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Abstract

Bone is a hard-soft biomaterial built through a self-assembly process under
genetic regulatory network (GRN) monitoring. This paper aims to capture
the behavior of the bone GRN part that controls mineralization by using
a mathematical model. Here, we provide an advanced review of empirical
evidence about interactions between gene coding (i) transcription factors and
(ii) bone proteins. These interactions are modeled with nonlinear differential
equations using Michaelis-Menten and Hill functions. Compared to empirical
evidence, the two best systems (among 126 = 2, 985, 984 possibilities) use
factors of inhibition from the start of the activation of each gene. It reveals
negative indirect interactions coming from either negative feedback loops or
the recently depicted micro-RNAs. The difference between the two systems
also lies in the BSP equation and two ways for activating and reducing its
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production. Thus, it highlights the critical role of BSP in the bone GRN
that acts on bone mineralization. Our study provides the first theoretical
evidence of a necessary genetic inhibition for bone mineralization with this
work.

Keywords: Bone, Genetic Network, Nonlinear Differential Equations, Hill
Functions

1. Introduction

Bone is a biomaterial made of a soft matrix of collagen (type 1), a
hard phase of mineral (carbonated Hydroxyapatite, cAp), and several non-
collagenous proteins with water [4, 9, 15, 26, 46]. For building bone structure,
bone cells initiate a self-assembly process monitored by the bone genetic reg-
ulatory network (GRN). Although evidence has already well described the
main GRN components, their behavior and the order they act on each other
for controlling mineralization remain unclear[23, 28, 62]. Thus, this lack of
knowledge is one of the major limitations for developing new treatment when
bone’s composition is altered by growth and aging (e.g. Osteoporosis), ge-
netics disorders (e.g. Osteogenesis Imperfecta), or orthopedics issues (e.g.
joint arthroplasty) [6, 7, 8, 14, 16, 48, 64, 68].

This paper aims to capture the behavior of the bone GRN portion that
controls mineralization. We hypothesized that the genetic control of bone
mineralization follows a system of nonlinear differential equations to regulate
the interactions between the genes of (i) transcription factors and (ii) bone
proteins. To do so, we first provided a review of empirical evidence coming
from in and ex-vivo experiments about bone composition and self-assembly
process, and in-vitro experiments about bone GRN and its canonical pathway
of activation. We depicted the direct interactions between the genes coding
for the transcription factors and those coding for the bone proteins (e.g. en-
hancers or inhibitors of mineralization). Second, we proposed a theoretical
behavior of the bone GRN using a system of nonlinear differential equations
modeling interactions through Michaelis-Menten and Hill functions. We in-
vestigated several mathematical regulation scenarios and compared our in
silico data to recent in-vitro data [57]. In section 4, we showed that only two
regulatory pathways are possible in theory. While we revealed the need for
negative indirect interactions coming from either negative feedback loops or
micro-RNAs, we also pointed out the missing experiments needed to com-
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plete bone GRN description.

2. Empirical Behavior

2.1. Bone composition and self-assembly process

The soft bone phase is an assembly of crosslinked tropocollagen molecules
built through the expression of two central genes, Col1a and LOX. While
Col1a codes for tropocollagen molecules, LOX codes for Lysyl-Oxidase, the
enzyme facilitates their crosslinking for stiffening a soft matrix [7, 18, 51, 52].
The hard bone phase originates from the process of mineralization, which con-
sists of the precipitation of Calcium (Ca) and Phosphate (Pi) ions into cAp
crystals within the soft matrix of crosslinked tropocollagen [3, 8, 29, 34].This
process is regulated through the expression of genes coding for mineraliza-
tion enhancers (e.g. Bone Sialoproteine [BSP], Alkaline Phosphatase [ALP]),
and mineralization inhibitors (Osteocalcin [OC] and Osteopontin [OPN])
[9, 46, 53].

2.2. Canonical pathway of activation of the bone GRN

The canonical pathway of bone formation is when bone matrix stiffness
activates the WNT-β cathenin pathway (Wingless/Beta Catenin pathway)
to initiate bone mineralization [13, 38, 47, 50, 63]. For instance, the WNT-β
cathenin pathway activates transcription factors (i.e. sequence-specific DNA-
binding factors) having the ability to inhibit or activate RNA polymerase to
bind the promoter gene. Indeed, as they bind the DNA, transcription fac-
tors can be activators by calling the RNA polymerase to bind the promoter
and start transcription, or inhibitors by blocking the RNA polymerase to
bind the promoter and prevent transcription from starting. Like every gene-
regulatory network, regulatory components in the bone GRN are thought to
contain specific interaction sites for critical regulatory factors. Long-term
evidence [45, 36, 27, 42] depicted the following succession of gene activation:
Col1a - ALP - OPN - OC with mineralization starting at OC secretion. More
recent evidence shows (i) upregulation of OPN and Col1a at the prolifera-
tion stage [19], (ii) upregulation of Col1a, ALP, and BSP at the extracellular
matrix maturation [2], and (iii) upregulation of OC and OPN at the extracel-
lular matrix mineralization [33]. About this, multiple lines of evidence show
that RUNX2 (runt-related transcription factor 2) is the earliest transcription
factor that is essential for bone formation [23].
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Previous evidence has established links for gene activation regarding miner-
alization enhancers and inhibitors (e.g. Col1a, LOX, BSP, ALP, OC, and
OPN) and the main bone GRN transcription factors (RUNX2; OSX, Osterix
also called Sp7; SATB2, special AT-rich binding component) [32, 54]. More
precisely, ALP, BSP, and Col1a are early osteoblast differentiation markers,
while OC appears late, concomitantly with mineralization. In addition, OPN
peaks twice, during proliferation and then again in the later stages of dif-
ferentiation [1, 11, 20, 24, 25, 30, 31, 37, 40, 41, 53, 56, 57, 58, 59, 60]. We
integrated the information gathered in table 1 for the part before BSP and
in table 2 for the part after BSP. Our review shows that BSP acts directly
on OPN, OC, and ALP and triggers positive feedback on OSX and RUNX2.
Our review suggests that BSP has a central role in the mineralization path-
way. We propose a condensed, simple, and version of the bone GRN involved
in the mineralization of the bone matrix. Although our version includes the
most straightforward pathway without taking feedback loops and double ac-
tivation into account, we used these actions for discussing our results and
interpreting factors of degradation or inhibition (see 4).

We summarized the process as follows: canonical pathway (e.g. WNT-β
catenin pathway activated by stiffness) triggers bone mineralization through
mechanotransduction. This means that bone cell mechanoreceptors stimu-
lation activates the first bone GRN transcription factor (RUNX2). RUNX2
turns then up the production of another transcription factor called OSX,
which activates SATB2. SATB2 starts the output of the first enhancers of
mineralization (BSP). It induces both the second enhancers (ALP) and the
two inhibitors (OC and OPN) of bone mineralization. Thus, our review
highlights the central role of BSP in the process presented in Fig. 1.
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Element 1 Element
2

Observations Model Ref.

Stiffness + RUNX2 40 kPa stimulate RUNX2 in vitro cell culture [1]
Stiffness + RUNX2 62-68 kPa stimulate RUNX2,

ALP, and OPN
in vitro cell culture [57]

RUNX2 + OSX RUNX2 and OSX both in-
creased from early to late stage
osteo-differentiation

in vitro cell culture [40]

RUNX2 + OSX RUNX2 master regulator up-
stream of OSX

in vitro cell culture [37]

OSX + SATB2 SATB2 expression is sup-
pressed in the absence of OSX
and enhanced when OSX is
overexpressed

in vitro cell culture [58]

SATB2 + BSP SATB2 binds to the BSP pro-
moter and regulates BSP ex-
pression

in vitro cell culture [58]

SATB2 + ALP overexpression of SATB2 in-
creased ALP activity

in vitro cell culture [31]

SATB2 + OC overexpression of SATB2 in-
creased OC level

in vitro cell culture [31]

SATB2 + RUNX2 overexpression of SATB2 in-
creased RUNX2 activity

ex vivo Knockout
Mice

[20]

downregulation
SATB2

- OC OC expression is reduced 43-
fold

ex vivo Knockout
Mice

[20]

downregulation
SATB2

- BSP BSP expression is reduced 5-
fold

ex vivo Knockout
Mice

[20]

Table 1: Empirical evidence regarding activation pathways of the bone GRN before min-
eralization stage
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Element 1 Element
2

Observations Model Ref.

high BSP + OPN high concentration did mod-
este OPN upregulation

in vitro cell culture [37]

lack of BSP + OPN downregulation BSP upregu-
late OPN

ex vivo Knockout
Mice

[11]

BSP + OC Baseline expression of OC is
higher in BSP +/+

ex vivo Knockout
Mice

[10]

Low BSP - ALP Low concentration of BSP
downregulates ALP

in vitro cell culture [37]

High BSP - OC OC levels were lower in serum
samples of transgenic

ex vivo Knockout
Mice

[60]

High BSP = OC Continuous addition of exoge-
nous BSP was not sufficient to
increase OC

in vitro cell culture [25]

High BSP + OSX Continuous addition of exoge-
nous BSP was sufficient to in-
crease OSX

in vitro cell culture [25]

High BSP + RUNX2 Continuous addition of exoge-
nous BSP was sufficient to in-
crease RUNX2

in vitro cell culture [25]

High BSP - ALP ALP levels were lower in serum
samples of transgenic

ex vivo Knockout
Mice

[60]

Table 2: Empirical evidence regarding activation pathways of the bone GRN after miner-
alization stage

3. Theoretical behavior

3.1. Mathematical model: a multiple-choice approach

According to the condensed bone GRN depicted in section 2.2, a similar se-
quence is repeated following the same pattern. The aim of this section is to intro-
duce the general structure of each equation of our GRN model. To that purpose,
we use, only here, the generic following notations that will be adapted to each
chemical reaction of the model thereafter in the next section. Each equation of
the model will show the interaction of two substances x and y. We give an example
of a couple of substances at the end of this section. We base our construction in
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Figure 1: Condensed version of the bone genetic regulatory network (GRN) that directly
acts on mineralization (i.e. production of the bone proteins responsible for bone mineral-
ization). Here, matrix stiffness activates the WNT-β cathenin pathway (mechanotransduc-
tion) for initiating the cascade of transcription factor production (RUNX2, OSX, SATB2)
that induces production and exocytosis of mineralization enhancers (ALP and BSP) and
inhibitors (OC and OPN).

the generic scheme represented in Fig 2. We insist on the fact that this general
process will then be apply specifically to all the key actors of the GRN process.
Following Fig 2, a substance y (in red in the left part of the figure (denoted A)
has been previously produced and will start interacting with a substance x (in
blue in the center of the figure (denoted P1). We will specify in the next section
that substance y needs to reach a certain level of production to trigger produc-
tion of substance x. This production can be controlled by two possible processes:
interaction with micro-RNA (green in the center of the figure (denoted P3) or
self-inhibition of substance x (blue dotted array denoted P2 in the figure). We will
explain in the next section also how this mechanisms can slow down production of
x. Each equation of the model focuses on the production of x, assuming that sub-
stance y has been produced and described in the previous equation. To describe
every single equation, one of the most frequently used deterministic approaches
consists in ordinary differential equations (ODEs), which are based on the law of
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mass action, that is the production rate of a substance x depends on its balance
between its production (gain) and its degradation (loss).

Figure 2: Schematic representation of a component x production (general formulation).
Step 1 (A): through a plausible kinase cascade, component y activates component x pro-
duction. Step 2: This production can be component y dependent only (P1) with the
possible action of component x without action of micro-RNAs (P2) or with their action
(P3). Step 3 (N): component x may interact through a non canonical pathway with other
component (not studied here) and a plausible degradation. Interaction and degradation
are considered as loss terms for the ongoing x canonical interaction. One example in our
study is: OSX (transcription factor; component y) activates (process P1) the production
of SATB 2 (transcription factor; component x) that is used to activate BSP production.
One micro-RNA can act negatively on the production of BSP
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In other words,

x′ = gain - loss.

Here is how we detail it. We proposed then the following generic mathematical
model, which will be specified for every key actors of the GRN following a multiple-
choice approach that we set up as a decision tool with three objectives: (i) con-
firming the biological assumptions based on observed experiments, (ii) rejecting or
accepting possible interaction pathways for missing data, and (iii) forecasting the
regulation system based on a specific stiffness to eventually prevent early patho-
logical formations. To achieve these objectives, we structured the right-hand side
of each equation in two parts: a positive term, standing for a growing part due
to the component x production from the GRN and a negative term describing its
degradation or loss by the binding to one or several (still) unknown components.
The consequence of this loss was a decrease in the component concentration. To
model our assumptions for each equation of the system, we used the following
general form:

x′ = f(x)− g(x), (1)

where f is the positive part, involving an increase (but, to the best of our knowledge
saturating) in time of component x (production) and −g is the negative part
involving the decrease of x (degradation/binding) (see Fig. 2 for the schematic
representation of component x production mechanism). In the next section, x will
stand for : WNT-β cathenin , RUNX2, BSP, OC, OPN and ALP components
(described in the previous section), while f and g will change their name in each
equation depending on which substance is involved. For instance, if the equation
describes the production of RUNX2, then x will be replaced by RUNX2, the role
played by y will be replaced by the substance produced just before by the previous
reaction, in that case, WNT (see figure 1 for details). Furthermore, since f and
g related directly to RUNX2 in this example, they will be denoted fRUNX2 and
gRUNX2 as long as no specific expression of f and g have been identified for this
particular equation, then replaced immediately by an explicit form as soon as the
best scenario has been selected (after analysis and numerical simulations) (see the
section 3.4.1 for the details of the scenario selection and validation).

3.2. Interpretation of the right-hand sides of generic equation (1)

3.2.1. Positive terms f involving an increase in time of component x (pro-
duction)

Each positive term of the equations describing a concentration increase (steps 1
and 2 in Fig. 2 (see the legend for more details)) may be due to the interaction with
other components in presence - for instance, OSX would depend on the RUNX2
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Figure 3: Hill like function x 7→ fH(x) = k yn

yn+axn , where k = 3, y = 2, n = 3 and a = 1

(graph A), a = 10 (graph B). The influence of a is to slow the reaction down (slope is
steeper when a is larger).

concentration. Because, each production is saturated and may be triggered with
possible lag time, we decided to propose Hill-like functions f in three different
forms : (i) general denoted fH (H standing for Hill), (ii) not saturating denoted
(fNS , NS standing for not saturating) , and (iii) with decreasing terms denoted
fDT (DT standing for decreasing terms).

(i) General form fH : Hill function with an extra slowdown term a
In literature, Hill functions are known to describe kinase cascades, or receptor-
activator interactions with a low decreasing slope at the early stage, that
could be considered as too low concentration (here denoted x as in Fig. 2,
steps P1 and P2) to trigger the reaction. Then, a sudden increase in con-
centration x occurs, ending eventually with a saturation part because f is
getting close to 0 when x is large (see Fig. 3). In our model, we add an extra
slowdown process enhancing the decelerating part by a specific interaction
with the components slowing down the natural process. This term may be
interpreted as the micro-RNAs interactions with the component x (see P3
of Fig. 2), leading to a slower production of this latter. In the equation,
it appears as a multiplicative constant a in the Hill function form as below
(see an example of the extra saturating process influence on the function in
Fig. 3). The standard form of this Hill-like function is

fH(x) = k
yn

yn + axn
, (2)

where x is the concentration of the studied component, y is the concentration
of the component interacting with x. Parameters k and n are positive real
numbers describing respectively the saturation level and the sensitivity term.
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Then at the early stage of the component x production, if the level of the
component y (see A and P1 of Fig. 2) about to interact with x is high enough
(i.e. yn >> axn), then yn is almost equal to yn + axn and fH(x) ≈ k. This
gives at the starting point a constant production of component x. But, as
x increases, yn + axn becomes larger, and the value of k yn

yn+axn decreases,
which can be interpreted as a saturating growth of component x. And when
component y is degraded, y tends to zero, and thus k yn

yn+axn tends to zero
as x keeps being produced, which stops production of component x too.
Note that:
- if n = 1 and a = 1, function fH stands for the well known Michaelis-Menten
interaction,
- if a = 1, function fH is the classic Hill function, with no extra-saturating
term (see Fig. 3 for the influence on the function and step P1 in Fig. 2 for
a biological representation). Saturation still exists as it is a part of the Hill
function, but it is not weighted by the extra term a. Note at this point that
if n > 1, the larger n is, the larger the slope at the triggering time is (very
fast reaction when the concentration threshold is reached).

(ii) Non saturating form fNS :
a simpler function, called non saturating form, consists in the previous Hill-
like function in which, variable x has been replaced by a constant. In that
case, x components do not play a saturating role, and its production is y-
dependent only, following an exponential increasing pace (see step A in Fig.
2). This variation of the Hill-like function, denoted fNS (u standing for
unsaturated), is as follows

fNS(x) = k
yn

yn + a
. (3)

Thus, when considering equation (1) with such a function and no negative
term, if component y concentration remains constant, production of compo-
nent x increases exponentially. On the other hand, if component y concen-
tration increases, production of component x reaches its maximal increasing
slope k.

(iii) Decreasing term form fDT :
to describe a decreasing production rate in function of components y (step
3 in Fig. 2), we used a form with a decreasing term. We denote fDT , such a
function, with d standing for decreasing. This function is defined as follows,

fDT (x) = k
1

yn + axn
. (4)
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This form shows a much stronger impact on the self-decrease of component
x (it is also illustrated by step P3 in Fig. 2). Within this scope, we decide
also to investigate the x component independent decreasing function denoted
fIDT (step P1 in Fig. 2), and defined by

fIDT (x) = k
1

yn + a
. (5)

3.2.2. Negative terms −g involving the decrease of x (degradation / binding)
Each negative term of the equation describing a concentration decrease may be

due to physiological degradation or binding to other components (corresponding to
step N in Fig. 2). We tested three plausible biological assumption: (i) a constant
degradation means that the component’s continuous use - to either activate the
following component or build the bone matrix - is independent of the stiffness (i.e.
there is no positive or negative feedback loop in the time frame we studied), (ii)
stiffness-dependent loss (degradation or noncanonical pathway) means that the
component is more used - to either activate the following component or build the
bone matrix- as the matrix stiffness increase (i.e. there is a negative feedback
loop from the stiffness in the time frame we studied), and (iii) inverse-stiffness-
dependent loss means that the component is less used - to either activate the
following component or build the bone matrix- as the matrix stiffness increase. (i.e.
there is a positive feedback loop from the stiffness in the time frame we studied).
Thus, we propose three different forms of negative terms for equation (1): (i) basic
loss term denote gBL (BL standing for basic loss), (ii) negative dependence on
the source term gND (ND standing for negative dependence), and (iii) inverse
dependence on the source term gID (ID standing for inverse dependence) that are
described as follow:

(i) basic loss term:
−gBL(x) = −µx, (6)

where µ is a positive real value, and x is the component concentration.

(ii) negative dependence on the source term (i.e. on matrix stiffness Ey):

−gND(x) = −µEyx. (7)

This means that loss increases with the increasing stiffness. This could be
biologically explained by the fact that for larger stiffness, components x are
more degraded or recruited by other interactions not described in detail for
the mineralization process or other bone regulation.
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(iii) inverse dependence on the source term (i.e. inverse matrix stiffness Ey):

−gID(x) = − µ

Ey
x. (8)

This assumption implies that the loss term decreases as the stiffness increases
meaning that loss by degradation or non pathological pathway is larger for
the early phase, when stiffness is low.

3.3. The full model

To summarize, if we denote the WN for WNT, RU for RUNX2, BS for BSP, OP

for OPN, OC for OC and AL for ALP (which are the components defined in Fig.
1) we end up with the following generic system of ordinary differential equations
(note that the term generic is due to the fact that at this point, f and g are just
the general gain and loss functions of described in equation (1).

W ′
N = f(WN ) −g(WN ),

R′
U = f(RU ) −g(RU ),

B′
S = f(BS) −g(BS),

O′
P = f(OP ) −g(OP ),

O′
C = f(OC) −g(OC),

A′
L = f(AL) −g(AL).

(9)

Two important remarks need to be given at this point. First, every concentration
from WN to AL are time dependent functions, and for the seek of clarity of the
autonomous model we do not mention the variable t. Second, each equation had
to be mathematically and biologically investigated in order to choose among each
gain functions f (that is one function between fH ,fNS , fDT and fIDT ) and each
loss functions g (that is one function between gBL, gND and gID). To do so, we had
to simulate different scenarios. This process is explained in the next subsection.

3.4. Investigating different model scenarios

Our model (9) consists in 6 equations, each of them being written as mentioned
in the previous subsection. We investigated several kinetic saturation scenarios
based on our review, recent experimental data [57], and the well-known chemical
interactions studies from Michaelis-Menten and Hill [21, 22, 44] - standard to
describe saturating process showing possible lag times - for proposing a model that
consists in six ordinary differential equations standing for regulation of WNT-β
cathenin, RUNX2, BSP, OC, OPN and ALP (see Fig.1).
To select the most appropriate model, the same set of parameters has to fit the
experimental data obtained with three stiffness Ey values: 14.5, 50.5 and 65 Pa.
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With six equations for the system, four possible positive terms and three possible
negative terms, there are 126 = 2, 985, 984 possible models. We separated thus
our models in two parts: (i) the WNT-β cathenin and RUNX2 equations and (ii)
the BSP, OPN, OC, ALP equations and we used the least square method (see the
Supplementary Material file section 3 for details).

3.4.1. Selection and validation of scenarios for WNT-β cathenin and RUNX2
For WNT-β cathenin and RUNX2 equations, two selections of terms among

144 possibilities were suitable (see Fig. 4). Our results show that two distinct
subgroups fitted correctly the data. Their main differences rely on the influence
of the inhibition factor: first row of simulations is with aW and aR values about 1
for unsaturated and saturated models, while in the second row,aW and aR values
are respectively 69.6 and 122.7 for unsaturated and saturated models. In other
words, one subgroup (first row of simulations of Fig. 4)is simulated with aW and
aR (A) (micro-RNA influence) values about 1 while in the second row (B), aW and
aR (see systems (10) and (11) for the equations of the models) play an important
role with values respectively of 69.6 and 122.7. The other values are given in the
legend of figure Fig. 4) At this stage of simulation, it is thus impossible to claim
that the inhibition factor is crucial in the process and only new biological investi-
gations on their influence could allow us to differentiate one set of parameter from
another one. We had to test both to see if we reached saturation or not. Our
results presenting no differences between both conditions suggest that the bone
GRN is not saturated for that range of stiffness. However, we took the arbitrary
choice to pick up the saturated model for two reasons: 1- give the whole system the
homogeneous saturated form, and 2- to give a door open for future experimental
results that may need to add microRNA impact in these two equations.
This will be more investigated in our next objective: when we get the whole feed-
back loop with mineralization increasing continuously the stiffness. This closed
system will then be biologically investigated, and the role of microRNA even more
particularly. At this stage, we admit that this is arbitrary only but open enough
to give biologists freedom to include it or not (taking all the aW oraR equal to
1 Consequently, since only one model (the model 2 of Fig. 4) was in agreement
with the biological inhibition hypothesis (a Hill function for the gain and no loss
function). We then used model 2 with saturated B assumption for running simu-
lations of the entire model and we described it in the next subsection.
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Figure 4: After a literature review, and experimental data fitting, we came up with a
selection of four possible models among 144 possible ones. Their main differences rely
on the influence of the inhibition factor: first row of simulations is with aW and aR
values about 1 for unsaturated and saturated A models, while in the second row, aW and
aR values are respectively 69.6 and 122.7 for unsaturated and saturated B. Values are
the following: unsaturated A (k1 = 0.0059, aw = 1.0006, k2 = 0.0248, aR = 0.9981,
vw = 1.0078, vR = 0.9949), unsaturated B (k1 = 0.0100, aw = 69.6016, k2 = 0.8392,
aR = 122.7328, vw = 1.0477, vR = 1.0004), saturated A (k1 = 0.0100, aw = 0.9865,
k2 = 0.0186, aR = 0.7748, vw = 0.7000, vR = 0.9964), saturated B (k1 = 0.0430,
aw = 270.5291, k2 = 0.6448, aR = 100.0059, vw = 1.0139, vR = 1.0002). Experimental
plots are taken at 24h, 72h and 168h.

3.4.2. Selection and validation of scenarios for BSP, OSX, OPN, OC
All the parameters of the model are non negative constants, and they are

described in Table 3.4.2. For BSP, OSX, OPN and OC equations, after tedious
investigations, two selections of terms (case 1b and case 3a (see Fig. 5)) among
124 = 20, 736 possibilities appeared suitable for us. We describe them in the two
following scenarios:
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Variables Description
WN WNT-β concentration
RU RUNX2 concentration
BS BSP concentration
OP OPN concentration
OC OC concentration
AL ALP concentration
Parameters Description
Ey Stiffness
ki, i = 1, ..., 6 Saturation levels for each concentration
µBS

, µOP
, µOC

, µAL
Degradation rate or interaction through a non
canonical pathway with other component

vW ,vR,vBS
, vOP

, vOC
, vAL

Sensitivity constants of Hill functions
aW ,aR,aBS

, aOP
, aOC

, aAL
Saturating weight due to micro-RNA

Table 3: Variables and parameters used in the models and their description. Note that all
variables WN , RU , BS , OP , OC and AL depend on the time t, and all the parameters are
non negative constants.

1. Scenario 1b:

W ′
N = k1

Ey
vw

Ey
vw + aWW

vw
N

WN ,

R′
U = k2

WN
vR

WN
vR + aRR

vR
U

RU ,

B′
S = k3

RU
vBS

RU
vBS + aBS

B
vBS
S

BS −µBS
BS ,

O′
P = k4

1

BS
vOP + aOP

O
vOP
P

OP −µOP

Ey
OP ,

O′
C = k5

B
vOC
S

B
vOC
S + aOC

O
vOC
C

OC −µOC
OC ,

A′
L = k6

1

B
vAL
S + aAL

A
vAL
L

AL −µAL

Ey
AL.

(10)
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2. Scenario 3a:

W ′
N = k1

Ey
vw

Ey
vw + aWW

vw
N

WN ,

R′
U = k2

WN
vR

WN
vR + aRR

vR
U

RU ,

B′
S = k3

RU
vBS

RU
vBS + aBS

B
vBS
S

BS −µBS

Ey
BS ,

O′
P = k4

1

BS
vOP + aOP

O
vOP
P

OP −µOP

Ey
OP ,

O′
C = k5

B
vOC
S

B
vOC
S + aOC

O
vOC
C

OC −µOC
OC ,

A′
L = k6

1

B
vAL
S + aAL

A
vAL
L

AL −µAL

Ey
AL.

(11)

Figure 5: Selecting the best fitted model among the 20, 736 possibilities. Only two can-
didates were chosen: case 1b and case 3a. Other cases were tested but could not fit
data.

The resulting simulations are given in figure 6 for scenario 1b and in figure 7
for scenario 3a.
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Figure 6: The selected model based scenario 1b: parameter values are k3 = 0.4993,
aBS

= 0.0353, vBS
= 2.8123, k4 = 0.0339, aOP

= 0.0061, vOP
= 0.6692, k5 = 0.0557,

aOC
= 0.5819, vOC

= 0.5292, k6 = 0.0668, aAL
= 0.8857, vAL

= 2.5820, µBS
= 0.0922,

µOP
= 0.3587, µOC

= 0.0480, µAL
= 0.0641. Experimental plots are taken at 24h, 72h

and 168h.
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Figure 7: The selected model based scenario 3a: parameter values are k3 = 1.9994,
aBS

= 0.4244, vBS
= 1.9053, k4 = 0.0371, aOP

= 0.0025, vOP
= 0.5078, k5 = 0.0924,

aOC
= 299.9984, vOC

= 0.9350, k6 = 0.4847, aAL
= 7.7552, vAL

= 2.7359, µBS
= 0.7398,

µOP
= 0.3000, µOC

= 0.0080, µAL
= 0.0531. Experimental plots are taken at 24h, 72h

and 168h.

Remark: to give a comparison, we added simulations that do not fit in the
Supplementary Material section 2. Moreover, our source codes for simulations are
available on demand to the correspondent author.

19



4. Discussion

Evidence has already proposed several theoretical approaches to bone min-
eralization and remodeling. However, none of them address the GRN behavior
[12, 35, 49]. Here, we detailed the role played by each production of transcription
factors, enhancers, and inhibitors of mineralization. We used the canonical path-
way of bone GRN activation (Wingless/Beta Catenin) and modeled transcription
factors and bone protein production through Michaelis-Menten and Hill function.
As a result, we proposed two nonlinear differential equations that fit well with the
experimental data. The two best systems used an inhibition factor in each equa-
tion modeling each element of the bone GRN, showing the theoretical evidence of
bone GRN inhibition during bone mineralization through stiffness matrix evolu-
tion. The difference between the two systems lies in the BSP equation and two
ways for activating and reducing its production. Thus, it highlights the critical
role of BSP in the bone GRN that acts on bone mineralization.
For instance, our predictions show that case 1b and case 3a were the only rele-
vant results (see Fig. 5) for BSP, OSX, OPN, and OC production (see models 10
and 11). In these models, the favorable terms of production, based on well-known
modeling of kinetic interaction through the Hill-like functions, provided results
that fit our experimental data only with Hill functions adding a slow down pa-
rameter - or a decreasing function with saturation. These results indicate that the
weighting coefficient a (amplification factor) of formula 2 plays a significant role
in fitting the data. Although further sensitivity analyses of saturation are neces-
sary to depict the range of acceptable values, our data support the existence of a
saturation level for the components’ production involved in bone mineralization.
In addition, in the two most accurate models, the negative terms of production
(degradation) provided results that fit our experimental data only with constant
degradation term gBL or stiffness inversely dependence term gID. Constant degra-
dation gBL is when the negative term µ is independent of any other interaction (see
Fig. 6). On the other hand, gID is used when the loss term decreases as stiffness
increases. The best fits to experimental data finally happened when inhibition
action on degradation is inversely proportional to the stiffness when the loss term
is function gID. In this paper, we had to compare our theoretical research to em-
pirical research that employed hydrogels with variable stiffnesses for modulating
the mechanical environment of cells. Thus, mechanotransduction (i.e., WNT-β
catenin regulation) had to be our primary source of bone GRN activation. This
constraint made our model-independent of other osteogenic signals (e.g., coming
from osteoclasts). Thus, by comparing our in silico results to in vitro results -
coming from cell culture of osteoblasts-, we depict for the first time an osteoblast
self-inhibition without the action of osteoclasts.
As mentioned in the material and method section, we tested three plausible biolog-
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ical assumptions: (i) a constant degradation, (ii) stiffness-dependent loss (degrada-
tion or noncanonical pathway), and (iii) inverse-stiffness-dependent loss. The (ii)
stiffness-dependent loss (degradation or noncanonical pathway) hypothesis seemed
to be the most relevant because it induces a negative feedback loop from the stiff-
ness that could correspond to the initiation of the bone remodeling. However,
our simulations showed that the best scenario uses hypothesis (iii) that implies
an inverse-stiffness-dependent loss. It means that the component is less used - to
either activate the following component or build the bone matrix- as the matrix
stiffness increase. It means that we had a positive feedback loop from the stiffness
on the osteoblasts in the time frame we studied. Thus, we may investigate several
assumptions in the future: (i) degradation may play a secondary role as it may be
a slow process (as shown in the increasing experimental data between time 24h,
72h, and 168 hours) or (ii) stiffness influence is so low that it does not influence
degradation at this stage of the experiment. Although we could investigate more
low stiffness samples or degradation of the two starter terms (WNT and RUNX2),
our data support the lack of direct negative dependence on the source term (see
the simulations of WNT and RUNX2 with degradation in the Supplementary Ma-
terial section 1 and note that this does not change anything in comparison with
simulations shown in Figure 4 ).
Regarding limitations of the method used here, there is a wide choice of optimal,
statistical, and machine learning methods such as kriging or gradient descent that
can help to validate the best set of parameters. However, we need more time-
series data points for using them. Thus, our following goals are to (i) obtain BSP
data sets (missing in our work here) and (ii) describe a complete feedback loop
between transcription factors and matrix stiffness both with experimental obser-
vations and theoretical predictions. Although in physiological conditions, several
factors from the extracellular and ecological aspects of bone mineralization impact
the bone GRN (e.g., Transforming growth factor-beta, Oncostatin M, or Bone
morphogenetic proteins), our research disregards the role of bone-resorbing osteo-
clasts and the associated osteogenic signals. In future research, we will integrate
these parameters when seeking to model in vivo behavior and, more specifically,
bone remodeling.
In our results, we found that an extra saturation term is necessary. We suggest
that extra saturation could result from miRNA’s action. For instance, MiRNAs
are small non-coding RNA molecules that regulate the post-transcriptional gene
expression by inhibiting target mRNA translations or promoting transcript degra-
dation. Regarding bone, miRNAs are the core of complex circuits involving com-
ponents of multiple pathways for promoting or inhibiting osteogenesis. In addition,
evidence has shown that all pathways converge to RUNX2 and SATB2 expression
and activation [39], which are transcription factors that represent master regulators
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responsible for OB differentiation. Thus, miRNAs involved in their downregula-
tion determine osteogenesis inhibition. In addition, a recent review [5] published
an exhaustive overview of miRNAs involved in bone homeostasis and highlighted
their possible role in pathological development. Thus, the specific micro RNA of
the bone GRN – osteomirs – can fulfill the role of “inhibitor” saturation term a
because they modulate epigenetic states in given genomics loci of the bone GRN.
Here, instead of proposing one osteomir per genomics locus, we propose a clus-
ter of osteomirs inhibiting each transcription factors that directly modulate the
production of both enhancers and inhibitors of mineralization (see Fig. 4). We
selected only those whose inhibitory effect on transcription factors promoters was
shown in laboratory and clinical studies (linked to human individuals dealing with
bone pathologies). For instance, we propose a cluster of osteomirs that directly
inhibit RUNX 2 and are related to bone pathologies such as osteoporosis : miR-320
[65] , miR-133a [61], miR-218 [17] and miRNA-23a [67]. We also propose another
transcription factor called ATF-4 with its regulator mir-214 [43]. However, ATF-4
is also able to activate the WNT-β cathenin pathway [66]. Although it has been
shown that osteoblast proliferation and differentiation are likely regulated by re-
ciprocal regulation rather than a cascade of the transcription factor, in this paper,
we addressed the regulation of the mineralization part as a linear chain.The manip-
ulation of key gene-regulatory elements, such as disease-associated loci and bone
regeneration-associated loci, may be an attractive new approach to gene therapy
for genetic disorders and regenerative medicine in skeletal tissues. Our next en-
deavor will be to integrate another key (positive or negative) feedback loop in our
model.
Finally, with the mineralization precursor processes outputs of our model, it might
be possible to deduce the number of crystals created according to the number of
BSP and ALP present in the extracellular matrix. Indeed, as the two main en-
hancers of crystal assembly are BSP and ALP, and the two main components of
crystals are calcium and phosphate, knowing the number of those four entities
should hopefully be able to allow us to forecast the number of crystals created.
The concentrations of Calcium and Phosphate necessary to obtain one crystal -
based on the ratio Ca/PO4 of 1,67 [55]- are two inputs for performing mineral-
ization prediction. Consequently, our future work will be to decipher the exact
relationship between enhancers of mineralization and molecule concentrations to
predict the number of crystals that one cell can produce.
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Figure 8: samples of micro-RNAs in the bone GRN pathway for controlling mineralization.

5. Conclusion

We provide the first theoretical evidence of a necessary osteoblast self-inhibition
after activation of the genetic regulatory network controlling mineralization. Com-
pared to empirical evidence, the two best systems used an inhibition factor in each
equation modeling each element of the bone GRN. It reveals negative indirect
interactions coming from either negative feedback loops or the recently depicted
micro-RNAs. The difference between the two systems lies in the BSP equation
and two ways for activating and reducing its production. Thus, it highlights the
critical role of BSP in the bone GRN that acts on bone mineralization.
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