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Abstract

We derive by the traditional Algebraic Bethe Ansatz method the Bethe equations for the general
open XXZ spin chain with non-diagonal boundary terms under the Nepomechie constraint [I]. The
technical difficulties due to the breaking of U(1) symmetry and the absence of a reference state are
overcome by an algebraic construction where the two-boundary Temperley-Lieb Hamiltonian is realised
in a new Ujyslz-invariant spin chain involving infinite-dimensional Verma modules on the edges [2]. The
equivalence of the two Hamiltonians is established by proving Schur-Weyl duality between Ugslz and
the two-boundary Temperley-Lieb algebra. In this framework, the Nepomechie condition turns out to
have a simple algebraic interpretation in terms of quantum group fusion rules.

Introduction

Let us consider the open XXZ Hamiltonian acting on H := (C2)®" with the most general boundary fields

N-1
Hyq = Z (afajﬁrl +0l0!,, + cosh(h)oio? | + sinh(h)(o7,; — af))
i=1

N =

sinh(h)
2sinh(hd;) cosh(hk;)

sinh(h)
2sinh(hd,) cosh

(ehGZUii- + e*hf’lgl— + Sinh(h(éz + fil))Uf) M

) (eheTo.j\} +e Moy — sinh (h(8, + HT))UZZV)

depending on 7 parameters h, &/, £/, and 0;/, where

« (0 1 y_ (0 —i . (1 0
=\t o) 77\ o) 7 7\o -1
are Pauli matrices and

1 0 1 1 0 0
+ 2 (5T LigY) — - 2 (g% _igY) =
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are raising and lowering matrices. Performing a rotation of angle 6 around the z-axis shifts 6;,, by ¢ while
leaving the other 5 parameters unchanged so one can always set, for example, 6, to 0. In other words, the
spectrum of H,, 4. only depends on the difference

Q:=6,—0, (2)

and so there is actually only 6 relevant parametersﬂ

While it is known from Sklyanin’s boundary Bethe ansatz formalism [3] and the subsequent construction
of boundary K-matrices [4,[5] that H, 4. is integrable, the rigorous implementation of this procedure for
the most general choice of parameters is far from being straightforward. The main reason is that the non-
diagonal boundary terms in ([l containing Uli and U]:{:[ break the U(1) invariance of the usual XXZ model
and so |T>®N is not an eigenvector of H,, 4. anymore and cannot be used as a reference state (also sometimes
called “pseudovacuum”) for Algebraic Bethe Ansatz (ABA).

In the last twenty years, various new approaches have been proposed to circumvent this problem. A first
major breakthrough was made in [IL[6] and independently in [7], with the derivation of the Bethe Ansatz
Equations (BAE) under the assumption

O +K+0,+Kk, £O=2M+1-NcZ (3)

where M > 0 is the magnon number, a constraint informally known as the ” Nepomechie condition” B Later
on, the BAE for any choice of parameters were derived [8] and it turned out that if the constraint (B]) is not
satisfied they contained an additional ”inhomogeneous” term, which moreover fixed the magnon number
to M = N (see more details in Appendix [C]). The same equations were also obtained using the separation
of variables method [9]. Additionally, the closely related Modified Algebraic Bethe Ansatz formalism was
developed [10HI2] as well as an algebraic framework based on the so-called g-Onsager algebra [13].

Although these methods provide a satisfactory solution to the spectral problem of H,, 4. it is fair to say
they are rather indirect and still lack a simple conceptual understanding. Indeed, in the above-mentioned
works, the BAE are either derived by analytically continuing some truncated functional relations and fusion
rules at roots of unity [IL[6], by using an intricate dynamical gauge transformation [7,[I2] or by writing the
most general form for the eigenvalues of the transfer matrix respecting certain analyticity conditions and
asymptotics [8]. In all these different approaches, the Nepomechie condition (B]) naturally appears at some
step of the computation but its conceptual meaning remains elusive.

In this paper, we will rigorously derive the BAE for all H, 4., under the constraint (3) by standard
Algebraic Bethe Ansatz and explain the algebraic origin of this condition.
Our first step is to reinterpret Hy, q. as (a representation of) an abstract element

N-—1
H:= —ub — pbr — Z €;

i=1

belonging to a certain lattice algebra, namely the two-boundary Temperley-Lieb algebra 2B, v, N, eval-
uated in a specific 2V-dimensional representation (Wp, py,) called the vacuum module (see definitions in
Section [LLT]). Concretely, this means that, with some (explicit) mapping of parameters (h, &;/,, K1/, ©) <
(8, 91/r, Y, ptiyr), we have Hy q. = pw,(H) (see Theorem [ which is due to [14]).

The next step is to repackage all the H,, 4. satisfying (B into sectors of a different spin chain whose
Hilbert space

r

Hap = Vo, ® (CQ) N v

is constructed from NN spin-1 representations and two infinite-dimensional Verma modules V,, ,, of the Ugsly
quantum group and whose Hamiltonian Ha, commutes with the action of Ugsly on Hayp (Sections [2HIJ).
As a representation of Ugsly, Hop decomposes into an (infinite) direct sum of irreducible representations,

LOne can also show that the spectrum of Hy, 4. does not depend on the sign of © (see end of Section [LT]).
2Note that the notations a., B+, 0+, 1 in [I] correspond here to 5l/'r7 Ki/rs O1/r, h respectively and that k =2M +1 - N
according to [I, Equation (3.31)].



with some multiplicity spaces Hpr, M > 0 B9). It was shown in [2] that (for even N) Hjs carries an
action of the two-boundary Temperley-Lieb algebra 2B, . v, ~ for some explicit value Yjs of the V'
parameter (Il). Here we prove that, as a 2Bsy, v, v-module, Hjs is isomorphic to the (irreducible)
vacuum module Wy if M > N and to an irreducible piece of Wy if 0 < M < N — 1 (Theorem [3),
thereby confirming [2, Conjecture 1]. This new Schur-Weyl duality between Ugsly and the two-boundary
Temperley-Lieb algebra is the main algebraic result of this paper.

Using this theorem, we can interpret the restriction of Ho, to H s as a representation of H and thus
identify it with H,, 4. satisfying @) for M > N and with an irreducible subblock of H,, 4. satisfying (3] for
0 < M < N-1(Corollary[Il). By a simple algebraic transformation, we are also able to reach the remaining
block of Hy 4. for 0 < M < N — 1 as well as negative values of M, thus realising any H,, q. satisfying (3]
as some subsector of Hyp, (Corollary ). In other words, the spectral problem of Hy, 4. for all values of
the parameters subject to the constraint (3) is equivalent to diagonalising Hap. But this is a simpler task,
since Hgyp, as a representation of H, is integrable [15], and, as an operator acting on Hap, is Uysle-invariant
and so has a suitable highest-weight reference eigenvector to implement ABA. This formalism also gives
an algebraic interpretation of the Nepomechie condition: it is just a direct consequence of the fusion rules
for the Ugslp-modules entering the construction of Hgp, in particular Verma modules, which restrict the
possible values of the Y parameter of 2B, v,n to the discrete set {Yar, M € Z}.

It is worth mentioning that the idea to use the two-boundary Temperley-Lieb algebra to derive the
BAE for Hy 4. and to understand the Nepomechie condition from an algebraic point of view was previously
explored in [16]. However, the lack of a suitable Ugslo-invariant representation in that paper makes it
necessary to use coordinate Bethe ansatz in a given basis and keeps the relevant underlying algebra hidden.

The paper is divided into two parts. The first (Section [Il), purely algebraic, introduces the objects
and states the theorems we need to make a precise connection between H,, 4. and Hap. The second (Sec-
tion [2) is devoted to the diagonalisation of Hay, first by implementing the ABA procedure for the simpler
one-boundary Hamiltonian Hj (Section 1)) and then by extending it to the two-boundary Hamiltonian
Hyy, (Section 22). The main text is supplemented by three technical appendices, the first (Appendix [A])
containing the proof of Theorem 3] the second (Appendix [B]) carrying out ABA for the most general inte-
grable Ugsla-invariant highest-weight spin chain and the third (Appendix [C) discussing an alternative form
of BAE for Hy, 4. also appearing in the literature.

Notations

N : Length of bulk of spin chains

0 1 0 —i 10
t= Y= = . s .
T (1 0) 7T <2 0 > y 07 = <0 _1) : Pauli matrices

1 0 1 1 0 0
I N S R P S S e . .
o ) (% + i0Y) (O O) , o ) (o —ioY) <1 0> : Raising and lowering matrices

o H = ((C2)®N : Hilbert space of the open XXZ spin chain of length N

e H, 4 : Open XXZ Hamiltonian with non-diagonal boundary terms

° Hi%.) : Hy.q. under the Nepomechie constraint [@B) for M € Z

e TLsn : Temperley-Lieb (TL) algebra on N sites with loop weight &

e ¢;, 1 <i< N —1: Generators of the Temperley-Lieb algebra or their spin-chain representatives
e Bs, v : Blob algebra on N sites with loop weight ¢ and blob weight y

e b,b:=1—1b : Blob/anti-blob generator or its spin-chain representative

® 2Bsy,,,,v,n : Two-boundary Temperley-Lieb algebra on N sites with loop weight §, left /right blob
weights g,/ and two-blob weight ¥’



® by, Bl/r =10y Left /right blob/anti-blob generators (b; := b) or their spin-chain representatives

o WP W W WP 1 < j < N/2, and W : Standard Bj,, y-modules

o H:= —ub — b — Zf\;l e; € 2B57yl/my7]v : Abstract two-boundary Temperley-Lieb Hamiltonian

° 2B§2il/m n ¢ Universal two-boundary Temperley-Lieb algebra on N sites with loop weight 6 and
left /right blob weights 7;,, and central element Y

e q = e" : Deformation parameter of the XXZ spin chain.

[
qg—q!
o {z}:=9q"—q7"

o [z]g = : g-deformed numbers

o Uysly : Quantum group, a g-deformation of SU(2)

e E.F,K,K™!: Generators of Ugsls.

e C: Casimir element of Ugsly

e )V, : Infinite-dimensional Verma module of Uysly of highest-weight q¢

o Hxxyz : Ugslp-invariant open XX7 Hamiltonian

o Hy: =V, ® (C2)®N : Hilbert space of the one-boundary spin chain of length N

o My := —pub+ Hxxyz : Ugslo-invariant one-boundary Hamiltonian with coupling

o Hop =V, ® (C2)®N ® Va,. : Hilbert space of the two-boundary spin chain of length N
o Hyp := — by + Hxxz — ptrby : Ugsla-invariant two-boundary Hamiltonian with couplings p, p,

e M, M >0 : Subspaces of highest-weight vectors of weight q+er+N=2M=2 of 9/,

1 Algebraic setting

In this section we present the necessary algebraic tools:

e The relevant lattice algebras, namely the Temperley-Lieb (TL) algebra, the Blob algebra and the
two-boundary Temperley-Lieb algebra and their representations (Section [LT]),

o The Uysly quantum group and its representations (Section [[.2)),

o Uyslo-invariant spin chains with Hilbert spaces H, Hs, Hap and corresponding Hamiltonians Hxxz,
Hy, Hap, (Section [L3),

o Schur-Weyl duality between the Ugsly and lattice algebra actions on these spin chains (Section [L3]).

Most of the formalism and results were introduced in [2] and we will often refer to this paper for additional
details. To simplify the exposition we will always assume that N is strictly positive and even, but our
construction can be extended to the odd N case too.



1.1 Lattice algebras
The Temperley-Lieb algebra [I7], denoted TLs n, is defined by generators (e;)1<i<n—1 and relations

612 = 561’7 €;€;+1€; = €4, [ei,ej] =0 V |Z —j| 2 2, (4)

with § € C some parameter. If we set

M

M

The parameter § is then interpreted as the weight of a closed loop.

The TL can be shown to be finite-dimensional and all its irreducible representations, called standard
modules, have been classified. They are indexed by an integer 0 < j < N/2 interpreted as half the number
of through lines propagating in a TL diagram. Concretely, the standard module Wj; has a basis of so-called
link states which are half-diagrams containing exactly 2j through lines. For example, for N = 4, these are
given by

Wo = C(U U’w>
we = c«(\U DU DT U)
Wy = (1111

A TL diagram then acts on these link states by propagating them with the diagrammatical rules of the TL
algebra, with the additional condition that if two through lines are contracted then the diagram acts by 0.



For example

€2

e U [ ] =

c
c
D¢ D¢ (O

w11 -

.
D C

By some standard combinatorial arguments one can show that

=) (53

Let us now define some boundary extensions of the TL algebra. The simplest one is the blob algebra
introduced in [I8] and denoted Bs,, n. It has an additional generator b called the blob satisfying

b2 =b, eirbe; = yey [b,e;] =0 for 2<i<N-—1. (6)

with y € C some parameter. Graphically, b is represented by

and the rules (6) mean that

U
[

DO C

(7)

The parameter y is then interpreted as the weight of a closed loop carrying a blob. One often introduces



the anti-blob b = 1 — b, represented by

SN
Il

which also satisfies relations (G) but with the blob weight y replaced by § — y. Moreover, bb = bb = 0 so
diagrammatically

(8)
which justifies the anti-blob terminology.

The blob algebra is also finite-dimensional and the classification of its standard modules is very similar
to the analogous construction in the TL algebra. They are also indexed by 0 < j < N/2 and constructed
using link states with 2j through lines but now we also have to decorate all the cups and through lines
which can touch the left boundary by blobs and anti-blobs. Since only the leftmost through line can touch
it, we have two types of standard modules: WJZ? where the leftmost through line carries a blob and WJZ?
where it carries an anti-blob. For j = 0 there are no through lines so we just have WOE For example

wi=C{\J ¢ I'\J ¢ [:¢ U b ] U)
wh=c(\dJ ¢ D\ ¢ 18U 1T U

The action of the the blob algebra on WJI-’, I/VJZTJ , with 1 < j < N/2, and W), is defined in the same way as for
the TL algebra with the additional diagrammatical rules (@) and (8]). Moreover one can show [I8,[19] that

. . b N . N
dlmszdlmWf:(N/Z_i_j), dlmWOZ(N/2). 9)

We can further extend the blob algebra by working with two blobs, one on the left, denoted b; := b,
with weight y; := y and one on the right, denoted b, and represented by

and satisfying an analogue of ([@—(7) but on the right
b2 =b,, eN—1brey—1 =yren_1, [bi,b,] =0, br,e;] =0 for 1<i<N-—-2, (10)

with a weight y, for a loop carrying the right blob B. One of course also has a right anti-blob b, =1—b,
represented by O and satisfying (I0) with weight § —y,- together with b,.b, = b,.b,, = 0. This is not sufficient

3We will often slightly abuse notation and denote Wy the module with no through lines irrespectively of the lattice algebra
we consider.



from a diagrammatical point of view however as we also need to assign some weight Y € C to a closed loop
carrying both the left and the right blob. Formally, this non-local relation is given by

N/2 N/2-1 N/2 N/2
H ezi—1 | b H ez | br H ei—1 | =Y H €21 - (11)
i=1 i=1 i=1 i=1

The generators (e;)1<i<n—1 and by, with relations (#)—(G)-(10)-(LI) then define a finite-dimensional alge-
bra called the two-boundary Temperley-Lieb algebra denoted 2Bs y, , v,n-

The classification of standard modules of the two-boundary TL algebra is a natural generalisation of the
blob algebra case [1420]. Namely, for 1 < j < N we have four types of modules, namely le?b, W;?b, le?b and
W]l-’b, with 25 through lines depending on whether the leftmost/rightmost line carries a blob/anti-blob, as
well as a single module W, with no through lines, all of these being constructed from link states decorated
by left/right blob/anti-blob in all allowed ways. The action of 2B; y, v~ on these representations is again

given by the defining diagrammatical rules of the algebra. One can show [14,20] that
N/2 N
. bb _ 1 b _ 1 b _ 1 b _ . _ 9N
dimW;” = dimW;” = dim W;” = dim W; —kzj<N/2+k), dim Wy = 27 . (12)

W is called the vacuum module. It is generically irreducible but can become reducible but indecomposable
for certain values of the parameters [I4] which will be important for us later on (see Section and
Appendix [A]). Tt is also worth mentioning that since a closed loop touching both boundaries can be formed
only if there are no through lines, Wy is the only standard module which actually depends on the value of
Y.

The main interest of this whole formalism for the open XXZ spin chain with non-diagonal boundary
terms is the following. Let us set

1
e =—= (afafﬂ +olo? | +cosh(h)(ojof, — 1) +sinh(h) (o], — of)) ,

2
1 ) o _ . 1
b = m (uah‘glafr +ie helol + cosh(hal)al) + 3
1 he. L _ . 1
b =~ mngiary (€' ok +ie™ oy +cosh(han)ok ) + 3. 19)
sinh(h) sinh (hozl /T)
Hifr = o o
sinh(g/r _h 2”7‘) sinh(Cl/r + %)
with some new parameters ;. and ¢;/.. Then, up to an irrelevant additive constant, we have
N-1
Hn.d. - _,Ulbl - ,Urbr - Z €;
i=1
with L L .
Q Q i
oy ==t =G, b=t G o
ha b, in (14
hér: T_ra hr: . T o
7 ¢ fr =g T T

and the following result holds.

Theorem 1 (J. de Gier, A. Nichols [14]). The e;, 1 <i < N —1, and by, from ([A3) satisfy the relations
of the two-boundary TL algebra with weights

sinh (h(al/r + 1)) sinh (h OLL+O¢T2+1:E@ ) sinh (h az+ar2+1£(—) )
) Y = - -
sinh (hal/r) sinh(hay) sinh(ha.)

0 = 2cosh(h), Yir = (15)

40ther choices are possible but this will not affect the end result.



where © = 0; — 0, @), and thus define a 2~ -dimensional representation of 2Bs,,  v.n on (C*)®N. More-
over, this representation is isomorphic to the vacuum module Wy.

Using this theorem, we can identify ((C2)®N with Wy and interpret H, 4. as an abstract element of
2Bs,y,),,v,N
N—-1
H = —ub — prby — Y € (16)
i=1
evaluated in the vacuum representation Wy, that is H, qa. = pyw, (H) where pyy, : 2Bsy,,,,v,N = Endc(Wh)
is the representation map of Wy. This will be an essential ingredient of our construction. In what follows
we will always tacitly make the identification (C?)®V 2 W),.
Note also that the weights ([T do not depend on the sign of ©, so the spectrum H, 4. is invariant under
the transformation © <> —O. In particular, the +© and —© choices in the Nepomechie condition (@] are
equivalent. When convenient, we will write +0 instead of ©.

1.2 The Uysl; quantum group

Let us now introduce the second main ingredient: the Uysly quantum group.
The algebra Ugsly [21L22] (see also [23, Ch.6.4] and [24, Ch. VI-VII]) is defined by generators E, F, K
and K~! and relations
~1 ) K-K™* -1 —1
It is a g-deformation of the universal enveloping algebra of the Lie algebra sls, in the sense that we recover
the commutation relations of the sl triple (E,F,H) in the limit ¢ — 1 with K = g". It is important for
defining the action on tensor products of representations that this algebra admits the coproduct

KEK™! = ¢2E

)

AE)=1RE+E®K, AF)=K'e@F+Fol, AK*)=KFaK . (18)

As sly, Ugsly admits (25 + 1)-dimensional spin-j representations for all j € %N . For our purposes we
will need the fundamental spin-% representation C? where the action of the generators is given by

Ecz =o', Fo: =0, K& =q% . (19)

Let us also introduce the Verma modules V, [24] Ch.VL3] that we shall need to define our modified
boundary conditions. For all a € C they are given in a basis V, := @, C|n) by

Ev, In) = [n]q[a - n]q n—1),
Fv. In) =[n+1), (20)
K n) = g2 o)

for all n > 0, with |—1) = 0, and where

R
Toa—gt {1}

The basis vectors |n) diagonalise K and their K-eigenvalue q®~1=2" is called the weight. The vector |0) is
annihilated by the raising operator E and is thus called the highest-weight vector. When q is not a root of
unity, V, is irreducible if and only if q* # £q™ for all n € N*. If that is the case, V, is also unique, meaning
that any U,slo-module generated from a highest-weight vector of weight ¢®~! is isomorphic to V,. Finally,
for all & € C such that q® # £1 we have the fusion rule

Va ® (C2 = VoHrl ® Vafl . (21)

{z}=q" —q"".

The above definitions have to be slightly adapted if q is a root of unity. This case was thoroughly treated
in [2] and presents no major complications. To keep the exposition simple, from now on we will always
assume ¢ to be generic (not a root of unity) unless otherwise stated. We refer to [2] for further details.



1.3 Ussly-invariant spin chains and Schur-Weyl duality

Applying the coproduct (I8) N — 1 times (recall that the coproduct is coassociative, and so the result does
not depend on the order of its application) to the spin—% representation (I9) we obtain a well-defined action

of Uysly on H := ((C2)®N. Now if we set

0 0 0 0

U . s a+a ' . . a-a ' . _ . _ |0 -1.0
=73 <Ui o toioly + T(Ui Oit1 — 1)) - T(UiJrl —o0;) = 0 _ql gt 0 (22)

0 0 0 0

as in ([[3)), with q = e”, it turns out that that the e; commute with this U,sly action [25]. This implies that
the Hamiltonian

1< qg+q°! q—q!
Hxxyz = 3 Z (Ufo_H + deﬁﬂrl + 5 Ufof+1> + 1 (cx — %)
=1
q+q°" Ry 29)
=== e

=1

(which is just the first line of Hyq. from (IJ), i.e. without the two boundary terms) is Ugsly-invariant.
More generally, the whole TLs ny-action on H generated by the e; commutes with Ugsla. Actually, not
only they commute, but they are even mutual maximal centralisers and H decomposes as a (TLs n, Uq5[2)—
bimodule [26-H29)
N/2
H=PwW; e cHH, (24)
j=0
where W; are the standard TLs y-modules introduced above and C**! are spin-j representations of Ugsly.
This result is known as (quantum) Schur-Weyl duality. This result is essential, as it reduces the study of

Hxxyz on H := (C2)®N to its restriction on standard TLs y-modules.
Unfortunately we cannot use this method for H,, 4. because the boundary terms (I3)

1 ' o B qe 4 q~ ™ 1 qe iq(’l
b — 0, + 0, z i )
! —{al} <zq oy +1iq Tltoy + — o1 | + 5 —{al} Zq,gl g ]

1 . ) .o _ qar + q_aT 1 1 _qfa,,‘ _qur
b, = — g ot +iq oy + ———0 | + = = 0 A
{ar} < TN o 2 V) T2 {ay \ma e

break the Ugsly symmetry. This is why we are going to build a different Hamiltonian which does preserve
the quantum group symmetry and then show that it can be related back to Hy, 4. through the two-boundary
TL algebra.

Following [2] let us first introduce the one-boundary Hamiltonian. It is constructed by tensoring the
usual spin chain H := (C?)®Y with the Verma module V,, and adding a new U, ¢Sl2-invariant boundary term
acting on the two leftmost sites, V, ® C2, of the new Hilbert space

Hy =V, @ (C*®V

Because of the fusion rule (2]]) the most general such term can only be a linear combination of projectors
b+ on the direct summands V441, which are given by

_ A (Kt {1)F
b:l: - {a} ( q{l}KflE qul _ q:Fa) . (25)

In the expression above, b+ are operators acting on V, ® C? which we have written as 2 x 2 matrices with
entries in End(V,). Since by +b_ = 1, it is sufficient, up to irrelevant additive terms in the Hamiltonian,

10



to consider boundary couplings of the form —pub, with b := by and p € C a coupling constant. The
one-boundary Hamiltonian on H; is then defined as

N-1
Hy:= —pub— Z €. (26)
i=1
One can also check that b satisfies
b =b, e1ber = yeq , [b,e;] =0 for 2<i< N -1 (27)
with ot 1]
v [a]q q 28

Together with () this means that H; carries a representation of the blob algebra. By construction, the
actions of Ugsly and B, v on Hp, commute with each other. One can actually show [2] that if q* ¢ +q7,
we have Schur-Weyl duality, namely Ugsly and B, v are mutual maximal centralisers and we have the
(Bs,y,n, Ugslz)-bimodule decomposition

N/2 i
Hy = Wo 2V & @ (W;? ® Vato; ©W! @ va_gj) . (29)

j=1

The two-boundary Hamiltonian is constructed in very much the same way, this time by tensoring
the usual spin chain H = (C?)®Y with two Verma modules V,, and V,,, on the left and on the right
respectively [2]. The most general left boundary coupling is still given by —u;b; with b; the projector on
Va,+1 from ([25). On the other hand, the projector on the V,, 11 summand of C2®V,, = V4, 11 D Va, 1 is

_ (aK—=g7  q{1}KF
br - ( {1}E —q1K+q°‘T) : (30)

The two-boundary Hamiltonian is then defined on the Hilbert space

Hap 1= Vo, @ (CHEN @V, (31)
as
N-1
Hoy = — by — pirby — Z e (32)

i=1

with p, € C a coupling constant. Similarly to b;, the new generator b, satisfies
b?_ = br, eN_leeN_l = YrEN-—-1, [br,ei] =0 for 1 S ) S N -2 (33)

with
lar + 1
[ar]q
To obtain a representation of the two-boundary TL algebra it remains to compute the weight Y of
a loop carrying both b, and b;. We can indeed find such a Y, but it turns out that in our case it will
not be a number but some non-trivial central element [2]. This is why we need to use a slightly different
version of the two-boundary TL algebra, namely the universal two-boundary TL algebra 28322/1” N- Itis
defined by the same relations as 2Bs,y, , v,n but now Y is treated as an additional generator denoted Y
and commuting with all the other generators e; and b;/,., i.e. it is a central extension of 2Bsy, , v,n. If we
want to recover the usual two-boundary TL at some fixed value of Y € C, we just have to take the quotient
2B§2il/mN/<Y —Y) = 2B;sy,,, v,~. In particular, this implies that any representation of 2B, v,n for any

Yr = (34)

uni

value of Y € C is automatically a representation of 2B Sy N (the converse is not true in general, however).

Note also that contrary to the usual two-boundary TL algebra, 2833;/” ~ 2 C[Y] is infinite-dimensional.

11



Coming back to our spin chain, we showed in [2] that Hop carries a representation of the universal

uni

two-boundary TL algebra 2857@11/7” ~- Concretely, Ugsly admits a Casimir element
C:={1}°FE+qK +q 'K™! (35)

which commutes with Ugslz and moreover its action on Hap, denoted Cyy,,, commutes with the e; and b;,..
Then the relation (II) is satisfied for

qal-l-aqn—i-l + q—al—aqn—l

{ar{or}

making Hop a representation of 2Bj YN By construction, this action commutes with that of Ugsls.

- CH2b

Y — (36)

uni

Following [2], we can restrict the action of 2 B /o N to a Y-eigenspace to obtain a well-defined action of
the usual two-boundary TL algebra 2Bs ,, v,y for some fixed value of Y. Since the Casimir C commutes
with Ugsly it acts as a scalar on any irreducible representation of Ugsls, in particularﬁ

Cy, =q%+q7° %, (37)

and so this amounts to computing the decomposition of Hyp into simple Ugsla-modules. Using the fusion
rule for Verma modules, valid for q®/», q@+er £ +q7%,

VOtl ® VOM = @ Val+aT—1—2n (38)
n>0

as well as ([21I)), we obtain the Uyslo-decomposition

Hop = @ Har @ Voy+a,—1+N-2M (39)
M>0

where H s are some multiplicity spaces of dimension

M

_ > (N) for 0<M<N
dyr i=dimHy = =5 \F (40)
oN for M >N

which can be identified with the subspaces of highest-weight vectors of weight g+ =2+N=2M By direct
computation, one then shows [2] that restricted to Has, Y acts as the scalar

(M+1- %] Ja+a,— M+ 5]
q q

Yur = (41)

[ou]q[or]q

and so, for all M > 0, H s is a representation of the two-boundary TL algebra 2Bs 4, ,, v, N-
The final question is what are these representations. Let us first recall an important result from [T4120],
valid for generic q.

Theorem 2. i) For 0 < M < N/2 —1 the vacuum module Wy of 2Bs,y,,,, i, N 18 Teducible but inde-
composable, with a unique irreducible proper 2Bsy, v\, n-submodule isomorphic to W%)/sz and an
wrreducible subquotient WO/W%/%M.

i) For N/2 < M < N — 1 the vacuum module Wo of 2Bs,, v\, N is reducible but indecomposable,
with a unique irreducible proper 2Bs y, v, n-submodule isomorphic to WJIIZ+1—N/2 and an irreducible

subquotient WQ/W%}JFPN/Q-

5Just evaluate it on the highest-weight vector: C|0) = {1}2FE|0) + qK[0) + g~ 1K~1|0) = (4 + q—%) |0).
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iii) For M > N the vacuum module Wy of 2By, ,, vy, N 45 irreducible.

Based on this theorem and the dimensions (40) a conjecture about the nature of the 2Bsy,,, vi, n-
modules Hy; was made in [2]. In Appendix [A] we prove this conjecture, so let us restate it here as a
theorem:

Theorem 3. For q € C\q""?, q¥,q% € C\{£q%} such that q*+* ¢ +q% and N € 2N*, Uysly and

ZBE)‘;/T’N are mutual centralisers on Hop in BI), with generators e;, 1 < i < N — 1, by, b., Y acting by

@2), @5), B0), @Ba) respectively, and we have the (ZBEEJL/MN, Uqsle)-bimodule decomposition
Hoo = €D Har @ Vaytra, 14820, (42)
M>0
where the Hyr are irreducible ZBgﬁyl/myMﬁN—modules given by
Hu = WR)s i & Wo for 0<SM<N/2-1,
Har EWo/Whi i _we  for NJ2<M <N -1, (43)
Har =Wy for N< M.

This theorem means, in particular, that even for 0 < M < N — 1, Hjs is always isomorphic to an
irreducible piece of the vacuum module Wy of 2Bsy, ,, v,,~, either a stable subspace (0 < M < N/2 —1)
or an irreducible subquotient (N/2 < M < N — 1) of W.

Now recall g = e”, § = 2 cosh(h) = [2]4, and compare (I5) with 28)-(@4)-EI). All the weights coincide,
except for Y, which however matches in both cases if and only if

o +a,+t0=2M+1-N.
where O := 0; — 0, ([@). Recalling the reparametrisation (4] this is equivalent to
O+ kK +6+K£O=2M+1—-N,

which is exactly the Nepomechie condition @B)! Moreover Theorems [H2H3] imply the following. Set

Hy.a.(8,Y1prs by, Yir) = Hff\g.} and for any 2Bs,,, v,n-module M denote the representation map paq :
QBJ,yl/T,Y,N — EndC(M) Then:

Corollary 1. i) For0< M < N/2-1

(M) _ _ pWO/WJbvbpr (H) * _ pWo/W]b\;’ 27M(H) *
Hn d. = PWo (H) - - / .
o 0 szlszpr (H) 0 H2b|'HM
ZZ) FO’I’N/QSMSN—I
Pw /ng (H) * H2b|’H *
) = pwy (H) = |7 e =, .
d. o 0 pWZBV?+17N/2 (H) 0 pWK/I+1—N/2 (H)

iii) For M > N
HM = pw, (H) = Haln,, -

In other words, the spectrum of all the open non-diagonal XXZ Hamiltonians with non-diagonal bound-
ary terms for all the values of the parameters covered by the Nepomechie condition (@) with M > N is
contained in the irreducible sectors of a single Hamiltonian Ho,. For 0 < M < N — 1 the sectors of Hyp
only contain an irreducible block of H, 4.. The spectral problem of Hs;, will be solved in the next section
by Algebraic Bethe Ansatz.
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One may wonder if we can also express the remaining blocks PWo /W, s (H) and pWZi:/II;Jrl—N/z(H) in

terms of Hyp to diagonalise Hy 4. completely, even for 0 < M < N — 1. This turns out to be possible via
the following trick. Let us introduce the involution

I 2B5yyz/mY7N — 28515,%/“5,%,%4&4]\[ s (el-, bl/r) — (ei, l_)l/r =1- bl/r) . (44)

From the definitions of the various weights one easily sees that it is an algebra isomorphism and moreover
that it exchanges le?b with le?b (and also le?b with le?b) for 1 < j < N/2, while leaving W, invariant.
Let us define

N—1
ﬁ = —/Lll_)l - ,LL’I"l_)T - Z e; € 2Bé,éfyl/T,57ylfyr+Y,N .
i=1
and o .
Hop := pg;, (H) = —p — pir + Hap(qyr — —uyps pije — —Hiyr) (45)

acting on Hap, := V_,, @ (C?)®N @ V_,,,. Note that by 28)(34)

[al T 1]
Yiyr(Quyr — —ayyy) = W =0 —Yr
rla

and using ([AI)) one easily checks that

[g—M—1] {al—l—ar—%—kM}
q

Yu(ayr — —ayyr) = EARCED L=6—y—yr+Yn-m—1 (46)

so by Theorem [3, Ho, decomposes as

Hop = @ Hy @ V_oi—a,—1+N—2M

M>0

where the Hs are irreducible 2Bs.6—y1/,,0—y1—yr+Yn a1, N-modules given by @3)). Pulling back by the
algebra isomorphism ([44]) we can thus generalize Corollary [1l

Corollary 2. i) For0< M < N/2-1

Hl(lj\d4) = PWo (H) = PWo (ﬁ) = pWO/W§/27M (H) i = H2b|ﬁN7M—1 * )
N 0 pWJb\;?/sz( ) 0 H2b|HZ\/I

i) For NJ2< M <N —1

_ Pwe /Wb (H) * Hopln %
H(M) — H) = H) = 0 M+1-N/2 — Mo )
n.d. pWo( ) pWo( ) 0 P 0 H2b|ﬂN7M71

iii) For M > N
HM = pw, (H) = Halny, -

iv) For M < —1
H™M = pyy, () = Haply
nd. — PWo( )— 2b|HN,M,1-

Note that, because of @d), the magnon number M labelling the sectors Has of Hap is mapped to the
dual magnon number M := N — M — 1 in the Hgp, spin chain (and vice versa) by the involution [@d). It is

this purely algebraic observation that enables us to reach the missing blocks of HI(]%') for0< M < N-—1as
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well as negative values of M, which correspond to M > N. As we will see, this will be essential to establish
a complete set of Bethe Ansatz Equations for the degenerate cases 0 < M < N — 1.

To summarize, we have reduced the spectral problem of all the Hr(f\g.), M € Z, satisfying the Nepomechie
condition (B]) to the spectral problem of Hgbﬁ This may not seem like a big step, but actually it is: Hyp, is
Uyslo-invariant and as such has a natural reference state |0) ® 11®Y ©0) which will enable us to compute

its spectrum using standard Algebraic Bethe Ansatz.

2 Bethe ansatz

We now turn to the computation of the spectrum of Hgp (32]) using the algebraic boundary Bethe ansatz
formalism first developed by Sklyanin [3]. Here, we no longer assume that N is even. As a warm-up, we
will first treat the one-boundary Hamiltonian Hy, (26)).

2.1 The one-boundary system
In the basis {|T1), [tl), 1), [{d)} the Uqslo-invariant (affine) R-matrix is given by

sinh(u + h) 0 0 0
RO=| 0 e by 0 )
0 0 0 sinh(u + h)
It is easy to check that
Riiv1(u) := Piiv1Riiv1(u) = sinh(u + h) — sinh(u)e; (48)
where P; ;41 is the operator permuting the ¢ and (¢ + 1)-th sites of the spin chain. For all u,v € C, the

R-matrix R(u) satisfies the Yang-Baxter equation (YBE)
RLQ(U - U)R1)3(U)R2)3(’U) = R2)3(’U)R1)3(’U,)R1)2(u - ’U) (49)

where R; j(u) denotes R(u) acting the i-th and j-th tensor factors of (C?)®? or, equivalently,

R172(U — 'U)RQﬁg(u)RLQ('U) = Rng(U)RLQ(’UJ)Rng(U — 1)) .
Note also that
R172(U)R211(—u) = sinh(h + u) sinh(h — U)Idcz®c2 (50)

so R(u) is invertible if u # £h.
For boundary Bethe ansatz, one also needs an additional ingredient: a so-called K-matrix. It is a 2 x 2

matrix K (u) with entries in some (possibly non-commutative) algebra satisfying the boundary Yang-Baxter
equation (bYBE)

Rl)g(u - ’U)Kl (U)RQJ(U + ’U)KQ(U) = KQ(’U)RLQ(U + ’U)Kl (U)RQJ(U — ’U) (51)
or, written differently,
RLQ(U — ’U)Kl (U)RLQ(U + ’U)Kl (’U) = Kl (’U)Rl)g(’u + ’U)Kl (U)Rl)g(’u — ’U) . (52)

For example, because
Ri2(u—v)Ra1(u+v) = Ri2(u+v)Ro1(u—v), (53)

K (u) =Ide: is a solution of (BII). This can also be seen directly from @8)—-([G2]).
Although many other solutions to the bYBE (BI) are known [3H5L[T5], it is not always possible to find
a K-matrix yielding precisely the boundary conditions we want to impose. This of course comes from the

6Note that Hop is related to Hop by the transformation @H) so it is sufficient to consider Hy, only.
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fact that not all boundary conditions preserve integrability. In our case however, it is possible to use the
symmetry of the one-boundary spin chain to find a suitable solution of the bYBE (EIl). Actually, there are
even two independent constructions: one based on the Bsy ny-module structure of the spin chain and the
other on the Ugsly symmetry.

The first was described in detail [15]. Namely, for any b satisfying the blob algebra relations (21) there
exists a solution of the bYBE (&) for Hp. With our choice of b this K-matrix reads

K(u)=1- m (sinh(u — ha) sinh(u) + sinh(ha) sinh(2u)b)
~Idy e — psinh(u) cosh(u) —e K1 4 e“c(;c;shh((uh)a) ZSinhfh)F (54)
Ve sinh(h) sinh(ha) 2¢" sinh(h)K—1E ehK-1 _ € C()C:hs?’tfgla) g

where again we have written it as a 2 x 2 matrix with entries in End(V,). The second construction based on
the Ugsly symmetry of the spin chain will be used for the the two-boundary case where it is most convenient.
For the time being, let us work with the K-matrix (54]).

Let us define the transfer matrix []

ty(u) = qtroT(u— h/2)K (u— h/2)T(u — h/2) (55)

where K is treated as a 2 x 2 matrix with entries in End(V,) acting on the auxiliary C? space (with index
0),
T(u) = R()yN(’UJ) ce Roﬁl(u) y
T(u) == Ryo(u)--- R o(u),
and qtro(—) := tro(q?0 —) denotes the partial quantum trace over the auxiliary space. This is the natural

trace for Uyslo-invariant objects and it ensures that ¢,(u) commutes with Ugsly as it should (see [I5] for
more detaﬂsﬁ).

Now by (9] and (&)

(56)

[ty (u), By (v)] = O
and moreover [3]

d

N-1

o2V -1 o* »

|, te(w) =2sink™ 7 (h) trofg )E;R;M(O)
2 1=

+2 sinh2N71(h)qtr0( V&)O(O))
+ sinhQN(h) tro(qUZ)Po)lKl(O)Po)l

N-1
=4sinh®" (h) coth(h) Z cosh(h) —e;
i=1

+ 4sinh*N (h) coth(h) (COSh(m - ﬁh(@)

+ 4sinh®" (h) coth(h) (—,ub + %)

s0
N-1
tanh(h) d 1 o
Hy = —pb— = t — Ncosh(h) + ——— — =. 57
b= —/t ; e Tsmh2N (1) dul,_, p(u) cosh(h) + Scosh(h) 2 (57)

Therefore we are reduced to computing the spectrum of t;(u).
Let us now define the monodromy

T(u) :=T(u—h/2)K(u—h/2)T(u—h/2) = (A(U) B(U))

"The % shift is introduced to make the final result neater.
8The formalism in this paper is a bit more general with J corresponding to our q"fz).
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where the coefficients of this auxiliary space 2 x 2 matrix are in End(H;). Repeatedly applying the YBE
#9), one finds that T'(u) satisfies the RTT relation

Ro,5(u = 0)To(u)T5(v) = To(v)To(u) Rog(u — v) (58)

involving two different auxiliary C2 spaces with index 0 and 0. Note also (50) implies that T'(u) oc T'(—u)~*
By a general result [3, Proposition 2], for any T'(u) satisfying (B8] and any solution K (u) of the bYBE (&II),
the product T'(u)K (u)T(—u)~! is also a solution of (BI). Therefore, T (u + h/2) satisfies (I, that is,

muatu=) () o) Rt v=n (30 30)) =

-(f B, mote -0 (8 5) mas-- 0

From the explicit expression of R(u) [@T) we can then derive the relevant commutation relations between
A, B, C and D at different values of the spectral parameter. Doing so we obtain

[B(u), B(v)] =0 (60)
for all u,v € C and moreover

sinh(u — v — h) sinh(u + v — h)

A(u)B(v) = sinh(u — o) sinh(a 1 0) B(v)A(u)
e“~?sinh(h) sinh(u 4+ v — h)
sinh(u — v) sinh(u + v) (u)A(v)
e“tv=h ginh(h)
- oD,
D(u)B(v) = sinh(u — v + h) sinh(u + v 4+ h)B(v)D(u)

sinh(u — v) sinh(u + v)
€'~ *sinh(h) sinh(u + v + h)
~ sinh(u — v) sinh(u + v) B(u)D(v)
e~ vFThginh(h)sinh(u — v + 2h)
sinh(u — v) sinh(u + v)
2¢~ 2%+ sinh?(h) cosh(h)

B sinh(u — v) sinh(u + v) B(v)A(u).

B(u)A(v)

Introducing
_ e " sinh(2u) e~ 2“sinh(h)
(u) = sinh(2u — h) u) - sinh(2u — h) ()
these equations become

_ sinh(u — v — h) sinh(u 4 v — h)

A(w)B(v) sinh(u — v) sinh(u + v) Bv)A(w) (62)
+ f1(u, v)B(u) A(v) + fa(u, v)B(w)D(v)
D(u)B(v) = sinh(u — v + h) sinh(u + v + h)B(U)’ﬁ(u)

sinh(u — v) sinh(u + v) (63)
+91(u, v)B(u)D(v) + g2(u, v)B(u) A(v) ,

where
e" "V sinh(h) sinh(2v — h)

sinh(u — v) sinh(2v) ’

€T sinh(h) sinh(2v — h)
sinh(u + v) sinh(2v)

fi(u,v) = fa(u,v) = —

9This statement can also be proved by induction on N using only the YBE @) and (G3).
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and
sinh(2u + h) sinh(2u + h)

sinh(2u — h) sinh(2u — h)
We will actually never need the explicit expressions of f1, f2, g1 and g2 (64) but only the relations (G5)).
The transfer matrix reads

gl(uvv) = fl(uav) ) gQ(Uav) = fQ(uav) : (65)

sinh(2u + h) sinh(2u — h)

ty(u) = qtrgT (u) = e" A(u) + e "D(u) = Snh(2u) (u) Snb(20) D(u). (66)
Let us now look for eigenvectors of t;(u) of the form
{vm}) = B(v1) -~ Blvar) 1) (67)

where |f) == |0) @ |[1)®V is our reference state (recall that |0) is the highest-weight vector of the Verma
module V, @0)), M > 0 is the magnon number and {v,,}1<m<n are some complex numbers that we

want to determine. Note that because of (60)), the order of the vy, is irrelevant. Also B(u) decreases the

Ugslo-weight by =2 so

Koty [{vm}) = a7 2MB(v1) ... B(oar)Kag, [f1) = ¢V 2M | {w,,}) (68)

meaning that |{v,,}) has weight g~ TN =2M

The first step is to compute the eigenvalues of A(u) and D(u) when acting on |{). Rewrite (54)—(56)

o= (80 b)) e = () B) wemwm= () ) @

as 2 X 2 matrices acting on the auxiliary space with coefficients in End(#H;) such that
uy = (AW Bw)\ _ (A(w) B(u)) (a(u) bu)) (A(w) B(u)
7= (20 Do) - <c<u> D<u>> () a) (C(u) D<u>> (70)
Knowing that C(u) [f) = C(u) [ff) = 0 we have

A(u) [1) = a(u)A(w)* 1)

' ) (71)
D(u) 1) = (a(u)C(u)B(u) + d(u)D(u)”) 1) .

Introducing a basis {|To) , [{0)} of the auxiliary space and the matrix entries r;; := R(u—h/2);;, 1 <1i,5 <4,
we obtain

A(u) [) = (tol Ro,n(u — h/2) -+ Ro1(u— h/2) |To) @ [f) = r{y [1) = sinh(u + h/z)N I
D(u) ) = (bo| Ro.n(u—h/2)...Ro1(u—h/2)|lo) @ 1) = r3} [) = sinh(u — h/Q)N )

and
B(u) ) = (Tol Ri0(u —h/2) ... Rno(u —h/2) [Lo) @ [1)

= (To| Ri,0(u —h/2)...Ry_1,0(u—h/2) (7"22 lLo) @ [ft) +732]T0) ® oy |TT>)

=122 (To| Ri0(u—h/2) ... Ry_10(u—h/2) [Lo) ® 1) + 1] 'rs2|to) @ oy 1)
N-—1

= iy T sl I
k=0
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SO

N-1
C(u)Bu) ) = Y riy ' rsarby (Lol Ron(uw—h/2) ... Roi(u—h/2)To) ® oy 1)

k=0
N-1

= R o e e el [ )
k=0

9 _ouin = IN—2k—2 . 2%

= sinh“(h)e Z sinh(u + h/2) sinh(u — h/2)™ 1)

k=0

B sinhQN(u +h/2) — sinhQN(u —h/2) ., Couth
~ sinh®(u + h/2) — sinh®(u — h/2) sinh”(h)e I

Using the explicit expression of K (u) (54) and D(u) (1) as well as (71)) we obtain

Al [1) = sinh® (u + h/2)Au) 1) (72)
D(u)|f) = sinh®(u—h/2)A(=u) ), (73)

where
st =1 018 2

Finally, following the standard algebraic Bethe ansatz procedure [3], we use the commutation relations

[62)-([©3) to compute t3(u) [{vim}). We have from (62) and (72)
A(u) [{vm}) = A(w)B(v1) -+ Blvar) 1)

|

sinh(u — vy, — h) sinh(u + v, —
sinh(u — v, ) sinh(u 4 vy, )

=

1

3
I

")Bm)) Afw) 1)

* i il vn)B(u) (};[ ““hi?ﬁhzvi’”_zii Eﬁﬁk oy & B(vw) Aw) 1)

: i Falw, )50 (};[ e s Lo B(vw) D) )
N | R

+ gjl Fr(u, ) sinh®™ (v + h/2) A(vy) };[k Smhgr’:ham_; 3 ;EEU: 1 ZZ)_ ") o)

+ ; Fa(u, vg) sinb® (v — h/2)A(~vy) ngk Sinhgr]jhzvzm— +U 3 iiﬂﬁﬁi’; I Z:)+ ") )
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and similarly from (G3]) and (73]

u) [{vm}) = D(w)B(v1) - Bvar) )

M
) h(u — vy, + h)sinh(u + v +h
— sinh (u — h/2)A sin m m ”
sinh™" (u /2) 1_:[ sinh(u — vy, sinh(u + vy, ‘{U }>

M

CoNg B sinh(vg — vy, + h) sinh(vg + vy, + h) (76)
+ ;gl(u, vg) sinh™" (v, — h/2)A(—vy) ng Snh(0r — vyy) Sinb(vs £ o) ¥k
M . .
. 9N sinh(vy — vy, — h) sinh(vg + vy, — h)
+ ;gg(u, vg) sinh™" (vg + h/2)A(v) ,,gk Sinh{or — 0yn) Sinh(vp £ 0) k)
where
k) = Blu) T[] Bvx) [1) -
m#k
Therefore, using (6],
sinh(2u + h) sinh(2u — h) =
mp) = | —————" —————D m}) = A m
W o) = (2 A + 22 50) ) [ (00)) = Aala) {00 )) +10)
where
M
. . aN smh 2u+h) sinh(u — vy, — h) sinh(u + vy, — h)
Ab({vm}7 U) =sinh (U + h/2)A( Sth 2u Hl Sth u — vm) smh(u ¥ vm)
" (77)

M
n sinh2N(u — h/2)A(—u s1nh 2u — H sinh(u — vy, + h) sinh(u + vy, + h)

sinh(2u) sinh(u — vy, ) sinh(u + vy,)

m=1

and |9) is a linear combination of the vectors {|9k) }1<k<n. Moreover ([TH)—(70) together with (65) imply
that [¢) vanishes if and only if {v,, }1<m<ar satisfy the Bethe ansatz equations (BAE)

Alon) (sinh(vm N h/2) ) 2N _ ﬁ sinh(v,, — v + h) sinh(vy,, + v; + h) (78)

A(~vp) \ sinh(vm, — h/2) P sinh(vy, — vk — h) sinh(vy, + v — h)
k#m
for all 1 < m < M. Thus |{vn}) is an eigenvector of t,(u) with eigenvalue Ay({vy, };u) for any solution of
([8). Note the additional factor of A(vy,)/A(—vy,) compared to the BAE of the usual open Ugyslz-invariant
XXZ spin chain. It contains all the contribution of the new boundary coupling.
From (57) and (77), the energy corresponding to a solution {v, }1<i<m is then given by

- sinh?(h)
Ey({om}) = —p+ Z sinh (v, — h/2) sinh (vy, + h/2) "

sinh(u+h/2)

Sinh(a—h/2) and )\ := z + 27! to rewrite the BAE (78)

It is also possible to introduce the variables z :=

as (recall that ¢ := [2]; and y := [OE;:]”C|>

A =04+ (0 = yla! —1) oy _ ﬁ Am + Mo — 6Zm (A — 8) — 26
A =0+ u((6 —y)zm —1) "™ A+ M — 0zt (A — 6) — 20
(1 — 0z, + Trxr) (1 — g + zp2,0)
(1 = dam" + zm'2) (1 — d2) + Tpam)

Il
—= il

Gkl
i
E



for 1 <m < M. The associated energy (79) is then simply

Ey({Am}) = —pu+ Z (Am = 9).

These equations were already derived in [16] using coordinate Bethe ansatz.

A natural question is whether they “completely” describe the spectrum of Hp. To clarify what this
means, we have to factor out the obvious redundancies of these equations. First, equations (8] as well
as the corresponding eigenvalues (7)) are invariant under permutations of the vk, so we should consider
solutions as unordered tuples {vg}1<k<as. This of course is just a direct consequence of the commutation
relation ([@0) and of the definition of [{vn}) in (@Z). Second, note that if {vx} is a solution, then so is
{v1,...,—vy,...,vp} and with the same energy for any 1 < [ < M. This means that we can look for
non-zero solutions in the “positive” half-space S; := {vg|Re vy > 0} U {vg|Re vxy = 0,Im v > 0} for all
1< k< Mmb Finally, note that if {v1,...,vpr} is a solution with then so is {v1,...,va, 00} and they
both have the same energy. This is actually a consequence of the Ugsly symmetry. Indeed one can show
that B(oo) o Fy,, either by direct computation or more easily using the construction of R(u) from the
universal R-matrix of Ugysly, as will be explained later on at the end of Section Z211 Since t,(u) commutes
with Ugsly, if [{vm}) is an eigenvector then so is B(c0) [{vm}) o Fy, [{vm}), and moreover it has the same
energy Fy because of ([9). Finite solutions {v1, ..., v} provide eigenstates, which we therefore expect to
be Uysly highest-weight vectors of weight q@~ 1V =2M (Eg).

For q® ¢ +q7, using the fusion rule (ZI)) repeatedly, we know that the Hilbert space H; decomposes into

irreducible Uysla-modules as
TN
Hy = @ (M) Vot+N-2M

M=0
so there is exactly (AA![) linearly independent highest-weight vectors in the M-magnon sector[] T herefore,
we conjecture that the system of M equations (78) on an unordered set of M complex numbers {vi }1<k<as,
such that vy € Sy for all 1 < k < M, has exactly (Aj\g) distinct solutions, at least for generic values of
a and p, and that the corresponding eigenvectors |{vm}> are linearly independent and highest-weight for
the Ugsly symmetry. Then an eigenbasis of H; is given by the vectors F%b ‘{vm}>, k € N. Establishing
such statements is usually quite challenging and rigorous proofs are known only for very few integrable spin
chains [30H34].

Let us also note that all the results above carry through mutatis mutandis to the root of unity cases
without any obstacle.

Example. When M = 1 the BAE (80) becomes

zta ! =d4+pu((0—yz-1) 22N

T R (R s VA

which can be rewritten as
Un(A/2) = (n+0)Un-1(A/2) + (1 + p(6 — y))Un—2(X/2) = 0, (81)
where U, is the n-th Chebyshev polynomial of the second kind. The corresponding eigenvalue of Hp is
E=—p+X-96.

Equation (1)) has exactly (]f ) = N solutions as it should.
When 6 = 0 (q = ) we recover the spectral equation from [2]. Note also that for § = 0 the “interaction
term” on the RHS of (80) is always equal to unit7 and so the BAE will just be M copies of the same

10Solutions with vy, = 0 for some k have to be excluded too because they correspond to “double roots” of the BAE. For
generic values of the parameters this situation does not occur.

1 This can also be seen from the Schur-Weyl decomposition (23] and the dimensions of standard blob modules (@).

12This simplification is of course not surprising as for § = 0 the system reduces to free fermions.
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equation (8I) for all M. Denoting (\;)1<i<n the N solutions of (§I)) at § = 0, any choice of M pairwise
distinct™ A; will then be a solution of the BAE. Therefore the eigenvalues of Hp in the M-magnon sector

are given by
Es=—p—) A
€S
for all sets S C {1,...,N} of cardinality |S| = M, in accordance with the results of [2]. Since there are
(1\]\/;) such sets S, this also means that the BAE (80) have exactly (Aj\g) solutions for this special value of 9,
as we conjectured.

2.2 The two-boundary system

We now turn to the two-boundary Hamiltonian Hs,. In principle, this case can also be treated using
Sklyanin’s boundary Bethe ansatz formalism. For this, in addition to the “left” K-matrix (54]) one also
needs a “right” K-matrix satisfying an analogue of the bYBE (E&I) and implementing the desired integrable
boundary conditions on the right. It is possible to find such a K-matrix by brute force but let us instead
present an alternative and conceptually better approach. To this end, we first start by giving another
construction of the left K-matrix (B4) and then extend this approach to the two-boundary case.

2.2.1 An alternative construction of K (u)

The basic idea is to put the boundary site carrying the V, representation on an equal footing with the
bulk sites, each of which carries a C? representation, by making apparent that their contribution to the
transfer matrix (66]) just comes from the same same universal affine R-matrix, but evaluated in different
representations of U, q5[2

Computing such an evaluation in full generality is a hard task, complicated by the fact that we have to
choose the correct gauge so that it is compatible with our conventions [35]. However, if one of the factors
of the affine R-matrix is evaluated in the fundamental C2-representation — as will always be the case in
our construction — then there is a simpler procedure using the so-called “baxterisation” trick [36].

Concretely, recall that Ugsly admits a universal (non-affine) R-matrix given by [37] (see also [23, Ch. 6.4])

H@H {1y2% e
R = C| 2 Z qu(k 1)/2Ek X Fk N (82)
k>0

where
n

{n}l:=[]{k}.
k=1
Although strictly speaking R ¢ Ugsly ® Ugsla, it can be evaluated on the tensor product of any pair (X,Y)
of representations of Ugsly as long as at least one of them is finite-dimensional. We denote this evaluation
by Rx y. One of the essential properties of R is that for any two such representations X and Y, the two
operators
PXJ) o RXJ) and R;}X o Px)y N

where
Pry: XY =YX

TRQYU—> YR

is the operator permuting the two tensor factors, commute with the action of Ugsly. In other words, R
generates two (a priori different) Ugslo-intertwiners between X ® Y and Y ® X. These are precisely the

13This condition is needed to ensure that the BAE are not degenerate.

M\ ore precisely, in evaluation representations of the affine quantum group Uq;IQ corresponding to different representations
of Ugysla.
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building blocks we need to evaluate the affine R-matrix. Indeed, introducing, for any representation X of
Uqﬁ[z,

eu—i—% e—u—%
RX)(C2(’LL) = 5 RX,C2 - PC2,XOR(;211XOPX,C2,
eu—i—% e—u—ﬂ (83)
Rez x(u) == 5 Rez x — Py 2 0Ry o Pez v,
as well as
Ry c2(u) := Py c2 0 Ry c2(u), Rz x(u) := Pez x 0 Rez x(u)

one checks that
i) Ree c2(u) = R(u) from ({1),
i) Ry c2(u) and Ree y(u) are Uyslo-intertwiners,

iti) For any three representations X, X, &3 of Ugsly with at least two of them isomorphic to C? the
generalisation of the YBE (49)

RX11X2 (u - U)RX11X3 (U)RX27X3 (’U) = RX27X3 (U)RXhXIa (u)RX11X2 (u - ’U) (84)

is satisfied.

This means that Ry c2(u) and Re2 x(u) are precisely the evaluations of the universal affine R-matrix we
are looking for. Note also that

Rez x(u)Ry c2(—u) = — (Cx — 2 cosh(2u)Idy) @ Idc2 (85)

A

where Cy is the Casimir (B3] of X. In particular, for X = V,, by 1)
h h
Res v, (u) Ry, c2(—u) = sinh<7a + u> sinh(g - u) Idy ® Ides (86)

so Rezy, (u) and Rez y, (u) are invertible for u # +ho/2.
Now going back to the construction in (G5)—(E0), we see that the simplest transfer matrix with an
integrable Uqsls-invariant boundary coupling to some Uqslo-module X one can construct is of the form

ty(u) o< qtroTy(u — h/2)Ty(u — h/2) (87)

with
Tb(u) = Ro)N(u) t 'RQJ(U)RO)X(U - C)
Ty(u) := R o(u+ )Ry o(u) - - Ry ,o(u)

where the index i € {0,..., N} stands for the i-th C2-site, and ¢ € C is some inhomogeneity parameter.
Taking X =V, and comparing (B5) with (87) we see that we should have

(83)

K(u) O(Ro)va(u—C)RVmo(u—f—C). (89)

From this form of the K-matrix one can easily show that it satisfies the bYBE (GIl) using the YBE (&4
and (B3)). This is actually another instance of the general result [3] Proposition 2], simply because the YBE
(B4) implies that Roy, (u — ¢) satisfies the RTT relation (B8], Ry, o(u + ¢) o< Ro v, (—u —¢)~* by (&f),
and Idce is a solution of the bYBE (&) by (B3).

It only remains to fix the normalisation factor in ([89) and to express the coupling constant p in terms
of the inhomogeneity (. Computing (89) explicitly using ([82)—(83)) and matching the result with (&4]) we
obtain

K(u) = Rezp, (u = QRy, c2(u+¢) (90)
sinh(g—o‘ - C) sinh(%l + C)
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with
B sinh(h) sinh(ha)

sinh(c — %) sinh(( + hTO‘) .

A fruitful consequence of this formalism is that we are now able to compute B(c0) very easily. Indeed,
define

T(00) = <?<(§§>) SEZZD = Jim emCVEINT (). (91)

Then by [B3) and (88)) this limit is finite and
T (00) o Ro,n - Ro,1Ro,v. Ry, . 0R1,0- - Rno- (92)

)

But for any representations X and Y of Uysly

KY? (1KY KY2 (1KY 2F,
Re2 yRez x = ( %) { 1(5{/2 Y 6( { i(;;fﬂ

KY2KL2 {1yKY2KY2 (FX + K;le)

(93)
—1/2,,—1/2
0 K7k,

KY2 0 1KY R,

- ( voy HLIvey) — Res vy,
XY

where we used the coproduct formula ([I8). Similarly

Rx.c2Ry.c2 = Rygycz - (94)
Finally

Res xRip.co = KY? {1}KY°Fa K/ 0\ _ (KX—Fq_l{l%QFXEX q‘l{liFX>
S 0 Ky'/? {(IK’Er K2 {1}K™'E K™ ’
(95)

where we used the defining relations of Uysly (7). Therefore, using ([@3)—(94)) iteratively on (92) we have
T (00) < Ro,v -+ Ro,1R0,v. Ry, 0R1,0 - - R0 = Ry, e (c2)ev Ry, e (c2)ov 0 = Ro,x, Ruy 0

and so from (@3] applied to X = H;, we obtain B(co) « Fyg,. The proportionality constant can easily be
fixed but we will not need it. Note that the reasoning above applies to any integrable Uysly-invariant spin
chain as long as we renormalise the corresponding monodromy 7 (u) by an appropriate power of e~ in (@T])
to make the u — 400 limit finite.

The result that B(co) x Fy,, which we have now established, was used in the arguments given towards
the end of Section 211

2.2.2 Bethe ansatz for Hy,

From all the above, it is now clear how to proceed to construct the transfer matrix for the two-boundary
system. We simply take

qtrgTop(u — h/Q)Tgb(u —h/2)

O o G (4 ) s (25— ) (%4

(96)

with
Top(u) := Ro,v,, (u— ¢ )Ro,n(u) -+ Ro,1(u)Ro,v,, (u—G),

. (97)
Top(u) = RVQVO(U + ¢)Ry10(u)-- 'RN,O('UJ)RVQT,O(U + ).
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One can then check that (compare with (&)

tanh(h) d 1 p + iy
Hypy= ———— t — N cosh(h —
* 7 gsink® (h) du,_s 20(u) = Neosh(h) + 5oy 2 (98)
with
sinh(h) sinh (hal/r>
Hifr = (99)

sinh (G — 25 ) sin (G + 252 )

To find the BAE one does not need to redo all the computations of the previous section. Indeed, using
the YBE (B4)) with appropriate choices of representations X7, Xa, X3 and spectral parameters u, v we have

Roy,, (u—(r)Roi(u)Ry,, i(¢) = Ry, i(¢)Roi(w)Royv,, (u—GC),
Rio(u)Ry, o(u+G)Ry,, () = Ry, i((r) Ry, o(u+ G )Rio(u),

which we can use to bring the sites V,, and V,, together to the left by means of a similarity transformation.
Concretely (I00) for ¢ = N implies that

(100)

T2b(u)T2b(U)Rvar,N(<r) = Ro,y, (v — ¢ )Ron(u) - Ryo(u)Ry, olu+ ¢ )Ry, ~N(Cr
= Roy,, (u—G)Ron(u) - Ry, ~N(&)Ry,, o(u+ G )Ryo(u
= Roy,, (u—G)Ron(u)Ry, N(C)--- Ry, o(u+G)Ryo(u

)
)
)
=Ry, n~(¢)Royv,, (u—C)Ron(u)--- Ry, o(u+ )Ry o(u)

so setting
R:= Ry, ~N(G)Rv, N-1(G) - Ry, 2(¢ )Ry, 1(¢r)
we hav
R_ngb(u)Tgb(u)R = T(U)RQVM (u — CT)Royal (u - Q)Rval ,o(u + Cl)RVM,O (u + CT)T(U) (101)

with T'(u), T'(u) from (56). Introducing the new K-matrix
- Rov,, (u—C)Rov,, (u—G)Ry,, o(u+ )Ry, o(u+ )
K(u) =
sinh(% — Q) sinh(% + Q) sinh(hg‘“" — CT> sinh(% + CT)

satisfying the bYBE (BIl) (again as a consequence of the YBE (&4)) and (B3) or [3, Proposition 2]), the
corresponding monodromy

(102)

T(u) :=T(u—h/2)K(u—h/2)T(u—h/2),
and transfer matrix ~
top(u) == qtry T (u),

we have by (0T
top(u) = ngb(u)R_l ,

50 95 (u) has the same spectrum as tgp(u). But diagonalising 9, (u) is straightforward. Indeed, to implement
ABA for the one-boundary system we only needed the commutation relations (62)—(63]) and the eigenvalues
of A(u) ([@2) and D(u) (T3) when acting on the reference state |f). Replacing K (u) by K (u) does not
change the commutation relations (62)—(G3]) because they were solely derived from the bYBE (B9) which
the new monodromy 7~'(u) equally satisfies as K (u) is also a solution of the bYBE (&Il). Therefore, we
only need to compute the new eigenvalues of A(u) and D(u) when acting on the new reference state
1) == 10) @ [0 @ [)®N [ This amounts to replacing the diagonal coefficients a(u) and d(u) of K (u)

15Note that by (88) R is invertible if and only if ¢, # £ha, /2, but this is just equivalent to requiring that u, (@9J) is finite.
16We use the same notations as for the one-boundary case for the entries of the new monodromy 7 (u) and the new reference
state [0) ®0) ® [1)®N.
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in (9)—CQ)-(T) by the diagonal coefficients d(ui and d(u) of K(u) (which are now operators acting on
Va, @ V,,) in all the computations of Section 2Tl Doing so we obtain, instead of (72)(73),

A(u) 1) = sinh®" (u + 7/2) Ay(w) Ar (u) 1)
D(u) 1) = sinh®" (u — h/2) Al(~u) A (~u) 1),

while (74) is replaced by
sinh(u — h/2) sinh(u + h(oyr — 1/2))
sinh(h) sinh (hoal /T)

Al/r(u) =1- Nl/r

Smh(u +h— — Cz/r) Slnh(u Y i Cz/r) (103)

smh(T — Q/T) sinh(ham + Cl/r)

Thus
{vm}) = B(v1) -+ Bluar) 1)

is an eigenvector of f(u) — or, equivalently, R |{vm}) is an eigenvector of ta,(u) — with eigenvalue
(compare with (7))

M
Nap({om }s0) = sinh® (u + h/2)Ag(u) A, () T2t 1) P sinhle — vy — h) sinh(u + o — B)

sinh(2u) sinh(u — vyy,) sinh(u + vyy,)

m=1

. sinh(2u — h M sinh(u — vy, + k) sinh(u + vy, + R

+ sinh®Y (u — h/2) Ay (—u) A, (—u) sinh(2u) n!i[l sinh(u — vmg sthu o) )
- (104)

if and only if {vy, }1<m<m satisfy the Bethe ansatz equations (compare with (78]))
. 2N v
Aj(vm) A (V) (smh(vm + h/2)> _ H sinh(vy, — vg + h) sinh(vy,, + vi + h) (105)
Al(=vm)Ar(=vm) \ sinh(vy, — h/2) -~ sinh(vy, — vg — h) sinh(vim + vr — h)

k#m

for all 1 < m < M. The corresponding eigenvalue of Hyp is (compare with ([T9))

sinh?(h)
Upy, — h/2) sinh(vy, + h/2)

M
Eop({vm}) = = — pr + mz::l N

Of course we could have guessed this result on physical grounds by interpreting A(u)/A(—u) as the phase
acquired by a quasi-particle of rapidity u reflected at the boundary. For periodic integrable spin chains,
this heuristic can actually be mathematically justified using the representation theory of the affine quantum
group Ugsly (the algebra defined by the RTT relation (58])), establishing that the form of the eigenvalues of
the transfer matrix and the BAE are completely fixed by the choice of a (trigonometric) Drinfeld polynomial,
which uniquely specifies (up to isomorphism) an irreducible highest-weight representation of quA[Q for the
physical space [38]. This allows to implement ABA for any such choice of representation without almost
any computation. To the best of our knowledge, a similar formalism has not been fully developed for
open Uyslo-invariant spin chains, especially for infinite-dimensional highest-weight representations, so for
the sake of completeness we perform ABA for all open integrable Uyslo-invariant highest-weight spin chains
in Appendix [Bl This also provides an alternative derivation of eigenvalues (I04) and BAE (I05) which does
not require K-matrices nor the similarity transformation (IOT).

17The trick we just used is not essential to implement ABA in the two-boundary case and we could have equally worked
with top(u) directly (see Appendix [B]).
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Coming back to the two-boundary case, we have B(o0) o< Fyy,, E and we expect the finite (permutation
invariant) solutions {vy }1<k<a of the BAE (I05) belonging to the positive half-space Sy to provide all the
Uysly highest-weight eigenstates of weight q@i+ar=2+N=2M of 1, Recalling the decomposition ([BJ), valid
for qou/r, q@ter £ dq”,

Hop = @ Hum @ Va+a,—14+N-2M

M>0

and the dimensions ([@0), there are dj; such linearly independent vectors and so for generic values of the
parameters we conjecture that the BAE ([I05]) have djs such solutions. Note in particular that the number
of magnons M is not bounded as in the one-boundary case.

The BAE (03] are exactly the ones found in [Il[7] for H, 4. () under the Nepomechie condition (@),

which is not surprising: indeed, by Corollary [l (for N even), Hop|3,, is an irreducible subblock of Hﬂ?

for 0 < M < N—1and Haply,, = Hr(f\g') for M > N. Note however that our derivation of the BAE is fully
rigorous and relies on no additional assumptions. Also, we are now able to pinpoint the algebraic origin
of the Nepomechie condition: it is just a direct consequence of the fusion rules (2I)) and more importantly
(B]), yielding the Uysly-decomposition of Hap, (B9) and restricting the generator Y (B8] of the two-boundary
TL algebra to take exactly the values Yy, [@I)) of the Nepomechie condition in its irreducible sectors H .

Another interesting consequence of our formalism is the question of completeness of the BAE for H,, q..
For M > N, Hopln,, = Hr(f\g_) so it is equivalent for both Hamiltonians. For 0 < M < N — 1, however,

Hap|34,, is only an irreducible subblock of Hr(l]\g) by Corollary [ but both Hamiltonians still have the same

BAE. This means that for 0 < M < N — 1, the BAE (I03) cannot possibly provide all the eigenvalues of
Hr(f\g.), as is already quite clear for M = 0 (see also [39]). But thanks to Corollary ], we know exactly which

additional BAE we have to write to diagonalise the remaining block of HI(]%') for 0 < M < N —1: we simply
need to replace Hap, by Hap, which just amounts to the replacement (4H), namely Qs i Jr = = O fpy — Y/
up to an irrelevant additive constant, and by (@8] the simultaneous replacement of the magnon number M
by the dual magnon number M := N — M — 1. Thus (I03) is now replaced by

sinh(u — h/2) sinh(u — h(ay/r + 1/2))

Agyr(u) =21 = pyyy
sinh(h) sinh (hal/r)

a 1
sin ( ”2+ +Cl/r>

smh( -+ Cl/r)

sinh(u - ha”TTH - Q/T)
! )

. h
smh( ol

)

2 - _Cl/r

and we obtain the BAE

A(vm) A (V) (sinh(vm + h/2) ) W sinh(vy, — v + h) sinh(vy, + v; + h)
A(=vm) A,

) Ay (—vm) \ sinh(vn, — h/2) - sinh(v,, — vg — h) sinh(vy,, + v — h) (106)

k=1
k

#m

for M Bethe roots {vi},.,, 57 Together with (I0F) we expect (I06]) to provide the complete spectrum

of Hr(f\g') for 0 < M < N — 1. Note also that by Corollary 2 iv), (I06]) are also the BAE for Hﬂ? with
M < —1. Thus (I08) and (I06) taken together cover all the possible values of the parameters satifying the
Nepomechie constraint (@) for M € Z.

Finally, let us also mention that there exists a different set of BAE for the two-boundary which can be
established using functional relations between various Q-functions [8] or separation of variables [9]. These
equations are rather different from (I05]) and it is therefore quite surprising that they should yield the same
spectrum. We discuss this question in more detail in Appendix

18 As was mentioned at the end of Section [Z2.1] this is true for any integrable Ugsla-invariant spin chain. Note also that for
Hap we need to renormalise the monodromy 7 (u) by e~ 2N+ in @I) to make the limit u — +oo finite.
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Remark. If q is a 2p-th root of unity, the fusion rule (38) becomes

p—1
Vocl ® VaT = @ ValJraTerflan
n=0

so we have
N+p—1

Hap = @ Ay Vairtar+p—14N—2M
M=0

with the magnon number 0 < M < N + p — 1 now bounded and some different multiplicities d}, whose
explicit expression can be found in [2]. Thus we see that contrary to the one-boundary case where we
expect the same number of solutions to the BAE ([78)) for generic and root of unity g, in the two-boundary
case the BAE (I05) should apparently behave quite differently in these two situations. This must also be
related to the fact that the representation theory of 2Bs,, , v,n changes significantly at roots of unity and
in particular the structure of the vacuum module Wy, — which is still not fully known — becomes much
more complicated than for generic q as in Theorem [ (see also Conjecture 2 in [2]). This requires further
study.

Outlook

In this paper, we have constructed a Ugslo-invariant realisation Hy;, of the open XXZ Hamiltonian with
non-diagonal boundary terms H,, 4. for all values of the parameters satisfying [B]) by using the representation
theory of the two-boundary Temperley-Lieb algebra 2Bsy, , v,n. This enabled us to rigorously derive the
BAE equations ([I05) for H,_ 4. by ABA and to understand the algebraic origin of the Nepomechie condition
@3] from the point of view of Uysly fusion rules (2I)-(B8), restricting the possible values of the weight Y~ of
2Bs.y,,,.v,n to the discrete set {Yas, M € Z} ().

Although the BAE we derived were previously known in the literature, a direct construction of the
eigenstates by standard algebraic Bethe ansatz had never been performed until now and could be most useful
in the computation of finer observables of the system, such as correlation functions and form factors, and in
the study of some closely related models such as the asymmetric simple exclusion process (ASEP) [40]. It is
also worth mentioning that the algebraic Bethe ansatz formalism we presented generalises straightforwardly
to open XXZ spin chains with additional inhomogeneity parameters at every site. Finally, our construction
admits a well-defined q — 1 limit, giving rise to non-compact boundary conditions for the open XXX spin
chain.

It would be very interesting to construct an even more general Ugslz-invariant spin chain which could
reach arbitrary values of ¥ and not just the discrete set subject to the Nepomechie condition ([B]). The
weights y;/, are entirely determined by the value of the Casimir CV%/T and the possible values of Y by the
values C can take on the tensor product V,, ® V,,.. Therefore, to find such a generalisation, one would need
to construct two new one-parameter families of boundary Ugsly-modules Xy, , with o/, parametrising y; ..
through the Casimir C Koy, and more crucially such that C can take any value on X, ® X,,.. This implies

that the Uyslo-decomposition of X,, ® X, should no longer be discrete as in ([B8]) but continuous. For the
g — 1 XXX case, such fusion rules are known to arise in the context of principal series representations
of SL(2,C) [41]. For the general XXZ spin chain a natural guess would be to use their Uysly g-deformed
analogues. Such spin chains could shed light on the origin of the general BAE for H,, 4. (see Appendix [C]).
Continuous fusion rules are also a central feature of Liouville CFT and the celebrated DOZZ formula for its
3-point function constants, which was recently proved [42], including in the imaginary case [43] where its
relevance for lattice models has been established [44]. A well-defined lattice model with similar properties
would certainly be of great help to further our understanding of the challenging questions still surrounding
this theory. We will explore these ideas in future work.

Finally, it is known that in the critical domain |q| = 1, the boundary loop model defined by H (I6]) is
conformally invariant in the large-N scaling limit, with some explicit conjectures for its conformal spec-
trum based on the Coulomb gas approach [45,[46] including for generalisations to anisotropic boundary
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conditions in the dilute O(n) model [47,48]. Using the explicit spin chain Hamiltonians Hy and Hap and
the corresponding BAE ([f8)—(I05]) one can now hope to establish these results rigorously. This will be the
subject of a forthcoming paper. Also, since from a physical perspective the two-boundary system can be
seen as the fusion of two one-boundary systems, the representation theory of the discrete lattice algebras

Bs,y,v and 2By, v,nv may provide new insight into the fusion of Virasoro primary fields.
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A Proof of Theorem

The goal of this section is to prove the isomorphisms [@3]). By Theorem [2] this would imply that all the Has

uni

appearing in the decomposition (42]) are irreducible representations of 2B} YN and therefore that Ugsly

and 2831‘;/ n are indeed mutual centralisers on Hoy,.
Y/

The main idea is to follow a more abstract approach to Schur-Weyl duality and rewrite the decomposition
into irreducible Uqsly-modules (B9) as

Hap = @ Homy, st, (Vay+ar—14+N8-201, Hab) @ Vay+a, —14N—2M
M>0

where Homy, 51, (X', )) denotes the space of Ugsla-intertwiners between two Ugslp-modules X and Y. Of
course Homy_ s, (Val+aT_1+N_2M,’H2b) and Hps are isomorphic as vector spaces: a Ugsla-intertwiner
f i Vay+ar—14N-—2m — Hap is uniquely determined by the image of the highest-weight vector |0) of
Vo, +ar—1+N—2m 20), that is the choice of a highest-weight vector f|0) € Hap of the same weight. Since
the subspace of all such vectors is H s by definition

Homy, st; (Vay+a,—1+N—20, Hap) = Home (C0), Har) = M - (107)

Actually, this isomorphism is even an isomorphism of 2Bsy, v, ~-modules. Indeed, the Ugsls-
invariant action of 2Bsy,, v,,,n on Hz, induces an action on the target space of intertwiners f €
Homy, s, (Val+aT_1+N_2M,’H2b) which is equivalent to the action 2Bsy,,, v,,, v on Hy via the isomor-
phism (I07).

The advantage of this rewriting is that we can construct morphismd™ between standard 2Bs,y,,,, v, N-
modules and Homy,sr, (VQZJFQT,HN,QM,’H,%) in a much more canonical way. The idea is to use the
diagrammatical calculus for Ugsly-intertwiners to map well-chosen 2B};‘Z‘Um y-modules to some bigger spaces
of Ugsly-intertwiners in a way compatible with the lattice algebra action and then to appropriately specialise
these maps to the spaces Homy,s1, (ValJraT,HN,QM, HQb).

Let us first recall a few basic facts about this diagrammatical formalism and explain how it can be used
to rederive Schur-Weyl duality for the simpler case of the TL algebra (24). To any TL diagram, that is
a planar configuration of non-intersecting strings between two sets of N points, one can assign a Ugslz-
intertwiner from H := (C?)® to itself, that is an element of Endy,si, (), by mapping the elementary
generators of TL diagrams e;, 1 < i < N — 1, to the corresponding Uyslo-intertwiners (22). Since their
composition rules are the same as the defining relations of the TL algebra (@), this provides a Uysls-invariant
representation pt : Tls v — Endy, s, (H).

19We shall use the term “morphism” instead of “homomorphism” to lighten the exposition.
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More generally, let us denote Wc; the vector space spanned by all planar configurations of non-
intersecting strings between a set of 2j < N points (at the bottom) and a set of N points (at the top).
Although W< is not an algebra, (except for j = N/2 where we recover the TL algebra), TLs x naturally
acts OJ;E W by stacking TL diagrams on top of elements of W< ;. Moreover, using the elementary building
block

i i+l
C; = U =q'2 1)) —q7'/2|I1) € Homy, e, (C,C?®@C?), 1<i<N-1,

G = m — q1/2 (1} — g~ /2 (|4] € Homp,op, (C2©CAC),  1<i<N-—1,
1 i1+1
any diagram of W<, can be mapped to an element of Homy ¢, ((C?)®27,H). As these diagrams suggest
y g <J pp Ugslz ’ g ggest,

CiC; =e;, C;C; = q+q~! = ¢ and more generally one can check that Cj;, C;, 1 < i< N —1 satisfy all the
natural diagrammatical rules inherited from the TL algebra. This means that the mapping

UTh : We; = Homu,e, (€)%, %) (108)

is a morphism of TLsy-modules, where TLsy acts on the target space of intertwiners f &
Homy, s, (((C2)®2J,’H) via the representation map pTL

Evaluating all f € Homy, s, ((C?)®%,H) at |T>®2j we obtain a morphism of TL; y-modules
Ui We s HIS L W) 1) (109)

where H}-L C H is the subspace of highest-weight vectors of weight q2/. Indeed, since \II;FL(E) €
HOHqu5[2 ((C2)®2j,H)

Esp](0) = ExUTH(0) [1)%% = WTH(0)E(cayees 1) =0

‘ ‘ _ 110
Kath]*(0) = Ko WH(0) 17 = WTHOK ey 1) = a9 ]H(0) ()

for all £ € W<; so Im 1/)J-TL - HJTL. Equivalently, 1/)J-TL can be seen as a map from Wc; to
Homy, 1, (C¥*1,H) = H" obtained by precomposing ¥(£) € Homy,sr, ((C*)¥%7,H) by the unique
(up to normalisation) Ugslo-intertwiner from the spin-j representation C/1 of Ugsly to (C?)®27,

Finally, W<; contains a stable TLs y-subspace W, spanned by all diagrams of W< containing strictly
less than than 2j through lines (recall that the action of the TL algebra can only decrease the number of
through lines). By definition, the quotient W< ;/W; is isomorphic, as a TLs y-module, to the standard
module W;. For all £ € W, 1/)J-TL (£) contains one or more caps N linking bottom points and moreover at

least one of these caps has to connect two neighbouring sites. This means that \IJJTL (¢) is of the form A® C;
for some 1 <4 < 2j — 1 and some A € Homy, s, ((C2)®2(j_1),7-[). Since C; [11) = 0, 1/1;-'-"(6) = 0, and so

{ € Ker z/J;rL. Therefore W.; C Ker 1/1;“' which implies that 1/1;“' induces a morphism of TLs y-modules
BTt Wy Wy =Wy — HIE (111)

It is clearly non-zero as

L1 WU U = M@ Cuin £0

20There is a more abstract categorical construction of these morphisms in terms of evaluation and coevaluation maps which
we will not present here (see [2] for more details).
210ne can also construct the morphisms \II;FL by first embedding W« into TLs y by adding N/2 — j “spectator” caps N at

the bottom of all diagrams, then mapping it to Enqu5[2 (H) via p7 and finally removing the spectator caps by precomposing
with 6j’N/21d(@2)®2j ® ®f\r:;1 Coi+1. This method will be used for the two-boundary case.
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and since W; is irreducible 15;”‘ must be injective. But by (@), dimW, = dim’H;rL SO 7—[}-" = W;. This
proves Schur-Weyl duality (24) between the actions of TLs y and Ugsly on H = (C2)®V,

We would now like to extend this formalism to the actions of 283‘3/“ y and Ugsly on Hay = Vo, ®

(C?)®N ® V,,, in particular to construct (universal) two-boundary analogues of the morphisms ¥ (I08),

oIt (T09) and ¢ ().
Let us define W%bj, the vector space spanned by all two-boundary TL diagrams from 2j < N points (at
the bottom) to IV points (at the top), that is TL diagrams of W<, decorated by left/right blobs/anti-blobs

in all admissible ways. 2Bs, , y,n naturally acts on Wg} by stacking two-boundary TL diagrams on top

of elements of W%Z Since we will be working with the universal two-boundary TL algebra 2833;/“ N» We
need to slightly extend this definition by promoting W%bj to a free C[Y]-module W%l} [Y] of rank dim W%l},
generated by the basis elements of Wg} Then Wg} [Y] admits an action of 2B§zil/m ~» Where the additional
Y generator simply acts by multiplication.

We would now like to define a morphism of 2B§)‘;jl/m y-modules ¥, from W%bj Y] to

Homy, st; (Va, ® (C?)®% @ V,,, Hap). For j = N/2 this is straightforward: WibN/Q[Y] and 283‘7‘;/”]\, are

isomorphic as (left) 2B§)‘;jl/m y-modules and so we can just take the representation map

Pray + 2BYY, v — Endu, e, (Has)

constructed in [2]. To build ¥, for 0 < j < N/2—1, let us take advantage of this simpler case by embedding
WZ[Y] into 2BYY .

Define Z; the subspace of all two-boundary TL diagrams ¢ of the form ¢ ® N®W/2=3) where ¢/ € Wibj
is a two-boundary TL diagram from 2j points labelled {1,...,2j} (at the bottom) to N points (at the top)
and N®W/2-9) are N/2 — j caps linking the remaining pairs of points (25 + 1,25 + 2), (27 + 3,25 + 4),...,
(N — 1, N) at the bottom. For example, for N =4 and j =1

" > U =(=0®nN
_? \J i. = |

1 2 3 4

Clearly
{0} CZo CTh C - CIny2 :=2Bsy,, v

and since the left action of 2Bs,,,, v,n on Z; preserves the N®(N/2=3) part, Z; is a left 2Bsy).,
We can extend this construction to the universal two-boundary TL algebra 28371;/“ N by promoting Z; to
a free C[Y]-module Z;[Y] of rank dimZ; generated by the basis diagrams of Z;. Then

Y,N ideal.

{0} C LY STV & - & Inpo[Y] :=2BYY v

is an increasing sequence of ideals of 2837151/“ ~- Obviously, Wg} [Y] and Z;[Y] are isomorphic as (left)
2B§)‘1‘lil/mN—modules via the map ¢/ +— £ := ¢’ @ N®W/273) 50 we can (and will) identify them.

Now the restriction map
P |z1v) + Zi[Y] — Endy, s, (Hap)
is a 2831‘;”“ y-module morphism (because py,, is a representatio? of 2B§f;m
its image consists of elements of Endy,si,(Has) of the form A®Coj1 ®---®@Cn_1 with A €
Homy, s, (Val ® (C?)®% VaT,HQb). Let us define the map

N on Hop) and

7 Im (pH2b|Ij[Y]) — Homy,s1, (Val ® (C*)®¥ @ VaT7H2b> ; A®Cojy1 @ @ Cnoy A
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Concretely, using the fact that C;C; = § # O

i (X) = SN2 o (Idval®(c2)®2j ®Cyt1 ®--QCN_1® Idvar)

for all X € Im (py2b|zj [Y]), from which it is clear that
o 7; is well-defined,

e 7;(X) is a Ugsla-intertwiner as the composition of two Uysly-intertwiners,

uni
67yl/7
intertwiner X.

o m; is a 2B _ny-module morphism as 2B§f;l/r_’N acts only on the target space of the Ugslo-

Thus, for all 0 < j < N/2 we have constructed a 2B§)‘;jl/m n-module morphism

Uj o= 0 pry, |z, v WEY] = Z,[Y] — Homy, 1, (Vm ® (C?)®% g VaT,'Hgb> (112)

as we wanted.

This abstractly-defined map W; has actually a very natural diagrammatical interpretation. Indeed,
two-boundary TL diagrams of Wibj are just decorated TL diagrams of W<, so constructing ¥, amounts
to implementing these decorations in terms of Ugsly-intertwiners (and mapping Y to (36)). Concretely, one
can introduce the diagrams

Vo, C? Vo, 2 c? Va C?2 Ve
[ ] [ ] [ ] L]

b b br br

I e N e

Va, €2 Vo, €2 Cc2 Va, C2 Va,

and decorate the TL of strings a Ugslo-intertwiner belonging to Homy, s, (((C2)®2j ,’H) by deform-
ing them until they are in contact with the left (red line) or right (blue line) boundary and
then inserting the diagrams by, by /r above to obtain a two-boundary Ugsls-intertwiner belonging to
Homy, 1, (Val ® (CH®2 R V,,, Hgb). Of course such a deformation is only possible if one never intersects
any other string while doing so. But this is consistent with the decoration rules for two-boundary diagrams
because a string can acquire a left /right blob/anti-blob only when touching the left /right boundary.
Using the above  procedure, we can  uniquely map  diagrams  of Wi@ to

Homy, s, (Val ® (C?)®% VaT,HQb). For example, for N =4 and j = 0,

Vay €2 €2 €2 C? Va,

\9/ u ~ = by(C1C1) (b1 C2Cb, ) (C1Cs) .

b; b,

TN

o

22Recall that § = 0 corresponds to q = i, whereas we have assumed that q is not a root of unity
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For all ¢ € Wil}, it is technically possible to write an explicit expression of the corresponding Ugsla-
intertwiner W, (Z) € Homy, 1, (Val ® (C?)®% Var,sz) in terms of the C;, C;, 1 <i < N —1, b/ and
l;l/T, but the shortcut we took by adding the “spectator” part N®N/2-7 to embed them into QBEEL/MN and
mapping them to intertwiners using the representation map pz,, achieves the same goal faster while also
providing a direct proof that ¥; commutes with the action of QBEZ‘W’ N

uni

Coming back to our proof, let us first consider the morphism of 2B§,yz/

_n-modules
Wo : WEY] = Zo[Y] — Homy, s, (Va, ® Va,, Has) - (113)

Note that, by definition, W2}[Y] = Wy [Y], the universal vacuum module of 2 gzil/m N-

Recalling the fusion rule (B8]), rewritten in a convenient way,

Voq & Vozqn = @ Val+aq~—1+N—2M (114)
M>N/2

we have maps ¢y € Homy, s, (Val+aT_1+N_2M, Vo, @ VaT), M > N/2, which are unique up to normali-
sation. They induce maps

\IJ(SM) : WolY] = Homy, 1, (Val+aT—1+N—2MuIH2b) ) £ Wo(l) o

which are also morphisms of 2B§zil/mN—modules. Moreover, for any f € Homy, s, (Vozz+ozrfl+N72M7 H2b)7
M >0,
Y'szf(_) = f(Yval+cx,,«71+N72M_) = YMf(_) . (115)

In other words, Y acts as the scalar Yj; on Homy,s1, (VQL+QT71+N72M, 7—[21,) which means that
(Y = Yo )Wo[Y] € Ker \IJéM) and so, for all M > N/2, ‘IléM) induces a morphism of 2Bs 4, ,, v,,, n-modules
between Wo[Y]/(Y — Yar)Wo[Y] = Wy and Homy, s, (Val+aT_1+N_2M, 7-{21,) =~ H pr, which we still denote
oM.

Note that, concretely, for all £ € Wy, \IISM) (¢) € Har is simply the evaluation of the Uysls-intertwiner
Vo (f) € Homy, s, (Val ® VaT,Hgb) at the highest-weight vector |wys) of the Vy, 1a,—1+N—20m summand of

Vo, ® Vo, in ([[I4)). This evaluation \IISM) (£) = Uo(¥) lwps) is indeed an element of Hjys — the subspace of
highest-weight vectors of weight q@ttor—2+N=2M __ gimply because for all £ € Wy[Y],

Eria, U5™ () = gy, Wo(€) [war) = Wo(O)Ey, ey, [war) =0

(M) ajtar—2+N-2M (116)
K Vo (0) = Koy, Vo (€) lwar) = Vo (O)Ky, v, [wa) = g™ Wo(l) lwar) -

Clearly \IJ((JM) £ 0 as, for example,

U oe ®1N:/1202i717é0'

By Theorem [2] 74i), the 2B;s 4, v,, nN-module Wy is irreducible for all M > N, so \IJ(SM) must be injective.

Since dim Wy = dim H s = 2V by (2) and @Q), ‘IléM) is an isomorphism and so Hyr = W, for all M > N.
Now for N/2 < M < N —1, Ker \If((JM) is a 2Bsy,,,, vy, N-submodule of Wy and so by Theorem 21 ii) it

must be equal to either {0}, )/\/]B\f“rl_]\,/2 or Wy. It cannot be equal to Wy because \IISM) # 0. It cannot
(M)

be equal to {0} because dyy = dimHy < dimW, = 2V by @0). Therefore Ker ¥/ = WJE\/;}H—NM
and so \IJéM) induces a non-zero injective 2Bsy, ,, v,,,n-module morphism between WO/WEH_
Hps. Since by ([I2) and (@Q) dimVVO/VV]I{E[H_N/2 = dim H s = dpys we have Hyy = 1/\/0/1/\7]{{24_1_N/2 for all
N/2<M <N -1.

NJ2 and
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It remains to deal with the cases 0 < M < N/2 — 1. Here we can no longer use ¥, because the tensor
product V,, ® V,, [[I4) does not contain summands Ve, +a,—1+N-20m for 0 < M < N/2 — 1. The idea is

then to consider the above-constructed 283";1/ y-module morphisms (I12)

U, : Z;[Y] — Homy, o1, (val ® (C*)®¥ @ V,,, sz)

now with 1 < j < N/2. Evaluating the elements of Homy, 51, (Va, ® (C?)®% ® V,,, Hap) at 10Y®[1)®* ®0)
or, equivalently, pre-composing them with the only (up to normalisation) Ugsls-intertwiner

Xj . Voq+arfl+2j — Val ® (C2)®2j ® Va

r

we obtain, for each 1 < j < N/2, a morphism of 2B§zil/mN—module

¥; : Z;[Y] = Homy, st; (Varta,—1+25, Ho) = Hnjo—j
0 W5(0) 0 xg = W5(0)10) @ 1) @ 0)

NJ/2,

By [[I3) Y acts as the scalar Y3; on Homy, s, (VQL+QT71+N72M,H2b) 2 Hpy andsoforalll <j <
= Ij and

1; induces a morphism of 2By, v, nv-modules, M = N/2 — j, between Z;[Y]/(Y — Yar)Z;[Y]
Homy, s, (Val+aT_1+2j, ’Hgb) which we still denote ;.

Now consider the subspace U; C Z; spanned by all two-boundary TL diagrams ¢ of the form ¢ @ N®V /2=3
where ¢/ € W%z is a two-boundary TL diagram from 25 to N points such that it has either

1) Strictly less than 2j through lines,

i1) Or exactly 25 through lines with the leftmost or rightmost through line of ¢’ carrying a left/right
anti-blob.

The left action of 2Bs 4, v,,,~ on Z; can only decrease the number of through lines and can never change the
left /right blob/anti-blob decoration of the leftmost/rightmost through line of a diagram with 2j through
lines/* which implies that U, is a stable 2Bs,, J..Ya,N subspace. Moreover, by definition of standard
modules, the quotient Z;/U; — which is exactly the space of two-boundary TL diagrams with 2j through
lines with leftmost and rightmost through lines both carrying left and right blobs — is isomorphic to le?b
as a 2Bsy, . vy, N-module.

Let us show the following.

Lemma 1. For all1 < j < N/2, U; C Ker 9;.

Proof. First consider £ € U; of the form i). This means that £ = ¢/ @ N®N/277 with ¢/ € Wil} containing
at least one cap at the bottom. Moreover, at least one of these caps connects neighbouring sites: if that
was not the case, it would be impossible to fill the bottom 25 points of ¢/ with non-intersecting caps and
through lines. If j = 1, ¢’ contains no through lines and the bottom of ¢’ has a single cap linking points 1
and 2 which can carry any left /right blob/anti-blob configuration. Therefore ¥ (¢) is of the form AC,b;b,.,
or AC1bb,, or AC1bib,., or AC1b;b, for some A € Homy, 1, (Val ® VaT,Hgb) and so

Pi(l) = W1 (0) [0) @ [11) ©[0) = 0

because C1bb, |0) @ [11) @ 10) = C10) @ [11) @ |0) = 0 and b;|0) @ [1) = b, [1) @]0) = 0.
Now take j > 2 and first suppose ¢’ contains through lines. We have the following cases:

e Either the bottom points 1 and 2j of ¢ are both occupied by through lines. Then the caps in between
cannot carry blobs/anti-blobs and so ¢ contains an undecorated cap linking points ¢ and i 4+ 1 for
some 2 <17 <25 —2.

23Using the same reasoning as in (II0) and (IIB) we easily see that Eqy,, ¥;(€) [0) ® [1®% & |0) = 0 and Ko, W5 (£) 10) ®
1) @ |0) = qoutar=2+20F; () |0) @ [1)®* @ [0) for all £ € Z;[Y] so indeed Im1p; C Hy/p_; for all 1 < j < N/2.
241t is actually this property that makes the standard modules le-’b, le?b, le?b, le-’b well-defined.
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e Or the bottom point 1 is connected to some other bottom point 2 < k < 25 — 2 by a cap (for k even).
If k # 2, then the points strictly between 1 and k can only contain undecorated caps, at least one
of them linking neighbouring points ¢ and i + 1 for some 2 < i < k — 2. If k = 2, ¢ contains a cap
linking points 1 and 2 which can only carry a left blob/anti-blob, because it is separated from the
right boundary by a through line.

e Or the bottom point 2j is connected to some other bottom point 3 < k < 25— 1 by a cap (for k odd).
If k # 25 — 1, then the points strictly between k& and 2j can only contain undecorated caps, at least
one of them linking neighbouring points 7 and 7 + 1 for some k+1<:<2j—-2. If k =25 -1, ¢
contains a cap linking points 25 — 1 and 25 which can only carry a right blob/anti-blob, because it is
separated from the left boundary by a through line.

On the other hand if ¢’ contains no through lines and j > 2 then:

e Either the bottom of ¢ contains some “long” cap linking points 1 < k < k/ < 2j with £+ 3 < &’
(for k and k' of opposite parities) so there is an undecorated cap linking points ¢ and ¢ + 1 for some
E+1<i<k -1

e Or the bottom of ¢/ contains only nearest-neighbour caps. Then either the leftmost cap (linking points
1 and 2) is undecorated or carries only a left blob/antiblob, or the rightmost cap (linking points 2j —1
and 25) is undecorated or carries only a right blob/antiblob. Indeed, the leftmost and rightmost caps
cannot both carry left and right blobs/anti-blobs as they would both need to touch the two boundaries
of the system, which is impossible without them crossing.

To summarise, if j > 2, the bottom of ¢’ contains
e Either an undecorated cap linking neighbouring points ¢ and ¢ + 1 for some 1 <7 < 2j,
e Or a cap linking points 1 and 2 and carrying only a left blob/anti-blob,
e Or a cap linking points 25 — 1 and 2j and carrying only a right blob/anti-blob.

This means that ¥;(¢) is of the form AC;, for some 1 < i < 2j, or AC1b;, or AC1by, or AC’Qj,lbr, or
AC'Qj,ll_)r for some A € Homy,s1, (Vm ® (C2)®2(j—1) ® VQM’H,%). Therefore

¥ (0) = T;(0)[0) @ [1)* ®0) = 0.

Finally, if ¢ is of the form i), V;({) is of the form Ab; or Ab, with some A €
Homy, st; (Va, ® (C?)®% @ V,,, Hap) and since by [0) @ [1) = b, 1) @ [0) = 0, 1;(¢) = 0. O

Now U; C Ker v; implies that t; induces a morphism of 2Bs 4, ,, v,,, n-modules
1/~)j : Ij/Uj = ijb — Har

for all 1 < j < N/2, with M = N/2 — j. Clearly, 1; is non-zero as, for example,
Lol U U e 0em®™ e (@) Cin ) ©10) £0.

By Theorem 2] the 2Bsy, . v,,, n-module W%)/sz is irreducible for all 1 < M < N/2 —1 so 1; is injective.
Since dimW}’\f/%M = dim Hys by (I2) and @0Q), we have W%)/sz =~ Hyy for all 0 < M < N/2 — 1 which
completes the proof.
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B ABA for a general U;sh-invariant highest-weight spin chain

Consider a tensor product X := @, X; of irreducible highest-weight Ugslo-modules of weight q* ! (that
is, & is a spin—o"'T*1 representation if a; € N* and a Verma module otherwise) and define the monodromy

with
) = R07Xn(u — h/2 — Cn)-'-RQ7X1(u — h/2 — Cl),

(u)
) D(u)
u) Bu)
) D(u)

@)

) = Rx, 0(u—h/2+C) - Ry, 0(u—h/2+ (),

for some inhomogeneity parameters (; € C, 1 < ¢ < n, and the transfer matrix
t(u) := qtry T (u) = e"A(u) + e "D(u).

By [3, Proposition 2] 7 (u) is a solution of the bYBE (59) : using the YBE (84) one checks that T'(u)
satisfies the RTT relation (B8), T'(u) o< T(—u)~" because of (8H), and Idc: is a solution of the bYBE (&1
by (3), so the product T(u + h/2) := T(u)lde,T'(u) is also onePq Therefore, the commutation relations

©2)-([G3) remain the same.

It remains to compute the eigenvalues of A(u) and D(u) when acting on the reference state

0) := ® 0;)
i=1

where |0;) is the highest-weight vector of X;. To do so, first write

eu—Gi e~ utGi
Rox,(u—h/2—G) = 5 Re2.x —

ev=G (KY? {(1KVF, o=t K1/2 0
"o Lo k)T ek ke

K3

_ sinh(u -G+ hHi/2) sinh(h) exp(u -G+ hHi/2) Fil . (ai bs
~ |\ sinh(h)E; exp(—u +¢— hHi/2) sinh(u -G - hHi/2) T \e d;

—1
PXZ',(C2 o RXi,CQ o P(C2,X¢

where g™ = et := K;. Similarly

eutGi e~ u—Ci 1
RXi70(u—h/2+Ci) = RXI»,(CQ — PXi,CQ OR(EQ7Xi OPXi,(CQ
B sinh (u + ¢ + hH;/2) sinh(h)F; exp(—u— ¢ +hH;/2)\ _ (4 b;
~ \ sinh(h) exp(u + ¢ — hHi/2) E; sinh(u + ¢ — hHi/2) T \e di)

Since C(u)[0) = C(u)|0) = 0 we have

A(u) 0) = A(u)A(u) |0) ,

. R 117
D(w) [0) = (C(u)B(w) + D()D(u)) [0) )

25This statement can also be proved by induction on n using only the YBE (84) and (G53).
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Introducing a basis {|1),]})} of the auxiliary space, we have, similarly to the one-boundary computation

in Section [2.1],

Aw)]0) = (1] T(u) 1) @0) = Halm Hsmh

A(w)]0) = (1| T(u) 1) ®]0) = Ha1|0 Hsmh u+G+h

D(u) |0) = (J| T(u) |{) @ |0) = Hd |0) = Hsmh u+¢—h

(

< )
D) |0) = (T (w) 1) @ [0) = Hd 0) = [sinn (-G =121 ) 10

( )

and

C(u)B(u) 10) = (U T(w) [1) (1 T(u) |1) @ |0)

Note also that .
ckbr = sinh?(h)e 2“ExK; '/ ?FK,/?
= sinh?(h)e 2 TRELF,

e—2u+h
= (cosh(hay) — cosh(hHj, — h))

e~ 2uth Sinh(W) Sinh(M)
2 2

where we used (B5)-B1) to write
Cux, = 4sinh®(h)EgFy + 2 cosh(hHy — h) = 2 cosh(hay) .

Define

n k—1 n
D,, :=e 2 sinh(h Hd d — Ha a | +e” smh 2u) Z H a;a; H diai
k=1 \ i=1

i=k+1

(118)

(119)

(120)

Let us show by induction on n > 1 that D, |0) = 0. For n = 1, using (I20), we can check by direct

computation that
Dy |01> = (€_2u s1nh(h) (dlal - alél) + e " sinh(2u)c161> |01> =0

Now assume that D,,_; |0) = 0. We have

ananDp_1 =D, — (62“ sinh(h) (d d —apa n) +e smh 2u Cn n> H
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so by (I2I) and the induction hypothesis D,, |0) = 0. By (1) ({17)—(IIX)—({I19)

D,, |0) = sinh(2u — H |0) =0

O>=Halél|0>=Hsmh(u—Q a _1>Sinh<u+Ci 1>|0> )
i=1 i=1
ﬁda 0) ﬁs' h< 0‘1_1>s' h< +¢ ho‘i_1>lo>
= idi = mnn| u mnn| u i — .
i=1 i=1 2

Therefore, using the commutation relations (62)—(G3]) and performing exactly the same computations
([T2)—(@) as in the one-boundary case but with the new eigenvalues of A(u) and D(u) (I22)), we find that

{vm}) =B(v1) - Bvw) |0)

is an eigenvector of the transfer matrix ¢(u) with eigenvalue

so finally

(122)

n M
sinh(2u + h) sinh(u — vy, — h) sinh(u + vy, — h)
Al{vm}iu) =  sinh(2u) 1;[ aigi (1 Wl;Il sinh(u — vyy,) sinh(u + v,y,)
sinh(2u — ﬁ ﬁ sinh(u — vy, + h) sinh(u + vy, + h)
~ sinh(2u) A= sinh(u — vy, sinh(u + vy, )

=1 m=1

i —1
> sinh<u+ha

if and only if {vy, }1<m<m satisfy the Bethe ansatz equations

where

Aq, ¢, (u) :=sinh <u +

+ <1>

ﬁ A, ci(Um) ﬁ sinh (v, — v + h) sinh(vy, + vi + h)
P Apici(=vm) - sinh(vy, — v, — h) sinh(vy, + v — h)

k#m

(123)

for all 1 < m < M. As before B(oo) := lim,_, 1« e~ 2"*B(u) o< Fx and so we expect the finite (permutation
invariant) solutions {vy }1<r<nr of the BAE ([I23) belonging to the positive half-space S; to provide all the

Uysly highest-weight eigenstates of weight q(zyzl ai)=n—2M t(u).

Note that for X; = C?, that is a; = 2, Agp(u) = sinh(u — h/2)2, and for X; = Vo, ., Aa,),.0), (1)
Ayyp(u) @A3). Thus for n =N +2, X1 = Va,, (1 = (1, Any2 = Va,, (Ni2 = ¢ and &) = C?, ¢; =0 for all
2 <i< N+ 1, we recover (I04)-(I05) (up to normalisation of t95(u)) as we should.

C A different set of BAE for the two-boundary system

Following [8] it is possible to find the general form of the eigenvalues of to(u) solely from the knowledge of
some functional relations it satisfies and their analytic properties. The end result is that for any eigenvalue
Aop({vm}; u) of top(u) one can write a TQ relation of the form

sinh(2u + h) Q(u — h)
sinh(2u) Q(u)

L sinh(2u — h) Q(u + h)
+ sinh N(U = h/2)Al(—u)Ar(—u) sinh(2u) Q(u)

sinh?Y (u + h/2) sinh®" (u — h/2) sinh(2u + h) sinh(2u — h)
i Q)

Agp({vm }; u) =sinh®Y (u + h/2) Ay (u) A, (u)

(124)
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where
N
Qu) = H sinh(u — vy, ) sinh(u + vy,)
m=1

for some Bethe roots v,,, 1 < m < N and ¢ some constant. The Bethe ansatz equations are obtained by
imposing that Agp({vm};u) has no poles at all the vy, that is

N
sinh® (v, + h/2) A1 (0m) A (v) [ ] sinh(vim — v — h) sinh(vy, + vk — h)
k=1

k;é:m

N

— sinh® (v, — h/2)Ai(=vm) Ar(=vpm) [ sinh(vm — vk + h) sinh(v,, + vy + h)
k=1
k#m

= csinh®Y (v, + h/2) sinh®Y (v, — h/2)  (125)

for all 1 <m < N. If ¢ # 0, then the trigonometric polynomial Q(u) has to be of degree 2N for the BAE
(@25) to admit at least one solution. The RHS of ({I23]) is sometimes known as the ”inhomogeneous term”
and it provides the most general set of BAE for H,, q. (D)) for arbitrary parameters h, 9, ;, £,/ and ©, even
if they do not satisfy the Nepomechie condition (B]) (¢ is then some explicit function of these parameters).

The BAE (I05) actually correspond to the special case ¢ = 0 of (I2H). Indeed, if ¢ = 0, then a subset
of the v,, can be sent to oo and we obtain

sinh(2u + h) Q(u — h)
sinh(2u) Q(u)

sinh(2u — h) Q(u + h)
sinh(2u) Q(u)

Aoy ({vm };u) =sinh®Y (u + h/2) A (u) A, (u)
(126)

+ sinh®Y (u — h/2)Aj(—u) A, (—u)

with
M

Qu) = H sinh(u — v,) sinh(u + vy, )

m=1

for some magnon number 0 < M < N as in (I04)) and the BAE ([I25)) then reduce to the form (I00)

Aj(vm) Ay (V) sinh(vy, + h/2) o B al sinh(v,, — v + h) sinh(vy, + v; + h)
Al(=vm)Ar(=vm) \ sinh (v, — h/2) N kl:[l sinh(vy, — vk — h) sinh(vy, + v — h)
k#m
for all 1 < m < M. Thus the BAE from [8] are consistent with (03] as long as 0 < M < N. However, we
have seen that in the two-boundary case the magnon number M can take any (positive) integer value. The
question is then what happens for M > N.

For this we need to come back to the general ¢ # 0 case. It turns out that the constant ¢ can be entirely
fixed from the knowledge of the large u asymptotic. Indeed, if ¢ # 0, then

(127)

U—r 00

A2b({’Um}; u) ~ 47N7262(N+2)u <2ﬂlﬂr COSh(hCYl + ha, — (N -+ 1)]7,) 4c> '

sinh(h)? sinh(hoy ) sinh(hay,.)
On the other hand we can compute the large u limit of ¢, (u) directly. We have (83)

evt 3 evt 5

Ry c2(u) o T2 Ry, c2 Rz x(u) W

Re2 x
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for any Ugsly module & and so, using (@6)-(@7) and then (@3)-(@4)-(5)

by a2 4= N=2e2(NFDuy, qtrgRo v, Ron - - Ro,1Ro,v., Ry, ,0R1,0-- - Rn0Rv, 0
2plu) ~

u—00 sinh(h)? sinh(hay) sinh(ha,.)
47N72e2(N+2)u

P prqtroR0 245, Ra14, 0

sinh(h)? sinh(hay) sinh(hay,.)
4=N=22N+2)u (q (Kot + 4 H{1}2F 300 Era)) + 071 K;—Lib)
sinh(h)” sinh(hay ) sinh(hay,.)

_ ppr Cat,
sinh(h)® sinh(hay) sinh(ha,.)

4—N—262(N+2)u

where Cyy,, is the Casimir element (B3] evaluated in the representation Hap. Recalling that C is constant
on any irreducible Ugsly module, in particular ([B7)

Cy, =q%+q “ =2cosh(ha),

and the Uysly decomposition ([B9)

Ho, = @D Har @ Vayra,—148-201
M>0

it is then clear that

4= N2, 2(N+2)u 214) by cosh(hal + ha, + h(N —2M — 1))

top(u ~ 128
()l 5 sinh(h)? sinh(hay ) sinh(hay,) (128)
Now comparing (I27)) and (I28) we finally arrive at
rsinh(A(N — M)) sinh(ho; + ha, — h(M +1
o Hiprsin (n( ) sinh (hey + ho ( )) (120)

sinh(h)? sinh(hay) sinh(ha,)

We are thus led to conjecture that for M > N, the BAE (I05) on M Bethe roots are equivalent to the
BAE (I23) with only N Bethe roots and ¢ as in (I29)). Note that the case M = N is trivial since ¢ vanishes
precisely for M = N.
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