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Introduction

At the time of writing this introduction, the world is dealing with the aftermath of a terrifying
pandemic crisis. This crisis has affected teaching and learning practices and scientific activities in all
fields, including in mathematics education. CERME12, in 2022, took place a year later than scheduled
as a virtual conference and in difficult conditions, and it was made possible only by the dedicated
engagement of the International Programme Committee, the Local Organising Committee and the
Thematic Working Groups’ leaders. In the plenary session of the congress, Jeppe Skott emphasised
that the mathematics education community should remain modest in what could be expected from
the scientific reports at the conference due the extreme conditions in which teaching and learning had
happened in the previous two years. In the same plenary Susanne Prediger added that our community
should nevertheless be very ambitious and strive to progress in the advancement of mathematics
education. For the new generation of researchers in mathematics education, these encouraging words
coming from experienced colleagues meant searching for a balance between maintaining reasonable
expectations of the work that could be done in such circumstances and dealing with the challenges of
the present. But what does this mean for research about digital technologies in mathematics
education? Not only this issue is so complex, but the pandemic forced a shift to modes of teaching
and learning that involved much reliance on digital technologies, therefore making research in this
area very topical. If the last decade of research was labelled by our community as “Mathematics
Education in the Digital Age” (e.g., Clark-Wilson et al., 2021) how could the current times be
described? Some authors criticise the speed of the change in the use of digital technologies and
describe our era as “Education in the Automated Age” (Andrejevic, 2019) to emphasise the automated
generation of large datasets coming from data science and machine learning, without really focusing
on what the implications could be on teaching and learning. Could the next decade be described as
“Mathematics Education in Times of Exponential Change”? Taking a humorous view of this ‘brand
name’, it contains the word “exponential”, which is related to a sophisticated mathematical concept
of exponential functions. One outcome of the pandemic crisis was to make clear that the development
of pandemics cannot be understood without mathematics. In this sense, the inclusion of a
mathematical word such as ‘exponential’ in the label is well deserved. The unexpected and necessary
developments of the use of technologies for teaching and learning mathematics are the topic of the
ERME Topic Conference MEDAS in Nitra, Slovakia, which was held in September 2022.

Thematic and organizational aspects of MEDA3

MEDAZ3 is a natural continuation of the previous two conferences in 2018 (Denmark) and 2020
(remotely, Austria) where the ERME community gathers to discuss applications of digital technology
in mathematics education from cross-disciplinary and interdisciplinary perspectives. Of course, this
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does not mean that the use of traditional technologies, resources, and artifacts is neglected, those are
used alongside new ones. Indeed, the contributions to this conference address the applications of new
tools and well-established tools to the learning and teaching of mathematics, offering much richness
of educational experiences. In the call for papers to be submitted to the conference we outlined three
themes (Table 1) around which we wished to encourage contributions. Of course, we were aware that
many other important issues exist for digital technologies, but we envisaged these three themes to be
probably the most relevant to the current use of digital technologies.

Table 1: Overview on the number of conference contributions per theme

Theme Total number of accepted
contributions

1. Mathematics teacher’ practices, teacher education and professional | 18

development in the digital age
2. Curriculum innovation, design of digital and hybrid environments | 33
and practical implementation of digital resources
3. Assessment in mathematics education in the digital age 6

In what follows we outline the three themes and the nature of the contributions received to each one.

Mathematics teacher’ practices, teacher education and professional development

Adoption of digital tools into classroom practice takes time and the tools and functions of digital
technologies change rapidly. The COVID-19 pandemic affected teachers’ practices, experiences, and
their processes of adaptation of new tools. To better understand these new processes, new approaches
and emerging frameworks are needed to guide teachers to integrate digital tools into mathematics
education on the one hand, and to ensure professional development of mathematics teachers on the
other. Teachers’ expectations regarding perspectives for teaching after the crisis vary, depending on
several factors. Contributions to this theme focus on teachers’ self-learning in formal and informal
settings, use of shared virtual/nybrid spaces and resources for teacher education and professional
development, working in clouds and wiki, but they also address other concerns. Specifically, the
theme includes several examples of teacher practices with digital tools in the pandemic, an analysis
of virtual learning environments to support teacher practices, and practices of (block-based)
programming in professional development of pre-service mathematics teachers.

Curriculum innovation, design of digital and hybrid environments and practices
with digital resources

Applications of Learning Management Systems (LMS) in the teaching and learning of mathematics,
but also uses of Learning Analytics (LA) and Atrtificial Intelligence (Al) in the research activities
about mathematics education, have intensified since the pandemic outbreak. Although their effects
are closely connected to the design of digital curriculum resources for mathematics or synchronous
and hybrid activities in mathematics education, these scientific disciplines are seldom considered in
connection to learning theories and the didactics of mathematics. Exploring these connections allows
us to understand the effects of automated and adaptive learning environments to self-regulated
learning and individualization of learning trajectories through collaboration (Donevska-Todorova,
2022). Contributions to this theme focus on the design and implementation of resources with novel
technologies, such as 3D print technologies or virtual and augmented reality, in addition to the well-
established digital geometry systems (DGS) and computer aided systems (CAS). Other papers discuss
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issues concerning computational thinking in mathematics education at all educational levels, as well
as different modalities of synchronous and asynchronous learning supported with various digital
tools.

Assessment with digital technologies in mathematics education

The impact of assessment with digital technologies on teaching and learning mathematics has been
wide-reaching and has touched all aspects of assessment practices in the classroom — both for
formative and for summative assessment. Yet little is still known about the effects of introducing
assessment with digital technologies on students’ learning and on students’ and teachers’ experiences.
As an example, for the case of computer aided assessment (CAA) Kinnear et al., (2022) drew a rich
research agenda highlighting the areas which are still under-research in this field — of which there are
many. Moreover, the pandemic forced teachers to use digital tools also for marking traditional written
output, and the impact of this new development on how feedback is written (by the teachers) and
received (by the students) has not been well understood yet. We received six papers regarding the use
of digital technologies for assessment. Topics within this theme go from the use of CAA for formative
assessment and especially on the topic of example generation, to true/false questions design and
generally the design of digital tasks, to the impact that the digital medium has on the type of feedback
teachers give students.

Conclusions and Prospects

There has been a change in working with and thinking about digital technologies in mathematics
education in the last years and decades. Up to the beginning of the millennium the research emphasis
was firmly on the use of computer algebra systems, dynamic geometry systems and spreadsheets.
Research focused on the affordances of such tools and possibilities for concept formation, on the
likely changes of contents of mathematics and on the possible new ways in which mathematics could
be taught in mathematics classrooms if these digital technologies were used. Since 2010 the emphasis
concerning digital technologies had been more on learning environments, adaptive systems, virtual
reality, augmented reality, videos, 3-D-printing, formative and summative assessment systems, and
ebooks. The papers presented at MEDAZ3 are a representation of this development. Of course, key
competences like functional thinking, computational thinking, proving, representing, or modelling
and their interaction with digital technologies are still important. However, they are now seen in the
frame of learning and teaching systems. The pandemic gave an additional push to this development.

The great variety of contributions to the MEDAS conference, also concerning different school types
and pre- and in-service teacher education, show the challenge to bring together the “old” ideas of
working with digital tools (like CAS or DGS), the still important key competences and the “new”
ways of working with software systems on laptops and smartphones. They also show the necessity to
describe these new ways of working with new or newly interpreted concepts like digital competences,
digital resources, digital design, diagnostic tools, dynamic communication, or computational
thinking. MEDAZ3 is one step in moving ahead to understand better the interrelationship between
mathematics and the new digital technologies.

Discussion about these themes continues in relation to the Call for Papers for a Special Issue in the
Springer International Journal for Research in Undergraduate Mathematics (IJRUME), “Digital
Experiences in University Mathematics Education. Advances and Expectations”, that will be edited
by Ana Donevska-Todorova, Eleonora Faggiano, Janka Medova, and Melih Turgut and a special
ZDM-issue “Mathematics Education in the Digital Age”, edited by Hans-Georg Weigand, Michal
Tabach and Jana Trgalova.

vii



References

Andrejevic, M. (2019). Automated media. New York and Abingdon: Routledge.

Clark-Wilson, A., Donevska-Todorova, A., Faggiano, E., Trgalov4, J., & Weigand, H. G. (Eds.).
(2021). Mathematics Education in the Digital Age: Learning, Practice and Theory. Routledge.
https://doi.org/10.4324/9781003137580

Donevska-Todorova, A. (2022). Individual, but not alone! Design of individual and collaborative
activities for adaptive learning pathways in learning management systems, INTED2022 Proceedings,
pp. 8890-8897. doi: 10.21125/inted.2022.2319

Kinnear G., Jones I., Sangwin C., Alarfaj M., Davies B., Fearn S., Foster C., Heck A., Henderson K,
Hunt T., lannone P., Kontorovich I., Larson N., Lowe T., Meyer J., O’Shea A., Rowlett, P.,
Sikurajapathi 1 and Wong T. (2022) A collaboratively-derived research agenda for e-assessment in
university mathematics. The International Journal of Research in Undergraduate Mathematics
Education. https://doi.org/10.1007/s40753-022-00189-6

viii



Plenary Lectures

Proceedings of the 13th ERME Topic Conference MEDA3 held on 7-9 September 2022 in Nitra, Slovakia ISBN 978-80-558-1912-9



Formative assessment in Mathematics in the digital age:

teacher's practices and roles
Annalisa Cusi

Sapienza University of Rome, Italy; annalisa.cusi@uniromal.it

My contribution concerns the ways in which teachers’ practices in supporting formative assessment
(FA) processes through digital technologies (DT) can be interpreted and analysed. After a reflection
on the results of research studies on this issue, | present a model recently refined to characterize, at
amacro level, the teachers’ FA practices through DT and then the analysis of an example, developed
at a micro level to highlight the roles that the teacher plays when interacting with students. | conclude
with some reflections on the impact that the experience of distance teaching during the Covid-19
emergency could have on the future evolution of teachers’ assessment practices through DT.

Keywords: formative assessment, digital technologies, teachers’ practices, teachers’ roles.
Investigating teachers’ formative assessment practices and roles in the digital age

Teaching practices in the digital age have been a fundamental focus of Mathematics Education
research for decades, leading to the development of frameworks recently discussed by Haspekian
(2020) in her MEDA2 plenary. Some of these frameworks explicitly focus on teachers’ practices,
characterizing teachers’ expertise in supporting a fruitful integration of DT in teaching, such as the
structuring features of classroom practice framework (Ruthven, 2009), and identifying categories of
teachers’ instrumental orchestration of classroom activities in technology-rich environments
(Drijvers et al., 2010). Others explicitly refer to the roles played by teachers in the integration of DT
in mathematics classrooms and to the levels at which teachers have to act to effectively integrate DT
in their teaching (Trigueros et al., 2014).

The integration of DT in teaching affects also teachers’ assessment practices. Focusing on the ways
in which digital summative assessment is developed at university level, lannone (2020) stresses on
the need of re-thinking the ways in which assessment in the digital age is designed and implemented,
observing that it is “far failing to realise its full potential and that usually it is designed in a
conservative way” (p. 15). These reflections could be certainly referred also to the case of FA
practices, which, according to Black and Wiliam (2009), could be conceived as practices through
which evidence about student achievement is elicited, interpreted, and used by three main agents
(teachers, learners and their peers) to make decisions about the next steps in instruction. The question
of the integration of DT in Mathematics teaching for assessment purposes has been addressed in many
research studies in the last decade (see, for instance, Stacey & Wiliam 2013, Cusi et al. 2017A, Dalby
& Swan 2019, Olsher 2019).

In a review chapter aimed at reflecting on the changes in the ways in which mathematics is assessed
due to the increasing availability of powerful technology, Stacey and Wiliam (2013) distinguish
between assessment with DT, where the mathematical capabilities of technology are used by students
in the mathematical performance that is being assessed, from assessment through DT, where
technology is used to deliver and administer the assessment processes. According to them, “the real
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power of computerized assessment is likely, in the future, to be in the creation of learning
environments in which students use a range of information resources, engage with powerful software
for problem solving, and collaborate with other students.” (p. 748). The role played by DT within
these kinds of environments have been the object of various research studies in the last years. Jankvist
et al. (2021), for example, investigated the ways in which CAS augment and change assessment
situations (both summative and formative). They stress that the new kinds of orchestration that the
use of CAS introduces change FA “from being an individual dialogue between teacher and student,
which due to resources will need to happen relatively seldom, to a collective — although but perhaps
anonymous — class discussion of the different problems and understandings present in the class.” (p.
114). The role played by the teacher seems to be crucial to avoid the risk of shifting to this kind of
anonymous discussions. These reflections are also shared by Rezat et al. (2021), who, as a result of
their investigation on the use of tasks with automated feedback within digital textbooks, stress on the
need of a careful teacher’s handling of classroom discussions aimed at questioning and evaluating
the arguments that students develop to make sense of the received feedback.

Connected classroom technologies (CCT) certainly represent powerful DT to support FA practices.
By providing teachers with more insight into their students’ sense-making processes, they lead to
more thoughtful teacher interventions to promote meaningful mathematical classroom discourse,
prompted by shared responses and screens (Clark-Wilson, 2010). Clark-Wilson (2010) highlights the
complexity of the roles played by the teacher in the context of FA, since managing the use of CCT in
the mathematics classroom requires teachers to develop specific competences, such as, for example,
being able to quickly make sense to the diversity of students’ screens that are visible. The ways in
which these roles are shaped when sophisticated interactive systems are used has been investigated
by Dalby and Swan (2019), who observe the emergence of differing views of the role of the teacher
when using DT in the classroom, shifting from a central role to a role of “guide on the side”. Similar
results stressing on the complexity of teachers’ roles have been highlighted by recent studies that
investigated the use of dashboards as digital curricular resources and, in particular, the teachers’ role
in planning, implementing, gathering information, and making real-time decisions starting from the
“in-the-moment” pedagogical perspective provided by the teacher dashboards (Edson & Difanis
Phillips, 2021). Amarasinghe et al. (2021) model teachers’ orchestration actions during their
interaction with learning analytics dashboards to deconstruct the notion of orchestration load. Their
study enabled them to highlight that the use of guiding tools, which visualize learners’ interactions
with the learning systems and guide teachers to take remedial actions to enhance the learning
situation, requires teachers to distribute their attention to evaluate both epistemic (the content of
students’ responses) and social (the actions to be taken to foster collaboration) aspects, contributing
in creating a cognitively demanding situation for them.

The teachers’ expertise in the use of various combinations of DT does not necessarily implies a
corresponding expertise in the use of DT to develop FA processes, since making FA through DT an
integral part of teachers’ practice requires changes in their beliefs about teaching and learning and in
the classroom culture itself (Feldman & Capobianco, 2008). A three-level developmental progression
for teachers’ full transition to the highest level of expertise in carrying out FA processes through DT
is described by Bellman et al. (2014), who distinguish between: immediate level, when teachers
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examine students’ feedback and take decisions about “what to do next” after class; expert level, when
teachers are able to use students’ data to make “real time” decisions; and master level, when teachers
are able to command the full range of advanced interactive capabilities that DT offer.

Macro level of analysis: a model to interpret teachers’ FA practices through DT

In a recent work developed with Gilles Aldon, Barbel Barzel and Shai Olsher (Aldon et al., submitted
for publication), we introduced a model aimed at supporting the interpretation of teachers’ FA
practices carried out through DT. The model, which was conceived by combining a survey of general
literature on the issue of FA with a survey of studies on the use of DT for FA purposes, represents a
refinement of the one introduced within the European Project FASMEd (Aldon et al., 2017). It is
constituted by three main elements: (a) the key areas in which FA practices can be taken forward; (b)
the moments in which teachers’ FA practices are carried out; (c) the functionalities provided by DT
to support FA processes.

The key areas for FA (first element) have been identified by referring to the studies developed with
the aim of investigating what happens inside the “black box” (Black & Wiliam, 1998), where FA
theoretical principles become a reference for framing the design and implementation of FA in
practice. The survey of these studies (due to space limitation, I just mention Black & Wiliam 1998,
Black et al. 2003, Lee 2006, Bartlett 2015) enabled us to identify four main areas in which FA
practices can be taken forward: (1) sharing goals and criteria with learners; (2) designing and
implementing classroom discussions and other learning activities (which includes three fundamental
processes: monitoring students’ understanding, scaffolding their learning and fostering their
reflections); (3) fostering the quality of feedback; (4) involving students in peer- and self-assessment.

The second element of the model - the moments in which teachers’ FA practices are carried out - has
been identified with the aim of better characterizing the complex work that teachers have to develop,
in time, to carry out effective processes within the four areas. This element of the model was inspired
by Mason’s (2009) characterization of the processes developed by teachers to prepare themselves to
teach a topic during four phases: pre-paration, paration, meta-paration and post-paration. In our
model we combine paration and meta-paration in a unique moment, due to their strict interconnection,
focusing on three moments that constitute a cycle of teacher’s FA practices.

The starting point for the identification of the main functionalities that constitute the third element of
our model is the framework introduced within FASMEd, in which three functionalities of technology
to support FA processes are considered: sending and displaying; processing and analyzing; and
providing an interactive environment. The rapid evolution of digital tools, the new available formats
of online interaction and the possibilities offered by artificial intelligence suggested as to extend these
three functionalities to best capture the current realities. The result of this extension are the following
three functionalities: (1) communicating between the different agents of FA, which involves all forms
of communication with, through and of technology (Ball & Barzel, 2018); (2) analyzing, which
involves different levels, from providing just an overview of the work progress, to providing
information on the learning status, to realizing an advanced analysis which allows first insights in
students’ thinking; (3) adapting, which is related to the support that DT could provide to teachers in
making decisions about the next steps in instruction, by simply offering tasks to be chosen by the
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teacher, or suggesting the learning paths for students, or providing teachers with learning materials
designed on the basis of a comprehensive learner’s profile.

Micro level of analysis: the teacher’s roles in fostering FA processes through DT

In this section I will focus on an example from a teaching experiment, carried out within the FaSMEd
project in Italy (firstly presented in Cusi et al., 2019), to discuss the roles that the teacher could play
during the phase of paration/meta-paration of a FA lesson developed with the support of DT. During
the teaching experiment, activities were carried out through the use of a CCT. The example refers to
the ways in which the teacher exploits the communicating and analyzing functionalities of this CCT
by administering an instant poll to her students and by carrying out a classroom discussion starting
from the results of the poll. The use of a CCT to develop FA processes involves the monitoring of
students’ work by sharing the students’ screens with the teacher and the collecting and displaying of
students’ answers to design and implement fruitful discussions with students (communicating
functionality). When instant polls are activated, the DT provides teachers with synthetic information
on the class-wide distribution of answers to a focused question (analyzing functionality). Then, the
teacher’s task is to use this information to react in a supportive way, e.g. by designing and initiating
in-the-moment classroom discussions to make students reflect on the processes developed when they
answered to the polls (Cusi et al., 2019). In this example I focus on this last aspect, by sharing some
reflections on the teacher’s roles that proved to be effective in fostering the realization of a learning
dialogue with students aimed at supporting their reflective processes.

The aim of my analysis of the example is to move: (a) from a macro level of analysis of a FA
assessment practice realized through DT, which locates the teachers’ actions within specific FA key
areas (the where of FA), in a specific moment (the when of FA), and characterizes teachers’ practices
by highlighting the functionalities that are used (the how of FA), (b) to a micro level of analysis, which
deepens the investigation of the how of FA by zooming into a scene of classroom interaction focusing
on the teacher’s interventions and on their effects in terms of the activated FA key-strategies.

To develop this micro analysis, I will interpret and analyze the teacher’s interventions by referring to
the MAEAB (acronym for “Model of Aware and Effective Attitudes and Behaviours™) construct (Cusi
& Malara, 2016). The key-roles characterizing the construct are subdivided into two groups. Here I
focus on the roles that the teacher plays when she guides students to reflect on the approaches adopted
during classroom activities and to become aware of the relationships between the activities in which
they are involved and the knowledge they previously developed. The three key-roles belonging to
this group are presented in Table 1, together with indicators to support the coding process.

I will highlight the strategies activated through teachers’ interventions by referring to Black and
Wiliam’s (2009) five FA key-strategies: (1) clarifying and sharing learning intentions and criteria for
success; (2) engineering effective classroom discussions and other learning tasks that elicit evidence
of student understanding; (3) providing feedback that moves learners forward; (4) activating students
as instructional resources for one another; (5) activating students as the owners of their own learning.
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Roles of a M-ArAB

Characterization of each role

Indicators to code each role

Guide in fostering
a harmonized
balance between
the syntactical and
the semantic level

She/he helps her/his students
control the meaning and the
syntactical correctness of the
mathematical expressions they
construct and, at the same time,
the reasons underlying the
correctness of the

transformations they perform.

She/he poses questions/ makes interventions
aimed at making students reflect on the
correctness of specific transformations that are
performed and highlight connections between
the processes that characterize the resolution of
a problem and the corresponding meanings. For
example: “Is this transformation correct?”,
“Why did you make this transformation?”,

“How have we obtained this result?”.

Reflective guide

She/he stimulates reflections on
the effective approaches carried
out during class activities in
order to make students identify
effective practical/strategic
models from which they can
draw their inspiration in facing

problems.

She/he poses questions / makes interventions
aimed at supporting students in making the
meaning of effective strategies/approaches

explicit. For example: “Could you explain your
reasoning to your classmates?”, “Is there
someone that could explain his/her reasoning?”,

“She/he reasoned in this way: “since I want to

obtain this kind of result, I could...”.

“Activator” of
reflective attitudes
and metacognitive

acts

She/he stimulates and provokes
meta-level attitudes, with a
focus on the control of the

global sense of processes.

She/he poses questions / makes interventions
aimed at supporting students in highlighting
strengths/weaknesses of specific
arguments/strategies and in fostering the sharing
and comparison of different
arguments/strategies. For example: “Do you
agree with what she/he said?”, “Do you think it
is an effective choice/strategy? Why?”, “What

differences are there between theses answers?”.

Table 1: The second group of roles within the M-sgAB construct (Cusi & Malara, 2016)

The analysis of a wide set of data collected during the FASMEd Project enabled us to classify polls
according to their different focus and aims in relation to the aspects to be highlighted during
classroom discussions that could be structured starting from polls’ results (Cusi et al., 2019). We
identified four categories of polls: (a) polls on specific mathematical content; (b) polls on
argumentation; (c) polls on metacognitive aspects; (d) polls on affective aspects. The instant poll
discussed within this example belongs to category (c). It was administered to a grade 5 class at the
end of a sequence of tasks on time-distance graphs and created on the spot by the teacher (T) and by
a researcher (R), who participated to the lesson and guided the discussion with T.

This is the wording of the poll, aimed at boosting a metacognitive reflection on effective ways to
tackle graph interpretation tasks: “When interpreting a graph, what is the first thing you look at? (A)
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If the graph starts from the origin; (B) If the graph goes up or down; (C) If the graph has horizontal
traits; (D) How many traits compose the graph; (E) How steep is the graph; (F) What is written on
the axes. This poll does not encompass only one correct answer. The subsequent discussion was aimed
at making visible students’ strategies when approaching a graph and compare the efficiency of such
strategies. In Cusi et al. (2019), a long excerpt from this classroom discussion was analysed to
highlight the FA strategies activated by T and R during the discussion and the characteristics of the
ways in which FA discussions developed thanks to the activation of polls are initiated and evolve.

At the beginning of the classroom discussion, to which the following excerpt refers, R displays on
the interactive whiteboard the results of the instant poll: most students (72%) chose option F, 18%
chose A and 9% chose C.

1. R: Here we have 72% that answered F. Someone chose A: “If the graph starts from the origin”.
Someone chose C: “If there are horizontal traits”. The other options were not
chosen. Some of you said to have changed her mind. Would you like to tell
it now? (speaking to Sabrina, who, before the beginning of the discussion,
asked R to change her mind)

2. Sabrina: We chose A, but later we changed our mind. We want to choose F.

3. R: So, actually for you it is F? We could start from F. Why do you think the first thing to look
at is what is written on the axes? (Some students raise their hands. Among
them, Elsa and Carlo, who worked in pairs)

4. Elsa: Because, if you look at what is written on the axes, you can already understand the graph...
and you can get some information.

5. R: Let’s listen to somebody else. Carlo.

6. Carlo: I wanted to say that on the axes it is written what they are, what you have to measure,
look at, observe...

7. R: Ok.

8. Luca: Also on the axes... if, for instance, it had been the contrary, here (with gestures, he draws
a vertical line) the time and here (with gestures, he draws a horizontal line)
the distance, the graph would have changed... (he draws with gestures a
possible new graph).

9. R: Did you listen to what Luca said? (speaking with the other students)

10. Voices: Yes!

11. R: I guess that somebody did not listen.

12. T: He said a very interesting thing.

13. R: Would you like to repeat what Luca said? (to a student who raised her hand).

This short excerpt shows how the teacher (in this case R) could initiate a classroom discussion aimed
at exploiting the results of a poll on metacognitive aspects to activate the FA strategy 2. The excerpt
starts with R highlighting one typical effect of the displaying of polls’ results, that is student’s revision
of their answer (FA strategy 5). R, in fact, poses herself as an activator of reflective attitudes and
metacognitive acts (line 1), making the class notice that Sabrina and her mate have changed their
mind and asking to the two students to share their reflections and to make their thinking explicit.

The role of activator of reflective attitudes and metacognitive acts is again played by R in line 3,
when she focuses on the most chosen answer (F) and stimulates a discussion on the reasons subtended
to the choice of looking at what is written on the axes. This makes Elsa and Carlo intervene (lines 4
and 6) to justify their choice, activating themselves as resources for their classmates (FA strategy 4)
by explaining that knowing the variables represented on the axes make it easier to interpret the graph
and to grasp the information it brings.
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When Luca expresses his idea (FA strategy 5) proposing an interesting observation about the effects
of inverting the two variables represented on the axes of the graph (line 8), R, to highlight Luca’s
intervention and to turn him into a real resource for his classmates (FA strategy 4), poses herself as
a reflective guide, relaunching Luca’s intervention and asking to other pupils to repeat Luca’s idea
(lines 9, 11, 13). This strategy makes Luca’s thinking visible to his classmates.

The discussion goes on with a collective reflection on the effects, on the graph, of inverting the
variables on the two axes. During this phase of reflection (not reported within the excerpt), R poses
herself also as a guide in fostering a harmonized balance between the syntactical and the semantic
level, with the effect of giving feedback that moves students’ learning forward (FA strategy 3).

The analysis of the whole set of data collected within the FaSMed project enabled us to identify other
ways of initiating and developing discussions on metacognitive aspects, such as focusing on the
options that were not chosen and asking students the reasons for not having chosen them. The analysis
of these data confirmed the results on the interrelation between the key roles played by the teacher
and the corresponding FA strategies highlighted in the example reported in this section.

Concluding remarks

In this contribution I shared reflections on the ways in which teachers’ practices in developing and
supporting FA processes through DT could be interpreted and analysed. In the path toward the
development of these reflections, I gradually zoomed into the investigation of teachers’ practices by
shifting the focus: (1) from the results of research studies that investigated the teachers’ practices in
exploiting the support provided by DT to develop FA processes; (2) to a model recently refined to
characterize the teachers’ FA practices with DT at a macro level by describing the where, the when
and the how of these practices; (3) to the presentation of an example aimed at deepening the
investigation of the how of teachers’ FA practices through DT by developing an analysis at a micro
level to highlight the roles that the teacher plays when interacting with his/her students.

The analysis shared in the last section was focused on the teachers’ roles associated to specific
interventions during episodes of classroom interaction located within the paration/meta-paration
moment and supported by the analyzing and communicating functionalities of DT. This analysis
highlighted the connection between specific roles that are played and the corresponding FA strategies
that could be activated, which locate the example within the second and fourth key areas of FA. In
particular, it showed that a combination of the roles of activator of reflective attitudes and
metacognitive acts and of reflective guide contributes to the implementation of classroom discussions
aimed at fostering students’ meta-level reflections (second area) and at involving them in peer- and
self-assessment (fourth area).

The micro level analysis of several classroom interactions performed during teaching experiments
developed within FaSMEd and other projects led us to reflect on other aspects that characterize the
teachers’ FA practices through DT, such as the typical strategies employed by the teacher to provide
feedback (Cusi et al., 2017B) or the roles that teachers can activate to guide classroom discussions
aimed at supporting students’ argumentative processes and at scaffolding their awareness about the
effectiveness of the written productions they share by means of digital environments (Cusi & Olsher,
2021). The crucial role played by the teacher was also highlighted in the context of a digital
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environment aimed at supporting students in individually revising mathematical topics through
individualized digital paths at university level, since the tutor’s interventions proved to be
fundamental in supporting students' interpretation of the meta-scaffolding and feedback provided by
the digital environment (Cusi & Telloni, 2020).

In this contribution I focused on what the teachers do to develop FA processes through the support
of DT. As a contribution to the issue of delineating a model to characterize teachers’ FA practices in
the digital age, it is important to intertwine the analysis of what teachers do with the analysis of how
they interpret what they do, that is how they describe and justify their FA practices through DT. We
started this kind of investigation within two studies carried out at the beginning of the Covid-19
emergency and after one year from the first lockdowns (Aldon et al., 2021; Cusi et al., 2022). These
studies have shown that the experience of distance teaching triggered teachers’ reflections on the
future of assessment in Mathematics and enabled them to highlight the value of FA. Moreover, the
distance teaching experience enabled some teachers to discover other ‘possibilities’, that is, other
possible ways of developing assessment processes, potentially enlarging their repertoire of
assessment techniques by exploiting the potentialities offered by DT. The results of these studies also
showed that not all of the new techniques discovered by teachers continued to be part of their
praxeologies after the distance teaching experience. This enabled us to develop reflections on the
‘stability’ of the changes and transformations of assessment practices declared by teachers and on the
need of promoting and supporting the stabilization of these changes by focusing on educational
programmes aimed at deepening teachers’ professional development to foster the teachers’
autonomous use of DT to carry out effective FA practices.
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Design of digital resources by and for mathematics teachers
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This text is the written version of the plenary talk given at the third conference on Mathematics
Education in the Digital Era, held from 7-9th September 2022 in Nitra, Slovakia. Research on
the use of digital technology in mathematics teaching and learning shows that key affordances
of technology emanate from the tasks that are used with it. Moreover, carefully designed tasks
with their appropriate enactment by teachers are necessary for an efficient use of technology
fostering students’ learning. In this talk, we therefore focus on digital resources offering
technology-based mathematical tasks, adopting the perspective of their design. We draw on
our experience of a course for pre-service mathematics teachers based on collaborative design
of digital resources.

Keywords: digital resources, design, teacher pedagogical design capacity, teacher design team
Introduction

Recent research studies in mathematics education focusing on teachers’ professional activity
tend to consider teaching as a design activity (Brown, 2009; Brown & Edelson, 2003).
Teachers’ use of resources has become a research topic assuming that it is an act of creation
rather than a simple consumption. The interest mathematics education community pays to
studying teachers’ interactions with resources is witnessed by the development of related
theoretical frameworks, such as the documentational approach to didactics (Gueudet &
Trouche, 2012) that considers teachers’ work with resources as being at the heart of their
professional activity, or the conceptualization of the curriculum enactment process (Remillard
& Heck, 2014) that posits a distinction between an official (prescribed) and an operational
(intended and enacted) curriculum. This perspective is aligned with the view of teachers as
designers of the curriculum enacted in their classroom rather that as mere ‘implementers’ of
curricular materials (Jones & Pepin, 2016), or with the view of adaptation of resources that is
required for their appropriation (Hoyles et al., 2013; Trgalova & Rousson, 2017).

More specifically regarding mathematics teachers’ use of digital technology, research findings
show that key affordances of technology emanate from the tasks that are used with it (Thomas
& Lin, 2013). Likewise, Jones (2005) claims that carefully designed tasks with their
appropriate enactment by teachers are necessary for an efficient use of technology fostering
students’ learning.

Based on these considerations, it seems important that teacher training course on digital
technologies includes the development of teachers’ task design and enactment capacities. On
this principle, a pre-service teacher’s course was developed at the Claude Bernard University
in Lyon, France. The course was attended by student-teachers who were enrolled for a half-
time in their teacher education program and taught mathematics in a secondary school for their
second half-time. In this talk, we share the experience of the implementation of this course for
several years, discuss the design choices and investigate the extent to which the participating
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student-teachers developed the above-mentioned capacities. We start by presenting the
theoretical framework that we subsequently use to highlight the design choices.

Theoretical framework

The theoretical framework we use for the analysis of the pre-service teacher training course is
constituted of the concepts of teacher pedagogical design capacity, teacher design teams and
facilitator. We elaborate on these concepts in the following sub-sections.

Pedagogical design capacity

Brown (2009) considers that teachers select, interpret, and adjust curriculum material they use
in their teaching. From this point of view, teaching is viewed as a form of design, which leads
the author to investigating the dynamics between teachers and their materials. The author
introduces the term pedagogical design capacity (PDC) to designate teacher’s

skill in perceiving the affordances of the materials and making decisions about how to
use them to craft instructional episodes that achieve her goals (p. 29).

Pepin et al. (2017) draw on the concept of PDC to further conceptualize what they call feacher
design capacity (TDC). According to the authors, TDC consists of the following three main
components:

e orientation, goal, points of reference for the design, which include knowledge of the
classroom context (in particular what do students know and their misconceptions),
knowledge of the curriculum guidelines and the learning trajectory related to a specific
topic, and knowledge of the position of the design in the short and the long terms;

e set of design principles, which are both robust — evidence informed and supported by
justification of their choices, and flexible — possible to adapt to new challenges and
contexts;

o reflection-in-action that is an ability to adapt actions in the course of the instruction.

Huizinga et al. (2015) suggest the following activities that favor TDC development: using
exemplary materials, evaluating designed material, and sharing experiences of the conducted
design process.

Teacher design teams and the facilitator

In recent years, teacher professional development tends to shift from a couple of days events
to other models based on long term collaboration within communities of practice (Wenger,
1998). Drawing on other research studies, Becuwe et al. (2016) claim that “the involvement of
teachers in collaborative design constitutes an effective strategy for professional development”
(p. 2). Handelzalts (2009) introduced the concept of a teacher design team (TDT) defined as

a group of at least two teachers, from the same or related subjects, working together on a
regular basis, with the goal to (re)design and enact (a part of) their common curriculum

(p- 7).

The fact that TDTs develop curricular material for their own use distinguishes them from other
teachers’ teams who design materials for others, for example in collaboration with publishers.

Proceedings of the 13th ERME Topic Conference MEDA3 held on 7-9 September 2022 in Nitra, Slovakia ISBN 978-80-558-1912-9



According to the author, this distinctive feature is of the foremost importance with respect to
the appropriation of the designed material:

Collaboration in design of materials that the teachers themselves will use, and
will therefore affect their practice directly, raises their stakes in the process and
the ownership of the product (ibid., p. 8).

According to Becuwe et al. (2016), TDTs are often supported by a facilitator. The authors
highlight three main roles of a facilitator:

e providing logistic support, e.g., taking notes, sending emails, coordinating and
organizing a TDT;

e scaffolding the design process by providing the right tools at a right moment (e.g.,
design models, theoretical considerations);

e monitoring the design by providing pro-active support helping outline the design
process and re-active support for ensuring readjustment of the design when necessary.

Pre-service teacher training course on digital technology

This section is devoted to the description and analysis of the pre-service teacher education
module focused on digital technology for mathematics teaching and learning. This course is
offered in the Master of the teaching of mathematics, which is a two-year program of pre-
service teacher education. Two courses focusing on digital technology are offered to future
teachers: a course offered in year 1 is centered on mathematics specific digital technology and
their affordances for mathematics teaching and learning; digital technology is the object of the
study. The course in year 2 proposes to question how digital technology can enhance teaching
and learning specific mathematical topics; technology is thus studied as a teaching tool. In this
text, we only present the year 2 course, which lasts for 15 hours organized in seven 2 or 3hour
sessions.

Sessions 1-3: choice of the appropriate technology to solve given tasks. The first three sessions
of the module are devoted to exploring mathematics topics — arithmetic, algebra, functions;
geometry; statistics, probability, series — with digital technology — dynamic geometry,
spreadsheet, Scratch and Python (these digital tools are recommended by the French secondary
school mathematics curricula). The instructors prepare two kinds of tasks: series of tasks to be
solved with two different digital tools the student-teachers choose from a proposed list, and
another series of tasks that the student-teachers solve with a tool they choose on their own. The
student-teachers are invited to first solve the tasks, then compare and contrast solutions with
different technologies, and finally discuss the contributions of the digital tools to teaching and
learning mathematics at stake in the tasks.

Referring to Huizinga et al.’s (2015) activities favoring TDC development, these tasks can be
considered as exemplary that student-teachers are encouraged to analyze and evaluate. From
the instructors’ point of view, the aim of these tasks is to support student-teachers’ thought
process towards deciding when and which technology to use to achieve a given educational
goal.
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Sessions 4-5: resource design by the student-teacher design teams. During the next two
sessions, student-teachers are split up into teams of 2-4 and are involved in the design of a
digital resource consisting of a task mobilizing a digital tool that at least some of the team
members would enact in their classrooms, the rationale explaining the design choices and
arguing the contribution of the digital tool to the achievement of their learning goal, and the
classroom enactment planification. The design of the resource is monitored by the instructors-
facilitators who support the design process by various actions. First, they provide a pro-active
support to the STDTs in the form of a resource template (Figure 1) that aims at structuring the
resource design and a priori analysis. The resource template provides the STDTs with guidance
towards defining mathematical topic, learning goal and school level that the resource would
address, towards choosing a digital tool, designing the technology-enriched task, performing
its a priori analysis, and suggesting a planned classroom enactment.

[Title of the technology-supported activity]

1. Identity card

Professional question
Mathematical topic
School level
Teaching goal
Technology
Author(s)

2. Textof the activity (as it will be proposed to students)

3. A priorianalysis of the activity

e What is the student’s task (what should they do)?

e What do students need to know (in mathematics and with respect to the use of technology)
in order to be able to engage in the activity?

e What strategies the students can use? What is the expected strategy, if there is one?

e What difficulties the students can encounter while solving the activity? What hints and
feedback can be foreseen to face them?

e What is the role of the technology in the activity? What is its contribution?

e What can be put forward during the synthesis (institutionalization), in terms of
mathematical and instrumental knowledge?

Figure 1. Excerpt of the resource template

To facilitate the resource design, the instructors introduce theoretical considerations when
appropriate, in particular:

o Old/new dialectics (Assude & Gélis, 2002) according to which, when integrating a
digital tool, teachers need to pay attention to students’ mathematical or instrumental
prerequisites so that no new mathematical knowledge is introduced with a new tool. In
other words, a new tool should be introduced by revisiting a known mathematical
knowledge that would help control the tool use, and a new mathematical knowledge
should be introduced with a tool the students master well enough.

o SAMR framework (substitution-augmentation-modification-redefinition) (Puentedura,
2006), offering a conceptual tool to reflect on the added-value of the digital tool.
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o [nstrumental orchestration (Trouche, 2004) to think about the ways of accompanying
students’ exploitation of the digital tool (Figure 2).

4. Implementation of the activity (pedagogical scenario)

In the table below, describe the main phases of the planned enactment of the activity during a mathematics session. Please feel free to modify the table if

you wish.
Phase / Goal Modality/instrumental | Role of the Role of the teacher Material support
duration orchestration student(s)

Figure 2. Excerpt of the resource template asking for the description of the classroom
enactment of the resource mobilizing the concept of instrumental orchestration

Finally, the instructors provide the STDTs with feedback on their resource design (re-active
support, Figure 3).

Le probléme de la maison couchée

1. Carte d'identité

Problématique professionnelic

Théme mathématique Géométrie
Niveau scolaire =

Objectif d’apprentissage
Outil numeérique

Tracer une figure robuste
Geogebra

Auteur(s)

Alice CANTIANI

Louis MARTELET
Yann SARTOR

2. Enoncé de l'activité

Le polygone ABCD est un carré. Les triangles AEB et BFC sont deux triangles équilatéraux. Donc, dans
cette figure.

1. Construire, partie exercice, la figure en choisissant une mesure pour la longueur AB.
2. Que pouvez-vous dire des points D,EF ?

Figure 3. Instructors’ feedback on the resource design of one STDT asking for refining the
learning goal (top) and for justifying the design choices (bottom)

Session 6: peer evaluation and redesign. During this session, the STDTs offer critical feedback
to their peers and redesign their resource taking into account peers’ critics and suggestions.
Referring to Huizinga et al.’s (2015) activities to favor the PDC development, the STDTs are
engaged in evaluating designed materials. The evaluation is organized in two phases: first each
STDT evaluates the resource of another STDT, and second, the pairs of STDTs exchange about
their mutual evaluations, explain their appreciations and offer suggestions for the resource
improvement. This phase is followed by a redesign of the resources by the STDTs (Figure 4).
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The instructors-facilitators support the evaluation of the resources by providing the STDTs
with an evaluation grid (pro-active support) comprising:

e four evaluation criteria: description of the instrumented task, relevance of the digital
tool mobilized in the task, students’ activity, and teacher’s role,

e overall appreciation of the resource,
e suggested improvements.

The instructors also facilitate the STDTs exchanges and discussions (inter-active support).

Le probléme de la maison couchée

1. Carte d'identité

Les modifications faisant suite & Iévaluation du projet entre groupe sont notés en vert.

Théme mathé Géométrie

Niveau scolaire be

Objectif o Faire émerger [a notion de robustesse d'une figure dynamique

Objectif indirect Découvrir la notion de conjecture, de démonstration qui n'est pas
au programme de sixiéme

Outil numérique Geogebra

Auteurs) ‘Alice CANTIANI

Louis MARTELET
Yann SARTOR
Problématique L'activité permet de tester la gestion de classe en situation de
professionnelle : travail é éogé Réfléchir a la
d'un énoncé mathématique (I'activité reléve de plusieurs.
concept : notion de robustesse, de

- ) Vérifier expé les
conjectures des éléves. Enfin, la construction papier différe de
géogébra, ce qui améne a réfiéchir aux propriétés des figures
eta leur utilisation dans le cadre de la construction.

Phase 6 : Mise en commun et correction des étapes 3 suivre pour construire la figure

Le prof interroge les éléves sur les étapes & suivre pour tracer la figure, reprendre les éiéves si le
vocabulaire n’est pas adéquat, car il faut utiliser un vocabulaire précis. Le professeur construit étape
par étape Ia figure sur géogébra, son écran est projeté au tableau. Les éléves doivent construire en
méme temps avec le prof si cela n'a pas été réussi

Phase 7 : Réponse 3 la question et observation de Ia robustesse de Ia figure

Le professeur demande la réponse 3 la question, “comment semblent les points D,EF ? “ Ensuite le
professeur montre |2 robustesse de la figure en agrandissant les cotés ou en tournant la figure.

Phase 8 : Institutionnalisation

Q\M(LA\L’)\
DEFuZJZfE* DE,F ollqns

L

Justification de Putilisation de géogébra

Le professeur explique 3 'oral
- ce qu'est une figure robuste

et introduit

- ce qu'est une conjecture

: - le role qu'a jouer Géogébra dans la résolution de I'exercice, pour appuyer une idée, une hypothése.
e Lelogiciel permet seulement de conforter intuition des éléves, voir simplement d’obtenir un !
Ce logiciel permet de supprimer les erreurs liées aux imprécisions lors des tracés et de voir que les

tracé précis ( attention lors de institutionnalisation insister sur le fait que geogebra permet
points restent alignés, quelque soit Ia longueur prise au départ.

seulement de conjecturer, pas de prouver)

En sixiéme, la précision en géométrie leur fait souvent défaut sur papier - ce quest une démonstration et que plus tard dans Fannée , on saura prouver 3 Iaide des angles

que ces points sont bien alignés, mais tout ceci sous forme d'exercice
- mesurer une longueur

- tracer un segment de maniére précise
- équerre mal placée pour tracer un angle droit
- reporter longueur au compas :
Suite envisagée, ouverture, prolongement:
Deux prolongements possibles : une autre activité géogébra mettant également en oeuvre la
robustesse d'une figure. De plus, Ia prémisse conjecture/ démonstration est un élément
incontournable des mathématiques du collége : Ia démonstration du probléme d'alignement sera vue
lors du chapitre sur les angles au cours de I'année.

© Voir si I'alignement est vrai pour n'importe quelle longueur du c5té du carré : robustesse
d'une figure

Figure 4. Excerpts from a resource designed by a STDT in which text in green highlights
modifications made based on the peers’ feedback

Session 7: resource presentations and reports from classroom enactment. The last session of
the module is devoted to resource presentations and the report from the experiences of their
classroom enactment by members of the STDTs. The STDTs are asked to highlight strengths
and weaknesses of their designs, to account for the classroom enactment by emphasizing the
students’ learning and the role of the digital tool and to suggest improvements of their resource.
The STDTs are thus engaged in sharing experiences from the design and classroom enactment
(Huizinga et al., 2015).

The instructors facilitate the report by providing the STDTs with three kinds of support:
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e Pro-active support by suggesting a presentation template. The template invites the
STDTs to synthesize their presentation by focusing on the strongest aspect of their
resource, on one aspect deserving improvement and on reflecting about the impact of
the digital tool on students’ mathematical activity and learning.

e [nter-active support to facilitate whole class discussions.

® Re-active support by attempting to connect the STDTs reports with the theoretical
considerations introduced during the module and by highlighting issues that emerge
from the reports.

Concluding remarks

In this paper, we described a module on digital technology that has been offered for several
years in the framework of the mathematics teacher education within a Master for the teaching
of mathematics at the university in Lyon. The module aimed at the development of the teachers’
design capacity. Drawing on the concept of teacher design teams, reported as an efficient
modality of teacher professional development (Handelzalts, 2009; Becuwe et al., 2016), a part
of the module was organized around the design of digital resources by groups of students-
teachers, called student-teachers design teams (STDTs). Our analysis highlights the role of the
instructors who acted as facilitators

e Dbefore the resource design, by selecting exemplary technology-based tasks creating the
opportunity for the student-teachers to reflect on when and which digital technology
seems appropriate with respect to the given learning goal;

e during the resource design by introducing theoretical considerations facilitating the
design process and providing formative feedback;

e after the resource design by facilitating reporting from the classroom enactment of the
resources and highlighting lessons learnt.

From the instructors’ point of view, the module presented an opportunity for many student-
teachers to gain their first experience with the students’ use of digital technology. Indeed, they
confessed that without having been encouraged to design and enact their resource in their
classroom, they would not have dared doing it, not being confident enough in their digital
competencies. The module also presented an opportunity for the student-teachers to learn from
and with their peers through collaborative resource design.

However, student-teachers faced several challenges. The first challenge is to consider using
technology to enhance students’ mathematical activity. Indeed, quite often, the goal of the
designed tasks is to introduce the students to a new digital tool. The instructors’ re-active
support turns to be critical attempting to reorient the STDTs’ educational goals. Another
challenge many student-teachers faced was classroom management of the technology-based
tasks. Often, they underestimated students’ technical difficulties, and more generally, the
students’ heterogeneity with respect to the digital tool mastery. Integrating the old/new
dialectics in the resource design is far from being obvious for many STDTs. Finally, perceiving
the digital tool contribution appeared also challenging. During the report from the enactment,
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the STDTs often reported only a positive impact on students’ motivation and failed in analyzing
its contribution to students’ mathematical activity and learning.

From the research point of view, we feel that the analysis of the choices of the module design
enabled us to highlight critical components of the teacher design capacity (TDC). First,
knowing when the use of digital technology is appropriate seems an important component of
the TDC leading to a well-reasoned use of technology. Second, knowing how to articulate
mathematical and technical knowledge, drawing on the old/new dialectics (Assude & Gélis,
2002) is another important component required for an integration of digital technology, beyond
its 1isolated, occasional use. Finally, being able to set up appropriate instrumental
orchestrations fostering students’ instrumental geneses (Trouche, 2004) is yet another
important TDC component leading to digital technology enhanced learning of mathematics.
These components are specific to the design of digital resources, unlike those reported in
previous research studies (e.g., Brown, 2009; Pepin et al., 2017) that can apply to non-digital
resources as well. We therefore feel that our study represents a contribution towards the
conceptualization of mathematics teachers digital resource design capacity (DRDC).
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This paper records the Plenary Panel discussion held at the third conference on Mathematics
Education in the Digital Era, which was held from 7-9" September 2022 in Nitra, Slovakia. The panel
discussion, which was chaired by Eirini Geraniou, invited the three panelists (Ivan Kalas, Iveta
Kohanova and Piers Saunders) to give perspectives on Computational Thinking (CT) in relation to
mathematics education from three different country perspectives (Slovakia, Norway and England).
The discussion addresses important differences between computational thinking and mathematical
thinking, the challenges associated with the design and assessment of curricular, and the implications
for teachers and their ongoing professional learning. It concludes with a reaction by Alison Clark-
Wilson, who highlights the importance of epistemologically grounded design principles for new
curricular, the related technologies, tasks and assessments.

Keywords: Computational thinking, computer science, computing education, algorithmics,
informatics.

Introduction

Over the last 10 years or so, Computational Thinking (CT) has become increasingly evident in both
mathematics education research and mathematics teaching practice. This is due to new curricula that
emphasise CT as an important 21st century skill for learners. Also, the literature is characterising CT
as an essential competency for a digital society (Inprasitha, 2021) or the *“new digital age
competency” (e.g., Grover & Pea, 2013). However, education in relation to CT is implemented
differently across Europe. In some countries, it is a compulsory subject, for example, informatics,
computing, or computer science. In other countries it has become part of the mathematics curriculum,
or integrated within a combined set of curriculum subjects within a broader STEM or STEAM
curriculum. However, although there is growing literature on CT in mathematics education or other
disciplines, there exist many different perceptions and expectations of the potential of CT for
mathematics education, within and beyond mathematics education researchers, teacher educators and
teachers.

This paper reports the panel discussion in which Ivan (Slovakia), Iveta (Norway) and Piers (UK) offer
their views on CT within the context of mathematics education. They drawi on examples from their
respective countries. The panel, which was chaired by Eirini, was framed by three questions, each of
which was directed to one panelist first, followed by a short response from the remaining two
panelists. This was then followed by Alison’s reaction.

Proceedings of the 13th ERME Topic Conference MEDA3 held on 7-9 September 2022 in Nitra, Slovakia ISBN 978-80-558-1912-9 21



Panel Question 1: Without attempting to define either computational thinking
(CT) and/or mathematical thinking (MT), what differences, if any, do you see
between them? If yes, can you characterise one such difference?

Response 1 by Ivan

Let me start by pointing out that mathematics education has always been, and continues to be a great
inspiration for me in my work to develop educational content for informatics. This is not only through
its long tradition of looking for appropriate content and pedagogy, but also by its complexity and
sophisticated progression, from year to year, and from school phase to school phase. The field of
Informatics education has a lot to learn from mathematics education. In informatics education, we are
still busy clarifying content and only just beginning to explore the cognitive demands and
appropriateness of particular concepts; learn to distinguish digital literacy from computer literacy;
and so on. What has become established, is an understanding of the relationships between
computational thinking and programming.

If we carefully consider mathematical thinking, computational thinking and programming, we very
soon find a common concept in the background, namely the algorithm. This is present in informatics
itself, and equally when we examine the role that CT plays in the development of MT. Nevertheless,
| believe that there are significant differences in the two educational perspectives on both algorithms
and when solving problems.

As | do not dare, nor attempt, to define either CT or MT, | will try to present my perceptions of the
big goals for informatics and programming as we design and implement educational content in the
school context. | do this through an example from the lower primary curriculum for pupils in Years
3 and 4 (8-10 years old).

In Slovakia, informatics has been a separate compulsory subject for lower secondary students since
2004, and for primary age students since 2012, which is 10 years now. The curriculum begins in Year
3 and continues in every subsequent year (with one exception) until the end of K12 education.
However, although the formal curriculum begins in Year 3, many schools introduce informatics even
earlier. In our design research group, we have developed non-mandatory informatics educational
content for kindergarten (5-year-olds). An example of one of our pre-programming environments
Emil (named after the featured character that provides the familiar narrative for the children) is shown
in Figure 1.
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Fig. 1: Introductory activities for kindergarten children, designed for a group of 4 to 6 pupils,
to work collaboratively in front of the IWB.

In this example, a group of 4 to 6 children would work collaboratively within this environment in
front of the IWB. Presented with a sequence of situations, they work to solve a problem on a map
with coloured paths, guiding the character “Emil” in his small truck by entering the colour of the path
he should follow. In this example, the children work to instruct the path Emil should take to collect
the lost animals (a little goose, puppy and calf) and return them to their families.

At the same time, a symbolic record of the steps is created on the top line of the IWB screen. In our
task designs, even at this age, we always follow a gradual cognitive transition from directly
controlling an actor and creating a record of our steps, to planning the steps while using the same
symbols to express these steps. We call this process step planning, and its representation in a
particular language programming. Intentionally and specifically, I emphasise the notions of (1)
creating a record of steps, (2) planning steps to solve a problem, and (3) a language in which we
represent both the record and the plan (the programme).

Indeed, programming plays a key role in both our educational content development and our related
research on programming concepts, which concern the cognitive demands for pupils at different years
and stages. We view programming very broadly, by considering it in a sense as the language of
informatics, as a means and a tool of computational thinking, in all its components. To be more
specific, these components are usually recognised to be abstraction, algorithmic thinking,
decomposition, generalisation, and evaluation. Consequently programming is broadly understood not
as a goal but as a tool — in this way it has the potential to play an important role in supporting pupils
to develop each of these components, whilst providing them with opportunities to explore, model,
express, and collaborate etc.

Blackwell says that pupils start programming when they stop directly manipulating observable things
but specify behaviour to occur at some future time (Blackwell, 2002). And why is this so challenging?
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Because, instead of reaping the benefits of direct manipulation, we introduce notational elements to
represent behaviour, abstraction, and change. In doing so, we run into various constraints. These
relate to the language used, the representation of the program, and in the behaviour of the character
we are controlling, in the context of the actual problem, let me illustrate this with a second example,
that introduces Emil and Ema, the virtual and floor programmable robots we use in Slovak and Czech
primary schools.

Fig. 2: An example that develops the notion of the programme as a set of instructions to be enacted in
the future.

In Figure 2, we see: Emil's scene (or world); a group of commands and tools (right) for controlling his
movements and applying his tools to the scene cells; and a blue panel (top) for building the program. When
the pupils have finished planning, they wake Emil up to run their program.

As the content is so extensive, | am not able to give a complete picture. Instead, | highlight some of our specific
design principles and some important milestones when moving from direct control to programming. First, in
our pedagogy, primary pupils never work ‘one-to-one’ with computers, but always in pairs. When they work
with robotics (i.e. with Ema), they are in even larger groups. When working with Emil, two pupils have one
shared tablet or laptop and two workbooks in front of them. Together they discuss and solve sequences of
problems that are ordered by increasing cognitive demands. Second, what is unique about our approach — at
least when compared to many schools in our countries — is that there is no space for any traditional teaching
in our classes, by which | mean ‘lecturing’. The teacher never reveals a new concept or procedure. The
sequence of tasks is designed so that the pupils explore and discover everything for themselves, through
collaboration and constant discussions, which are guided by the teacher with proper questions. Pairs of pupils
share, explain, compare, and justify their strategies and solutions to each other. In that way they construct deep
and durable understanding. Finally, the third design principle I want to mention is the fact that our
programming environments of Emil for Years 3 and 4 do not give any feedback. It is the pupils themselves
who have to consider and assess their progress — first in their pairs, but also many times a lesson as a whole

group.
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Concerning the progression in the content, let me jump straight to an activity involving Emil in the middle of
the progression for Year 3. By this stage, pupils are already familiar with the fact that when a problem begins
with Emil asleep, this signals that they have to program the solution first, and only then wake Emil as they are
ready to run (or execute) their program.

In earlier activities, pupils have already encountered a significant restriction in the form of the length of the
blue panel, i.e. the number of steps of their solution is restricted by the number of positions on the blue panel.
In Figure 3, for example, we see a pupils’ solution to one of the problems. It is this restriction that makes some
tasks unsolvable (while others have multiple solutions), others are open-ended or even “unclear’ in the sense
that pupils are invited to formulate their own additional rules. These constraints are all the subject of extensive
whole class discussion.

QO00AAa @

Fig. 3: Different panel designs to show the program provide opportunities to think about its structure
and properties.

The blue panel can have a maximum of 12 positions, but for most tasks this number is often lower.
For example, in the case of the task relating to Figure 3 (a), up to seven steps can be planned.
However, in subsequent problems in the progression, pupils discover new panel behaviour: If they
enter the same command multiple times in a row, the icons in the panel automatically stack up, see
the solution in panel (b). Even though this program consists of 13 commands, it takes only four
positions on the panel. We increasingly transfer pupils' attention to the panel. They consider and
discuss various properties of their program, such as its structure. Thus, they discover that two
consecutive commands can be connected into a double command. If they create identical double
commands in the program in a row, these also automatically stack up, see panels with programs (c)
and (d). Three cards can be merged into one as well. So, the fifth program (e) consists of up to 24
commands, but we have created it in panel (e) with only 11 positions, taking just nine of them. Thus,
we promote pupils' understanding of the elements of repetition in the program.

In Emil for year 3 we control the character in a so-called absolute frame, that is, with the arrows up,
right, down, and left. In Emil for Year 4, we move further in the sense that we control the character
in a so-called relative frame, that is, with the commands step forward and turn right 90° or left 90°.
Within the activity sequences we gradually add more and more language commands, see Figure 4, so
that pupils can always focus on discovering new possibilities and their properties. We start with a
simple pair of commands: step forward and stamp the green star (and later add a step forward with
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drawing a line). Gradually, pupils will discover how they can choose the colour of the pencil and
stamp, and the thickness of the crayon or the size of the stamp. They will also begin filling the
enclosed area with a selected colour that they have previously outlined. They will also discover how
to use the pin command to draw diagonal lines in a regular square grid, where Emil moves only on
horizontal and vertical grid lines.

2 &%
AR ED 2valr =1 B3

Fig. 4: In Emil 4, we pupils start with only two simple commands

In addition to a vocabulary of nine basic commands, Emil 4 also provides three compound commands
P1, P2 and P3. First, these are defined in the tasks by the authors. Pupils explore them and use them
together with other basic commands as shortcuts for groups of commands that logically belong
together (in the sense of new blocks in Scratch or user-defined functions in Python). Later on, pupils
start to modify and correct provided definitions. Only then do they begin to create and use their own
compound commands. We consider this as an important development in the level of pupils’
abstraction in their computational thinking.

Robotics* S2+S3

Both robots will dance the same dance. Have blue Ema

follow the path coded D2 E2 E3 D3 D2 D1 C1.

Program for Blue Ema: A B = D E

What code will red Ema pass?

I

I

]
_____ e
Draw both paths and compare. :

Fig. 5: In Robotics with Ema we focus on multiple representations of different things. In this case we
are using a special and yet intuitively simple representation of the path

Before | try to summarise why and how these short vignettes illustrate what | consider to be special
about computational thinking when viewed from an informatics perspective, | want to mention
another part of our educational content in primary informatics. These activities are implemented by
schools within five lessons in each primary year 1 to 4. This is a specific comprehensive progression
of activities in which pupils work on the floor in groups of three to four with special mats and Blue-
Bots, who we have named as a female robot, Ema. One of the main goals of this progression of
activities is to introduce multiple representations. These include how we identify the different squares
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on the mat, how we represent Ema’s position and direction, how we represent the program; how we
control Ema, how we represent the corresponding path on the mat, what shape that path is, etc. In
Figure 5, we see an activity from Year 4 where we work with a mat based on a 5 x 5 array. We label
its squares in a familiar way, e.g., B2, C2, D4... We name Ema's position and direction, e.g., by
saying, Ema is standing on B2 facing away from A2. When Ema executes her program from the start
and with the initial direction, she walks a certain path on the table mat: the program corresponds to
the path on the mat and the path’s shape. And can also be expressed by the sequence of the labels of
the squares she walked on. In the activity in Figure 5, we see that blue Ema has to take a path with
the ‘code’ D2 E2 E3... What will be the code of the red Ema’s path if both robots execute the same
program?

So in conclusion, where do | see differences between MT and CT? This is a hard question, which |
have tried to answer in an indirect way by showing what we do within the context of primary school
informatics. We solve contextual problems by controlling a character or several characters. We
emphasise how they can be controlled and how we can represent that process. We explore how the
characters behave, how they react to different events and situations, what their options are and what
their constraints are. These interest us not only in the characters’ behaviour, but also at the level of
data, in several different senses. In accordance with Papert, we try to get pupils to think about the
program itself, to consider it as an expression of their idea, to explore different properties of the
program, such as its length etc. Pupils compare different representations of a procedure for solving a
problem, exploring the language used to represent it. They compare different solutions and explore
whether they would be able to express the solution if certain constraints were added, if they had other
means and structures to engage etc. We want pupils to encounter different powerful ideas of
computing in this way. In computing. And in mathematics as well.

Response 2 by lveta

I will provide some examples from a survey we conducted in the spring of 2022 of around 350
Norwegian mathematics teachers (Turgut et al., 2022). The survey was framed by the Pedagogical
Technology Knowledge framework (Thomas & Palmer, 2014), with a focus on the implementation
and use of tools for computational thinking and programming (CTaP tools) in mathematics teaching.

One of the open questions was related to the teachers’ perceptions of the effectiveness of these tools
for the purpose of supporting their students to have an improved understanding of mathematics. The
analysis of the responses revealed teachers’ views that imply some differences between
computational and mathematical thinking.

Teacher 1:  CTaP tools provide immediate feedback. You get the results quickly, no need to
wait for the teacher and you see whether your solution is correct or not correct. So
you are naturally motivated to look for an error which is not happening in
mathematics. Thus, students learn from their own mistakes.

Teacher 2:  1think the students get a feeling when using these tools that mathematics should be
used to arrive at a solution or to create something. Therefore, they must understand
that mathematics is a tool to get the desired result. [and] In a traditional problem in
mathematics textbook, | don't think they get the same understanding ... that we use
mathematics in order to create something.
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Teacher 3:  It’saborderland between theoretical and practical mathematics because it embraces
both worlds in a good way and this can lead to flourishing in other students than
those who did well in classical mathematics.

Teacher 1’s response indicates that evaluation and debugging are one of the differences between CT
and MT. The teacher’s example is closely related to programming. Also, the teacher refers to trial
and error which is a common heuristic in programming but for many students seen as somewhat
invalid in traditional mathematics. In addition, students might be motivated by having less fear of
making errors.

The CTaP tools, according to Teacher 2, help students see the usefulness of mathematics. This can
be connected to problem solving or entrepreneurial activities. In mathematical thinking it is harder
for students to see how their answers and solved problems can be useful for real life purposes.

Teacher 3 sees opportunities for underachieving or underperforming students, as well as for students
with a lack of motivation in mathematics. The practical nature of programming found in, for example,
debugging and the creation of algorithms, could appeal to many of the students who previously lost
interest in mathematics.

In winter 2021, we asked Norwegian in-service mathematics teachers participating in a professional
development course, to draw mind maps and compare components of mathematical and
computational thinking. The analysis of their mind maps revealed that generalisation, abstraction,
analysis and problem solving were the components that were typical for both MT and CT.
Components which appeared only in the MT part were reasoning and proof and communication. On
the other hand, components present only in the CT part were expressed by verbs related (mainly) to
programming, like debug, structure, document, sort, declare, and decompose. But also, to google, to
try and to cry. This indicates that Norwegian mathematics teachers perceive/interpret CT as
programming and/or coding, which is one of the findings of Nordby and her colleagues (2022) as
well. The verbs “trying” and “crying” might express teachers’ uncertainty and confusion, which
signal a need for professional development courses related to CT. We have noticed a similar issue in
the survey answers (Turgut et al., 2022), which resonate with findings from the studies by Kveseth
(2022) and Grimsgaard (2022).

Response 3 by Piers

With respect to differences and similarities, my thinking is very much inspired by Cuoco’s (1996)
“Mathematical habits of mind” which | wrote about and discussed in some depth in my recently
completed doctoral thesis (Saunders, 2022). I really feel those habits of mind have strong similarities
with how computational thinking has been defined within the literature. For example, if you're not
familiar with these, Cuoco describes a series of statements such as “students should be pattern
sniffers” or “students should be tinkerers”. I think we can see very, very strong links with aspects that
Ivan talked about within his presentation for the types of activities that we want students to be doing
as they engage with computational thinking, whilst also being the types of activities that we want
students to do as they develop mathematical thinking.

Proceedings of the 13th ERME Topic Conference MEDA3 held on 7-9 September 2022 in Nitra, Slovakia ISBN 978-80-558-1912-9 28



Panel Question 2: Do the new curricula look different within the primary,
secondary and tertiary school phases? For example, are the digital tools used in
each phase the same or different? Are there any particular implications for
assessing learners’ outcomes?

Response 1 by lveta

In Norway we have a new national curriculum since August 2020 in which CT and programming are
introduced in the following subjects: mathematics, science, arts and crafts, and in music.
Computational thinking is in Norwegian translated as “algoritmisk tenkning” (algorithmic thinking)
and thus it inevitably leads to misunderstandings and misconceptions, as the term algorithm has
associations with standard algorithms (Gjevik & Torkildsen, 2019; Nordby et al., 2022).

CT is mentioned in the mathematics curriculum for Grades 1-13! only once, under core element
Exploration and problem solving.

“CT is important in the process of developing strategies and approaches to solve problems and
means breaking a problem down into sub problems that can be solved systematically. This also
includes evaluating whether the subproblems can be solved best with or without digital tools.”

(Directorate of Education, 2019a, p.2)

On the other hand, the curriculum uses the term programming often. The general idea is that students
learn different terms and concepts related to programming in mathematics, which they they apply
within mathematics, science, arts and crafts and in music (Sevik & Guttormsgaard, 2019). For
example, one of the competency goals in the music curriculum for Grade 10 says: “Create and
program musical sequences by experimenting with sounds from different sources” (Directorate of
Education, 2019c, p. 8).

Coming back to mathematics, there is one competency goal (of the 10-15) related to programming in
the mathematics curriculum for each grade (starting from year 2). Some of them are very general,
neither specifying the programming language and (digital) tools to use, nor the mathematical topic.
For example, a competency goal within Grade 5 states, “create and programme algorithms with the
use of variables, conditions and loops™” (Directorate of Education, 2019a, p. 9). In Grades 3, 6, 7 and
9 only the mathematical topics are specified:

create and follow rules and step-by-step instructions in play and games related to the
coordinate system

use variables, loops, conditions and functions in programming to explore geometric figures
and patterns,

use programming to explore data in tables and datasets,

Yin Norway, children start Grade 1 the year they turn six years old.
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simulate outcomes in random events and calculate the probability that something will occur
by using programming.

(Directorate of Education, 2019a)

Similar to the curriculum, some textbooks do not specify the programming language. However, from
the text (Figure 6), although not explicitly stated, it can be inferred that the languages used are Scratch
or Python. From the aforementioned teachers’ survey responses (Turgut et al., 2022) we also know
that CTaP tools like MakeCode with the Micro:bit are often used in Norwegian schools, as well as
Scratch, Python, GeoGebra or spreadsheets in Grades 6-10. In Grades 2-5 we found that Bee-bot,
Scratch, Robot Emil or various online environments are used regularly.
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Figure 6. Programming in a year 8 mathematics textbook (Tofteberg et al., 2020, p. 136-137)

In upper secondary school, which in Norway it means Grades 11-13, mathematics is compulsory only
in year 11 and students can choose between practical (P) and theoretical (T) mathematics. Only
students who choose theoretical mathematics will further develop their competence related to CT and
programming, as the curriculum states:

“formulate and solve problems through the use of computational thinking, different problem
solving strategies, different digital tools and programming.”

(Directorate of Education, 2019b, p. 5)

Any application related to a mathematical topic is specified only in Grade 13, ““develop algorithms
to calculate integrals numerically, and use programming to execute the algorithms™ (Directorate of
Education, 2020, p. 6).

As we can see from the above, in mathematics students learn programming as well as the application
and use of programming. CT seems to be under-communicated in the curriculum and there is also
some confusion regarding what it is, and its place in mathematics.

Moving to the implications for assessing learners’ outcomes with respect to CT, it is important to
mention that pupils in Norway are not given grades or marks during the first seven school years.
Instead, at the end of each term, students are assessed summatively (against competency standards),
together with a guidance on how s/he can increase his/her competence. From Grade 8 onwards,
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students are given grades and must also have a written half-year assessment with a grade. Assessment
practices have traditionally been weak, with teachers focusing on effort rather than the quality of
students’ competence and curriculum mastery (Hopfenbeck et al., 2012). Since 2007, national
mapping tests in reading and numeracy have been implemented to help primary school teachers
identify the weakest 20% of students (Nortvedt et al., 2016). In addition, during Grades 5, 8 and 9 the
schools are given knowledge about their pupils’ basic skills in computing/calculating from national
testing. To date, none of the tasks in these national tests relate to CT or programming, which seems
fair since these ideas have only been part of the national curriculum since autumn 2020, and teachers
need some time to adjust their teaching accordingly. However, there is little recent research on
Norwegian primary school mathematics teachers’ classroom assessment practices (Nortvedt et al.,
2016). I hypothesise the same would be true for secondary school teachers. Again, the new curriculum
has only been effective for about two years (at the time of writing) so the research gap becomes even
bigger in relation to the assessment practices within CT and/or programming. It will also be
interesting to study how mathematics teachers’ understanding of CT affects their assessment 