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INVARIANT GIBBS MEASURES FOR 1D NLS IN A TRAP

VAN DUONG DINH AND NICOLAS ROUGERIE

ABSTRACT. We consider the one dimensional cubic nonlinear Schrédinger equation with
trapping potential behaving like |z|® (s > 1) at infinity. We construct Gibbs measures
associated to the equation and prove that the Cauchy problem is globally well-posed
almost surely on their support. Consequently, the Gibbs measure is indeed invariant
under the flow of the equation. We also address the construction and invariance of
canonical Gibbs measures (conditioned on the L? mass) and make remarks regarding
higher non-linearities than cubic.
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2 V. D. DINH AND N. ROUGERIE

1. INTRODUCTION

We study the statistical mechanics of the trapped 1D cubic nonlinear Schrodinger equa-
tion
10 = hu + |ul*u (1.1)
on R with the Schrédinger operator
hi=—02+V(x),
where V (z) | |—> +o0 is a trapping potential. Namely, we construct the associated Gibbs
Tr|—0o0

probability measures given formally by

dust(u) = z;l exp < (u, (h + V)U>L2(IR) F ;/R |U(x)|4d$> du (1.2)

and

d:ufn(u) = Z;Ll]l{fR ‘U(I)de:m}dﬂgc(u) (1'3)
with z, and z,, being normalization constants and prove their invariance under the flow
of (1.1). These measures correspond, for this nonlinear model, to the well known grand-
canonical ensemble ((1.2) with chemical potential » € R) and canonical ensemble ((1.3)
with particle number/mass m > 0) of statistical mechanics. Our main physical motivation
comes from the mean-field approximation of Bose gases and Bose—Einstein condensates [45,
58, 62], whence our restriction to the cubic equation, corresponding to short-range pair
interactions between particles. In this context, the measure (1.2) was rigorously derived
from many-body quantum mechanics in [41, 42, 31, 32, 59].

The question of the invariance of such measures under the associated Hamiltonian flow
has a rich history, elements of which we recall below. As is well-known, the main issue is
that, once rigorously defined (in particular, in the focusing case, a L?-mass cutoff is nec-
essary in (1.2)), the above measures live on functional spaces of regularity/integrability
levels at which it is challenging or impossible to construct the flow of (1.1). Instead of
relying on such a deterministic flow, one often constructs a probabilistic Cauchy theory,
taking advantage of the formal invariance of the Gibbs measures to substitute for conser-
vation laws. The main datum of the problem, setting the regularity/integrability level, is
in our context the growth at infinity of the potential V. We assume that it is polynomial,
of order s > 1, which is the threshold for the measure (1.2) to make sense (see below).

Assumption 1.1. Let V € C*(R,R}) satisfy for some s > 1:

(i) There exists C > 1 so that for every x € R, the inequality  (z)° < V(z) < C (x)°
holds true.

(ii) For any j € N, there exists Cj > 0 so that for every x € R, the inequality 03V (2)] <
Cj (z)*™7 holds true.

The reader may think throughout that

Viz)=(1+ \:c|2)8/2, (1.4)

although we do not need such an exact formula. We construct a global-in-time Cauchy
theory on the support of the measures (1.2) for any s > 1 in the defocusing case (+ sign
in (1.1)) and any s > 8/5 in the focusing case (— sign in (1.1)). There is a noticeable
dichotomy at s = 2 (the harmonic oscillator). Indeed, for s > 2, one can essentially
construct the flow deterministically at the appropriate level of regularity (mostly based
on tools from [74, 75, 76]), whereas for s < 2, we must rely on the randomization of initial
data. We shall thus be particularly interested in the case s < 2, where the measures do
not live on L? and thus in particular (1.3) must be interpreted in a renormalized sense
(vaguely, m = oo —m/ with m’ € R).
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Our results generalize known theorems and allow to simplify the proofs of some of
them. Indeed, for the periodic NLS (s = 400 formally, restriction to a compact setting)
the Cauchy theory was constructed in [2], and the invariance of (1.2) was deduced. The
canonical measure (1.3) was then constructed and proved to be invariant in [52] (see
also [8]). In [12] (see also [22]), the invariance of (1.2) was obtained for s = 2. In all other
cases (in particular for the canonical measure (1.3) on R with any kind of trap), our results
seem new. In particular, they answer a question raised after [12, Theorem 1.1] concerning
more general potentials than (1.4) for s = 2, having the same behavior at infinity.

One of our motivations for considering the more general case of s ¢ {400, 2} is that all
approaches of the topic at hand that we are aware of rely on very detailed information on
the spectral problem for the linear operator h = —92 + V(x). An explicit knowledge of
the eigenfunctions is often used to construct the measure and the flow. This is certainly
the case for s = 400 (plane waves [2, 52]) and s = 2 (link with Hermite polynomials [12,
24, 57]) but also in other cases considered in the literature, like radial NLS on the disk or
sphere (link with Bessel functions [6, 7, 71, 72]). All (non-radial) known results in higher
dimension [3, 4, 25, 26, 27] seemed to rely on plane waves until the very recent [10], which
relies on spherical harmonics.

One could probably use Sogge-type LP bounds on individual eigenfunctions of h from [74,
75, 39] to construct the measure (see also the expository parts of [47] for relevant discus-
sions). It is however unclear to us whether these are available in the generality and
optimality we would need here. Their proofs are in addition rather involved in the gen-
eral, non exactly soluble, case. Besides, multilinear estimates would probably be needed
to complete the picture, in particular for s < 2.

In this paper, we propose a softer approach to the Cauchy theory (in particular, the
probabilistic one, for s < 2), which relies less on exact formulae or hard semi-classical
analysis, and allows the aforementioned generalizations to s < 2. A price to pay is that
we do not prove multilinear estimates, and consequently our results are restricted to small
nonlinearities. We can allow more general non-linearities than cubic (namely, behaving
like |u|*~2u for more general x > 2, depending on s) but we only state remarks in this
direction for brevity, and because the cubic nonlinearity is the most physically relevant
one.

Another motivation to consider a general s is that, in experiments with cold alkali
gases, the trapping potential can be quite general. The link between the first-principles,
many-body, description of these experiments and the above formalism was made in [41,
42, 43, 31, 34, 33, 67] at the static level of equilibrium states and in [32, 59] for the
dynamics. The Cauchy theory on the support of the (defocusing) measures we consider
for 2 < s < 400 was used as a working assumption in [32], whose results it would be
interesting to generalize to s < 2 in view of ours and [12].

In the next section, we state our results and related remarks precisely. The rest of the
paper is devoted to proofs.

Acknowledgments. This work was supported by the European Union’s Horizon 2020
Research and Innovation Programme (Grant agreement CORFRONMAT No. 758620).
After posting a first version of this paper, we had interesting exchanges with T. Robert,
K. Seong, L. Tolomeo, and Y. Wang regarding the connections to their recent paper [57].
This has triggered the inclusion of several remarks in the present version the text.



4 V. D. DINH AND N. ROUGERIE

2. MAIN RESULTS

2.1. Random data Cauchy theory. In a finite dimensional setting, one may consider
a system of ODEs
_  OH
{ at.ij = ng,

0H
8t§j = _%7

with the Hamiltonian H(z,§) = H(x1,- -+ ,xn, &1, ,&). The Gibbs measure associated
to the system is given by

j:]-a"')n

1
dp(,€) = —e M0 dud,

where Z > 0 is a normalization constant. By the invariance of Lebesgue measure dxd§ =
1 dx;d§; (thanks to Liouville’s theorem) and the conservation of the Hamiltonian H,
the Gibbs measure p is invariant under the time evolution of the system, i.e., for any
measurable set A C R?", p(A) = u(®(t)(A)) for all t € R, where ®(t) is the solution map.
Equation (1.1) also has a Hamiltonian structure, namely
OH
O = —i——
tU ¢ ot ’
where H = H(u) is the Hamiltonian given by
1
H(u) = (u, hu) p2(g) + 2/ lu(x)|*de. (Hamiltonian)
R
This Hamiltonian is conserved under the dynamics of (1.1) as well as the mass

M) = /R () 2da (Mass)

Following the rationale of the finite dimensional case, one expects the Gibbs measure of
the form

dp(u) = %e_H(“)du (2.1)

to be invariant under the dynamics of (1.1). However, the above expression is formal since
there is no infinite dimensional Lebesgue measure.

In the seminal work [40], Lebowitz, Rose, and Speer studied, by means of techniques
from constructive quantum field theory [63, 36], the normalizability and non-normalizability
of Gibbs measures for 1D periodic NLS. More precisely, by rewriting (2.1) as

dp(u) = %e:’:% J lu(@)|*dz = (wh) 2 ) du, (2.2)

they defined 1 as an absolutely continuous probability measure with respect to the Gauss-
ian measure

1 _
dpio(u) = e (wh)2w) gy,

Here h should be understood as —92 + 1 on T. The above can be defined as a probability
measure on H?(T) for any 6 < %, where H?(T) is the Sobolev space on the torus. For the
focusing nonlinearity, the Gibbs measure is constructed with a mass cutoff m, namely

L1 (e Ade
du(u) = ?ez J lu()]*d ]l{fR\u(l“)deSm}d'u'o(u)'

It was claimed in [40] that this measure is normalizable (i.e. the partition function Z is
a finite positive number) if 2 < p < 6 for any mass cutoff m > 0, and if p = 6 for any
m < HQH%Q(R), where @) is the unique (up to symmetries) optimizer for the Gagliardo—
Nirenberg inequality
6 2 4
||u||L6(R) < COPtHaxUHLZ(R)||U”L2(R)-
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The probabilistic proof for the normalizability presented in [40] however contains a gap,
as pointed out and repaired for p < 6 in [19] (see [53, Introduction| for more details).
Later, Bourgain [2] gave an alternative proof, using an analytic Fourier approach, for the
normalizability when 2 < p < 6 with any m > 0, and when p = 6 with m > 0 sufficiently
small. Recently, Oh, Sosoe, and Tolomeo [53] provided a proof for the normalizability when
p=6and m < HQH%Z (R)’ thus fully filling the gap in [40] and, remarkably, extending the

result to a value of the L? mass at which blow-up occurs for NLS dynamics.

In [2], Bourgain pursued the study of Gibbs measures for 1D periodic NLS and proved
the invariance of p under the NLS flow. Here, by invariance, we mean that u(A) =
(®(t)(A)) for any measurable set A C HY(T) with some 6 < 3 and any ¢ € R, where ®(¢)
is the solution map. Moreover, there exists a set of full y-measure such that the solution
exists globally in time for all initial data belonging to this set. Such a result is usually
referred to as almost sure global existence. In this context, the invariant Gibbs measure
serves as a substitute for conserved quantities to control the growth in time of solutions.
This allows to extend local in time solutions to global ones almost surely.

There are many other works devoted to invariant Gibbs measure and almost-sure global
existence on the support of Gibbs measure for other dispersive equations (see e.g., [77, 3]
for periodic NLS, [71, 72] for NLS on the disc, [30, 78, 15, 13, 23, 6] for nonlinear wave
equations, [51, 50] for KdV-type systems, and [46, 70] for 1D derivative NLS,...).

In the above-mentioned works, invariant Gibbs measures were constructed in compact
settings (torus or ball). There are much fewer works addressing the invariant Gibbs mea-
sure on non-compact frameworks (see e.g., [12, 24, 57] for NLS with harmonic potential,
[17] for 1D NLS with cubic nonlinearity multiplied by a sufficiently smooth and integrable
function, and also [69, 54] for almost sure well-posedness with (an)-harmonic potentials).

2.2. Grand-canonical measures. The first goal of this paper is to extend the result
of Burq, Thomann, and Tzvetkov [12] to the 1D cubic NLS with potentials satisfying
Assumption 1.1. We first recall the rigorous definition of the measure (1.2), setting v = 0
for simplicity of notation.

We start with the definition of the Gaussian measure. Under Assumption 1.1, the linear
operator h is Hermitian and has compact resolvent. We write its spectral decomposition
as

h=2_ Ajlu) ;| (2.3)

i>1
with a non-decreasing sequence of positive eigenvalues A\; — oo and the associated eigen-
functions u;. For 6 € R, we introduce the Sobolev space associated to h as

M= { = Y <l = (X Mlay?) < oo} (2.4
i>1 j>1
with
aj = (uj,u)Lg(R) . (2.5)

For 8 >0 and 1 < p < o0, we define

Wi = {u e 7' (R) : h?u € IP(R)} (2.6)
which is equipped with the norm

lullys.o = 1B72ul| Lo gy -

Here .#/(R) is the space of tempered distributions on R. When p = 2, we actually have
Wh2 = HP,
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Definition 2.1 (Gaussian measure).

Let A > X. On
Ecp :==span{u; : A\j < A}, (2.7)
we define the finite-dimensional Gaussian measure
dugA(u) = H ﬁef)‘f‘aﬂgdaj, (2.8)
<A T

where a; is as in (2.5) and doj = dRe(aj)dIm(«;) is the Lebesgue measure on C.

The sequence of measures {M(%A}Azh is tight in the Hilbert space HP for any 6 < % — %
with s > 1 as in Assumption 1.1. Consequently, it defines a probability measure pg on this

space, having ,u(%A as cylindrical projection on E<y.

The tightness is proved in [41, Section 3.1 and Example 3.2]. The proof is based on the
fact that Tr[h™P] < oo for p > 1/2 + 1/s (see Appendix A below for more details). The
existence of the infinite-dimensional measure then follows from [66, Lemma 1].

For the interacting measures, we have the following result.

Proposition 2.2 (Grand-canonical measures).
Let s > 1, V satisfy Assumption 1.1, and po as defined above on H® for 6 < % — %

(1) Defocusing case. For any s > 1, the map u e 2 Jelu@ltde 4o 4 LY (dup). Conse-
quently,
1
dp(u) = e~ 2 e MOIE dpug (u) (2.9)
with the normalization constant
7 - / eH 0 g ) (2.10)
H

makes sense as a probability measure.
(2) Focusing case, s > 2. For any s > 2 and any m > 0,

the map u e% Jr |“($)|4dmll{f fu(z) 2dz<m)} s in Ll(duo). Consequently,
R —

L1 ju(e)ide
du(u) = Zez Jr lu(z)[*d ]l{fR|u(m)|2dz§m}dM0<u) (211)

makes sense as a probability measure.
(3) Focusing case, 3 < s < 2. For any 1 < s <2, the sequence {M<p(u)}a>,, with

Mep(u):= Y |ay* —a; and q =/ |aijl *dpio (u),
JEN HO
X;<A

is Cauchy in L?(dug). It has thus a limit (the renormalized mass), denoted by M(u). In

addition, for any % < s <2 and any m > 0, the map v e3 J= Iu(“”)|4dx]l{|M(u)‘§m} s in

L' (dug), hence

1 5 ul\x X
dpu(u) = o2 TPy dpo(u) (2.12)

makes sense as a probability measure.
Here Z in (2.11) and (2.12) are normalization constants as for (2.10).

The defocusing case is dealt with in [41, Section 5] for s > 2 and in [42, Section 3] for
s > 1, generalizing [12, Section 3] for s = 2. We recall the arguments below. The definition
of the focusing measure for s ¢ {2,400} is new. For the harmonic potential V (z) = |z|?,
the construction of the measure was performed in [12, Section 3] with a continuous cut-off
¢(M(u)) instead of the rough one in (2.12). We justify that the above definitions make
sense in Section 3 below.
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We have the following result for the evolution of these measures under a suitably defined
flow.

Theorem 2.3 (Invariance of grand-canonical measures).

Let s > 1 and V' satisfy Assumption (1.1). Assume in addition that s > % for the focusing
nonlinearity. Then there exist 0 < % — % and a set ¥ C HY such that:

(1) 1(3) = 1;

(2) Equation (1.1) is globally well-posed for initial data f € 3 with flow ®(t) : ¥ — X;
(8) v is invariant under the flow of (1.1), u(®(t)A) = u(A) for all measurable sets A C X;
(4) There exists C > 0 such that for any f € X,

19 fllze0 < C (wlf) +log2(1+]t))), VEER (2.13)
for some constant w(f) depending on f.

The logarithmic growth in time (2.13) is obtained as a consequence of the invariance
of the measure and its’ gaussian-like decay. Weaker estimates can be obtained for a more
general family of (non-invariant) measures by using the high-low decomposition method
of Bourgain [5], see e.g. [16].

An ingredient of our proof is the following estimate (see e.g., [41, Lemma 3.3] and
Lemma 3.1 below) on the k-particle density matrix associated to pg

/;Ju®kxu®ﬂduouofgkuhh®k, Vi > 1. (2.14)

Another observation (see Lemma 3.2) is that for 0 < g < %, the function
z — hP~(z,x) € LP(R) (2.15)

for all max {1, ﬁ} < p < 00, where

1—
hﬁ_l(:v,y) = Z)\?_luj(;r)uj(y) (2.16)
i>1

is the integral kernel of h?~1. This property together with (2.14) enables us to prove
(see Lemma 3.3) that the Gaussian measure pg is supported on Sobolev spaces W5P.
Moreover, there exist C, ¢ > 0 such that

/ eCHUHi‘;B’pd,UO(U) < C
HO

provided that 0 < 8 < % and p > max {2, ﬁ} is an even integer. As a result, we are

able to define the defocusing Gibbs measure for all s > 1. Combining with a Gagliardo—
Nirenberg inequality from [9], we define the focusing measure for s > % (a restriction
which is perhaps technical). Our proof of (2.15) uses Lieb—Thirring-type inequalities
from [29] and standard inequalities for operators in Schatten ideals (Holder and Kato—
Seiler—Simon [64]) rather than LP-bounds on individual eigenfunctions. This makes it
applicable to general potentials. Since pg is invariant under the linear Schrodinger flow
associated with h, we also have that for any time t,

—ith

lle™ " ullyysp < 00 o almost surely.

Combining with fractional product rules (see Lemma B.3), we directly recover estimates
e.g., like

(7" u)?|l,s < 0o po almost surely
at s = 2, which was originally obtained as [12, Equation (1.2)] using bilinear estimates
for Hermite functions. The above probabilistic Strichartz estimates are important tools in
our construction of a local Cauchy theory.



8 V. D. DINH AND N. ROUGERIE

For super-harmonic potentials, i.e., s > 2, since the Gibbs measure is supported on
L?-based Sobolev spaces of positive indices, there is hope to obtain a deterministic local
well-posedness on its support. This is indeed feasible, using Strichartz estimates with
a loss of derivatives proved by Yajima and Zhang [75]. For (sub)-harmonic potentials,
ie., 1 < s < 2, the Gibbs measure lives on L?-based Sobolev spaces of negative indices,
so it is difficult to obtain a satisfying deterministic local theory on its support. In [12],
such a deterministic result was proved by using a delicate multilinear estimate which relies
heavily on LP-bound of derivatives of eigenfunctions obtained in [38]. Here we give a softer
argument and prove an almost sure local well-posedness for the equation.

2.3. Canonical measures. We next deal with the construction and invariance of canon-
ical Gibbs measures (1.3) conditioned on the mass. This type of measures has so far been
constructed only for the 1D periodic NLS [52, 19, 20] and for the 1D periodic derivative
NLS [8]. To the best of our knowledge, there is no work constructing canonical Gibbs
measures in non-compact settings.

To give rigorous meaning to (1.3), we follow the basic strategy of [52]. First, we construct
a Gaussian measure conditioned on the L? mass. For s < 2 it is infinite almost surely,
so that we need to use the renormalized mass as defined in Item (3) of Proposition 2.2.
To unify the presentation we always condition the Gaussian measure on the renormalized
mass, keeping in mind that when s > 2, the L? mass is finite almost surely, equal to the
renormalized one plus its finite expectation with respect to the Gaussian measure.

More precisely, for m € R and m > —Tr[h~!] if s > 2, we will take the limit ¢ — 0% of
the approximate canonical Gaussian measure

m 1
dlu’o 7E(u) = Wﬂ{m—e</\4(u)<m+s}d#0(u)v (2'17)

where M(u) is as in Proposition 2.2. Since we aim at conditioning on a zero-probability
event, the normalization constant

Zyt =po(m—e < M(u) <m+e)

converges to zero as ¢ — 0T, hence taking the limit in (2.17) is not straightforward. We
however prove that
1
lim —Zg"° >0
e—0t 2¢
so that the definition

dug' (u) = lim duy"*(u)

indeed yields a probability measure (Proposition 6.1). Then the interacting canonical
Gibbs measure is defined by

1
dp™ () = e el )

Its invariance with respect to the NLS flow is a direct consequence of the invariance of the
standard Gibbs measure in Theorem 2.3. We summarize this in the following theorem.

Theorem 2.4 (Canonical Gibbs measures).

Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h~!] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Then u™ makes sense as a probability
measure. In addition, it is invariant under the flow of (1.1) (as defined in Theorem 2.3).

Canonical measures were constructed before in [52, 8]. In these references the normal-
ization of the canonical Gibbs measure is proved by using a large deviation principle, a
L%-based Sobolev embedding (for instance, H'/* ¢ L*(R)), and a sum over dyadic pieces.
Adapting this argument to our context results in an unnecessary restriction to s > 4
because of the use of the L?-based Sobolev embedding. Our approach is different, based
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primarily on the almost sure LP-regularity alluded to in the discussion below Theorem 2.3.
This allows us to define the canonical Gibbs measure as soon as the grand-canonical one
is defined.

2.4. Possible extensions of the main results. Before turning to the more technical
parts of the paper, we emphasize that the method we present therein can be adapted to 1D
NLS with anharmonic potential (as in Assumption 1.1) and more general nonlinearities,
namely

10w = hu+ |ul" 2u, (t,x) ERxR (2.18)
with k > 2. More precisely, we have the following observations:

1. Regarding the construction of (grand)-canonical Gibbs measures (see Remarks 3.2 and
6.2), the following cases can be covered by straightforward adaptations of our arguments:

e defocusing case with max {2, %} < K < 00.

ofocusingcasewiths>2and2<f£<6,m>00rwith1@4<3§2,m>0and

4 35s+2+v9s2 + 45— 28
<K< .

s 2

2. Assuming the (grand)-canonical Gibbs measure can be constructed (in particular, in
the cases above), our methods prove its invariance under the flow in the following cases
(see Remarks 4.1, 5.1, and 6.2) :

e super-harmonic potential s > 2 with 2 < kK < 4 + s.
e (sub)-harmonic potential s < 2 with % < Kk <6.

In a recent work, Robert et al. [57] studied the focusing Gibbs measure with harmonic
potential V(z) = |z|2. They proved that the measure is normalizable if and only if
2 < k < 6 and m > 0. The proof of the normalizability in [57] is based on the Boué-
Dupuis variational formula. When s = 2, our method also gives normalizability of the
focusing Gibbs measure for any 2 < k < 6 and m > 0, thus providing an alternative proof
for part of the results from [57]. In turn, if supplemented with some of our estimates from
Section 3, the arguments of [57] allow' to extend the construction of the measure to the
case s < 2 and % < Kk < 25+ 2. As mentioned above, our construction of the global
probabilistic Cauchy theory extends to this case.

For large powers of the nonlinearity (k > 4 + s when s > 2, or K > 6 when s < 2), the
invariance of the defocusing Gibbs measures remains an open problem, except for s = 2,
cf. [12] .

2.5. Organization of the paper. Section 3 is devoted to the construction of Gibbs
measures associated to (1.1). We also define and prove some properties of approximate
measures which are needed for the proof of measure invariance. In Section 4, we consider
the Cauchy problem in the case of super-harmonic potential, s > 2. The more difficult
Cauchy problem for (sub)-harmonic potentials, s < 2, will be addressed in Section 5.
The construction as well as the invariance of canonical measures conditioned on the mass
are considered in Section 6. Some estimates and inequalities from the literature, used
throughout the paper are recalled in appendices for the convenience of the reader.

IWe learned this from Yuzhao Wang and Leonardo Tolomeo.
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3. GRAND-CANONICAL MEASURES

3.1. Basic estimates and the defocusing case. The definition of the Gaussian measure
to was recalled in Definition 2.1. Several of our estimates will be based on the following
observation. We quote it from [41] but it is probably well-known, see e.g., [31, 32] and
references therein.

Lemma 3.1 (Density matrices of the Gaussian measure).

Let s > 1, V satisfy Assumption 1.1, and 0 < % — % Let po be the Gaussian measure

defined in Definition 2.1. Then for every integer k > 1,
[ 1 o) < R (3.1)
as operators. In particular, for any self-adjoint operator A,
/;GKAuF*M@mo®kduau>ész®WhU®RA®@ (3.2)
Proof. As explained in [41, Lemma 3.3], Wick’s theorem for Gaussian measures yields
|| 1 o) = KPP,

where PF is the orthogonal projection on k-symmetric functions, i.e.,
1

Pskv(xla s ,[L‘k) = H Z v (gja(l)a s 71‘0’(]4:))
" oell(k)
with TI(k) the group of all permutations of {1,--- ,k}. Since P¥ commutes with (h=1)®*
we have
(™) = PERERPE (1 PR )1 - P
and (3.1) follows. We obtain (3.2) by applying A®* to both sides of (3.1). O

Regularity properties of typical samples of the Gaussian measure are, as per (3.1),
connected to properties of the covariance h~! (Green function of the Schrédinger operator).
When s > 2, it is relatively easy to construct the (defocusing, at least) interacting measures
since h~! is a trace-class operator, see [41, Example 5.2] and Appendix A. For s < 2,
the following lemma plays a key role in our analysis. It generalizes estimates from [42,
Section 3.

Lemma 3.2 (Integrability of the density).
Lets>1,p>1, < %, and V' satisfy Assumption 1.1. If one of the following conditions
holds true:
(1)p=1land < 3—1
(2)p>1,0§ﬁ<%, and
2
P s1—2py

then x v+ hP~1(x,x) is in LP(R), where WP~ (x,y) is the integral kernel of hP~' defined
as in (2.16).

Proof. (1) For p =1, we have
/ hﬁ_l(x, x)dx = Z A?il = Tr[h_(l_ﬁ)].
R i1

ByLemmaA.l,weneed1—6>%+%or5<%—%.
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(2) For p > 1, it suffices to prove that for any multiplication operator x > 0 satisfying
x> € LI(R) with  + ¢ =1, we have

/RXQ(QE)hﬁ_l(w,ﬂf)dw = Tr[xh"~x] = R D2x11&: < ClIX Il oy, (3.3)
where for any 1 < p < oo,
p._ 2 « pp/21\ /P
& = 1 A€ BLA(R)) : [|Aler := (Tr[(A*A)%]) 7" < oo
is the p-th Schatten space [61, 64]. Here B(L?(R)) is the space of bounded operators on

L?(R). For p = oo, by convention, & is the space of compact operators on L?(R).

For 0 < a< 155, we write

R0y — et (07072 (Rme(1 = 92)) (1 - 92) ") -

We have
hotB-1/2 ¢ G — Tx [h‘%(#“")] < 00,

which holds provided that (see Lemma A.1)

1-p 1 1

o (—2 —a)>=+-.

b ( 2 O‘) 27
Since h > 1(—92+ A1) with A1 > 0 the lowest eigenvalue of h, we infer that h > C(1—92)
for some C' > 0. Since o < %, the operator monotonicity of z — x?% (see [18, Theorem
2.6]) implies

hQa > CQa(l _ 83)205

or

— ol —Q 1
h=(1 — d2)%*h < oo

hence h~=%(1 — 92)® is a bounded operator for 0 < a < (1 — 3)/2.
By the Kato—Seiler—Simon inequality (see e.g., [64, Theorem 4.1]) for 1 < r < oo,

1f(=iV)g(@)ller < I fllzrllgllzr,

we have

_a d¢ 1/2q
=02 xlen < ([ femmms) Il < Ol

provided that 4aq > 1. Here we need ¢ < co hence p > 1.
Combining these estimates, the Holder inequality in Schatten spaces (see [64, Theorem
2.8]) yields

[RED2x &, < ([T ED2), R (1 — 02) & ll(1 — 02) x| &2
< C”X||2L2q(R) = ClIx*I|pe(r)- (3.4)

This estimate holds true if the following conditions are fulfilled:

1-5 11
op (2~ Sc : :
p( 5 a)>2—|—8, dog > 1 (3.5)

For 0 < 8 < 1/2 and max{l,ﬁ} <p< oo, wepick 0 < a < % such that

1 1-p 1 (1 1)
—<ca<—F-—(Z42),

2 s
we see that (3.5) is satisfied and the result follows by inserting (3.4) into (3.3). O
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Applying the above, we will deduce that g is supported on Sobolev spaces WHP based
on h as in (2.6). In fact, we have the following Fernique-type estimate giving the decay of
such norms.

Lemma 3.3 (LP- Regularity on the support of the Gaussian measure).

Lets>1,p>2 <31 5, and V' satisfy Assumption 1.1. Suppose that one of the following
condztzons is satzsﬁed

(1)p—2and5<f—f,
(2)p>2, 0§B<2,and A

s(1-28)

p >
Then there exist C,c > 0 such that
/ Mulys.p dpg (u) < C. (3.6)
In particular, for 0 < % — % and all X > 0,
o (w € HY : ulyyas > A) < Ce (3.7)

Proof. Tt suffices to prove (3.6). In the following, we only consider the case p > 2, (p = 2
can be treated similarly). We write

/ s gy (u

and estimate the summands.

By interpolation, we can assume that p = 2n is an even integer. For 2k = pm with
m > (0 an integer, we have

/ lullWs.nduo(u) / [llBys,0 1l dpio ()

m times

/ / /'hﬂ/2 w(@)[P - (B P Pdpo (u) ) dy -+ - Ay,

Using (3.2), we see that?
[ 102tz ) P )

= Tr[(5m1)®" ®-® (5xm)®n/ |(h5/2u)®(m”)>((hﬁmu)@(m”)|du0(u)(6ml)®” ®-® (5Im)®n}

-y / a2 o ()

k>0

< (mn) e[ (82,) %" @ -+ @ (8, ) =" (W) 20 (6,)%" @ -+ © (8, )"

= (mn)!Tr[(axl)‘@" @+ @ (3r,) 2 (W @ @ BTHEN(6,,) " @ @ (8,,) "
T [(0y @+ © 80, W @ @ BP0y @ ©85,)) |

< (mn)!(Tr[(éxl © @b, ) (P @ WG @ ©6,,)])

< (mn)! (hﬁfl(azl,xl) e hﬁfl(azm,xm))n.
Thus we get

/\\U\I%ﬁ,pdm(u) < KBS,

2Strictly speaking the Dirac delta functions §, must be regularized with a mollifier sm converging to
0, as measures when n — 0.
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where

By, = (/R (n* (e, ))p/zdx)Q/p. (3.8)

Note that Bg,, is finite thanks to Lemma 3.2 and the assumptions on p and .
For pm < 2k < p(m + 1) with m > 0 an integer, we use Holder’s inequality to get

[ st [ (i) (i)™ duow
< ([ 1ot ([ 1 V)
(o) (o)
(R () .

where 6 € (0,1) satisfying 2k = pmd +p(m+1)(1 =) or § =m+ 1 — %. We claim that

() ()< oo

Assuming this claim for the moment, we get

p
[ 1lsssdote < (5) w15,

/ Nl 10 1r) < (g)!z(cf;ﬁ,p)ksc

k>0

hence

provided that ¢ > 0 is chosen such that ¢Bg, < 1. This proves (3.6).
It remains to prove the claim (3.9). We write 2k = pm + 2] with 1 <1 <n—-1. In
particular, we have § =1 — % and 1 —§ = % We also have

(%) !)6 ((p(m; ”)1)15 — (k= D) (k— L+ )"

1
= (&
( ko (k—1+1

(D L))
B Ve

S|~

)) (KNk+1)---(kE—=1+n))

3=

(k+1)---(k—l+n) (k+1)---(k—1+n)
fn—l (k=1 1)t

[ times

= k!

We observe that each factor inside the bracket is of the form

(a+j)--(a+j+n—-1-1)
an—!

with j =1,--- ,l and @ > 1. We can bound this term as

<1+2)---<1+‘w;l_1) <(A+j)---G+n-1)<n!
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forall j =1,---,[. As a result, we obtain

(3 (e52) " < <

This proves (3.9). O

Remark 3.1 (Proof variant). The above relies on Wick’s theorem (Lemma 3.1) for
Gaussian probability measures. A variant is to use Khintchine’s inequality. One views the
Gaussian measure as an induced probability measure under the random series

Zg]

j>1 J

where {g;};>1 is a sequence of i.i.d. complex-valued standard Gaussian random variables
on a probability space (€2, F,P). Khintchine’s inequality (see e.g. [14, Lemma 4.2]) then
asserts that, for any p > 2,

(E[W2G(w, )PP < CVBE[IWPG(w,2) ") = Oy’ (x,x))'/,
and we can conclude using the integrability of the density, Lemma 3.2. o

Given the above estimates, the construction of the defocusing Gibbs measure is straight-
forward.

Proof of Proposition 2.2, Item (1). It suffices to prove that

Z:/w 310548 g0 () € (0, 00).

Since g is a probability measure, we obviously have Z < 1. As in the proof of Lemma
3.3, we have for any s > 1,

[ Tlitaqeyduo(u) < 2183, < o
HO

where By 4 is as in (3.8). By Jensen’s inequality

—1luld 1
/ng 3l “L‘*(R)duo(u) > exp (—2/9HuHL4 ydpio(u ))
H

we infer that Z > 0. O

3.2. Focusing measure. We next tackle the more subtle definition of the focusing Gibbs
measure. For u € H? and A > A1, we denote

PSAU = Z Uy, P>Au: Z QU (3.10)
A <A Aj>A
the projections on the low and high frequencies respectively.

Lemma 3.4 (Decay estimates for the L* norm).
Let s > 1, V satisfy Assumption 1.1, and 0 < p < %
that for 6 < % —% and all A, R > 0,

po (w € H' « |[Pspullpaey > R) < CemM P2, (3.11)

Then there exist C,c > 0 such

Proof. Let t > 0 be a positive constant to be chosen later. We estimate

1o (u cH - ”P>AUHL4(R) > R) < o tR? /HG t”P>AuHL4dMO( )

_ip2
=t S sl ot

k>0
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By the same argument as in the proof of Lemma 3.3, we have

[ 1Pl i) < 2B g1 VI > 0

where
. 9 1/2
Broa= ( / ((Posh) ™ (@, 2)) daz)
R
with
(Psah)™ Z )‘ 1|UJ
Aj>A

It follows that
/ t||P>AuHL4(]R)dIu (u) < 2! Z(tBA,0,4)k~
246 k>0
For 0< p < %, we have

(Psah)™ Z )\ 1’“]
Aj>A

<A S N ()P
Aj>A
< A PRz, ).

Thanks to Lemma 3.2, we see that x — h?~!(z,2) € L?(R) for all 0 < p < -1
Bp g4 < CA™P for some constant C' > 0. In particular, we have

no (w€ H' « |[Poullpae) > R) < e 23 (CtA™)E,
k>0

15

(3.12)

, hence

Taking ¢t = vA? with v > 0 sufficiently small so that CtA™ = Cv < 1, we obtain

(3.11).

0

When 1 < s < 2, the Gaussian measure ji lives over negative Sobolev spaces H? with
0 < 5 — 5, hence the mass is infinite pg-almost surely. In this situation, we consider the

renormahzed mass as follows.

Lemma 3.5 (Renormalized mass).

Let 1 < s <2,V satisfy Assumption 1.1 and 0 < % — % For every A > A\, we define the

truncated renormalized mass
Men(u) = |Pextlfaey = | | IPenulfaqeydin)
Then {M<p}asy, converges strongly to a limit in L*(duo), i.e.,
M(u) = lim Mcy(u) in L*(duo).
A—oo -
In particular, we have

/H (M(w)dpolue) = Tr(h?] < oo.

Proof. This is the same argument as in [43, Lemma 5.2]. We reproduce it for the reader’s

convenience. For A > A1, we have

1P<nulZa@y = D lajf?
N <A



16 V. D. DINH AND N. ROUGERIE

and

[ IPenuliemyann( = X [ joyofe
/\<A

Z </ |aj |2 A Aj|aj|2daj> H /)\ke)‘k|ak2dak
N<A MAx 7C T

Z 1

A

Thus we get
Mcop(u) = > aj* - (3.13)
A <A
Now for ©® > A, we compute
[, M<ol) = Menw) ()
2
:/6( S oyl = A7) dpo(w)
H " A<h<©
= X[ (P =) (jaal - 3 duo(w)
A<h <0/ HY
= Z (\aj\Qlaklz — )\j_l\ak\Q — 2\ ey + )\j_l/\,;l>duo(u)
A<h;ap<0 7 HY
= Y (loi Pl = 22 ) dpao ()
A<h <0/ HY !
g >
= Z / (|aj|4 _ A]f?)d,uo(u) + Z / (|aj|2’ak’2 _ >\;1)\;1)d#0(u)
A<xr<0 7 H? A<x;ap<e JHO

XA
= Z /\;2—>OaSA,@—>oo
A<, <O
due to Tr[h™?] = >, )\]._2 < ocosince 2 > $+ 1 forall 1 <s <2 (see Lemma A.1).
This shows that {Mcp(u)}a>y, is a Cauchy sequence in L?(dug). Thus there exists

M(u) € L*(duo) such that M<p(u) — M(u) strongly in L?(dpg) as A — co. Moreover,
from the above computation, we have

/HG(M(U))Qduo(u) = lim (M (u))?dpo(u) = hm Z Aj 2 =Tr[h2.

A—o0 O - )\ <A

We have the following observation regarding the renormalized mass.

Lemma 3.6 (Decay estimates for the renormalized mass).
Let 1 < s <2,V satisfy Assumption 1.1, 0 < % — %,
C,c > 0 such that for all A, R > 0,

po(u € H? - Moy (u)| > R) < CemM'E, (3.14)

3‘1;2. Then there exist

where

Moa(u) = Y Jog* = A7 (3.15)
Aj>A
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Proof. We have
po(IMsa(u)| > R) < po(Msa(u) > R) 4 po(Msa(u) < —R) =: (I) + (II).

For (I), we estimate for 0 < t < % to be chosen later,
po(Moa(w) > B) <R [ e Mn®dpgu
HO

t TEE Y
—tR/ (ZA‘>A laj[*=A; )d,uo(u)
et [T ™ el dota)

HO NiSA

_ _tR _pt ﬁ —)\j(l—t)\-*l)\ozj|2d ) /)\k —Ak\aklzd
e H e i (/ 7Te g Q; H 7r€ o

Aj>A ¢ Jet e
k7 J
ot H oyt 1
Aj>A t)‘

Note that for 0 < z <1

< 3, we have i < et Applying this to x = t)\j_l <tAl<li
we get

27

—2 2 AT2
Ho(Mon(u) > R) < Ce R T N7 = et 20N
)\j>A

— — —2+2 — —
DTN ATT Y AT S AT,
)\j>A )\j>A

Here Tr[h~2+%7] < oo since 2 — 2y > 5 + 1 for all 1 < s < 2 (see Lemma A.1). Thus we
get

MO(M>A(u) > R) < Ce_tRHQA’QVTr[h*Q“V}_

Taking ¢t = vAY with v > 0 small, we obtain
po(Msp(u) > R) < Ce MR,

For (II), we have for 0 <t < 4,

po(Msp(u) < —R) < e_tR/ e Mo gy (u) = e H
HO

1°
oA 1+ t)\
Note that for 0 < z < 3, we have = < el=7+2*  Estimating as in (I), we prove as well
that
po(Msp(u) < —R) < Ce N E,
Collecting both terms, we prove (3.14). O

Our construction of the focusing Gibbs measure uses® the following interpolation in-
equality, due to Brézis and Mironescu [9]. It generalizes well-known results [48, 49] to
fractional Sobolev spaces, which is handy in our case, for our measures can only afford at
best 1/2 derivative.

3This is the origin of our technical restriction s > 8/5.
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Lemma 3.7 (Fractional Gagliardo—Nirenberg inequality).
Let 1 < s <2,V satisfy Assumption 1.1, 0 < 8 < %, 1<p<oo, and

1
0<d=——7>——75 <1
2448 — >
Then there exists C > 0 such that
Jullpagr) < CIIUIIE(‘SR)HUII%B,;)- (3.16)

We have the inequality in usual Sobolev spaces WP (R) (see [9, Eq. (1.11) and (1.12)])
el zscey < Cllullbzse lulysm,
provided that 1 < p < oo and ¢ € (0, 1) satisfy

1 1-90 ¢
1= Ty
or
. 1
2448 -2

Hence (3.16) follows from the norm equivalence (B.1).
We are now able to define the focusing Gibbs measure of Proposition 2.2.

Proof of Proposition 2.2, Items (2) and (3).
Item (2). Let s > 2. We will prove that

Sllull? 4
Z = e?’ TLA®T dpo(u) € (0,00).
/., g ) 0000 € 0,09

L2m)=

We first have
1 1
_ﬁﬁ{wmmg4ud>_nlwurmMum> XN

To see that Z < oo, we use the layer cake representation to write

7 = - (e%”u”i“(m > A\ ||u”2 < m)d)\
- 0 Ko ) L2(R) =
= [ (ellzagey > (21083, el gey < m)an

<1 +/1 o (llull sy > (210g )4, ul 72y < m)dA.

Denote
Ag := (log \)! (3.17)

for some [ > 0 to be determined later. By the triangle inequality, we have
ol sy > (21og MY [ul3 gy < m)
< o (Il P<ngll acey > %(QIOg MY, [ull?a gy < m)
+ MO(HP>AOUHL4(R) > %(210g MYl f2 gy < m)
By Lemma 3.4, we have

1 1
o (1P ol agmy > 5210 MY, llull oy < m) < po(1IPonyullra > 5(210g0)"*)

< Ce—cAg(log)\)l/Q _ Ce—c(log)\)pl"'%
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for all 0 < p < £=. On the other hand, by the fractional Gagliardo—Nirenberg inequality
(3.16), we have

1P<agull ey < CllP<agull 12y | P<ao e (3.18)

with 0 < 8 < %, 1<p<oo,and § € (0,1) satisfying
1

R (3.19)

Thus for u satisfying || P<p,ullpam) > 2(2log \)'/* and HuH%Q(R) < m, we deduce from
(3.18) that

1
2(210@)1/4 < 1Pyl oy < CmU =272 Pepgullys,

or
| P<aottllyysr > C(m)(log A)Tla,
Thus we get

1 1
po (I1P<gtlscey > 5(@1og N, ull ey < m ) < o (IPengullwas > Clom)(log 1))

For 0 < B < %, we can find an even integer p sufficiently large so that p > 5(1%426). Thus,
by Lemma 3.3, we have

1 —c( 10, 25
140 <||P<Aou||L4(]R) > 5(2log MY, fullFa gy < m) < Cemellog V)

Using the fact that for any L > 0,¢ > 0, there exists C > 0 such that for all A > 1,
—c(log \)1+e < (})\—L7

the partition function Z is finite if we have

1 1
pl+=->1, —>1

2 T2
with 0 < p < 221 and 6 as in (3.19). The above conditions are fulfilled by taking
[ — n _s—1 1 "
= —gtm p=—5 - B=5-m p=7

for some suitably small number 0 < n < 1.
Item (3). Let § < s <2. We have

o [ M@)ot = ST >0,
240 m

7> 1 >
LQMMMMWWW

It remains to show that Z < co. We have
ZZ/ all |‘L4(R)]l{\/\/l(u)|<m}dMO( )
'HH
[e.9] 1 ” 4
:/ 110 <62| @y < A (M) < m> d\
0
= [ o (i > (210g ) [M(w)] < m) i

0
<1+ [ (Il > @1og N IM@)| < m) dr
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For Ay as in (3.17), the triangle inequality gives
po (Jellsqey > (210g )7 M ()] < m) < po (1Poasulla > 5(21og )Y M) < m)

+ 0 (IPengulla > 52108 )%, | M(w)] < m)
=: (I) + (1I).
By Lemma 3.4, we have for any 0 < p < %,
1
(I) < po (HP>A0uHL4< 5(2log A)W) < CemeMGos N — pmellos V™2 (3 90)

For (II), we denote

1
Ap = { [ Pegtllzace) > 5 21og )V, | M(w)] < m}.
We estimate

IP<ngullizg = > lagl?

= M(u) = Msp,(u) + D A (3.21)

where M<y (u) and Mx(u) are defined in (3.13) and (3.15) respectively. Observe that

DoONTSAL Y AT = AgTY[R ] (3.22)
A <Ao A <Ao

with Tr[h~17"] < oo provided that v > % — 3. Define the set
Qpox = {IMspo (w)] < Agh
We have
(1) = po(Ane,n) < 1o (AAO,A n Qfxo,x) + 10 (Angn N Qg ) =0 (IT) + (IL2).

By

() < po(Q, ) < CeN ™ = CeellesNO™" (3.23)
For u € Ap, x N Q) .2, we deduce from (3.21) and (3.22) that

”PSAOUHL?(R) < \/m < CAS/2.

Moreover, using (3.18), we find that for any u € A, x N QA A,

v(1-8)/2

1
2(210g/\)1/4 < Pengullpay < CllPnoullp20m) | P<aoulliys. < CAG 1Py llyys.s

with ¢ as in (3.19), hence

1 1/4 s v _,_l =
[ P<agtllyysr > C <%> ~ (log )3~ 5 (51 ~ (log A)z A5 % (1+48-5)

0
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Thus, by Lemma 3.3, we get
v
(1) < o (| Pesulhss > Cllog ) 738 (0073) )

1+2[3—%—lu(1+4ﬁ—%)

< Cemcllog) (3.24)
Collecting (3.20), (3.23), and (3.24), we obtain
1o (HUHL4(R) > (2log )\)1/4 | M(w)| < m) < Ce—cllog \)PHH1/2 4 Cle—cllog )t
N Cro—cllog )\)1+2ﬁ—%—lu(1+46—%)
for any 0 < p <4%, 0<y < 32;2, v > 22—:,5, 0<pB< %, and p a large even integer

satisfying p > S(=28)" To make Z < oo, we will choose suitable values of I, p, v, v, 3, and
p so that the following conditions are satisfied:

2 4
plt1/2>1, (y+v)l>1, 1+2,8——zy<1+4,@—> > 1.
p p

By taking a suitably small 0 <n <« 1

s—1 35 —2 2—s
= — = — UV =
P 95 m v s Uz

the first two conditions imply

I { S n 4s }
max {4 ———+, —— o.
s—1 "s+2

Taking then

1 _
B=--mn p=n",

2
the last condition yields
] < 2s
3(2-1s)
Since ;% <5< % for % < s <2, we can choose [ satisfying the above conditions.

This shows that for any L > 0, there exists Cr, > 0 such that for all A > 1,
o ([lull sy > (2log M4, [M(u)] < m) < Cpa~F
which ensures Z < co. The proof is complete. O

Remark 3.2 (Higher non-linearities). The arguments presented above can be applied
to construct the Gibbs measures for (2.18). More precisely, since the Gaussian measure
{10 is supported in L®(R) with max{2,2} < k < co (see Lemma 3.3 with 3 = 0), one can
easily construct the defocusing Gibbs measure

1 2y
dpu) = e =i dpg ()

for any max{2,%} < Kk < oo. For the focusing Gibbs measure, when s > 2, one can
construct the measure

1 2y~
dp(u) = ZEKIIUIILK(RHI{IR |u(a:)|2dz§m}d'u0(u)
for any
2<Kk<6, m>0. (3.25)

Moreover, when s < 2, one can construct the measure

12 y-,
dp(u) = 56“” 2 1 g ) <y o ()
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forany%<s§2and

s 2 ’
To see (3.25) and (3.26), we follow the same line of reasoning as in the previous construction

and take into account the following estimate (which is a consequence of Lemmas 3.2 and
3.4):

4 3 2 9s2 +4s — 28
<K< SHet VIS s m > 0. (3.26)

po(u € HY - || Popul ey > R) < Ce N H (3.27)

for k > max {2, %} and 0 < p < “25,;,4. More precisely, for s > 2, we need

2 2
pl—l—;>1, —>1

)
with
ks — 4 11
0<p< , 0= 2K 3.28
>p 9res %_ % Iy ( )
By taking [ = %—F, p = %—, 8= %—, and p = oco—, the above conditions are

reduced to % > 1. Together with x > 2 this gives (3.25). When s < 2, we need
2 2 1
l4+—->1 I>1, —-—-vi|l=--1 1
pl+—>1, (v +v)l>1, p; 1/<5 )>
with p,d as in (3.28) and
35 —2 2—s 1 4

0<~v< PP v > 55 O<B<§, p>7s(172ﬁ).
We now choose
ks —4 3s —2 2—s 1
T A P s P 5:5_, p=rom
which yields
max{23(5—2) 4s }<l< 25(6 — k)
ks —4 542 2-98)(p+2)

Such a choice is possible provided that
2s(k —2) < 25(6 — k)
ks —4 (2—-3s)(k+2)

or
K2 — 2Kk +8

3k —2
which, together with & > 2 (see (3.27)), yields (3.26). o

s >

3.3. Approximating measures. We next define approximate measures for y which are
useful in proving the invariance of Gibbs measures under the flow of (1.1). Following [12],
we introduce for A > Aq,

s
Qpu = Z X <Aj> aju; = x(h/A)u, (3.29)
j=1
where x € C§°(R) satisfies supp(x) C [-1,1],0 < x <1, and x =1 on [-1/2,1/2]. It is
known that
QAP<p = P<pQp = Qn (3.30)
and there exists C' > 0 such that for all A > \q,
1Qallrorr <C, 1< p< oo (3.31)
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The latter follows from the LP-boundedness of semi-classical pseudo-differential operators
as we briefly recall in Appendix C.
For the defocusing nonlinearity, we define the approximate measure as

dun(w) = e U5 dpg ) = = ) © diNw), (332)
where
dug™(w) = ] %e*ﬂwdaj (3.33)
Aj>A
and .
O R )

with p5 as in (2.8) and

-1 4 _1 4
7" = / e 21 e dpug () = / ¢ 21 Wi g5 (u),
He He

For the focusing nonlinearity, the definitions include the natural cut-offs:

dpan (u) = dp= (u) © dpi ™ (u), (3.34)
where | Ljosal
d/J/SA(U) — 765 AU LA®R) /J,(?A(u)
ZA HPSAu||i2(R)<m}
if s > 2 and

1 LlQaul? <A
A
du< (u):ﬂez A L4(R)]]_{|MSA(U)|<m}d/JO_ (u)

if % < s < 2. The partition functions Z* turn these into probability measures, as usual.

Lemma 3.8 (Approximating measures).

Let s > 1, V satisfy Assumption 1.1, 6§ < % — %, and A > A\i. Assume in addition that
5> % for the focusing nonlinearity. Then the measures up are well-defined and absolutely
continuous with respect to the Gaussian measure pg. Moreover, pup converge to p in the
sense that for any measurable set A C H?,

Adim pa(4) = p(4). (3.35)

Proof. Thanks to (3.30) and (3.31), the well-definedness of approximating measures fol-
lows exactly as the case A = oo of the full measure considered above. In addition, the
normalization constants Z* are finite uniformly in A.

We first prove (3.35) in the defocusing case. Denote

1 4 1l
GA(U) p— 2 HQAU"L“(R)’ G(U) —e 2||u||L4(]R) (336)
We first claim that G (u) — G(u) in measure with respect to py, i.e.,
e >0, lim po(ue M1 |Ga(u) - Gu) > <) =0. (3.37)
A—oo

Since po(H?) = 1, the convergence in measure is preserved under composition and mul-
tiplication by continuous functions. It suffices to show that [|Qaullpaw) — [Jullpaw) in
measure with respect to pg. By Markov’s inequality, namely

1
o (11@aullacey = lull sl > €) < /H @aullpace) = lullagw|*duotu),
it suffices to show that

/7—[9 HQAU - UH%A(R)CZ,U/O(U) —0as A = oo.
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To see this, we denote Rp := Qp — Id, hence

s
Rau = ZRA()\j)ajuj, RA()\]') =X <Aj> —1.
j>1

Using (3.2), we have®

[ 1Rao) i) = T [ (60 [ 1(Rau) ) ()l do() 3,)°2
< AT [(8,) %2 (Rah ™ Rp)®%(0,)%?)
2
< 2! (Te[0, Ryh ™ Rady])
2
= 2! (Z |RA()‘j)|2)‘]‘_1|uj(x)|2)
i>1
By the choice of x, we have Ry(\;) =0 for \; < A/2 and |Rx(A;)| < 2 for all j, hence
2
/9{9 ||RAu||4L4(R)duo(u) < BQ/R ( Z A;1|uj(x)\2) dr — 0as A — oo
Aj>A/2

due to the dominated convergence theorem with the fact that h=!(z,2) € L?(R) (see
Lemma 3.2). Thus the claim follows.
Now let A be a measurable set in H?. We will show that

lim LTAG A (w)dpo(u) :/
A—oo HO H

which is (3.35). Let € > 0. We introduce the set

, 1AG(u)dpo(u) (3.38)

Bye = {ueH : |Gr(u) - Gu)| < e}

We have
| /B L4(Ga(u) = Gu))dpo(u)] < e.

On the other hand, since G (u), G(u) € L?(dug) uniformly in A, we deduce from (3.37)
that

[ 1a(Galw) ~ G dmo(w)] < |G () = G2y 0(B ) — 0 s A = .

Combining the above estimates, we prove (3.38).
For the focusing case, we denote

Gp(u) == e%”QAuHi‘l(R)]l G(u) = e%”u”i‘l(m]l (3.39)
1PenulZs gy <m )} 42 gy < }
= (R) L=(R)
for s > 2 and
Ot e o Hl@nula Gl e o2l 510
Alu) i=e (Mear@<m}s  Gu):=e (IM(u)|<m} (3.40)

for % < 5 < 2. Since Gy (u), G(u) € L?(dpo) uniformly in A, the same argument as in the
defocusing case shows (3.35). O

4Again, regularizing the delta functions as in the proof of Lemma 3.3.
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An immediate interest of the above measures is that they are easily shown to be invariant
under the flow of the approximation NLS equation

{ iﬁtuA—huA = :EQA(’QAUAPQAUA), (t,.ﬁlf) GRXR, (3 41)
uA|t:0 = f ’

As in e.g., [3, 4, 12], we shall use this fact extensively.

Lemma 3.9 (Approximate NLS dynamics)
Let s > 1, V satisfy Assumption 1.1, < 5 — g, and f € HP. Then for each A > A,

the Solutzon to (3.41) ewists globally in time. Moreover, the measures jp defined in (3.32)

or (3.34) are invariant under the flow of (3.41).

Proof Step 1, global existence. We write uy = uA + uA' with uk’ = Pcpup and

ul A= Pspup. As PopaQp = 0, the high frequency part satisfies
{ iopuhl —hull = 0, (t,2) eR xR,

URI) 0 Pof.

(3.42)

If we write
ufi(t,x) = > ali(t)u(x), Poaf= > ajous, ojo={f u;),
>\‘7'>A >\‘7'>A
then we have . .
{ i@ta?l—)\joz?l = 0,

hi
@

= (0%
=0 705

hence a?i(t) =e i ) or

uli(t, z) = Zeiﬂaou])
Aj>A

In particular, the high frequency part exists globally in time.
On the other hand, by applying P<j to both sides of (3.41) and using (3.30), we get

{ POl — huly = +Qa (|QugPQauR), (12) ERXR,

IAO = Pyl

(3.43)

=0
If we write

u(t, ) = > a}o(t)uj(a?), a}o = a;-o + ib}o,

A <A
then (3.43) is a Hamiltonian ODE of the form
OH OH
lo lo _ .
8taj0 = W‘ljo, atbjo = —87;'0, )\j S A,
where
1
H(ug) = | 2u|[Fa gy £ 5 1QuuR s
4
1 2 _ 1 1
o Z A |040’ 2HQA< <Aa] uj)‘ LA(R) o H( JO’bJO)

A<
is conserved under the ﬂow of (3.43). By the Cauchy-Lipschitz theorem, there exists a
local solution to (3.43). In addition, thanks to the conservation of mass

M(uf) = [[ug[F2@y = D lof
N<A

local solutions can be extended globally in time. Thus ! A exists globally in time.
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Step 2, measure invariance. We show that pg Aand p=M are invariant under the flow
of (3.42) and (3.43). To see this, we denote by ®4i(¢) and ®!(¢) the solution maps of
(3.42) and (3.43) separately.

Let A be a measurable set in H? with 6 < % — % We have

b @R (1) (4)) = / dy N (uhi(1))
A

:/ H ﬁe*/\jla}f(tﬂzdayi(t)
A)\j>A g

i lem P a2 it
:/ H 7]6 Ajle” T ajol d(€ 1t)\]aj0)
A

AT

Aj T
:/ H 7]67)‘]|a]0| dajo
A)\j>A i

- / duz M up) = g (A),
A

where the fourth line follows from the invariance of the Lebesgue measure under rotations.
This shows that ug™ is invariant under the flow of (3.42).

Since =% is finite dimensional, the invariance of y=* under the flow of (3.43) follows
directly from the conservation of the Hamiltonian H(u}) and the Liouville theorem for

dul® =] A<A da;-odb;-o. We also use conservation of mass for the focusing measures. O

4. CAUCHY PROBLEM AND INVARIANT MEASURE, SUPER-HARMONIC CASE

We start our analysis of the Cauchy problem with the case s > 2, where the Gibbs

measure is supported on Sobolev spaces with positive indices, i.e., in H? with 0 < 8 < %—%

Thus there is a chance to expect a deterministic local well-posedness with initial data lying
in the support of the Gibbs measure. This is indeed what we provide in Section 4.1. In
Section 4.2, we globalize the flow by using the invariance of the approximate measures
introduced above.

4.1. Deterministic local well-posedness. When s > 2, we may use tools from [74, 75,
76] to obtain the following deterministic local well-posedness result.

Proposition 4.1 (Deterministic local well-posedness, s > 2).
Let s > 2, V satisfy Assumption 1.1, and 0 satisfy

1/1 1 1 1
— (= —= 0<—-——. 4.1
2(2 s>< <2 s (4.1)

Let (p,q) be a Strichartz-admissible pair as in Appendiz B and v > 0 satisfying
1 2/1 1
p >4, —<7<0—(—>. (4.2)

Then for any f € H?, there exist § > 0 and a unique solution to (1.1) with initial datum
ul,_o = f satisfying
u € C([-4,0), H?) N LP([-5, 8], W™9).
In particular, if || f|lye < K, then
lu(t)|ye <2CK (4.3

)
for all |t| <6 ~ K~¢ with o > 0 and some universal constant C > 0. In addition, if uy(t)
and uz(t) are respectively solutions to (1.1) with initial data uy|,_y, = f1, uz|,_q = f2 € H’
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that satisfy || f1llye, | f2llpe < K, then
[ur(t) = ua(t)llage < 2C[|f1 = falle (4.4)
forall |t| <6~ K~°.

Let us comment briefly on the conditions (4.1) and (4.2). The second inequality in (4.1)
ensures that the support of the Gibbs measure is contained in H?. The first inequality
in (4.1) guarantees the existence of a Strichartz-admissible pair (p, q) given in (4.2). The
first condition in (4.2) allows us to use Holder’s inequality in time. The first inequality in
the second condition in (4.2) coupled with the admissibility of (p, q) yields

<
q 2 p

so that we have the Sobolev embedding W7 C L*°(R). Finally, the second inequality in

the second condition in (4.2) implies 6 — v > % (% — l) which is needed to use Strichartz

S
estimates with a loss of derivatives

le™ " Fll o5 81 wray S I1f lago- (4.5)

See Appendix B for more details.

Proof of Proposition J.1. The proof is essentially given in [75]. For the reader’s conve-
nience, we recall some details. Let § > 0 be a small parameter to be chosen later. We
denote

X7 .= C([-6,6], H’) N LP([=6, 6], W)
with the norm
||U|\X§w = ||ull Lo ((—s,00,0) T+ l[wllLr((=5.8),W0)-

It suffices to show that the Duhamel functional
t
By(u(t) =<5 F i [ 1INl Pu(r)dr
0

is a contraction on (B (L), d), where
6

97 .
BXg,w(L) = {u € X;7: Hungv < L}

is the ball in Xg"y centered at zero and of radius L and
d(ul,uQ) = H’U,l — UQHX(?,—y.

By the unitary of e7'*" on H? and the fractional product rule (see Lemma B.3), we have

5
sup | () () o < [1llpeo + / llu()Pu(r) lppodr
te[—4,9] 0

)
< fllo +C /0 )2y () 0
< [ fllpe + CHUH%Q([—&ELLO"(R))HUHLOO([—&(S]’HQ)

_2
< | £llago + C8 2 [ull 3o s om0 1l oo (5.572009
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where we have used the Holder inequality in time and the Sobolev embedding W74 C
L>°(R) to get the last inequality. On the other hand, using (4.5), we have

t
—ith —i(t—7)h 2
19 ()| o—sa w0y < e ™ Fl s ey + | /0 M) Pu(ryar|

5

< O fll3e +/0 1L grerye™ M () Pulr) | o -6 gy dT
5

< C[[fll34e +/0 le™ e ™ () PulT) | 1o (5,6, wraydT

0
< Cll 30 + C/O lu(m)Pu(r) 30 dr

< Ol fllyo + 8"l s g vy 0l o 55190
In particular, we have
@5l g < Cllf s + 37 [l
By writing
lu|Puy — |ug|?us = (uy — u)(Jus|?* + |u|?) + (@ — Ta)ugus,

the same argument gives

1@ (ur) = g (us)]| yor < H /Ot e T (g (1) P (1) — !W(T)!%Jz(T))dTHX?7

1—2
< C6r <HU1H§(§,w + \’U2H§(g,w> [Jur — u2”X§”'

Hence there exists C' > 0 such that for each u, us € BX"” (L),
é

_2
||(I)f(u)||X§fV < CHfH’HG + C(Sl PL3,
d(® (1), ®(uz)) < C6 5 L2d(us, up).

2
Taking L = 2C/||f||5e and choosing § > 0 such that Co VL2 < %, we see that ®; is a
contraction mapping on (Bye,,(L),d). This shows the existence of a solution satisfying
8

(4.3). Moreover, if || f||y0 < K, then we can take L = 2CK and 6 = vK ¢ with p = 1_22
P

and v > 0 sufficiently small so that
C6' P2 =403 T <

1
5
Thus the solution satisfies ||u(t)|lo < 2CK for all |t| < § ~ K~°.
To see (4.4), we estimate as before and get

_2
Jus = uallga < Ol = fallo + 5% (Jualas + ol ) 1 = oo
As || fillyes I f2llze < K, we have
lurll o, [luzll o < 2CK,

hence
1—2
lur = w2l o < Clifr = follpo + €3 P K lug — ua| xo.-
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We choose § > 0 small enough to have 0517%K 2 < % Then we can absorb the second
term in the right hand side in the left hand side to obtain

lur = w2l o < 2C| f1 = follpo
which yields (4.4). The proof is complete. 0

4.2. Measure invariance and global well-posedness. We next show that the flow
can be globalized for initial data in a set of full Gibbs measure.

Theorem 4.2 (Almost sure global well-posedness, s > 2).
Let s > 2, V satisfy Assumption 1.1, and 0 satisfy

1(1 1)<0<1 1
2\2 s 2 s

Then there exists a set ¥ C HY satisfying n(X) = 1 such that for any f € X, the corre-
sponding solution to (1.1) with initial datum u|,_, = f exists globally in time and satisfies

lu@®llze < C (w(f) +log2(1+t))), VEER (4.6)

for some constant w(f) > 0 depending on f and some universal constant C > 0. Moreover,
the Gibbs measure p is invariant under the flow of (1.1).

The proof is built on two main ingredients:

e The approximate NLS flow (3.41) is globalized with explicit bounds on a set of almost
full measure.

e The local solution of the full flow (1.1) is shown to stay close to the approximate solution.

We start with the former ingredient, where we use crucially the invariance of pa under
the approximate flow.

Lemma 4.3 (Uniform estimate for the approximate flow, s > 2).

Let 5,0 be as in the previous statement and take 01 satisfying
1 1
<0 <=-—-.
2 s

Then for all A > Xy and T,e > 0. There exist X5 7. C HO and C > 0 independent of
A, T, e such that:

(1) pa(X3 1) < Ce.
(2) For f € X5 1., there exists a unique solution to (3.41) on [=T,T) satisfying

T 1/2
fun®lle <€ (log2) " vl =T (4.7)

Proof. Let K > 0 and denote
By = {u € H" : ||ullyo, < K}. (4.8)

Thanks to (3.31), the deterministic local well-posedness given in Proposition 4.1 applies
mutatis mutandis to the approximate flow and implies that for f € By, there exists a
unique solution to (3.41) satisfying

ua(®)3er <2CK, V[t| <6 (4.9)
with
0=v(K+1)"° (4.10)

where ¢ > 0 is as in Proposition 4.1, v > 0 small, and C > 0 is independent of A, K. Here
we choose ¢ slightly smaller than in the proof of Proposition 4.1, which will be convenient
later.
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Denote J = [%] the integer part of % and set

J
Sark =[] ®a(—jd) (Bk), (4.11)
=

where ®, is the solution map for (3.41). Since py is invariant under the flow of (3.41),
we have
J

ir (i) =i () eal=30)(B)))
j=—1
J

= (U (@a(=40)(Br))°)

T
< QSMA(B;()

Thanks to (3.6) with p = 2, we have

in(B) = [ L dua(w)
'HG

1
= /7-[9 Lpe ZAGA(U)dMO(U)

1
< ZxllGA (W) 12 (10(B5))'
< Ce K

where Gy (u) is as in (3.36) for the defocusing case and in (3.39) for the focusing one.
Here we have used the fact that Gy (u) € L?(dug) and Z» > C' > 0 uniformly in A. In
particular, we obtain

2C
A (B ps) < T + 1) < OTee

for some constants C,c > 0. Note that the constants C,c may change from line to line
but are independent of A, T, K. By choosing

T 1/2
K()=C (log 5) (4.12)
for a suitable constant C' > 0, we obtain
(5 7 o) < Ce.
Setting
YATe = ZATK(e) (4.13)

with K (e) as in (4.12), we have the first item. To see the second item, we observe that
for |t| < T, there exist an integer j and d§; € [—§, ] such that ¢ = j§ + 01, hence

up(t) = @A(61)PA(50) [
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Since f € ®,(—j0)(Bk), we have ®,(jo)f € By which, by (4.9), yields
lua(t)|lye, <2CK, V[t <T. (4.14)
Taking into account (4.12), we have the desired estimate. O

We turn to the second main ingredient.

Lemma 4.4 (Comparison between approximate and exact flows, s > 2).
Let X5 1. be as in the previous lemma. Then for any f € Y\ 1., there exists a unique
solution to (1.1) with initial data u|,_, = f satisfying

w(t) — up()||ao < C(T,e)AO=0D/12 vt <T 4.15
H

for all A sufficiently large and some constant C(T,e) > 0 independent of A. In particular,
there exist Y7, C H? and C > 0 independent of T, e such that:

(1) p(X5.) < Ce.
(2) For f € Y7., there exists a unique solution to (1.1) with initial data u|,_, = f on

[—T,T) satisfying

T\ 1/2
lu(t)|lye < C (log 5) , V[t <T. (4.16)
Proof. Estimating the difference. Denote
vp = Qaun
with Qp as in (3.29). We first study the difference u — vy on
X?7([=6,68)) = L*([-6,4], H®) N LP([—6,5], W™9), (4.17)

where 0 is as in (4.10), (p,q) is a Strichartz-admissible pair (see Appendix B), and ~ is
such that

1 2 2/1 2
p>4, ——-< <9—<—). 4.18
5,7 I (4.18)

From (3.41), we have the following Duhamel formula

u(®) ~ oa(®) = = QuN Fi [ (ulr)Putr) - GR(Jen(n)Pea(r) dr

0
which, by Strichartz estimates (see Appendix B), yields
lu = vallxes—ss) < CIF — Qafllze + ClllulPu — QR (lvalPoa) |1 (—s.6,39)-
For the linear term, we estimate (recall (3.29))
If = @afllo < CACOD2| fllyy0, < CEACTO2,
For the nonlinear term, we write
[uu — QR (lvava) = |ulu — [va[Poa + (Id Q) (|va[va)-

Since f € ¥p 7. (see (4.11) and (4.13)), we have || f||e, = [|ua(0)|lyex < K and the local
theory for (3.41) ensures the existence of a unique solution satisfying |lua || o1 ((_s6) <
2CK which, by (3.31), yields

loallxor (=567 < 2CK,
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where X%7([—4,4]) is as in (4.17) with p, ¢, as in (4.18). Estimating as in the proof of
Proposition 4.1, we have

1(1d —Q3) (lval*va) | L1 (5.5 20) < CA(G_gl)/QH’UA|2UA||L1([—5,5],H91)
< O P Ao oy s
< 6B KBAO-/2
Since || flgo < ||fllor < K, the local theory and (3.31) give
lull xov (=585 llvallxoq(—s4) < 2CK,
which implies
I[*u — [oa Poall 155,10

< 08" (I[ullon sy + loalZon(sgp) e = vallxoa s

< C5' VR Ju— uallxo (=56
By the choice of § with some v > 0 small, we deduce

= oo osgp < CEAC2 4+ 2w = oyl o i_sg)

hence
lu — vallxom(_sg)) < 2C KA/,
On the other hand, we infer from (4.14) that
lua(t) = va(®)llze < CACO 2 uy (1), < CKAL=OD/2
which gives

[u(t) = ua(®)llge < llult) = va(®)llze + lua(t) = va(@)llze

< 3CKAU=0I/2 | <. (4.19)
We can iterate the above argument [%} many times. For instance, at the second iteration,
we have
lu = vall xo(0,28)) < Cllu(d) —va(0)|le + nonlinear term.
Note that

[u(6) — va(6) 3o < llu = vall oo (s,5.340) < Il = vallxom (58 < 2CEKACOV/2,

The nonlinear term can be handled as before by noting that ||ua (6)||0, = ||[PA(0)[50, < K
(see (4.11)) and

[w(d)lae < lua(0)ll3er + [u(8) — ua(d)llae < K +1

provided that A is taken sufficiently large. The above estimate is the reason why we take
0 as in (4.10). Thus we get

lu — vallxo 0,25 < (2C)2 KA/,
Arguing as in (4.19), we obtain
u(t) — up(t)|lge < (BC)2KAP=D/2 vt e [0,26].
After [%] iterations, we can sum over all sub-intervals to get
lu — vall o (gqy) < Ces KAO—O/2 < CeTE+DE A 0-00)/2,

By the same reasoning as in (4.19) and invoking (4.12), we prove (4.15).



INVARIANT GIBBS MEASURE 33

Globalizing the flow. By (4.15), there exists A; sufficiently large such that for f €
YA, T, the corresponding solution to (1.1) with initial data u|,_ satisfies

|lu(t) —up(t)]lye < 1, V[t <T, VA>A;.
From this and (4.7), we have

T 1/2
() g0 sc(logg) v <T.

This proves (4.16) by setting Y. := ¥, 7. It remains to prove the first item. We
estimate

W00 = [ty e = [ GO <0 [ Gludu),

c c
Ay, T,e EA1»T7€

where G(u) is as in (3.36) for the defocusing nonlinearity and in (3.39) for the focusing
one. Here we have used the fact that Z > C > 0.

To estimate the last integral in terms of y15,, we consider two cases. For the defocusing
nonlinearity, we use the fact that [|Qaul|7. ®) < C’1||u||%4(R) for some constant Cy > 0 (see

(3.29)). Without loss of generality, we may assume that C; > 1. By Hoélder’s inequality,
we estimate

_1 4 __1 4
/ e 2 HuHLzL(R) du0<u) S / e 2Cq ||QA1U||L4(]R) d,UzO(u)

Ay, T,e Aq,T,e

_1 m 4 l/Cl 1/01
S ( e 2||QA1 ||L4(R)dﬂ0(u)) ( dluo(u))
% P

CAl,T,E ?\l,T,s
(2 [ aun@) ([ )
2T x

CAl,T,E
< C (pay (Z5, 1)
1/01

)1/01

< Ce

where we used that (Cy,C}) is a Holder-conjugate pair, pg is a probability measure, and
ZM < 1. Here the last inequality follows from Lemma 4.3. In the focusing case, we have

[ cwdmt = [ Gy . duw

Aq1,Te Aq,T,e

1/2
S HG(U)HLQ(d/J,o) (/Zc ]l{uiz<m}d/,bo(u))
Ay, T,e

1/2
=¢ (/ o e, <m} @ O(U))

Aq,Te

1/2
c eHlenulag s vduou)
. {I1P<n ull?y<m}

Aq,T,e

IN

. 1/2
=C (:u’/\l (EAl,T,s))
< Cel2.

In both cases, we adjust ¢ slightly to get the desired result. The proof is complete. O

Now we can conclude the proof of Theorem 4.2.
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Proof of Theorem 4.2. Almost-sure flow, global in time. Fix ¢ > 0 and set T;, = 2",
en =¢€27". Let ¥,, = ¥, ., be as in Lemma 4.4 and set

o0
o =) S
n=1

For f € ¥, we have f € 3, for all n > 1. By Lemma 4.4, the corresponding solution to
(1.1) with initial data wu|,_, = f exists globally in time since it exists on [27",2"] for all
n > 1. In addition, we have

nE) = pu( D) < n(E) <O e =Ce.
n=1 n=1 n=1
Define now
=%y (4.20)
jeN
so that

34 = ¥9,.) <inf p(X9,;) = 0.
(=) M(Q\I $) < inf u(25;) =0
Hence we have indeed found the claimed set of full ;4 measure on which the flow is globally
defined.

Growth in time. Pick f € ¥ and ¢ € R. There exists j € N such that f € X, /; and that
<1 <2

for some integer n > 1. In particular, we have n < 1+ logy(1 + [t]) < 1+ 2log(1 + |¢]).
For such n, we apply Lemma 4.4 with f € 3, to get

Tn 1/2 1/2 1 1
Ju®)le < C (1og ) " =€ o + )2 < C log? j +log 1+ )

n

for some constant C' > 0. Since j depends on f, we prove (4.6) with w(f) = log% j-

1 1

Measure invariance. Let 0 satisfy % (5 — g) << % — % By the time reversibility of

the solution map, it suffices to show

1(A) < u(@(t)(A4)) (4.21)
for all measurable sets A C ¥ and all t € R. By the inner regularity, there exists a sequence
{Fy}n of closed set in H? such that F,, ¢ A and w(A) = limy, o0 u(Fy,). We claim that it
suffices to prove (4.21) for closed sets. Note that since F,, C A, the uniqueness of solutions
implies that u(®(t)(F,)) < u(®(t)(A)). If (4.21) is true for closed sets, then we have

p(A) = lim p(Fn) < limsup p(S(8)(Fn)) < p(2(2)(4)),

hence (4.21) is true for all measurable sets. Now given a closed set F' C HY Take
0<91<%—1andset

S

Up :={u € F:|ulyn <n}.
From (3.6), we infer that

WPV =5 [ . Gl

< COlG(W)|l 22 (do) (Ho(F \ Up))'?
< O (po(||ullzge, > n))'/?

2
< Ce ™™ = 0asn— oo.
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Thus we have
p(F) = lim pu(Un).

The same argument as above yields that it suffices to prove (4.21) for closed sets of H’

which are bounded in H%.
Let U be such a set and fix ¢ > 0 (the case ¢ < 0 is similar). Since U is bounded in #%,
the local theory ensures the existence of K > 0 such that

{(2(r)U):0< T <t} C{ueH" : |lullyo, < K} = By, k.
Set
0=vK™e,
where g is as in Proposition 4.1 and v > 0 is a small constant independent of K. It suffices
to prove

u(U) < p(@@)(U)), Vvt e0,d]. (4.22)

Indeed, we split [0,¢] into intervals of size ¢ and apply (4.22) on these intervals. Such an
iteration is possible since by the continuity of the solution map, the image of each interval
remains closed in H? and included in By, k.

To prove (4.22), we take ¢ > 0 and denote by By the open ball in H? centered at the
origin and of radius €. There exist 0 < ¢ < 1 and A > \; sufficiently large such that

PA(t)(U + Boee) C PA(t)(U) + By o (Lipschitz continuity (4.4))
C ®(t)(U) + By- (Lemma 4.4)
Thus we have the chain of inequalities
pU) < (U + By ee) < liminf uy (U + By.cc) (1A — p weakly)
= lij\niigf pA(PA(t)(U + Boce)) (invariance of )

< lim inf 115 (B(£)(U) + Bo.o)
—00
< lim sup pp (®(t)(U) + B,

A—o0

< u(@(t)(U) + Bo.e)- (ua — p weakly)
Letting € — 0, we obtain p(U) < u(®(t)(U)) for all t € [0,]. The proof is complete. [

Remark 4.1 (Higher non-linearities). The argument presented in this section can be
applied to prove the invariance of Gibbs measures associated to (2.18) for any s > 2 and
2 < k < 4+ s as long as the Gibbs measure is well-defined. In fact, the local well-posedness
holds in

C([-0,6], H?) N LP([-6, 5], W),

where the exponents are chosen as follows:

1 2 (1 n 1) <f< 1 1
2 max{k—2,4} \2 s 2 s’
the pair (p, q) is Strichartz-admissible and we assume

1 2 2/1 1
p > max{x — 2,4}, 2—p<7<9_p<2_8)_

The condition x < 4 4+ s guarantees the existence of such exponents, and then the local
well-posedness follows from the following Strichartz estimate

—ith
le™ " flzzwna S 1 fllago-
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and nonlinear estimates

Nl 2ull g < Jullf2, Nl oore S 8T [l 572, ollull ooro
LsHY = L§_2Loo LeH? ~ LgW’Y’q LeH

’n—Qu

— 1—5=2 — -
s *2ur =l 2uall o S 5 (ol + Nl ) o = e

where we have used that W"? C L*°(R) by Sobolev embedding, since % = % — % < 7.
Once the local well-posedness is proved, the invariance of Gibbs measures follows by the
same argument as above. o

5. CAUCHY PROBLEM AND INVARIANT MEASURE, (SUB)-HARMONIC CASE

We now consider the case 1 < s < 2 for which the Gibbs measure is supported on L?2-
based Sobolev spaces of negative indices. It seems difficult to obtain deterministic local
well-posedness for (1.1) in this case. In [12], a deterministic LWP was proved for s = 2
using some intricate multilinear estimates. The proof of these estimates relies heavily on a
detailed understanding of spectral properties of the harmonic oscillator. We do not expect
the proof of such multilinear estimates to carry through to the case 1 < s < 2. In Section
5.1, we aim to prove an almost sure local well-posedness for (1.1). Section 5.2 is devoted
to an almost sure global well-posedness and the measure invariance.

5.1. Probabilistic local well-posedness. Our proof of almost sure local well-posedness
relies on the following probabilistic Strichartz estimates.

Lemma 5.1 (Probabilistic Strichartz estimates).

Let 1<s <2, p>2,68< %, 0 < % — %, and V satisfy Assumption 1.1. Suppose that one

of the following conditions is satisfied:
(1)p=2and B < 3 -1

8’
(2)p>2,0<B<3, and
4

> ————.
P7 s —2p)
Then there exist C,c > 0 such that

c||e*ithf||2 5.p
e whrdug(f) < C, VteR. (5.1)
HO
Furthermore, for all X > 0,

o (f eH’: e £l oo ooy > )\) < Cem (5.2)
and for all' T >0, all g > 1, and all A > 0,

A2

o (£ € 1O < e fll parimy vy > A) < Ce 7. (5.3)
Proof. Denote g(t) := e " f. We write
F=Yajuy, o= (fu),
Jj=1

hence .
gr(t) = Bi(tuy,  Bi(t) = aze .
j>1
Observe that

Ai 18 ()12
Jj=21

s
=11 Je*Aj|Oéj|2daj = duo(f),
=17
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where we have used the invariance of the Lebesgue measure under rotations. Thus we get

/ 6C“e_itthiVﬁde/1,()(f) :/ ec”gf(t)llivﬁ’pd,l,l/()(gf(t)), V¢ € R.
HO HO

By Lemma 3.3, we prove (5.1). This immediately yields (5.2). To see (5.3), we use Holder’s
inequality in time to get

He—ithfHLq([_T,T],Wﬁ,p) < CTl/qHe_ithfHLOO([—T,T],Wﬁvp)'

Thus

—i —i A
110 (f € 1’ le ™ Il paor.m o) > )\) < o (f e e fll oo (1 8wy > CT1/4>
and (5.3) follows from (5.2). O

We are now able to state the almost sure LWP for (1.1).

Proposition 5.2 (Probabilistic local well-posedness, 1 < s < 2).
Let 1 < s <2,V satisfy Assumption 1.1, 0 < 8 < %, and 0 < % — L For any K > 0,

S

there exist ©(K) C HY satisfying po(S4(K)) < Ce=K* for some constants C,c > 0 and
§ ~ K4 > 0 such that for all f € X(K), there exists a unique solution to (1.1) with initial
data ul,_, = f satisfying
u(t) — e 1 f € C([-9,6],H?) N L8([—9,8], WPH).
In addition, for all f € ¥(K), we have || f|lye < K and the corresponding solution to (1.1)
with initial data u|,_, = f satisfies
Ju(t) o < 2K, ¥t] < 6. (5.4)

Furthermore, if ui(t) and ua(t) are respectively solutions to (1.1) with initial data ui|,_, =
fi, u2l,_g = fo with f1, fo € X(K), then

lur (t) = ua()llpe < 1 f1 = follge + lle™ " f1 — e foll s _s.as.0) (5:5)
for all |t] < 0.

Note that since the pair (8,4) is Strichartz-admissible and 5 > 6, (5.5) implies an
estimate with a loss of derivatives

[ur () — u2(t)llae < Cllf1 = fallps- (5.6)
As preparation for the proof of Proposition 5.2, denote
gs(t) := e U w(t) = u(t) — g5(t).
We seek for a solution v to the equation
10w —hv = +|gr +v|*(gr +v), v|,_g=0.
To this end, we define for 0 < § <1,
X = C([-6,6], H%) N L3([-5,58], WPH).
Our purpose is to prove that the functional

D(u(t)) = Fi /0 e~ =D (gs + [2(gg +))()dr

is a contraction mapping on the ball
Bs(L) = {v e X2 ¢ ol s < L}
equipped with the distance
d(v,v2) = [or = v2| x5,
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with L > 0 to be determined later.
Let us start with the following nonlinear estimates.

Lemma 5.3 (Nonlinear estimates).
There exists C > 0 such that for any 0 < 6 < 1, any f € HY satisfying

g7l =1,y me0) < K

with some K > 0, and any v,v1,ve € Xf,
@50l p < O8 (K2 + ol )
195(00) = @52l p < €82 (K2 oals + 1% ) lon = val -
Proof. By Strichartz estimates (see Appendix B), we have

[21(0)ll x5 < C [ (lgs +v*(g5 +v)))|

By the product rule (see Lemma B.3), we have, using Holder in time,

L3/7([-6,6],L4/3)

19 )ls < Cllag +vlaur g0 1125 + ) srma oo
< C51/2||9f + UH%S([—(S,E],L‘l) ||h5/2(9f + )| £8(1=5,5),24)-
By the norm equivalence (B.1), we infer that
2 )llxs < COV2 IR (g + a0
< O (llgs s s moy + 0llds—samos)
< €82 (g7 IEsqsamwnny + Iols ).
On the other hand, we have

|2 (01) =25 (02)ll x5 < OB (lgg + v (g5 +v1) = lgg + vl (g7 +02))|

LA/7([=6,0],L4/%) |
By writing
g5 +vil* (g7 +v1) — lgr + v2l* (g5 + v2)

= lgs 4+ v1]*(v1 — v2) + |g5 + v2*(v1 — v2) + (g5 + v1)(gf + v2)(T1 — D),

and estimating as above, we have
125 (v1) = Pplv2)llyp < IR (01 = v2)l p2s/7((_5.50,14)
x (112 (g5 + 00l Faasm sy, 00) + 107 (0g + 02 Faarm 5,0
< C8Y2|| WP vy — o) || Ls(s.57.1)
X (Hhﬁ/z(gf + o) s (opyzty + IB°7 (g + UQ)||%8([—5,6],L4)>

< C8"2}n — wallp (lasl3sq-npwany + s + ualiss )
Thus we get the desired estimates. O
Now we may complete the

Proof of Proposition 5.2. Denote
S(K) = {f € 1 i 1 fllno < K, Ngsllisorowony < K
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where g¢(t) = e7'" f. By Lemma 3.3 and Lemma 5.1, we have
po(SK)) < po(f € HY < (1 flle > K) + po(f € H < llggllpsa ey > K)

< Ce K, (5.7)
By Lemma 5.3, there exists C' > 0 such that for all 0 < § < 1, all f € 3(K), and all
v, V1, V2 € BXf(L)’

124 (0)ll s < CO2(K + LP),
d(®(v1), ®f(v2)) < COY2(K? + L?)d(v1,v9).
Pick L = K and 6 = vK~* with v > 0 sufficiently small so that 0 < § < 1 and
206'2K? = 20/v < %
We get
24(0)l o < K.

d(®@f(v1), r(ve)) < %d(m,vz),

hence ® is a contraction (BXB(K), d). In particular, for each f € ¥(K), there exists a
5
unique solution to (1.1) with initial datum u|,_, = f satisfying
u(t) — e f € C([=6,0, H) N L¥([=6, 8], WP,

Moreover, for all f € ¥(K), we have || f||y¢ < K and the corresponding solution to (1.1)
satisfies

lu(®llgeo < lle™ " Fllo + u(t) = ™" fllo

< |1 fllgge + llw(t) = €7 fllggo
<2K, Vf|<94

which is (5.4).
Let us prove (5.5). We have

[ur () = ua(®) 3o < le™ " fr — €7 follpgo + [[o1(t) — va(t) | o
< N1 = fallzgo + loa(t) — va(t) [l (5.8)
where
v1(t) =y (t) — e EL up(t) = ug(t) — ey,
Using Duhamel’s formula, we estimate as above to get

lvr = v2ll x5 < lllgp + vi?(gp +v1) = 1gp + 022 (95, + v2)|l pssr (g5 8003
< C51/2(H9f1”%8([_5,5},1/\;6,4) + 1192 1T (5.0 00) + HUH@(? + HU2H§(§)
< (llgs = 9ra (s gpwoa + lor = vall s )
Since f1, fo € X(K), we have
g s (=1,0w89), 119518 (-1,00,w8:), HW”X(@’ HU2”X§ <K,
hence

lv1 = v2ll x5 < lllgn + v1l(gp, 4 v1) = 95 + 022 (g7, + v2)ll ps/7 (g5 wea79)

< 08" (llgr, — gplls oo + lon = vl o).
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By choosing § > 0 sufficiently small so that C§Y/2K? < %, we get
lvr = vzl xs < llgn — gp.llzs -s.51w8.9)-

This together with (5.8) implies (5.5). The proof is complete. O

5.2. Measure invariance and global well-posedness.

Theorem 5.4 (Almost sure global well-posedness, 1 < s < 2).

Let 1 < s <2,V satisfy Assumption 1.1, and 6 < % — % Assume in addition that s > %

for the focusing nonlinearity. Then there exists a set ¥ C HY satisfying (L) = 1 such
that for any f € X, the corresponding solution to (1.1) with initial data u|,_, = f exists
globally in time and satisfies

[u@®lyo < C (w(f) +log2(1+]t])), WteR

for some constant w(f) > 0 depending on f and some universal constant C > 0. Moreover,
the Gibbs measure p is invariant under the flow of (1.1).

The proof of this theorem follows by the same line of reasoning as in Theorem 4.2. How-
ever, due to the lack of deterministic local well-posedness, we need to proceed differently.

Lemma 5.5 (Uniform estimate for the approximate flow, 1 < s < 2).
Let s,0 be as in the previous statement and take 01 satisfying

1 1
<0, <=-—-—
2 s

Then for all A > X\ and T,e > 0. There exist Xy 7. C HO and C > 0 independent of
A, T, e such that:

(1) (S5 1) < Ce.
(2) For f € ¥ 1., there exists a unique solution to (3.41) on [=T,T) satisfying

T 1/2
fua(®ller <€ (1o )+ ¥ <. (5.9)

Proof. Pick 0 < 8 < 51 < % so that
0p—0=0p—-B=n>0. (5.10)
For K > 0, we denote
Xo,,p (K) == {f eH" || fllyn <K, ||e_ithf||L8([71,1],WB1a4) = K} :

Using (3.31), the probabilistic local well-posedness given in Proposition 5.2 applies to
(3.41) and we have that for f € 3, 3, (/), there exists a unique solution to (3.41) satisfying

[ua(®)llpor < 2K, V[t] <4 (5.11)
with
§=v(K+1)74 (5.12)

where v > 0 is a small constant independent of A, K. As for the super-harmonic case,
here we choose § a bit smaller than ¥/ % as in Proposition 5.2 which is useful for the
iteration process (see Lemma 5.6).

Denote J = [%] and set

YA KB = m ©A(_j5)(291,ﬂ1(K))7 (5.13)
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where ®, is the solution map of (3.41). Note that the set X5 i, 3, contains all initial
data f such that the corresponding solutions up (¢) of (3.41) satisfy

[un(t)llyo < 2K, V|t| <T. (5.14)
In fact, for |t| < T, there exist an integer j and §; € (=9, ) such that ¢t = jé + ;. Thus
up(t) = @p(01)PA(50)f.

Since f € P (—356)(g, g, (K)), we have ®p(j0)f € g, 5, (K) and the observation follows
from (5.11).
Since p is invariant under the flow of (3.41), we have

J (&
1A (S5 scons) = oa () @a(=50)(Sa, 5, (K))) )

j=—J
J

< 30 ua@a(=i0)(55, 5, (K)))
J

Thanks to Proposition 5.2 we have

A (55, 5, () = /

HO

1
N /He L5, s, (K)ﬂGA(U)dMO(U)

Ly (k) dpup ()

. 1/2
< ZxllOA ()2 (apo) (10(Z, 5, (K)))

where we have used G (u) € L%(duo) and Z» > C > 0 uniformly in A and (5.7). In
particular, we obtain

2C
pA(SS k0n5) < —T(K +1)te K < 0Te K
9 9 b V

for some constants C,c > 0. By choosing K as in (4.12) and setting ¥ 7. = X4 k.0, 85
we get the desired estimates. O

Lemma 5.6 (Comparison between approximate and exact flows, 1 < s < 2).
Let X5 1. be as in the previous lemma. Then for any f € X\ 1., there exists a unique
solution to (1.1) with initial data u|,_, = f satisfying

[u(t) — up(t)|lge < C(T,e)A™2, V|t <T (5.15)

for all A sufficiently large and some constant C(T,e) > 0 independent of A, where n is as
in (5.10). In particular, there exist Xp . C H? and C > 0 independent of T, e such that:
(1) n(E5..) < Ce.

(2) For f € Y7, there exists a unique solution to (1.1) with initial data u|,_, = f on
[—T,T) satisfying

T 1/2
la(®) oy < C (log 8) W <T. (5.16)
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Proof. Estimating the difference. We first study the difference between u and uj on
Iy = [—6, 0], where § is as in (5.12). To do this, we denote g7(t) = e ' f and vp 1= Qpu,.
By Duhamel’s formula, we write for t € I,

u(t) = gs(t) +o(t), v(t) = Fi /0 eI gg + 0P (g5 +0))(7)dr

and

vA(t) = Qagy(t)+wa(t), wa(t) :=Fi /0 e M QR(1Qagr +wal* (@ags +wa))) (7)dr.

Denote
XP(Iy) := C(Io, H’) N L¥(Io, W)
By Strichartz estimates (cf Appendix B), we have
lv —wallxsm) S llgg +v1*(95 +v) = QA(IQags + WAl (Qagy + wa))ll /71y woaray -
We write
95 + v[* (95 +v) — QX(1Qags + wal*(Qagy + wn))
= |97 + v’ (97 +v) — |Qugs + wal*(Qagy + w)
+ (Id —Q3)(1Qags + wal*(Qags + wa)).
Since f € ¥y, g, (K), by Proposition 5.2 and (3.31), we have
lwall xs1 (1) < CK. (5.17)
Estimating as in the proof of Lemma 5.3 yields
1(1d —QR)(1Qags + wal*(Qagy + wa))ll ps/m (1 wearay
< CAPPI2(1Qags +wal*(@Qags +wa)ll psrm 1y wor /o)

< O 2N (1 Quags 3 gy sy F 10l (1 s

< 051/2A—77/2(||gf||ig(107wﬂl,4) + |’w/\H§(/31(IO)>
< CSYRK3A2,

Since [[fllne < [fllyer < K and [lggllps1ymweay < ll9rllise1gmwerey < K due to
f € 3, s, (K), Proposition 5.2 and (3.31) give

vl x810): lwallxey) < K-
By writing
lgr +v*(gr +v) — |Qagr + wal*(Qags +wa)
= (97 — Qngyr +v —wa)Ra(gy, Qrgy, v, wp),

where Ry is a homogeneous polynomial of degree 2 (omitting the complex conjugates for
simplicity) and estimating as in Lemma 5.3, we obtain

1Q% (g7 + v (g7 +v) — |Qags + wal*(Q@ags +wa))ll psrm (1 we.ars
< 6" (Ilgy — QugsllLsrowaay + 1o = wall sz wna )
X (Hng%S(IO,WBA) + HQAgf”%S(]O,WBA) + HU”%B(IO,WBA) + HwAH%S([mwﬁA))
< Cs'? (A(ﬁ_ﬁl)/QHngLS(IO,WﬁlA) + v = wAHXB(IO))
x (1197113520 sty + 1015 0y + lwnlles )

< 051/2K2 (KA*TI/Q + HU — wAHXB(Io)> .
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Thus we obtain
lv — wallxs ) < COEE3ATY2 + C6Y2 K |[v — wall xs(sy)-
By the choice of § (see (4.12)), we get
v —wallxs(1y) < KA™2,
From this and (5.14), we deduce
[w = unll Lo (1,m0) < 1w —vallLoo (1,10 + [[va — wall oo (1,200)
< |lgy — Qugsll Lo (r,10) + 10 = Wall oo (1, 10) + [1QAUA — unll oo (1 10)
< |If = Qafllgo + llv — wallpoo 1,38y + 1Qaun — wall Loo(15,200)
< CAC2| f|l0, + [lv — WA x8(10) + CA(G_QI)/Q||UA||LOO(IO,H91)
< CKA™2, (5.18)

Iterating in time. We now iterate this argument to other sub-intervals of [T, T]. The
next iteration is on I := [0,26]. To this end, we claim that, taking A sufficiently large,

[u(@ler < K +1, lle™ (@) s ragyn) < K + 1 (5.19)
In fact, the first observation follows directly from (5.18) and
[ua(O)ll3e = [[Pa(0) flle < [[PA(0) fllpger < K

since up (6) = ®p () f € Lo, g, (K) (see (5.13)). We turn to the second inequlity in (5.19),
using Strichartz estimates and (5.10)

||€_ithu(5)”LS([—1,1],WB74) < ||e_ithUA(5)||L8([—1,1],W674) + e (u(5) — un(0)) | L8 (j=1,7,m84)
< e P un (9| s o1,y + Cllu(8) = ua(8) 5
< K + CA 2 ||u = upll oo (1, 2061 (5.20)
Next, using Duhamel’s formulas

t
u(t) =ethf i / e D (JuPu) (1) dr
0

and
¢
up(t) = e fFi / e TR Qu (|Qaun > Qaun)) (1) dr,
0
we have

lu — UAHLOO(IO,Hﬁl) < Ofjuf*u - QA(|QAUA‘2QAUA)||L8/7([07wﬂ1,4/3)

< Co'/? (HUH?]ES(]O’WMA) + HUA||?£8(10,W61,4)> (5.21)
S 051/2[(3
<K (5.22)

by the choice of §. Here we have used the fact that

lwll £s i v ay < Mgl oscrgvonay + 1w = grll oo ey < 2K,
unll s 1o w814y < Ng#ll s o wsnay + lun = gl Ls o e ay < 2K,

where the second line follows from the probabilistic local well-posedness. Combining (5.20)
with (5.21) yields the second inequality in (5.19). Note that (5.19) is the reason why we
choose § as in (5.12).



44 V. D. DINH AND N. ROUGERIE

Thanks to (5.19) and up (6) = @A (6)f € Xg, g, (K), we can repeat the above argument
using the following Duhamel formulas for ¢ € [0, 24],

u(t) = gs(t) +v(t), v(t):=Fi /5 e R (g5 + v[*(gs + v)) (7)dr
vA(t) = Qaga,s(t) +wa(t),
wp(t) : = Fi /5 e M QA(1Qaga s + wal*(Qagas +wa)))(T)dT

with gs(t) := e 1=Dhy(8) and gp 5(t) := e =Ry, (5) and get
lo = wallxs () < KA.
The same reasoning as in (5.18) yields

|w—wunll oo (1, m0) S CEA™"2,

Iterating this bound % many times and taking into account the choice of K (see (4.12)),

we prove (5.15) .
Globalizing the flow. Finally, (5.16) follows from (5.14) and (5.15) exactly as in the
proof of Lemma 4.3. We omit the details. U

We are now able to prove Theorem 5.4.

Proof of Theorem 5./. The almost sure global well-posedness and the growth in time are
proved by the same argument as in the proof of Theorem 4.2. Since the continuity of the
solution flow does not depend solely on H? norm of initial data (see (5.5) and (5.6)), the
argument given in the super-harmonic case should be modified by choosing a suitable ball
in higher Sobolev spaces. We present here another approach using an equivalent charac-
terization of measure invariance (see e.g., [46, Theorem 6.5]), i.e., for all F € L'(H, du),

/ F(®(t)u)dp(u) = / F(u)dp(u), VteR. (5.23)
HO

HO
By iteration, it suffices to show (5.23) for ¢ > 0 small. In addition, by a density argument,
the problem is reduced to show (5.23) for F' bounded and continuous.
Now fix ¢ > 0 small and let ¢ > 0. We write for A > \q,

] [ et - [ Faaw)| <| [ Feooa - [ Feoodno
HQ HB H@ HG

n /H (@ {t)u)dpa () ~ /H (@ (ty)diun(u)
+| [ F@sudna ~ | Fadu
" /H F(u)dpaw) - /H Fu)dp(u)
—: (I) + (ID) + (II1) + (IV).

Since pp — p weakly as A — oo, the boundedness of F' implies
(I)+(IV) - 0 as A — oo.

Since p is invariant under the flow map ® 4 (¢), an equivalent characterization of invariance
as in (5.23) yields (III) = 0. It remains to estimate (II). Pick 6 < 6; < 3 — % and
0§5<B1<%Suchthat 01 — 0 =01 — B =mn>0. Denote

261,61 (K) = {f eH" : ”f”’}-[91 < K, ”eiithf”LS([—l,l],WﬁlA) < K} .
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We estimate

(I1) < +

/ F(®(t)u) — F(®(£)u)dyua (u)
Loy, (K)

=: (II) + (II).
Since F' is bounded, we have
(& C —C 2
(113) < 20 oo jia (55, 5, (K)) < CIF e (jio(S5, 5, (K))) " < Ceme® < 2

provided that K is taken sufficiently large. For such a K, the same argument as in the
proof of Lemma 5.5 yields

[ F@®w - F@s@uden )

01,81

£

1/2

|®(t)u — p(t)ufse < CKAT?
for all u € ¥4, g, (K). Note that ¢ > 0 is taken small here. Since F' is continuous, we have
[E(@(t)u) = F(Pa(t)u)]l30 < /2

for all u € ¥y, g, (K) provided that A is chosen large enough. Since p, is a probability
measure, we have (II;) < /2, hence

(II) - 0 as A — oo.

Collecting the above estimates, we prove the invariance. ]
Proof of Theorem 2.3. Combining Theorems 4.2 and 5.4 yields the proof. O

Remark 5.1 (Higher non-linearities). The method used in this section can be modified
to prove the invariance of Gibbs measures associated to (2.18) for any 1 < s < 2 and
= < k < 6 provided that the Gibbs measure is well-defined. Indeed, we take 0 < 5 < “23—;;1
and9<f—f For K > 0, we define

S(K) = 9. <K <K
() = {F €1 Ul < Ko gl ey ony <K
where g¢(t) = e —ith f and ( =5, /@) is a Strichartz-admissible pair. By the choice of 3, we
have (see Lemma 5.1)
po(2°(K)) < Cem°K7,

Thanks to the following nonlinear estimates

gr+ 0" 2(gr +v <|lgr + 0|52, gf + v
Ilgs +v["=(gr +v)ll MQWﬂ llgy !Lj ’(“+22)L“(R)H 7+l N A
< {51 K
Hgf+v||L;4 Hgf+U|| EON

< o (ugf\ el )
Lf WB* LF2Whie

gy +v1]""2(gs +v1) — |gr + vo| " 2(gs + v2) ||

and

3 +2WB =T

<o Hgf| Floll" el o1 —vol| s,
FT e LEF2WBx L2 WBx Ly i
we can repeat the same argument as in the proof of Proposition 5.2 to show the almost sure
local well-posedness for (2.18), where (%, ﬁ) is the dual pair of (%, n). Note that
the condition k < 6 is needed to close the contraction mapping argument. In particular,
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_4(k—2)
for all f € ¥(K), there exist § ~ K~ 6=~ and a unique solution to (2.18) with initial
data ul|,_, = f satisfying

u(t) — et € ([0, 8], H®) N L7=2 ([, 8], W),

Once local solutions exist, a straightforward modification of the above argument yields the

4Kk
K—27

pair. The latter constraint is in fact the main restriction that sets the affordable non-
linearities. o

invariance of Gibbs measures, based on the fact that ( n) is a Strichartz-admissible

6. CANONICAL MEASURES

We aim at constructing, and proving the invariance of, Gibbs measures conditioned on
mass. Towards this purpose, we first define the Gaussian measure with a fixed renormalized
mass in Section 6.1. We then define the Gibbs measures conditioned on mass in Section
6.2. Finally, in Section 6.3, we prove that these measures are invariant under the dynamics
of (1.1).

6.1. Gaussian measure with a fixed renormalized mass. Our purpose in this section
is to give a rigorous definition of Gaussian measure conditioned on mass. There is a
difference between the cases s > 2 and 1 < s < 2 in that the latter the mass is infinite
almost surely. We however treat the two cases on the same footing by conditioning on the
renormalized mass, although this is slightly redundant for s > 2 (where the mass is finite
almost surely). To do this, we shall define the Gaussian measure with a fixed renormalized
mass which is formally given by

L m)=my
dufd*(u) “ =7 dpo(u), 6.1
where m € R, M(u) = ||u|]%2(R) - <||UH%2(R)>HO is the renormalized mass (see Lemma

3.5), and po is the Gaussian measure. When s > 2, since the expectation of the mass with
respect to the Gaussian measure is finite,

<HUH%Q(R)>MO = Tr[h™'] < oo,

we obtain a Gaussian measure with a fixed mass m + Tr[h~1] > 0.
The formulation (6.1) is purely formal because we essentially have that
o (M) = m) = 0.
Inspired by an idea of Oh and Quastel [52], we will define the above measure as a limit,
as € — 0T, of the constrained measure
1
d/Lg%E(U) = W]l{mf€</\/l(u)<m+s}d“0(u)v
0

where

Zy = po(m —e < M(u) < m+¢).
Note that for each ¢ > 0, the measure uj"° is well-defined a priori, however, since the
normalized constant Z;"° converges to zero as ¢ — 07, some care is needed to justify the

meaning of this limit.
The construction of the canonical Gaussian measure consists of two steps:

e We first find a sequence of measures on the finite dimensional spaces
E-) =span{u; : \j < A}

that will define the cylindrical projections of the target measure.
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e We then show that the above sequence of measures is tight on a suitable Hilbert space,
so that the target measure can be defined as its limit.

This is summarized in the following statement, whose proof occupies this whole subsec-
tion.

Proposition 6.1 (Gaussian measure with a fixed renormalized mass).
Let s > 1, V satisfy Assumption 1.1, 6 < % — %, m € R, and assume m > —Tr[h~Y] if
s> 2.

(1) For any borelian set A of E<y, the limit

lim p°(A) = lim po(AN{m —e < M(u) <m +e})

e—0+ =0t po(m—e < M(u) <m+e) (62)

exists, and thus we may define a probability measure on E<p by setting

PN A) = lim e (A),

e—0t

2) There exists a unique measure u* supported in H° N {M(u) = m} such that for all
Ho

A > A, /ﬂon’SA is the cylindrical projection of ui' on E<p. Moreover, we have for any

measurable set A C H?

W (A) = Tim e (A).
e—0t
We start by defining the finite dimensional measures as follows.

Lemma 6.2 (Cylindrical projections I).
The projection of gy on E<y is given by

m,e 1
dpg* ()|, = WW (m—e =0y < Msop(u) <m+e—0x)duz"(u)  (6.3)

= == (w),

where

19/\ = MSA(U) = Z ‘Oéj‘Q - )\j_l
A <A

and Msp(u) is as in (3.15). The measure Mgw,e,SA is the cylindrical projection of " on
E<p in the sense that for © > A,

6n,z—:,§@ . _ NSmESA' (6.4)
<A

Proof. For any borelian set A of F<,, we have

1

Mg%a(A) - Zm,a/ ]lAﬂ{mfs<M(u)<m+s}dM0<u)

0 Ecp

_ 1 1 d >A d <A

= e {m—e—0) <Ms p(u)<m+e—0, I (u) | dpg™ (w)
0 A \JE<p
1

= ez /AM(?A (m—e— 0y < Map(u) <m—+e—95) dust(w),
0

where du%A(u) and dug™ (u) are defined as in (2.8) and (3.33) respectively. This shows
(6.3). To see (6.4), we observe that A x CV is a borelian set of E<g with N = #{\; : A <
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Aj < ©}, hence

’ 7_6 y ,_@
=, = [ o)
<A AXCN
1
:mE/ 138 (m —e — o < Msg(u) < m+e—9e)dus® (u)
Zo " JAxCN

1 Ie) <O
= Zom’E/Ax(CN (/HG ]1{mfefﬂ@<M>@(u)<m+5719@}dug (U)) dug -~ (u)

1 (S) )\ “Nilai|? <A
= Z(q)n,s/A (/(CN </H‘9 ]l{m—s—ﬂ@<M>@(u)<m+s—§@}dH5 (u)) H ?je sle] daj) d:u(T (u)

A<>\j§@

1 A <A
7 /A <[H Lm—e—ta <ttt <m+e—02} 4G <u>) duz" (w)

1
~ oz /A“gA(m —e =0 < Moa(u) <m+e —9)du5" (u)

0
= [ ==t = = (6.5
which proves (6.4). O

To prove that the limit in (6.2) exists, we denote fj the density function of Mxy(u)
with respect to ug . In particular, we have

m4e—Up
,u(?A(m—s—ﬁA<M>A(u)<m+€—19A):/ falz)dz
m—€—19A
and
m-+e
Zy" = po(m —e < M(u) < m+e) :/ fo(z)dz,
m—e
hence

1

m—+e—9, m+e -
OB ( / - fA<:c>da:> ( / B fo(ﬂf)dx> i), (66)

Lemma 6.3 (Uniform continuity of the density function).

For any A > 0, fo is bounded and uniformly continuous on (mg,+00), where my =
~Tr[h™1] if s > 2 and mg = —o00 if 1 < s < 2. In addition, for A > 0 sufficiently large,
there exists C > 0 such that || fall Lo ((mo,+00)) < CA.

Proof. Denote ¢, the characteristic function of M- 5 (u) with respect to g A We have

(Z)A(s) = E/L;A [eisM>A(u)}

-/,
is(loy 2=AT1) Ak aglag)?
< [ T e I Mt
HO\SA Ae>A T

LA A (1—isaT o 2 Ak 2
_ ][ (/ e is); J e (1=isAT ") Ajlay] d()dj) II / e Ak lo) doy,
a>A € T cm
J

AL#EN)
Ap>A
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Each factor of this product has complex norm smaller than or equal to 1, thus the norm
of this product is bounded by the norm of a product of any two terms. In particular, we
have

—isAL! —isA)!

1 1 1
- —2 = = 14 g2272’
\/1 + 5205 \/1 + 520, + %A,

where j; and jo are the first two indices such that A;, > A;; > A. We deduce that
pp € L' (R) with

e

N —1 N1
1— zs)\jl 1-— zs)\j2

e

[Pa(s)] <

[Pallrm) < CAyy-
We have (see Lemma D.1) that the number N(A) of eigenvalues of h below A satisfies

cAzts < N(A) < CA2Ts

for positive constants ¢,C' > 0. Hence, we may pick some k& > 0 large enough but
independent of A to ensure that

N(kA) = N(A) > (ek!/2H1/s = C) AZ*S > 1
for A sufficiently large. Hence \j, can be chosen of order A in the above argument and we
deduce that
Pl m) < CA
for A sufficiently large.
Using the following relation between density and characteristic functions
1 .
falz) = 27T/]ReZ‘”cgb/\(s)als,

we infer that f, is bounded and uniformly continuous on (mg,+o00). Note that when
s > 2, we have

Mon() = |1Ponullfam) = (IPoaulfem ), > —Trlh],
hence the density function f, is defined on (—Tr[h ], +00). O

Lemma 6.4 (Positivity of the density function).
Let s > 1, m € R, and assume m > —Tr[h™1] if s > 2. We have

1 m-+e
lim — dr = > 0.
Jim o /m_8 fo(z)dz = fo(m)
Proof. Since fy is continuous on R, we have

1 m-+e

%/ fo(z)dz o fo(m).

It remains to prove that fo(m) > 0. Since the first eigenvalue of h is simple (see e.g., [44,
Theorem 11.8]), we have

1 m-+e

— d

26 Jim—e Jo(e)dz
1

:2—Eu0(m—€<./\/l(u) <m+e)
1

- ?ENO(M>A1(U) € (mo, +00),m — & = My, (u) < [an]? = A7 <m+ e — Msy, (w))
1 _ _
= 2—8,u0(/\/l>)\1(u) € (mo, +00), A Lym—e— Moy, (u) < \a1|2 <A} Yym+e— My, (u))

1 oo A 2
= 52 f)\l(x) —e€ Atlea] doq | dx.
2e mo maX{O,)\;1+m—€—x}<|o¢1|2<A;1+m+5—:c Q0
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We estimate it further as

i /m+€ fo (x)dx

2¢ Jm—e
-1
1 )\1 +m—e )\1 B )
= 5. f)\l(m) —e€ Afea] day | dx
2e mo At m—e—z<|a12<A] Hrmte—z T

-1
1 )\1 +m-te Al 3 5
+ 52 f)\l(x) —e€ Atfea] doq | dx
2e A m—e 0<|on |2<A] ' +mte—az T

1 >\1_1+m—5 14+ (m+e—z)
fa (@) < / e‘Ad)\> dz
1

2 mo +A1(m—e—x)
1 )\fl—i-m—&-a 1+ 1 (m+e—zx)
+ — fa (@) / e N | dx
2e Afl—l—m—a 0
1 )\1_1+m—6

> 27 f>\1 (l,)e—l—)\lm—i-)qx(e)qe _ e—)qa)dm
g mo
1 A;1+m
— 27 f>\1 (x)e—l—)\lm-i-)qx(e)\le _ €_>\18)d$
€ Jmeo
1 A;1+m

o f>\1 (x)e—l—)qm—i-/hx(e)\la _ 6_/\18)d.%'.
2e Afl-i-m—a

The last term converges to zero as ¢ — 0" due to the dominated convergence theorem.
Thus letting ¢ — 07, we get

1 m+e >\1*1+m e/\15 _ 67)‘15
fo(m) = lim / fo(x)dx > lim / f}\l(w)e—l—hm-i-)\midx

e—0t 2¢ m—e e=0T Jmyg

/\fl-i-m
= / fay (z)e 17 AmENey o

mo

Assume for contradiction that fo(m) = 0. Since fy,(x) > 0 for all z € (mg, +00), we infer
that fy, (z) = 0 for all z € (mg, A\{' +m). In particular, we have

)\l_l—l—m
0= / o (x)dx

mo

= ug’\l(mo < Msy, (u) < )\1_1 +m)
= 1 (Moa(0) € (mo, +00),mg — Mony(u) < 3 Jagf2 = X1 < AT m = Mo, ().
Aj=Aa

To proceed further, we denote

Q= (aj))\j:)\Q € (CN7



INVARIANT GIBBS MEASURE 51

with NV the multiplicity of A2, hence da =[], daj and laf? = PIPPE |oj|?. The above
measure becomes ' '

NAS AT Hm A\ Y ,
/ f)\z(l‘)(/ () e~ A2l doz)da:
mo max{O,mo—l-N)\Q_l—w}<\a|2<N)\2_l+)\1_1+m—x ™
NA; +mo o\ VY
2 _ 2
:/ fAQ(x)(/ () e~ A2l da)d:c
mo m0+N)\2_17a:<\a|2<N)\2_1+)\1_1+m7:v ™

NATHATHm A\Y e
T e (2)" vt
NS mo 0<|al2<NAF ' 4AT 4m—z \ T

Using polar coordinates, this becomes (up to a factor o(S?V=1))

NX; 4mo VN AT e Ao

QLY p—

mo mo+NA, " —x
N AT m—a N A m oy

2

L s [T

0 T

™

N
r? ON—
) e Ner 2N 1d7’>da:

N
Cor? ON—
) e M 2N 1d7")da:.
N7 4mo

By a change of variable A = 12, the above quantity is (up to a factor ﬁ)

NS mg A2(NAS AT 4 m—a)
/ i f)\Q(x)(/ c e_’\)\N_1/\>dx
mo A2(mo+NA; ! —z)

NS AT Hm A2 (N AT Hm—z)

—AyN-1

+/ fAQ(a:)(/ e A A)dw.
Ny 4mo 0

Since this sum is equal to zero and both terms are non-negative, we infer that fy,(x) =0
for all x € (mo, NAS Ty )\1_1 + m). Arguing in a similar manner, we can prove that
fa(z) =0 for all z € (mg, Tr[(P<ph)™] +m) and all A > 0. Thus

1= /+OO fa(z)dx = /+OO fa(z)dz, VYA >0.

mo Tr[(P<ph)~']+m

This contradicts the fact that

[ fa(@)de = g (Moa(n) > Te[(Peah) ] +m)
Tr[(P<ah)~t]+m
< g (Moa()® > (Trl(Pah) ™) +m)?)
1 >A
< P T M) i
1

= A2 5 0as A — oo
PP 2,

due to Tr[p 2] =3 )\;2 < 0o. Note that for m fixed, we have

Tr[(P<ph) ™ +m ——
A—o0

m+ Tr[h™1] >0 if s> 2,
+00 ifl<s<2.

The proof is complete. O

Lemma 6.5 (Cylindrical projections II).
Let s > 1, m € R, and assume m > —Tr[h~'] if s > 2. Then for any A > \1 and any
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borelian set A of E<y, the limit im, o+ pug"°(A) exists and

. m,e o fA (m - 79A) <A .. m,<A
g{f){r 1o (A) _/Afo(m)dug (u) =: kg (A). (6.7)
In particular,
=y = AU 0 g

0 fo(m)

satisfies for any © > A,

<0 <A
po = =g = (6.8)

ESA

Proof. On the one hand, by the continuity of f5, we have
1

1 m+e—09, 1 m4-e - fA(m _ 79A)
(25 /m_e_ﬁA fA(ZE)d33> (25 /m_g fo(m)dx) ol fo)

On the other hand, the boundedness of fj gives
1 m—+e—Up

— dx < 0 .
2l fa(@)dr < || fall oo ((mo,400))

Since fo(m) > 0, we have for ¢ > 0 sufficiently small,

m-+te

In particular, we get for £ > 0 sufficiently small,
1

m-4e—09, m-e — _
</ + fA(aj)dSE> (/ * fo(x)dz) M) < 2(| fallz (Gmostoe)) g <A,

m—e—"9, m—e fO(m)

which is integrable on A. From (6.6), the dominated convergence theorem yields (6.7).
To see (6.8), we use (6.5) to have for any borelian set A of E<j,

m7_@ m,_@
50, () == x T
= lim uf"*=®(A x CV)
e—0t
— 1 m,a,SA A
6—1>%l+u ( )
= pg =N (A),
where N = #{); : A < \; < O}. O

We have constructed a sequence of measures {,ugL’SA} A>x, on the finite dimensional
spaces {E<p}a>y, that satisfies the cylindrical property (6.8). Thus we have completed
the proof of Item (1) of Proposition 6.1.

To prove Item (2), we will show that there exists a unique measure yg* on an infinite
dimensional Hilbert space satisfying

7§A
1o lp oy = 1o
By Skorokhod’s criterion (see [66, Lemma 1]), it suffices to check that the sequence
{ugL’SA}AZM is tight in the sense that

lim sup MSI’SA({U € Ecp t|jullye > R}) =0
R—>ooAZ)\1

for 6 < % — % This clearly follows from the following lemma, whose proof will thus

complete that of Proposition 6.1.
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Lemma 6.6 (Tightness of the canonical Gaussian measure).
Let s > 1, m € R, and assume m > —Tr[h™] if s > 2. Then for any § < 5 — 1, there
exists C(m, 0) > 0 such that

[ lulBodi = w) < Cm0). A =
Ecn
Proof. 1t suffices to prove that

/ NlaPAu<Mw) < C(m), VA=A, YA <A <A (6.9)
E<a

for some constant C'(m) depending only on m. Indeed, we have

m, <A m,<A
/ lul2pdui < () = / S Moy Pl )
E<n E

<A N <A

_ m,<A
= S A [ v Py w)
Ecp

A <A
m YA
A <A

< C(m)Tr[h~ Y < o0,

where we have used the fact that 1 — 6 > 3 + 1 to get the finiteness of Tr[h '] (see
Lemma A.1).

We are thus reduced to proving (6.9), which we shall deduce from the fact that for all
A > A, all Ay <A <A, and all € > 0 sufficiently small,

m,e, <A
| ulas = w) < Cm), (6.10)
ESA
We have
[ Al P
1
Z(,)ns /)\ |on]2 >A( —e =9y < Msop(u) <m+e— ﬁA)dﬂgA(u)
1 A
Z(?)ns /)‘ |a]| </]l{m—e—ﬂA<M>A(u)<m+s—ﬂA}dM5A(u)> dﬂ§ (u)
1 2 #j )\j Nl |?
= an’a/)\j’aj’ (/]l{m—s—aj|2+)\j1<M¢j(u)<m+a—aj|2+/\j1}dﬂoj(u)) ;e 5oy ] da;
1 _ SN a2
Zg” /)\ laj | #J( — |ay]? + A D Myj(u) <m+e— o> + A 1)?76 Ajles] doyj,
where

_ ; Ak _
Myiw) = 3l =X, dud? (w) = [T e e day.
k#j k#j

Denote Fj the density function of M.;(u) with respect to MOJ We rewrite

<A 1 mte—|a;|? A7 Ayl l2
| OulasPyaig =M = e [ Aol ([ Fy(a)da | eIl ga,
ESA ZO (C m—e—\aj\2+)\;1 ™
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To proceed further, we denote by ®; the characteristic function of M;(u) with respect

to ,ugéj. As in the proof of Lemma 6.3, we have

oM () e isAg
Di(s) =E le#\W] = _—.
J() ugﬁﬂ[ ] lgjl_is)\kl

Since each factor of this product has complex norm smaller than or equal to 1, we bound
the norm of this product by the norm of a product of any two terms. Taking the first two

terms, we obtain that for all \; > Ay,

1

P ()] < ——.
1255) < T

In particular, [[®;]|z1(®) < CAs for all Aj > A;. Thus Fj is bounded (uniformly in j) and

uniformly continuous for all A; > Ay.
By Lemma 6.4, we have for ¢ > 0 sufficiently small,

izgn,a > fO(m)
2¢e 2

We also have

1 m+e—\aj|2+>\j_l
/ Fy(w)do < 1Byl < CI0s ey < Chae YAy > A,

276 —e—|ai 24271
m—e—|o;|>+A;

It follows that

2C'\3 Ai a2
Ao lews 2™ <0 () < //\.a.zﬂe Al gy s
/E<A il |“dpg (u) < fo(m) Je il . J

20N [,
o ;2
= C(m)

for all A\; > A1 and all € > 0 sufficiently small. This proves (6.10).
We now prove (6.9). Using the layer cake representation, the problem is reduced to

showing that

/ g =t (Aglay? > \da = lim / 1o =R (glay* > A)da.
0 e—0t Jo
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< <
Thanks to the weak convergence pug” esh o= A . (
convergence theorem and the fact that

m,e, <A
Ho = lag P > )
&, SA

:/ Lnjlogl2>y g =" (u)
ESA
1

= Zm,s/E ]l{Aj|aj‘2>)\},u5A(m —e—U) < M>A(u) <m-+e— ﬁA)d/LOSA(u)
0 <A

6.9) follows from the dominated

1 A <A
= W /ESA ]1{,\j|aj\2>,\} </H0 ]l{m—s—ﬁA<M>A(u)<m+e—79A}d:u5 (U)) dugy ™ (u)

—— {1 _
7 /C {0l 12500 {Jag 2 -A; T €R)

77 Aj Nl
X (/7-[9 ]1{m757|aj|2+)\;1<M¢j(u)<m+sf|aj|2+)\;1}dlu’0 (u)> ?6 sl da]

1 mete—|a; P +A7! )\] g
— . aj
= Zm,e/ﬂ{xj|aj|2>x}m{|aj2_AJ.-1€R} /m , Fi(@)dz | —emV % day

—6—|Oé]'|2+)\~_
20)\3 A xla
S 2 m) / Dl 250 Jagl2 A eR) € 1990 da
2
< C)\g/ e Tdr
fo(m)
= e
Jo(m)
which is integrable on (0, c0). O

6.2. Gibbs measures conditioned on the mass. Once the Gaussian measure condi-
tioned on mass is constructed, our next task is to define the Gibbs measure with a fixed
renormalized mass as follows:

1
dp (u) = ——e "2 g ),

where
7‘[9

is the normalization constant. Here the minus sign stands for the defocusing nonlinearity,
and the plus sign is for the focusing one.

Proposition 6.7 (Gibbs measures conditioned on mass).

Let s > 1,V satisfy Assumptzon 1.1, m € R, and assume m > —Tr[h~1] if s > 2. Assume
n addmon that s > ¢ 8 for the focusmg nonlinearity. Then u™ makes sense as a probability
measure.

We first need the following observation.

Lemma 6.8 (Decay of the renormalized mass).

Let s > 1, V satisfy Assumption 1.1, 0 < v < 35= 2, m € R, and assume m > —Tr[h~] if
s > 2. Then there exist C,c > 0 such that for 9 < 5 — %, all A > Ao, all R > 0, and all
€ > 0 sufficiently small,

o (u e H? : Mop(u)| > R) < Ce MR, (6.11)

In particular, we have

it (we H s Mo ()] > R) < CemE, (6.12)
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Proof. Since py"® — pf* as € — 07 (see Proposition 6.1), it is enough to prove (6.11). We
estimate

o (IMsa(u)l > R) < pg™™ (Msp(u) > R) + pg” (Msa(u) < —R) = (I) + (II).
For (I), we have for 0 < ¢t < % to be chosen shortly,

1o (Moa(u) > R) < e /H M g ).

By the definition of ",

/7.[6 etM>A(u)dM6n75(u)

1 u
= 7T / etM>A( )]l{mf€<./\/l(u)<m+s}dli0(u)
0 HE

_ 1 Mo n (u) <A SA
= 7 /H M ESA]l{m—sng<M§A(u)<m+sng}d'u’0 (u) | dug ™ (u),

where
on = Msa(u).
Denote gp the density function of M<,(u) with respect to u%A. We rewrite the above

quantity as
1 tM meTen A
Zma/ et M>alv) / ga(z)dz | dug® (u).
0 HO m

—E—0OA

Let 95 be the characteristic function of M<x (u) with respect to ,u%A. We compute

Ya(s) = E n [ M ()]
Ho
— [ et
ESA

. 2 y—1
_/ eZSEAjSA‘%l Aj H ﬁe_’\’“‘o‘kpdak
ESA

Ap<A T
e—iS/\;l
=1l ——=
A <A 1 —isA;
Since A > A9, we see that
1
[P (

s < ———,

)< 14 s2A5 2

hence [[YallL1r) < CA2. Thus we deduce that g, is uniformly bounded (in A) and
uniformly continuous. In particular, we have

1 m4+e—op
% gr(@)dz < lgallem) < Cllvallir < Cha.
€ Jm—e—op
On the other hand, Lemma 6.4 implies for € > 0 sufficiently small,
1 Zm,a > fo(m)

2270 = 2
Thus for € > 0 small enough, we get
1 / mte—oa 2C Ay
—mE ga(z)dr < )
Z(T)nE m—e—op fU(m)
hence

m 2C\ u
/He etM>A(u)d'u0 “(u) < fo(mQ) /He M Al )duﬁA(u).
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By the same argument as in the proof of Lemma 3.6, we have

1 1 2 12 A2
/He 6tM>A(u)d,u0>A(u) _ H eft/\ t)\ — < <C H etQ)\ Ce ZA]->A i

Aj>A Aj>A

2 we have

DA S AT
)\j>A

In particular, we obtain
pe (Moa(u) > R) < CemtRAEATZITE,
Taking ¢ = vAY with v > 0 small yields
(I) < Ce—°M'R
for any 0 < v < 3522 The term (II) is treated in a similar manner and we prove (6.11). [
We also have the following decay estimates.

Lemma 6.9 (Decay of the L*-norm ).

Let s > 1, V satisfy Assumption 1.1, 0 < p < %, m € R, and assume m > —Tr[h™1] if
s > 2. Then there exist C,c > 0 such that for 6 < % — %, all A > Ao, all R > 0 and all
€ > 0 sufficiently small,

;Lgl’g (’LL S HB : ||P>Au||L4(R) > R) < CG_CAPR2. (6.13)
In particular, we have

po! (u cH [ Psaullpawy > R) < Ce MR, (6.14)

Proof. Since py"® — pf* as e — 07, it suffices to prove (6.13). Let ¢ > 0 be a positive
constant to be determined later. We estimate

P
1g"" (|1 Ponullpaey > R) < e /He NP isce) gy (u)

_p2
ST ey R RV )

k>0
We have

/ P perl 25 g g ()

st/ HP>AUHL4 YL im—e<M(uy<m-+e}dio(u)
0 Jue

_ 1 2% <A SA
= Zg“s/ﬂg 1P aull 74 g) </E§A L e on <M (u)<mte—on }IHO (U)> dpg ™ (u)

1 2k meTea >A
— e [Pl ([ aa@de ) dui ),
0 HO m—e—op

where g, is the density function of M<,(u) with respect to ,u%A and op = Mxj(u). As
in the proof of Lemma 6.8, we have for ¢ > 0 sufficiently small,

1 /"H"E_QA )d 2C )\
e ga(x)dr <
ZO ~ m—e—op f()( )
hence 50
m, 2
[ 1Pl i () < 222 [P sl ey ).
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By the same argument as in the proof of Lemma 3.3, we have
2k A k
[ 1Pl ey o) < 2018 g0 V>0,

where By o4 is as in (3.12). In particular, we have for ¢ > 0 sufficiently small,

[ 1Py ) < CHB g1 k>0,

hence
P2
1 (IPsaullpagzy > R) < Ce™™ 3 (tBy 0.0)"
k>0
Arguing exactly as in the proof of Lemma 3.4, we obtain (6.13). O

Lemma 6.10 (Decay of W’P-norm).
Let s > 1, V satisfy Assumption 1.1, 0 < 8 < %, p > max {2, ﬁ} be an even integer,

m 6 R, and assume m > —Tr[h~™'] if s > 2. Then there exists ¢ > 0 such that for
0 < 5 — %, all A > M\ sufficiently large, all R > 0, and all € > 0 sufficiently small,

o (u e 1 |Popullyyss > R) < Che . (6.15)
In particular, we have
i (u € 1+ ||Pepullyyon > R) < Che . (6.16)

Proof. We only need to prove (6.15). We estimate

1 (| P<pullyyse > R) < o tR? /He tHP<AuHW3pd'u ®(u)

_.p2
=S PenulBn )

k>0
We have
[ Penults i<
1 2%k
- ZmE HPSAUHWB,P]1{m75</\/l(u)<m+s}d/1/0(u)
0 HO

1 <A
= 7E / HPSAUH)Z/]\?B@ (/ . ]l{msﬂA<M>A(u)<m+519A}d:U’O>A(U)> dM(T (u)
0 E<a H

1 ok m—+e—9, <A
= e [ 1Pexulen Fata)d ) dp ),
0 ESA m—a—ﬁA

with f, the density function of Ms 4 (u) with respect to ug™ and 95 = M<(u). From
Lemmas 6.3 and 6.4, we infer that for € > 0 sufficiently small,

me—Ux 2 oo ((m
1 / fy(2)de < 1Al Loe (o, +00)) < CA.

Z(?)ﬂ,s m—e—"9, - fO(m) -
We deduce that for € > 0 small,
) SA
[ IPesulhs i< < CA [ |Penul dui ().
<A

The integral in the right hand side is estimated exactly as in Lemma 3.3 to get

A D
/ I PenulBheadis ) < (5 )iBE, w0
ESA
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In particular, we obtain
1o (1Penullws > R) < CAe™™ 3 (tBg,)* < OAe™*"
k>0
provided that t > 0 is taken small enough. O

Remark 6.1. From the argument presented in the proofs of Lemmas 6.9 and 6.10 (see
also the proof of Lemma 3.3), we can show that: for s > 1, 6 < % — %, and m > 0,

it (u € HY - lullye > A) < Ce™N (6.17)
for some constants C,c > 0. o

Proof of Proposition 6.7. We only consider the harder case of focusing nonlinearity since
the defocusing one is easier. Since ' is a probability measure, it is clear that Z" > 1.
It remains to prove

AT
AL /H@ e2! ”L4<R)du6”(u) < 0. (6.18)

We have
gm 7 (31 _ % m (Il
= o' | e >N dh=C(No) + po' le? TEE > X ) dA
0 A

0
for some Ay > 0 to be fixed later. To show the finiteness of

(Al
/ 1o (62 LA®) > )\> dA,
Ao

we repeat the same line of reasoning as in the proof of Proposition 2.2 using Lemmas 6.8,
6.9, and 6.10. Note that M(u) = m on the support of yu(*, hence HUH%Q(R) =m+Tr[h7!] €
(0,00) when s > 2. The only different point is the following estimate (see Lemma 6.10):

1o (| P<aotllysr > C(logA)?) < C'hgecloe N

where the additional term Ag is just (logA)! (see (3.17)) and can be absorbed by the
exponential decay e—¢(108 N*7 The constant Ap is chosen so that A is sufficiently large as

needed to apply Lemmas 6.8, 6.9, and 6.10. ]

6.3. Invariance of Gibbs measures conditioned on mass. Thanks to the invariance
of the standard Gibbs measure p (see Theorem 2.3), we can deduce the invariance of the
Gibbs measures conditioned on mass.

Proposition 6.11 (Invariance of canonical Gibbs measures).
Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h™1] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Then p™ is invariant under the flow

of (1.1).

The proof is based on the following lemma.

Lemma 6.12 (Approximate canonical measures).
Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h~!] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Denote

4

1 PRTPATE
() = e B dup ), zme = [T aye ),
HO

T ogme

Then u™¢ converges weakly to u™ as € — 0T in the sense that

lim F(u)dp™* (u) = /7—[9 F(u)dp™ (u)

e—0t O

for all bounded continuous functions F : H? — R.
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Proof. We first show that Z™¢ — Z™ as ¢ — 0T. To simplify the notation, we denote
G(u) = otz IIUI|L4(R>

and

wyp = Pcpu.

For A > \; sufficiently large and ¢ > 0, we estimate
zme =27 <] [ G = Gludng <) + | / Gl ) = [ Glun)dig )
+] [ Glu) - Glwn)dp (w)| = + (110).
HG
Regarding (IT), we write
[ Gl (w) = | (Gwn) > Nax
0

For each A > A1, we have pj"*(G(wp) > A) = p™(G(wp) > A) as € — 07, In addition,
we have for € > 0 small,

(G wa / G (wa )y (u)

Fl[P<au
o A2/ e H <A “L4(R)d ma(u)

C’A
< —
for A sufficiently large. The dominated convergence theorem implies that for A > A\;
sufficiently large, (II) — 0 as ¢ — 0%.
To estimate (I), we let 6 > 0. By continuity, there exists v > 0 such that if |ju —
wp||pam) < v, then |G(u) — G(wy)] < 6. We write

<|[ Gt~ Gloa)d“ (] + | | Glw) — Gl )i (u)].
||u_wAHL4(]R)ZV [lu— wAHL4(]R)<V

Since G(u), G(wy) € L*(dugy"?) uniformly in A for & > 0 sufficiently small, we have

172 4
(1) < G () = Glwn)ll 2= (15 (Il = wallaw > v)) "+ 5.

By Lemma 6.9, we also have for £ > 0 small,
1o (Hu — wallLaw) = u) = pg" <HP>AUHL4 > ,,) < Cemehv?

for any 0 < p < £=. Fix 0 < p < =, we deduce, for A large enough, that

/2§

||G<u>—a<wA>HL2<d%n»s)(uo (la = wallpae > v)) ™~ < 5

for all € > 0 sufficiently small. This shows that (I) — 0 as A — oo provided that £ > 0 is
taken sufficiently small. A similar argument goes for (III) and we prove Z™¢ — Z™.
Now we write, for F' a test function,

mep oy L m.e
[ Pl = o [ PG

= (g = ) [, PG00 + g | PG w.
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The first term in the right hand side goes to zero as ¢ — 0" because Z™¢ — Z™ ase — 0T
and

|| PG ) < [P~ |G gy < €

for some constant C' > 0 independent of € > 0 small.
For the second term, we estimate

[ PG - [ PG )
HO H?
=[], F)(Glu) = Gluwn)) + Glun) (F(u) = Flun) dpi(w)

+\ /H 9 F(wp)G(wp)dpl"e (u) — / F(wA)G(wA)dMB“(u)\

HO
+] [ F@)(G) = Glun) + Glun)(F(w) = Py )]
Arguing as above, we deduce that

/ F)G)du™ () — | Fu)Gu)dul (w) as = — 0*.
HO HO
The proof is complete. U

Proof of Proposition 6.11. Invariance of the approximate canonical measure. We
first show that p™* is invariant under the flow of (1.1). In fact, we can rewrite u™*¢ as

1
u) = ﬁ]l{m—e</\/l(u)<m+a}d#(u)'

dum,g(
Here p is the standard Gibbs measure which is invariant under the flow of (1.1). Now let
A be a measurable set in H? with 0 < % — L as in Theorem 2.3. We have

s

p ) = iz [ Lneeemwemiadita)
= Zrln,s /H , L m—cc M(u)<m+eynadi(u)
= Ziﬁsu({m—e < M(u) <m+e}nA)
= (@) ({m - = < M(u) < m £ £} 11 4) (invariance of 1)
= ngau ({m—e<M(u) <m+e}Ne(t)(A)) (mass conservation)
= Z:”L,a /b(t)(A) L e M(u)<mey ()
= "= (2(t)(A4)),

where ®(t) is the solution map of (1.1). This shows that p¢ is invariant under the flow
of (1.1).

Invariance of the canonical Gibbs measure. We now prove the invariance of p™
under the flow of (1.1). By the same reasoning as in the proof of Theorem 4.2 using
(6.17), it suffices to show

p™(U) < p™ (@) (U))
for any closed set U of H? which is bounded in H? with 6 < 6, < % — % and for all t € R.
The problem is further reduced to show

pU) < pr(@@)(U)), vt elo,d] (6.19)
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with § > 0 sufficiently small. By the local theory, for each £ > 0, there exists 0 < ¢ < 1
such that

B(O)(U + Byee) C B()(U) + By (6.20)

where By is the ball in HY centered at zero and of radius e. Here v = 0 for s > 2 (see
(4.4)) and v = 8 for 1 < s < 2 (see (5.6)). Since u™* — ™ weakly as € — 07, we have

Mm(U) < :Um(U + B%CE)

< iminf p™*(U + By.ce) (p™e — p™ weakly)
e—

= lim inf p™*° (®(¢)(U + By.cc)) (invariance of p™*)
e—07t

< liminf p™* (®(¢)(U) + By,) (due to (6.20))
e—07t

< limsup ™= (®(t)(U) + By, )
e—0t

< lim sup p"™* ((@(t)(U) + §975)>
e—0*t

< u™(@(t)(U) + Boye)- (u™e — p'™ weakly)

Letting ¢ — 0, we get (6.19). This proves the invariance of x™ under the flow of (1.1). O
Proof of Theorem 2.4. This follows by combining Propositions 6.7 and 6.11. O

Remark 6.2 (Higher non-linearities). Thanks to the argument presented in this sec-
tion and Remark 3.2, one can construct the Gibbs measures with a fixed renormalized
mass associated to NLS with more general nonlinearity (2.18). Moreover, based on the
invariance of grand-canonical measures mentioned in Remarks 4.1 and 5.1, these fixed
renormalized mass Gibbs measures are indeed invariant under the flow of (2.18). o
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APPENDIX A. BOUNDS ON THE COVARIANCE OPERATOR

Lemma A.1 (Schatten norm of the Green function).
Lets >0 andV € C(R,Ry) satisfy V(z) > Clz|* for all|z| > 1. Then for everyp > $+1,
we have

=Y AP < 0. (A.1)

Jj=1
Proof of Lemma A.1. We follow an argument of [41, Example 3.2]. Let A; > 0 be the first
eigenvalue of h. We have
h+ XA < 2h,
hence
Tr[hP] < 2PTr[(h + A1) 7).

Thanks to a version of Lieb—Thirring’s inequality [29, Theorem 1], we have

dxd§
<ol B+ Vi) + a7

Using Assumption 1.1 and the layer-cake representation, one finds that

da:df B .
//]RXR (€2 +V(z)+ )P /R(V(ﬂf) + A1) dr < +00

under our stated assumptions. Here is another short proof. We have

//RXR (1% + dxdg-i-)\l //|m|<1 (117 + dwd£+/\1 //|m|>l (117 + dxd£)+)\1)p
//|:c|<1 \f|gjﬁi§1 //|a:|>1 (1€ jﬁé“)?

where V(z) > 0 for all x € R and V(w) > Clz|® for |z| > 1. Since p > £ 4+ 1, it is clear
that (I) < oo. To see that (IT) < oo, we take

4
0=
2+s
so that
1 2 1 N 1
2-60 #bs
By Young’s inequality, we have
67 + 2" +1 2 (L +[6*) + (1 + [2f)

2
2@+ €)%+ (1+ |z))®
2

(14 1€)> (1 + |2 %
It follows that

dxdg d¢ dx
/R/|x>1 (&P + [ + 17 ~ (/R<1+I£I><”>p)(/ (1+\x|);’) =

Note that (2 —0)p = 7” = l’ﬁ > 1. O
2 ' s

Remark A.1 (Proof variant). Any 1D Schrodinger operator with trapping, locally
bounded, potential has simple eigenvalues. This follows from Sturm-Liouville type ar-
guments, similarly to e.g. [65, Theorem 3.2.7 and associated remark]. Then, using the
Cwikel-Lieb-Rozenbljum bounds from Lemma D.1 (or [55, Theorem XIII.81]) below with
A =\ we find

C)\;/2+1/s <j< C/\;/2+1/s
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and hence ,
Aj 2jﬁ, Vi e N.

TR = Y AT~ Y <

This leads to

jEN jEN
provided that
< 1 + 1
P=95Ty
We thank the anonymous referee of this paper for pointing this out. o

APPENDIX B. BASIC FUNCTIONAL-ANALYTIC ESTIMATES

We collect here known functional inequalities used repeatedly in the paper. We start
with the following norm equivalence due to [75].

Lemma B.1 (Norm equivalence).
Let s > 1, V satisfy Assumption 1.1, >0, and 1 < p < co. Then we have

Hhﬁ/zuHLp(R) ~ | <D>’BUHLP(R) + ] <$>BS/QUHLP(R), (B.1)

where (D) := /1 — 02.

Proof. In [75, Lemma 2.4], the above norm equivalence was proved for s > 2 using pseudo-
differential calculus. The same proof applies to 1 < s < 2 as well since the weight (£)2+(z)*
d dg?

is admissible in the sense of Hormander for the metric % + IGEE OJ

Lemma B.2 (Sobolev embedding).
Let s > 1 and V satisfy Assumption 1.1.

(i) If 1 <r <T < oo and B > 0 satisfy £ > 1 — 3, then WP" C L"(R).
(it) If B> L, then WP C L=(R).

Proof. Direct consequence of embeddings for standard Sobolev spaces on R and the norm
equivalence (B.1). O

Lemma B.3 (Fractional product rule).
Let s > 1, V satisfy Assumption 1.1, 8 >0, and 1 < p < co. Then

B2 (F D) o) < ClFlrm @) 1P gll e gy + Cllgllrs @ 1072 fll ey (B.2)
provided that
1 1 1 1 1
§:a+q;:71+g7 2,72 € (1,00), q1,7m1 € (1,00].

Proof. Direct consequence of (B.1) and the following product rule (see e.g., [68, Proposi-
tion 1.1 of Chapter 2]):

(DY (f9) o) < CIlf |z @)l (D) gl ooy + Cllgll s @yl (D) £l 12 ()
U

We next recall some Strichartz estimates whose proofs can be found in [35, 21] for the
case s < 2 and in [75] for s > 2.

Definition B.4 (Strichartz-admissible pairs).

A pair (p,q) is called Strichartz-admissible if
2 1 1
L2220 ge2,0.
PR [2, o0]
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Proposition B.5 (Strichartz estimates).
(i) [35, 21] Let 1 < s < 2 and (p,q) be a Strichartz-admissible pair. Then there exists
C > 0 such that

He_itthLP((—l,l)Lq(]R)) < Cllfllz2my- (B.3)
Moreover, for any Strichartz-admissible pairs (p,q) and (a,b), there exists C > 0 such that

¢
H/o eii(tiT)hF(T)dT‘

(i) [75] Let s > 2, (p,q) be a Strichartz-admissible pair, and o > % (% - %) Then there
exists C' > 0 such that

Lr((=1,1),L9(R)) < COlF N por ((=1,1),2v (my)- (B.4)

le™ ™ 1l Lo(—1.1). Loy < CllFllae- (B.5)
In particular, we have

t
H / e_i(t_T)hF(T)dT
0

For potentials that grow at most quadratically at infinity, i.e., |03V (z)| < C, for |a| > 2,
it is known (see [35]) that the following dispersive estimate holds

le™™ fll ooy < CIEITY2( fllr, VIt <6 (B.7)

with some small constant § > 0. Using this and the unitary property, we obtain Strichartz
estimates (see e.g., [37]) on the time interval [—0,d]. After dividing (—1,1) into intervals
of size 26 and applying Strichartz estimates for these intervals, we can sum over all sub-
intervals to get (B.3) and (B.4).

For super-quadratic potentials, there is a loss of derivatives in (B.5). Moreover, dis-
persive estimates as in (B.7) are no longer available due to the unboundedness and lack
of smoothness of the kernel of e~" (see [73]). Thus the above inhomogeneous Strichartz
estimates (B.6) may not hold true for (a,b) # (o0, 2).

< F o). B
LP(—1,1),L9(R)) — ClIF Ly ((=1,1),20) (B.6)

APPENDIX C. LP-BOUNDEDNESS OF THE SMOOTHENED SPECTRAL PROJECTORS

We here discuss the boundedness of the smoothened spectral projector @ (defined in
(3.29)) as an operator on LP(R). This comes from known facts that we collect in the
following lemma.

Lemma C.1 (LP-boundedness of smooth spectral projections).
Let 1 < p <oo. Then there exists C' > 0 such that for all A > A1,

1QallLr(R)—Lr(r) < C.

Proof. The proof is based on the LP-boundedness of semi-classical pseudo-differential op-
erators. We follow an idea of [1, Section 2] (see also [56] and [11]). Denote

h=A12 P=—-A+V(x)
so that
X(ATH=A +V(2)) = x(B*P).
We can see h2P as a pseudo-differential operator with symbol
pu(, &) = € + h*V (x).
Namely
h*P = Opy,(p),

where

Op;(a)u(z) Z/RK}'L(%ZJ)U(Z/)dy
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with
Ki(ayy) = (2ah)™ [ 700 a(a, )i
R

The idea is as follows: First, we construct an elliptic parametrix of (A?P — z)~! with
z € C\[0,400) and & € (0,1]. We then use the Helffer-Sjostrand formula (see e.g. [28]) to
write x(A2P) as a sum of semi-classical pseudo-differential operators with symbols having
a suitable decay in £ uniformly in & € (0, 1]. Thanks to Schur’s lemma [1, Proposition 2.2],
we conclude the LP-boundedness of these semi-classical pseudo-differential operators, hence
of x(h2P).

Step 1. Elliptic parametrix. We look for symbols
qO(xa 57 ha 2)7 seey q,N(wv §7 hv Z)
satisfying
, (z) n(l,5,k)
80k (@, €, b, 2)] < Ciynle)~2 (M) wniformly in i€ (0,1]  (C.1)

such that for every i € (0,1] and every N > 1,

N
(h*P —2) > hOp(q) = 1+ AN Opy(rys1) (C.2)
=0

with

uniformly in % € (0, 1].

(2) n(N,j,k)
| Im (2)] )

Using the composition of semi-classical pseudo-differential operators, we can compute
explicitly the symbols ¢; as follows. From (C.2), we require

0908 rx 1 (2, 6,1, 2)] < O )N "1H (

1= (pn — 2)qo,
0= (pn — 2)q1 + OcqnD2qo,

1
0= (pr — 2)q2 + eqnDzq1 + 5352%17325(10,

1
0= (pn — 2)an + OcaqnDrqn—1 + §8§2QhD;%QN72,

where D, = —i0,.. Here we have used the fact that Ggpﬁ vanishes when k > 3. It follows

that
q = (pn—2)7,

q1 = (pn — 2) " '2i€0,qo,
a2 = (pr — 2) "' (2i€0,q1 + 02q0),

av = (pr — 2) 7 (2i€0uqn -1 + OZan-2)-
Let us check (C.1). For [ = 0, we observe that
J ok -1 —2—k (2) kL
Lok (&) = )71 < ) () (©3)
for all z,£ € R. In fact, we have

‘ 1

)
=
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and
pr+1 z+1 (z) {z) {z)
— <1 <1 < <2
ph—z‘ = ‘ph—z‘ - dist(z, [0, +00)) ~ * | Im(z)| = |Im(z)]
because dist(z, [0, +00)) > | Im(z)| for all z € C\[0,400). Thus for j =k = 0, we get
1 o (2)
2(¢)7? :
=20 gy

For j,k # 0, the estimate (C.3) follows from the fact that 6%8?(1)5 — 2)~! is a linear
combination of

01 OF pr...0% 0 ' pi
(pn — )7 thtL 7
where 1 <1 <j+k, j1+..+j=J,and k; + ... + k; = k. Here we use that
1 (2) 2 2/,\8\—1
o 2 2 (€7 + @)
to compensate for the contributions coming from the z-derivatives of ps. For [ > 1, we
can deduce easily (C.1) by induction.

Step 2. Helffer-Sjostrand formula. We now use the Helffer-Sjostrand formula (see
[28])

x2P) = = [ BR()02P -2 L(a2),

where L(dz) denotes the Lebesgue measure on C, 0 = (9, + i9,), and § € C§°(C) is an
almost analytic extension of y which satisfies

VK >0,3Ck >0: |9%(2)] < Ck|Im(2)|", VzeC.
From (C.2), we have

N
(R°P —2)~' =Y " 1'Opy(q) — BV (R?P — 2) ' Opy(rv41).

1=0
In addition, we observe that ¢; takes form
21 4y
_ J -
QZ(xafahuz)_Z(ph_Z)jJrl) J > 17

=l
where d;; are symbols independent of z. Using the Cauchy formula (see [28])

1 (= . ~1) .
» [0 -2 ine) = S0,
we obtain N
X(W*P) =Y hOpy(ar) + ¥ Ry,
=0
where
ag(l’, 57 h) = X(ph(fE, f))v
21 (_1)] )
al(.’l/’,f,h) = Z j' djl(I’€7 h)X(J)(ph(I)f))v I = 1’--"N7
=t
and

Ry=—— /C DR(2) (2P — 2) " Opp(ras1) L(dz).

Since (al)l]i o are smooth and compactly supported with respect to &, we can apply [1,
Proposition 2.4] to get LP-boundedness of Opy(a;) uniformly in i € (0,1]. Note that the
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z-derivative of pj is bounded since 72V (z) ~ h?(z)* is bounded for pj(z,£) in the support
of x. The remainder is treated as in [1, Lemma 2.8], concluding the proof.
O
APPENDIX D. AN ESTIMATE ON THE NUMBER OF EIGENVALUES

We are interested in the number of eigenvalues of the Schrédinger operator h = —92 +
V(z) below a certain energy threshold which is needed in the construction of Gaussian
measure conditioned on mass (see Lemma 6.3).

Lemma D.1 (Cwikel-Lieb-Rozenbljum law).
Let s > 1 and V' satisfy Assumption 1.1. Then, for A > 0 sufficiently large, we have that

cATTE < #{N; 1 A < A} < CAzts
for fized constants ¢, C > 0.
This is similar to [55, Theorem XIII.81].

Proof. To see this, we recall the following result due to Rozenbljum [60]. Let V(z) > 1
and V(xz) — 400 as |z| — 0o. Assume that the following conditions hold:

(V1) 0(2A) < Co(A), where o(A) := [{x e R: V(x) < A}

(V2) V(z) < CV(y) almost everywhere when |z — y| < 1.

(V3) There exist a continuous function n(t) > 0, 0 < ¢t < 1, n(0) = 0, and an index
B €10,1/2) such that

e VE+2) = V@)de < (2D (V ()7
|e+z—y|<1

for any y,z € R and |z| < 1. Then, for A sufficiently large, we have that
#{) 1 )\ < A} x /(A — V(x)) de, (D.1)
R
where (f(x))+ := max{f(z),0}.
We will check that the above conditions are fulfilled for V' as in Assumption 1.1.
e Checking (V1): Since V(z) ~ (z)*, V(z) < A implies |z| < (z) < (CA)'/*, hence
o(A) < |{z eR:|z| < (CA)YY. (D.2)

1/s
On the other hand, for |z| < (ﬁA) / , we have for A large,

1 2/s 1 1/s
— ./ 2 - 1/2
(x) = /1 + |z <\/1+ <025/2A) < (CZS/ZA) 2

1
c

hence

V(z) < Cla)* < C < A> — A

This shows that

< o(A). (D.3)

From (D.2) and (D.3), we get (V1).
e Checking (V2): We have

Vi) ~ (2)° < (y)*(z —y)* < Cy)* ~ CV(y)
for all |z —y| < 1.
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e Checking (V3): By Taylor’s formula, we have
V(e +2) - V(@) < || /1 V/(+ t2))dt,
which, by Assumption 1.1, yields '
V(x+2)—V(x)| < Clz /1<m + t2)*Ldt.
As s > 1, we infer that ’

V(z +2) = V(@) < Clz|(2)> 1 {z)* .
Now denote
Q={rzeR:|z—yl <1 |lz+z—y| <1}
For x € Q, we have |z| <1+ |y| < 2(y). In particular,
V(e +2) - V()] < Claliy* (=), vaen

and
[ <[{z eR: x| <2()} ~ ().
Therefore, we obtain

e V(@ 2) = V@)lde < Clal()*(2)™ < Cl2|V(y)
le+z—y|<1

for all y, 2 € R? with |z| < 1. This is (V3) with n(t) =t and 3 = 0.
We have so far proved that (D.1) holds for V' as in Assumption 1.1. The claim of the
lemma follows, as we now explain. For an upper bound, we use (D.2) to get

/ (A= V() 2de = / (A — V(@) 2dz < (20)20(A) < CAV2H/s.
R V(z)<A
For a lower bound, we estimate for a constant v > 0 small to be chosen later,
1/2 A 1/2
/(A V(@)Y de > / (A = V(2)2dz > () (0(A/2) — o(vA)).
R VA<V (2)<A/2 2

Thanks to (D.2) and (D.3), we deduce

1/2
[a-v@)anz (3) @/ -own)

AN L2 1 /s .
= (2) (‘B (O’ <C2s/23> )‘_ B0 con |>

provided that v > 0 is taken sufficiently small, where B(0, R) is the segment [-R, R]. O
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