-E.

Next, we prove Equation (23) in the case y = e.

We can assume without loss of generality that 2 = 1¥. We proceed by induction on k. If k = 0, then

ALP(p) def —m—@o C)@
: P(3) P(%)
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jj
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TENTASP(g).

If £ > 1, then one has
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M M
def
i @
| Rx(%)] ATRX(-@
M M M
A”s(%) A® A® A”
Lemmas 45 and 46 L
- N S
] [Bx(®) |y Ax(5)
Rx(%) D H}-

= AP (p)

= AT P(p).

Now, we can prove Equations (20)-(22) in the case G = s(v)) (the cases G = P(y) and G = X are direct consequences of
this case). Without loss of generality we can assume y = € and consider only Equation (20).

The proof is by induction on the number 7 of input qubits of A***G. If z = ¢, which is necessarily the case in the base
case r = 2, then the result is a direct consequence of the case y = € of Equation (23). If z # ¢, then using Definitions 6 and 7
(in particular in the case of A'*P(y)), the result is a direct consequence of the induction hypothesis and the case G = Rx (f)
of Equations (20)-(22).

Finally, using the definition of Aj; P(i) in terms of A*Y1P(yp), the general case of Equation (23) follows directly from the
case y = e and Equations (20)-(22).

G. Proof of Proposition 13

It remains to treat the A®P and A”s cases of Proposition 13. Those cases are a direct consequence of the following lemma:
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Lemma 48. For any x € {0,1}* and y € {0,1}¢ with £ > k,

To prove the previous lemma, we do a proof by induction on k.

QCy F

A%s(p)

AYRx (0)

AYRx (6)

A%s(p)

However, to prove the induction step for k > 2, we use

QCy F AV s(p) o AV (@) = AV s(p+¢') and QCy - A" 5(0) = idj_1, which are the statements of Proposition 13.

Therefore, we will do a common induction proof for both the other cases of Proposition 13 and for Lemma 48. The plan of
the proof is the following. First we prove an ancillary equation (Equation (27)) which is derived from previous lemmas. Then
we proceed with the induction proof: for k > 2, Lemma 48 is proved with Proposition 13 for k£ — 2, while the induction step
of Proposition 13 is directly a consequence of Lemma 48 and Proposition 13 for £ — 1, and the A Rx case which is already

proven.

Proof. First we prove the following property, which is true for any a,b € {0,1}, z € {0,1}" and G € {s(¢), P(¢), Rx(0), X }:

QCy

AabzG I

- — AaCZG

b ifa=0
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27)

To prove Equation (27), by Equations (10), (12) and (f) we can assume without loss of generality thata = b = 1. If G = Rx (9),

then
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Now, to prove Proposition 13 and Lemma 48, by Equation (10) we can assume without loss of generality that 2 = 1¥. We
proceed by induction on k. If £ = 0, then Proposition 13 is a consequence of Equations (b), (c), (d) and (k), and Lemma 48
is a consequence of the topological rules. If k¥ = 1, then A%s(p) = P(p). Let y = az with a € {0,1}. By Lemma 47, one has
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where the + sign is (—1)®. The case of k = 1 for Proposition 13 is then a direct consequence of the previous result, the
case with Rx, Definition 6 (case A" P()) and Equations (a), (d) and (k).
If k> 2, let z =11 and t = 1%=2. To prove Lemma 48, one has
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Hence, the commutation with AY Rx () follows by induction hypothesis and Equation (27), together with Proposition 11.
Then to prove the AP case of Proposition 13, one has
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A* Rx case and
induction hypothesis o
of Proposition 13 AZP(%)

A*Rx (p+¢)
| H |

= AP +¢').

Finally, the A*s case is a direct consequence of the A*P case. o

H. Ancillary equations: Equations (28) and (29)

Lemma 49. The following equations can be derived in QC:

pex = M) g
= _| x ()

(ME]

(28)

: : : = : : : ' (29)

—t 1 1t i1 1Pk
— Rx(@) HPlag) H Rx(as) |- = P(B1) H Rx (82) H P(8) |———

where in Equation (29), the angles are the same as in Equation (q).

Proof. If x = ¢, then Equation (28) is a direct consequence of Lemma 39 and Equations (2), (b), (c) and (3). If = # ¢, then
Equation (28) is a direct consequence of Lemmas 40, 42 and 43 and Equations (10) and (a).
Proof of Equation (29):

--9---9
--9---9
---0---4

Propositions 12 and 13

, where the (3; are computed in the same

P PO - Ax(0) P(0) [ Rx (@) H P8 — P

way as in Equation (q). It follows from Propositions 12 and 13 that this is equal modulo QC, to the right-hand side of
Equation (29). O
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APPENDIX C
PROOFS OF SECTIONS II-E AND II-F

A. Proof of Proposition 15

Without loss of generality, we can assume that y = e.

The case where G = s(p) and x = ¢ follows directly from Equations (1), (k) and (d). The cases where G = s(p) and x # ¢
follow directly from the case G = P(yp), together with Equation (10).

By Equations (10) and (a), the case G = X follows directly from the case G = P(x).

The case G = P(p) follows from the case G = Rx(#) by a straightforward induction, using Lemmas 43 and 48
and Equation (a).

Thus, it suffices to treat the case where G = Rx (). One has

1] ] Ky
AOIR 9) o AlmR 0 Lemmaséél and 47
X( ) X( ) _A[L’RX(g) AxRX(_g) AIRX(%) AIRX(%)
El iy
@ ]
— | A*Rx (%) A*Rx(-%) ARx(%) A"Rx(§)
[77]
Kl iy
24 ] N
— A"Rx(§) | A"Rx(5) A“Rx(-3) AR (3)
(e), Proposition 13,
(eéﬂ)
A*Rx (6)
B. Ancillary lemmas: Lemmas 50 to 51
Lemma 50. For any x € {0,1},
__ |A*Rx(0) - A"Rx(0)
HHe— —{HH

Proof. We proceed by induction on k. If k = 0 then the result is a direct consequence of Equations (3), (a) and (i). If k£ > 1,
then without loss of generality we can assume that x = 1z with z € {0, 1}*~1. One has

— [ H | S P H |
i e— [ —
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induction
hypothesis

(1))

induction

hypothesis

@0O)@)

— A*Rx(
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N
N2
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A Rx(-9)

=
m

i
T

=

— 1 A*Rx(%)

=]

A*Rx(-%)

— 1A*Rx(d)

A*Rx(-9)

— 1A*Rx(d)

A*Rx(-9)

— IARx(9)

A*Rx (-

SIS
N

I ARx(Y)

A*Rx(-9)

A
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A* Ry (-

D
A%
5

[V
—
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Lemma 51.

Proof.

A*Rx(0)

For any x € {0,1},

(N (N
A” A®
] -y
(N (M
A” A* A®
\/
Rx(0) — Rx(§) re Rx(-3)

] i}
] -
/4R
A% A*
\/

L] L
7] Ky
M
A" A"
\
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FE
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®
AT AT
N %
—{Rx(%) - Rx(-%)

|

&
ORI
Bl

N

(i)
A* A*
. .

N N
('él)

A* A*

. .

M
A$
Rx(0)
O
C. Proof of Proposition 16
We assume without loss of generality that y = 3’ = e.
First, for the case where G = Rx(f) and G’ = Rx(¢’), we prove by induction on k that for any z, 2’ € {0, 1},
QCy F A*Rx(0) o A* Rx (0') = A* Rx (¢') o A*Rx (). (30)

The desired result corresponds to Equation (30) with z # a2’. Note that when z = 2/, Equation (30) is a consequence of
Proposition 13.

If k = 0, then Equation (30) is a direct consequence of Equation (18). If k¥ > 1, then we can write x = az and 2’ = a2’
with a,a’ € {0,1}. One has (where the + signs correspond respectively to (—1)® and (—1)%):
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AI/RX (9/) o AwRX (9) Lemga 47

26)

induction
hypothesis

induction

hypothesis,

©

(26)

Lemma 47

A Rx(£Y)

A Rx(

’

0|

)

A Rx(+%)

A Rx(+%)

A Rx(%)

A Rx(£%)

LI A"Rx(%)

ARy (£8)

A Rx(£%)

A Rx(%)

A*Rx(£%)

A Rx (%)

A*Rx(%)

A*Rx (+%)

A Rx(+

’

0|
S—

A*Rx(%)

A Rx(+%)

A*Rx (%)

A Rx(+%)

A*Ry(+

[N
—

_ A Rx(%)

A Rx(£%)

A®Rx (0) o A" Rx (6)

ARy (+

If G = P(f) and G’ = P(¢'), we prove by induction on k that for any z, 2z’ € {0, 1}*,

A*s(p) o A s(¢') = A7 s(¢) 0 A*s(p).

N

(€19

The result corresponds to the case where z = x1 and 2’ = 2’1 with x # 2/. Note that the case where x = 2’ is a consequence

of Proposition 13.

If £ = 0, then Equation (31) is a consequence of the topological rules.

If k£ =1, then it is a consequence of Equations (k) and (1).
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If k > 2, note first that by Equations (2), (a), (25), and (13) (or (1), (a) and (3) if m = 0), for any = € {0,1}™,

QG = AIOS(‘P) =

respectively):

AZIS(SD') o A%s(¢p) (10@32)

Lemma 48

induction
hypothesis

(30

Lemma 48

(10)(@)(32)

For the case where G = Rx(6) and G’

Let 2 = za and 2’ = 2/a’ with a,a’ € {0,1} and z,2’ € {0,1}*~. One has (with the & signs being (—1)!~* and (—1)!~@

A Rx(-p)|

.

A" Rx (+y)

’ ’

A" s(%)

A" Rx (+¢')

=
8

W
—~
(NS
N

AT s(

w|‘€
S—

AxRX (:l:g&)

A" Ry (£¢)

A% s(

SIS
~

A" Rx (£yp)

A Rx (£¢)

A% s(

SIS
~

=]

A" Rx (£¢')

A" Rx (£yp)

(H |

[

/

AZs(p) o A% s(¢').

A" Rx (+¢')

A" s(

[N

A*Rx (+y)

F) [ ] &

(32)

’

P(6"), we prove by induction on k > 1 that for any x,2’ € {0, 1}* with x # 2/,

QCy F

A*Rx(0)

A" Rx (0)

A Rx (0)

A*Rx (9)

Note that by Lemma 48 and the preceding case, Equation (33) is equivalent to the desired result.
If k = 1, then without loss of generality we can assume that z = 1 and 2’ = 0. One has

Rx(0) Rx(0)

Lemma 47

| H | O H|——H]
—Rx(%) Rx(-%) e{HH Rx (%) Rx(%
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@ L RX('%) RX(%/) @»
— Rx (%) S H Ry (%) T}
a6 + H J9—{ Rx(-5) Rx(%) e H}
Rx(9) {1 rx (%) LB}
m @ RX(%) Rx(-9) @
—H F- Rx (%) F H b Rx(§)
w 1] Rx (%) Rx(-§) -9~ H |-
Rx(%) [HHRx(5)
ow U] | H | H | Els
A HH Rx (%) % Rx(%) [ H ] Rx(§) =+ Rx(-5)

Lemma 47

Rx () Rx(6)

If k& > 2, then by Proposition 11, we can assume without loss of generality that we can write * = az and 2’ = az’ with
a,a’ € {0,1} and z # 2. One has (where the + signs correspond respectively to (—1)® and (—1)'):

| ATRx(0) A Rx (0")
—
| H] | H}—H] Elg
Lemma 47 ]
T I ARx(D) A*Rx (%) A Rx (%) A Rx(+%)
— Ely Elg
1] Elg
A s
— 1 A*Rx(9) A Rx () A Rx(%) A Rx(£%) ———
— H - H —
1] Elg
LemgaSO ]
— 1 A*Rx(9) A Ry (£2) A Rx (%) A Rx(+%)
— HiH] Elg
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5Bl (=

7 B

:

5

induction @ @
hyp(ihesis ]
- — | A*Rx (%) A Rx(%) A*Rx(£9) A Rx(£%)
— Edy 7] Eiy
L7} Kl
Lemga 50 .|

—1A*Rx (%) A Rx (%) ARy (£9) A Ry (%)

— alil 7] Ely
induction @ @
hypothesis ]

 —— NMRx(%) A*Rx () ARy (+5) ARy (+%)
7] H -
El X}
(19) I
- — A Rx(Y) A*Rx (%) N*Rx(£2) A Rx(£%)
L] X}
@ N
 —MRx(%) A*Rx(§) A*Rx(£) A¥ Ry (+%)
H
El X}
Lemma 50,
()
T — A'Rx(%) A*Rx (%) N Rx(+9) A Rx(+%)
aliinen
El By
Lemga 50 .|

— [ ARx(%) A*Rx (%) A Rx(£9) A Rx(+%)

Elpaliy
induction @ @
hypothesis,

(@)
B — [ ARx(%) A*Rx (%) A Rx(£%) A*Rx(£9)
L] LH
L7}
(12)(19)
(10)
- ——ARx(%) A*Rx () A Ry (+%) A*Ry (+)
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Lemma 50,

@

k]

ARx (%)

/

A Rx (%)

ARy (+%)

H
3

Lemma 50

A*Rx (%)

A Ry (%)

ARy (£9)

5
:

induction
hypothesis,

@

A Rx (%)

A*Rx(

N
~

Nl
~—

ARy (+

(19)(@)

A Rx(£%)

A Rx(%)

A*Rx(£%)

A Rx(+%)

A Rx(%)

A*Rx(£%)

Lemma 50,

@

A Rx(+%)

A Rx(%)

A Rx(£%)

12)(19)
(10)()

A Rx(+%)

A*Ry(+

[ ]S
~—

Lemma 50,

@

A Rx(+%)

Lemma 47

A" Rx (0")

A"Rx (6)

If G = X or G’ = X, then by Equation (28),

Equation (31).

A Rx ()

47

the result follows from the preceding cases together with Lemma 48 and



D. Ancillary lemmas: Lemmas 52 to 54
Lemma 52. For any = € {0,1}* and y € {0,1},

QCy F (idy @ X ®idp) o Ay X = Ay X o (idy @ X @ idy)

and

QCo F (idy ® X ®idg) 0 AZRx (8) = AZRx (0) o (idy, ® X @ idy)

Proof. The case of Ay X is a direct consequence of Propositions 15 and 16. Indeed, using Proposition 15, (idy ® X ® idy)
can be decomposed into a product of multi-controlled gates of the form AZ: X with 2’ € {0,1}* and y’ € {0, 1}*. Then these
multi-controlled gates commute with A7X, trivially in the case where x'y’ = xy, and by Proposition 16 in the other cases.

For the case of A Rx (), note that (b), (c) - = @ Rx (m) . Then s(3) commutes by the topological rules, while
the commutation of (idy ® Rx (7) ® idy) is a direct consequence of Propositions 15, 16 and 13: using Proposition 135, it can
be decomposed into a product of multi-controlled gates of the form Ag:Rx (m) with 2’ € {0,1}* and 3’ € {0, 1}*. Then these
multi-controlled gates commute with A7 Rx (9), by Proposition 16 in the cases where z'y’ # xy, and by Proposition 13 in the

case where z'y’ = xy. O
Lemma 53. .
S —
’ ’ ’
QCy - ! = ! !
’ P(p)

]
~
&
]

|
~
s
|
[ ~
H [\1};——«———« &
=
=
s
=
<]

Proof.

)--o---9
)--o---9

-9---9

@)@

)--o---9

e,
—~
6
b

=]
Nm
=
=
&
=
]

@5)@13)

!

—~~

S

~—
b

2
Rx (-p)

Proposition 13 and Lemma 48
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S G S—
+——1 P(%)
P(-p)
O
Lemma 54. For any x € {0,1}* and y € {0,1}* with £ > k,
A*s(p) A%s(p)
QCot- " [A¥s(¢)| = __[AVs(¢)][ —

Proof. We proceed by induction on ¢ — k. If £ = k then the result is a consequence of Proposition 13 or 16 (or just of the
topological rules if k = ¢ = 0). If £ > k+1, then without loss of generality, we can assume that y = 1 for some ¢ € {0, 1}*~%.
Then by Lemma 43 (together with Lemma 40 and Equation (10)),

ATs(p)
QCy F _ ] AyS(‘P/) -

ATs(p)
=] A Rx(¢)

]

so that the commutation follows by induction hypothesis and Lemma 48. O

E. Proof of Proposition 17

First, the cases where G or G’ = X follow from the other cases. Indeed, using Equation (28) and Proposition 15 (together
with Proposition 11), and then Proposition 12, one gets that for any ¢ € {0, 1},

QCyFA'X = _ |AtP(Z) AtP(%) ARx(m)|__

— xR HX- —

Then, if G or G’ = X, one can use this decomposition and make the multi-controlled parts commute using the other cases.
The non-controlled X gates commute with the control dots by changing their colour, with the help of Equation (10). This
does not alter the fact that the multi-controlled gates commute, since the X gates are not on the same wire than the control
dots of different colours. And since the decomposition produces each time two X gates on the same wire, any control dot gets
changed twice, so that it is the same at the end as at the beginning.

Thus, it suffices to treat the cases where G, G’ € {Rx(0), P(p)}.

If G = Rx(0) and G’ = P(y) (or conversely), then by Proposition 12, the result is a consequence of Lemma 52
and Proposition 16.

If G = P(y) and G’ = P(¢’), then by Proposition 12, the result is a consequence of Lemmas 53 and 54 (together with
Equation (10)) and Proposition 16.

It remains to treat the case where G = Rx(f) and G’ = Rx(0'). By Lemma 52, we can assume without loss of generality
that @ = b = 1. By definition of Af, we can also assume without loss of generality that & = m = 0. Then the hypothesis
xyz # 2'y'2’ becomes y # y’. We proceed by induction on /. If £ = 1, then without loss of generality we can assume that
2 =1 and 2’ = 0. One has
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Proposition 11,
def

— Rx (0"
Rx(0)
Rx(%) -4 Rx(-5)
I I
RXW @ H
Rx(-%) 4 Rx (%) -
I
Rx(0) —{ H [ H |
(] (o Rx(-5) %ﬁ Rx(5)] Rx (%) w R (§) ——
Rx(-4) Rx(-§) [+ Bx(§) (] El
(1] @#Rxoi’)%ﬁmci’) Rx(‘l)wl%x(bk'i
(H}4 ‘ \ \ Els
{m(i)#{m(-i) Rx(-i)#{Rx(b (] ]
L] (HHRxCD) [Rx(5) |
Rx(-9) Rx(% Rx(-% Rx(%)
Rx () [ Rx(-4) (1] L]
(] (H | Rx(-%) Rx(%) [P
Rx(-9) Rx(8) Rx(-%) Rx(%)
B Rx(4) Rx(-) -] ]
(1 ] Rx(-%) Rx () (P
Rx(-8) Rx () e Rx(-4) Rx(%)
B Ry (£) Ry (-9) (1 b {H]
B R (%) Rx(-§) i |
Rx(%) Rx(-%) 4 Rx(§) Rx(-9)
(1 e {H] Rx(-1) Rx(§) 1
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©©)

(16)

Lemma 47,
def

24

Proposition 11,
def

Dl Bx (%) Ry (-§) H] L]
Rx (%) Ry (-%) Rx(§) Rx(-3)
—{#] ] Rx(-5) Rx(5) 1D
Rx (%) 14 Rx(-%) L1 L]
) ) e
@ @—‘ Rx(-%) Rx(%) 1
{Rx%’)h{Rx(%’) Rx(-%’)h‘{Rx(-%’) ] L1}
1] @ﬂm(-zwﬂx@ RX@)@RX(-%
{Rﬂ%’)%ﬁm%) | Bx(-2) h{m( o) (] (]
] [H -+ Rx (D) e B (D) Rx(4) ——
— Rx (%) Rx(-%) -4 H] H]
| I . .
I
L] [H |+ Rx(-§) [+~ Rx(§) |-
*RX(%/) RX(‘%/) @ DH
| I . .
I I
L] [H 1 Rx(§) -+ Rx(-§)
Rx(0') S—
Rx (0)

If & > 2, by Proposition 11 we can assume without loss of generality that y = at and y = a't’ with a,a’ € {0,1} and
t # t'. One has (with the + signs being (—1)* and (—1)* respectively):

—— Rx(Y) Rx(+9%)
1 ] -
M M a a
At At At/ At/
T T N N
. . Rx (%) -+ Rx(+%)
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+H] Ely
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Lemma 51, @ H
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-/ ./
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Rx(3) Rx(£%)
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Proposition 11,
Lemma 51

®),
Proposition 11,
Lemma 51

Lemma 51,
induction
hypothesis

®),
Proposition 11,
Lemma 51

Rx(%) Rx(£9)
] Els
2 ) ) 2R
At’ At Al At'
./ ./
— Rx(%) f . Rx(+%)
Rx (%) Rx(+9%)
] Els
2 ) ) 2R
At' At At At'
./ ./
IS IS A A
Rx(%) Rx(+%)
alid Els
2R 2R ' M
AY AY Al Al
N N
—| Bx(§) [+ Bx (&) b b
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] Els
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AY AY Al Al
./ ./
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./ ./
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F. Proof of Proposition 18

@0Was oy TRy (-

2 P35 HRx(

2 HPE) [ Bx(-

G. Proof of Proposition 19

voly

) H P(=%) |+ P(3) [ H Rx(§) (H P(5)

k:iB
l
By
=]
=

w2l

)HPCD |-

The proof is inspired by the proofs of Lemmas 10 and 11 of [30]. Given any n-qubit quantum circuit C, let [C] g =
&, 1o [C]o®,. ‘

n

1) Soundness of Equation (q): Given any aq,as,a3 € R, let U = [H Rx(a1) H Pla2) H Rx(as) H]g. We have to prove that there

exist unique Sy, 81, B2, B3 satisfying the conditions of Figure 5 such that |[# P(f1) H Rx(B2) H P(Bs) Fﬂ = U. We are going to

first prove that assuming that such 3; exist, their values are uniquely determined by U. Since we aréq going do so by giving
explicit expressions of the unique possible value of each j3; in terms of the entries of U, it will then be easy to check that
these expressions indeed define angles with the desired properties.

One has

@ i cos (22 —ietP1 gin (B2
o~ | EmHEE | -0 (5 S
g

2

If U has a null entry, then since it is unitary, it is either diagonal or anti-diagonal. If it is diagonal, then sm( ) =0,

which, since B2 € [0, 27), implies that S = 0, which by the constraint on ; and f2, implies that 51 = 0. Consequently,

Bo = arg(Up,0) and B3 = arg (g; (1)) If U is anti-diagonal, then cos( 2) = 0, which, since 3, € [0, 27), implies that 3, = ,

which by the constraint on 5; and (2, implies that 8; = 0. Consequently, 5y = arg (UO 1) and 3 = arg (Ul’“).

Uo,1
je" Ug 1
If U has no null entry, then one has 85 # 7 and Ui = tan(%). Hence, (3 is the unique angle in [0, 7) such that
0,0
e~ B ) e~ B
2(3[]70,1 € R, namely arg (ZUO';) mod 7. In turn, 35 is the unique angle in [0, 27) \ {7} such that tan(%) = 7161]70,1'
0,0 ’ 0,0

) B2 )
Finally, one has e = M so that 83 = arg <M), and efo = Y00 5o that By = arg < U“B“z >
C

—isin(52 82 YUo,0 7isin(%)Uo,g 05(72) cos(2)
2) Soundness of Equation (r): Given any n-qubit quantum circuit C' such that [C], is of the form ( é 8 ) with
U e C¥3, let [C],, = U.

Given any v1,72,73,74 € R, let U = . We have to prove that there exist unique

g3
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01,02, 03, d4, I5, 0, 07, O, g satisfying the conditions of Figure 5 such that

i s on i (R
—{ P(61) H P(2) H Rx (35) P(d5) HRX (06) H Por) F—— Poo) |- "
or equivalently,
—1 T —{Rti] ey
_4P(51)HP(&Z)HRX(@)}i{P(a HRX d) HP(%)}—{P({SQ - " '

We are going to first prove that assuming that such J; exist, their values are uniquely determined by U. Since we are going
do so by giving explicit expressions of the unique posmble value of each §; in terms of the entries of U, it will then be easy
to check that these expressions indeed define angles with the desired properties.

7,62
e 0 0 -
R (61)
Let Ujgs |[ [ i I H = 0 el01+92) cos(%)  —isin(%) |, Us = |[ ﬂ =
P60 HPG) HEx @) |- 0 —icG+)gin(%)  cos(%) 93
cos(‘;z“é) —1 s1n(624) 0 1 _ 0
—isin(%) cos(54) 0| and Usg = |[ P((&) H = (o e“sf cos(%)  —isin(%) |. Let also Uy =
0 0 1 G SR 0 —ieds sm(%) cos(%ﬁ)
U123 e} UT, UH = U4 e} UI and UIH = U56 o UH.
By construction, _
Do) T e~ 0 0
o= [l ], = (0 e )
Poo) ] o 0 0 i
so that )
e i 0 0
Un=UlgoUm= [ 0 e i@+0rtostdo) oo5(d)  je=i(3+3s) gin (%) (Ez)
0 je~ (07105 +0) sin(%ﬁ) e~ "% cos( 9 % )
and Uy = Ul o Ury. Since Uy acts as the identity on the last entry, this implies that (Ur)2,0 = 0.!' That is, by definition of Uy,
— ief01+02) sin () U | + cos(%) U, = 0. (E3)

By direct calculation using the definitions of U and Uty, one gets (Ur)g,0 = 102 UT0 and (Ur)1,0 = ei(d1+d2) cos(%)U&f 1—
_ o _ 84) 2 84\ (pi(51+52) S\t
isin(% )UO 5, 80 that (Ur)1,0 = —isin(%) (U1)o,0 + cos(%) (Un)1,0 = —isin(% e U0 +cos(%) (e cos(%) U] 4
zsm(‘z?’)Ug_’Q). That is, since by (E2), (Umr)1,0 = 0:

- 18111(64) i62 UJ)O + cos(%“) (ei(51+‘52) COS(%)U&1 - isin(%)U&Q) =0 (Eq)

o If Up1 = Up2 = 0, then since U is unitary, Uy # 0 and (E,) becomes —isin(%)e U&O =0, that is sin(%) = 0.
Since d4 € [0, 27), this implies that §; = 0, which by the conditions of Figure 5, implies that 6; = 62 = d3 = 0.
o If (Up1,Up2) # (0,0), then ¢*(%1+92) cos( )UO 1= zsm( )UO 5 7 0. Indeed, if this expression was equal to 0, by (E3)
S1+82) 77t 03 O3
: T)Uo’l is in the kernel of the matrix ( C.OS.(?(;Z o Smgj )>,
Uo,2 —25111(7) COS( )
whereas this matrix is invertible. Then:
- If Up,0 = 0, then (E4) implies that cos(%“) = 0, which, since é4 € [0, 27), implies that 64, = 7. By the conditions of
Figure 5, this implies that J2 = 0. Then:
x If Upn = 0, then Up,; # 0, and (E3) implies that sin(%) = 0, that is, since d3 € [0,27), that 55 = 0. By the
conditions of Figure 5, together with the fact that §4 = 7, this implies that §; = 0.
* If Upy = 0, then Uy # 0, and (E3) implies that cos(%*) = 0, that is, since d3 € [0,27), that 63 = 7. By the
conditions of Figure 5, this implies that §; = 0.
x If Up,1,Up2 # 0, then (E3), on the one hand, implies that 3 # 7, and on the other hand, is equivalent to

isy prt
e " 1U0_’2
’LUO)l

this would mean that the non-zero vector (

tan(%) =

'Where we denote by M; j the entry of indices (i,5) of any matrix M, the index of the first row and column being 0.
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e~ 01 UA‘ )

Hence, ¢; is the unique angle in [0, 7) such that € R. In turn, J3 is the unique angle in [0, 27) such that

i 0,1
o—is1
tan(%) = Z-UI—TUO’2-
0,1
- If Uy # 0, then (E4) can be simplified into
—itan(%)e 2 U o + " 01+92) cos (%) US| — isin(%) UL, = 0. (Es)

* If Upo = 0, then Up; # 0, and (E3) implies that sin(%*) = 0, that is, since d3 € [0,27), that 03 = 0. By the
conditions of Figure 5, this implies that d = 0. Then (E5) becomes
—1 tan(%‘)U&o + ei‘slUg_’1 =0
that is, _
6161 UOT,l

tan(54) = iUT
0,0

2

1(5 U01

Hence, d; is the unique angle in [0, 7) such that € R. In turn, J4 is the unique angle in [0, 27) such that

eid1 T
tan(%) = LEJZ’I-

* If Upy = 0, then Uy # 0, and (E3) implies that cos(%*) = 0, that is, since d3 € [0,2m), that §3 = 7. By the
conditions of Figure 5, this implies that 6; = 0. Then (E5) becomes

—1 tam(%")ei‘s2 U&O — iUg)2 =0

00

that is, :
e 2,
tan(%“) = 02
Ut
0,0
. . . —o2yf . . .
Hence, J5 is the unique angle in [0, ) such that eUf‘” € R. In turn, d4 is the unique angle in [0, 27) such that
0,0
eyt
s
tan (%) = —T

« If U1, Up2 # 0, then (E3), on the one hand, implies that §3 ¢ {0, 7}, and on the other hand, is equivalent to

cos(f‘)UO)2

i(01+02) _
e = : (Ee)
isin(%) USJ
Then by substituting in (E5), we get
cos (—3) oA 9
—itan( % “52UT +—292  gin(&2)Ul, =0
(2) Zsm(%g) (2) 0,2
which can be simplified into
Ut
—itan(%)e: Ul 4+ —22 _ =0
(2) 0.0 F zsm(%)
which is equivalent to
tan() =~z (En)
’ sin(%)U&o
. . . e~ 20} 2 .
Hence, 02 is the unique angle in [0, 7) such that T € R. Then (Eg) can be rephrased into
0,0
e
tan(%?’) = T 0.2
iUy 1
o—i(51+82) 71
Hence, 47 is the unique angle in [0, 7) such that % € R. In turn, d3 is the unique angle in [0, 27) such
Yo
—i(51+82) st
that tan(%’) = lUf Yo.2 . Finally, &, is the unique angle in [0, 27) satisfying (E7).
tUo,1
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Thus, assuming that the §; exist, since Uy and Uyr only depend on 41, d2, 63, d4 and U, they are uniquely determined by U.
Then (E2) implies that
o If (Un)1,2 = 0, then sin(%“) = 0, which means, since ds € [0,27), that 6 = 0. By the conditions of Figure 5, this
implies that J5 = 0.
o If (Unr)2,2 = 0, then cos(%) = 0, which means, since dg € [0,27), that §¢ = 7. By the conditions of Figure 5, this
implies that J5 = 0.
o If (UII)LQ =0, (UH)Q)Q 75 0, then .
€% (Unp)1.2

56\ _
tan() = i(Un1)2,2

2

€95 (Urp)1,2

Hence, 5 is the unique angle in [0, 7) such that s

6
56\ _ €5 (Ui)1,2
ta'n( 2 ) - ’i(U[[)2,2 :

Thus, assuming that the §; exist, since Uy only depends on d5, d¢ and Uy, it is uniquely determined by U. Then by (E,),
s = arg(Uin)].). 89 = arg(Uin)],o) and &7 = arg ({Ljpalfimlzz ),

H. Proof of Proposition 20
Proof of Equation (k):

1Pe) P 2

BEG) Ry (1) H Rx (¢2)

@ RX(%)HP(O) HRx(@z)

@ JHFPB)HRx(8) HPBs) HEH]

@ Rx (p1+p2) H P(0) H Rx(0)

P1+p2
2

d
Ly Rx (¢p1+2)

(G)@(e)(b)

€ R. In turn, d is the unique angle in [0,27) such that

P(p1+p2)

The first use of Equation (q) is valid since Equation (q) is applied from the left to the right. The second use of Equation (q)
is valid since it preserves the semantics. Note that one can show that 5y = (3 = 0, f2 = 1 + p2 mod 27 and By =

0 if (¢1 + @2 mod 47) € [0, 27)

7 if (@1 + @2 mod 47) € [27,47)

Proof of Equation (1):

o P() {1} P(e) {H ]| P(r)

@
P Rx(m) H Ple) H{ Bx(m) |-
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W TP HRx (82) H P(Ba) |-

One has 51 = 2 =0, B3 = —p mod 27 and 5y = ¢ — 7™ mod 27. Indeed, this choice of angles satisfies the conditions of
Equation (q) and is sound with respect to the semantics, and Proposition 19 guarantees that this is the only possible choice.
dg&—ﬂ mod 27)+

Thus, by Equations (d) and (17), this implies that one can transform into P(-¢ mod 27) ®X)

@. Finally, D IrOHreo a0 Y JPoHExOHPromod 2} L7

P(-p mod 27) - , which terminates the proof.

L. Proof of Proposition 21

First, we can show that QC - A*P(27) = idj11 as follows:

Proposition 13

It follows that, for z € {1}*:

L ATX b Aex 2 A*P(x) ATP(m)

A*P(m) A*P(m) —

Proposion 3 AIP(QW)

QCHA® P(2m)=idj41
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J. Proof of Proposition 22

First, we prove the case for x = € :

QCy - Rx(4m) =idy  QCy F P(27) = idy

P(2r)

It follows that:

Rx (4m)

(Do)

(13)

& P(4r)

QC, + s(27) = idy

We can now prove the general case, first by noticing that QC - A* P(27) = idj41, as proven in Appendix C-I.
As A®'s(21r) = A*P(27), we have for any x € {1}*, QC - A%s(27) = id.

Finally:
] . T As(-2 .
A'® Ry (47) = G2 N1 plam
— — 7]
QCI—idk+1_:A]’s(2ﬂ) — Alacs(zﬂ.) — Al”’s(—27r) — Al“‘s(27r)
e
L4
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- fpmodan 3 6 Foh o

— (48)
. :¢ mod 27r: 44)

ESNES
SR
(S

€]

— (49)

- (45)

IS,

(50
— (46)
- @7 6D
(52)
(33)
Fig. 8: Rewriting rules of PPRS. denotes either or ——. The conditions on the angles are given in [30], note that

for Equations (52) and (53) they are the same as in Figure 6 (with ¢;, 2 and as taken as being 0 if missing).

Proposition 13 T AYs(2m) A= P(27) A P(27) o

QCHA' s(2m)=idg 11
QCHA'™ P(2m)=idy 12

APPENDIX D
PROOFS OF SECTION III

A. Proof of Theorem 26

One can easily show that every equation of Figure 6 is sound with respect to the semantics. Regarding the completeness
proof, we use the rewriting system of Figure 8 that has been introduced in [30]. This rewriting system has been proved to be
strongly normalising, moreover it has been proved that any two swap-free circuits having the same semantics are reduced to
the same normal form [30].

Using Equation (C) one can transform any circuit into a swap-free circuit. As a consequence, to prove the completeness it
only remains to show that every rule of Figure 8 can be derived using the equations of Figure 6.
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First we can notice that Rule (53) is exactly the same as Equation (F) (up to Equation (A)).
Rule (43) is derived from Equation (A) and Equation (D).

Rule (44) is derived from Equation (F) with a1 = a2 = 0 and a3 = ¢ + 2km.
Rule (45) is derived from Equation (D).

Rule (46) is derived from Equation (A).

Rule (47) is derived from Equation (B).

Rule (48) is derived from Equation (D), Equation (A) and Equation (E).

Rule (49) is derived from Equation (C) and Equation (D).

Rule (50) is derived from Equation (F) with a; = 0, ag = g and ag = 6.
Rule (51) is derived from Equation (F) with a; = ay = 0 and a3 = 0.
Regarding Rule (52), its LHS can be transformed as follows:

(A)D)E)

Note that the angles in the resulting circuit are not necessarily those of the RHS of Rule (52).
However, one can show that it can be put in normal form using the rules of Figure 8 except
Rule (52). As we have seen above that each of these rules can be derived using equations of Figure 6, this shows that Rule

(52) can also be derived using the equations of Figure 6.
B. Useful Definitions
Definition 55. Given x € {0,1}*, y € {0,1}¢ and G € {s(¢)), X, Rx (), P(¢)}, we define
AMG= ][ ALG
' €{0,1}*
v'e{0,1}¢
z'y'#xy
where the product denotes a sequential composition taken in an arbitrary order.

Definition 56. Given x € {0,1}*, y € {0,1}¢ and z € {0,1}™, we define

z . 1 x — AE — "1y’ Ax o !
Ayl = AZX, AV = ALK, Ay l= I AZYX and MNT= I ATLx
' €{0,1}* z’'€{0,1}*
v'€{0,1}* y'€{0,1}*
2'e{0,1}™ 2'e{0,1}™
'y’ 2 #xyz z'y' 2 #xyz
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C. Ancillary lemmas: Lemmas 57 to 61

=1
[Tt
>

Lemma 57.
D SR S
D SR S
QCH ! : L= | .
o
(X H P HX] P(-p)
Proof.
*
: : I Equation (10) and Progositions 21, 16 and 15 ]\ZX T
o P
*
Proposiliorﬁ 16 and 21 T

P(p)

Lemma 53 X X
+——{P(e)
P(-p)
where T denotes a list of appropriate length whose elements are all equal to 1.
Lemma 58.
- -t
-t -t
Qo ! ! = ! !
—PmHExOF  —{Rx(0)HPm |-
Proof.
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Proposition 16

) --0---0

N
=
=
=

)--0---0

Propositions 15, 16 and 13 and Equation (1)

|

— Bx (-6) H P(m) |-

Lemma 59. For any z € {0,1}*,
QCH A*Rx(2m) = A%s(m) @ —

Proof.
ARy (27T) (10), (a). Proposition 13 and Lemma 43 o AIS(-W) L A$P(27r) —
Propositions 22 an&QS and Equation (a) Ams(ﬂ) & —
Lemma 60.
Proof.
S — R
1 ! I I
1 ! I I
——————— DR




Propositions 13 and 22 | |

Lemma 59

Propoﬁjon 12 1

Propositions 15, 16 and 13

Lemma 61. For any raw optical circuits Cy : {1 — £1 and Cy : o — s, and any k, £, n with £ > {1 and k 4+ < 2™,
QCy F Dyt (C2) © Di iy (C1) = Din(C1) © Dy (Co).

Proof. We proceed by structural induction on C; and Cs.
o If Cy = CY o Cy, then
Dit0,n(C2) © Dien(C1) = Dieyen(C2) © (Dien(CY) © Dien(C1))

while
Din(C1) © Diyn(C2) = (Dg,n(CY) © D (C1)) © Diyn(C2)

so the result follows by Equation (t3) of quantum circuits and the induction hypothesis.
o The case Co = C4 o CY is similar to the previous one.
o If Cy = O @ Cf with Cf : ¢§ — ¢, then

Dk+z,n(02) © Dk.,n(cl) = Dk+£,n(02) © (DkH'l,n(C{/) © Dk,n(ci))

while
Dy.n(C1) © Dy1,0(C2) = (Diytg i (CY) © Din(C1)) © Diyon(Co)

so the result follows by Equation (t3) of quantum circuits and the induction hypothesis.

o The case Cy = C) ® CY is similar to the previous one.

o If C1 or C2 s :or —, then the results follows from Equation (t;) of quantum circuits.

o If C1,Co € {8, D&, X}, then Dy, (Ch) = A Ws(p), AyiRx(—20) or Ay X and Dyin(Cs) =
AGE+O 5(0), Ayitir Rx (—20) or Ayriim X. Using the definitions of G, (k), oy, and yj n, it is easy to check that in
any case, Dy, (C1) and Dy, (C2) satisfy the premises of either Proposition 16 or 17 and therefore commute.

O
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D. Proof of Lemma 35
For the sake of clarity, the proofs are given separately in Appendices D-D1 to D-D3.

Lemma 62. For any N > 1,i€{0,..,N -1}, b €{0,...,2" — 1} and a € {0,...,2N 771 — 1},

Gi(b
QCH D(”N,i,b,a) = AG;7)i71(2N—i—l_a_1)X

where UN i b.q is defined in Appendix D-G, and given n € N and k € {0, ...,2" — 1}, G, (k) € {0,1}™ is the n-bit Gray code
of k, defined in Definition 27. Note that G_;_1 (2N "1 —a — 1) differs from Gn_;_1(a) by only the first bit.
Lemma 63. For any k,¢,n € N,

QC+H D(O'kynﬁz) =1idi ® On.0-

where 09 =" and 0y, ¢ = UfH_é_l, where oy ¢—1 is defined in Figure 1.
Lemma 64. For any g € {7, —. s(¢), ik, {7, 5. 5C),
QCH D(Ekj(g)) =idi ® g ® idy.
1) Proof of Lemma 62: We proceed by induction on a.
It follows from the definition of D that
@b+1)2N it { T
def Gi(b
D(UN)i7b)0) = D > ) = AGZ\S,)i,l(QN*iflfl)X'
2N _(2b41)2N 111

Assuming for some a € {1,...,2V "1 — 1} that QCy F D(vN,ipa—1) = AG® X by definition of UN,;p.q.

GN,¢,1(2N7’.71—
one has!?

QCy F D(Un.iba) = D(5_a) 0 D(s4a) 0 (Agﬁ)H@N,i,l_a)X) o D(s4a) 0 D(s_a)

(2b4+1)2V " 1pa—1{ (2b4+1)2N i —a—1{
where s, = > and s_, = .
2N _(2b41)2V 1 —a—1{ 2N _(2b4+1)2V " 1pa—1{

Due to the properties of Gray codes, Gn_;—1(2V ==t — g — 1) differs from Gn_;_1(2V =i~ — a) by only one bit. That
is, there exist k,£ > 0 with k+£ =N —i—2, x € {0,1}*, y € {0,1}* and a € {0, 1}, such that
GN,i,1(2N7i71 —a—1)==zay and GN,i,l(QNﬂ'*l —a) =zay

where & :=1— a. _ _ _
Additionally, Gn_;(2V =1 — q — 1) differs from Gx_;(2V~"~! + a) by only the first bit, and Gn_;(2V ! — a) also
differs from Gx_;(2V ="~ 4+ a — 1) by only the first bit. Therefore, there exists 3 € {0, 1} such that

Gnoi(2N7 —a—1) = Bray,  Gn_i(2N77! 4 a) = Bray,
Gy_i(2VN=71 —a) = Bray and Gn_;(2V " '4a—1)= Bzay.

It follows from the definition of D that D(s_,) = Afi(b)ﬂzX and D(syq) = Afi(b)'BxX. Hence, by Propositions 11, 15

and 16, QCy - D(s_4)0D(s1q) = D(540)0D(5_0) = = (01:®idN_i_1)o0 (— ® A?*b)””X) o(0i1®idy_i—1),

so that
QCF D(vnipa) = (01 @idy_i_1) 0 (7 ® Agi(b”X) o (Agi(b)myx) o (7 ® A§i<b>$X) o (031 ®idy_i—1)
with
2Note that this product of five raw circuits should be written with more parentheses since the composition is not associative. We have omitted these

parentheses by abuse of language in order to lighten the notations. In the following, we will similarly omit the associativity parentheses whenever this does
not create ambiguity.
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QCH (@ AT X) 0 (MG (ya, X ) o (— @ AT O7X)

Propositions 21, 16 and 15

(idn—1 ® X) o(—®AG<b X) 0 (Mg, paayX ) © (—— @ AKX ) o (idy-1 © X)

ProPositionng and 16 (idN—l ® X O ( G (b)ac ) ( b)mX) o (Aegl(b)w@yX) o (idN—l ® X)

Propositions 16 and 21

(tdn—1® X) o (AG (b)zay ) o (idn-1 ® X)

In other words,
QC F D(vn.ipa) = (idipni1 ® X @ idy) o (Afg?x) o (idipr1 ® X @ idy) .

By definition of AS:'” X and Equation (10), this implies that

QCF D(vnipa) = ASP X

which, since ray = Gn_;—1(2¥ "1 —a — 1), is the desired property.

Remark 65. By defining vn ;i p,q in a less natural way using not only — and X but also and Y, one could avoid
using Proposition 21 and get the stronger result that QCy F D(UN ip.a) = Agj\;(li)v,lw\’*i*l—a—l)X’ which would in turn

imply that the equalities of Lemmas 63 and 64 can also be taken modulo QC, instead of QC.
2) Proof of Lemma 63: First, if n = 1, by definition (see Definition 32 and Appendix D-G), one has

k+e
D(oy,1,0) H P;Q; P

Jj=k+1

oM—j—1_1 oi—1l_1 oM-j-3_1
where M :==k+(+1, P; == H HDUMJba and Q; = H HDUMJ Lba)-
bmod4€{12}
By Lemma 62, for all j,
2M j—1_
B G(b

QC"P]‘— H H Gu—j_1(2M—i-1—q— l)X

b mod 46{1 2}

It is easy to check that when a goes from 0 to 2M =771 —1, Gy ;1 (2M =771 —a—1) takes all possible values in {0, 1} ~7~1,
once each, and that when b takes all possible values between 0 and 23 —1 that are congruent to 1 or 2 modulo 4, G j(b) takes,
once each, all values in {0, 1}j in which the last bit has value 1. Hence, it follows from Propositions 15, 16 and 10 that

QC+H Pj = idj_l X g (9 ’L.dM_j_l.
Again by Lemma 62, for all j,

2i-1_1 oM-3-3_4

Q= [ ITAG e e X

Similarly, it is easy to check that when b goes from 0 to 29" —1, G;_1(b) takes all values in {0,1}7~", once each, and that
when a goes from 0 to 2M=773, Gy ;(2M~7 — a — 1) takes, once each, all values in {0,1}*~7 in which the first bit has
value 1. Hence, it follows from Proposmons 15, 16 and 10 that

QCHQj=idj—1 ® ﬁ@ tdpr—j—1-

Thus,
k44

QC+H D(Uk71)g) = H idj_l (9 m (9 idM_j_l.

j=k+1
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By Equation (h), this implies that

k+e
QCH D(opae) = [] idj1® DC ®ida—j1 = idi ® 01,0 (54)
j=k+1
Finally, if n > 1, then
def n
D(okne) = D(Uk,l,é+n—1)

= D(ok1,e4n-1)"

(idk @ 01 04n—1)"

=  idg X On -

3) Proof of Lemma 64: If g =1 :or then the result follows directly from the definitions.
If g = s(¢p), then it follows from the definitions of Ej , and D that

D(Ere(s(e) =[] A"sle)

z€{0,1}k+e

where we use the notation [, . {0,1}r+¢ 1O denote the product without specifying the order of the factors. By Propositions 15
and 16, this implies that

QCF D(Ek(s(9))) = idrte @ s()
which is equal to id; ® s(¢) ® idy by the topological rules of quantum circuits.
If g = , then it follows from the definitions that if k = ¢ = 0,
D(Eso({7}) = D) = As(e) = P(o)
and if (k,¢) # (0,0),

®2k+l71

D(Ek_’[(P((p)) = D(Uk,l,l) o D <) o D(O’kﬂlyg)
with
- ®2k+£—1
D = JI A= J] AP
¥ ®)-
— ze€{0,1}k+¢ x€{0,1}k+¢

By Propositions 15 and 16, this product is equal modulo QC, to idx4¢ ® P(¢). Then, Lemma 63 together with topological
rules of quantum circuits gives us the result.

If g = {#]-, then it follows from the definitions that if k£ = ¢ =0,

2

D(Eoo({})) = D(gGg) = A's(—3) 0 AiRx (=) 0 Als(—5)

= JPEHHRx D HPED]-
and if (k,¢) # (0,0),
% ®2k+2—1
D(Ekj() = D(Uk)g)l) oD o D(Uk71)g)

SNV
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with

. ®2k+e—1
T T Lo
D|| === = ]I II Atst=5) o JI A*™Rx(=5) ]| J] A*'s(-3)
ze{0,1}k+¢ ae{0,1} 2 ac{0,1} 2 ac{0,1} 2

By Propositions 15 and 16, this product is equal modulo QCj to idj4¢ ® # P(-3) H Rx(-%) H P(-3) F, which by Proposition 18
is equal modulo QC,, to {4 }. Then, Lemma 63 together with topological rules of quantum circuits gives us the result.

Ifg= g, then it follows from the definitions that if k = ¢ = 0,

D(Eoo($) =D (S2) =AIX

which is equal to [ modulo QC, by Proposition 10;
and if (k,¢) # (0,0),

@2k +te—1
>
D(Ek,e(g) = D(O’kﬂgﬂg) @] D ~ @] D(O'kyg_’g)
with @aokt+e—1
D § = J] arx
J— z€{0,1}k+¢

By Propositions 15 and 16, this product is equal modulo QC, to idy, ® A' X, which by Proposition 10 is equal modulo QC,,
to idpte ® g Then, Lemma 63 together with topological rules of quantum circuits gives us the result.

If g = >, then it follows from the definitions that
D(Ey2,0( X)) = D(0k,,2) © D(0k10,1,1) © D(0%,2,0)

By Lemma 63, this is equal modulo QC to (idy ® 0¢2) 0 (idk+e @ _X) ® (idy, @ 0¢,2), which by the topological rules of
quantum circuits, is equal to ¢d; ® X_ ® idy.

E. Proof of Lemma 36
Definition 66 (Context). A N-mode raw context C[-]; with i € N is inductively defined as follows:
e []i is a i-mode raw context
e if C[-]; is a N-mode raw context and C' is a M-mode raw optical circuit then C[-]; ® C and C & C[-]; are N+M-mode
raw contexts
e if C['); is a N-mode raw context and C is a N-mode raw optical circuit then C[-]; o C and C o C|-|; are N-mode raw
contexts.

Definition 67 (Substitution). Given a N-mode raw context C[-|; and a i-mode raw circuit C, we define the substituted circuit
C[C] as the N-mode raw circuit obtained by replacing the hole [-]; by C in C[;.

To prove Lemma 36, it suffices to prove that for each rule of Figure 1, of the form C; = Cy with C1, Cy € LOPPyyy (4, 1),
and any 2"-mode raw context C[-|;, one has QC F D(C[C4]) = D(C[C%]). For this purpose, we prove a slightly more general
result, namely that for any %, n and any ¢-mode raw context C[-]; with k + ¢ < 2", one has QC F Dy, ,,(C[C4]) = D(C[C%)).
We proceed by induction on C[-];:

o If C[]; = C o C'["];, then Dy, (C[C1]) = Dy n(C) 0 Dy, (C'[C1]) and Dy, ,,(C[C2]) = Dy, (C) o Dy »(C'[C5]), so the

result follows by induction hypothesis. The case C[-]; = C'[-]; o C' is similar.

o If C[]l =C® CI[']Z' with C' : ¢ — /{1, then ka(C[Cl]) = Dk+g17n(cl[01]) o Dk)n(C) and Dk)n(C[Cg]) =

Diyo, n(C'[C2]) 0 Dy, (C), so the result follows by induction hypothesis. The case C[-]; = C'[]; ® C is similar.
It remains to prove for each rule of Figure 1, of the form C; = Cy with C1,Cy € LOPPyay(i, 1),
k4 i< 2", one has QCF Dy ,(C1) = Dy n(Ca).
For Equation (t2), for any Cy,Cs,C3 : £ — £,

Din((C30C2) 0 C1) = (Din(C3) © Din(C2)) © Dien(Ch)

that for any k,n with
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and
Dk,n(CB o(CyoCh)) = Dk,n(c3) © (Dk,n(c2) © Dk,n(cl))'

Both are equal according to Equation (t2) of quantum circuits.
For Equation (t5), for any optical circuits C; : €1 — ¢, Cy : by — €5 and Cs : 3 — U3,

Dy n((C1 ® C2) @ C3) = Dyyty445,0(C3) © (Diity n(Ca) © Dy (Ch))

and
D n(C1 ® (C2 @ C3)) = (Ditty+£,,n(C3) © Diyty n(C2)) © Dy n(C1).

Again, both are equal according to Equation (t2) of quantum circuits.
For Equation (t;), for any ¢-mode optical circuit C, by definition of id, and Dy, ,,,

Dy, n(idg o C) = (idy, o (idy 0 (- -+ 0 (idy 0idy)) -+ +)) © Dg.n(C)

with ¢ + 1 occurences of id,, in the right-hand side. This is equal to Dy, ,,(C') according to Equation (t;) of quantum circuits.
Similarly, Dy, »,(C oidy) = Dy n(C).
For Equation (t3), for any ¢-mode optical circuit C,

Din(C 1® C) = Dy (C) 0'idy

which is equal to Dy, (C) according to Equation (t;) of quantum circuits. Similarly, Dy, ,,(C @1 1) = Dy, (C).
For Equation (tg), for any optical circuits C7,C5 : £ — ¢ and C3,Cy : m — m,

Dy ((C20C1) ® (Cy0C3)) = (Dige,n(Cs) © Diton(C3)) © (Diyn(C2) © D o (C1))

and
D ((C2 ® Cy) 0 (Cr ® C3)) = (Dyyr,n(Cs) © Dy n(C2)) © (Dyge,n(C3) © Dy o (Ch))-

The result follows from Equation (t3) of quantum circuits and Lemma 61.
For Equation (t7), one has

Din(DXC 0 X0) = Ayin X o Ay X
which by Proposition 21, implies that
QC F Dy (X 0 2X0) = idy.

On the other hand,
Dy(—— @ ——) =idy 0 id,, = idy,.

For Equation (t4), we proceed by induction on C.
o If C = (1 0Cs, then o, 0 ((C1 0 Ca) @ —) = (0k 0 (C1 ® —)) o (C2 ® —), and the derivation of the equivalence
does not use Equation (t4). Hence it follows from the paragraphs above that

QC F Dk,n(gk o ((Ol [¢] CQ) X 7)) - Dk,n((gk o (Ol X 7)) o (OQ (24 7))
It follows similarly from those paragraphs that
QCH Dkyn((i X (Cl o 02)) o O'k) = Dk_,n((Cl (24 7) o ((CQ X 7) o O'k)).

The equality modulo QC of the two right-hand sides follows from the induction hypothesis, together with the compatibility
of Dy, ,, with Equation (t2) modulo QC, which is proved above.
o If C =C1 ®Cy with Cy : #1 — ¢4 and Cs : {5 — {5, then

0r 0o ((C1 ®@C2) @ —) = ((04, 0 (C1 @ —)) ®idy,) o (ids, ® (04, 0 (Ca @ —)))

and the derivation of the equivalence does not use Equation (t4), so that by the paragraphs above (together with Equation (t;)
of quantum circuits),

QCF D p(ok 0 ((C1 ® C2) @ —)) = Dn(0s, © (C1 @ —)) 0 Dyyp, (04, © (C2 ® —)).

The result follows by applying a similar transformation to the right-hand side of Equation (t4) and applying the induction
hypothesis.
o If C' ={}or —, then the result follows from Equations (t;) and (t3) of quantum circuits.
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o If C =4, let us write G, (k) as zay with a € {0,1} and y = € if k is even or y = 1.07 for some ¢ if k is odd. Then
by definition of Dy, ,, and Equation (23), if ¢ = 1 then

QCF Dypn(o10 (@ —)) = Ay X o Ay P(p)

and
QC t Dy ((—— @ fF) 0 01) = (idjy) ® X ®'id)y)) 0 AL P()(id)y) ® X @ id)y|) o AL X.

By Propositions 15, 16 and 21, the following equalities are true modulo QC:
AiX o AgP(gD) = (2d|m| RX® Zd‘y‘) o /_L?X OA%P(QD)

(idjy) ® X ® id),|) o AZP(p) 0 AZX
= (id|m| RX® id‘y‘) o A;P(g)) o (idm RX® id|y|) o AgycX

which gives us the result. The case a = 0 is similar.

o If C = DU, by the properties of the Gray code, exactly one bit differs between G, (k) and G, (k + 1), as well as
between G, (k + 1) and G,,(k + 2), and in exactly one of the two cases this is the last bit that differs (namely between
G, (k) and G, (k + 1) if k is even, and between G, (k + 1) and G, (k + 2) if k is odd). Hence we can write Gy, (k) as
rayb with a,b € {0, 1}, in such a way that G,,(k + 2) = zayb and G,,(k + 1) = zayb or xayb depending on the parity
of k. We treat the case where k is even, the case with & odd is similar. Then

D (o3 0 (DK ® —)) = A" X 0 A% X 0 A" R (—26)

and
Din((— @ D) 002) = Al Rx(—20) 0 A" X 0 AT} X

so by Lemma 52 and Equation (10), it suffices to prove that for any 6,
QCH A"WX o A7) X o A" Rx (0) = A7, Rx (0) o A"'¥ X o AT, X.

To prove this, one has, modulo QC (together with the topological rules of quantum circuits):

ATIUX 0 A7y X o AR (g) TP IS T T ) [ A [ R
Proposilioxglé and 17 ]\%g ARy (6) Ang

Propositions 21,;6, 11, 15 and 10 Agg AW Ry 6) Agﬁ

Proposi:lion 17 ]\ég Aéﬁ AmlyRX(g)
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Proposition 11

a0Ma2)

Propositions 10, 15 and 16

Lemma_SZ, (10)

71

AR (6)

A" R (6)

he

e

A2, Rx (9)
A1 Rx(9)
[y 1
X
= A% Ry (6)

¥,

X ©
Dﬁ A‘y’le(ﬁ)

e

e

AY Rx(0)




Propositions 10, 11, 15, 16 and 21 ——— -z . —
P = Ayg AL X Aj Rx(9)

P sition 17 — —x
roposition A X Ayg A Rx(9)

Propositions 21, 16, 11, 15 and 10 2 1 .
= Ay Rx(0) o A"V X o A, X.

e The case C' = °XC is similar to the preceding one, with Rx (6) replaced by X.

F. Proof of Lemma 37

By Lemma 36, to prove Lemma 37, it suffices to prove that for each rule of Figure 6, of the form C; = C5 with
Cy,Cy € LOPPyay (4, 1) (see Footnote 10), and any 2"-mode raw context C[];, one has QC = D(C[C4]) = D(C[C%]). For this
purpose, we prove a slightly more general result, namely that for any k,n and any ¢/-mode raw context C[-]; with k 4 ¢ < 2™,
one has QC t Dy, ,(C[C1]) = D(C[C2]). We proceed by induction on C[-];:

o If C[]; = C o C'["];, then Dy, (C[C1]) = Dy n(C) 0 Dy, n(C'[C1]) and Dy, ,(C[C2]) = Dy, (C) o Dy (C'[C5]), so the

result follows by induction hypothesis. The case C[-]; = C'[-]; o C' is similar.

o If C[]l =C® CI[']Z' with C' : ¢ — {1, then ka(C[Cl]) = Dk+g17n(cl[01]) o Dk)n(C) and Dk)n(C[Cg]) =

Dit, n(C'[C2]) © Dy, (C), so the result follows by induction hypothesis. The case C[-]; = C'[]; ® C' is similar.
It remains to prove for each rule of Figure 6, of the form C; = Cy with C1,Cy € LOPPyay(i,14), that for any k,n with
k414 < 2", one has QC - Dy, ,(C1) = Dy »n(C2). Again by Lemma 36, it suffices to prove that QC - Dy, ,(C]) = Dy n(C%)
for arbitrary C{ and C} such that C7 = C and C} = Cs.

For Equation (A), one has Dy ,,(—0}—) = A% (®)5(0), Dy ,(—2a}-) = AS*)s(27) and Dy ,,(—) = id,,. The three are
equal modulo QC by Propositions 13 and 22.

For Equation (B), one has Dy, ,( %) = Ay Rx (0) (where zy, ,, and yj, ,, are defined in Definition 32) and Dy, ,,(—__ ) =
idy, o idy, = idy,. The two are equal modulo QC by Proposition 13.

For Equation (C), one has Dy, ,,(O><) = AyF” X, and Dy (2

- TI AG"(j)s(—g) o A" Ry (—). Note
je{k,k+1}
that the definitions imply that

{Gn(k)u Gn(k + 1)} = {xk,noyk,nu xk,nlyk,n}- (55)
Therefore,
5 72 aTp n n m €
Dk,”( ) - OL |2k, © H At S(_§) © ACEk nUk, nRX(_W) O Tlzg nl,1
ac{0,1}
Proposniorgls mae 017|xk,n| o (7 ® Awk,nyk,ns(_%)) © A;k nYk, nRX(_ﬂ-) o lek,n|71

which by Lemma 48, Definition 8, Proposition 22, and Equation (a), is equal modulo QC to AZ: " X.

For Equation (D), one has Dy, ,,(-fiH#s-) = AG(F)s(py) 0 AGn(F)s(p1) and Dy, (ferted-) = A s(py + o). Both
are equal modulo QC by Proposition 13.

For Equation (E), one has

Dm 00 = AprRx(=20)0 [ T AT @s(y)
je{k,k+1}
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(55

Propositions 15 and 16

Lemma 48

Propositions 15 and 16

For Equation (F), one has

Az Ry (=20)0 [ ] Ameraverns(p)
ac{0,1}

T1 e nl © Ay X (—26) © H A*TEnIRn5(0) | 0 Oy 11

ace{0,1}
O1zpnl © Moy e Bx(20) 0 (—— @ ATen¥rns()) 0 Oy 11
O1,jap.n] © (—— @ ATknYkng(p)) o A;k,nyk,nRX(_Zo) 0 Olay i1

Ul#‘zkﬂl' °© H Aamk,nyk’"s((p) °© A;k,nyk,n RX(_29) © 0‘|Ik1n‘.’1
ac{0,1}

H Axk,nayk,ns(<p) o AZ:::RX(_29)
116{0)1}

[T A9Dsp) | o AyinRx(—26)
jek b1}

0]
Din( ).

Din (OB a7y = AT R (205) 0 AT W) s(ay) 0 AL R (—201)

Bin ¢ O3 Th,n
Dy (B2 E ) = AG D 5(8,) 0 AP s(83) 0 AL R (—282) 0 A9 ) 5(5,).

Note that for some ai, € {0,1}, one has G, (k) = 2k narykn and G, (k + 1) = x ,axYk n- Therefore, by Proposition 12,
for any ¢ € R, one has QC - A" (M s(p) = AyF" P(p) and QC F A% R () = (id),, || ® X ®id)y, ,|) o Ayer P(g) o
(idmm‘ XX ® id\yk,n\)’ or conversely. Thus, up to using Equation (10) and possibly Lemma 52, it suffices to prove that
AR (—2a3) o A" 1P () o A" LRy (—20a) = (idy,—1 @ X) o N LP(B4) 0 (idy 1 ® X ) o A" LP(B3) o A" "I Rx (—232) 0
A"~1P(B1). One has

Lemma 53

Proposition 13

: ' ' P(Ba)

I I
~{ P HRx(282) HP(Bs—80) |———
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T T T T
1 1 1 1
1 1 1 1
Proposition 22 T T T 1|'
- 1 1 1
! ! 1 P(B4)

=

P H Rx(282) H P83~ mod 2m) | ———

Because of the conditions on the angles in the right-hand side of Equation (F), if 32 = 0 then the angles of the last circuit
satisfy the conditions so that it matches the right-hand side of Equation (29). Hence, since it has the same semantics as
A" Ry (—2a3) o A" 1P(ag) o A" "1 Rx(—2a1), both circuits are equal according to Equation (29).

If B2 # 0, then

*
*

!
4{ P(pr) H Rx(-252) H P(f3—f4 mod 27) }7

—eo---9---9
—eo---9---9

; ! ; ; ;
Propositions 13 and 22 % % % % %
) % % % % P
4 P(B) H Ry (27—285) H Rx(27) H P(B3—f1 mod 27) }7
! ; ; ! ;
Lemma 59 % % % % %
) — PP
[P} (50— (PO Ao
H H H H
Lemma 54 and Pr@osilions 13 and 22 ‘:f ‘:f ‘:r ‘:r
B -I( -'( -'( P(B4+m mod 27)

=

&

Because of the conditions on the angles in the right-hand side of Equation (F), one has 35 € (0, 7), so that 2r—23, € (0, 27),
and if 27 — 232 = 7 then 2 = 7, so that 31 = 0. Hence, the angles of the last circuit satisfy the conditions so that it matches
the right-hand side of Equation (29). Again, since it has the same semantics as A" ' Ry (—2a3)o A" "' P(a2)o N "' Rx (—2ay),
both circuits are equal according to Equation (29).

For Equation (G), by the properties of the Gray code, exactly one bit differs between G, (k) and G, (k + 1), as well as
between G, (k + 1) and G, (k + 2), and in exactly one of the two cases this is the last bit that differs (namely between G, (k)
and G, (k + 1) if k is even, and between Gy, (k + 1) and G,,(k + 2) if k is odd). Hence we can write G, (k) as zayb with
a,b € {0,1}, in such a way that G,,(k + 2) = zayb and G, (k + 1) = zayb or zayb depending on the parity of k. We treat
the case where k is even, the case with k odd is similar. One has

1) H Rx (2m—245) H P(33—B4 mod 27) }

7 Y4
Dy V = Amny(—2’Y4) o AZBRX(—273) o Awaybs(,w) o AmayRX(_z,yl)

and
i o . 5
Dy, (5356 b | = ATWbs(8g) o ATWPs(6g) o ATWPs(57) o A;BRX(—266) o ATl (55)
B/ oAV Rx(~261) 0 A, R (~203) 0 ATWPs(62) o AP (5.

Up to using Equation (10), we can assume that the components of x and y are all equal to 1. Up to using additionally
Lemma 52, we can assume that a = 1 and b = 0. Finally, up to deforming the circuits, we can assume that y = €. Thus, it
suffices to prove that

QC F A" Ry (—2v4)oAT Rx (—273)0A™ %5(y2)o A"  Rx (—271) = A®1s(dg) o A®Ms(dg) o A®105(57) 0 AT Rx (—236) o A®Ms(d5)0
A Ry (—284) o AT Rx (—2d3) o A®105(82) o A% s(6y)
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where x = 1772,
The left-hand side is equal to

Propositions 13, 15 and 16

=
S
)
2
L
L

Rx (-274)

Lemma 48

while the right-hand side is equal to

Pl H P H R (280) [ P(oo) H{ Rx200) H Plon) | Plow)
| O T : P(o,)

. P H Pl H P(o7) H Rx(-200) [P0 H Rx(20) H P H P
! l Rx (-26,) o P(09)

Propositions 13, 15 and 16

><—‘ P(72) H P(01—02) H P(02—2) H Rx(-243)

L o--
L o--

Hence, it suffices to prove that

! ! ! ! ! ! ! T
_— % S SRS S S SE S
e

— P(01-82) H P(82—72) H Rx (-20) m P(35) H Rx (-2d6) H P(67) H P(0s)

The left-hand side matches the left-hand side of Equation (r), hence it suffices to prove that the right-hand side can be put in
the form of the right-hand side of Equation (r) with the angles satisfying the conditions. One has

---9---4
---9---4

--9---9
---0---4
--9---9
--9---9
--- -4

B R

— P(01-82) H P(82—72) H Rx (-20) m P(35) H Rx(-2d6) H P(67) H P(0s)

—
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--0- -4

Propositions 13 and 15

--9---9
---9---4
--9---9
--9---9

L --e- -4

B e
-t---9---9

—o---0---4
—o---0---¢

[ PG1=02) |- P(52—2) |- x (255)

1 1 1
Propositions 12 and 13

L o--

Propositions 13, 15 and 16

L o--

1 1 1 1 1 1 1 1 1
Proposition 13

Rx (-264)

L o--

Propositions 12, 13, 15 and 16

L o--

S EEUCE] i o i
~{ P01-03) H P(G2—2) |- Bx (-205) }i{ P(35) H Rx(-206) H P(ds—07—09) H P(or) |———

P(35) H Bx (-206) H P(-07) H P(9s—00) H P(67) F——

—| P(61-02) [ P(02—72) || Rx (-265)
H H H H H H HEER
| - e
It remains to prove that any circuit of the form ' ' | ' ' ' ' ' '
T ' T Rx(54) P((Sg) '
~ P H P(62) H Rx (65) P(35) H Rx (3) H P(67) P(%)

can

be transformed using the axioms of QC in such a way that the angles satisfy the conditions given in Figure 5. We treat the

conditions in the following order (note that some of the conditions of Figure 5 have been split into two parts):
o 03 € [O, 27T)
. (54 S [07 27’(’)
. (56 S [07 27’(’)
e if 63 =0 then §o =0
.if637£0but54:7rthen52:0
e if 63 =0 and 64 = 7 then 63 =0
e if 03 = m then §; =0
o if 64 =0then 6; =2 =93 =0
o if O3 # 0 then §; € [0, 7T)
e if 63 = 0 then §; € [0, 7T)
.if66:0then55:0
e if 06 = m then d5 = 0
e Jo € [07 7T)
. (55 S [077'(')
e 07,08,09 € [0,27‘().

For each of them, we prove that given a circuit satisfying the previous conditions, we can transform it into a circuit satisfying

also the considered condition.
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If 63 ¢ [0, 27), then by Proposition 22, we can assume that it is in [0, 4r), and then if it is in [27, 47), then:
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P(d9)

Py

P(35) |- Rx (6) [H P(67) | —— P(6) |-
P(I58)

P(6s) H R (60) H P F——{ Pon) |-

r i
% P(3s)
P(d5) H Rx (06) H P(é7)
i
'
P(ds) .
P(35) [H Bx (66) H P(d7) |—— P(6) |-

P(ds)
P(35) H Rx (30) [ PGo7) | PG3s) |-

hd
Rx(d4)
x (27) }i{
!
%
Rx(d4)
| P(m) H P(m) H Rx (54)
HP(m) HP(r)

[P0 HP@) HAx )

=
(0]
=
-
PR
[
<f
=
fR
[=)
.
72}
-
-
=
[
=
=1
(]
=
-
o)
=1
<
PR
[
<t
=)
[=]
— . .=
—
'SP fa) < _ £ 2 3
= ° - ST <
o - --0 - -—— - > 07 o= --0 - =
T = 5] = Z =
e h
& & & ® ® ® ® -
] ] N N N N N rmo e
| | ) ) ) ) i A
-||L-‘“w)w T::-::L-‘/:W -- ||LT/&M -- ||.e‘/rw -- ||.e‘ﬂ0“\. -- ||.e‘ﬂ0“\. -- ||L-‘(&M =i m
" " x x x x | & o
~ ~ ~ ~ < < i © g
1 1 T T T 1 1 m O e --d _
= = = = = = =~ 17 )
---1-12 ---¢--1-1 | & --¢--1 1S - -1 1| - -1 1| - -1 -1e R sl ek ) 4 =
" " A A, o® A A8 o e
1 1 1 1 1 1 1 S I P
= = = = = = = =)
—---— = —-----o— - - - - = - - = - - = - = W it
A A oe A, A, A, 8 N =
72}
1 1 1 1 T T T8 Q
n p
g g
2 T A
< .
=] —~ >
[32) n m n 2 2] nM <
5 ? P = P E p R
£ 5 £ g £ » £ = 5
.m__ m__ .m: Sl .m: bl .m__ v
g 3 & = & g & & &
& & g & £ & N a
] 3 =
S L w
£ I
x -
2 =
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Proposition 13

Lemma 59

Proposition 15

Propositions 16 and 13 and Lemma 58

Lemma 54 and Pr(Eositions 13 and 15

P HP:) HAx ()

with §4 — 27 € [0, 27). Hence, we can assume additionally that 64 € [0, 27).

If ¢ ¢ [0, 27), then by Proposition 22, we can ensure that it is in [0,47), and then if it is in [27, 47), then:

Proposition 13

Lemma 59

79



H P@r)

((5672ﬂ')

-

"1 e

with d¢ — 27 € [0, 27). Hence, we can assume additionally that g € [0, 27).

(52) H Rx(6)

Hr

P(01)

4

Lemma 54 and Proposition 13

If 63 = 0 but 65 # 0, then:

P(d9)

Proposition 13

P(d9)

P(o) |- P(3s) [ Aix 60) | Pl

)
~~/
- S
g
—
©
rO
- --0— —
V,A
~
—
>
-5
A9
—
N
<
-
]
=
—
<
- - - ~~
5
—
=
-2
5

— PG

Lemma 48
Proposition 15

Propositions 16 and 13

——---—

——---—

———--—

Rx (64)

Propositions 13 and 15

P(62+405) H Rx(d6) H P(67—02) H P(I(Sz) }—{ P(I&a) #

—|P@)

Propositions 12, 13, 15 and 16

Proposition 13
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Hence, we can assume additionally that if 3 = 0 then d = 0.

If 03 # 0, and §4 = 7 but d5 # 0, then:

|

P HP2) HAx ()

T
P(ds) .
P(35) H Rx (06) H P(67) |—— P(39) |-

%)

!
1
%) H P(-5)

--0---¢—

53)HP(

R
P

52) H Rx(

—
—{ P HP(

———--—

———--—

— P(81) H P(62) H P(32) H Rx (5

Proposition 13 and Equation (28)
Proposition 15

T
P(ds) .
P(ds) H Bx (65) [H P(d7) |—— P(%9) |-

%)

(l

HP

(03) H P(d2)

> - - -0 --0-

H
[
—| P(31+65) H Rx

Propositions 13 and 16
Proposition 12

T
P(ds) .
| P(35) H Rx(6) | P(97) |——| P(%) |-

aa
---1-1.L
q
1T
2
- - -o— —
%
oo
T
=
- - - 0— ;‘M
=
QL
B
<
v
<
Ell
£
Q
—

—_——---—

Lemmas 53 and 57

—
k|~
G R
A
L
—
)
S
- - -o— —
ol
~
1
—
™
o
R Lﬁ
S
=
A
IS
=
.2
Zl
°
=9
2
~

Propositions 12 and 13

P(6+85) |- Bx (56) [ P(67) | Pl3o) |-

.
2

55) H P

—{ P(31+82) H Rx(
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-9---4

Equation (28) and Proposition 13

---0---4
---9---4
---9---4

-t---9---9

Proposition 13

A
—{ P(61+62) H P(0) [H Rx (3s)

P(55+55) HRX (86) HP (57)

Hence, we can assume additionally that if §4 = 7 then d2 = O (note that by the previous assumption we already had 63 = 0
when 63 = 0).

If 63 = 0 and d4 = 7, then by assumption, do = 0. If we do not have additionally that §; = 0, then:

Proposition 13

Proposition 13 eEd Equation (28)

Proposition 12

Lemma 54

Proposition 21 and Lemmas 57 and 53
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Proposition 12

Proposition 16

Propositions 13 and 15 and Lemma 54

P(ds)
P(05) H Rx (06) H P(d7—01) }—{ P(51I+59) F

Equation (28) and Proposition 13

Proposition 13

7 then 6; = 0.

Hence, we can assume additionally that if 5 = 0 and d4

If 65 = w but 6; 75 0, then:

Proposition 13 and Equation (28)

P35) H R (06) H PUom) |—— Plo0) |-

P(d2)

P(d1)

Propositions 13, 15 and 16

5) H Rx (d6) H P(d7) }—{ P(I59) #

P(s

P(d1)

(62)

Lemma 54
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Proposition 21 and Lemmas 57 and 53

Proposition 12

Proposition 16

Proposition 12

Propositions 13, 15 and 16

Proposition 12

Lemmas 48 and 54 and Proposition 13

e ! ! ! ! ! ! !
Equation (28) and Proposition 13 1|' 1|' % ; ; ; -'r -'r -'r
— P(0) H P(32) H Rx(m) m P(65—01) H Rx (696) H P(07) P()

Hence, we can assume additionally that if 63 = 7 then §; = 0.

If 64 = 0 but (41, 2, d3) # (0,0,0), then:
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---0---4

Proposition 13

1

!

g

1

!

&

1

=

>

&

Hﬂ
—o---9---¢ i"‘""

=

!

S 9---9---9

1

=

ol

&

1

|

/a—c --—9---4
ST >|-e---e

e,

s

1

L ! T L
S A (S S S S s
) S g g g ) L
—{P(61) [ P(32) H P(B1) H Rx(82) [H P(8s) || P(67) |—— P(do) |-
Lemma 54 and Proposition 13 : : : : : : :
- : : : , ' (Bo+ds)
Py HPs2) H P80 H Bix (82) H P (a7 P(6)

Proposition 15

Propositions 16 and 13

L o--

% T P(Bo+ds)
— P(31+02+B1) H Rx (82) H P(B5-+97) H P(52) P(3y)

Propositions 13 and 15 and Lemma 54

—e--9---¢

—e--9---

Proposition 13

-I( : % Rx(0) 'I( % ! (Bo+03) '
—P(O) H P(0) |- Rx(0) ﬁd P(31+02+51) H Rx (82) H P(Bs+d7-62) P(32+4o)

where fy, 51, 82 and 3 satisfy the conditions given in Figure 5. In particular, 82 € [0, 27), so that the previous assumptions
are preserved. This implies that we can assume additionally that if 64 = 0 then §; = d2 = d3 = 0.

If 6; ¢ [0,7), then by Proposition 22, we can ensure that it is in [0, 27), and then if it is in [, 27), then, if d5 # O:



1
A
9
>- - - -‘cfo.(\
A
T
<
- - -0o— =
=
T
>- - - -‘r(ozw
A

T
Rx(d4)
a1

.::LT(V,M
=
T
9
T
>- - - -‘r(OI\
9
T

Proposition 13

P(d9)

Propositions 13, 15 and 16

--9---o—|

———--—

Lemma 60

--9---¢
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with 6; — m € [0, 7). Moreover, since d3 # 0, one has 27 — d3 € [0, 27), so that the previous assumptions are preserved.

And, still in the case where d; € [, 27), if 3 = 0, then by assumption, d = 0, and one has:

R

{PG—m) H P(62) H Rx 2

Proposition 12
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Proposition 13
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Propositions 13 and 15 and Lemma 54
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with §; — 7 € [0, 7).

If 6 = 0 but J5 # 0, then:
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Proposition 13

Proposition 13

Proposition 13

Hence, we can assume additionally that if g = 0 then 05 = 0.

If 66 = m but 5 75 0, then:

Proposition 13 and Equation (28)

Lemma 54

Proposition 21 and Lemmas 57 and 53

Proposition 12
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Equation (28) and Proposition 13
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Hence, we can assume additionally that if §g = 7 then d5

Proposition 13

=0.

If 62 ¢ [0, 7), then by Proposition 22, we can ensure that it is in [0, 27), and then if it is in [, 27), then:
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Lemmas 48 and 54 and Proposition 13

> - - -

P HPE)

d3)

2m—

(

{7

with d2 — 7 € [0, 7). Moreover, since o # 0, by assumption d3 # 0 and 64 # 0, so that 27 — d3 and 27 — &4 are still in

[0,27) and the previous assumptions are preserved.

If 65 ¢ [0, 7), then by Proposition 22, we can ensure that it is in [0, 27), and then if it is in [, 27), then:
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with d5 — 7 € [0, 7). Moreover, since d5 # 0, by assumption dg # 0, so that 27 — d¢ € [0, 27) and the previous assumptions
are preserved.

Finally, by Proposition 22 we can put d7, dg and dg in [0, 27) without modifying the other angles.
G. Definition of o.ne

Ok,0,6 = (7)®2’“H and Vn > 2, 0p = 0 yn_1, With
k44
Ok,1,6 = H PijPj
j=k+1
where

B
o given a family of N-mode circuits Cly, ...,Cp, H Ci=(...((CgoCp_1)oCp_2)o...)oC4,
i=A

« Pj is a raw optical circuit such that &,, o [P;] o 6 L= idj_1 ® [[g]] ® tdpr—j—1, defined as
271 2M-i-1_3

Pi= I  II vmisa
a=0

b=0
b mod 4€{1,2}

o Q; is a raw optical circuit such that &, o [Q;] o &1 = idj_1 ® [[ﬁ]] ® tdpr—j—1, defined as

2‘7'7171 2A47j7371

Qj = H H UM,j—1,b,a
b=0 a=0

(20 +1)2N-"t —q -1

(2b+1)2N-i-1 1
e UN,ibq 1S araw optical circuit such that vy ;p ¢ = . It is defined for any NV > 1,
(20 + 1)2N =it

(2b+1)2V """ 4 a
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i€{0,...,N—1},b€{0,..,2 — 1} and a € {0,...,2¥~%=1 — 1}, by finite induction on a by
@b1)2N it { T
UN,i,b,0 = ><,
N _(2b41)2N it { T
and for a € {1,...,2N==1 — 1},

UNib,a "= S—a © S+a ©UN,i,b,a—1 O S+a © S—a;

2b4+1)2V " 1pa—1{ (2b+1)2N a1
where sy, = > and s_,:= >,
2N _(2b41)2V "1 —a—1{ 2N —(2b4+1)2N 1 pa—1{
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