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INVARIANT GIBBS MEASURES FOR 1D NLS IN A TRAP

VAN DUONG DINH AND NICOLAS ROUGERIE

ABSTRACT. We consider the one dimensional cubic nonlinear Schrédinger equation with
trapping potential behaving like |z|® (s > 1) at infinity. We construct Gibbs measures
associated to the equation and prove that the Cauchy problem is globally well-posed
almost surely on their support. Consequently, the Gibbs measure is indeed invariant
under the flow of the equation. We also address the construction and invariance of
canonical Gibbs measures (conditioned on the L? mass) and make remarks regarding
higher non-linearities than cubic.
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2 V. D. DINH AND N. ROUGERIE

1. INTRODUCTION

We study the statistical mechanics of the trapped 1D cubic nonlinear Schrodinger equa-
tion

10 = hu + |u*u (1.1)
on R with the Schrédinger operator
h:=—02+V(x),
where V (z) | ﬁ +00 is a trapping potential. Namely, we construct the associated Gibbs
T|—00
probability measures given formally by
1
B (u) = 2 exp ( (u, (h+ V) 12 F 2/ yu|4> du (1.2)
R
and
0 (0) = 2 g oy ) (1.3

and prove their invariance under the flow of (1.1). These measures correspond, for this
nonlinear model, to the well known grand-canonical ensemble ((1.2) with chemical poten-
tial v € R) and canonical ensemble ((1.3) with particle number/mass m > 0) of statistical
mechanics. Our main physical motivation comes from the mean-field approximation of
Bose gases and Bose-Einstein condensates [37, 47, 51], whence our restriction to the cu-
bic equation, corresponding to short-range pair interactions between particles. In this
context, the measure (1.2) was rigorously derived from many-body quantum mechanics
in [33, 34, 24, 25, 48].

The question of the invariance of such measures under the associated Hamiltonian flow
has a rich history, elements of which we recall below. As is well-known, the main issue is
that, once rigorously defined (in particular, in the focusing case, a L?-mass cutoff is nec-
essary in (1.2)), the above measures live on functional spaces of regularity/integrability
levels at which it is challenging or impossible to construct the flow of (1.1). Instead of
relying on such a deterministic flow, one often constructs a probabilistic Cauchy theory,
taking advantage of the formal invariance of the Gibbs measures to substitute for conser-
vation laws. The main datum of the problem, setting the regularity/integrability level, is
in our context the growth at infinity of the potential V. We assume that it is polynomial,
of order s > 1, which is the threshold for the measure (1.2) to make sense (see below).

Assumption 1.1. Let V € C*(R,R}) satisfy for some s > 1:

(i) There exists C > 1 so that for all |z| > 1, & (z)* < V(z) < C (z)*.

(i) For any j € N, there exists C; > 0 so that |07V (z)| < C; (x)* 7.
The reader may think throughout that

Vi) = (14 1a2)", (1.4)

although we do not need such an exact formula. We construct a global-in-time Cauchy
theory on the support of the measures (1.2) for any s > 1 in the defocusing case (+ sign
in (1.1)) and any s > 8/5 in the focusing case (— sign in (1.1)). There is a noticeable
dichotomy at s = 2 (the harmonic oscillator). Indeed, for s > 2, one can essentially
construct the flow deterministically at the appropriate level of regularity (mostly based
on tools from [63, 64, 65]), whereas for s < 2, we must rely on the randomization of initial
data. We shall thus be particularly interested in the case s < 2, where the measures do
not live on L? and thus in particular (1.3) must be interpreted in a renormalized sense
(vaguely, m = oo —m/ with m’ € R).

Our results generalize known theorems and allow to simplify the proofs of some of
them. Indeed, for the periodic NLS (s = 400 formally, restriction to a compact setting)
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the Cauchy theory was constructed in [1], and the invariance of (1.2) was deduced. The
canonical measure (1.3) was then constructed and proved to be invariant in [44] (see
also [6]). In [8] (see also [16]), the invariance of (1.2) was obtained for s = 2. In all other
cases (in particular for the canonical measure (1.3) on R with any kind of trap), our results
seem new. In particular, they answer a question raised after [8, Theorem 1.1] concerning
more general potentials than (1.4) for s = 2, having the same behavior at infinity.

One of our motivations for considering the more general case of s # +00,2 is that all
approaches of the topic at hand that we are aware of rely on the spectral problem for the
linear operator h = —02 + V(z) being exactly soluble. A detailed explicit knowledge of
the eigenfunctions is used to construct the measure and the flow. This is certainly the
case for s = 400 (plane waves [1, 44]) and s = 2 (link with Hermite polynomials [8, 18,
46]) but also in other cases considered in the literature, like radial NLS on the disk or
sphere (link with Bessel functions [4, 5, 59, 60]). All (non-radial) known results in higher
dimension [2, 3, 19, 20, 21] seem to rely on plane waves.

In this paper, we propose a softer approach to the Cauchy theory (in particular, the
probabilistic one, for s < 2), which relies less on exact formulae and allows the afore-
mentioned generalizations to s < 2. A price to pay is that we do not prove multilinear
estimates, and consequently our results are restricted to small nonlinearities. We can allow
more general non-linearities than cubic (namely, behaving like |u|*~2u for more general,
s-dependent, k > 2) but we only state remarks in this direction for brevity, and because
the cubic nonlinearity is the most physically relevant one.

Another motivation to consider a general s is that, in experiments with cold alkali
gases, the trapping potential can be quite general. The link between the first-principles,
many-body, description of these experiments and the above formalism was made in [33,
34, 35, 24, 27, 26, 55| at the static level of equilibrium states and in [25, 48] for the
dynamics. The Cauchy theory on the support of the (defocusing) measures we consider
for 2 < s < 400 was used as a working assumption in [25], whose results it would be
interesting to generalize to s < 2 in view of ours and [8].

In the next section, we state our results and related remarks precisely. The rest of the
paper is devoted to proofs.

Acknowledgments. This work was supported by the European Union’s Horizon 2020
Research and Innovation Programme (Grant agreement CORFRONMAT No. 758620).
After posting a first version of this paper, we had interesting exchanges with T. Robert,
K. Seong, L. Tolomeo, and Y. Wang regarding the connections to their recent paper [46].
This has triggered the inclusion of several remarks in the present version the text.

2. MAIN RESULTS

2.1. Random data Cauchy theory. In a finite dimensional setting, one may consider

a system of ODEs
_  O0H
Ot = g i
&g = —94 ’

T 9y
ox;

with the Hamiltonian H(z,§) = H(x1,- -+ ,xn, &1, ,&). The Gibbs measure associated
to the system is given by

.,n

1
dp(x,€) = — e~ 1@ dudg,

where Z > 0 is a normalization constant. By the invariance of Lebesgue measure dxdf =
[[}—, dz;jd¢; (thanks to Liouville’s theorem) and the conservation of the Hamiltonian H,
the Gibbs measure p is invariant under the time evolution of the system, i.e., for any
measurable set A C R??, p(A) = u(®(t)(A)) for all t € R, where ®(t) is the solution map.
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Equation (1.1) also has a Hamiltonian structure, namely
0H
Ou = —i——,
NPT
where H = H(u) is the Hamiltonian given by
1
H(u) = (u,hu)r2 + 2/ || 2. (Hamiltonian)
R
This Hamiltonian is conserved under the dynamics of (1.1) as well as the mass

M (u) :/R|u|2. (Mass)

Following the rationale of the finite dimensional case, one expects the Gibbs measure of
the form

du(u) = %e‘H(“)du (2.1)

to be invariant under the dynamics of (1.1). However, the above expression is formal since
there is no infinite dimensional Lebesgue measure.

In the seminal work [32], Lebowitz, Rose, and Speer studied, by means of techniques
from constructive quantum field theory [52, 29], the normalizability and non-normalizability
of Gibbs measures for 1D periodic NLS. More precisely, by rewriting (2.1) as

du(u) = %eiéfﬂ% ful* e = (whu) 2 gy, (2.2)
they defined i as an absolutely continuous probability measure with respect to the Gauss-
ian measure

1
dpo(u) = 706_<“’h“>L2du.

Here h should be understood as —92 + 1 on T. The above can be defined as a probability
measure on H’(T) for any § < %, where H?(T) is the Sobolev space on the torus. For the
focusing nonlinearity, the Gibbs measure is constructed with a mass cutoff, namely

R !
du(u) = ¢ Jr Il Iy, |u‘2§m}d,ug(u).

It was claimed in [32] that this measure is normalizable (i.e. the partition function Z
is a finite positive number) if 2 < p < 6 for any mass cutoff m > 0, and if p = 6 for
any m < HQH%Q, where @) is the unique (up to symmetries) optimizer for the Gagliardo—
Nirenberg inequality
[ull oy < CoptllOrullfa) lull72)-

The probabilistic proof for the normalizability presented in [32] however contains a gap,
as pointed out and repaired for p < 6 in [13] (see [43, Introduction] for more details).
Later, Bourgain [1] gave an alternative proof, using an analytic Fourier approach, for the
normalizability when 2 < p < 6 with any m > 0, and when p = 6 with m > 0 sufficiently
small. Recently, Oh, Sosoe, and Tolomeo [43] provided a proof for the normalizability
when p = 6 and m < ||Q||2., thus fully filling the gap in [32] and, remarkably, extending
the result to a value of the L? mass at which blow-up occurs for NLS dynamics.

In [1], Bourgain pursued the study of Gibbs measures for 1D periodic NLS and proved
the invariance of p under the NLS flow. Here, by invariance, we mean that u(A) =
1(®(t)(A)) for any measurable set A C H?(T) with some 6 < 1 and any ¢ € R, where (%)
is the solution map. Moreover, there exists a set of full y-measure such that the solution
exists globally in time for all initial data belonging to this set. Such a result is usually
referred to as almost sure global existence. In this context, the invariant Gibbs measure
serves as a substitute for conserved quantities to control the growth in time of solutions.
This allows to extend local in time solutions to global ones almost surely.



INVARIANT GIBBS MEASURE 5

There are many other works devoted to invariant Gibbs measure and almost-sure global
existence on the support of Gibbs measure for other dispersive equations (see e.g., [66, 2]
for periodic NLS, [59, 60] for NLS on the disc, [23, 67, 10, 9, 17, 4] for nonlinear wave
equations, [42, 41] for KdV-type systems, and [38, 58] for 1D derivative NLS,...).

In the above-mentioned works, invariant Gibbs measures were constructed in compact
settings (torus or ball). There are much fewer works addressing the invariant Gibbs
measure on non-compact frameworks (see e.g., [8, 18, 46] for NLS with harmonic potential,
[11] for 1D NLS with cubic nonlinearity multiplied by a sufficiently smooth and integrable
function, and also [57, 45] for almost sure well-posedness with (an)-harmonic potentials).

2.2. Grand-canonical measures. The first goal of this paper is to extend the result
of Burq, Thomann, and Tzvetkov [8] to the 1D cubic NLS with potentials satisfying
Assumption 1.1. We first recall the rigorous definition of the measure (1.2), setting v = 0
for simplicity of notation.

We start with the definition of the Gaussian measure. Under Assumption 1.1, the linear
operator h is Hermitian and has compact resolvent. We write its’ spectral decomposition

as
h= Nl (ul (2.3)
Jj>1
with a non-decreasing sequence of positive eigenvalues \; — 0o and the associated eigen-
functions u;. For § € R, we introduce the Sobolev space associated to h as

HY = {u = Zajuj tlullyge == (Z/\?‘aj‘2)l/2 < OO} (2.4)

Jj=1 Jj=1
with
aj = (uj,u) ;> . (2.5)
For >0 and 1 < p < oo, we define
wir = {ue 7' (R) : hu € 1P(R)} (2.6)
which is equipped with the norm
lullss = 5720 o

Here .#/(R) is the space of tempered distributions on R. When p = 2, we actually have
WhH2 = 3B

Definition 2.1 (Gaussian measure).

Let A > )\1. On
E<p :=span{u;: \j <A}, (2.7)
we define the finite-dimensional Gaussian measure
s
d,u%A(u) — H JG—AJ’\%'Fdaj, (2.8)
n<A T

where o is as in (2.5) and daj = dRe(aj)dIm(e ) is the Lebesgue measure on C.

The sequence of measures {N(?\}Az/\l is tight in the Hilbert space HP for any 6 < % — %
with s > 1 as in Assumption 1.1. Consequently, it defines a probability measure pg on this

space, having ,uEA as cylindrical projection on E<y.

The tightness is proved in [33, Example 3.2]. We recall the main argument in Appen-
dix A below for the convenience of the reader. The existence of the infinite-dimensional
measure then follows from [54, Lemma 1].

For the interacting measures, we have the following result.
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Proposition 2.2 (Grand-canonical measures).
Let s > 1, V satisfy Assumption 1.1, and py as defined above.

(1) Defocusing case. For any s > 1, the map u e~z =lul* s in LY (dug). Conse-
quently,
1
du(u) = e~ 2 el dpo u) (2.9)

makes sense as a probability measure.
1
(2) Focusing case, s > 2. For anys > 2 and anym > 0, the map u — e2 Je ‘“‘411{f fuf2<m)
R >

is in L(duo). Consequently,

1 1 4
du(u) :== Eeé Jr ul ]l{fR|u\2Sm}d'u0(u) (2.10)

makes sense as a probability measure.
(3) Focusing case, § < s<2. For any1< s <2, the sequence {M<p(u)}r>y,, with

Man(u) =) (\%\2—/\0@\2@0(“)),
Aj<A
is Cauchy in L*(duo). It has thus a limit (the renormalized mass), denoted by M(u).
In addition, for any % < s <2 and any m > 0, the map u — e3 leu‘4]l{|M(u)|§m} s in
LY (duo), hence

1 1
du(u) = —e? J 110 gy <my o (1) (2.11)
makes sense as a probability measure.

The defocusing case is dealt with in [33, Section 5] for s > 2 and in [34, Section 3] for
s > 1, generalizing [8, Section 3] for s = 2. We recall the arguments below. The definition
of the focusing measure for s # 2,400 is new. For the harmonic potential V(z) = |z|?,
the construction of the measure was performed in [8, Section 3] with a continuous cut-off
¢(M(u)) instead of the rough one in (2.11). We vindicate that the above definitions make
sense in Section 3 below.

We have the following result for the evolution of these measures under a suitably defined
flow.

Theorem 2.3 (Invariance of grand-canonical measures).
Let s > 1 and V' satisfy Assumption (1.1). Assume in addition that s > % for the focusing
nonlinearity. Then there exist 0 < % — % and a set ¥ C HY such that:

(1) p(¥) = 1;

(2) Equation (1.1) is globally well-posed for initial data f € 3 with flow ®(t) : ¥ — X;
(3) w is invariant under the flow of (1.1), u(®(t)A) = pu(A) for all measurable sets A C 3;
(4) There exists C > 0 such that for any f € X,

19@) fllzeo < C (w(f) +log2(1+]¢))), VR
for some constant w(f) depending on f.

An ingredient of our proof is the following estimate (see e.g., [33, 34, 35]) on the k-
particle density matrix associated to g

/|u®k>(u®kd,uo(u) < EN(RH®F Wk >1. (2.12)

Another observation (see Lemma 3.3) is that for 0 < g < %, the function

z — WPz, z) € LP(R) (2.13)
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for all max {1, ﬁ} < p < 00, where

h™Hz,y) =Y A (), (y) (2.14)
i1

is the integral kernel of h~!. This property together with (2.12) enable us to prove (see
Lemma 3.4) that the Gaussian measure i is supported on Sobolev spaces WP, Moreover,
there exist C, ¢ > 0 such that

[ e srdw) < €

provided that 0 < § < % and p > max {2, L} an even integer. As a result, we are

s(1-28)
able to define the defocusing Gibbs measure for all s > 1. Combining with a Gagliardo—
Nirenberg inequality from [7], we define the focusing measure for s > % (a restriction

which is perhaps technical). Our proof of (2.13) uses Lieb—Thirring-type inequalities
from [22] and standard inequalities for operators in Schatten ideals (Holder and Kato—
Seiler—Simon [53]) rather than LP-bounds on individual eigenfunctions. This makes it
applicable to general potentials. Since pg is invariant under the linear Schrodinger flow
associated with h, we also have that for any time t,

e [y psp < 00 po almost surely.

Combining with fractional chain rules, we directly recover estimates e.g., like
(e u)?||ys < 00 po almost surely

at s = 2, which was originally obtained as [8, Equation (1.2)] using bilinear estimates for
Hermite functions. The above probabilistic Strichartz estimates are important tools in
our construction of a local Cauchy theory.

For super-harmonic potentials, i.e., s > 2, since the Gibbs measure is supported on
L?-based Sobolev spaces of positive indices, there is hope to obtain a deterministic local
well-posedness on its’ support. This is indeed feasible, using Strichartz estimates with
a loss of derivatives proved by Yajima and Zhang [64]. For (sub)-harmonic potentials,
i.e., 1 < s < 2, the Gibbs measure lives on L?-based Sobolev spaces of negative indices,
so it is difficult to obtain a satisfying deterministic local theory on its’ support. In [8],
such a deterministic result was proved by using a delicate multilinear estimate which relies
heavily on LP-bound of derivatives of eigenfunctions obtained in [31]. Here we give a softer
argument and prove an almost sure local well-posedness for the equation.

2.3. Canonical measures. We next deal with the construction and invariance of canon-
ical Gibbs measures (1.3) conditioned on the mass. This type of measures has so far been
constructed only for the 1D periodic NLS [44, 13, 14] and for the 1D periodic derivative
NLS [6]. To the best of our knowledge, there is no work constructing canonical Gibbs
measures in non-compact settings.

To give rigorous meaning to (1.3), we follow the basic strategy of [44]. First, we construct
a Gaussian measure conditioned on the L? mass. For s < 2 it is infinite almost surely,
so that we need to use the renormalized mass as defined in Item (3) of Proposition 2.2.
To unify the presentation we always condition the Gaussian measure on the renormalized
mass, keeping in mind that when s > 2, the L? mass is finite almost surely, equal to the
renormalized one plus its finite expectation with respect to the Gaussian measure.

More precisely, for m € R and m > —Tr[h '] if s > 2, we will take the limit ¢ — 0T of
the approximate canonical Gaussian measure

m 1
d:UO 7E(u) = Zm,a1{m—5</\/l(u)<m+a}d,u0(u)a (2'15)
0
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where M(u) is as in Proposition 2.2. Since we aim at conditioning on a zero-probability
event, the normalization constant

Zy"  =pp(m—e < M(u) <m+e)

converges to zero as € — 01, hence taking the limit in (2.15) is not straightforward. We
however prove that

1
so that the definition
Ay (u) = Tim g (u)
e—0t

indeed yields a probability measure. Then the interacting canonical Gibbs measure is
defined by

m 1 1 ul* ;7 m
dp™ (u) = meejF?le " dpg (w).

Its’ invariance with respect to the NLS flow is a direct consequence of the invariance of the
standard Gibbs measure in Theorem 2.3. We summarize this in the following theorem.

Theorem 2.4 (Canonical Gibbs measures).

Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h™'] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Then u™ makes sense as a probability
measure. In addition, it is invariant under the flow of (1.1) (as defined in Theorem 2.3).

Canonical measures were constructed before in [44, 6]. In these references the normal-
ization of the canonical Gibbs measure is proved by using a large deviation principle, a
L?-based Sobolev embedding (for instance, H#/* € L*(R)), and a sum over dyadic pieces.
Adapting this argument to our context results in an unnecessary restriction to s > 4
because of the use of the L?-based Sobolev embedding. Our approach is different, based
primarily on the almost sure LP-regularity alluded to in the discussion below Theorem 2.3.
This allows us to define the canonical Gibbs measure as soon as the grand-canonical one
is defined.

2.4. Possible extensions of the main results. Before turning to the more technical
parts of the paper, we emphasize that the method we present therein can be adapted to 1D
NLS with anharmonic potential (as in Assumption 1.1) and more general nonlinearities,
namely

10 = hu =+ [u"u, (t,z) eRxR (2.16)
with k > 2. More precisely, we have the following observations:

1. Regarding the construction of (grand)-canonical Gibbs measures (see Remarks 3.1 and
6.2), the following cases can be covered by straightforward adaptations of our arguments:

e defocusing case with max {2, %} < K < 00.

ofocusingcasewiths>2and2</<a<6,m>00rwith%4<s§2,m>Oand

4 35+ 2+ v9s% 4+ 4s — 28
8<I€< .

2. Assuming the (grand)-canonical Gibbs measure can be constructed (in particular, in
the cases above), our methods prove its’ invariance under the flow in the following cases
(see Remarks 4.1, 5.1, and 6.2) :

e super-harmonic potential s > 2 with 2 <k <4 + s.
e (sub)-harmonic potential s < 2 with % < Kk < 6.
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In a recent work, Robert et al. [46] studied the focusing Gibbs measure with harmonic
potential V(z) = |x[2. They proved that the measure is normalizable if and only if
2 < k < 6 and m > 0. The proof of the normalizability in [46] is based on the Boué-
Dupuis variational formula. When s = 2, our method also gives normalizability of the
focusing Gibbs measure for any 2 < k£ < 6 and m > 0, thus providing an alternative proof
for part of the results from [46]. In turn, if supplemented with some of our estimates from
Section 3, the arguments of [46] allow’ to extend the construction of the measure to the
case s < 2 and % < Kk < 28+ 2. As mentioned above, our construction of the global
probabilistic Cauchy theory extends to this case.

For large powers of the nonlinearity (k > 4 + s when s > 2, or kK > 6 when s < 2), the
invariance of the defocusing Gibbs measures remains an open problem, except for s = 2,

cf. [8] .

2.5. Organization of the paper. Section 3 is devoted to the construction of Gibbs
measures associated to (1.1). We also define and prove some properties of approximate
measures which are needed for the proof of measure invariance. In Section 4, we consider
the Cauchy problem in the case of super-harmonic potential, s > 2. The more difficult
Cauchy problem for (sub)-harmonic potentials, s < 2, will be addressed in Section 5.
The construction as well as the invariance of canonical measures conditioned on the mass
are considered in Section 6. Some estimates and inequalities from the literature, used
throughout the paper are recalled in appendices for the convenience of the reader.

3. GRAND-CANONICAL MEASURES

3.1. Basic estimates and the defocusing case. The definition of the Gaussian measure
o was recalled in Definition 2.1. Several of our estimates will be based on the following
observation. We quote it from [33] but it is probably well-known, see e.g., [24, 25] and
references therein.

Lemma 3.1 (Density matrices of the Gaussian measure).

Let s > 1, V satisfy Assumption 1.1, and 6 < % — % Then there exists a unique measure

o living over H? such that for every A > i, ,u,gA is the cylindrical projection of pg on
E<p. Moreover, for every integer k > 1,

/|u®k><u®kd,u0(u) < RI(h)P (3.1)
as operators. In particular, for any self-adjoint operator A,
J 140 () o) < Ran— ), (3.2)
As explained in [33, Lemma 3.3], Wick’s theorem for Gaussian measures yields
[ 104)  dp) = RLPEG R,

where P is the orthogonal projection on k-symmetric functions, i.e.,

1
Pskv(xla'--axk):H Z v(xa(l)a"'vxa(k))
oell(k)

with TI(k) the group of all permutations of {1,--- ,k}. Since P¥ commutes with (h~1)®*
we have

(h™1)®* = PF(h™")®"PF + (1 — PF)(h")®*(1 - PF)
and (3.1) follows.

IWe learned this from Yuzhao Wang and Leonardo Tolomeo.
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As a direct consequence of density matrices, we have the following decay of H?-norms
with respect to the Gaussian measure .

Lemma 3.2 (L2-Regularity on the support of the Gaussian measure).

Let s > 1, V satisfy Assumption 1.1, and 0 < % — % Then there exist C,c > 0 such that
/ M0 dug (u) < C. (3.3)

In particular, for all A >0
Ho (u e H? : ||ullpe > A) < Ce . (3.4)

Proof. It suffices to prove (3.3) since (3.4) follows from (3.3) and the Chebyshev inequality.

We write N
c|lull? cC
[ e Moauot = X 5 [ o
k>0
and observe that

/ lull3s dpo(u) = / ul30 -+ 3,0 dpo(u)

k times
:/-~-/(/|h9/2u(az1)]2~-|h9/2u(xk)]2du0(u))dx1~~dmk.

Denote 69(!7) a mollification of the Dirac delta function at xz so that
(n)
63: 77:)0 5$

as measures. Identifying it with the associated multiplication operator we have

/ 1022+ [0 Pl o ()

= lim Tr {5{%) ® - ® 59(52) (/ |(h9/2u)®k><(h9/2u)®k|duo(u)> 5{&? ® - ® 59(57)} )

n—0

But (3.1) implies
Tr [5;? - 800 < / |(h9/2u)®k><(h9/2u)®k|duo(u)> 5@ @ 5507)}

k
< KITr [557) ® @00 (h9*1)® .. ® 59(3")}

k 1
and since
Tr [507R0 150 = / 89 (y1) A (1, 2) 88 (y2) dy iy

we may let 7 — 0 to deduce
/ B2 (20) 2 - - - B () o (1) < B0, 21) - - - B0 (g, k).
This implies

/HUII?{’%due(U) < k'(/ he‘l(x,z)dx)k = b (Te{n=0-)"
R

In particular, we obtain
k
[ Meauo < Y- (enin-0-0)" < €
k>0

provided that ¢Tr[h~(1=9] < 1. This proves (3.3). Note that Tr[h~1~9] < oo due to
0 <3 — 21 (see Lemma A.1). O
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Regularity properties of typical samples of the Gaussian measure are, as per (3.1),
connected to properties of the covariance h~! (Green function of the Schrédinger operator).
When s > 2, it is relatively easy to construct the (defocusing, at least) interacting measures
since h~! is a trace-class operator, see [33, Example 5.2] and Appendix A. For s < 2,
the following lemma plays a key role in our analysis. It generalizes estimates from [34,
Section 3].

Lemma 3.3 (Integrability of the density).
Let s > 1, V satisfy Assumption 1.1, and 0 < 8 < % Then x +— hP~Y(z,x) is in LP(R)
for all

max{l,s(lfm} < p < oo,

where WP~ (x,y) is the integral kernel of h?~1 defined as in (2.14).
Proof. Tt suffices to prove that for any multiplication operator x > 0 satisfying x? € L(R)

with % + % =1, we have

/Rx2(iv)h51(x,$)dw = Tr[xh’'x] = W7D 2x1I&e < ClIX [l Laey, (3.5)
where for any 1 < p < oo,
1
& = {A NAllen = (Tl(aray/2)"” < oo}

is the p-th Schatten class of operators on a Hilbert space [50, 53] (p = 1,2, co correspond
respectively to trace-class, Hilbert-Schmidt, and compact operators).
For 0 < a< %, we write

h(ﬁfl)/QX _ hd‘i’(ﬁ*l)/? (hfa(l _ aﬁ)a) ((1 B ag)fax> )
We have
pot(B-D/2 ¢ &% — Ty [h—QP(¥—“)] < o0,

which holds provided that (see Lemma A.1)

Since h > §(—9% 4 A1) with A; > 0 the lowest eigenvalue of h, we infer that h > C(1—92)
for some C' > 0. Since a < % The operator monotonicity of x + 2% (see [12, Theorem
2.6]) implies

h2a > C2a(1 o 8:%)204

or

-« ayp—o 1
h™(1 — 92)**h < @

hence h~=%(1 — 92)“ is a bounded operator for 0 < a < (1 — 3)/2.
By the Kato—Seiler—Simon inequality (see e.g., [53, Theorem 4.1]) for 1 < r < oo,

1F(=iV)g(@)ller < I fllzrllgllzr,

we have

1 — 92\« < L /2 <C
(1= 07) “xllg2a < o (1 €[22 XN 20y < Cllx|lr2a(r)

provided that 4aq > 1. Here we need ¢ < oo hence p > 1.
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Combining these estimates, the Holder inequality in Schatten spaces (see [53, Theorem
2.8]) yields

1RP=D2XIEe < IR ETD2 Ry | (1 = 82)* e (1 — 07) 7 X2
< ClixlZzom = CIXCll o w)- (3.6)

This estimate holds true if the following conditions are fulfilled:

1-8 1 1
20 —— — -+ - 4 1. .
p( 5 a>>2+8, aq > (3.7)

For 0 < 8 < 1/2 and max{l, 5(13725)} < p < 00, we pick 0 < a < 152 such that

1< <1—B 1<1+1)
S e P2 (242
4q 2 2p\2 s/’

we see that (3.7) is satisfied and the result follows by inserting (3.6) into (3.5). O

Applying the above, we will deduce that g is supported on Sobolev spaces WHP based
on h as in (2.6). In fact, we have the following Fernique-type estimate giving the decay of
such norms.

Lemma 3.4 (LP-Regularity on the support of the Gaussian measure).
Let s > 1, V satisfy Assumption 1.1, 0 < 8 < %, and p > max{Z, 8(11172/3)} be an even
integer. Then there exist C,c > 0 such that

/ B0 g () < C. (3.8)
In particular, for 0 < % — % and all X > 0,

o (u € [lullyysn > A) < Cem. (3.9)

Proof. Tt suffices to prove (3.8). To this end, we write

[ s oty = 5 /Huuwﬁpdﬂo w)
k>0

and estimate the summands.
For 2k = pm with m > 0 an integer, we have

[ lssadota) = [ B, Py, diio)

m times

/ / /|hﬁ/2 (z1)[P "'|h5/2u(:ﬂm)’pd,uo(u))d$l"'dxm-
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Using (3.2), we see that”

/ 12y )P | 2P dpao ()

= ﬁ[wm)@" @ ® (O,,) " / (B2 2) ) (RO2) 2 dpg () (80, )5 @ -+ @ (85,,) "
< (mn)!Tr[(0,)%" @+ ® (3,) " (W) (6,,)%" @ -+ @ (35,,) ")
= (mn)!Tr[@m)@” @+ @ (3r,) 2 (W @ @ BTHEN(6,) " @ @ (8,,) "]
T [(80y @+ © 80, )W @ @ BP0y @ ©55,)) |
< (mn)!(Tr[w 0@ @8, )W G (G © - @,,)])
< (mn)! (P77 (w1, 20) - P ) )

where p = 2n. Thus we get

[ 1ot < K155,

where

Bgp = (/R (hﬂfl(x,g;))m dx) " (3.10)

Note that Bg,, is finite thanks to Lemma 3.3 and the assumptions on p and 3.
For pm < 2k < p(m + 1) with m > 0 an integer, we use Holder’s inequality to get

[ lsssduote [ (i)’ (i)™ duow
< ([ 1otz mot)” ([ o)
< (5w ) (i)
(W

where ¢ € (0,1) satisfying 2k = pmd + p(m + 1)(1 — ) or § = m + 1 — £, We claim that

((T)')é <(p(m2+1))!)1_5 < (;’)!k! (3.11)

Assuming this claim for the moment, we get

p
/\UII%ﬁ,pduo(u) < (2)%!3’5@

/ .0 (1) < (g)!Z(CBﬂ,p)kSC

k>0

hence

provided that ¢ > 0 is chosen such that ¢Bg, < 1. This proves (3.8).

2Strictly speaking the Dirac delta functions must be regularity as in the proof of Lemma 3.2.
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It remains to prove the claim (3.11). We write 2k = pm + 2l with 1 <! <n—1. In

particular, we have § =1 — % and 1 -6 = % We also have
pm\\* ((Pm A1), 1_5:((k—l)!)6((k—l+n)!)1_5
() (52
:<k!k“_(k1_l+1))l_”(m(k+1)-.-(k—z+n))i

o (k+ 1)t (k=1 +n) "
Skl (k=14 1)l

1
(k+1)---(k—1+n) (k+1)---(k—1+n)
= k! . .
kn—t (k—1+1)nt
[ times
We observe that each factor inside the bracket is of the form
(a+j)--(a+j+n—-1-1)
an—!
with j =1,--- ,l and a > 1. We can bound this term as
' ' —1-1
<1+‘;>.~<1+]+”a> <A+f)-Grn—1)<nl
forall j =1,---,1. As a result, we obtain
) 1-0
(<pm)!> ((W)') < kl(n!)% < nlk!
2 2
This proves (3.11). O

Given the above estimates, the construction of the defocusing Gibbs measure is straight-
forward.

Proof of Proposition 2.2, Item (1). It suffices to prove that

Z = /eéllu”i‘lduo(u) € (0,00).

Since pg is a probability measure, we obviously have Z < 1. As in the proof of Lemma
3.4, we have for any s > 1,

/ lullLadpo(u) < 21B2, < o,

where By 4 is as in (3.10). By Jensen’s inequality

—Lju?, 1 4
e L4 dpg(u) > exp -5 lul|7adpo(w) |,

we infer that Z > 0. OJ

3.2. Focusing measure. We next tackle the more subtle definition of the focusing Gibbs
measure. For u € H? and A > A1, we denote

Popu = Z ajuj, Pspau= Z o (3.12)
)\jSA /\j>A

the projections on the low and high frequencies respectively.
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Lemma 3.5 (Decay estimates for the L* norm).
Let s > 1, V satisfy Assumption 1.1, and 0 < p < % Then there exist C,c > 0 such
that for 0 < 3 — 1 and all A,R > 0,

po (weH? | Populpa > R) < CemME, (3.13)

Proof. Let t > 0 be a positive constant to be chosen later. We estimate

tio (| Psaullpe > R) < e—tRQ/ tHP>Au“L4dM (u)

_ip2
5 [ 1P nulZidnote
k>0
By the same argument as in the proof of Lemma 3.4, we have

/ | Pspul|Pidpo(u) < 21kIBY o4, Vk >0,

where
. 9 1/2
Baoa = ( /R ((Poa)™ () da:) (3.14)
with
(Psph)™ Z )‘ 1’“]
Aj>A
It follows that
/ tHP>AUHL4dM ( ) < 2! Z(tBA,OA)k'
k>0
For 0 <p< %, we have
(Psah)™ Z )‘ 1|UJ
Aj>A
- -1
<A X (o)
)\j>A
< APR TNz, ).
Thanks to Lemma 3.3, we see that z +— h?~!(z,z) € L?(R) for all 0 < p < %1 hence

B g4 < CA™P for some constant C' > 0. In particular, we have
po (| Poaull s > R) < e 213 (CtAP)k,
k>0
Taking t = vA? with v > 0 sufficiently small so that CtA™ = Cv < 1, we obtain
(3.13). O

When 1 < s < 2, the Gaussian measure j lives over negative Sobolev spaces H? with
0 < 5 — ¢, hence the mass is infinite ug-almost surely. In this situation, we consider the
renormahzed mass as follows.

Lemma 3.6 (Renormalized mass).
Let 1 < s <2 and V satisfy Assumption 1.1. For every A > A1, we define the truncated
renormalized mass

Men(u) = [ Pepull2s / | Pentl|22dpio (u).

Then {M<p}asy, converges strongly to a limit in L*(duo), i.e.,
M(u) == Alim M (u) in L (dug).
—00 -



16 V. D. DINH AND N. ROUGERIE

In particular, we have
/(M(u))2d,u0(u) =Tr[h ™3] < .

Proof. This is the same argument as in [35, Lemma 5.2]. We reproduce it for the reader’s
convenience. For A > \{, we have

[P<aullfs = Y loyl?
N <A

and

/ | PerulZodpo() = 3 / o Pdpo(u
)\<A

Z (/ a2 A = gla da) H /Ake—xkau?dak
Aj<A £ JC T
Z i
A <A A
Thus we get

Mop(u) = > | = A7 (3.15)
A <A

Now for ©® > A, we compute

A<\ <O
= > (P =) (Jewl? = At duo(w)
A<)\j,)\kS@
- ¥ (lei Pl = A7 el = Ag ey 2 + A7 AL ) dpo(u)
A<Aj A\ <O
- ¥ /|aj| al? = XA ) dpo(w)
A<, <O
= 5 [ (et =ndm + 5 [ (jasPlanl? - 47 duo(a)
A<\ <O A<N; A <O

AN

= Z )\;2—>OaSA,®%oo
A<X; <O
due to Tr[h™?] = 3,5, )\]-_2 < ocosince 2 > F 41 forall 1 <s <2 (see Lemma A.1).
This shows that {M<p(u)}a>y, is a Cauchy sequence in L%*(dug). Thus there exists

M(u) € L*(dup) such that M<p(u) — M(u) strongly in L*(dpg) as A — oco. Moreover,
from the above computation, we have

/(M( ))2dpo(w) hm /M<A V2 dpo(u hm Z A 2 = -,

)\<A

We have the following observation regarding the renormalized mass.
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Lemma 3.7 (Decay estimates for the renormalized mass).
Let 1 < s <2,V satisfy Assumption 1.1, and 0 < v < 3‘1—;2. Then there exist Cic > 0

such that for 6 < % — % and all A, R > 0,

po(u € H? - Moy (u)| > R) < Ce M E (3.16)
where
Mo (u) = Z o |? — )\;1. (3.17)
)\j>A

Proof. We have
po(IMsa(u)| > R) < po(Msa(u) > R) 4 po(Msa(u) < —R) =: (I) + (II).

For (I), we estimate for 0 < t < % to be chosen later,

po(Moa(w) > B) < 1R [ Xon0dp(a)

12_y—1
:e—tR/et(ZAj>A|aJ| )‘j )d,uo(u)
= [ T e e

Aj>A

Aj>A C k>1 JC
AL#Nj
_aL 1
—tR H — _
A >A t)\
Note that for 0 < z < %, we have ﬂ < Ce®+* for some constant C > 0. Applying this
to:c:t)\j < tA1 g%,weget

,U/O(M>A(U) > R) < Ce iR H et2)‘j_2 = Ce tBe ¢ ZA >A>‘
)\J‘>A

— — —24-2 — —
T A2 < A T AT < A
)\j>A )\]'>A
Here Tr[h=2727] < oo since 2 — 2y > £ 4+ 1 for all 1 < s < 2 (see Lemma A.1). Thus we

get
MO(M>A(u) > R) < Ce_tR+t2A*2“fTr[h*2+2v].

Taking ¢ = vAY with v > 0 small, we obtain
po(Msp(u) > R) < Ce MR,
For (II), we have for 0 <t < 4,

o(Msp(u) < —R) < e_tR/e—tMM( )dMO — IR H

1
NoA 1+t)\

Note that for 0 < x < 35 , we have 1%{; < Ce~*t” for some constant C' > 0. Estimating

as in (I), we prove as Well that
po(Msp(u) < —R) < Ce™ M E,
Collecting both terms, we prove (3.16). O
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Our construction of the focusing Gibbs measure uses® the following interpolation in-
equality, due to Brézis and Mironescu [7]. It generalizes well-known results [39, 40] to
fractional Sobolev spaces, which is handy in our case, for our measures can only afford at
best 1/2 derivative.

Lemma 3.8 (Fractional Gagliardo—Nirenberg inequality).
Let 1 < s <2,V satisfy Assumption 1.1, 0 < 8 < %, 1<p<oo, and

1
2+45 -

Then there exists C > 0 such that
lullza < Cllull2°lull3ys.p- (3.18)
We have the inequality in usual Sobolev spaces WAP(R) (see[7])
lull ey < Cllullzd s

provided that 1 < p < oo and ¢ € (0,1) satisfy

1 1-6 6
1= T
or 1
0= ——7.
2+48 -1

Hence (3.18) follows from the norm equivalence (B.1).
We are now able to define the focusing Gibbs measure of Proposition 2.2.

Proof of Proposition 2.2, Items (2) and (3).
Item (2). Let s > 2. We will prove that
7 - sllulaq d
= [ e e o) po(u) € (0,00).
2,<
We first have

1 2 _ 1 -1

m

To see that Z < oo, we use the layer cake representation to write

(Al =
2= [ o (M0 > A e <m) dd= [ po (e > 21og NVl < m) dn
0 0
Denote
Ag := (log \)! (3.19)

for some [ > 0 to be determined later. By the triangle inequality, we have

1
udwuuwm%MMAW§Smyam@&Mwm>;m%mmmw§Sm)

1
o (IPangulls > 5(210g VYA, JulRs < m).
By Lemma 3.5, we have

1 1
po (I1Ponguls > 5(2log )M s <m) < oo (IPosulls > 5 (21og A1)

1/2 pl+3

< Cechg(log DY Cefc(log A)

3This is the origin of our technical restriction s > 8/5.
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forall 0 < p < % On the other hand, by the fractional Gagliardo—Nirenberg inequality
(3.18), we have
1P<aoull s < CllP<agull 2’ P<agllyys.s (3.20)
with 0 < 8 < %, 1<p<oo,and § € (0,1) satisfying
1

Thus for u satisfying ||P<p,ulls > 2(2log \)Y/* and [[ul|2, < m, we deduce from (3.20)
that

1 _

5 (21og )V < |[Pengullps < Cm =02 Pepullyys,

or
1
| P<pottlyysr > C(m)(log X)35.
Thus we get

1 El
1o <||P<A0UHL4 > 5(2log )Y, ullfz < m> < o (IP<ayullwsr > C(m)(log 2)3 ).

For 0 < B < %, we can find an even integer p sufficiently large so that p > 5(1%426)' Thus,
by Lemma 3.4, we have

1 1
o (||PnguHL4 > 5 (2log )4, JullZ, < m) < Cemelo V™,

Using the fact that for any L > 0,¢ > 0, there exists C' > 0 such that
e—c(log)\)lJrs < C/\_L

the partition function Z is finite if we have

1 1
pl+=->1, —>1

2 20
with 0 < p < 221 and 6 as in (3.21). The above conditions are fulfilled by taking
S s—1 1 _1
l=_—7+m p=———n B=5-n p=n

for some suitably small number 0 < 1 < 1.
Item (3). Let § < s < 2. We have

1 1 _
22 [1memdnn) > 5 [ duotu) = 25T > 0
It remains to show that Z < co. We have

T
4= /62 1AL gy <y o (w)

= / o (€211 > 0 | M ()] < m) dA

0
o0
= [ o (lulle > (2102, [M(@)] < m) ax
For Ay as in (3.19), the triangle inequality gives

1
po (s > (21og )Y IM(w)] < m) < o (IPongulze > 5(2log )Y IM(w)] < m)

1
o ([[Penguls > 5(2logX)4, [ M(w)] < m)
=: (I) + (II).
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By Lemma 3.5, we have for any 0 < p < %,
() < po (||P>A0uuL4 > £ (2log )V ) < QMR N2 gomellos )2 (399)
For (IT), we denote
Anor = {IPengulle > 5(2log )4 |M(w) < m}.

We estimate
[P<noullze = > layl?

A;<Ao
SISOV apY
AjSAO AjSAO
= Mo, (u)+ > A
Aj<Ao
= M(u) = Map,(u) + D AT (3.23)
A <Ao
where M<, (u) and Mx(u) are defined in (3.15) and (3.17) respectively. Observe that
DONTSAL Y AT = AgTY[R ] (3.24)
Aj<Ao Aj <o

with Tr[h~17"] < oo provided that v > % - % Define the set
Qpo = {IMsp, (W) < A}

We have
(1) = 0(Angn) < 0 (Angr N80 ) + Ho (Argr N Qag ) =t (1) + (TT).
35—2
By Lemma 3.7, we have for any 0 <y < ==,
() < (R, 1) < CemN™" = Cemclloa N+ (3.25)
For u € Ax,x N2, we deduce from (3.23) and (3.24) that
|P<poull > < yJm+CAY < CAY>.
Moreover, using (3.20), we find that for any u € Ay, » N QA A,
1 - 1-6)/2
5(2log )Y < [[Pengullis < CllPengull 2 Penyullyys, < CAG 2| Penyulllys.

with § as in (3.21), hence

1

log A\)1/4\ v 1y 1 ()4 4

| P<aoullyer > C (5;%1_?5)/2) ~ (log)\)rﬁs*%(%fl) ~ (1og,\)§+5 1-l(1+48-1)
0

Thus, by Lemma 3.4, we get

(Il2) < po (HPgAOUHW@,p > C(log )\)5+'8_11>_l2y(1+45_§))

_2_ _4
<C€—c(log)\)1+2ﬁ 2 zu(1+45 p)

Collecting (3.22), (3.25), and (3.26), we obtain
110 (HUHL4 > (2 lOg )\)1/4 7 ‘M(U)’ < m) < Ce—c(log)\)Pl+1/2 + Ce—c(log)\)WJﬁu)l

)1+267%—lu(1+457%)

(3.26)

+ Ce—c(log A
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forany0<p< ,0< v < 3‘15 , V> 28,0<ﬂ< %,andpalargeevenmteger
satisfying p > s(l—Qﬂ) To make Z < oo, we will choose suitable values of [, p, v, v, 8, and

p so that the following conditions are satisfied:
2 4
pl+1/2>1, (y+v)l>1, 1+26——lu<1+46—> > 1.
p p
By taking a suitably small 0 <n <« 1
s—1 35 —2 2—5s
92 -1, Y= -, v=
S

4s
the first two conditions imply

p:

> { S n 4s }
max —_— .
s—1 "s+2
Taking then

1 ~1
ﬁ—§—m p=n,

the last condition yields
2s

3(2—s)
Since ﬁ <5< 3(2 o) for 2 < s <2, we can choose [ satisfying the above conditions.
This shows that for any L > 0,

po ([[ullzs > (21og )'*, [ M(w)] < m) < CpA~*

<

which ensures Z < co. The proof is complete. ]

Remark 3.1 (Higher non-linearities). The arguments presented above can be applied
to construct the Gibbs measures for (2.16). More precisely, since the Gaussian measure
{10 is supported in L®(R) with max{2,2} < k < oo (see Lemma 3.4 with 3 = 0), one can
easily construct the defocusing Gibbs measure

1 _2 ullE
dp(u) = —e el dpg (u)

for any max{2,%} < K < oo. For the focusing Gibbs measure, when s > 2, one can
construct the measure

du(u) E@NH s ]l{f lu ‘2<m}dM0( w)
for any
2<Kk<6, m>0. (3.27)

Moreover, when s < 2, one can construct the measure

1 2
dp(u) = EGHH V2 1 ) <my o (w)

forany%<s§2and

4 35+ 2+ V9% 1 4s — 28
P s ;'%8 . m>0. (3.28)
S

To see (3.27) and (3.28), we follow the same line of reasoning as in the previous construction
and take into account the following estimate (which is a consequence of Lemmas 3.3 and
3.5):

po(u € HO ¢ || Popul|x > R) < CeMF? (3.29)
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for k > max {2, %} and 0 < p < "25,;4. More precisely, for s > 2, we need

2 2
pl—l—;>1, —>1

KO
with
ks —4 —
0<p< , 6= 2 (3.30)
2Ks 35t 153
By taking [ = 2‘;(:__42)—&—, p = “;&4—, 8 = %—, and p = oco—, the above conditions are
reduced to ﬁ > 1. Together with x > 2 this gives (3.27). When s < 2, we need
2 2 1
[+ —>1 I>1, ——vi(=-1 1
plt—>1, (v+v)>1, Y V<5 )>
with p,d as in (3.30) and
35 —2 2—s 1 4
0<~v< > 0<pB<= > .
<7 L Y o B<5 P S —28)
We now choose
ks —4 3s—2 2 — s+ 3 1
fr —_ = —_ UV = = —— = xXO—
P s ! 4s 25 g P
which yields
max{zs(ﬁ — 2), 4s } / 25(6 — k) .
ks—4 Ts+2 (2-3)(p+2)
Such a choice is possible provided that
2s(k —2) - 25(6 — k)
ks —4 (2—3s)(k+2)
or
- K2 — 2K+ 8
S e —
3Kk — 2

which, together with x> 2 (see (3.29)) yields (3.28). o

3.3. Approximating measures. We next define approximate measures for y which are
useful in proving the invariance of Gibbs measures under the flow of (1.1). Following [8],
we introduce for A > Aq,

Qpu = Z X <)X) ajuj = x(h/A)u, (3.31)
i>1

where x € C§°(R) satisfies supp(x) C [-1,1], x € [0,1], and x = 1 on [-1/2,1/2]. It is
known that

QaP<pr = P<pQp = Q4 (3.32)
and there exists C' > 0 such that for all A > Aq,
1QallLr—1r < C, 1< p< o0, (3.33)

The latter follows from the LP-boundedness of semi-classical pseudo-differential operators
as we briefly recall in Appendix C.
For the defocusing nonlinearity, we define the approximate measure as

1 _Ly0,ult
dpn(w) =z 2195 dug () = dp= () @ dia (), (3.34)
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where
s
dug™ (u) = H —Je_)‘j‘ajpdaj (3.35)
/\j>A &
and
<A L diQuaull, , <A
A () = e 210N g ()

A
with MEA as in (2.8) and

A _ /eéQAu”i‘ld,u,O(u) _ /eé”QAui‘ldugA(u).

For the focusing nonlinearity, the definitions include the natural cut-offs:

dpp (u) == dp="(u) @ dug ™ (u), (3.36)
where )
<AL — 31Qaull} <A
dp="(u) = Zxe2 L p e < Ao (1)
if s > 2 and
I 1 ul|4 <A
dp="(u) = ﬁeQHQA “L41{|M§A(u)|<m}du6 (u)

if % < s < 2. The partition functions Z* turn these into probability measures, as usual.

Lemma 3.9 (Approximating measures).

Let s > 1, V satisfy Assumption 1.1, 0 < % — %, and A > A\i. Assume in addition that
5> % for the focusing nonlinearity. Then the measures uy are well-defined and absolutely
continuous with respect to the Gaussian measure pg. Moreover, uy converge to i in the
sense that for any measurable set A C H,

lim pp(A) = u(A). (3.37)

A—o0

Proof. Thanks to (3.32) and (3.33), the well-definedness of approximating measures fol-
lows exactly as the case A = oo of the full measure considered above. In addition, the
normalization constants Z are finite uniformly in A.

We first prove (3.37) in the defocusing case. Denote

Ga(u) == eiéHQAu”i“, G(u) == ezl (3.38)
We first claim that G (u) — G(u) in measure with respect to py, i.e.,

e >0, lim po(ueH:|Ga(w) — G(u)] > <) =0. (3.39)
A—o0

Since uo(Ha) = 1, the convergence in measure is preserved under composition and multi-
plication by continuous functions. It suffices to show that ||Qaul/za — ||ul/z4 in measure
with respect to pg. By Chebyshev’s inequality, namely

1
po ([1Qaullps — llull 4| > €) < 84/|HQAu’L4 — [[ull ] *dpo (w),
it suffices to show that
/ 1Qau — u|7adpo(u) — 0 as A — oo.

To see this, we denote Ry := Qp — Id, hence

by
RAU = Z R()\j)O&ju]’, R()\J) =X <Aj) — 1.
Jj=21



24 V. D. DINH AND N. ROUGERIE
Using (3.2), we have®
[ 1R i) =T [ (6205 [ 1)) (R o) 52)°7|
< AT [(8,) %2 (Rah ™ Rp)®%(5,)%?)

< 21 (Tr[(SxRAh_lRA(Sz])z

(Zm )Py (2 >|2)

j>1
By the choice of x, we have R(\;) = 0 for A\; < A/2 and |R(\;)| < 2 for all j, hence
/ | Raul|adpo(u) < 32/ Z )\j-_l\Uj(ac)]2> dr — 0 as A — oo.
Aj>A/2

Thus the claim follows.
Now let A be a measurable set in H?. We will show that

Jim. / 1AGA (u)dpio(u) = / 14G (u)dpio (w) (3.40)
which is (3.37). Let € > 0. We introduce the set
By, = {u e H? : |Ga(u) — Gu)| < 5}.
We have
n - a(Ga(w) ~ Gl)dpo(w)| < =

On the other hand, since G (u), G(u) € L?(dup) uniformly in A, we deduce from (3.39)
that

| /  1a(Gaw) = G)duo(u)| < G (w) = G| 2(dpoy/10(BS ) = 0 as A = oc.

Combining the above estimates, we prove (3.40).
For the focusing case, we denote

. o3lQaull} ol
GA(U) = e2 L4]I{HP<AUH <m}’ G(u) =e2 L4]l{||u”2Lz<m} (3.41)
for s > 2 and
Lly|[4
Gaw) = ey G = i iy (342)
for £ < s < 2. Since Ga(u),G(u) € L*(dpo) uniformly in A, the same argument as in the
defocusing case shows (3.37). O

An immediate interest of the above measures is that they are easily shown to be invariant
under the flow of the approximation NLS equation

{ i0up —huy = +QA(IQaual*Qrun), (tz) €RXR, (3.43)
uplymg = f-
As in e.g., [2, 3, 8], we shall use this fact extensively.

Lemma 3.10 (Approximate NLS dynamics).

Let s > 1, V satisfy Assumption 1.1, 6 < % — %, and f € H?. Then for each A > \i,
the solution to (3.43) exists globally in time. Moreover, the measures jp defined in (3.34)
or (3.36) are invariant under the flow of (3.43).

4Again, regularizing the delta functions as in the proof of Lemma 3.2.
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Proof. Step 1, global existence. We write uy = ulﬁ + u};\i with uk’ = Pcpup and
u}/{i = Pojup. As PopaQp = 0, the high frequency part satisfies

i0uli —hull = 0, (t,z) eR xR,
{ A A (t,2) (3.44)

t=0

If we write

uf ()= > ali(t)u(x), Poaf= > ajous, ojo={f u;),

Aj>A Aj>A
then we have
{ i@ta?i — )\ja?i = 0,
?i = MO

hence a];-‘i(t) = e 1iq;q or

u}/{i(t,x) = Z e*it/\jajou]-(a:).
)\]'>A

In particular, the high frequency part exists globally in time.
On the other hand, by applying P<, to both sides of (3.43) and using (3.32), we get

. lo lo lo|2 lo
{ iy —huy = £Qx (‘QA“M QAUA)7 (t,z) €R xR, (3.45)

= Pcpf.

If we write

up(t,z) = > al(tuy(z), of =ap +iby,

then (3.45) is a Hamiltonian ODE of the form

H
813@;-0 = 87 8tb;-° =

oH
— S50 )\j < A,
J

TS <
6aj°
where
1
H(ug) = |[h'2ulf|3, + §HQAU£§)”%4

= D Al %HQA( > aéouj)’él =: H(a!?,b?)
Aj<A A

g

L4
J >

is conserved under the flow of (3.45). By the Cauchy-Lipschitz theorem, there exists a
local solution to (3.45). In addition, thanks to the conservation of mass

1 1 1
M(up) = |[ugllF2 = Y [aff,
A <A

local solutions can be extended globally in time. Thus uk’ exists globally in time.

Step 2, measure invariance. We show that yug Aand p=? are invariant under the flow
of (3.44) and (3.45). To see this, we denote by ®hi(t) and ®(¢) the solution maps of
(3.44) and (3.45) separately.
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Let A be a measurable set in H? with 6 < % — % We have
i @R @A) = [ i (o)

:/ H ﬁe—/\jla}f(tﬂzda?i(t)
A)\j>A g

. i .
:/ H QG_AJI'e ]aj0|2d(€_1t>‘jaj0)
Axsa T

iy 2
:/ H Je Ajlagol dajO
A)\j>A 7'['

- / due M o) = p3N(A),
A

where the fourth line follows from the invariance of the Lebesgue measure under rotations.
This shows that ug™ is invariant under the flow of (3.44).

Since p=" is finite dimensional, the invariance of u=* under the flow of (3.45) follows
directly from the conservation of the Hamiltonian H(u!?) and the Liouville theorem for

dulf =1] A <A da;-odb}o. We also use conservation of mass for the focusing measures. O

4. CAUCHY PROBLEM AND INVARIANT MEASURE, SUPER-HARMONIC CASE

We start our analysis of the Cauchy problem with the case s > 2, where the Gibbs

measure is supported on Sobolev spaces with positive indices, i.e., in H? with 0 < 0 < %—%

Thus there is a chance to expect a deterministic local well-posedness with initial data lying
in the support of the Gibbs measure. This is indeed what we provide in Section 4.1. In
Section 4.2, we globalize the flow by using the invariance of the approximate measures
introduced above.

4.1. Deterministic local well-posedness. When s > 2, we may use tools from [63, 64,
65] to obtain the following deterministic local well-posedness result.

Proposition 4.1 (Deterministic local well-posedness, s > 2).
Let s > 2, V satisfy Assumption 1.1, and 0 satisfy

171 1 1 1
2(2—8><9<2—8. (4.1)

Let (p,q) be a Strichartz-admissible pair as in Appendiz B and v > 0 satisfying
1 2/1 1
p >4, —<7<0—(—>. (4.2)

Then for any f € H?, there exist § > 0 and a unique solution to (1.1) with initial datum
ul,_y = f satisfying
u € C([-6,6], H") N LP([=4, 8], W™9).
In particular, if || f|lye < K, then
lu(t)|ye <2CK (4.3)

for all |t| <6 ~ K~¢ with o0 > 0 and some universal constant C > 0. In addition, if uy(t)
and us(t) are respectively solutions to (1.1) with initial data uy|,_y = f1, u2|,_q = f2 € H’
that satisfy || f1llye, || f2llye < K, then

Jur(t) — ua(t)llye < 2C|f1 = fallpe (4.4)
forall |t| <6~ K~¢.
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Let us comment briefly on the conditions (4.1) and (4.2). The second inequality in (4.1)
ensures that the support of the Gibbs measure is contained in Y. The first inequality
in (4.1) guarantees the existence of a Strichartz-admissible pair (p, ¢) given in (4.2). The
first condition in (4.2) allows us to use Holder’s inequality in time. The first inequality in
the second condition in (4.2) coupled with the admissibility of (p, q) yields

1 1 2<
—_ = —_— — = ,-)/
q 2 p

so that we have the Sobolev embedding WY? C L*°(R). Finally, the second inequality in

the second condition in (4.2) implies § — v > % (% — l) which is needed to use Strichartz

S
estimates with a loss of derivatives

e | pog—s.5.mma) S [1F[loo- (4.5)

See Appendix B for more details.

Proof of Proposition J.1. The proof is essentially given in [64]. For the reader’s conve-
nience, we recall some details. Let § > 0 be a small parameter to be chosen later. We
denote

X7 .= C([-6,6), H") N LP([=6, 6], W)
with the norm
lull yo.r = Ml poe(—s,07.0) + 1ull Lo (15,61 w0)-

It suffices to show that the Duhamel functional
. t .
By(u(t) =< 5T [ 1INl Pulrdr
0

is a contraction on (BX;’W (L),d), where

Bon(L) = {u € X07: ul oo < L}

5
is the ball in Xg’7 centered at zero and of radius L and
d(uy,uz) := ||luy — “2”)(;”7‘

By the unitary of e~ on H% and the fractional product rule (see Lemma B.3), we have

5
sup | () () o < [1llpeo + / llu()Pu(r) lppodr
te[—4,9] 0

)
<l +C [ Tl fu(lodr
< | fllago + Cllell (s8], oo el oo (—6,61,700)

_2
< | £llago + C8 2 [ull 3o s om0 1l oo 5.572009
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where we have used the Holder inequality in time and the Sobolev embedding W74 C
L>°(R) to get the last inequality. On the other hand, using (4.5), we have

t
—ith —i(t—7)h 2
19 ()| o—sa w0y < e ™ Fl s ey + | /0 M) Pu(ryar|

5

< O fll3e +/0 1L grerye™ M () Pulr) | o -6 gy dT
5

< C[[fll34e +/0 le™ e ™ () PulT) | 1o (5,6, wraydT

0
< Cll 30 + C/O lu(m)Pu(r) 30 dr

< Ol fllyo + 8"l s g vy 0l o 55190
In particular, we have
@5l g < Cllf s + 37 [l
By writing
lu|Puy — |ug|?us = (uy — u)(Jus|?* + |u|?) + (@ — Ta)ugus,

the same argument gives

1@ (ur) = g (us)]| yor < H /Ot e T (g (1) P (1) — !W(T)!%Jz(T))dTHX?7

1—2
< C6r <HU1H§(§,w + \’U2H§(g,w> [Jur — u2”X§”'

Hence there exists C' > 0 such that for each u, us € BX"” (L),
é

_2
||(I)f(u)||X§fV < CHfH’HG + C(Sl PL3,
d(® (1), ®(uz)) < C6 5 L2d(us, up).

2
Taking L = 2C/||f||5e and choosing § > 0 such that Co VL2 < %, we see that ®; is a
contraction mapping on (Bye,,(L),d). This shows the existence of a solution satisfying
8

(4.3). Moreover, if || f||y0 < K, then we can take L = 2CK and 6 = vK ¢ with p = 1_22
P

and v > 0 sufficiently small so that
C6' P2 =403 T <

1
5
Thus the solution satisfies ||u(t)|lo < 2CK for all |t| < § ~ K~°.
To see (4.4), we estimate as before and get

_2
Jus = uallga < Ol = fallo + 5% (Jualas + ol ) 1 = oo
As || fillyes I f2llze < K, we have
lurll o, [luzll o < 2CK,

hence
1—2
lur = w2l o < Clifr = follpo + €3 P K lug — ua| xo.-
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We choose § > 0 small enough to have 0517%K 2 < % Then we can absorb the second
term in the right hand side in the left hand side to obtain

lur = w2l o < 2C| f1 = follpo
which yields (4.4). The proof is complete. 0

4.2. Measure invariance and global well-posedness. We next show that the flow
can be globalized for initial data in a set of full Gibbs measure.

Theorem 4.2 (Almost sure global well-posedness, s > 2).
Let s > 2, V satisfy Assumption 1.1, and 0 satisfy

1(1 1)<0<1 1
2\2 s 2 s

Then there exists a set ¥ C HY satisfying n(X) = 1 such that for any f € X, the corre-
sponding solution to (1.1) with initial datum u|,_, = f exists globally in time and satisfies

lu@®llze < C (w(f) +log2(1+t))), VEER (4.6)

for some constant w(f) > 0 depending on f and some universal constant C > 0. Moreover,
the Gibbs measure p is invariant under the flow of (1.1).

The proof is built on two main ingredients:

e The approximate NLS flow (3.43) is globalized with explicit bounds on a set of almost
full measure.

e The local solution of the full flow (1.1) is shown to stay close to the approximate solution.

We start with the former ingredient, where we use crucially the invariance of pa under
the approximate flow.

Lemma 4.3 (Uniform estimate for the approximate flow, s > 2).

Let 5,0 be as in the previous statement and take 01 satisfying
1 1
<0 <=-—-.
2 s

Then for all A > Xy and T,e > 0. There exist X5 7. C HO and C > 0 independent of
A, T, e such that:

(1) pa(X3 1) < Ce.
(2) For f € ¥p 1., there exists a unique solution to (3.43) on [=T,T) satisfying

T 1/2
fun®lle <€ (log2) " vl =T (4.7)

Proof. Let K > 0 and denote
By = {u € H" : ||ullyo, < K}. (4.8)

Thanks to (3.33), the deterministic local well-posedness given in Proposition 4.1 applies
mutatis mutandis to the approximate flow and implies that for f € By, there exists a
unique solution to (3.43) satisfying

ua(®)3er <2CK, V[t| <6 (4.9)
with
0=v(K+1)"° (4.10)

where ¢ > 0 is as in Proposition 4.1, v > 0 small, and C > 0 is independent of A, K. Here
we choose ¢ slightly smaller than in the proof of Proposition 4.1, which will be convenient
later.
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Denote J = [%] the integer part of % and set

AT K = ﬂ Dy (—40) (Bk), (4.11)

where @, is the solution map for (3.43). Since py is invariant under the flow of (3.43),
we have
J

pA (X3 7 k) = MA(( ﬂ q)A(_j(s)(BK))C)

j=-

Thanks to (3.4), we have

1A (Bg) :/]IB;{d,UA(U)

:/]IB% ZlAGA(U)dMO(U)

< 1G] L2 (o) (0(BS)?

where Gy (u) is as in (3.38) for the defocusing case and in (3.41) for the focusing one.
Here we have used the fact that Gy (u) € L?(dug) and Z» > C > 0 uniformly in A. In
particular, we obtain

2C
pa(E ) = —-T(K + 1)2eK" < CTe K"

for some constants C,c > 0. Note that the constants C, ¢ may change from line to line
but are independent of A, T, K. By choosing

T\ 1/2
K=C (log ) (4.12)
€
for a suitable constant C > 0, we obtain

na(E3 k) < Ce.

Setting X5 7. = a7k with K as in (4.12), we have the first item. To see the second
item, we observe that for [t| < T, there exist an integer j and §; € [—0,d] such that
t = jd + d1, hence

u(t) = (1) P (59) f.
Since f € ®5(—59)(Bk), we have ®,(jo)f € By which, by (4.9), yields

un(t) |0, < 2CK, V|t <T. (4.13)

Taking into account (4.12), we have the desired estimate. O



INVARIANT GIBBS MEASURE 31

We turn to the second main ingredient.

Lemma 4.4 (Comparison between approximate and exact flows, s > 2).
Let X5 1. be as in the previous lemma. Then for any f € X\ 1., there exists a unique
solution to (1.1) with initial data u|,_, = f satisfying

lu(t) = un(®)llye < C(T, )M, vl < T (4.14)

for all A sufficiently large and some constant C(T,e) > 0 independent of A. In particular,
there exist Y7 C H? and C > 0 independent of T, e such that:

(1) u(%.,) < Ce.

(2) For f € Y1., there exists a unique solution to (1.1) with initial data ul,_, = f on
[—T,T) satisfying

T\ 1/2
la(®) e < C <log 5) Ve <T (4.15)
Proof. Estimating the difference. Denote
vp = QAup
with Qx as in (3.31). We first study the difference u — vy on
X%7([=6,0]) = L>([-6,0], 1) N LP([—6, 6], W), (4.16)

where 0 is as in (4.10), (p,q) is a Strichartz-admissible pair (see Appendix B), and ~ is
such that

1 2 2/1 2
p>4, 1o2%o <9_<_>. 417
5 57 PG (4.17)

From (3.43), we have the following Duhamel formula

t
0

ut) ~oa(®) = = @uN Fi [ e ((ulr)Pulr) - QR(loalr) Pen () dr
which, by Strichartz estimates (see Appendix B), yields
[ = vall xom((—s,5) < CIILF = Qafllgo + ClllulPu — QR (Jval*va) I (—5,5,20)-
For the linear term, we estimate (recall (3.31))
If = Qafllze < CACO 2| fllyy0, < CEALOVP2,
For the nonlinear term, we write
[ul*u = QX (|val*va) = [ul*u — [va*vp + (Id —QR)(Jval*va)-

Since f € X5 1. (see (4.11)), we have || f||0, = [|[ua(0)|lye; < K and the local theory for
(3.43) ensures the existence of a unique solution satisfying |[ua|| xo,.+(_s ) < 2CK which,

by (3.33), yields
[oallxoro (s, < 2CK,

where X%17([—4,4]) is as in (4.16) with p,q,~ as in (4.17). Estimating as in the proof of
Proposition 4.1, we have
1A =QR) ([va Poa) 1 (—5,51,700) < CAC 2 [Jws Poll p1 (550340
1-2 ) (9—
< o) pA(9 01)/2“1)/\”}91#([7575])
< 6B KBAO-/2
Since || flgo < ||fllor < K, the local theory and (3.33) give

HUHXM([—(S,(S]): HUAHXB,«,([_&C;D < 2CK,
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which implies
l[t*u — [oa Poall 156,10
<6 (Jlull} + [loall Ju = v
= X07([~4,8]) AllX 07 ([—6,0)) Al X7 ([-4,0))
_2

< C8' TP K? |u — vl xo (1—s.5)-

By the choice of § with some v > 0 small, we deduce
_ 1
lu = vl oo 5.5y < CKAC—M2 4 gl =vallxen-s))

hence
Ju— vAHX9w([_575]) < 20K ANO0—01)/2

On the other hand, we infer from (4.13) that
lua(®) = va®llze < CAC 2 ug (b)ly0, < CKAC=OD/Z
which gives

[u(t) = ua(@®llze < lult) —va(®)llye + lua(t) = va()lle

< 3CKAC0/2 g <. (4.18)
We can iterate the above argument [%} many times. For instance, at the second iteration,
we have
|lu —vallxo(p0,25)) < Cllu(6) — va(9)[l6 + nonlinear term.
Note that

[u(6) — va(6) 3o < llu = vall oo (s,8.40) < Il = vallxom (58 < 2CEKACTOV/2,

The nonlinear term can be handled as before by noting that ||ua (6)||0, = [|PA(0)[|5e, < K
(see (4.11)) and

[w(0) |30 < [[un(0) 31 + [[u(8) = un(d)[lge < K +1

provided that A is taken sufficiently large. The above estimate is the reason why we take
0 as in (4.10). Thus we get

lu = vall x0m (0,05 < (2C) KAV,
Arguing as in (4.18), we obtain
u(t) —up(t 0o < (3 —01 7 tEO,Q_
2 CVZRAO-00/2 5

After [%} iterations, we can sum over all sub-intervals to get

lu — vl o7y < Ces KAOOD/2 < QTR+ A 0=00)/2,

By the same reasoning as in (4.18) and invoking (4.12), we prove (4.14).
Globalizing the flow. By (4.14), there exists A; sufficiently large such that for f €
YA, T, the corresponding solution to (1.1) with initial data u|,_ satisfies

lu(t) —ua(t)||ge <1, V[t|<T, VA>A;.
From this and (4.7), we have

T 1/2
u() |y < C <1og 6) W <T.
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This proves (4.15) by setting X7, := Xj, 7.. It remains to prove the first item. We
estimate

W%, = [ Aoy dut) = [ ZG@dn <0 [ Guduw,

c c
Ay, T.e EALT,E

where G(u) is as in (3.38) for the defocusing nonlinearity and in (3.41) for the focusing
one. Here we have used the fact that Z7 > C > 0.

To estimate the last integral in terms of p5,, we consider two cases. For the defocusing
nonlinearity, we use the fact that ||Qaul|7s < Cil|u||74 for some constant C; > 0. Without
loss of generality, we may assume that C; > 1. By Hélder’s inequality, we estimate

J

1
ef%\\”\\;d#o(u) < / e_ﬁ”QAl““i‘*d,uo(u)

z
1/C 1/C
e*%”QM””i‘lduo(U)) / 1(/ d,uo(U)) “

(o3
Aq,T,e

g(/E

C
Aq,T,e

f\l,T,s Aq,T,e
1/Cy 1/C
= (28 [ @) ([ duatw)
f\l,T,e Zl,T,s
c 1/C1
<C (MA1 (ZAI,T,E))
< C’el/Cl,

where we used that (Cy,C1) is a Holder-conjugate pair, o is a probability measure, and
ZM < 1. Here the last inequality follows from Lemma 4.3. In the focusing case, we have

[ cwdm = [ Gy . duw

Aq1,Te Aq,Te

< 160 2 ( /.
Z[\1,T,
¢ ( /[

A, Te

1/2
C e2llQnvlpag dpip(u)
5 {I1P<a ull?y<m}“HO

c
Aq,Te

= C (pay (Z5,.70))
1/2.

1/2
€ L2

IN

1/2
]l{”PSA{“Hig <m}duo(u))

IN

1/2

< Ce

In both cases, we adjust ¢ slightly to get the desired result. The proof is complete. O
Now we can conclude the proof of Theorem 4.2.

Proof of Theorem /.2. Almost-sure flow, global in time. Fix ¢ > 0 and set T;, = 2",
en =¢€27". Let X,, = ¥, ., be as in Lemma 4.4 and set

.= )
n=1

For f € Y., we have f € X, for all n > 1. By Lemma 4.4, the corresponding solution to
(1.1) with initial data wu|,_, = f exists globally in time since it exists on [27",2"] for all
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n > 1. In addition, we have

o (o) (o)
n(z) =p( U =5) < u() <O e =Ce.
n=1 n=1 n=1
Define now
Y=J = (4.19)
e>0
so that

p(xe) = N(Qo ) < Inf (%) = 0.
Hence we have indeed found the claimed set of full 1+ measure on which the flow is globally

defined.
Growth in time. Pick f € ¥ and ¢t € R. It must be that f € 3. for some € > 0 and that
2l <14t < 2”

for some integer n > 1. In particular, we have n < 1+ logy(1 + [t|) < 1+ 2log(1 + |¢]).
For such n, we apply Lemma 4.4 with f € X, to get

Tn 1/2 1 1/2 11 1
|lu(t)|lye < C <log €> =C (loge + n> <C (log2 Z +logz(1+ |t|)>

n

for some constant C' > 0. Since ¢ depends on f, we prove (4.6) with w(f) = log%

M =

Measure invariance. Let 6 satisfy % (% — %) << % — % By the time reversibility of
the solution map, it suffices to show

n(A) < p(@(t)(A4)) (4.20)
for all measurable sets A C ¥ and all t € R. By the inner regularity, there exists a sequence
{F,}n of closed set in H? such that F,, ¢ A and w(A) = limy, 00 u(Fy,). We claim that it
suffices to prove (4.20) for closed sets. Note that since F,, C A, the uniqueness of solutions
implies that u(®(t)(F,)) < u(®(t)(A)). If (4.20) is true for closed sets, then we have

p(A) = lim u(Fa) < limsup p(® (1) (F.)) < p(@(2)(A),

hence (4.20) is true for all measurable sets. Now given a closed set F' C HY. Take
6<01<%—§andset
Up:={ue F:|uly, <n}.
From (3.9), we infer that
1

WEN) =5 [ Gludu(w)
F\Up,
< OlG(W)|l 22 (do) (Ho(F \ Up))?
< C (po([[ullger > n)'/?
< Ce™ 50 asn — oo.
Thus we have
p(F) = lim pu(Un).

The same argument as above yields that it suffices to prove (4.20) for closed sets of H?
which are bounded in H%.

Let U be such a set and fix ¢ > 0 (the case ¢ < 0 is similar). Since U is bounded in H%,
the local theory ensures the existence of K > 0 such that

{(B(r)U):0< 1<t} C{uecH": ||lullye <K} =: By k.
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Set

0=vK™ 9
where g is as in Proposition 4.1 and v > 0 is a small constant independent of K. It suffices
to prove

pU) < p(@(B)(U)), Viel0,d]. (4.21)

Indeed, we split [0, ¢] into intervals of size  and apply (4.21) on these intervals. Such an
iteration is possible since by the continuity of the solution map, the image of each interval
remains closed in #? and included in By, k.

To prove (4.21), we take ¢ > 0 and denote by By . the open ball in 1Y centered at the
origin and of radius €. There exist 0 < ¢ < 1 and A > \; sufficiently large such that

PA(t)(U + Baee) C Pa(t)(U) + Byejo (Lipschitz continuity (4.4))
C O(t)(U) + By (Lemma 4.4)
Thus we have the chain of inequalities
uU) < p(U + Byee) < liminf pp (U + Bo,ce) (1A — p weakly)
= li/\rgioréf pA(PA(E)(U + Byce)) (invariance of )

< nAm inf yux (®(t)(U) + By.e)
—00
< limsup pp (®(t)(U) + By )

A—oo
< w(@()(U) + Boe)- (up — p weakly)
Letting ¢ — 0, we obtain p(U) < u(®(t)(U)) for all ¢ € [0, §]. The proof is complete. [

Remark 4.1 (Higher non-linearities). The argument presented in this section can be
applied to prove the invariance of Gibbs measures associated to (2.16) for any s > 2 and
2 < k < 4+ s as long as the Gibbs measure is well-defined. In fact, the local well-posedness
holds in

C([-0,6), H?) N LP([-6, 8], Wr9),

where the exponents are chosen as follows:

1 2 <1+1><0<1 1
2 max{k—2,4} \2 s 2 s’

the pair (p, q) is Strichartz-admissible and we assume

2 2 s

The condition x < 4 4+ s guarantees the existence of such exponents, and then the local
well-posedness follows from the following Strichartz estimate

—ith
le™ " flzzwna S 1 fllago-

1 2 2/1 1
p > max{x — 2,4}, —<7<9_<_)_
p b

and nonlinear estimates

—2

K K—
=27 oo
Li2L

K—2 < < 1—L_2 2
Il ullige < [lull lull Lgoqe S 67 7wl Lpppm.allull Lgones

a2 us — fua "2zl geo < 6" F (NunlfoZg + lualfrZn, ) s — uzl
L§H9 ~ 1 ngwfy,q 2 ngq,q 1 2 LgOHG,

where we have used that W77 C L*°(R) by Sobolev embedding, since % =3- % < .
Once the local well-posedness is proved, the invariance of Gibbs measures follows by the
same argument as above. o
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5. CAUCHY PROBLEM AND INVARIANT MEASURE, (SUB)—HARMONIC CASE

We now consider the case 1 < s < 2 for which the Gibbs measure is supported on L?-
based Sobolev spaces of negative indices. It seems difficult to obtain deterministic local
well-posedness for (1.1) in this case. In [8], a deterministic LWP was proved for s = 2
using some intricate multilinear estimates. The proof of these estimates relies heavily on a
detailed understanding of spectral properties of the harmonic oscillator. We do not expect
the proof of such multilinear estimates to carry through to the case 1 < s < 2. In Section
5.1, we aim to prove an almost sure local well-posedness for (1.1). Section 5.2 is devoted
to an almost sure global well-posedness and the measure invariance.

5.1. Probabilistic local well-posedness. Our proof of almost sure local well-posedness
relies on the following probabilistic Strichartz estimates.

Lemma 5.1 (Probabilistic Strichartz estimates).
Let 1 < s <2,V satisfy Assumption 1.1, 0 < 5 < %, and p > max{Q, ﬁ} be an even
integer. Then there exist C,c > 0 such that

CHeiithf”2 8
e whrduo(f) < C, VteR. (5.1)
Furthermore, for 0 <1/2—1/s and all A > 0,

o (£ € H - [l fl e goyin > A) < Ce (5.2)
and for oll'T >0, all g > 1, and all X > 0,

A2

140 (f e He‘”thLq([,T’TLWﬁ,p) > )\) < Ce 1274 (5.3)
Proof. Denote g(t) := e " f. We write
F=Yajuy, o= (fu),

j>1

hence .
gr(t) =" Bi(thuj,  B;(t) = aje .
j>1
Observe that

Ai 18 ()2
dpo(g(1) = [1 ?Je MIBOF ag; ()
i>1

= H ﬁe_)‘jlajpdaj = d/J,O(f)’
i>1

where we have used the invariance of the Lebesgue measure under rotations. Thus we get

/eC“eithf?/Vﬁde,uo(f) :/ecIgf(t)”?/vﬁ’pd/.l/o(gf(t)), vt € R.

By Lemma 3.4, we prove (5.1). This immediately yields (5.2). To see (5.3), we use Holder’s
inequality in time to get

”efitthLq([,TyT]ywﬂ,p) < CTl/q”eiitthLw([fT,T],Wﬂ’p)'

Thus

_i —i A
) (f e 1 e fll paqermy ey > )\) < Ho (f €1 e fll poo (o) > CTl/q>
and (5.3) follows from (5.2). O

We are now able to state the almost sure LWP for (1.1).
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Proposition 5.2 (Probabilistic local well-posedness, 1 < s < 2).
Let 1 < s <2,V satisfy Assumption 1.1, 0 < 8 < %, and 0 < % — L Forany K >0,

5
there exist ©(K) C H? satisfying po(2¢(K)) < Ce=%” for some constants C,c > 0 and
§ ~ K=* > 0 such that for all f € %(K), there exists a unique solution to (1.1) with initial
data ul,_, = f satisfying

u(t) —e 't f e C([-6,0], H?) N L8([-6, 8], WP?).

In addition, for all f € ¥(K), we have || f|lye < K and the corresponding solution to (1.1)
with initial data u|,_, = f satisfies

u(®) e < 2K, V[t < 6. (5.4)

Furthermore, if u1(t) and ua(t) are respectively solutions to (1.1) with initial data ui|,_, =
f1, u2l,—g = fo with f1, fo € X(K), then

lur () = w2 (Olgge < [1f1 = follggo + lle™ " 1 = 7" foll po s g v8.9) (5.5)
for all |t| < 6.

Note that since the pair (8,4) is Strichartz-admissible and 5 > 6, (5.5) implies an
estimate with a loss of derivatives

[ur(t) = wa(t)llye < Cllf1 = fallps- (5.6)

As preparation for the proof of Proposition 5.2, denote
gf(t) := eV w(t) = u(t) — gf(t).
We seek for a solution v to the equation
10w — hv = g5 + 0 (g5 +v), v],o=0.
To this end, we define for 0 < § <1,
X5 = 0([=6,6], H%) N L3([=8, 5], W)

Our purpose is to prove that the functional

Ds(u(t)) = Fi / 1IN (g, + v2(gy +0) (r)dr

is a contraction mapping on the ball
Bya(L) = {v € X[ : ol < L}

equipped with the distance
d(v,v2) == [or — v2| x5,

with L > 0 to be determined later.
Let us start with the following nonlinear estimates.

Lemma 5.3 (Nonlinear estimates).
There exists C > 0 such that for any 0 < 6 <1, any f € HY satisfying

HngLS([—l,lLWM) <K

with some K > 0, and any v, vy, ve € Xg,
1/2 3 3
125l < C8Y2 (K° + ol )

15(01) = Dp(oa)ll s < C32 (K + lloal s + rvn;g) T
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Proof. By Strichartz estimates (see Appendix B), we have
|21l x5 < C |17 (lgs +v*(gs +v))|

By the product rule (see Lemma B.3), we have, using Holder in time,

L8/7([_576] 7L4/3)

1270z < Cllag + 010500117207 + 0 ovng - 0
< C8 2N\ gp + 01755510 107 (95 + 0) | L3(1=s.6),19)-
By the norm equivalence (B.1), we infer that
125 (W)l s < COM 2R (g5 + 0)|Fs((s.67,00)
< 082 (g3 s woy + I0l3s s
< €82 (lgg s r_sqmens + 01z ) -
On the other hand, we have
[@5(01) =05 (w)ll o < C W72 (lgs + 01 (g7 +v1) = lgg + v2l* (97 +v2))|

L8/7([76’6] 7L4/3) ’
By writing

g7 +v1*(g5 +v1) — lgg + v2l* (g5 + v2)
= |gf + vi]*(v1 — v2) + |gf + vol*(v1 — v2) + (g5 + v1)(gf + v2)(T1 — Va),

and estimating as above, we have
[@f(v1) — ‘I)f(vz)HXg < C|WP 0y - v2)| p24/7((=5,8),L4)
x (1B (gg + v0)2aasr gy oty + 107205 + 02)aare(Lsgy.10))
< CFM2RP2 (w1 — va) |l ps (s, )
X (Hhﬁﬂ(gf + o)l Ts(sg 0ty + 17 (g5 + UQ)H%S([—&J],L“))

< €84 or = wall g (o Baqsapmonsy + s + ezl ).
Thus we get the desired estimates. O
Now we may complete the
Proof of Proposition 5.2. Denote
S(K) = {f € H || flle < K llggllus (o1 gmon < K},
where g¢(t) = e7'" f. By Lemma 3.2 and Lemma 5.1, we have
po(29K)) < po(f € HY < (| flle > K) + po(f € H < gl psagweay > K)
< Ce K, (5.7)

By Lemma 5.3, there exists C' > 0 such that for all 0 < § < 1, all f € ¥(K), and all
v,V1,02 € BXﬁ(L)7
é

124 (v)ll 5 < CO2(K + LP),

d(i>f(v1), in(vg)) < 051/2(K2 -+ LQ)d(Ul, 1)2).
Pick L = K and § = vK~* with v > 0 sufficiently small so that 0 < § < 1 and

206'?K? = 2C/v < %
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We get
@50l < K.

A(®5(02), (12)) < 3a(01,02),

hence ® is a contraction (B Xg(K ), d). In particular, for each f € 3(K), there exists a
é
unique solution to (1.1) with initial datum u|,_, = f satisfying
U(t) - e_ithf € C([_57 5]7 HB) N LS([_(Sa 5]7 WﬂA)'

Moreover, for all f € X(K), we have || f||y0 < K and the corresponding solution to (1.1)
satisfies

() llggo < lle™ " Fllggo + lu(t) — e fllggo

< |1 fllgge + llu(t) = €77 fllggo
<2K, V[t|<90

which is (5.4).
Let us prove (5.5). We have

[ur(t) = ua(®)llggo < lle™™ fr = e fallggo + [Jo1(t) = v2(t) 1300
< lfr = fallzge + [loa () — v2(t) |35, (5-8)
where
v1(t) =y (t) — e EL ug(t) = ug(t) — ey,
Using Duhamel’s formula, we estimate as above to get

lvr = v2ll x5 < lllgn + v (g5, +v1) = |95, + v2l* (95, + v2) |l ps/7(_s.5m8.479)
< C51/2(H9f1”%8([_5,5},1/\;6,4) + ”ngH%S([_(S,JLwﬁA) + HUIH?X(? + HU2”§<§)

% (llgr = 9pllus(samsa + llor = v2ll s ).
Since f1, fo € ¥(K), we have
g llzs =1 uwe sy N9pllisq—rgmwesy, loillys, llo2llyp < K,
hence

lvr = v2ll x5 < lllgn + v (g5, +01) = 195, + v2l*(9p, + v2) L3755 w8079

< 00" 2K (llgr, — gpllsqsawos + lon = vl o).
By choosing § > 0 sufficiently small so that C§'/2K? < %, we get
lvr = v2ll x5 < llgn — gp.llzs-s.81w8.9)-
This together with (5.8) imply (5.5). The proof is complete. O
5.2. Measure invariance and global well-posedness.

Theorem 5.4 (Almost sure global well-posedness, 1 < s < 2).

Let 1 < s <2,V satisfy Assumption 1.1, and 0 < % — % Assume in addition that s > %
for the focusing nonlinearity. Then there exists a set X C HY satisfying (L) = 1 such
that for any f € X, the corresponding solution to (1.1) with initial data u|,_, = f exists

globally in time and satisfies

lu@®llyo < C (w(f) +log2(1+]t])), WtER
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for some constant w(f) > 0 depending on f and some universal constant C > 0. Moreover,
the Gibbs measure p is invariant under the flow of (1.1).

The proof of this theorem follows by the same line of reasoning as in Theorem 4.2. How-
ever, due to the lack of deterministic local well-posedness, we need to proceed differently.

Lemma 5.5 (Uniform estimate for the approximate flow, 1 < s < 2).
Let 5,0 be as in the previous statement and take 01 satisfying

1 1
0<0<=—-.
2 s

Then for all A > X1 and T,e > 0. There exist X5 7. C HO and C > 0 independent of
A, T, e such that:

(1) pa(33 10) < Ce.
(2) For f € X5 1., there exists a unique solution to (3.43) on [=T,T)| satisfying

T 1/2
fun®llye <€ (log7) " Wi =T (5.9)

Proof. Pick 0 < 8 < 1 < % so that
0p—0=0p—-8=n>0. (5.10)

For K > 0, we denote

261,61 (K) = {f e H™: ”f”’H‘91 < K, ”eiithf”LS([—l,l],Wﬁla‘l) < K} .

Using (3.33), the probabilistic local well-posedness given in Proposition 5.2 applies to
(3.43) and we have that for f € Xy, 5, (K), there exists a unique solution to (3.43) satisfying

lua@llor < 2K, V[t <0 (5.11)
with
§=v(K+1)74 (5.12)

where v > 0 is a small constant independent of A, K. As for the super-harmonic case,
here we choose § a bit smaller than ¥/ % as in Proposition 5.2 which is useful for the
iteration process (see Lemma 5.6).

Denote J = [%] and set

J

EA,Kﬁl,ﬁl = ﬂ (I)A(_j(s)(z91ﬂl(K))7 (5'13)
j=—J

where @, is the solution map of (3.43). Note that the set ¥, kg, g, contains all initial
data f such that the corresponding solutions ux(t) of (3.43) satisfy

lua(®)llg < 2K, Vit <T. (5.14)
In fact, for |t| < T, there exist an integer j and §; € (=9, ) such that ¢t = jé + ;. Thus
up(t) = @p(61)PA(50)f.

Since f € ®A(—376)(Eq, 5, (K)), we have ®p(j6)f € g, 5, (K) and the observation follows
from (5.11).
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Since py is invariant under the flow of (3.43), we have

in (S5 cor0) =i () ®a(=30)(E0,, (K)))
S
J
< 3 i (@a(—0) (S5, 5, (K))
JfJ
= Z ﬂA(Eghﬁl(K))
=
< 2%#%(251,,81([())-

Thanks to Proposition 5.2 we have

01,81

1
Iygg , (5) ﬁGA(u)d,UO(U)

[4

pa (25, 5, (K)) :/11zc (k) dpin (u)

1 . 1/2
< G| z2(aue) (#0(Z5, 5, (5)))

< Cfe—CK2

where we have used Ga(u) € L*(dug) and Z» > C > 0 uniformly in A and (5.7). In
particular, we obtain
2C
paER ko p) < - T(E + 1)te=eK" < CTeeK”

for some constants C,c > 0. By choosing K as in (4.12) and setting ¥z 7. = XA k0,8
we get the desired estimates. ]

Lemma 5.6 (Comparison between approximate and exact flows, 1 < s < 2).
Let Xz 7. be as in the previous lemma. Then for any f € XA 1., there exists a unique
solution to (1.1) with initial data u|,_, = f satisfying

() = ua(®)llae < C(T,0)A™"2, V[t <T (5.15)

for all A sufficiently large and some constant C(T,e) > 0 independent of A, where n is as
in (5.10). In particular, there exist Xp . C H? and C > 0 independent of T, e such that:

(1) 1(3%,) < Ce.
(2) For f € Y., there exists a unique solution to (1.1) with initial data u|,_, = f on

[—T,T)] satisfying

T 1/2
la(®) oy < C (log ) W <T. (5.16)
€
Proof. Estimating the difference. We first study the difference between u and up on

Iy = [—6, 0], where § is as in (5.12). To do this, we denote g7(t) = e ' f and vy 1= Qpu,.
By Duhamel’s formula, we write for t € I,

u(t) = gs(t) +o(t), v(t) = Fi /O e M (gg + 0P (g5 + 0))(7)dT

and

vA(t) = Qagr(t)+wa(t), wa(t):=Fi /0 e QR (1Qags +wa 2 (Qags+wa)))(7)dr.
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Denote
XB(Iy) := C(Iy, H?) N L3 (1o, WPH).
By Strichartz estimates (cf Appendix B), we have
lv = wallxs o) S llgg +vl* (g7 +v) — QR(IQags +wal*(@nags +wa))ll /7y woarsy:
We write
g7 + v (g7 +v) — QX(1Qagy + wal*(Qagy + wa))
= lgr + v’ (g5 +v) — |Qagr + wal*(Qagy + wn)
+ (Id —Q3)(1Qags + wal>(Qags + wa)).
Since f € Xy, g, (K), by Proposition 5.2 and (3.33), we have
lwallxe: (1) < CK. (5.17)
Estimating as in the proof of Lemma 5.3 yields
1(1d —QR)(1Qags + wal*(Qagr + wa))ll ps/r (1 wears
< CAYPIR)1Qugy + wal*(Qagr + wa) | Ls/7 (1 worass)
< CO2AT2(1Qags I3 1y iy + [0l (1 ity
< O8N (g s gy ity + l0nlleon 1))
< OFYPR3N2,

Since [|fllye < [fllyor < K and [lggllzs—1wsa) < llgllzsorywersy < K due to
f € 3, s, (K), Proposition 5.2 and (3.33) give

vl x(r0)> wallxs ) < K.
By writing

lgr +v*(gr +v) — |Qags + wal*(Qags +wa)
= (9f — Qagf +v—wp)Ra(gf, Qagy, v, wn),

where Ry is a homogeneous polynomial of degree 2 (omitting the complex conjugates for
simplicity) and estimating as in Lemma 5.3, we obtain

1Q% (l97 + v*(g7 +v) — |Qags + wal*(Qagy +wa))ll ps/m (1 we.ars
< Ctl? (Hgf - QAngLsuo,wBA) + v — wAHLS(IO,WﬂA))
X (s g sty + 1Qugs sz sy + 10113510 oty + a5z o))
< C§t/? (A(ﬁ_ﬁl)ﬂHgf”LS(IO,wBlA) + llv — wAHXB(IO)>
x (1191135010 ooty + 1015 0y + lwnlles )
< C8'2K? (KA + ||o = wallxazy) ) -
Thus we obtain
lv — wallxs ) < COPR3AT? + CSV2K? || — wall xs(s,)-
By the choice of § (see (4.12)), we get

v —wallxs(1y) < KA2,
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From this and (5.14), we deduce
lw —unll oo (1g,m0) < 1w = VAl poo (r9,20) + v = unll Loo (15,319

< |lgr — QugsllLoo(r,10) + 10 — Wall oo (1, 0) + [1QAUA — unll Lo (1 340)

< |If = Qafllge + llv — wallpoe 1o,y + 1Qaun — wall Loo (15,200

< CAC2| f]l0, + [lv - WAl x8 (1) + CA(G_QIWHUAHLoo(Io,HGl)

< CKA2, (5.18)
Iterating in time. We now iterate this argument to other sub-intervals of [T, T]. The
next iteration is on I := [0,24]. To this end, we claim that, taking A sufficiently large,

lu(@)llze < K + 1, [le P u(d) || s (-1, ywen < K + 1. (5.19)
In fact, the first observation follows directly from (5.18) and
[un(0)ll3ge = 1PA0) fllzge < [[®A() fllyor < K

since up (6) = ®A(0) f € Xg, g, (K) (see (5.13)). We turn to the second inequlity in (5.19),
using Strichartz estimates and (5.10)

le™ P u(0) || s (1 ey < le ™ Pun (@)l pser ey + e P (w(8) = un(8) |l ps -1, mwe)
< le™ P un (8]l ps (11 wer 4y + Cllu(8) — un(8) o
< K + CA™2||u — gl oo (1, 2061 (5.20)

Next, using Duhamel’s formulas
t
u(t) = et f = / e =Ty 2y (r)dr
0
and .
un(t) = e T i / ¢ Qr (1Qaua PQuun)) ()dr,
0
we have

lw = uall oo (o 1001y < ClllulPu — Qa(1QauaPQaun)l sz (zy e /3

< Co'/? (HUHig(lo’Wﬁlv‘l) + HUAHit%(]O,WBM)) (5.21)
< 051/2[(3
<K (5.22)

by the choice of §. Here we have used the fact that
HU‘HLg(IO,WBIA) < ||9f||L8(10,w6114) + [lu — ngLS(IO,WﬁlA) < 2K,
HuAHL@‘(IO,Wﬁl»‘L) < HngLS([O,W@lA) + [lua — gf”LS([O,WmA) < 2K,

where the second line follows from the probabilistic local well-posedness. Combining (5.20)
with (5.21) yields the second inequality in (5.19). Note that (5.19) is the reason why we
choose § as in (5.12).

Thanks to (5.19) and up(0) = ®A(0)f € X, 5, (), we can repeat the above argument
using the following Duhamel formulas for ¢ € [0, 24],

u(t) = g5(t) + o(t), o(t) = Fi /5 e =I5 1 0[2(g5 + ) (r)dr
vA(t) = Qagas(t) + wa(t),

t
wp(t) : = Fi /5 e MR (1Qaga s +wal*(Qagas +wa)))(T)dr
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with gs(t) := eI =9y (5) and g 5(t) = e 7Ry, (§) and get
v —wallxsr) < KA,
The same reasoning as in (5.18) yields

= uallpoo(r, 1oy S CEA?,

Iterating this bound [%} many times and taking into account the choice of K (see (4.12)),

we prove (5.15) .
Globalizing the flow. Finally, (5.16) follows from (5.14) and (5.15) exactly as in the
proof of Lemma 4.3. We omit the details. O

We are now able to prove Theorem 5.4.

Proof of Theorem 5./. The almost sure global well-posedness and the growth in time are
proved by the same argument as in the proof of Theorem 4.2. Since the continuity of the
solution flow does not depend solely on H? norm of initial data (see (5.5) and (5.6)), the
argument given in the super-harmonic case should be modified by choosing a suitable ball
in higher Sobolev spaces. We present here another approach using an equivalent charac-
terization of measure invariance (see e.g., [38, Theorem 6.5]), i.e., for all F € L*(HY, du),

F(D( F(u)du(u), VteR. (5.23)
/ 9= [

By iteration, it suffices to show (5.23) for ¢t > 0 small. In addition, by a density argument,
the problem is reduced to show (5.23) for F' bounded and continuous.
Now fix ¢t > 0 small and let € > 0. We write for A > Ay,

‘/nmmmmm—/ ‘/ /F w)dpin (u)

/F( (tyu)dp /F@A fyu)dpn (u)
+| [ F@swwdnn) - [ Fduw

+| [ P@dust) - [ Fdu)
=: (I) + (II) + (III) + (IV).
Since pup — p weakly as A — 0o, the boundedness of F' implies
(I)+(IV) - 0 as A — oo.

Since p is invariant under the flow map ® 4 (¢), an equivalent characterization of invariance
as in (5.23) yields (IIT) = 0. It remains to estimate (II). Pick 6 < 6; < 3 — 1 and
0<B< b1 <% suchthat@l—ﬂ_ﬁl B =mn> 0. Denote

EGl,Bl(K) = {f e H™: [ fllyer < K, ”6_ithf||L8([—171],W51’4) = K} .
We estimate
[ F@®w - F@s@udin )
291 81 (K)

= (IIy) + (ILy).

Since F' is bounded, we have

(II) < +

[ F@®w - F@s@uden )

01,81

c c 1/2 —cK?
(I13) < 2|F o i (S, 5, (K) < ClIF |1 (035, 5, (K))) T~ < Cem* <
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provided that K is taken sufficiently large. For such a K, the same argument as in the
proof of Lemma 5.5 yields

1@ (t)u — @A (t)ullye < CEAT?
for all u € ¥y, 5, (K). Note that ¢ > 0 is taken small here. Since F' is continuous, we have
IF(@ () — F(@a0)0)lye < /2

for all u € g, g, (K) provided that A is chosen large enough. Since p5 is a probability
measure, we have (II;) < /2, hence

(II) - 0 as A — oo.

Collecting the above estimates, we prove the invariance. O
Proof of Theorem 2.3. It follows from Theorems 4.2 and 5.4. O

Remark 5.1 (Higher non-linearities). The method used in this section can be modified
to prove the invariance of Gibbs measures associated to (2.16) for any 1 < s < 2 and
2 < k < 6 provided that the Gibbs measure is well-defined. Indeed, we take 0 < 8 < “25,;84
and9<f—f For K > 0, we define

= 0. < <
S() = {7 €W Wl < Ko Nlagl ey pony <K

where g¢(t) = e —ith ¢ and (R 5 /@) is a Strichartz-admissible pair. By the choice of 3, we
have (see Lemma 5.1)
Ho(£°(K)) < Ce*.

Thanks to the following nonlinear estimates

lgs + v (g7 + ) <llgy + o2 llgr + |

L, CESRN e “ QWB

6—r _
SO |lgp + ol 2 . g+l
LN

5
6_ — —
SoT (Hgf!“i + ol )
LE 2 Whis LI 2 WhE

gy +v1"2(gr +v1) — |gr + vo " 2(gs + v2) ||

3n+2 WB

n QW’B

and

3n+2 WB o

6—r _ _ _
L (7 SR e M e )nvl—vzu .
LF=ZWhir L 2Whir LF2Whie = Whr
we can repeat the same argument as in the proof of Proposition 5.2 to show the almost sure

local well-posedness for (2.16), where (31312, ﬁ) is the dual pair of (H T ) Note that

the condition x < 6 is needed to close the contraction mapping argument. In particular,
4(k—2)

for all f € ¥(K), there exist § ~ K~ 6=~ and a unique solution to (2.16) with initial
data u|,_, = f satisfying

u(t) — e 1t f € O([=6, 8], HP) N L=z ([—8, 8], WEr).

Once local solutions exist, a straightforward modification of the above argument yields the

invariance of Gibbs measures, based on the fact that ( ﬁ) is a Strichartz-admissible

-2
pair. The latter constraint is in fact the main restriction that sets the affordable non-

linearities. o
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6. CANONICAL MEASURES

We aim at constructing, and proving the invariance of, Gibbs measures conditioned on
mass. Towards this purpose, we first define the Gaussian measure with a fixed renormalized
mass in Section 6.1. We then define the Gibbs measures conditioned on mass in Section
6.2. Finally, in Section 6.3, we prove that these measures are invariant under the dynamics
of (1.1).

6.1. Gaussian measure with a fixed renormalized mass. Our purpose in this section
is to give a rigorous definition of Gaussian measure conditioned on mass. There is a
difference between the cases s > 2 and 1 < s < 2 in that the latter the mass is infinite
almost surely. We however treat the two cases on the same footing by conditioning on the
renormalized mass, although this is slightly redundant for s > 2 (where the mass is finite
almost surely). To do this, we shall define the Gaussian measure with a fixed renormalized
mass which is formally given by

Al (u) © =7 dpo (), 6.1
where m € R, M(u) = [|u||3, — <HUH%2>uo is the renormalized mass (see Lemma 3.6), and

po is the Gaussian measure. When s > 2, since the expectation of the mass with respect
to the Gaussian measure is finite,

(lullf2), =Trlh"] < oo,

we obtain a Gaussian measure with a fixed mass m + Tr[h~1] > 0.
The formulation (6.1) is purely formal because we essentially have that

po(M(u) =m) = 0.

Inspired by an idea of Oh and Quastel [44], we will define the above measure as a limit,
as € — 0T, of the constrained measure

1

dpg" (u) = Wﬂ{m—a</\/t(u)<m+a}dﬂ0(u>v

0

where
Zy" = pp(m —e < M(u) < m+¢).

Note that for each £ > 0, the measure uj"° is well-defined a priori, however, since the
normalized constant Z;"° converges to zero as € — 07, some care is needed to justify the

meaning of this limit.
The construction of the canonical Gaussian measure consists of two steps:

e We first find a sequence of measures on the finite dimensional spaces
Ecp =17 L*(R)
that will define the cylindrical projections of the target measure.

e We then show that the above sequence of measures is tight on a suitable Hilbert space,
so that the target measure can be defined as its limit.

This is summarized in the following statement, whose proof occupies this whole subsec-
tion.

Proposition 6.1 (Gaussian measure with a fixed renormalized mass).

Let s > 1, V satisfy Assumption 1.1, 0 < £ — 1 m € R, and assume m > —Tr[h™1] if

2 s’
s > 2.
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(1) For any borelian set A of E<,, the limit

. m,e . pwoAn{m—ec < M(u) <m+e})
| “(A) =1
e 10 (4) 0+ po(m —e < M(u) <m+e¢)

exists, and thus me may define a probability measure on E<, by setting

47

(2) There exists a unique measure pf' supported in H? N {M(u) = m} such that for all

A > A, ng,gA is the cylindrical projection of ug' on E<p. Moreover, we have for any

measurable set A C HY

We start by defining the finite dimensional measures as follows.

Lemma 6.2 (Cylindrical projections I).
The projection of g™ on E<y is given by

1

g\, = Smehg ™ (m =& = 0y < Mop(u) <mt e —0) dpi” (u)

where

Up = Mcp(u) = Z \aj\Q - )\j_l
N<A

(6.3)

and Ms(u) is as in (3.17). The measure ugl’E’SA is the cylindrical projection of i on

E<p in the sense that for © > A,

m,e,<O _ . mg,<A
Ho B K .
<A

Proof. For any borelian set A of F<,, we have

m 1
Ho 75(14) = W / ﬂAm{m—s<M(u)<m+s}dﬂo(U)

1

1
:W

= Zma/ (/]l{msﬁA<M>A(u)<m+sﬁA}dﬂ5A(u)> dﬂ(?x(u)
0 A

/Au(?A (m—e—0y < Msp(u) <m+e —ﬁA)du§A(u),

(6.4)

where du%A(u) and dug™ (u) are defined as in (2.8) and (3.35) respectively. This shows
(6.3). To see (6.4), we observe that A x CV is a borelian set of E<g with N = #{\; : A <
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Aj < ©}, hence

f=, = [ )
<A AXCN
1
:m/ pg®(m —e — 9o < Mso(u) <m+€—19@)d,u§e(u)
Zy " Jaxew

1 o <O
= ZS"’S/Ach (/]l{msﬂ@<M>@(u)<m+sﬂ@}dM5 (U)) dpg ™ (u)

_ 1 ~0 > A a2 | <A
= Zg%s/A(/(CN </]l{m—s—ﬁ@<M>@(u)<m+6—ﬁ9}d:u0 (u) H 7T€ I da] d/'LO (U)

A<);<0
- Zg} [ ([ tinemnnertonmseandis @) dis )
_ Zgl'” /,4M5A(m —e— ) < Maop(u) <m+e—9))dus™ (u)
= [ = ) = e ) (65
which proves (6.4). O

To prove that the limit in (6.2) exists, we denote fj the density function of M-y (u)
with respect to ug A In particular, we have

m4e—Up
,u(?A(meﬁA</\/l>A(u)<m+ez9A):/ falz)dz
m—e—U\
and
m-+te
Zy" = po(m —e < M(u) < m+e¢) :/ fo(z)dz,
hence

1

m—+e—9, m+e -
RO ( /o fA<x>dx> ( [ fo(w)drr) W) (66)

Lemma 6.3 (Uniform continuity of the density function).

For any A > 0, fo is bounded and uniformly continuous on (mg,+00), where my =
~Tr[h™1] if s > 2 and mg = —o00 if 1 < s < 2. In addition, for A > 0 sufficiently large,
there exists C > 0 such that || fall Lo ((m,+00)) < CA.

Proof. Denote ¢, the characteristic function of M- 5 (u) with respect to g A We have

(Z)A(s) = E#0>A [eisM>A(u)}

- /eiSZ*pA |aa’|2*A;1du5A(u)

:/ H eis(|aj|27)\;1) H &e_%la’“‘zdak
/\j>A

A >A i

LA A (1—isaT o 2 Ak 2
_ ][ (/ e is); J e (1=isAT ") Ajlay] d()dj) II / e Ak lo) doy,
a>A € T cm
J

AL#EN)
Ap>A
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Each factor of this product has complex norm smaller than or equal to 1, thus the norm
of this product is bounded by the norm of a product of any two terms. In particular, we
have
N1 cy—1
e—zs)\jl €_ZS>\j2
v —1 N —1
1- zs)\jl 1-— zs)\j2

! L
= - — < —,
\/1 + 82)\]-12 \/1 + 52)\j22 14825,

where j; and jo are the first two indices such that A;, > A; > A. We deduce that
pp € L (R) with

[Pa(s)| <

DAl m) < CAjy-
We have (see Lemma D.1) that the number N(A) of eigenvalues of h below A satisfies
cAzts < N(A) < CAzts

for positive constants ¢,C' > 0. Hence, we may pick some k& > 0 large enough but
independent of A to ensure that

N(kA) = N(8) > (ck!/241/5 — C) AT+E > 1

for A sufficiently large. Hence \j, can be chosen of order A in the above argument and we
deduce that

oAl ) < CA

for A sufficiently large.
Using the following relation between density and characteristic functions

1 .
falz) = 27T/}Re"sgcgi),\(s)als7
we infer that f) is bounded and uniformly continuous on (mg,+00). Note that when
s > 2, we have M (u) = |[Pspull7s — <||P>Au||%2>u0 > —Tr[h~Y], hence the density
function fy is defined on (—Tr[h~1], +o0). O

Lemma 6.4 (Positivity of the density function).
Let s > 1, m € R, and assume m > —Tr[h™1] if s > 2. We have

lim — /erE fo(z)dx = fo(m) > 0.

e—0t 26 J_e

Proof. Since fy is uniformly continuous on R, we have

1 m-e
— dx —— .

% |, Jol@dr =5 Jolm)

It remains to prove that fo(m) > 0. Since the first eigenvalue of h is simple (see e.g., [36,
Theorem 11.8]), we have

1 m-+e

— d

26 Jim—e Jo(e)dz
1

:2—Eu0(m—€<./\/l(u) <m+e)
1

- ?ENO(M>A1(U) € (mo, +00),m — & = My, (u) < [an]? = A7 <m+ e — Msy, (w))
1 _ _
= 2—8,u0(/\/l>)\1(u) € (mo, +00), A Lym—e— Moy, (u) < \a1|2 <A} Yym+e— My, (u))

1 oo A 2
= 52 f)\l(x) —e€ Atlea] doq | dx.
2e mo maX{O,)\;1+m—€—x}<|o¢1|2<A;1+m+5—:c Q0
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We estimate it further as

i /m+€ fo (x)dx

2¢ Jm—e
-1
1 )\1 +m—e )\1 B )
= 5. f)\l(m) —e€ Afea] day | dx
2e mo At m—e—z<|a12<A] Hrmte—z T

-1
1 )\1 +m-te Al 3 5
+ 52 f)\l(x) —e€ Atfea] doq | dx
2e A m—e 0<|on |2<A] ' +mte—az T

1 >\1_1+m—5 14+ (m+e—z)
fa (@) < / e‘Ad)\> dz
1

2 mo +A1(m—e—x)
1 )\fl—i-m—&-a 1+ 1 (m+e—zx)
+ — fa (@) / e N | dx
2e Afl—l—m—a 0
1 )\1_1+m—6

> 27 f>\1 (l,)e—l—)\lm—i-)qx(e)qe _ e—)qa)dm
g mo
1 A;1+m
— 27 f>\1 (x)e—l—)\lm-i-)qx(e)\le _ €_>\18)d$
€ Jmeo
1 A;1+m

o f>\1 (x)e—l—)qm—i-/hx(e)\la _ 6_/\18)d.%'.
2e Afl-i-m—a

The last term converges to zero as ¢ — 0" due to the dominated convergence theorem.
Thus letting ¢ — 07, we get

1 m+e >\1*1+m e/\15 _ 67)‘15
fo(m) = lim / fo(x)dx > lim / f}\l(w)e—l—hm-i-)\midx

e—0t 2¢ m—e e=0T Jmyg

/\fl-i-m
= / fay (z)e 17 AmENey o

mo

Assume for contradiction that fo(m) = 0. Since fy,(x) > 0 for all z € (mg, +00), we infer
that fy, (z) = 0 for all z € (mg, A\{' +m). In particular, we have

)\l_l—l—m
0= / o (x)dx

mo

= ug’\l(mo < Msy, (u) < )\1_1 +m)
= 1 (Moa(0) € (mo, +00),mg — Mony(u) < 3 Jagf2 = X1 < AT m = Mo, ().
Aj=Aa

To proceed further, we denote

Q= (aj))\j:)\Q € (CN7
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with NV the multiplicity of A2, hence da =[], daj and laf? = PIPPE |oj|?. The above
measure becomes ' '

NAS AT Hm A\ Y ,
/ f)\z(l‘)(/ () e~ A2l doz)da:
mo max{O,mo—l-N)\Q_l—w}<\a|2<N)\2_l+)\1_1+m—x ™
NA; +mo o\ VY
2 _ 2
:/ fAQ(x)(/ () e~ A2l da)d:c
mo m0+N)\2_17a:<\a|2<N)\2_1+)\1_1+m7:v ™

NATHATHm A\Y e
T e (2)" vt
NS mo 0<|al2<NAF ' 4AT 4m—z \ T

Using polar coordinates, this becomes (up to a factor o(S?V=1))

NX; 4mo VN AT e Ao

QLY p—

mo mo+NA, " —x
N AT m—a N A m oy

2

L s [T

0 T

™

N
r? ON—
) e Ner 2N 1d7’>da:

N
Cor? ON—
) e M 2N 1d7")da:.
N7 4mo

By a change of variable A = 12, the above quantity is (up to a factor ﬁ)

NS mg A2(NAS AT 4 m—a)
/ i f)\Q(x)(/ c e_’\)\N_1/\>dx
mo A2(mo+NA; ! —z)

NS AT Hm A2 (N AT Hm—z)

—AyN-1

+/ fAQ(a:)(/ e A A)dw.
Ny 4mo 0

Since this sum is equal to zero and both terms are non-negative, we infer that fy,(x) =0
for all x € (mo, NAS Ty )\1_1 + m). Arguing in a similar manner, we can prove that
fa(z) =0 for all z € (mg, Tr[(P<ph)™] +m) and all A > 0. Thus

1= /+OO fa(z)dx = /+OO fa(z)dz, VYA >0.

mo Tr[(P<ph)~']+m

This contradicts the fact that

/+oo fa(z)de = pg? (M>A(u) > Tr[(P<ph) ™Y + m)
Tr[(P<ah) = ]+m
< g (Moa()® > (Trl(Pah) ™) +m)?)
1 >A
: (Tr[(P<ph) ] +m)? /(M>A(u))2d,u0 ()
1

= A2 5 0as A — oo
PP 2,

due to Tr[p 2] =3 )\;2 < 0o. Note that for m fixed, we have

Tr[(P<ph) ™ +m ——
A—o0

m+ Tr[h™1] >0 if s> 2,
+00 ifl<s<2.

The proof is complete. O

Lemma 6.5 (Cylindrical projections II).
Let s > 1, m € R, and assume m > —Tr[h~'] if s > 2. Then for any A > \1 and any
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borelian set A of E<y, the limit im, o+ pug"°(A) exists and

i () = [T I 0 ) ) (6.7

In particulm s
l m,</\( ) J1&<m ISA) l <A( )

0 fo(m)
satisfies for any © > A,
© A
o =%\, =gt (6.8)
<A

Proof. On the one hand, by the uniform continuity of fx, we have
1

1 m+e—09, 1 m4-e - fA(m _ 79A)
(25 /m_e_ﬁA fA(ZE)d33> (25 /m_g fo(m)dx) ol fo)

On the other hand, the boundedness of fj gives
1 m—4e—UIp

fa(z)de < || fallpee-

276 m—s—ﬁA
Since fo(m) > 0, we have for ¢ > 0 sufficiently small,
1 m+e fO(m)
— dxr > .
2 /m_a fo(w)de = =5

In particular, we get for £ > 0 sufficiently small,

1

m+e—9, m-e — _
( / ) fA(@dfv) ( / : fo(:c)da:> dpg™ (u) < Md,u(?\(u)

m—e—"9, m—e fO(m)

which is integrable on A. From (6.6), the dominated convergence theorem yields (6.7).
To see (6.8), we use (6.5) to have for any borelian set A of E<j,

m7_@ m,_@
50, () = gAY
= lim uf"*=®(A x CV)
e—0t
— 1 m,a,SA A
6—1>%l+u ( )
= pg =N (A),
where N = #{\; : A < \; < O} O

We have constructed a sequence of measures {,ugL’SA} A>), on the finite dimensional
spaces {E<p}a>y, that satisfies the cylindrical property (6.8). Thus we have completed
the proof of Item (1) of Proposition 6.1.

To prove Item (2), we will show that there exists a unique measure yg* on an infinite
dimensional Hilbert space satisfying

7§A
1ol = 1o
By Skorokhod’s criterion (see [54, Lemma 1]), it suffices to check that the sequence
{ugL’SA}AZM is tight in the sense that

lim sup MSI’SA({U € E<p t|Jullye > R}) =0
R—>ooAZ)\1

for 0 < % — % This clearly follows from the following lemma, whose proof will thus

complete that of Proposition 6.1.
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Lemma 6.6 (Tightness of the canonical Gaussian measure).
Let s > 1, m € R, and assume m > —Tr[h™] if s > 2. Then for any § < 5 — 1, there
exists C(m, 0) > 0 such that

[ lulBodi = w) < Clm0). A =
Ecp

Proof. Tt suffices to prove that
/Aj|aj|2dug”79(u) <C(m), VA=A, YA <A <A (6.9)

for some constant C'(m) depending only on m. Indeed, we have

m, A m,<A
/E lul2pdut™<M ) = / S Aoy 2= )
<A

A <A

- m,<A
= ¥ [ Py

A<A
—1460
m) YA
A<A
< C(m)Tr[h~ Y] < o0,
where we have used the fact that 1 — 6 > 3 + 1 to get the finiteness of Tr[h~1"Y] (see
Lemma A.1).

We are thus reduced to proving (6.9), which we shall deduce from the fact that for all
A > Ag,all Ap < A; <A, and all € > 0 sufficiently small,

[ sl P = w) < Cm). (6.10)
We have

m,e,<A
/ las P = w)

1
/A i Pug M m — e — 95 < Moa(u) <m+ e — 03)dus™ (u)

Zma/)‘ ’O‘J’ </]1{m5§A<M>A(u)<m+aﬁA}dﬂ5A(u)> dM§A(u>

— 2 #j )\J “ilasi|?
N Zye /Aj|aj| </]l{m—5—Otj|2+>\j_l<M75j(u)<m+6—a]-|2+)\j—1}dlu’0j(u)) ?6 iles| doj
! - Y
—Zma/)\’aJP 75]( €_|O‘j|2+)‘j1<./\/l7g]()<m+€—’a]’2—|—/\ )ﬂ- —Xjley|? day,
0
where \
Mz (u Z o = ALY, du(’fj (u) = H ?ke_’\’“‘o‘kﬁdak.
k7 k#j
Denote F; the density function of M. ;(u) with respect to 727, We rewrite
J y #j\U P Ko™ -

1 m+z—:f\a~\2+)\. s
/(A a2 dpf == (u) = M/Ajajﬁ / T F@)de | el o,
Z(] mfsf\aj|2+/\j71 T

To proceed further, we denote by ®; the characteristic function of M_;(u) with respect
to ,u . As in the proof of Lemma 6.3, we have
—isA "

18 i(u €
q)j(s) = ]Eugtj [6 M;ﬁ]( )] = H 71 — Z'SA—l
k#j k
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Since each factor of this product has complex norm smaller than or equal to 1, we bound
the norm of this product by the norm of a product of any two terms. Taking the first two

terms, we obtain that for all A\; > Ay,

1

D (9)) < —m.
25(6)] < 1y

In particular, || ®;[|,1r) < CAs for all \; > A1. Thus F} is bounded (uniformly in j) and

uniformly continuous for all A; > Ay.
By Lemma 6.4, we have for € > 0 sufficiently small,

iZgnye Z fO (m)
2e 2

We also have

1 m+sf|aj|2+)\j71
%/ Fy@)de < |Fylli= < Ol < O, ¥ 2 A1
2e m7£7|aj|2+)\j71

It follows that

me, <A 203 N sl
/Aj\aj\%lﬂo = u) < Folm) /Aj\aj\Qﬁje el day;

20N [,
= fo(m)/o AedA
= C(m)

for all A\; > A1 and all € > 0 sufficiently small. This proves (6.10).
We now prove (6.9). Using the layer cake representation, the problem is reduced to

showing that

/ g =t (Aglay? > \da = lim / 1o =R glay* > A)da.
0 e—0t Jo
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< <
Thanks to the weak convergence ugb’g’—A — ,uB”’-A
convergence theorem and the fact that

bl 7§A
1o == (Al P > )

m,e, <A
Z/]l{xj|aj|2>x}duo = w)

1
i / L jog2oaphg (M — € = O < Mop(u) <m+e - On)dps™ (u)
0

1 A
= Zom,s/]l{)\j|a]-|2>)\} (/]l{m—a—ﬂA<M>A(u)<m+5—z9A}d,u0>A<u)) dpg " (u)

, (6.9) follows from the dominated

1
- ZS”?S/]I{M%IQN\}W{I%FAjIGR}

£\ N Al
X </]l{m—6—aj|2+>\j_1</\/l7gj(u)<m+a—a]-|2+>\j_l}d'u0 (“)) P 15l day

1 m+57‘aj|2+)‘7'71 >‘j A |2
= — 1 _ T F. d el dey.s
ZS”"E/ {Njlog [2>An{|ay 2 =2 eR} /m—s—aj|2+Aj1 j(z)dz 776 Qi
2C )3

ol
fo(m)/ {jlag2>A e 2=A; T eR} 756 il daj
20\ o0
< c 3/ e Tdr
fo(m) Jx
203 S\

~ fo(m)
which is integrable on (0, c0). O

<

6.2. Gibbs measures conditioned on the mass. Once the Gaussian measure condi-
tioned on mass is constructed, our next task is to define the Gibbs measure with a fixed
renormalized mass as follows:
1 ATINTE
dp™(u) = e My (),
where

Zm ;:/ejF;”“i‘*duS”(u)

is the normalization constant. Here the minus sign stands for the defocusing nonlinearity,
and the plus sign is for the focusing one.

Proposition 6.7 (Gibbs measures conditioned on mass).

Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h~1] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Then u™ makes sense as a probability
measure.

We first need the following observation.

Lemma 6.8 (Decay of the renormalized mass).

Let s > 1, V satisfy Assumption 1.1, 0 < v < 354;2, m € R, and assume m > —Tr[h™1] if
s > 2. Then there exist C,c > 0 such that for 6 < % — %, all A > o, all R > 0, and all
€ > 0 sufficiently small,

o (u e H? : Map(u)| > R) < Ce MR, (6.11)

In particular, we have

it (we H s Mo ()] > R) < CemER, (6.12)
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Proof. Since py"® — pf* as € — 07 (see Proposition 6.1), it is enough to prove (6.11). We
estimate

po " ((Moa)] > R) < g™ (Moa(u) > R) + pg ™™ (Mo () < —R) = (T) + (I0).
For (I), we have for 0 < ¢t < % to be chosen shortly,
Y (Ma(u) > B) < et [ s )
By the definition of (",

m 1
/etM>A(u)d:u0 ’E(U) = ZTE
0

_ 1 tMsp (u) <A >A
- anva/e - ]1{mfsng<M§A(u)<m+579A}du0 (u) ) dug ™ (u),

/ ML M) <emrey Do (1)

where
on = Mxa(u).
Denote ga the density function of M<,(u) with respect to ,u%A. We rewrite the above

quantity as
1 iMan( [ [T SA
e | ¢ >A ga(z)dz | dug ™ (u).
0

M—E—QA

Let 95 be the characteristic function of M« (u) with respect to ,ugA. We compute

Pa(s) = E <alet™Msalw)]
Ho
:/6iSM<A(u)d/,L§A(U)

; g2y 1
:/ezszwﬂ\'aﬂ' A H ﬁefkklak\zdak
n
A <A
o1
e—zs)\j
- H 1—isast
)\jSA J

Since A > Ay, we see that

1
$) < ———,
‘w./\( )’ — 1+32)\2—2

hence [[¥zllpim)y < CAa. Thus we deduce that gj is uniformly bounded (in A) and
uniformly continuous. In particular, we have
1 [mte—ea

% ga(z)dz < |lgalle < Cllallpiw) < Cha.

M—E—QA

On the other hand, Lemma 6.4 implies for € > 0 sufficiently small,
1 ZmE I O(m)

2270 = 2
Thus for € > 0 small enough, we get
1 / mte=oa 2C Ao
—E ga(z)dz < ;
Zgle m—e—op fU(m)

hence

2
[ et < ZE8 [ w,
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By the same argument as in the proof of Lemma 3.7, we have

-1 1 -2 2 A2
[ = I ™ s 0 I e o B
)\j>A B J )\j>A

For 0 <y < 3‘1;2, we have

DA S AT
)\]'>A

In particular, we obtain
5" (Moa(u) > R) < Cem!IHIEATTH
Taking ¢t = vAY with v > 0 small yields
() < Ce~\'R
3s

for any 0 < v < 3522 The term (II) is treated in a similar manner and we prove (6.11). [

h—2+2’y}

We also have the following decay estimates.
Lemma 6.9 (Decay of the L*-norm ).
Let s > 1, V satisfy Assumption 1.1, 0 < v < 31;2, m € R, and assume m > —Tr[h™1] if
s > 2. Then there exist C,c > 0 such that for 6 < % — %, all A > Xo, all R > 0 and all
€ > 0 sufficiently small,

o (u e HO || Popul|a > R) < CeNME (6.13)

In particular, we have
wo! (u e HY . ||Populpa > R) < Ce NME (6.14)

Proof. Since pg"® — pl* as e — 07, it suffices to prove (6.13). Let ¢ > 0 be a positive
constant to be determined later. We estimate

2
e (| Pspullps > R) < e / Pl gpme )

_p2 e tF
=t S0 [P sl o),
k>0
We have

/ 1 Ps aul 2 dug* (u)
1 2%
= E HP>Au||L4]l{m—a<M(u)<m+5}dM0(u)
0
1 <A
= g [ 1Pl ([ sy cntcsramse oy 0500 ) i

1 2k meTea >A
= ZE HP>AUHL4 gA($)dx dUO (u)7
0

mMm—Ee—QPA

where g, is the density function of M<,(u) with respect to ,U,OSA and op = Mxp(u). As
in the proof of Lemma 6.8, we have for £ > 0 sufficiently small,
1 / mte—on 2C Ao

—mE ga(z)dr <
ZO : m—e—pa fO(m)

hence
20\

Pou|kdul s (v) < ===
[ 1Pl ) < 222

/ | o ntl| 5y ().
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By the same argument as in the proof of Lemma 3.4, we have
J 1P vl w) < 261 g, v 20,
where By o4 is as in (3.14). In particular, we have for ¢ > 0 sufficiently small,

/ | Ponul 25 dple (u) < CRIBE . Yk >0,

hence
_ 2
1" (|1 Psaullps > R) < Ce™ > " (tBy )"
k>0
Arguing exactly as in the proof of Lemma 3.5, we obtain (6.13). O

Lemma 6.10 (Decay of W’P-norm).
Let s > 1, V satisfy Assumption 1.1, 0 < 8 < %, p > max {2, 5(111725)} be an even integer,

m E R, and assume m > —Tr[h~'] if s > 2. Then there exists ¢ > 0 such that for
0 < 5 — %, all A > A1 sufficiently large, all R > 0, and all € > 0 sufficiently small,

o (u e 1 |Pcpullyyss > R) < Che . (6.15)
In particular, we have
o' (u e 1Y |Populyyss > R) < Che . (6.16)

Proof. We only need to prove (6.15). We estimate

Ngn’E(HPgAUHWﬁ,p > R) < etRQ/ t”P<A“”W5 pd,u “(u)

—tR? m,e
ey / | Pentll25s., i (u).

k>0
We have

/‘|P§AU||12/]§ﬁ,de6n’€(u)
1 2k
= e | [P<avllyo s Lim—ccntuy<me<ydio(u)
0

1 A

= W / HPSAUH%BW (/ ]l{mz-:79A<M>A(u)<m+€19A}dugA(u)) dﬂg (u)
1 ok m+E*’L9A <A

= ome | P<aullys.0 falz)dr ) dug™ (u),
0 mfsfﬁA

with f, the density function of M, (u) with respect to ug™ and 95 = M<p(u). From
Lemmas 6.3 and 6.4, we infer that for € > 0 sufficiently small,

1 [mtea 2 -
0

m—e—9, fo(m) —
We deduce that for € > 0 small,

k) A
[ 1PerulBinduy () < €A [ 1PerulBsadii .

The integral in the right hand side is estimated exactly as in Lemma 3.4 to get

[ 1Panulads ) < () wiBE, k=0
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In particular, we obtain
o (| Penullyyas > R) < CAe™ 37 (tB5,)" < CAe™™
k>0
provided that ¢ > 0 is taken small enough. O

Remark 6.1. From the argument presented in the proofs of Lemmas 6.9 and 6.10 (see
also the proof of Lemma 3.2), we can show that: for s > 1, 6 < % - %, and m > 0,

pl(u € H ¢ ullye > ) < CemN (6.17)
for some constants C,c > 0.

Proof of Proposition 6.7. We only consider the harder case of focusing nonlinearity since
the defocusing one is easier. Since pg' is a probability measure, it is clear that Z > 1.
It remains to prove

zm = /eé”u”i‘ld,ugb(u) < 0. (6.18)
We have
zm :/ u (e215e > 2) dx = C() +/ i (e212s > \) ax
0 A

0
for some A\g > 0 to be fixed later. To show the finiteness of

> Ll
/ i <62 1> A) ),
Ao
we repeat the same line of reasoning as in the proof of Proposition 2.2 using Lemmas 6.8,

6.9, and 6.10. Note that M (u) = m on the support of z(", hence |[ul[?, = m + Tr[h ™! €
(0,00) when s > 2. The only different point is the following estimate (see Lemma 6.10):

18 (| P<pgullyse > Cllog A)7) < CAge 108 N*

where the additional term Ag is just (logA)! (see (3.19)) and can be absorbed by the
exponential decay e—¢(1o8 N* The constant Ap is chosen so that Ay is sufficiently large as

needed to apply Lemmas 6.8, 6.9, and 6.10. ]

6.3. Invariance of Gibbs measures conditioned on mass. Thanks to the invariance
of the standard Gibbs measure p (see Theorem 2.3), we can deduce the invariance of the
Gibbs measures conditioned on mass.

Proposition 6.11 (Invariance of canonical Gibbs measures).
Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h~!] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Then pu™ is invariant under the flow

of (1.1).
The proof is based on the following lemma.

Lemma 6.12 (Approximate canonical measures).
Let s > 1, V satisfy Assumption 1.1, m € R, and assume m > —Tr[h~1] if s > 2. Assume
in addition that s > % for the focusing nonlinearity. Denote

1 1 4 1 4
W)= e i), zme = [ ).
Then p™* converges weakly to ™ as € — 07 in the sense that
lim [ F(u)dp™(u) = /F(u)dum(u)

e—0t

m,E(

dp

for all bounded continuous functions F : H? — R.
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Proof. We first show that Z™¢ — Z™ as ¢ — 0T. To simplify the notation, we denote
G(u) — e:F%||u||i4

and
wp = Popu.
For A > )y sufficiently large and € > 0, we estimate

VAR AL ‘/G(u) — G(wA)d,uS"’E(u)‘ + ‘ /G(wA)d,ug"b’a(u) - /G(w/\)d%n(u)‘

+ ‘ /G G(wp)dpug' (u ‘ = + (II).

Regarding (II), we write

[ Gumang < = [ (6w > i
> A) — u™

For each A > A1, we have p("*(G(w,) (G(wp) > A) as e — 0", In addition,

we have for € > 0 small,

(G > ) < 55 [ Glundig ()

1 u
= 5 | )

CA
=50
for A sufficiently large. The dominated convergence theorem implies that for A > A\
sufficiently large, (IT) — 0 as ¢ — 0.

To estimate (I), we let § > 0. By continuity, there exists v > 0 such that if ||u—wy||;+ <
v, then |G(u) — G(wy)| < 30. We write

p<|f () = Gl )] +| | (u) - Glun)diy ()]
|u wAHL4>V |u ’wAHL4<V

Since G(u), G(wy) € L*(dugy"?) uniformly in A for € > 0 sufficiently small, we have
m 12 0
(1) < G (u) = Glwa)ll ey (15 (lu = wallps > 1)) + 7

By Lemma 6.9, we also have for € > 0 small,
_ 2
N(T]nv& (Jlu = wpl| 2 > 1/) = /181’5 (| Poptl s > v) < Ce cAPy

for any 0 < p < £=. Fix 0 < p < &=, we deduce, for A large enough, that
m,e 1/2 J
1G(u) — G(wA)HN(d;Lg"’S) (16" (| — wa | pa > )2 < 3

for all € > 0 sufficiently small. This shows that (I) — 0 as A — oo provided that £ > 0 is
taken sufficiently small. A similar argument goes for (III) and we prove Z™¢ — Z™.
Now we write, for F' a test function,

/ﬂwwmwo:z;/fwmwm#ﬂm

= (e~ ) [ FOIG@ae@) + 5 [ F@G@dEw.

The first term in the right hand side goes to zero as € — 0 because Z™*¢ — Z™ ase — 0"
and

[ PG w) < 1= 160 g gy < ©
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for some constant C' > 0 independent of € > 0 small.
For the second term, we estimate

| [ PG ~ [ Fc )

Arguing as above, we deduce that

/F( VG () —>/F L (u) as & — 0

The proof is complete. O

Proof of Proposition 6.11. Invariance of the approximate canonical measure. We
first show that g is invariant under the flow of (1.1). In fact, we can rewrite pu™* as

1
d:um’6 (u) = Tme 1 {m—e<M(u)<m+e} d/"(u) .

Here p is the standard Gibbs measure which is invariant under the flow of (1.1). Now let

A be a measurable set in H? with 6 < % - % as in Theorem 2.3. We have

um(A) =

1
Zm.e /A L im—ccM(u)<m+ey d(u)

1
- Zm.e /]l{m—E<M(u)<m+g}mAdM(u)
1
o AL
1
= Zm,su
1
= Zm75
; / I dp(u)
- m— u)<m u
Zm,e B(1)(A) {m—e<M(u)<m+e}

= u"(@(1)(A)),
where ®(t) is the solution map of (1.1). This shows that p™¢ is invariant under the flow
of (1.1).
Invariance of the canonical Gibbs measure. We now prove the invariance of u™

under the flow of (1.1). By the same reasoning as in the proof of Theorem 4.2 using
(6.17), it suffices to show

pw({m—e < M(u) <m+e}nA)

(®(t) ({m —e < M(u) <m+e}nA) (invariance of p)

p{m—e < M(u) <m+e}Nd(t)(A)) (mass conservation)

p™(U) < p™(@@)(U))
for any closed set U of H? which is bounded in H% with 6 < 6, < % — % and for all t € R.
The problem is further reduced to show

pM(U) < p™(@()(U)), Vi€ [0,9] (6.19)

with & > 0 sufficiently small. By the local theory, for each € > 0, there exists 0 < ¢ <« 1
such that

O(t)(U + Byee) C B(t)(U) + By, (6.20)
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where By is the ball in 1 centered at zero and of radius €. Here v = 6 for s > 2 (see
(4.4)) and v = B for 1 < s < 2 (see (5.6)). Since p™* — ™ weakly as ¢ — 0, we have

p™(U) < p™ (U + Byce)
< liminf p™*(U 4 By ce) (™ — p™ weakly)
e—07t

= limggf " (@(t)(U + Byce)) (invariance of p™*¢)
E—

< liméﬂf p™e (®(t)(U) + Bye) (due to (6.20))
E—

< limsup ™ (®(t)(U) + Bo,e)
e—0t

< lim sup p"™* ((@(t)(U) + Egﬁ))
e—0t

< W(@@)U) + Bo). (4 — ™ weakly)

Letting e — 0, we get (6.19). This proves the invariance of p™ under the flow of (1.1). O
Proof of Theorem 2.J. This follows by combining Propositions 6.7 and 6.11. U

Remark 6.2 (Higher non-linearities). Thanks to the argument presented in this sec-
tion and Remark 3.1, one can construct the Gibbs measures with a fixed renormalized
mass associated to NLS with more general nonlinearity (2.16). Moreover, based on the
invariance of grand-canonical measures mentioned in Remarks 4.1 and 5.1, these fixed
renormalized mass Gibbs measures are indeed invariant under the flow of (2.16). o
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APPENDIX A. BOUNDS ON THE COVARIANCE OPERATOR

Lemma A.1 (Schatten norm of the Green function).
Let s >0 and p > %—F % Then we have

=D AP < oo, (A1)

j>1

Proof. We follow an argument of [33, Example 3.2]. Let A; > 0 be the first eigenvalue of
h. We have

h 4+ X1 < 2h,
hence
Tr[h™P] < 2PTx[(h + A1) P].
Thanks to a version of Lieb—Thirring’s inequality [22, Theorem 1], we have

dmdg
Tr{(h 4 A0)7 27r //RXR (€ +V(z) + )P

Using Assumption 1.1 and the layer-cake representation, one finds that

dmdﬁ _ 1/2—p
//RxR (|€12 + V(z) + M\)p /R(V(x) + A1) dr < 400

under our stated assumptions. Here is another short proof. We have

//IRXR (1% + d$d£+>\1 //|z|<1 (117 + dxd§+>\1 //|m|>1 (117 + dxd£)+)\1)p
/ /|. \§|dgf§1 e /H \f|2+d|xxdr§+1>p

where V(z) > 0 for all 2 € R and V(z) > C|z|® for [z| > 1. Since p > 5 + 1, it is clear
that (I) < oo. To see that (IT) < oo, we take

4
0=
2+s
so that
2 +1
2—-6 6s s

By Young’s inequality, we have
€1 + 2l + 12 A+ [6*) + (A + |2f)
2 (L4 ) + (1 + |zl)®
Os
2 (L4 + =)=

It follows that

dzdg d¢ dx
/R/|x21 (6P + al + 17 (/IR 1+ !5\)<2—9>P>(/ E(1+ |x|);’> =

Note that (2 — 0)p = 9% =

> 1. U

11
5t3
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APPENDIX B. BASIC FUNCTIONAL-ANALYTIC ESTIMATES

We collect here known functional inequalities used repeatedly in the paper. We start
with the following norm equivalence due to [63].

Lemma B.1 (Norm equivalence).
Let s > 1, V satisfy Assumption 1.1, 8 >0, and 1 < p < co. Then we have

152 ull o~ D) ull o + || ) ] 1, (B.1)

where (D) := /1 — 03.
Proof. In [63, Lemma 2.4], the above norm equivalence was proved for s > 2 using pseudo-

differential calculus. However, the same proof applies to 1 < s < 2 as well. O

Lemma B.2 (Sobolev embedding).
Let s > 1 and V satisfy Assumption 1.1.

(i) If 1 <r <7 < oo and B > 0 satisfy % > % — B, then WP C LT(R).

(i) If B > L, then WO C L=(R).

Proof. Direct consequence of embeddings for standard Sobolev spaces on R and the norm
equivalence (B.1). O

Lemma B.3 (Fractional product rule).
Let s > 1, V satisfy Assumption 1.1, 8 >0, and 1 < p < co. Then

11972(7) 2 < CIT o 119/2g] o + Clglzrs 11572 (5.2)

provided that

1 1 1 1 1

7:7_'_7:7—’_77 QZ,7“2€(1>OO)7 ql;rle(laoo]'
p q1 q2 1 T

Proof. Direct consequence of (B.1) and the following product rule (see e.g., [56, Proposi-
tion 1.1 of Chapter 2]):

(D) (f9)ll 2 < ClIfllan (D) gllzse + Cligllzra || (D) fll1r.
O

We next recall some Strichartz estimates whose proofs can be found in [28, 15] for the
case s < 2 and in [64] for s > 2.

Definition B.4 (Strichartz-admissible pairs).
A pair (p,q) is called Strichartz-admissible if
2 1 1 )
B‘F;—i, qG[,OO].
Proposition B.5 (Strichartz estimates).
(i) [28, 15] Let 1 < s < 2 and (p,q) be a Strichartz-admissible pair. Then there exists
C > 0 such that

le™ Fll Lo—1,1), L9 ) < CIlFllr2(w)- (B.3)
Moreover, for any Strichartz-admissible pairs (p,q) and (a,b), there exists C' > 0 such that

¢
H/o eii(tiT)hF(T)dT‘
1

(ii) Let s > 2, (p,q) be a Strichartz-admissible pair, and o > % (% — g). Then there exists
C > 0 such that

LP((~1,1),L9(R)) < O e v v (B4)

le™ ™ 1l o(—1.1).La®)) < CllFllae- (B.5)
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In particular, we have

t
H/ eii(tiT)hF(T)dT
0

For potentials that grow at most quadratically at infinity, i.e., |0*V (z)| < C, for |a| > 2,
it is known (see [28]) that the following dispersive estimate holds

le™ flle < CRITY2If L, VI <6 (B.7)

with some small constant § > 0. Using this and the unitary property, we obtain Strichartz
estimates (see e.g., [30]) on the time interval [—0, d]. After dividing (—1,1) into intervals
of size 26 and applying Strichartz estimates for these intervals, we can sum over all sub-
intervals to get (B.3) and (B.4).

For super-quadratic potentials, there is a loss of derivatives in (B.5). Moreover, dis-
persive estimates as in (B.7) are no longer available due to the unboundedness and lack
of smoothness of the kernel of e~®" (see [62]). Thus the above inhomogeneous Strichartz
estimates (B.6) may not hold true for (a,b) # (o0, 2).

< o). .
LP((—1,1),L9(R)) — CHFHLI((—Ll)vH ) (B.6)

APPENDIX C. LP-BOUNDEDNESS OF THE SMOOTHENED SPECTRAL PROJECTORS

We here discuss the boundedness of the smoothened spectral projector @ (defined in
(3.31)) as an operator on LP(R). This comes from known facts that we collect in the
following lemma.

Lemma C.1 (LP-boundedness of smooth spectral projections).
Let 1 < p < oo. Then there exists C' > 0 such that for all A > Ay,

1QuallLr—rr < C.
Proof. The proof follows from the LP-boundedness of pseudo-differential operators with
symbol in S(1, g) (see e.g., [61, Theorem 22.3]). Here
dz?  dg¢?
RVIREEY)
()" ()
is a metric and S(1, g) is the Hérmander symbol class consisting of functions a € C*°(R?)
such that

g:

0908 a(x, &) < Cjr (x) 7 ()", V(x,&) e R
We write the symbol of Q5 as
pa(z,§) = x(qa(z,§))
with
ga(z, &) = A7H(E + V(2),
and we will show that py € S(1,g) uniformly in A > A;. To see this, we observe that for
J,k > 0, there exist Cj, Cy, > 0 independent of A such that

|02a (2, ) < Cj ()™, |OFaa(,€)| < Cr ()" (C.1)
for all (x,&) in the support of py. Note that the mixed derivatives

for 7, k;é 0. In fact, for the z-derivative, it is straightforward when j = 0. For j > 1, we
have d4qa (z,€) = A~19JV (x). By Assumption 1.1, we have

[0dan (2, €)] < CiA™ (2)"7 < Cj(z) ™.

Actually, for |z| < 1, we have (z)® < 2%/2 and A=' < A\[!, hence A~! (z)® < C. On the
other hand, for |z| > 1, since V(z) < A on the support of py, the assumption on V' gives
(z)® < V(z) <A, hence A~ (z)® < C. For the &-derivative, it is obvious when k = 0
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and k > 3 since aqu(x,f) =0 for k > 3. For k = 1,2, we have aqu(az,g) = N1k
On the support of py, we have [¢] < A%, hence

_k -
OFaa(w,€)] < CA™2 < C (&) "
Here, to obtain the second estimate, we have used the fact that
A1

-1 -1 -2
AT <M < ()

as A > \; and [€]? < A. ‘
The result now follows from (C.1) and the Faa di Bruno formula saying that 92.¢(f(x))
is a linear combination of

g™ (@) (F @)™ (f @)™ (£ (@)

where n = nj +- - -+n; and the sum is over all partitions of j, i.e., all j-tuples (n,--- ,n;)
satisfying nq + 2ng + -+ + jn; = j. &

nj
s

APPENDIX D. AN ESTIMATE ON THE NUMBER OF EIGENVALUES

We are interested in the number of eigenvalues of the Schrédinger operator h = —92 +
V(z) below a certain energy threshold which is needed in the construction of Gaussian
measure conditioned on mass (see Lemma 6.3).

Lemma D.1 (Cwikel-Lieb-Rozenbljum law).
Let s > 1 and V satisfy Assumption 1.1. Then, for A > 0 sufficiently large, we have that

cA2ts < #{\;: A < A} < CAztS
for fized constants ¢, C > 0.

Proof. To see this, we recall the following result due to Rozenbljum [49]. Let V(z) > 1
and V(z) — 400 as |z| = co. Assume that the following conditions hold:

(V1) 0(2A) < Co(A), where o(A) := [{x e R: V(x) < A}

(V2) V(z) < CV(y) almost everywhere when |z —y| < 1.

(V3) There exist a continuous function n(t) > 0, 0 < ¢t < 1, n(0) = 0, and an index
B € 10,1/2) such that

e VE+2) = V@)de < (2] (V ()
|e+z—y|<1

for any y,z € R and |z| < 1. Then, for A sufficiently large, we have that
#{\ 1 A < A} /(A — V(x)) de, (D.1)
R

where (f(z))+ := max{f(z),0}.

We will check that the above conditions are fulfilled for V' as in Assumption 1.1. First,
we observe that by using the change of variable u(t, z) — e~ y(t, z) for (1.1) with some
constant a > 0, we can assume (in addition to Assumption 1.1) that V(z) > 1 for all
x € R. From this, we infer that there exists C > 1 such that

éms <V(z) < Clz)*, VzeR (D.2)

Let us now check the conditions (V1)-(V3).
e Checking (V1): From (D.2), V(z) < A implies |z| < (z) < (CA)Y*, hence

o(A) < [{z € R: [z| < (CA)V3Y]. (D.3)
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1/s
On the other hand, for |z| < ( 5572 A) / , we have for A large,

7 < 2/5 1 1/s 1/2
\/1+|l’| 23/2 S <C'25/2A) 2

hence, by (D.2),

V(z) < Cla)* < C < A> — AL

1
c

1/s
{;1: ER:|a| < (021/2A> H < o (h). (D.4)

From (D.3) and (D.4), we get (V1).
e Checking (V2): We have

Vi(z) ~ (x)° < (y)*(x —y)° < C(y)* ~ CV(y)

This shows that

for all |z —y| < 1.
e Checking (V3): By Taylor’s formula, we have

1
Vi+2) - V@l <l [ Vit )l
0
which, by Assumption 1.1, yields
1
V(z+2)—V(z)| < Clz / (x + t2)"Ldt.
0

As s > 1, we infer that

V(@ +2) = V(@) < Clel{a)* " {z)*".
Now denote

Q={zeR:|lz—yl <1 |lz+2z—y| <1}
For z € Q, we have |z| <1+ |y| < 2(y). In particular,
V(z+2) = V(@) < Cl2|(y)* 1 z)*"!, Ve
and
Q] <[{z e R: [z <2(y)} ~ (y)-

Therefore, we obtain

V(@ +2) = V(w)ldz < Clzl{y)*(2)*" < Cl2|V(y)

lz—y|<1
|z+z—y|<1

for all y, z € RY with |z| < 1. This is (V3) with n(¢t) =t and 3 = 0.
We have so far proved that (D.1) holds for V' as in Assumption 1.1. The claim of the
lemma follows, as we now explain. For an upper bound, we use (D.3) to get

/(A — V(m))iﬂdm = / (A — V(x))mdx < (2A)1/20(A) < OAY2HV/s,
R V(z)<A

For a lower bound, we estimate for a constant v > 0 small to be chosen later,

- Y20 —V(2)Y%dx §1/2a —o(v
/R (A~ V() 2dr > /ywmgm“ V@) s (5) (a2 - owh)).
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Thanks to (D.3) and (D.4), we deduce

/R (A=) > () o872 — ()

AN 1/2 1 1/s .
(oo ) e

provided that v > 0 is taken sufficiently small, where B(0, R) is the segment [-R, R]. O
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