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PDE FOR THE JOINT LAW OF THE PAIR OF A CONTINUOUS
DIFFUSION AND ITS RUNNING MAXIMUM

LAURE COUTIN, MONIQUE PONTIER,* IMT

Abstract

Let X be a d-dimensional diffusion and M the running supremum of its first
component. In this paper, we show that for any ¢ > 0, the density (with
respect to the d + 1-dimensional Lebesgue measure) of the pair (M, X¢) is a
weak solution of a Fokker-Planck partial differential equation on the closed set
{(m,z) € R*™™ m > '}, using an integral expansion of this density.
Keywords: Diffusion process, partial differential equation, running supremum
process, joint law.
2020 Mathematics Subject Classification: Primary 60J60

Secondary 60G70,60H10

1. Introduction

The goal of this paper is to study the law of the pair (M, X;) where X is a d-
dimensional diffusion and M is the running maximum of the first component. In a
previous work [9], using Malliavin calculus and specifically Nualart’s seminal book [21],
we have proved that, for any ¢t > 0 the law of V; := (M;, X;) is absolutely continuous
with respect to the Lebesgue measure with density py (.;t), and that the support of
this density is included in the set {(m,z) € R4t m > z'}.

In the present work, we prove that the density py is a weak solution of a partial
differential equation (PDE). Furthermore, we exhibit a boundary condition on the set

{(m,z) € R¥*! m = z'}. This work extends the results given in [8] and in Ngom’s
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thesis [20] obtained in the case where X is a Lévy process and where it is proved that
the density is a weak solution to an integro-differential equation.
In the literature, there exist many studies on the law of V;. When the process X is
a Brownian motion, one can refer to [15, 17] where an explicit expression of py is
given. When X is a one-dimensional linear diffusion, [11] provides an expression of
py using the scale function, the speed measure and the density of the law of some
hitting times. See also [1, 4] for the particular case of Ornstein-Uhlenbeck process.
For some applications to the local score of a biologic sequence, the case of reflected
Brownian motion is presented in [19]. The law of the maximum M, is studied in [2] for
general Gaussian processes. The case of a Lévy process X is deeply investigated in the
literature, see for instance [12, 20]. Moreover Section 2.4 in Ngom’s thesis [20] provides
the existence and the regularity of the joint law density of the process (M, X;) for a
Lévy process X. In the case where X is a martingale (see e.g. [22, 13] or [10, 16]),
the law of the running maximum is provided. Such studies concerning this running
maximum are useful in financial area which involve hitting times, for instance for the
pricing of barrier option. It is known that the law of hitting times is closely related to
the one of the running maximum, see [6, 7, 23]. As an application of our work, think
of a firm the activity of which is characterized by a set of processes (X!, --- , X9). But
one of them, e.g., X' could be linked to an alarm, namely: when there exists s < ¢
such that X exceeds a threshold a, that is equivalent to M; = supy<,<; Xi > a,
some action is important to operate. So, the firm needs to know the law of such pair
(M;, X;); more specifically the law of the stopping time 7, = inf{u, X} > a}, is linked
to the law of M as following: {7, <t} = {M; > a}. To know the probability of such
an alert, the law of the pair (M, X;) will be useful.

We provide an infinite expansion of the density of the law of the pair (M, X;) which
can leads to numerical approximation.

Let (Q, F,P) be a probability space endowed with a d-dimensional Brownian. Let

X be the diffusion process with values in R? solution of
dX; = B(Xy)dt + A(X)dWy, t>0 (1)

where X is a random variable independent of the Brownian motion W, with law pug,

and A (resp. B) is a map from R? to the set of (d x d) matrices (resp. to R%). Let
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us denote Cj(R? R") the set of functions on R?, which are i times differentiable,
bounded, with bounded derivatives, taking their values in R™. Let F = (F;,¢t > 0)
be the completed right-continuous filtration defined by F; := o{Xo, Ws,s <t} VN
where N is the set of negligible sets of F.

Under classical assumptions on A and B (cf.(4) and (5) below), then according to
[9], for all ¢ > 0, the law of V; = (sup,<; X}, X;) has a density with respect to the
Lebesgue measure on R4,

The main results and notations are given in Section 2: in the d-dimensional case,
under a quite natural assumption (meaning Hypothesis 2.1 below) on the regularity
of py around the boundary of A, py is a weak solution of a Fokker-Planck PDE on
the subset of R4*! defined by {(m,z), m > x'}. When A = I, this assumption is
satisfied, see Theorem 2.4. The main results are proved in Section 3 under Hypothesis
2.1. Section 4 is devoted to prove that Hypothesis 2.1 is satisfied when A = I3. The
main tool is an infinite expansion of py given in Proposition 3.2. In Section 5, one-
dimensional case, a Lamperti transformation [18] allows to get the main result for any
A € CZ(R,R). Finally Appendix contains some technical tools useful for the proofs of

main results.

2. Main results and some notations

In this section, we give our main results, the proofs will be given later on, as it is

mentioned in the introduction.

2.1. Notations

Let A be the open set of RP+! given by A := {(m,z),m € R,z € R4 m > x',z =
(x,--- 29)}. From now on, we use Einstein’s convention. The infinitesimal generator
L of the diffusion X defined in (1) is the partial differential operator on the space
C?(R4,R) given by:

L =B, + %(AA’f)iia2 2)

Ti,Lj*®

where A? denotes the transposed matrix.

Its adjoint operator is £* f = %90} f — [B' — 8;(%7)]0; f — [0;B' — $07(%)] f where

271g
¥ := AA*. In what follows, the operators £ and £* are extended to the space C2(R?*! R),



4 AUTHOR NAMES
for ® € C?(R*1 R) as

L) (m, ) = B ()0, B, x) + 329 (1), , B(m, ),

i, Tyj

and L*(®)(m,z) =

ST @)D, ) — (B~ 0,50 (2)0, ®m, ) + [502, , 5 — 00, B)()2(m, ).

2 Ii,lj

It can be stressed that these operators are degenerated since no derivative with respect
to the variable m appears.
Let A'(x) be the d dimensional vector A'(z) = (A}(x),j =1,...,d) € R? corresponding
to the first column of A(z), similarly A;(x) denotes its jth line.
Recall that M denotes the running maximum of the first component of X, meaning
My = supy< <, {X}} and V is the R**!-valued process defined by (V; = (M, X;),Vt >
0). Finally, # € R?~! denotes the vector (z2, ..., z4).

In [9], under Assumptions (4) and (5) below, when the initial value is deterministic,
Xo = 20 € R? the density of V; exists and is denoted py(.;t,z0). If po is the
distribution of X, the density of the law of V; with respect to the Lebesgue measure

on R+ ig

pv (.5t po) == /Rd pv (5t w0)dpo (o) (3)

When there is no ambiguity, the dependency in pg is omitted.
Since M; > X}, the support of py-(.; , j10) is contained in A := {(m, r) € RHm > :cl} .

2.2. Mains results

The aim of this article is to show that the density py is a weak solution of a Fokker-

Planck PDE. The coefficients B and A are assumed to satisfy
B e C}(R? RY) and A € C}(RY, R*Y), (4)

and that there exists a constant ¢ > 0 such that the Euclidean norm of any vector v

satisfies

cllv]|? < v' A(z)A'(z)v, Yo,z € RY (5)
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Our first result will be established under the following hypothesis which is a quite
natural assumption on the regularity of py in the neighbourhood of the boundary
of A since the set of times where the process M increases is included in the set

{t, Mt = Xt} :

Hypothesis 2.1. The density of the law of Vi = (M, X+), denoted by py (3), satisfies
(i) the map (t,m,x) — sup,sqpv(m,m — u,;t) belongs to L*([0,T] x RY, dtdmdz).
(ii) for all t > 0 almost surely in (m, ) € RY, lim,_,0+ pv(m,m —u, T;t) exists and is

denoted by py (m,m, Z;t).

Theorem 2.2. Assume that A and B fulfil (4) and (5) and that (M, X) fulfils Hy-
pothesis 2.1.  Then, for all initial law po and F € C? (R4 R):

E[F(M;, X,)) = E[F(XE, Xo)] + / E[£ (F) (My, X.)] ds

|2pV(X;aXs§ S)

x(Xors) ds. (6)

1 t
+3 [ B |onreat Xt cr)
0

Actually px is the solution of the PDE 0;p = L*p, p(.;0) = po, where
Lrf=3¥90%f —[B' = 0;(£9)0:f — [0:B" — 505(3Y)]f. Let a;; := %Y,
a; := [B" — 0;(%Y)]9;, and ag := 9; B — $0%(%Y). Under Assumptions (4) and (5),
the operator £* satisfies all the assumptions of Theorem 3.5 [14] (see (3.2) (3.3) 3.4)

page 177). As a consequence of Theorem 3.5 line 14 px (z;s) > 0.

Remark 2.1. (i) When A is the identity matrix of R¢ (denoted by I;) and B €
CLH(RY,R?), Hypothesis 2.1 is fulfilled, see Theorem 2.4 below. When d = 1, using
a Lamperti transformation [18], one proves that Hypothesis 2.1 is always fulfilled, see
Section 5.

(ii) This result is similar to Theorem 2.1 in [8] where the process X is a Lévy
process. Proposition 4 in [8] gives a key of the last term in (6) with factor %. Firstly,
roughly speaking, the local behaviour of X} — X! conditionally to F, is the one of
AN X)WL — X1). So, as in the Brownian case, the running maximum M of X! is
increasing as soon as it is equal to X! and both M and X! are increasing; it is well

known that the Brownian process W1 is increasing with probability %, more specifically,

. w)-w! . wl-w!
we have P{llmt*}5+ Jﬁs— = *OO} = ]P’{hmtﬁﬁ i—s = +oo} = %

The starting point of the proof of Theorem 2.2 is the It6’s formula: let F' belong
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to CZ(R4T1 R). The process M is increasing, hence V = (M, X) is a semi-martingale.

Applying 1td’s formula to F(V) and taking expectation of both members,
t t
BLF()] = BIFOG)] + [ BLE)0ds+E| [ anF(ars] .
0 0

The novelty comes from the third term of the right member of the previous equation.

The following theorem proved in Section 3 achieves the proof of Theorem 2.2.

Theorem 2.3. Assume that A and B fulfil (4) and (5) and that (M, X) fulfils Hy-
pothesis 2.1. For all ¥ € C}(R¥L R), let Fy be the map
Fy:t—E {fot U (M, Xs)dMs} . Then Fy s absolutely continuous with respect to the

Lebesgue measure and its derivative is

Fult) =5 [ Wlmm, )41, 2) Py (m.m. ) dm.

Remark that, as it is expressed in Theorem 2.2, this derivative can be written
1oy,
3B Ot X0t |PRES )

Remark 2.2. The above proposition provides an explicit formulation of the derivative
of the function Fy. Note that the absolute continuity of Fy could be established as
a direct consequence of the existence of the density of the law of the hitting time
T, = inf{s: X! > a} when it exists, using the identity {7, <t} = {M; > a}.
Conversely, it could be proved that the absolute continuity of Fy yields the existence
of the density of the law of the hitting time 7,, using a sequence of C7(R,R) functions
(Fy) approximating the indicator function 1, ), namely this density satisfies f., (t) =

L frass pv(a,a,3;t)dz.

Theorem 2.4. Assume that A = I; and B satisfies Assumption (4) then, for allt > 0
the distribution of the pair (My, X:) fulfils Hypotheses 2.1. As a consequence, for all
F € C3(RITLR)

E[F(M;, X,)] = E [F(XE Xo)] + / E[£ (F) (My, X.)] ds

1 t
+ - | E|o.F(X!, X,
2/0 [ ( ) px(Xs; )

Proof. This theorem is a consequence of Theorem 2.2 and Proposition 4.1. O
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When d =1 a Lamperti transformation leads to the following corollary:

Corollary 1. Assume that d = 1, A and B satisfies (4) and (5), the density py
satisfies Hypothesis 2.1 so

BF(M;, X0) = BF(Xo, Xo) + [ E[£(F) (M, X,))ds

+1/OtE [A2(XS)8mF(XS,Xs)

5 pV(XSaXs;S):| ds.

px (Xsss)

Remark 2.3. If py is regular enough, and if the initial law of X satisfies po(dx) =
fo(x)dz, then Theorem 2.2 means that py is a weak solution in the set A of dyp = L*p
where £* f = 13907 f—[B'—0;(%Y)]0; f —0; B'—507;(£%)) f with boundary condition

1
B (m, )py (m,m, 73 5) = O, (5" py) (m, m, &3 5) + 5 0m (| AT [*py) (m, m, &3 5).(7)

This result is proved in Appendix A.3

This boundary condition also appears in Proposition 4 Equation (11) of [4] (Ornstein
Uhlenbeck process). Finally, a similar PDE is studied in Chapter 1.2 of [14] where the
authors have established the existence of a unique strong solution of this PDE, but in

case of a non degenerate elliptic operator.

3. Proof of Theorem 2.3

We start this section with a road map of the proof of Theorem 2.3. Firstly we
compute the right derivative of the application Fy : ¢ —> E[fot U (Mg, X)dM,], namely

limy, o+ Th,¢ with Tp; = +Ep [f:+h ¥(Vs)dMs). A first step is the decomposition

1 t+h 1
D= B[ (V) = 0V + ZERO(A) O~ ML ()

Since 1 € C}(R4T1 R) and the process M is increasing, the first term in (8), is

dominated by:

E

t+h
| @) - DL | < IVUlE | s IV = V(i - 1)
t t<s<t+h

Lemma 3.1 states that sup,<,<;p | Xs — Xellp = O(v/h) and Lemma 3.2 yields
| Miyn, — M|, = o(v/h) so that that this first term is an o(h).
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Concerning the second term in (8), My, — My can be written as supg<, <, (X}, , —
X! — My + X})4+. In order to use the independence of the increments of Brownian
motion we introduce a new process, independent of F;, which is an approximation of

Xl

1.
t+u_Xt .

X}, = AL(X)WE where WF .= WE., — W}, My = sup X} 9)
0<u<h
Lemma 3.4 (i) will set E [|[Myyp — My — (Mg — My + X}) 4[] = o(h), where (z); =
max(x,0). Thus

TE[(V) My, — M) = BV (Mo~ My + X1)4] 4 o(h) (10)

Remark that the law of My, given J; is the law of [|A'(Xy)|| supg< <, W, then using
the function H (13), a F; conditioning yields:

1 2 M, — X}

FEIOVD(Mesn — )] = B O (T o, (1)
h Vh Vh|AL(X)|

_ 2 1 M—X} . . "

Then Tj = 7 E (V)| A (XQH’H(m)} +o(h) as it appears in Proposition
3.1 (i).
In Proposition 3.2, under Hypothesis 2.1, we compute limy,_0 T

Finally in Section 3.4 we prove Fy, : t — E] fot ¥ (Vs)dM;] is an absolutely continuous
function with respect to Lebesgue measure, integral of its right derivative. Actually we
prove that F, is a continuous function belonging to the Sobolev space Wh(I), I =

(0,T). This achieves the proof of Theorem 2.3.

The main propositions to prove are

Proposition 3.1. Let B and A fulfil (4) and (5) and let ¥ € C}(R¥TLR).  Recall
. , d

that A* s the vector (A},j =1,...,d), and [|A*(2)[|> = 327_, (A}(2))?.

(i) for allT > 0, there exists a constant C > 0, (depending on ||Allco; | Blloos |VAcos

1]l 0o, IV¥]loo and T') such that vt € [0,T), h € [0,1],

tth - 1 M; — X}
E [/t U(Vs)dMs — 2V <\I’(Vt)||A (Xt)”H(\/EHAl(Xt)H)ﬂ < Ch|IV¥|loo, (12)
(i1) for allt >0, h €0,1],
1 th ) M; — X}
T [/t ‘I’(Vs)dMs] —2VAE [‘I’(W)HA (Xt)|7'l(m)} =0,

where, denoting by P the standard Gaussian cumulative distribution function,

H(O) = /:O \/%(y e dy = e\;% — 00(—0). (13)
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The following remark will be useful:

Remark 3.1. The definition of H in (13) implies that [;* H(u)du = 1/4 Moreover,

H'(0) = —Pc(—0) <0, in particular H is non increasing.

Proposition 3.2. Assume that A and B fulfil (4) and (5) and that (M, X) fulfils
Hypothesis 2.1, then for all ¥ € CL(RITLR), for all 0 < T and for all t > 0:

, 2Vh 1 M; - X} 1
(@1 sup LR E WA RO )| € (0. TLR),

Y e A=
0l S v crorn )|
1

=5 [ WO DA, ) Py (o m, 358)dmds
Rd

As a corollary, the function t — 3 [o. ¥(m,m,Z)||A'(m, &)|*pyv (m, m, Z;t)dmdz be-
longs to L*([0,T], R).

The proof of Proposition 3.1 will be obtained with the lemmas in the following section.

3.1. Tools for proving Proposition 3.1

Here we provide some estimations of the expectations of the increments of the
processes X and M. Assumptions (4) and (5) allow us to introduce a constant K
which denotes either max(||Al|oo; || Blloo) or max(||A|lse, || Blloos [|VA|lec). Let Cp be
the constant in the Burkholder-Davis-Gundy inequality (cf. Theorem B.36 in [3]).

Lemma 3.1. Let A and B be bounded. Then, for all0 < h < 1, for all p > 1 there
exists a constant Cp i (depending only on p and K ) such that:

sup E { sup || Xeqs — Xt||p} < Cpﬁth/Q.
t>0 0<s<h

Proof. Using the fact that (a + b)? < 2P~1[a? 4+ bP], a,b > 0, one obtains:

u<h u<h

t+u p t+u \P
0 <sup || Xeqs — X¢||P < 2P~ | sup (||/ B(Xs)dsH) + sup (||/ Aj(Xs)dWSJH) .
s<h t t

Taking expectation of both members, the Burkholder-Davis-Gundy inequality implies

t+h
+ ( / ||A<Xs>||2ds>

p p/2

t+h
E[SHI;IIXHrXtIIp]§2p*1(1+0p)]E (/ IIB(Xs)||d8>
s< t
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Assumption (4) on B and A yields Efsup <, [| X¢4s — X¢[[P] < 2071(1 4 Cp) (WP K?P +
hPI2KP). O
Lemma 3.2. Let B and A satisfy Assumptions (4) and (5). Then, for all0 < h <1,

for all p > 1 we get:

sup E[|Myin — My|P) < Cp,ch?’? 5 E[|Myn — Mef?] = o(hP/?). (14)
t>0

Proof. Recall My — My = (supocy<p(Xi, — X{) + X{ — My)  recalling (z)4 =

max(z,0). For any a > 0, one has (z — a); < [2|1{;>qy, thus

1 1
0< Myyp — My < |Oiul<)h(Xt+u - Xy )|1{sup0<u<h(th+u—th)>]\/It—th}'
_u_ - -

Cauchy-Schwartz’s inequality yields:

0 <E[(Myyn — Mp)"] < \/E [I sup (X4, — X{)[PP| P({ sup (X}, — X{) > My — X}'}).
0<u<h 0<u<h

Replacing p by 2p in Lemma 3.1 leads to the inequality in (14) and the equality

limy, 0 supOSuSh(thJru — X}) = 0 holds almost surely. According to Theorem 1.1 in
[9] extended to Xy with law po on R? the pair (M, X;) admits a density, thus
P{M; — X! = 0} = 0 holds almost surely. Therefore E ([M;, — M;]") is bounded by

the product of h?/? and a factor going to zero when h goes to 0, and this quantity is

an o(h?/?). O

For any fixed t we recall the process (X;., u € [0,h]) and the running maximum

of its first component as follows:

Xow: = Aj(X)Wi, Myp:= sup X},. (15)
7 0<u<h

Lemma 3.3. Under Assumptions (4) and (5), for all p > 1 there exists a constant
Cp k such that such that for allt <T, for all h € [0, 1]:

E [Sup X0, — X! - X;S@ < Cp h”.
s<h
Proof. By definition, recalling W, = Wituw — Wy, u > 0, we obtain

Xope =X = Xj s = / B (Xuyt)du +/ (AN (Xype) — AN(XY)] AW,
0 0
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Using once again (a + b)P? < 2P~ 1(a? + bP), a,b > 0, we get

1 1 1 p
sup |Xs+t - X *Xt,s| <
0<s<h

op~1 h| B! ’ ’
|B* (Xutt)lldu ) + sup )
0 0<s<h

Taking expectation of both sides and applying the Burkholder-Davis-Gundy inequality
yield with D, = 2P71(1 + C,):
p/ 2)

The first term above is bounded by KPhP since B is bounded. The assumption

/0 ’ [AY(Xute) — AY(Xy)] AW

h p h
E Lgugh XL, — X} - Xé,sw} <D, (E [ / ||Bl(Xu+t>||du] +E ‘ [ 141 ) = AL X0 P
_S_

that A belongs to Cf (R?, R9*?) and Jensen’s inequality imply that the second term is
bounded by KPhP/>! [ B|| X, 1, — X,|[Pdu thus

h
E { sup | X1, — X/ — Xg,sv’] < D,KPhr/?1 (hp/QH +/ El| Xyt — Xt||pdu> :
0<s<h 0

From Lemma 3.1 we obtain the uniform upper bound: E[|| X1 — X¢[|P] < Cp xu?/?

hence
D,K?PC), g
E |sup| X, — X} — X} P] e
L<I]z| s+t t t,s| > g )
O
Lemma 3.4. Under Assumptions (4) and (5), one has
(i) 3C >0 sup  h7IE HMHh — M, — (Mg — M, + th)+H <O < oo,
0<t<T; ~0<h<1
.. . -1 1 —
() lim h7'E HMHh — M, — (My), — M, + X| )+H ~0.
Proof. Fistly remark
Va € R, |(:C - a)+ - (y - a)+‘ < |:C - y| [1{z>a} + 1{y>a}} ) (16)

and if f and g are functions on [0, 7], then

Vs €10,7T], f(s)— OEBETQ(U) < f(s) —g(s) < |f(s) —g(s)| < Sgglf(v) —g(v)],

hence sup,<r f(s) — sup, <7 g(u) < sup, <7 |f(v) — g(v)|. Here the role of f and g is

symmetrical so sup,<r g(s) — sup, <7 f(u) < sup,<r |f(v) = g(v)], and

sup g(s) — sup f(u)| < sup|f(v) — g(v)|. (17)
s<T u<T v<T
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We now consider My, — My = (supgcy<p (Xuye — Xi) — My + X{) , using (16)

‘MtJrh — M; — (Mt,h - M, +th)+’ <

sup (Xith - th) — My
0<u<h

[I{SUPogugh(Xi+t7Xt1)>Mt*th} + l{IVIt,h >I\/It*Xt1}:| :

Then, for any ¢ fixed, we apply inequality (17) to the maps ¢ : u — X&H—th and
fiurs X1, Then ‘MM — M, — (Myp — M + X,})J <

1 1 1
Oiugh [ Xuge — Xi — X1 [1{supogugh(Xi+t*X3>>Mth3} + 1{Mt,h>MrX3}} :
7'[147

From Cauchy-Schwartz’s inequality and the fact that (a + b)? < 2(a? + b?), we get

\/2E [sup | X — X{ = Xt1,u|2] (P{ sup (X — X¢) > My — Xi'}+ P{My > M; — Xt1}>'
u<h

0<u<h

Lemma 3.3 with p = 2 insures that the map h — h_l\/QE [supugh | Xty — X} — th’“ﬂ
is uniformly bounded in t. Concerning the second factor,

e firstly the almost sure continuity with respect to h insures that the quantities
limyp, 0 supg<,<p(Xoy, — X}) and limy 0 My j, are equal to 0;

e secondly the law of the pair (My, X;) admits a density with respect to the Lebesgue
measure on A according to Theorem 1.1 [9] so P({0 = M; — X}}) = 0 and the limit of
the second factor is equal to 0.

This concludes the proof of the lemma. ([l

Recall Definition (15): X, = A;(X)[W/

i+h Wtj]v My p = SUPogughth,ua h € 10,1].

Lemma 3.5. Under Assumptions (4) and (5), with H defined in (13):

1 _ 1 M; — X}
E [(Miy — My + X)) F] = 2| AN(X,) | VRH (m) .
Proof. For any t fixed, conditionally to F; the process (X},, u € [0,h]) (9) has
the same law as (VA||AY(X)|W., u € [0,1]) where W is a Brownian motion in-
dependent of F;, and for any h, the random variable M;; has the same law as

V| AN (X0 supy<q W

Following [17] Section 3.1.3, the random variable sup,<; W, has the same law
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as |G| where G is a standard Gaussian variable (independent of F), with density

z

\/%e > 1j0,400[(2). Then using the function H introduced in (13)

(o] 2 2
E [(My, — (M; — X} ]-':/ ANX)||Vhz — (M; — X} 24
(Mo = (e = X)417] = | (A G)IVRz = (O = X)) e d
M, — X}
= 2[| A (X0) | VIH( ).
V| AY (X))
O
3.2. Proof of Proposition 3.1
Let t > 0. The key of this proof is to write the quantity
t+h 1
My — X,
B| [ v | - 2viE [wi)4! ) )
t ] VAT

as the sum of three terms,

]E{/tﬁh(\lf(vs) - \P(Vt))dMS} + E{\I’(Vt)((MtJrh — M;) —E [My ), — My + X)) 1 | F] )}

(18)
+E [WVOE [0 — Mo+ XD | B] - 2VROVA (XX
V| AN (X))
We now prove that each terms in sum (18) are both o(h) and O(h) uniformly in time.
(a) Using Lemma 3.5 the third term is null.

(b) Concerning the second term, using the fact that ¥ is bounded and Lemma 3.4 (i)
for all t € [0, T

|E [U(V)[(Mysn — My) = E[(Myp — Mo+ X{)+ | F]]| <

1|0 |E [Mysn — My — E[(Myp, — My + X))+ |F]]| < Ch[P|oc,
as it is required in (12). Moreover using Lemma 3.4 (ii)

1
lim |E [®(Vo)[(Myyn — My) — E[(Myp, — My + X[) 4 | F]]| = 0.

(c) Since V¥ is bounded and the process M is increasing, the first term is bounded:

t+h
E l/ (W(Vs) = W(Vi)ldM | < [[VU[[oE[ sup ||V = Vil|(Miyn — My)].
t t<s<t+h
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Using Cauchy-Schwarz’s inequality

E| sup Vs = Vil (Miyn — Mt)] < \/E[ sup ||[Vs = Vi[IPJE[(Miq — My)?].

t<s<t+h t<s<t+h

Since ||Vs — Vi||? = (M5 — M;)? + || Xs — X;||?, we obtain
SUDPt<s<t+h Vs — VtH2 < (Mg — Mt)2 + SUDPt<s<t+h [ Xs — Xt||2a hence

E[ sup [[Vs=Vi[[(Myyp—My)] < \/E[(MtJrh — M:)?]+E[ sup [ Xs — X¢l[]2)\/E[(Myqn, — Mi)?]
t<s<t+h t<s<t+h

Lemmas 3.1 and 3.2 (p = 2) yield the fact that the first factor is an o(v/h) and
the second is an O(v/h) uniformly with respect to ¢t > 0. Then E[sup,<o<iin Vs —
Vill(Miyp, — My)] is an o(h) and an O(h) uniformly with respect to ¢ > 0. O

3.3. Proof of Proposition 3.2

(i) Recall that A and B fulfil (4), (5) and (M, X) fulfils Hypothesis 2.1. Then, using
the density py of the law of the pair (My, X;) we have

oAt (=X )| <
| (oo

VR AL(Xy)]|
m — xt
Ul oo ||A OO/ H<—) m,zt, Z;t)dm dat dz.
Wil | % (i) )
The change of variable ! = m — uv/h yields
Vh [ ( M, — X}
—F [ ¥ (V)| AN (X Hit)}< 19
B E ORI oI (Rt )| < (19)

o] A oo/ 7'[( “ >pv m,m — Vhu, Z; t)dm dz du.
N 1 € ey e LG )

Since H is decreasing (Remark 3.1) and 0 < h <1, H (m) < ’H(m) :
M; — X}
wpla o (i) <
VR AY(X,)]|
||\IIHOOHA1||OO/ H (#) sup py (m,m — r,Z; t)dm dz du.

R4 x [0,4+00] ||A Hoo >0
Applying Tonelli’s Theorem, computing the integral with respect to du in the right-

hand with [;° #(v)dv =1/4 (Remark 3.1), yield:
My — X} 1 N N
~—E|w Al(X — -t <—\IIOOA12/ ,m—r, & .
sup [ (VOlA* (Xo)lIH <\/E||A1(Xt)||>H < WleollATloe [ suppy (m,m —r, & t)dm di
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Using Hypothesis 2.1 (i), we obtain that the map:

Vh [ M; — X}

om [nmat ol ()|
h V|| AL(X)|

belongs to L'([0,T],R). Point (i) of Proposition 3.2 is proved.
(ii) Concerning the proof of point (ii), firstly note that

t — sup
h>0

1 LX’EI = m,x Nz m,x;t)dm dx

1

After the change of variable z! = m — uv/h, we obtain
\/E 1 M — th

—E | v(W)|A"(X)||H| ————— = 20
h [ (V)| A (X)) <\/E||A1(Xt)|| (20)
.
AL (m — Vhu, 3|

Using Lebesgue’s dominated convergence Theorem, we let h go to 0 in (20) for ¢ > 0,

/ U(m, m —uvh, )| AL (m — uVh, &)||H < pyv (m, m — Vhu, ; t)dm di du.
R xR+

and using the fact that ¥, A and H are continuous and Hypothesis 2.1 (ii) we obtain

tin Vs RADIEREE (%)] .

/ T(m,m,z)||A*(m, Z)||H ( T )pv(m,m,fiz;t)dm dz du.
[0, 40 [ At (m, 2)]|

Using the change of variable z = m and Remark 3.1 fo z)dz = 1/4, yields
Vh

lim —E
h—0 h

1 M — X, ! m,m, )| AL (m, 3)|? m, m,Z; t)dm dx
YA (x»HH(ﬂlAl( )”ﬂ L[ v 34,2 Py (m, . )i da.

O

3.4. End of proof of Theorem 2.3

We recall Theorem 8.2 page 204 in Brezis [5]: let f € W11(0,T), then f is almost
surely equal to an absolutely continuous function. As a particular case, any f €

WhH(0,T) N C(0,T) is absolutely continuous. Recall Fy, :t+— E [fo Vs)dM; }

Lemma 3.6. Assume that A and B fulfil (4) and (5) and that U is a continuous

bounded function. Then Fg is a continuous function on RT.
Proof. Let 0 < s <t. Since ¥ is bounded and M is non decreasing

|Fu(t) — Fu(s)| = ‘E [/t ‘If(Vu)dMu} <[] E[M; — M.

The map t — E[M;] being continuous, Fy is a continuous function on R*. O
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Lemma 3.7. Assume that A and B fulfil (4) and (5), (M, X) fulfils Hypothesis 2.1
and ¥ € C}. Then for all T > 0, the map Fy, belongs to the Sobolev space W'1(]0, T'[)

and its weak derivative is

. 1 B _ B B
Fu(t)i= 3 [ Wm0, ) Py m,m, 52 )dmds

Proof. Let g :[0,T] — R be C! with compact support [, 5] C (0,7T). This means
both functions g and ¢ are continuous so bounded and that moreover g(a) = g(8) = 0.
Note that ¢(t) = limp_0 w, vt € (0,T). Moreover,

SUP;¢o,7] SUPhe0,1] |MW| < ||¢]lso- Observe that, since M is non decreasing and
the coefficients A and B are bounded |Fy(t)| < || V|| E[M7] < o0.

Then, using Lebesgue’s dominated convergence Theorem

/O g(s)Fw(s)ds:/O A%WFw(S)dSZ%LX% i wﬂp(s)ds.

Using the change of variable u = s — h in the last integral

Ty(s)—g(s— T =
/O Wﬂy(s)dsh_l/o 9(s)Fy(s)ds — h™" /_h g(u)Fy(u+ h)du

T _ s 0 T
:/O o(s) ) 5“1’( +h)dsh_l/_hg(s)F‘y(erh)dSth_l/T_hg(s)Fg,(erh)ds.

Recalling supp(g) = [«, 8] C (0,T), gFg is bounded on [0,7] extended by 0 on [«, 3]¢
so limg_, g(s) = lims_,7 g(s) = 0 then h~! ffhg(s)F\p(s—i—h)ds =h~1 fTT_hg(s)Fw(s—l—
h)ds =0 as soon as 0 < h < T — (3 thus limj,_0 {hil ffhg(s)Fy(s + h)ds} =

limyp, o {h*l fTT,hQ(S)FdJ(S + h)ds} = 0 Applying Lebesgue’s dominated convergence

Theorem yields, F' admits a weak derivative:

/0 g(s)Fy(s)ds = 7/0 g(s)Fy(s)ds.
Using Proposition 3.1 (ii)
o _Fe(t) - Fe(t+h) 2 1 M- Xi N\
Jim - JRE[poa i () ) <o
Using Proposition 3.2 (ii):
Fy(t) — Fy(t +h) 1

*F\P(t+) = h—}iOI,I}%>O h = 75 /]Rd \Ij(mamai)HAl(mai'>H2pV(mamai'at)dmdja

and the points (i) of Propositions 3.1 and 3.2:

Fy(t)— Fy(t+h)
h>0 h

’e L*([0,TY, dt),
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so By € L'([0,T],R).
According to [5] Chap 8 section 2 page 202, Fy belongs to W(]0, T, R). a

We now end the proof of Theorem 2.3: According to Theorem 8.2 page 204 of [5],
Fy is equal almost surely to an absolutely continuous function. Since Fy is continuous
(Lemma 3.6), the equality holds everywhere. Then Fy is an absolutely continuous

function and its derivative is its right derivative. (]

4. Case A =14

In this rather technical section, we firstly prove that the density of the pair (M, X¢)
fulfils Hypothesis 2.1: py (3) is continuous on the boundary of A and is dominated by

an integrable function:

Proposition 4.1. Assume that B fulfils Assumption (4) and A = 14, then (M, X)

fulfils Hypothesis 2.1 meaning that for all probability measure po on R?

(i) VT >0, sup py (b, b — hu, a;t, uo) € L1([0,T] x RY, dtdbda).
(h,u)€[0,1] xR

(ii) Almost surely in (m,z) € R%,Vt > 0, Opv(m, m —u, Z;t, 1) = py(m,m, T;t, uo).

lim
u—0,u>
As a by product using Theorems 2.2 and 2.3 this proposition achieves the proof of The-

orem 2.4. The main tool for the proof of this proposition is an integral representation

of the density:

Proposition 4.2. For any probability measure po on R?, for all t > 0,

pv=p"— > @ +p"") (21)
k=m,1,--- ,d
where the various p are defined by (O, is the derivative with respect to k = m,z?, ..., x¢

and B™ = B!):
pU(m,x;t) == /dpw*17w(m — 2}, 7 — 205 t)po(dxo),
R
t
PP (m, z;t) = / / 1b<mBk(a)8ka*1,W (m —a',x—ajt— s) pv (b, a; s)dbdads,
0 JRd+1

t
pPP(m, zt) = / / 1b<mBk(a)8ka*17W(b —a',x — a;t — 8)py (m, a; s)dbdads,
0 Jr@+D



18 AUTHOR NAMES

where py«1 y (., .;t) is the density of the distribution of (sup,<, W, W) for ¢t > 0, see
Appendix A.2

4.1. Integral representation of the density: proof of Proposition 4.2

Let t > 0 be fixed. Firstly, we assume that pg = 6,,, o being fixed in R?.
According to Lemma 4.2 below and using the fact that B is bounded, Vt € [0, T], the
functions p*7 €% L ([0, T], L*(R**1)) for v = o, B .

Let F € CL(R4T R) with compact support. We will prove

B X = [ Fna) (= 3 Gt | dmde. (22)

k=m,z1,... 2z
Using Malliavin calculus we obtain the following decomposition:
Lemma 4.1.

Ep [F(M¢, Xt)] = /d+1 F(xé +b,20 + a)pyy =1 vy (b, a; t)dbda
R
t
+/ Ep U OmF (X} 4b,Xs +a) I{MS<X1+b}Bl(XS)pW*1 wba;t— s)dbda} ds
0 Rd+1 s ’
t
+/ Ep |:/ oL F (max (MS,XS1 + b) , Xs +a) Bk(Xs)pw*l w(b,a;t— s)dbdai| ds.
0 RA+1 ’
Proof. Let Z be the exponential martingale solution of
t
Z, =1 +/ ZsB*(zo + W,)dWE. (23)
0

As previously Einstein’s convention is used. Let Q = ZP, according to Girsanov’s
Theorem, using (23), Wg := (Wtk — fot BF(zg + W)ds; k =1, ...,d)t>0 is a Q contin-
uous martingale such that (Wg); = ¢, Vvt > 0. That means that under Q, W is a
d-dimensional Brownian motion. Then the distribution of X (resp. (M, X)) under P
is the distribution of W + xq (resp. (W* + 29, W + x¢)) under Q and

Ep [F(My, X¢)] = Eq [F(xg + W, 20 + Wy)| = Ep [F(ag + W™, 20 + Wi) Ze] . (24)

Let G := F(x} + W}, o + W) and u := ZB(xo + W), using (23):

Ep[F (M, Xy)] = Ep [F(z§ + W™, mo + Wi)] + Ep [GS(u)] (25)

As a first step we will apply (50) (Appendix) to the second term in (25). Thus
we have to check that the pair (G,u) € D2 x L1'2:  F being bounded and smooth,
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G € DY?; and according to Lemma A.1, the process u belongs to L1:2.
Using (53) (7 := inf{s, W1* = W}*}) the pair (W}!*, W;) belongs to D! with Malliavin

gradient:
D W™ = (119.41(5),0,.....,0) , DW= (6;=p, j=1,....d)1y(s), k=1,...d.
Using the chain rule:
(DG, u)y = /Ot O F (g + Wi, zo + W) L cwaey B (w0 + W) Zodss
+ /Ot O F(x + Wit wo + W) B* (20 + W) Zsds.
We are now in position to apply (50) Ep[Gd(u)] = Ep[(DG, u)n]:
Ep[Gd(u)] = Ep [/Ot Om F(zg + Wi, 20 + W)L cwaey B (w0 + W) Zodss
+ Ep Uot OF (xg + W, 2o + W) B* (20 + W) Zods | . (26)

Plugging identity (26) into right hand of (25) and using Fubini Theorem to commute

the integrals in ds and dPP, we obtain
Ep [F(M¢, X:)] = Ep [F(zg + W, 20 + W) (27)
t
+ / Ep [amF(z}) + W, w0+ W)Ly cywaey Zo B (o + WS)} ds
0
t
+ / Ep [0k F(zf + Wi, 2o + Wy) ZsB¥(z0 + W,)] ds.
0
As a second step we use the independence of the increments of the Brownian motion
in order to make appear the density of (W*,, W;_,). Recall (9): W,_s := W, — W, and

(W1)r_, = max,<u< (Wi —W}). Then W}* = max (W2, W} + max,<u<; (W) — WD) =
max (Wsl*, Wl+ (Wl);"_s) so the expression (27) becomes

Ep [F(M;, Xy)] = Ep [F(x) + W o+, W) +
t
/ Ep [amF (zg FWE (WY a0 + W + WH) Lt cwiaqiny: 3 ZeB' (@0 + WS)} ds
0 k] s t—s
t ~ ~
+ / Ep [8kF (max (:cg F W b+ W4 (Wl):;,s) 2o + W + Wt_s) Z,B*(zo + WS)} ds.
0

The random vector ((Wl),’ffs, VAVt,S) is independent of the o—field F,; and has the
same distribution as the pair (W*,, W;_,). Let py«1 w(.,.;t — s) be the density of its
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law, and express the expectation with this density:

Ep [F(My, X)) = /Rd+1 F(x4 + b, z0 + a)py -1y (b, a; t)dbda

+ /Ot Ep URM O F (2 + W2 +b,20 + Wa +a) Lyyie cwi 4y 25 B (w0 + Wa)pryor gy (b, ai t — s)dbda} ds
+ /Ot Ep UR(M O F (xf + max (W, WS +b) 20 + Ws + a) ZsB*(zo + Ws)pyr (b, ast — s)dbda} ds.

Using Girsanov’s Theorem for Z.IP = Q, since the law of (M, X) under P is the law of
(xh + W 29 + W), under Q, using the equality (24):

Ep [F(M;, X4)] = /d F(d + b, 20 + )py -1 gy (b, a; t)dbda
Rd+1
t
+/ Ep |:/ OmF (Xsl +b,Xs + a) 1{M5<X1+b}Bl(XS)pW*1 wb,at— s)dbda:| ds
0 Rd+1 s ’

t
+/ Ep |:/ O F' (max (MS,XS1 +b),Xs+a) B (Xo)pyya1 (b ast — s)dbda} ds.
0 RA+1 ’

O

We are now in position to achieve the proof of Proposition 4.2. Using some suitable

translations of the variables (a, b), Ep [F(M, Xt)] = ZZ:O I + I,,,. where
Iy = / F(b,a)pw=1 w(b— xp,a — x0; t)dbda, (28)
RA+1
¢
I, = / Ep [/ Om F (b, a)l{Ms<b}Bl(Xs)pW*17W (b— Xla— Xyt — s) dbda} ds
0 R+1
and for k=1,...,d,
¢
I, = / Ep {/ O F (max (Mg, b) ,a) B¥(X)pw w(b— XL a— Xt — s)dbda} ds.
0 RA+1

Since B, F and its derivatives are bounded, all these integrals are finite. Using (54) in
Appendix, the function py«1 w(.,.;t) is C* on A = {(b,a), b>a}, (a,b) € R4}
The aim is now to identify the terms p°, pP®, p"# k=m,1,---,d, defined in
Proposition 4.2.

1. Firstly we identify p°(b, a;t) as the factor of F(b,a) in the integrand of Iy :

po(b, a;t) = pwe1,w(b— z(lJ, a — xo; t).

2. We now deal with I,k = 2,--- , d. Integrating by parts with respect to a* between



PDE for the joint law of the pair of a continuous diffusion and its running mazimum 21
—oo and oo in Iy for k = 2, ..., d yields
Iy = — /t Ep U}W F (max (Ms,b) ,a) B¥(Xs)Oppwe w (b — XL, a — Xgt — s)dbda} ds
0 .
- _ /Ot Ep Mwl Lipsmy F (b, a) BF(Xo)Okpw wib— X1 a— X5t — s)dbda] ds
— /Ot Ep [/ﬂw L F (Ms, @) BF(Xs)Okpwr w (b — X2 a — Xgit — s)dbda] ds

We identify —p*%(b,a,t) inside the integral on the set (b > Mjy). Concerning the
integral on the set (b < M), we introduce the density of (M, X,) and identify

—p"B(m,a;t) as factor of F(m,a).

3. Finally, we identify the p™" and p7, v = «, 8 which come from the sum of I,,, and
I,. Note that py« w (b —Xla— Xgt— s) = 0 on the set {b < a'}. Integrating by

parts with respect to b between max (al, Ms) and oo in I, yields
t
I, = —/0 Ep |:/]R'i F (max (al,Ms) ,a) Bl(XS)pW*11W (max (al,MS) —XLa—Xgt— s) da] ds
— /Ot Ep [/ﬂw 1a, <o F (b, a) BN (Xs)Ompww (b— X a— Xgit — s) dbda} ds
(29)
Integrating by parts with respect to a' between —oo and b in I; yields
I = /Ot Ep [/Rd F (max (M, b),b,a) B (Xs)pwer,w(b — X2 b— X1 a— Xt — s)dbdd} ds
— /Ot Ep [/ﬂw F (max (Ms,b) ,a) BH(X)01pwr w(b— X! a— Xsit — s)dbda} ds.
(30)
(i) The term p™# (b, a,t) comes from the second term in I,,, (29) as the factor of F'(b, a):
— /t Ep [/ﬂw 1a, <o F (b,a) BN (Xs)Ompw w (b — X2, a — Xgit — s) dbda} ds
0 1
(i) The terms —p"®(b,a,t) and —p*?(b, a;t) come from the second term in I; (30):
— /Ot Ep [ - F (max (b, Ms) ,a) BY(X)01pw w(b— X1 a— Xg;t — s)dbda] ds.

Inside the integral on the set (M, < b) we identify —p»“(b, a,t) and inside the integral
on the set (M, > b) we identify —p#(b, a;t) as the factor of F(b,a), respectively as
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the factor of F(Ms,a).

(iii) The term —p™*(b, a,t) comes from the sum of first terms in I; (30) and I,,, (29).
Now we replace the variable b by a1, dbda by da in the first terms of I,,, and Iy:

¢
I} = 7/ Ep |:/ F (max (al,MS) ,a) BY(X)pw1 w (max (al,Ms) —XLa— Xt — s) da:| ds
0 Rd ’
t
I} :/ Ep |:/ F (max (Ms,a') ,a) BY(Xs)py«1 (@' — X1, a — Xs;t—s)da} ds.
0 Rd ’

Note that

— pwerw (max (al,MS) —Xa—Xgt— s) +pW*17W(a1 —XHa—Xgt—s)

= I:—pw*11W (MS—X;, Xs,t—s)—i—pw*lw(a —X1 Xs;t—s)] 1. >al
M,
Ompww (b— X2 a— X, t — ) dbly, 0.

al

Then the sum of I}, and I is:

t
—/ Ep [/ F(Mg,a)B (Xs)0mpw- w (b — X2, a — Xgit — s) 1asspsardadb| ds.
0 Rd+1

We introduce the density of the law of the pair (M, X;) and we identify —p™*(m, a;t)
as the factor of F(m,a).

These three steps achieve the proof of Proposition 4.2 when po = 6z, .

Finally when y is the law of Xo, we have py (m, w; t, o) = [pa pv (m, x; t, 62, ) 1o (do).
Then integrating with respect to p the expression obtained in (21) for py (m, x;t, 0z, )

achieves the proof of Proposition 4.2 for any initial law ug. O

4.2. Proof of Proposition 4.1

Using some idea’s used in Garroni section V.3.2 let us introduce the linear appli-

cations on L>([0,T], dt, L*(R*! dmdz)), k =m,1,--- ,d:

T8 p)(m, ;) / /RM Ly<mB*(a)Okpw 1w (m — a',x — a;t — s)p(b, a; s)dbdads,
(31)

T8 pl(m, x;t) / /RM Ly<m B*(a)Okpw 1w (b — a',x — a;t — s)p(m, a; s)dbdads.

Let us introduce the functions, defined by induction:

po(m, z;t, po) = /dpwl*,w(m — x5, — w03 t)po(dzo), pn = — Z (pf{a +pf{ﬁ)
R k=m,1,--,d

(32)
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and for k =m,1,---,d, j = a,8 and n > 1, piﬁl(m,x;t) = I [p,](m, z;t). Let us
denote the operator

7:=— > R, (33)

j=a,Bik=m,1,....d

Moreover one remarks that this means p,+1 = Z(p,) and Proposition 4.2 leads to

pv =po +Z(py). Let
P, = Zpk, n>0 (34)
k=0

Proposition 4.3. Assume the vector B is bounded, then for all T the sequence (Py)n
converges in L>([0,T], LY(R, dzdm)) to py. Moreover pv = "7 pn.

The proof is a consequence of the two following lemmas.

Lemma 4.2. Let j=o, 8, k=m,1,--- ,d and T > 0 the linear applications T"7 are
continuous on L>([0,T],dt, L*(R**, dmdx)) : there exists a constant C' such that for
all p € L>=([0,T),dt, LY(R4HL dmdx)) :

t
) 1
sup HIk’] [p]('v';S)||L1(R’i+1,dmdz) < C/ \/t— sup ||p('a-;u)||L1(R'i+1,dmdx)dS
0 _

sE[O,t] S uE[O,S]

(35)

AS a consequence,
t
1

sup [[Z[pl(., 5 $)llLr @ar amda) < 2(d+1 C/ sup ||p(., s u)||p1 i+ dmda)dS-
0 Tl 9 sy < 210C [ st )]s

(36)

Proof. Let T > 0, p € L>([0,T] x L*(R4*! dmdz)) and t € [0,T] and let ¢441 be
the Gaussian law density restrained to the subset {b > al} (up to a constant)

1 _ b2+ -ahH24ja?
4t

Par1(b,b—a',a;2t) := Wlba;e (37)

(i) Let j = o and kK = m,1,---,d, according to the definition of Z¥* and the

boundedness of B,

t
|Ik’a[p](m, T t)‘ < HB||OO/ / Ly<m|Okpw . w (m —at,x—ajt— s) p(b, a; s)|dbdads.
0 Rd+l

Using Lemma A.2 there exists a constant D such that for k =m,1,--- ,d:
D -
|Okpw1w (byast) | < %%H(b, b—a,a;2t). (38)
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So

’Ik”‘[p m:z:t <HB||OO//

We operate an integration with respect to (m, z) using Tonelli’s theorem and omitting

¢d+1( —a',m—a', & —a;t — s)|p(b, a; s)|dbdads.

the indicator functions. Since ¢44+1 is the density of a Gaussian law, we get the

following bound,

t
o 1
szv [p]("‘;t)HLl(]Rd+1,dde) SDHBHOO/O /RUHI \/m“?(b,a,sﬂdbdads

t
1
§2(d+1)/2D||BHOO/O \/mSUPHP(a ) )||L1(Rd+1,dbda)dsa

u<s

meaning inequality (35) when j = .

(i) Let j = B and k = m,1,---,d. According to the definition of Z*# and the
boundedness of B,

t

’Ik”ﬁ [p](m,x;t)’ < ||B||OO/ / Ly<m |Okpw 1 w (b —at,zr—ajt— s) p(m, a; s)|dbdads.
0 Rd+l

Using (38) yields:

’Ik’ﬁ[p](m,:ct <||B||oo/ ¢d+1(b a',b—x', i—a;2(t—s))|p(m, a; s)|dbdads.

Rd+1 Vi
We operate an integration with respect to = then to b using Tonelli’s theorem and
omitting the indicator functions and using that ¢ is the density of a Gaussian law. So

the bound with respect to a multiplicative constant:

t
1
szﬁﬁ[p]("';t)HLl(Rd+1,dmdm) §D||B||002(d+1)/2/0 /]RdJrl m|p(m,a,s)|dmdad8

t
§D||B||002(d+1)/2/
0

\/m ilgz Hp(-a B u)HLl(]R(Hl,dmda)dsa

meaning inequality (35) for j = .
Finally, estimation (36) is obtained by adding estimations (35) for j = «, and
k=m,1,..,d. °

The following lemma is a consequence of (36) in Lemma 4.2:
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Lemma 4.3. For alln

r(/2)" 59)

ey s 1 1 < (2(d 1cntn/2
ilélep (a 7U)HL (RA+1 dmdzx) —( ( + ) ) F(1+7’I,/2>’

sup ||(pv — Po) (., 0| 1 (ga+s < (2(d+1)0)”+1t("+1)/2w (40)
<t n){ L( ,dmdz) > F((n +3)/2)

Proof. (i) For all t > 0, po(.;t) is a density of probability, so (39) is satisfied for
n = 0. We now assume that (39) is satisfied for n. Using p,+1 = Z[py,], (36) and the

induction e assumption:

r(1/2)"
sup ||pr+1(., s u)| 2 1mz<2d—|—1C"Jrl /
uglt)HP +1( M Lt ®a+1 dmda) < (2( )C) T 1 n/2) \/m
Wi rate the change of variable s = tu and use fl w1 — )P ldu = INCINON
e ope g = b Lt

| siterne TO/2 TO/2T0 +0/2)
S [P - 0l o sy < (A + DO 7o ey

which proves (39) for all n.
(ii) Noting that Py = po and py — pg = Z[py] and applying (36) to py yield

Sup [[(pv = Po)s 5 w)ll o st dmaz) < 2(d + e

But I'(1/2)/T'(3/2) = 2 so (40) is satisfied for n = 0.
We now suppose that (40) is satisfied for n. Using py — Pp41 =
po+Z(pv)—(po+Z(Pn)) = IZ(pv — Py), the bound (36) and the induction assumption:

t 1/
F(1/2)n+ gn+l
— Poal(s, mdey) < 2(d+1)C [ (2(d+1)C)* T ds.
sulgll[pv +1](s )l @ert amae) < 2(d +1) /0( (d+1)C) T(B+n)/2)vVis
W te the change of variable s = tu and fl a=1(] — )by = L)
e now operate ng vari s = tu and [ u U =TT
with a = (n+3)/2,b = 3:
F(1/2)n+2
— Poa] (s 3 0) | 1t (et gy < (2(d 4 1)C) 222 L2
ilgll[pv +1]C sl gast amary < (2(d+1)C) (41 n)/2)
which proves (40) for n + 1 and thus for all n. O

. n . .o . .
The series ) m is convergent for any x, so Proposition 4.3 is a consequence

of lemmas 4.2 and 4.3.
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4.2.1. Upper Bound of py meaning Hypothesis 2.1 (i).
For all T > 0, zg € R%, p € L>([0,T], L*(R¥*!, dmdz)) the support of which being

included in {(m,z), m >z}, m > x'} let us denote

T
N(patv'r()) = sup |p(m,:c, >|

—— . (41)
(m,z)€RIHL, m>zl m>ah ¢d+1(m — .T(l), m—zl, & — Zg; 2t)

Proposition 4.4. For all T > 0 there exists a constant Cp and for all n there exists

q/2 n
[”BHwD(QlS?Lli)/QQ) ra/2) such that: for all zo € R, 0 <t < T,

constants C,, =

(Z) |pn(m, x;t, 1'0)| < Cntn/Qd)dJrl(m - :C(l)v m—= xla T — Iy, 2t)1m>max(zl,z}))

(ZZ) |pV(ma z;t, $0)| < CT¢d+1(m - :C(%a m— xla T — Zo, 2t)1m>max(ac1,m[1))
(iii) For all po initial probability measure on RY,

SUp,~o PV (M, m — u, 2, t; o) € L1([0,T) x RY, dtdmdz).
Remark that, actually, this point (iii) is Hypothesis 2.1 (i).

Proof. Point (ii) is a consequence of point (i), since py = > °  p,, and the series
>on mx” admits an infinite radius of convergence (Proposition 4.3).
We prove point (¢) by induction on n using point (ii) in Lemma A.2: po(m, z;t, o) <

_ (WLfa:l)Z

e it

- 1,2
_lE—zgl2 _ (m—=p)
It it

— 1 1 = _ 5.
(27T)d+1td+1 1m>max(ml,mé) = ¢d+1(m — XM= Ty, T — Lo; 2t)1m>max(ml,m(1))a

so N(po;t,xo) <1, which is (i) for n =0, Cp = 1.
We assume point (i) is true for p,, meaning N(p,;t,2¢) < C,t"/2. By definition
Pn+1 = Z[pn], Lemma 4.4 proved below yields:

t n/2
N(pn+15t,20) = N(Zlpnlt, o) < 2(d + 1)2d/2l\B||ooDcn/ ———s.
0 /27t —s)

We operate the change of variable s = tu

2(d +1)2%2|| B|| oo D boyn/?
N(pnt1;t,x0) < Cn(Vt "Jrl/ ——ds
(p +1 0) = \/ﬁ ( ) 0

: 1 /2 n "
Using [, = du = % and C,, definition:

N(Pni1;t,0) < Crr (VO™
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this achieves the proof of point (i) in Proposition 4.4.
(iii) Then for all o € R? and using x! = m — u,

suppy (m,m — u, #;t) < Crdar1(m — x,0,F — Fo; 2t) € L*([0,T] x RY, dtdmdz).
u>0

Since py (m, z;t, o) = [ga Pv(m, z;t, x0)po(dxo) point (iii) is true. O

Lemma 4.4. Let T > 0, 9 € R, p € L>=([0,T],dt, L*(R™! dmdx)) such that the
support of p(.,.;t) is included in {(m,x), m > z},m > x'} and for all s €]0,T]
N(p;s,z0) < co. Then for j = o, k =m,1,...,d, the support of function T7F[p](.;t)

is included in {(m,x), m > xb,m > x'}. Moreover for all t € [0,T] we have :

N(I[p]atvx()) < 2(d+ 1)2d/2||B||OO p,Sw’CO dS, vt € [OvT]

o[
t —
Proof. Let T > 0, 29 € R? p € L*(]0,T],dt, L*(R*!, dmdz)) such that for all
t > 0 the support of p(.;t) is included in {(m,x), m >z, m > z'}.
(i) For j = a, k=m,1,--- ,d, using the definition of Z%* yields:

t
TR pl(m, ;) == / B*(a)Opw w (m—a',x —a;t —s) 1 el<b<m,m>a1P(b; a; s)dbdads
0

Rd+1

So the support of Z%*[p](.;¢) is included in {(m,r) € R m > max(z}, z!)}. For

1,906).

Let p be a function such that Vs €]0,T] N(p;wo,s) < oo. The definition of Z%<,

now on, we only consider (m, z) such that m > max(x

the boundedness of B, the fact that Oxpw« w satisfies (38) and the definition (41) of

N(p;t, zo) imply

[T5@ p)(m, 331) <|\B||oo// N (p; 5, 20) e

D
(t — S) 1m>111m>b>max(a1,z}))

bar1(m —a*,m — ' & —ast — 8) a1 (b — x5,b — a*, @ — 2o; s)dbdads.

We integrate in @ using Lemme A.3 (ii) with u = Z, v = @, w = o and the fact that

¢4+1 is a Gaussian density of probability:

|z * [p](m, ;1) < 21" D/2||B||oo D (42)
N 1 4(t75)) - (T(Zfs)) e~ (5*4.7;0) - (b74asl)2 dbd 1d
/ 2 (py S 550) m>b>max(al,z}) \/ 27Tt \/(27T)2(t — 5)3 (27r)252 a~das.

_lla— onZ (m—a
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1

Using point (i) Lemma A.2 with u = m, v = a', w = b, k = 1, we integrate in da' up

to b:
l

_(m=—ah? (b—al)? —(m—b)2
b e 4(t— 8) e 4as TZ

—oo \/27(t — 5) /(27s) da” = Vot e ( 2t(t — s) (b— m))

where ®¢(u) = [*_ e 2z < %e‘“z/Q for u = b — m < 0 according to Lemma A.3

—(m=t)2 s(b—m)?

(iif). This yields the bound: “—Z—=—e™ %7 and
_ (m—ah)? (b—al)2 (m—b)2 _(m=1)?
b e At—s)  eT T s e~ 4t _ s(m=b)? e 4t—s)

1 B

—o \/27(t —5) /(27s) da” = V2t V2rt

Plugging this inequality inside (42) yields with Cy p = 2(4TV/2||B||o D

_lE— a:oH (m=12  (m—=z1)2

’Ioz k[p m x t e At—s)  A(t—s) (b— m0)2

N(p;8,20)1,5p> 01 e~ dbds.
Ca,B / / (P35, 20) 10>} \/(27rt) V27 (t — s)2s

Omitting the indicator functions, Lemma A.3 (ii) with u =m, v="0, w=2x}, k=1

_ (m=b)?
e 1t—s) e~ / _ (m-— 10)2
m 27 (t — 8)27ms

Inserting this result, we obtain

implies

t le—ag)? _(m==5)?  (m—al)?
2" [pl(m, x; 1)| < V2C, / N( R Ty
' m,x;t)| < 0B D; S, Tg s.
0 V@rt)dt L\ /2n(t — s)
_M (m—x1)2
For 0 <s<t, e - <e” " @ ,s0
¢ o ufn—ﬁou? 67(m—;5)27(m7£1)2
Tk pl(m, ;1) < V204 / N(p;s,x ds.
‘ ¢ )’ v 0 (v ) V/ (2mt)dH V2 (t — s)

Using the definition of ¢4+1 we identify

a1 (m — x(l),m — ', & — 20; 2t)
27(t — s)

ds

¢
‘Ia’k[p](mvx;tﬂ < \/§Cd,B/ N(p; s, x0)
0

and with the definition of N, with respect to a multiplicative constant:
1
—ds
27r(t — )

(ii) For j = 3, k = m, 1,--- ,d using the definition of Z* and the fact that the support

t
N pl0,0) < VECus [ Nipis,o)
0

of p is included in {(m,z), m > max(x},x')} yields Z%*[p](m,z;t) =

t
/ / 1sbsatm>al b>al Bk(a)akpwu,w(b —a',zr—a,t— s)p(m, a, s)dadbds.
Rd+1
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1 29)}. For now on

Thus the support of Z%%[p](.;t) is included in {(m,x), m > max(z
we only consider (m, x) satisfying m > max(x!, x}). Definition of Z%* the boundedness
of B, the inequality (38) satisfied by Oxpw~ w

|Okpw w(b—al,z—a,t —s)| < \/%qﬁdﬂ(b —atb—at, % —a,2(t—s))

and the definition of N (p;t, o) yield:

t
(284 [p](m, 2;1)| < | BllooD / / Linsoat poat N(p: 5, 20)
0 JRa+1

_=ah? —ahH? jJz-al?  (m-2)? (m-al)2 JEg—al?
e A(t—s) A(t—s) i(t—-s) e s is
dadbds.
\/(27r)d+1(t — 5)d+2 (2m)d+1gd+1
We integrate in @ using Lemma A.3 (ii) with u = &, v = @ et w = Zo:
k .
|Z7Fp)(m, 3 t)| < Ca,p- (43)
_lla—agl)? _G=abh?  p—ab)?  (m—ah)?  (m—al)?
at e 4(t—s) A(t—s) e~ 1 -

da'dbds.

/ /]RZ m>b>zxl,b>al /72 7 p7 , L /727_[_ P /7(271')282

1

Using Lemma A3 (") foru=b,v=a"',w=mk=1

b _ (b=ahH? _ (m—al)? _ (b—-m)?
e 4t-s) ¢ 1s e 4t t S t—s
dal = \/Ei(b _ b — —b + m
oo /21t —s) V2ms Noz ( 4s(t — s) | (t t )

_ (b=m)? 7 _ (b=m)? (b—m)?
e t — S e 4t e 4s
=& —[b—m < - e~ el m]? = -
Vot < dst | ]> T V2mt V2mt
the last bound coming from Lemma A.3 (iii) since b —m < 0.

We plugg this estimation in (43)

| Z%F[p)(m, 3 t)| <

_ s wou (b—xl)? (m—2$)?  (b—m)2

e 4G=9) e~ 4s 1s

C m CE Y )
dB// b= V( 2t Nipis \/27r(t—s)2 V27s

We integrate with respect to b on R and we use Lemma A.3 (ii) with u = 2!, v = b,

dbds.

w=m, k=1

. _Gno!)?_ Jmag)? e_“"%lﬂ_z
|IB (m, z; t)| < \/_CdB/ \/W N(p;s,zo)md&
When 0 < s < t, e_(m%lﬁ < e_(m%lﬁ So:
. . (m-sh)? _liz=sqll® <m1fé>2 1
2"l st)| < V2Cs | V) e
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Under the integral we identify the factor ¢qi1(m — xf, m — z', 7 — 7o;2t) so

t
1
|I'6’k[p] (m, x; t)| < \/§Cd73¢d+1(m — zcl), m —zt, & — 79; 2t) / N(p; s, x0) ———=dbds.
0

\27(t — s)

Finally using the definition of N (41) we have proved

t
1
N(Z7*[p], z0,t) < \/§Cd,B/ N(ps s, 20) ———e=ds
0 27(t — s)

which achieves the proof of Lemma 4.4. O
4.2.2. Proof of Hypothesis 2.1 (ii), case A =1,

Proposition 4.5. For any o probability measure on RY, for all (m,,t) € R%x]0,T],

u = py(m,m —u,Z,t) admits a limit when u goes to 0, u > 0.
Proof. The proof is a consequence of the three following lemmas.
Lemma 4.5. Recall that p°(m,x;t) = Jpa Pwerw (m — xh, x — xo;t)po(dwo).

. 0 a0 ~ ~ d
UJ6%>0p (b,b—u,a;t) =p°(b,b,a;t), Yu>0, (ba)eRVt>D0.

. bru—z) _(tu—g)? -l
Proof. We have p®(b,b—u, Z;t) :fRdQ&e BT 2 Lysal, wzoto(dzo).

Then, since the integrand is dominated by ——2—— and i is a probability measure
’ v/ (2m)dgd+1 ’

using Lebesgue’s dominated convergence Theorem yields:

lim  p°(b,b—u, & t) = p°(b,b, %;t), ¥V (b, &) € R, VE > 0.

u—0,u>0

Lemma 4.6. For k =m,1,...,d recall that

t

PP (m, z;t) = / / 1b<mBk(a)8ka*1,W(m —a',x —a,t — s)py (b, a; s)dbdads.
0 JRra+

The map u > p&®(m,m — u, T;t) converges to p*(m, m,¥;t) when u goes to 0F.

Proof. The proof wil be a consequence of Lebesgue dominated theorem. First, the
map u — lycmOkpw w(m —at,m —u — a*,& — a;t — s)pv(b,a;s) converges to
1

LyemOkpw w(m — a',ma', & — a;t — s)py (b, a; s) when u goes to 0.

Second it is dominated by ¢*%(m, %, a, b; s, z¢) :=

|B* (a)|1p<m sti% |8ka*11W(m —atm—u—a, T —at— s)pv(b,a;s,x0)|
u
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We seek to prove that

T
/ / q"%(m, &, a,b; s, 20)dsdbdapg(dzy) < +00. (44)
0 R2d+1
According to estimation (38) of Oxpw -1, and estimation (ii) of Proposition 4.4, we
obtain
D (m—a')? |z—al?
k,a ~
q” (m,x,a,b;s,xo) < ||BHOO]-m>b>a1 eXp[f - ]
\/tfs\/QW(tfs)d—H 4t —s) 4t —s)
Cr b— x})? b—al To — al?
e o o) ol
4s 4s 4s

We integrate with respect to @ using Lemma A.3 (ii) for k =d+ 1, u = &, v = a and
w =T :

_1a—&?
4t

| BllocCTD24=1/2 ¢

Vi s\/2n(t —s) V2ms V2!
(m—a')> (b—ap)? (b—a')?

expl- At—s)  4s  4s k

k,a ~ 1 7. 1\ g~
/ q (mv'rva 7basaz0)da’ < 1’m>b>a1
Rd—1

We integrate with respect to a; between —oo and b using Lemma A.3 (i) for u = m,
v=a'and w=1"

-
_lamiel® (hom)?

||BH<>OCTD2d/2 € 1t

VE—s\/2n(t — )\ 27s Vot
expl~ "= o, ( st Gm S)m)) |

/ 1a1<bqk’a(mv~%vba‘1;5;500)‘1‘1 < Locm
Rd

4s t—s) t t
Note that 25(;&75) (b—[$m+ (t;—‘s)b]) = /3t (b — m) and using Lemma A.3 (iii)
li—@gl2 _ (b—m)?
- |BloCrp2? ot
*(m,T,b,a;s,x0)da < 1lpem
/Rd T o) b Vit —sy/2m(t — s)V27s Norne
(b— z4)? s (b—m)?
eXp[—TO] GXP[—MT]-
) —m)? s —m)2 —m)2
We observe that %—l—m = L so that exp[— G o ) Jexp[— 72 u 1 V| = exp[— (f(tfs)) ].

We integrate with respect to b (neglecting the indicator function) using Lemma A.3
1\2
(ii) for u=m, v = b and w = &} and exp[—"7rl] < 1.

_la—gll?
4t

Bl ooCrD2(d+1)/2 ¢
ocolT
/t _ s \/Ed+1

/W+1 ¢ (m, z,b,a; s, x)dadb < 1osal
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Since pg is a probability measure then fot fR2d+1 qk’a(m,i, b, a; s, xo)dadbug(dzg)ds <
—+00.
This is (44) and achieves the proof of Lemma 4.6 U

Lemma 4.7. For k =m,1,...,d recall that

t
pPP(m, z;t) = / / 1b<mBk(a)8ka*11W(b —a',x —a,t — 8)py(m, a; s)dbdads.
0 JRd+1
The map u — pk*ﬁ(m, m —u,T;t) converges to 0 when u goes to 0F.

Proof. Using estimation (38) of Oxpw+1 w and estimation (ii) of Proposition 4.4
concerning py, we dominate the integrand which defines p*#(m,m — u,Z;t) by :
"B (m,u, T, a,b,x9,8) =

_—abh?  p-miw?  Js—a|2_ (m-zd)?  (m-al) [Fg-a|?
e~ 4(t—s) A(t—s) A(t—s) is is is

Vit —sy/27(t — s)d+1\/ s

up to a multiplicative constant. Meaning that

1m7u<b<m,a1<b

t
’pk’ﬁ(m,m — u,i;t)’ < HB||OO/ / ¢"P(m,u, Z,a,b, z9, s)dbdadspo(dxg). (45)
0 JR2d+1

We integrate with respect to @ using Lemma A.3 (ii) with u = &, v = @ and w = &

_lE=sq)?  _(G=ab)? _ @-myw?  (m-o)?  (m—al)

d—1e T e Alt—s) 4A(t—s) s s
k, . ~
/Rali1 "B (m,u, @, a,b, 0, s)da < V2 T

Nor= VE—5\/2n(t —5) V2rs

We integrate with respect to a' between —oo and b using Lemma A.3 (i") for u = b,

v=a'and w=m:
1 k. z,a,b da <
b>alq (m,u,x,a, a:COaS) a =
Rd

le—agl2 _ (b—m)%  (b—m+uw)? (WL7E6)2
e~ 14t e at A(t—s) 4s t S t—s
S )

\/ﬁd VE—5\/21(t — s)\/27s e s(t — )2 t t

l5—50012 _ (b=m)?2 _ (b—mtw? (m-=p)?
e at 4(t—s) 4s t — 8
= v e\ =—0b-—m)].
Vot Vit —5/27(t — s)V/2ms 2st

Since b —m < 0, using Lemma A.3 (iii)

l5—5012 _ (b=m)?2 _ (b—mtw? (m—zp)?
- e at I(t—s) s

\/%d VE—8\/21(t — 5)\/27s ‘

e

4st

_tmapm)?

/ 1b>a1qk7ﬁ(m7uai'aa7bazOvs)da’ <
Rd
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_=m)?2 s (b—m)?) _=-m)?) . . .
Notethat e™ 3 e~ @ \""™ ) =¢ 1 . We integrate this last bound with respect

to b between m — u and m using Lemma A.3 (") for the triplet (m — u, b, m) and the

fact that $(m — u) + 5om = Sm=wimlizs)

_lz=3q2  _ <m701>2
e s

k, ~ P
fRd+1 1m—u<b<m,b<a1q ﬁ(m, u,x,a, b, Zo, S)dadb < e\/TMdJrl Vi—s

[ (/i (m — =)} gy ([t st

Then,

/ quﬂ(m,u’i.’a,b’ OCo,S)dadb S
Rd+1

o Ha’c—;iuu? e_<mf4§o> o ( 5 ) o PR
G ——u | =P | =y ————u ]| .
Vot V= 2t(t — s) 2t(t — s)
Note that lim,_o ®¢ (, /mu) o ze (— ﬁu) =0 and
’(I)G ( 2t(tsfs) “) - &g (_\/ 2tt(:;s) u)

Lebesgue dominated theorem

< 1. Since p is a probability measure, using

t
lim / / ]-'m—u<b<7n,b<a1 qk,ﬂ (ma U, jv a, bv Zo, S)dadbﬂo (dzO)ds =0.
0 RQd+1

u—0t

Finally estimation (45) yields lim,_,o+ p*?(m, m — u, #;t) = 0. O

5. Casd=1

Proposition 5.1. Let the real diffusion X given by dX; = B(X;)dt+ A(X;)dW, where
A, B fulfil (4) and (5). Then the density of probability py satisfies Hypothesis 2.1, so
for any initial law po and F € CZ(R?,R),

BF(M;, X0) = B[P0, Xo) + [ E[E () (M, X, )] ds

‘QpV(XSva;S)

ox(Xors) ds. (46)

n %/O E [amF(Xs,Xs)lA(Xs)l

Proof. We operate a Lamperti transformation [18]. Whithout loss of generality, A
can be choosen positive. In case d = 1 Assumption (5): “Je > 0 such that for any

xr € R, A%(z) > ¢” could be expressed:

Je > 0 such that for any z € R, A(z) > c. (47)
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Let ¢ such that ¢’ = & and ¢(0) = 0, so that ¢’ is uniformly bounded and ¢ € C?(R),
as is the function A. Moreover ¢’ being strictly positive, ¢ is strictly increasing hence

1

invertible and we denote by ¢~ its inverse function. Under the initial condition

©(0) =0, using It6 formula Y = ¢(X) satisfies

B 1
dY; = 1 o @71(§Q) — §A’ o @71(5/}) dt + dWy, Yy = p(Xo). (48)

Let A, = 1and By, := 8o~ —1A’0p™! which belongs to C} (R) as a consequence
of B € C}, A € C?. Obviously, ¢’ > 0 implies that ¢ is increasing, Y,* = ¢o(X;) =
P(Mz).

Theorem 1.1 in [9] can be easily extended to the case where X admits an initial law

o, thus the law of the pair (Y;*,Y;) admits a density with respect to the Lebesgue

Py *.v (¢(b),(a);t)

A(b)A(a) . Now

measure. Moreover, Lemma 2.2 in [9] sets out py(b,a;t) =
applying Theorem 2.4 to the pair (B, 1) the density py- y satisfies Hypothesis 2.1.

Since functions A and ¢ are continuous

py=y (p(b), p(b); 1)
ulifg+ pv(b b— ) AQ(b)

that means py satisfies Hypothesis 2.1 (ii).
Using now (47)

1
sup py (b, b — u;t) < FSuppy-y (@(b), (b —u);t)
u>0 u>0

and since ¢ is increasing, if u > 0, ¢(b — u) < ¢(b) and denoting v = ¢(b) — (b — u)
it gets v > 0, and

1
su;())pv(b b—u;t) < = suppy* (p(b), (b) — v;t).
u>

After the change of variable m = (b) so db = A(b)dm,

T
/ /suppy* b),(p(b)—u;t)dbdt:/ /A((p_l(m)) sup py - y (m, m—u; t)dmdt.
R u>0 0 R u>0

Since A is bounded and py- y satisfies Hypothesis 2.1 (i),
fo Jz A( )) SUp,~q Py =,y (m,m — u;t)dmdt < co and py satisfies Hypothesis 2.1
(i) and (11). O
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6. Conclusion

This paper establishes a PDE of which the density of the pair [M;, X;] running
maximum-diffusion process is a weak solution, under a quite natural assumption on
the regularity of py around the boundary of A. This assumption is fulfilled when the
matrix coefficient of diffusion A is the identity matrix or when the dimension d = 1.
This PDE is degenerated then the classical results on uniqueness cannot be applied
here. The case of non constant matrix A is an open problem. Such generalization
could be useful in case of practical applications, as the management of barrier options,

in models including stochastic volatility.

Appendix A. Tools

A.1. Malliavin calculus tools

The material of this subsection is taken from section 1.2 in [21].
Let H = L?([0, T],R?%) endowed with the usual scalar product (., .)i and the associated
norm ||.||g. For all h € H, W(h) := fOT h(t)dW, is a center Gaussian variable with
variance equal to ||h||Z. If (h1, ho) € H?, and (h1, h2)m = 0, then, the random variables
W (h;), i = 1,2, are independent.

Let S denote the class of smooth random variables F' defined by:
F=fW(h),....W(hyn)), n €N, hi,...,h, € H, feCy(R"). (49)

Definition 1. The derivative of the smooth variable F defined in (49) is the H valued

random variable given by DF :=>"" | 8; f(W(h1), ..., W (hy))h;.

We denote the domain of the operator D in L?*(2) by D'? meaning that D2 is the

closure of the class of smooth random variables & with respect to the norm

IF|l12 = {E[|F]?) + E[||DF|2]} ">

Definition 2. L2 is the set of processes (us, s € [0,7T]) which satisfy
u € L%(Q x [0,7],R?) and for all s € [0, 7], us belongs to D2 and

ullfsz = HUH%Z([O,T]XQ) + ||DUH%2([0,T12XQ) < 00.

Definition 3. Let u € L2, then the divergence §(u) is the unique random variable

of L*(Q) such that E [F§(u)] = E[(DF,u)u], VF € S smooth random variable.
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We apply Definition 1.3.1 in [21] with u € L}? and G € D%
E[G(u)] = E[(DG,u)y] . (50)

Let 9 € RZ. We introduce the exponential martingale

d t t
1
Zi = exp |3 (/ B (ot W, ) AW — —/ (Bk(x0+ws))2ds) RNES
k=1 /0 2 Jo
When there is no ambiguity, we will omit the exponent zg.

Lemma A.1. Let B € C}L(R%R), then for all zg € R the process
(B(mg + Ws)Z2, s €[0,T]) belongs to L'2.

s

Proof. Let xo be fixed. In this proof we omit the exponent xo. Note that Z? =

d t t t
4 4 —2
exp <2§ :/ Bk(x0+Ws)de—§/ |\B(:vo+Ws)||2ds+T/ |B(aco+Ws)||2ds>
= /o 0 0

d + t
4
< ¢TIBIZ e (22/ B (o + W) dW" — 5/ 1B (o + Ws)|2ds> .
k=10 0
Then, Z; belongs to L%(Q) for all t € [0, T] since

sup E(22) < TPl (52)
t€[0,T]

Note that Z, = 1+ Sy_, [ B¥(xo + W,)Z,dWE, t € [0,T]. Using Lemma 2.2.1,
Theorem 2.2.1 of [21], and the definition of ™2, applied to the R%*!-valued process
Y = (W, Z) with a null drift coefficient, the matrix 3, (d+ 1,d), defined by:
[09F(y),1 < 4,k < d] = Ig, o1k (y) = B¥ (2 + b, . od +yDF2, k=1,..,d,

we obtain that Z belongs to L1:2. Since B is continuously differentiable with bounded

derivatives, the process (B(W + z0)Zs, s € [0,T]) belongs to L2 O

The following remark will be often used: using line -15 page 135 of [9] or Exercise

1.2.11 p. 36 in [21]
DiW} =1y ,)(s) where 7 :=inf{s, W/* = W/}*}. (53)

A.2. Brownian motion case estimations

Let us recall the density of distribution of the pair (W;", W}), where W' is a one-

dimensional Brownian motion and W*! its running maximum (see e.g., Section 3.2 in
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[17] or [15]):

bt 722b7a (2b—a)21
pWI*,Wl( y @5 )f WCXP* o b>sup(a,0)-

Thus, using the independence of the components of the process W, the law of

(W W;) has a density with respect to the Lebesgue measure on R4*! denoted by

pwis w(o5t)

(2b—al) b2 Ti,leb?

pW”,W(b’ a; t) =2 (27T>dtd+26 2t 2t 1b20,b2a13 be R, a = (al, ceny ad) S Rd.

(54)

Lemma A.2. (i) For all t>0, py- w(.;t) is the restriction to A of a C*°(RI*1)
function and there exists a universal constant D such that for x = b,a', a2, ...a%,

D _24—al)? nd o (ah)?
We 4 #=2 "I 1y max(al,0) - (55)

ot |Oxpw1 w (b, ast — s)| € LY([0,¢] x R, dbdads).

’asz*l,W(ba a; t)‘ <

As a consequence Y., 1

(m—zh?

_lE—gg|? _ (m—=f)?
e 4t 4t At

(“) pO(m, xz; ta :L'O) S

m>max(zl,z})

(2m)dt1gd+1

= 2(d+1)/2¢d+1(m - ‘Tlﬂ m — ‘Té’ T — ‘%0; 2t)1m>max(ml,mé)a

Proof. (i) Let pw be the density of a d dimensional Brownian motion, and the

density of law of W; Vt > 0: pw (.;t) € C®(R?):
(-t)—#*ﬂ:l# t>0, v=(z' 4y e RY
pw (z; 7\/We , , x=(x, ...,z .
Its derivative with respect to x! is
(k)2

:L'l _Zd ()7 1 d d
e k=172 >0, ;L':(;L',...,:L')ER-

S () = = g

Its second derivatives are

1,.k k2
T T d (%)
02 — e Xk=iw o, >0, z=(2',..,29) eRY, k=2, ..,d

w1 =
k)Z

1)2
—t (=
@)76_22:1 7o, t>0, z= (4 ....z%) e RY

\/2dpdidtd
Using (2.1) page 106 of [14] we obtain the analogous of (2.2) page 107 of [14]: there

8§1I1pw(z; t) =

exists a constant C' such that

C
01w (2 6)] + 1071, pw (5 0)] < —pw (2:20), k=1,....d, ¢>0, xR (56)
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Recall (54)

2h — gl 2b—al)2 d ak)2?
6_( 2t ) _Zk:2( )

d
pw-rw (b, a;t) = QW 2 1b2a1+, V(b,a) € R ot >o0.

We observe
pww (b, a;t) = —20,1pw (20 — at,ad?, ..., a%; t)lbzai- (57)

Then py 1 w (., .;t) is the restriction to A of a C* function.

Moreover, using the chain rule,  being (b, al,- - ,ad)
4C 12 d
|0zpw 1w (b,a;t)] < TpW(Qb —a,a’,...,a ;2t)1b2a1+. (58)
On the set {(b,a), b>max(0,a')} we have
(20 —a")? = (b+b—a")? > (b)* + (b—a')* (59)

Plugging estimation (59) into (58) yields (55) with D = 23C.
(ii) Recalling the definition

m — ! +m— :Eé (m=zlym—al)? 552
€ 2t 2t m>zlval
(2m)itire S

po(m, x;t,x0) = pW1*7W(m—zé, x—xo;t) =2

we deduce the standard bound which uses ze=*" < e=*"/2 and (m — x4+ m— xé)Q >
(m—a')2 + (m —z{)*

1y2

_(m=ah?  Ja-5q|%  (m—a})?
4t

e 4t
po(m,l';t,$0) < (27T)d+1td+1 1m>:61\/acé

=20 2g (m— 2t m — xf, F — F0;20) 1501y,

Lemma A.3. Forall0< s<t, k>1 and all u,v,w € R*

2
o ool Jo—wl? o s tes NI fuul?)

t—s s s(t — ) t t t

R —tegp? : s -
N k=1, / © ¢ dv=v2" oo [ J—p— Cu+
© oo \/2m(t —8) V2ms \/2mt) s(t—s) | (t t )
o vl o Lol o Lzl

ii " du =29kt T
(i) re /(27(t — )k \/(27s)k V(2mt)k

2 2

(i) F 0, 1 - ®g(u) /+ ei;d:d)( y< &2
or u>0,1— u) = z —Uu) = ‘
A N
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Proof. Point (i) is proved by a development of both hands then an identification of
the coefficients of the squared norms and scalar products: |ul|?, ||v]|?, ||[w]|?, v.v, v.w, v.w.
So we deduce (i’) as the integral of
(v-(uttg2w))’— g’

21 (t — 5)\/2ms

.t
e 4s(t—s)

with respect to v up to b.
(ii) is a consequence of point (i) then an integration on R* of the Gaussian density

with respect to dv.
2

u

(ili) The function u — ®¢(u) — <5 is null at 0, has a null limit when u goes to
%

. o e . . . .
—oo and its derivative is u — —ps tuts— Its derivative vanishes at \/2/7 and is
2

u-
2

2

negative for u < y/2/7 and positive after. Then, u — ®g(u) — £

u < 0.

is negative for

O

A.3. Proof of Remark 2.3, boundary conditions of the PDE

Here we assume that py is regular enough. Let po(dx) = fo(x)dz. Using Theorem
2.2, (6) means that: for all F € CZ(R4T1 RY)

/A F(m, 2)py (m, z; t)dmdz = /]R Fm,m, ) fom, 7)dmds + (60)
/Ot/AEF(m,x)pV(m,x;s)dmda:ds-‘r %/Ot /Rd | AL (m, 2)||%0m F (m, m, &)py (m, m, &; s)dmdids
recalling £ = B'0;, + 32703, . where ¥ = AA".
(i) Integrating by parts with respect to a convenient dzxy in
fot JALF(m,z)py (m, x; s)dmdazds and noting that the support of py(.,.;s) is A, the

boundary terms uniquely concern the component z':
t t
/ / LF(m,z)py(m,x; s)dmdzds = —/ / F(m, x)0,x (B*py ) (m, z; s)dmdads
0 JA 0 JA
1 t
- 5/ /8$LF(m,x)@mk[zk’l(m,x)pv(m,x;s)]dmdzds
0o JA

¢ 1
+ / / (F(m,m,i)Bl(m, z) + EGIkF(m, m, :E)El’k(m,f)> py (m,m, &; s)dmdids.
0 Jre

We again operate an integration by parts on the second term above on the right hand:

1 t
— 5/ /_szF(m,a:)akak’l(m,x)pv(m,az;s)]dmda}ds =
0 JA

1 [t 1 [t
7/ / F(m, 1)8% l[Ek’lpV](m, x; s)dmdzdsff/ / F(m, m, &)0 [El’kpv] (m, m, Z; s)dmdzds.
2Jo Ja e 2Jo Jra
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Gathering these equalities yields

t t
/ /ﬁF(m,x)pv(m,x;s)dmdxds :/ /F(m,x)ﬁ*pv(m,x;s)dmdxds
o JA 0 JA
t
—%/ / F(m,m,Z)0x [El’kpv} (m,m, Z; s)dmdzds (61)
0 Jra
K 1
+/ / (F(m, m, &) B*(m, Z)py (m, m, T; s) + g[aIkFZLka](m, m, Z; s)) dmdzds.
o Jrd

(ii) Using F € C(RI*1,R) with compact support in A (so F(m,m,i) = 0) we

deduce the equality in A :
atpV(mv'r; S) = ‘C*pV(ma 3 S)a Vs > 07 (mv'r) € A. (62)
We use (60), (61) and (62) applied to F' € CZ(R4T! R) with compact support in A:

1 t
0 :/ F(m,m,i)fo(m,:i)dmd:i—i/ / F(m,m,z)0x [El’kpv} (m,m, Z; s)dmdzds
R4 0o JR4
K 1
—|—/ / (F(m,m,i)Bl(m,i)pv(m, m,T;s) + 5[8IkFEl’kpv](m,m,5c; s)) dmdzds
0o Jre
1/t L e . N N
+ 3 |A* (m, 2)||*Om F (m, m, &)p(m, m, &; s)dmdZds. (63)
0 JRre
We now operate integration by parts on the last two terms:

t
/ /d ([8xkF.Zl’k.pv](m,m,i‘;s) + [|AY (m, &)||2Om F (m, m, )py (m, m, &; 5)) dmdzds =
o Jr

t
[ (P )mm, :5) + 0 14T Py ), :5)) s (64)

Plugging (64) into (63) yields the boundary condition, namely a PDE of which py is

a solution in the weak sense:

B! (m, &)py (m,m, &5 5) = 3 33y Our (BHEpy) (m,m, 3 5)+

32 ko100 (BHEpy) (m, m, &5 5) + 50, (| A 1Ppy) (m, m, &; 5)
simplified as

- - - 1 -
B (m, #)py (m,m, &55) = Y 0, (5" py)(m,m, & s) + §0m(|\A1H2pv)(m7m7I; s)
k>1

with the initial condition py (m, m, Z;0) = fo(m, ). O
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