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Abstract

We study stochastic properties of the norm cocycle associated with iid products of
positive matrices. We obtain the almost sure invariance principle (ASIP) with rate o(n'/?)
under the optimal condition of a moment of order p > 2 and the Berry-Esseen theorem
with rate O(1/4/n) under the optimal condition of a moment of order 3. The results are
also valid for the matrix norm. For the matrix coefficients, we also have the ASIP but we
obtain only partial results for the Berry-Esseen theorem. The proofs make use of coupling
coefficients that surprisingly decay exponentially fast to 0 while there is only a polynomial
decay in the case of invertible matrices. All the results are actually valid in the context of

iid products of matrices leaving invariant a suitable cone.

AMS 2020 subject classifications: 60F05, 60B15, 60G50.
Key words and phrases. Random walk; Cocycle; Almost sure invariance principle; Berry-

Esseen theorem; Hilbert metric.

1 Introduction

Let d > 2 be an integer. Let G be the semi-group of d-dimensional positive allowable matrices:
by positive, we mean that all entries are greater than or equal to 0, by allowable, we mean that

any row and any column admits a strictly positive element. We endow R? with the ¢* norm
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and G with the corresponding operator norm. We denote both norms by || - ||. Recall that
lgll = sup—; lgz|. Define also

Sti={x=(x1,...,0q) €R? : |jz|| =1and z; >0, Vi€ {1,...,d}}. (1.1)

Let 1 be a probability on the Borel sets of G. Let (Y},),en be independent and identically
distributed (iid) random variables with law p living on a probability space (€2, F,P). For every
n € N, set A, =Y, ---Y;. We wish to study the asymptotic behaviour of the sequences
(log || As | )nen and (log ||Anz||)nen, 2 € ST. Other sequences of interest are (log(A,z,y))nen for
z,y € ST, where (-,-) stands for the standard inner product on R%; (log k(A,))nen, With & the
spectral radius or (log(inf,cs+ ||Anx||))nen-

In a series of paper [7], [9], [10], [12] and [13] we studied the stochastic properties of the norm
cocycle (i.e. (log||Anz|)nen) associated with the left random walk on GL4(R) under optimal
or close to optimal moment conditions. The moment conditions required in these works are in
particular optimal in case of the almost sure invariance principle (ASIP) with rate, and close
to optimal in the case of the Berry-Esseen theorem. We also obtained results for the matrix
norm, the matrix coefficients and the spectral radius. A key ingredient to get these result is
to obtain a suitable control of some coupling coefficients introduced in [7], under appropriate
moment conditions for . In the context of positive matrices these coefficients are defined in
Section 3 and can be written as follows: for p > 1,

Opoo(n) :=E( sup |log||A,z|l —log||Auyll[") -
z,yeSt
As we shall see, in the context of positive matrices, these couplings coefficients decrease expo-
nentially fast even if 1 has only polynomial moments, in contrast with the case of invertible
matrices where the decay is only arithmetical. More precisely we shall prove in Proposition 3.2
below that, when p is strictly contracting and almost admits a moment of order p > 1 (see
Section 2 for a definition of these notions), there exists a €]0, 1] such that 8, . (n) = O(a™).

As we already mentioned, a suitable control of this kind of coefficients (together with the
Markovian structure of the random walk) is one of the main arguments used in [10] and [12] for
obtaining rates in the ASIP, as well as Berry-Esseen type bounds in the case of the left random
walk on GLg(R)). We follow this strategy in Section 6, where we obtain rates of order o(n'/?)
in the ASIP when p has a moment of order p > 2, and in Section 7 where we obtain rates of
order O(n'~?/2) for Berry-Esseen type bounds (for the quantities log || A, || and log || A,z|) when
w1 has a moment of order p €]2, 3].

Let us mention that the study of iid products of positive matrices benefited from a lot of
works. Let us cite, among others, Hennion [15], Hennion and Hervé [16], Buraczewski et al. [4],
Buraczewski and Mentemeier [5] or Xiao, Grama and Liu [24], [25], [26] and [27].
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Hennion [15] obtained the strong law of large numbers and the central limit theorem (CLT)
under optimal moment conditions in the more general situation of products of dependent positive
random matrices satisfying some mixing conditions. All the other above mentioned papers,
except [16] and [27], assume exponential moment for ¢ which allows to use in a natural way the
Guivarc’h-Nagaev method based on perturbation of operators.

In fact, in the context of products of positive random matrices, Hennion and Hervé [16] and
Xijao, Grama and Liu [27] recently observed that the Guivarc’h-Nagaev method applies under
polynomial moment conditions. In particular, Hennion and Hervé obtained the Berry-Esseen
theorem with rate O(1/4/n), under a moment of order p > 4 while Xiao, Grama and Liu obtained
the same rate (as well as a first order Edgeworth expansion) under a moment of order 3, but
assuming an additional technical condition (see their condition A2, that we shall discuss at the
end of Section 7.2).

The paper is organised as follows. In Section 2, we introduce some notations and definitions
and we also recall several key properties in the study of positive matrices. In Section 3, we
establish the existence of a unique invariant probability and we estimate our coupling coefficients
(see Proposition 3.2). In Section 4, we recall the strong law of large numbers of Hennion [15]
and provide some complementary results that can be obtained via Proposition 3.2. In Section 5,
we recall the CLT and provide several identifications of the asymptotic variance s?. Moreover,
we show that the known aperiodicity condition (see Definition 5.1) is sufficient for s? > 0, under
a moment of order 2. In Section 6, we obtain the ASIP for the norm cocycle, the matrix norm,
the spectral radius and the matrix coefficients under optimal polynomial moment conditions.
In Section 7, we obtain the Berry-Esseen theorem for all the above mentioned quantities. The
obtained rates are optimal (in terms of moment conditions) in the case of the norm cocyle and
the matrix norm, but we have a loss in the case of the spectral radius and the matrix coefficients.
In Section 8 we study the regularity of the invariant measure and in Section 9, we provide some
deviation inequalities for the norm cocycle and the matrix coefficients. In Section 10, we explain
how to generalise our results to matrices leaving invariant a suitable cone (notice that the positive
matrices of size d may be seen as the matrices leaving invariant the cone (RT)?). Finally, in
Section 11, we provide technical results related to the previous section.

In all the paper we denote N := {1,2,...}.

2 Norm cocycle and matrix norm

We put on G the topology inherited from (the distance associated with) the norm. Then, G
becomes a locally compact space. Let G be the sub-semi-group of G whose entries are all

strictly positive. Actually, G* is the interior of G.



Notice that for g € G, we actually have ||g|| = sup,cg+ ||gz|| and that, if g = (gi;)1<i, j<d,

d

gl ==f£§§§:g;£hj- (2.1)

For every g € G, set v(g) = inf,cs+ ||gz||. If g = (9ij)1<i, j<d, We have

v(g) = min Zgij. (2.2)

1<j<d

By definition of G, v(g) > 0 for every g € G.
We then define N(g) := max(||g,1/v(g)) and L(g) = 14l Notice that N(g)> > L(g) > 1

v(g)
for every g € G.

We endow ST with the following metric (see Proposition 10.1 for a proof that it is indeed a

metric). For every x, y € ST,

d(z,y) = p(m(z,y)m(y,x)),
where
B 1—s

p(s) = s

Vs e [0,1], (2.3)

and

m(u,v):inf{?ﬁ i e{l,...,d}, vi>0}.
v

Notice that the diameter of ST is 1 and that d(z,y) = 1 if and only if there exists iy €
{1,...,d} such that x;, = 0 and y;, > 0 or x;, > 0 and y;, = 0.
Using that for u,v € S*, maxj<;<gu; <1 and maxj<;<4v; > 1/d, we see that m(u,v) < d.
The semi-group G is acting on ST as follows.
gr

==  VY(g,r)€GxST.
ol @

g-r

We then define a cocyle by setting o(g, z) = log(||gz||) for every (g,x) € G x S*. The cocycle
property reads

O'(gg’,(l}) = 0(979/ ZL') +0'<g/,$). (24)
Following Hennion [15, Lemma 10.6], for every g € G we define c(g) := sup, ,eg+ d(97, gy).

Let us recall some properties that one may find in Hennion [15], see his Lemmas 5.2, 5.3 and
10.6 and his Proposition 3.1.

Proposition 2.1. For every (9,4, x,y) € G* x (ST)* we have
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(i) |o(g,2)| <log N(g);

(ii) [lz —yll < 2d(z,y);

(iid) |o(g,2) — o(g,y)| < 2L(g)d(z,y);

(i) lo(g,2) —o(g,y)] <2 (1/(1 = d(z,y))) ;
(v) clgg) < clg)elg’);

(vi) c(g) <1 and c(g) <1 iff g € G;

(vit) d(g-x,9-y) < c(g)d(z,y).

Let us also mention a closed-form expression for ¢(g) obtained in Lemma 10.7 of [15] (see

also Proposition 10.3 below). For every g = (gij)1<i, j<a We have

c(g) = max |9ijgre — Gieij| . (2.5)
1<i, 5,k 0<d G Gke + GieGkj

Notice that (g,x) — gz is continuous on G x ST (for the distance on G induced by the
operator norm and the distance on S* induced by || - ||) and does not vanish. Hence, it follows
from item (77) that (g, ) — g is continuous on G x ST (for the distance on G induced by the

operator norm and the distance d on ST).

Let us give some more properties that will be useful in the sequel. Set e = {1/d,...,1/d} €
S*. For g € G, we denote by ¢ the adjoint matrix of g.

Lemma 2.2. For every (g,z,y) € G x (ST)%,
(i) lo(g,x) —o(g,y)| <log L(g);

(i) llgell < llgll < dligell;

(iii) [lgll < dllg"|l;

(iv) |o(g,7) —0o(g,y)| < 2(2+log L(g))d(z,y).

Remark. The inequality in item (iv) of Lemma 2.2 is much better that the one in item (7i7) of

Proposition 2.1.

Proof. Items (i) and (ii) are obvious. Item (éi7) is an easy consequence of (2.1). Let us prove
item (iv). Let z,y € ST. Assume that d(x,y) < 1/2. Notice that for every ¢t € [0,1/2],
In(1/(1 —¢)) < 2t. Hence, using item (iv) of Proposition 2.1, we see that |o(g,z) — o(g,y)| <
4d(z,y). If 2d(x,y) > 1, then the desired conclusion follows from item (7) of Lemma 2.2. O



Proposition 2.3. (S*,d) is complete and ST is closed where
Stti={r=(21,...,29) €ER? : ||z|]| =1and z; >0, Vi € {1,...,d} }. (2.6)

Remark. This proposition is probably well known. We did not find a reference for it. However,
a hint of proof of completeness is given after Theorem 4.1 of Bushell [6], for Hilbert’s metric
given by dy(z,y) = —In(m(x,y)m(y,z)). See Proposition 10.1 for a proof in a more general

situation.

Let us state some of the assumptions used throughout the paper.

Definition 2.1. Let u be a Borel probability on G and p > 1. We say that ;1 admits a moment
of order p if

/G (log(N(g)))Pdulg) < oo

We say that p almost admits a moment of order p if

/G (log(L(g))"dju(g) < oo

Remark. Clearly, since L(g) < N(g)?, if u admits a moment of order p > 1, it almost admits
a moment of order p > 1, but the converse is not true in general, see the example in Section 6.

Assume now that p almost admits a moment of order p > 1. Then, p admits a moment of order
piff [, Hogllgll[Pdu(g) < oo iff [, [logv(g)["dpu(g) < oo

Similarly, we say that p admits or almost admits an exponential moment of order v > 0, if

there exists 0 > 0 such that, respectively,

/ceé(logN(g))wdu(g) < 00,

or

/ (o50) 4y (g) < oo
G

Definition 2.2. We say that yu is strictly contracting if there exists r € N, such that p*"(G1) > 0.

Equivalently, the closed semi-group I', generated by the support of ;1 has non empty inter-

section with G™.



3 Invariant measure and coupling coeflicients

Recall that a Borel (with respect to the distance d(-,-)) probability v on ST is said to be
p-invariant if for every Borel non negative function ¢ on S*, [, o ¢(g - z)du(g)dv(z) =
Jo+ ¢(x)dv(x). It is well known and easy to prove (recall that (g,z) — g - is continu-
ous on G x S*) that the support of a p-invariant measure v is T',-invariant, i.e. satisfies

I'), - suppv C suppv .

As recalled below, when g is strictly contracting, it admits a unique p-invariant probability

on S*. We need some further notations to describe its support.

Let g € G*. By the Perron-Frobenius theorem (see Theorem 1.1.1 of [21]), there exists a
unique 2 € ST such that gx = k(g)z, where k(g) is the spectral radius of g. We denote that

vector by u,. Notice the following bound that will useful in the sequel,

k(g) Z2v(g)  VgeG. (3.1)

Following [4] (see (2.4) there) we define

Ao={u, : g, NG},

where the closure is taken with respect to d. By Proposition 2.3, A, C S*.
It follows from Lemma 4.2 of [4] that A, is I',-invariant (ie. T'y- A, C A,).

We recall the following result of Hennion and Hervé [17].

Proposition 3.1. Assume that p is strictly contracting. Then, there exists a unique p-invariant

probability v on ST. Moreover suppv = A,,.

The existence and uniqueness of an invariant probability for strictly contracting p is proved
in Theorem 2.1 of [17] and the characterization of the support of the invariant measure follows
from Lemma 4.3 of [4]. Since there is no explicit proof of the latter fact in [4], let us give an
argument.

For every n € N, set B,, := Y7 ---Y,, (with (Y},),en iid with law p). It follows from the proof
of Theorem 2.1 of [17] that, P-almost surely, for every z € ST, (B, - x),en converges to some
random variable Z whose law v is p-invariant. Then supp v is I',-invariant and A, C supp v by
Lemma 4.2 of [4]. Now, since I';, - A, C A, for every z € A, B, - € A, P-almost surely, for
every n € N. Hence Z € A, P-almost surely (recall that A, is closed for d), which implies that
v(A,) =1, hence that suppr C A,,.



Recall that (Y},)nen is a sequence of iid random variables taking values in G, with law p and
living on a probability space (€2, F,P), and that A, :=Y,,---Y7.

For every p > 1 and every n € N define

Opoo(n) == sup E(lo(Y,, Apey - x) — 0(Ys, Ay - y)P) .
r,yeSt
Those coefficients have been introduced in [7], in the setting of products of iid matrices in
GL4(R), and proved to be very useful in [10] and [12], see also [9)].

We shall see that those coefficients decrease exponentially fast to 0, as soon as u (almost)
admits a moment of order 1, while we obtained only a polynomial speed of convergence in the
case of GL4(R).

Actually, we will prove the result for the stronger coefficients

Spvoo(n) = E( sup |o(Yn, Apq-x)—o(Yy, Ay q - y)]p) )

z,yeSt

Proposition 3.2. Assume that u is strictly contracting and almost admits a moment of order
p > 1. Then, there exists 0 < a < 1 such that

Opo() < 8p0(n) = O(a”), (3.2)
and
sup sup|o(A,,z) —o(A,,y)| € LP. (3.3)
z,yeSt neN
In particular,
sug |log || A, || —logv(A,)| € L. (3.4)
ne

Proof. Let n € N. By item (iv) of Lemma 2.2 and item (vii) of Proposition 2.1, for every

z,y € ST, we have
lo(Yo, An—1-2)—0 (Yo, An—1-y)| < (44+21og L(Y,))d(Ap—1-2, Ap—1-y) < (44+21og L(Y,,))c(An-1) .

Let r € N be as in Definition 2.2. Then, by item (vi) of Proposition 2.1, there exists € > 0 such
that
pwhe(g) <1—ge)=:v>0. (3.5)

Hence, if m = [(n — 1) /7],

m

E(c(40-1))’] < TTEL(EW -+ Yieyan))] < (L= 41— 7)™

k=1



This proves the desired exponential convergence of (0, oo (1))nen-
Using the cocycle property, we see that for every n € N and every z,y € ST,

‘U(Aﬂ710 _'U(Aﬂ7y)|f;ji:’a(ykrAkfl'x)__o(y%rAkfl'y)‘

k=1

< Z o(Yi, A1 - @) — o (Vi A1 - y)| -
k=1

Using the triangle inequality in L”, we infer that

E[ sup sup |o(A,, ) —U(Amy)’p] < (Z (Sp’oo(k))l/p>p

z,yeSt neN 1

< rPE[(2(2+log L(V1)))"] <Z (1= +1- v)m/p>p

m>0

27rPE[ (2 + log L(Y7))]
a (1 —(v1—ep+1- 7)1/p>p

proving (3.3). To prove (3.4), note first that for every g € G,

Y

| log [|g]l —logv(g)| = sup log [|gz|| — inf log||gy|| = sup log||gz|| + sup (—log|lgy|)
yest yeS+

eSS+ eSSt

= sup (log|lgz|| —logllgyll) < sup |o(g,2) —a(g,y)|.

z,yeSt z,yeSt

Therefore (3.4) follows from (3.3). O

4 The strong law of large numbers

Except the L!-convergences, the results of that section are essentially contained in Hennion’s
paper [15] (where a more general situation is considered), see his Theorem 2 and its proof.
Notice that Hennion assumed a moment of order 1 for i (the pushforward measure of p by the

application g — ¢*) while we also consider the case where p itself admits a moment of order 1.

We first recall the version of Kingman’s subadditive ergodic theorem relevant to our setting
(see [19, Theorems 1 and 2]). The fact that A, in the next proposition is constant follows from

Kolmogorov’s 0 — 1 law.

Proposition 4.1 (Kingman). Assume that [, |log||g|l|du(g) < co. Then, (21log |l Anl)ns1

converges P-a.s. and in L' to some constant \, € R.
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Remark. Using that ||g|| > v(g) for every g € GT, we see that log™ ||g|| < log™ v(g), where

log™ () = max(—log z,0) for every > 0. In particular, if g or i admits a moment of order 1,
then, [, |log gl |du(g) < oo.

The proposition implies in particular that A\, = lim,_, . E(log || A4,]])/n.

Notice that [, |log|lg|| |du(g) < oo if and only if [, |log|lg|l |di(g) < oo. Hence, applying
the proposition to fi, using item (7ii) of Lemma 2.2 and the fact that Y} ---Y! has same law as
Yi---Y], we infer that \, = \;.

We then provide the strong law of large numbers for various quantities related to (A, )nen
and identify the limit under a stronger assumption. In the sequel || - ||; stands for the L'-norm

on our underlying probability space (€2, F,P).

Theorem 4.2. Assume that p is strictly contracting and that p admits a moment of order 1.
Then, for every x € ST,

o(A,, ) logv(A,)

: log k(A
hm —_— = hm —_— = hm M
n—-+4oo n n—-+oo n n—-+oo n

=\, P-a.s., (4.1)

where Ay = [, ¢+ 0(g,2)dp(g)dv(z). Moreover, the convergences also hold in L' and, we even

have

| susl?r |M — M\ H1 — 0 and sup |M
HAS

- — M| — 0 P-as.
n n—r+00 reSt n

n—+oo

Remark. The P-as. and L' convergence of (+logv(A,))nen when [, ]logu(g)|du(g) < oo
(which holds if p admits a moment of order 1) follow from Kingman’s subadditive ergodic
Theorem applied to (—logv(Ay))nen. The formula for A, may be derived from the formula in
the middle of page 1568 of [15].

Proof. By Proposition 4.1 and the remark after it, we have the P-a.s. and L' convergence of
((log [[Anl)/1)nen to Ay

By (3.4), we infer the L' convergence for ((logv(A,))/n)nen. To prove the almost sure
convergence, define first Z := sup,cy|log [|A,| —logv(A,)|. By (3.4), Z € L' and, for every
€ > 0, by Fubini’s theorem,

E(Z)
£

> P(|log [|An]| — log v(Ay)| > en) < < o0o.

neN

The P-a.s. convergence for ((logv(A,))/n)nen then follows from the one for ((log||Anll))/n)nen

and the Borel-Cantelli lemma.
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The convergences for ((log k(A;))/n)nen follow from the bounds v(A,) < k(A,) < |4, (see
(3.1) for the first bound).

Finally, notice that for every n € N,

sup [o(A,, ) — n,| < max(|log ]| Au]l — nAl,|logv(A,) — nA)).

zeSt
which proves the remaining convergences.

Hence, it remains to identify A,. From the above, using the p-invariance of v, we infer that

..o ctontsrivi = - [ (3ot Ay )i

k=1

:l/S+ E(o(An, 2))dv(z) — .

n n—-+oo

|

We shall now consider the case of matrix coefficients. The proof will rely on Lemma 4.3
below, which is essentially contained in Lemma 2.1 of [17] (see also Lemma 6.3 of [4] for (4.4)).
We need also some further notations. As in [17], set

T:=inf{neN:Y,---Y; e G'}. (4.2)
From item () of [17, Lemma 2.1], note that p is strictly contracting if and only if P(T" < o0) = 1.

Lemma 4.3. Assume that p is strictly contracting. With the above notations,

A
inf inf . Anz)

———— > P-a.s. 4.3
B T el v (43)

and 4 4
inf inf —H n]| = inf v(An)

= — >0 P-a.s. 4.4
G T W - 44

Inequality (4.3) is just a reformulation of item (7i¢) of Lemma 2.1 from [17], and (4.4) follows
from (4.3) and the fact that for every n € N and every x € S*, using items (i) and (i7i) of
Lemma 2.2, we get

[Anzl| _ (e, Anz)
Z 2 t ’
[Anll — d?[|ALe]]

Recall that ji stands for the pushforward measure of x by the map g — ¢'.
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Theorem 4.4. Assume that u is strictly contracting and that i admits a moment of order 1.

Then,
sup — 0 P-a.s,
z,yeSt neN n—+0o0

where N, = [, o+ 0(g,2)dfi(g)dD(x) (U being the only fi-invariant probability on S*). In par-

(

Moreover, ((log || Anl| — nAL)/n)nen and ((log k(A,) — nA,)/n)nen converge P-a.s. and in L' to

log(y, Anz)
n

_)‘H

ticular,
inf, ,es+ log(y, A,z)
n

_)\#

) — 0 P-a.s.
neN

n—-+o0o

0; and ((logv(A,) —nA,)/n)nen converges P-a.s. to 0.

Proof. First notice that Proposition 4.1 applies, which yields the P-a.s. and L! convergence for
((log || A ) /n)nen and for ((log || AL])/n)nen by item (iii) of Lemma 2.2.

By Lemma 4.3, there exists a random variable W > 0 such that, for every x, y € ST and
every n € N, on the set {T" < n} (recall that T is defined in (4.2)),

0 < log || A,|| — log(y, Anz) < log W +log || An| — log|[Y{ - Yoy (4.5)

Let £ > 0. Using that (Y1,...,Y,) and (Y,,...,Y]) have the same law, we get

S P(sup |log [Y{--- Yiyl — log [Yi - Yiel| | > en)

n>1 yeS+

<Y P(sup sup |log[|Yy, - Viyl| = log | Y5, - -- Yie| | > en) < oo,

n>1 yeSt+t meN

where we used Proposition 3.2 for /.

By the Borel-Cantelli lemma, using item (i7) of Lemma 2.2, we infer that

supyeg+ |log ||V -+ Yyl — log || ALl |

— 0 P-as. (4.6)

n n—-+o0o

Combining this with (4.5) (recall that P(T' < oo) = 1 and that ||g|| < d||¢*|| for every g € G) we

obtain that
log || A,|| — log{y, A,x
- [log Al = log{y, Auz)| 0

z,yeSt n n—+oo

This gives the desired convergence for the coefficients. The P-a.s. convergences for (log k(A,,)/n)nen

and (logv(A,)/n)nen follow from the inequalities

inf, ,es+ log(y, A,z) < logv(A,) < log k(A,) < log || A, ||
n - n - n - n )
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The L' convergence for (logk(A,)/n)nen, follows from Theorem 4.2 applied to ji, using item
(77i) of Lemma 2.2 and noticing that (Y;,...,Y,) has the same law as (Y,,...,Y)). O

Under our assumptions, one cannot expect the L! convergence in Theorem 4.4 for v(A,).

For instance take p such that for every k € N, pu({gr}) = 3k(k+1 and p({h}) = u({Id}) = 1/3,
2=k 1/2 1/2 1/2
with = and h = . Then, for ever € su , <1
9 ( 0 1/2> (1/2 1/ y g pp 1 ||l
which implies that for every g € I', (the closed semi-group generated by the support of p),
v(g) < |lgll £ 1. Moreover, using (2.2), v(gx) = 27% and v(g}) = 1/2. In particular, fi admits a

moment of order 1 while y does not, since E(logv(Y1)) < >, o Bgf}g‘ff) = —00.
For every integer n > 2, set A, := {Y, = ... = Y, = Id}. Then, E(logv(4,)) <

E(logv(Y1)1a,) = 3~ VE(logv(Y1)) = —oo.

Similarly, even if 1 and fi are strictly contracting and admit a moment of order 1, we may not
have L' convergence for the coefficients. For instance, let u be such that u({Id}) = u({h}) = 1/2.
Then, p**({Id}) > 27" and, with {e;, ey} the canonical basis of R?, u*"({g € G : (e, ges) =
0}) > 0, so that E(log(e, Apez)) = —oc.

5 The CLT and the asymptotic variance

In this section, we state and prove various CLTs. Those CLTs are proved in Hennion [15] by
a slightly different approach (also based on a martingale-coboundary decomposition). Again,
Hennion only proved result under moment conditions on ji but, since the CLT is a result about
convergence in law, it is easy to derive results under g from the ones under i and vice versa,
using for instance item (ii7) of Lemma 2.2 and the fact that Y,, - --Y,, has same law as Y7 --- Y,,.

2 in several ways and to characterize

Our proof allows us to identify the asymptotic variance s
the fact that s* > 0. The obtained characterization is the same as in [4] and [5] but its proof
does not require exponential moments as in those works.

We start by proving a martingale-coboundary decomposition. In the case of invertible ma-

trices, such a decomposition was only available for p > 2 while here it holds as soon as p > 1.

Proposition 5.1. Assume that p is strictly contracting and admits a moment of order p > 1.
There exists a continuous and bounded function ¢ on X such that (o(Y;, Ap—1-2) =N+ (A,-z)—
w(An_l-x))neN 15 a sequence of martingale differences in LP. If moreover Wy is a random variable
with law v, independent of (Y, )nen, then (O'(Yn, Ay - Wo) = A+ 0(An - Wo) — (A, - WO))neN

s a stationary and ergodic sequence of martingale differences in LP.

13



Remark. The function 1 in the theorem is given by

Y(x) =) (/Gxaa(g,g’ ) dp(g)du™ " (g') — /\u> : (5.1)

n>1
Proof. Let ¢ be given by (5.1). The fact that ¢ is well-defined and continuous follows from
Proposition 3.2.

Then, notice that

dmmww+édmmwm—m

o(g,2) — Au=0(g,2) — /

G

and, using the definition of v,
[ oto.0)inte) =+ [ wlg-2)dnt) = via).
a a

Now, (a(Yn, Apy-x)— [o0(9, An ~x)d,u(g)> . is a sequence of martingale differences in L?

ne

(notice that = +— [, (g, z)du(g) is bounded). Moreover,

/Ga(g, Ap1-2)dp(g) = Ay + Y(An - 2) = P(Apa - 2) = (A, - o) — /Gw(gAnl -x) du(g),

and the right-hand side defines a sequence of bounded martingale differences.

The final statement follows from the fact that ((Y,, A,—1 - Wo))nen is a stationary and
(uniquely) ergodic Markov chain. d

Definition 5.1. We say that a probability x4 on G is aperiodic if the group generated by
{logk(g) : g € T',} is dense in R.

Proposition 5.2. Assume that p is strictly contracting and that p admits a moment of order
2. Then, there exists s> > 0 such that, with W, as in Proposition 5.1,

LE[(0(An, o) =AY — & (5.2)

n n—-+oo

and \/iﬁ(a(An, Wo)—nA,) = N(0,s?). In addition, if there do not existm € N and 1), continuous
on St such that

o(g,x) —mA, = Vn(x) — Un(g - ) for p®™ @ v-almost every (g,z) € G x ST, (5.3)

then s2 > 0. In particular, if yu is aperiodic, then s* > 0.

14



Remark. Under the assumptions of the proposition we actually have the functional central

limit theorem. Moreover, it is well known that the variance is given by

$* =B(0(A1, Wo)*) + 2 _E(o(Ar, Wo)a(A,, Wy))

n>2

:/G . o (g 2)dpu(g)dv (v +2Z/2 O o(g'g, x)dp* " V(g du(g)dv(z) .

Proof. For every n € N, set D,, := o(Y,,, Ap_1 - Wo) — Ay + (A4, - Wy) — (Ap—1 - Wp). By
Proposition 5.1, (D, )nen is a stationary and ergodic sequence of martingale differences in L2
In particular, (Dy + ...+ D,)/v/n = N(0,5%), with s = E(D?) = E((Dy + ... + D,)?)/n.
Hence, the CLT with the description of the variance follows from the following reformulation of

Proposition 5.1:
o(An, Wo) =, = (D1 + ...+ D,) + v(Wy) — (A, - Wy). (5.4)
Assume now that s> = 0. Then
[ (000,2) = = 0la) + 609 0) dutg)dv(a) =o.

Hence, (5.3) holds with m = 1 and ¢, = ¢. Let m > 1. Notice that p*™ is strictly contracting
and admits a moment of order p and that the unique p*-invariant measure is the unique u-
invariant measure. Notice also that A ,-» = mA,. Applying the above argument to p*™, we infer

that there exists a continuous 1, satisfying (5.3).

Using that v, is continuous, we see that (5.3) holds for every g € suppu*" and every
x € suppv. Let g € supp ™™ C I',. Then, u, € A, C suppv (recall that u, has been defined
before (3.1)). Since g - uy, = u, and o(g,u,) = logk(g), we infer that ¢,,(g - uy) = ¥ (uy) and
that log k(g) = mA,. Hence, log(I',) C A,N and p cannot be aperiodic. O

Let us now give the CLT for (A, x), log||A.], logv(A,) and log x(A,). Below and in the
rest of the section, we shall use the notation: ¢4(t) = P(sZ < t) with Z a standard normal

variable.

Proposition 5.3. Assume that p is strictly contracting and admits a moment of order 2. Then,

the following limit exists

s* = lim lIEI((logHA | —nA.)?), (5.5)

n—-+0o00
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and we even have

s2 = lim E[(o(A,, Wo) — n\,)?]

n—-+o00

= lim 1 sup E((0(An, ) — nA,)?)

n—=+00 1 cg+

= lim lIFﬂ((log v(Ap) = nA)?),

n—4+oo N,

and
s = lim lI['E((log K(An) —nA,)?). (5.6)

n—-+oo N,
Moreover the CLT in Proposition 5.2 also holds if we replace o(A,, Wy) with o(A,, x), log ||Ax||,
logv(A,) orlogk(A,) and we also have
sup sup |P(c(An, x) —n, <tyv/n) — ¢s(t))| — 0.

z€S+ teR n—+00

If we assume that [i is strictly contracting and admits a moment of order 2 then the CLTs
for (log || An|nen and (log k(A,))nen still hold with s* given by (5.5) (or equivalently by (5.6)).

Remark. When it is assumed that ji admits a moment of order 2, we do not know whether s?
is also equal to any the above limits other than (5.5) or (5.6) (we even do not know whether the
limits themselves exist) but we will see that the CLTs still hold.

Proof. We start with the case where p is strictly contracting and admits a moment of order 2.
The different expressions of s? follow from (5.2), Proposition 3.2 and the fact that for every real
random variables U, V, |E(U?) — E(V?)| < |[U — V|2(||[U|l2 + [|V|l2). Next, note that we can
deduce the CLT for (o(Ay, Z))nen by using (3.3). To get the CLT for (log ||Axl|)nen, it suffices

to notice that, for any z € ST,
log || A,|| —logv(A,) > log||Anll — o(An,x) >0, (5.7)

and to use the fact that by (3.4), sup,,cy(log || A, || —log v(A,)) is in L?. The CLT for (log v(A,))nex
follows from the CLT for (log||A,||)nen and (3.4). Finally, the CLT for (logx(A;))nen follows
from the fact that v(A,) < k(A,) < ||A,]| and (3.4). To get the last convergence, we use previ-
ous arguments and Inequality (5.8) below which is stated in [20, equation (1)]: Let U,V and R
be random variables with |U — V| < R P-a.s. For any ¢ : R — R and any ¢ > 0, we have

sup [P(U < t) —¢(t)] < sup [P(V < #) — ()| + P(R > &) +sup [¢)(t —e) =t +¢)[.  (5.8)

teR teR teR

Assume now that i is strictly contracting and admits a moment of order 2. Applying the
first part of Proposition 5.3 to fi, we obtain a CLT for (||Y;f---Y{||)nen which, by item (iii) of
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Lemma 2.2, implies a CLT for (||Y; -+ Y, |)nen. Similarly, since for any matrix x(¢') = k(g), we
infer the convergence in law for (log x(A,))nen-
The fact that s is still given by (5.5) or (5.6) also follows from the above arguments. O

We also have a (functional) CLT for the coefficients. As noticed in the previous section, one

cannot expect in general to identify s? thanks to the matrix coefficients as in Proposition 5.3.

Proposition 5.4. Assume that p or [i is strictly contracting and admits a moment of order 2.
Then, with s* be given either by (5.5) or (5.6),

sup sup |P(log(x, An,y) — nA, < ty/n) — ¢s(t)| — 0,
z,yeSt teR n—r+00
sup |P( inf log(x, Any) — nA, < tv/n) — ¢s(t)] — 0. (5.9)
teR r,yeS+ n—+o0o

In particular, we also have a CLT for (o(An, Wo))nen, (logv(An))nen or (0(An, ))nen-

Proof. We prove (5.9), the other convergences follow from the fact that for every u, v € S

and any n € N,

mf9 log(x, Any) <log(u, A,v) < o(A,,v) <log||A.], (5.10)
x, Yy
inf log(x, Any) <logv(A,) <log|A,| . (5.11)
z,yeSt

We start with the case where [ is strictly contracting and admits a moment of order 2. We

proceed as for the proof of Theorem 4.4. By Proposition 3.2 applied to fi,

> B (sup [log [V} - Yyl = log ||y - Yiyll | > ev/n)

neN yes

< P(sup sup |log [[Y;, - Y{[| —log |Y, - - Yiy|| | = ev/n) < oo

neN yeSt me

In particular, since for any g € G, ||g]| < d||¢"|l,

P(sup | log [ 4| — log Y7+ Yiyll [ = evn) —> 0. (5.12)

yES n—-+4oo

To conclude it remains to use Inequality (5.8) below with U := (inf, ,eg+ log(x, A,y))—nA,)/v/n,
V = (log ||An|| — nA,)/v/n and

= (|U| + |V])1rsny + |log W[ + log d + sup ‘ log || A || — log [|Y] -+ Y}
yeS

where T is defined by (4.2) and W is the positive random variable defined in (4.5). By (4.5)
again, |U — V| < R and (5.9) follows from Inequality (5.8), using Proposition 5.2 and the fact
that P(T" < 00) = 1.

17



Assume now that p is strictly contracting and admits a moment of order 2. Notice that,
for every n € N, inf, ,co+ log(z, Y, --- Yiy) = inf, jes+ log(Y{ - Yz, y) and that the latter as
same law as inf, ,cg+ log(z, Yl ---Y{y). Hence, it suffices to apply the already proven part of
the proposition to fi, using (5.10) and (5.11). O

6 The almost sure invariance principle

Theorem 6.1. Let p > 2. Assume that p is strictly contracting and admits a moment of order
p. Let s* be as in Proposition 5.2. Then, one can redefine the process (o(A,, Wo))nen on another

probability space on which there exist iid variables (N )nen with law N(0, s%), such that

lo(An, Wo) —nA, — (N1 + ...+ N,)| = o(y/nloglogn) P-a.s. if p=2
and |o(A,, Wo) —nX, — (Ny + ...+ N,)| = o(n'/?) P-a.s. if p>2

Remark. It is not necessary here that s? > 0.
Proof. When p > 2, the result follows from Theorem 1 of [10] by taking into account (3.2).
The case p = 2 follows from (5.4) and the ASIP for martingales with stationary and ergodic

increments in L?, see [23]. O

Proceeding as in the proof of Theorem 4.2 (using in particular the argument yielding (6.1)
below) and using Lemma 4.1 of [2], Proposition 3.2 and (5.7), one can prove that the above
theorem holds if we replace (o(A,,, Wy))nen with any of the following sequences: (o(A,, ))nen
(for a given z € ST), (log || Anl|)nen, (logx(Ay))nen or (logv(Ay))nen

Let us give the ASIP for the matrix coefficients.

Theorem 6.2. Let p > 2. Assume that p is strictly contracting and that p and p admit a
moment of order p. Then, for every x, y € ST, one can redefine the process (log{y, Apx))nen on

another probability space on which there exist iid variables (N,,)nen with law N (0, s?), such that

|log(y, Apx) —nA, — (N1 + ...+ N,)| = o(v/nloglogn) P-a.s. if p=2
and |log(y, Apz) —nX\, — (N1 4 ...+ N,)| = o(n*?)  P-a.s. if p > 2.

Proof. We proceed as for the proof of Theorem 4.4. Since zi almost admits a moment of order

p > 1, using (3.3), for every ¢ > 0, we have

> P( sup [log ¥+ |~ log [V} - Yyl | = en'/?) < o0
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By the Borel-Cantelli lemma, we then infer that

supyes+ | log [[Yi' -+ - Y| —log [[Y{--- Yoy

— 0 P-a.s. (6.1)

nl/p n—+oo

We finish the proof by using similar arguments as those developed in the proof of Theorem 4.4
replacing (4.6) by (6.1). O
Remark. In the proof we used that i almost admits a moment of order p, hence it may seem
that one can weaken the conditions of Theorem 6.2. It turns out that if 4 admits a moment of
order p and if i almost admit a moment of order p, then fi admits a moment of order p. This

follows from the fact that for every g € G, v(g")| < ||¢']] < d||g|| and u(;t) < v“(gu)ﬁ.

In the case of exponential moments, combining ideas from [10] and [8], it is possible to obtain

logarithmic rates in the ASIP. This is done in the preprint [11] where it is proved that if p is
strictly contracting and has a subexponential moment of order v € (0, 1] then the conclusion of
Theorem 6.1 holds with rate O((logn)?+'/7).

7 The Berry-Esseen theorem

In this section, we obtain the Berry-Esseen theorem for the norm cocycle and the matrix norm,
when £ admits a moment of order p €]2,3]. We get the rate of convergence n!~?/? which

corresponds to the rate in the setting of sums of iid random variables.

As far as we know the only rate of that type under polynomial moment condition has been
obtained by Hennion and Hervé [16]. More precisely, they required a moment of order p > 4 for

1 to get the rate n=/2,

We also obtain Berry-Esseen type results (with possibly suboptimal rates) for the spectral
radius and the quantity logv(A,) under stronger moment assumptions. In addition, we get
Berry-Esseen type results for the matrix coefficients under exponential moment conditions. Fi-
nally, assuming that ;2 has a moment moment of order 3 and satisfies an extra (quite restrictive)
condition, we prove that the spectral radius and the matrix coefficients satisfy Berry-Esseen type

/2 The latter result has been obtained independently by Xiao

estimates with rate of order n~
et al. [27] by a completely different manner. Note that the method of Xiao et al. [27] allows
them to obtain more precise results such as Edgeworth expansions.

In this section, we use the notation ¢,(t) = P(sZ < t) with Z a standard normal variable.
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7.1 Berry-Esseen for the norm cocycle and the matrix norm

Theorem 7.1. Let p € (2,3]. Assume that p is strictly contracting and admits a moment of

1\ p/2—-1
order p. Assume that s> > 0 with s*> as in Proposition 5.2. Then, setting v, = (—) , we
n

have
sup [B(o (A, Wo) = n, < 1v/0) = 6.(0)] = O(ww). (7.1)
Seusp+ Stlelﬂg P(o(An,z) — nA, < tv/n) — gbs(t)‘ = O(v,), (7.2)
sup [B(log |4, ~ n, < 1) ~ 6,(0)] = O(v). (7.3)

Hennion and Hervé [16] obtained the rate (7.1) with v, = 1/y/n when p > 4, see their
Theorem 3.3.

Proof. The proof of (7.1) and of (7.2) follow the one of Theorem 2.1 of [12] with T' = n?/2~1
using the estimate (3.2) instead of their estimate [12, (3.12)]. Indeed, using (3.2), one can
prove that for R; and Us — Uy defined in [12, (3.4), (3.5) and (4.15)] we have, for any p > 2,
|R1]|, = O(1) and ||Usy — Us||, = O(1) provided that p has a moment of order p, whereas in
the case of GL4(R), under the same moment condition on pu, the above quantities were of order
m'/? in [12] (see their Lemmas 4.3 and 4.6). Consequently for positive matrices, analyzing the
proofs of Lemmas 4.10 and 4.11 of [12], we infer that when p has a moment of order ¢ = r,
the inequalities stated in [12, Lemmas 4.10 and 4.11] hold by replacing their right hand sides by
|t|" /mP=2)/2 4 |t| /m*/?*" (with 5 > 0). Following the proof of [12, Theorem 2.1] by taking into
account the previous upper bounds and selecting 7' = n?/>~!, the result follows.

The proof of (7.3) requires some extra arguments. Notice that for every z € ST and every
neN, ||Az|| = (e, Apx) = (Al e, z) and that, by items (i) and (i7i) of Lemma 2.2, ||Alel|/d <
| Al < d?||ALel|. Hence,

| 108 4ull = 1o | A |dv(e) < 2logd + sup [log(y, ldvlz) <00 (T.0)
S+

yeS+

Hence, we are in position to redo the proof of the bound [12, (2.4)] (see their Section 3.1.2) since
(7.4) is the precise analogue of [12, (3.30)]. O

Remarks. By some arguments already mentionned, (7.3) also holds if f is strictly contracting
and admits a moment of order p € (2, 3]. Let us notice that (7.1) follows also from Theorem 2.3
of [18], since the Assumptions 2.1 there are satisfied due to the exponential convergence of the
coefficients d.,, in Proposition 3.2.

Finally, let us mention that Xiao et al. [27] obtained (7.2) and (7.3) for p = 3 under their

condition A2, see their Theorem 1.2 (see also Theorem 2.1 of [26] by the same authors, when
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p has a subexponential moment). It easily follows from Lemma 2.1 of [27] that their condition
A2 is equivalent to the condition used in Theorem 7.8 below (with » = 1). However, it should
be emphasized that [27] and [26] provide Berry-Esseen type results including “target functions”
or Edgeworth expansions, see their papers for further details. Our approach does not seem to

allow to obtain such results.

7.2 Berry-Esseen for the spectral radius and the matrix coefficients

Proposition 7.2. Let p € (2,3]. Assume that u is strictly contracting, admits a moment of

order p and almost admits a moment of order q € [p,max(p,(p — 2)/(3 — p))]. Assume that

1\r/2-1 1Y\ a/2(a+1)
s? > 0 with s* as in Proposition 5.2. Set v, = (—) if p € (2,14 3] and v, = <_>
n

n
if p€ (1++/3,3]. Then,

Stlellg P(logv(A,) —nA, < tv/n) — ¢s(t)‘ = O(vy,) (7.5)
and
Stlel]ll; P(logk(An) — nA, < tv/n) — qbs(t)‘ =O(vy,) . (7.6)

Remark. When p < 1+ v/3 the condition on ¢ reads ¢ = p hence is satisfied. When p = 3 the
condition on ¢ reads ¢ > p. (7.6) also hold if i satisfies the assumptions of the proposition, by

the arguments developed in the proof of Proposition 5.3.

Proof. Since p admits a moment of order p, by Proposition 3.2 and Markov’s inequality, there
exists C' > 0 such that for every > 0 and every n € N, P(|log||A,|| —logv(A4,)| > z) < C/aq.
Hence, (7.5) follows from Theorem 7.1 and Lemma 7.3 below (which is [13, Lemma 2]) with
U, = logv(A,) — nA,, V, = log||A.|| — nA,, R, = logv(A,) — log||A4,]|, and (up to some
multiplicative constants) a, = nP=2/2 b, = n?/2@+) and ¢, = (y/n/b,)?). Finally, (7.6) follows
from the fact that v(A,) < k(A,) < ||A,| and the same arguments as above.

Lemma 7.3. Let (Uy)nen, (Vi)nen and (Ry)nen be three sequences of random variables. Assume
that (U, — V| < |R,| P-a.s. and that there exist three sequences of positive numbers (a,)nen,

(bp)nen and (¢p)nen going to infinity as n — oo, and a positive constant s such that, for any

mnteger n,
sup [P(V, < /) = 6(t/5)] < o= and P(R,| = Vamns/b) <
Then, for any integer n,
Stlelﬂlg IP(U, < tv/n) — o(t/s)| < % + % + é
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O
We shall now improve the rates under a strengthening of our integrability condition. The

proof will rely on the following large deviation result.

Lemma 7.4. Assume that p is strictly contracting and almost admits some exponential moment
of order v € (0,1]. Then, there exist n, § > 0 such that

— > < —on”Y )
P(max [logv(Ay) —log | Axll | = nn) < e
Proof. For every n € N, using that || - || is submultiplicative and that v is supermultiplicative,

we see that, setting 7 := E(log ||Y1]|/v(Y1)),

> [og (Il /0(¥) = 7| + 7.

=1

max |(log(||Ax||) —log(v(Ay)) | < max

1<k<n 1<k<n

Then the desired result follows from Theorem 2.1 of [14], see their estimate (2.7) applied in the
independent case (in particular the quntities in (2.3) and (2.4) of [14] are identical). d

Proposition 7.5. Assume that u is strictly contracting, admits a moment of order p € (2, 3]

and almost admits an ezponential moment of order v € (0,1]. Assume that s* > 0 with s* as in

. - (logn)'/7
Proposition 5.2. Set v, = =T Then,
sup |P(logv(A,) — nA, <ty/n) — gbs(t)‘ = O(vy,)
teR
and
sup [P(log x(4,) —n\, < tv/n) — qbs(t)‘ =O(vy,) . (7.7)

teR
Remark. (7.7) also holds if fi satisfies the assumptions of the proposition.

Proof. Let ¢ € (0,1) be such that (3.5) holds. Let z,y € ST. Let n € N. Let w € Q. Let
1 < m < [n/r] be such that ¢(Yiu -+ Yim—1)r41)(w) < 1 — €. Using the cocycle property and

several items of Proposition 2.1 (in particular item (iv)), we see that

|0(An, ) = 0 (An, y)|
<|o(Yn Yorgr, Amr - @) — (Yo Yourg1, A - 9)| + [0 (A ) — 0 (A, )]
<2In(1/(1 = d(Amr - 2, Ay - y))) + 10g || A || — log v(Apiy)
<2In(1/e) + log || Apr|| — log v(Amy) .

Define
Fpp={Fkel,...om:c(Vir - Y-1y41) <1 —¢}. (7.8)
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Taking the supremum over x and the infimum over y, we infer that on I',,,
log 14| = log v(4a) < 21n(1/¢) + max (log]| A — log v(Aw)
Hence, for nm > 41n(1/¢), using Lemma 7.4, we have
P(log [[An]| = log v(An) = nm) < P(T7,) + P( max (log || A | - logv(A)) = nm/2)
<a™+ Cne"s"m7 ,

where « := P(T).

Taking m = [C(logn)/"] + 1, with C large enough, we infer that the right-hand side is
bounded by D/y/n, and we conclude using Theorem 7.1 and Lemma 7.3 applied with U,
log || A, Vi = logv(A,), R, =log||A,| —logv(A,) and (up to some multiplicative constants
an =nP=22 b, = /n/(logn)/" and ¢, = \/n.

O«

Proposition 7.6. Let p € (2,3]. Assume that p is strictly contracting and admits a moment
of order p. Assume that s* > 0 with s* as in Proposition 5.2. Assume moreover that fi almost
admits a moment of order q € [p, max(p, (p—2)/(3—p))] (resp. an exponential moment of order
v € (0,1]). Then, for every x € S, the conclusion of Proposition 7.2 (resp. Proposition 7.5)
holds with inf,cg+ (y, Anx) in place of K(Ay).

Proof. For every 0 < § < 1, define
Gs:={9€eG: (y,g-z) > Vr,yeS*}. (7.9)
Notice that Useo1)Gs = G, so that when p is strictly contracting, there exist » > 1 and
§ € (0,1] for which p*"(Gs) > 0.
Let pg = P((y,Ar cx)y < 1/ng @ x,y € S*). Note that pg € [0, 1) for ng large enough.
For n > r, let 1 < m < [n/r] be a positive integer.
Next note that, for any g € G5 and any ¢’ € G and any x,y € S, setting 2/ = ¢’z /|| ¢z,
99'x :
(y,gg"fc>=<y,—>=<y,g‘fc>25- (7.10)
lgg'z|

This implies that if, for some integer k € [m, [n/7]] Yiy ... Ye1)rs1 € Giyng, for z, y € ST, we
have

Akr!lf

L Anr) > (Y- Yy,
<y >—< kr+1 ) HAkr.fL'H

A,x
Al 2 (U ¥i - Yol . ()

Vil
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Therefore, if we define
Apm i ={weQ|Ike[m,n/r] =1 : Y Yi-1)r41) (W) € Gijng} s (7.12)
we get that, on the set A, ,,, and using | g|| < d||¢*|l,
inf (log<y,Anx> — log ||Anx|])

z,yeSt

> —log(ng) —logd+ min (logu(Vy,, - Y) —log [¥f,, - Y[). (7.13)

mr<{<n-—1

Notice that all the above quantities are non positive and that min,, <¢<, (logv(Y/ ;- Y;!) —
log |/, -+~ Y}|) has the same law as minj<g<p—m, (logv(Y/ -+ Y{) —log ||V} - - - Y{|).
Note that
P(AG,) =pp ™. (7.14)

Next, assume that g almost admits a moment of order ¢, with ¢ as in the proposition and
take m = 1. Combining the above computations, for every a > logng + logd and every x € ST,
we have

P(| inf log(y, Apz) —log ||Anz| | > 2a)

yesS+t

E((sup,en [log(v(Y, -+ ) — log ¥+ i |)
S]P052m9<+ .

ad
Hence, using Proposition 3.2, one may finish the proof as the proof of Proposition 7.2.

Assume now that i almost admits some exponential moment of order v € (0, 1] and let z € S
be fixed. We wish to apply Theorem 7.1 combined with Lemma 7.3 applied to U,, = log ||A,z||,
V., = infyeg+ log(y, Anz), R, = U, —V, and, up to some multiplicative constants, the sequences
an, b, and ¢, given at the end of the proof of Proposition 7.5.

To do so, it is enough to find K > 0 large enough (independent from n) and m, such that
P(AS,)+(B(_max [log [V} - Y{|| ~logu(¥Y{ -~ Y{)| > nlK (logm) ")) = O(1/v/n) , (7.15)

where 7 is given in Lemma 7.4.

Taking m = [(n — K(logn)*/?)/r] — 1 and using Lemma 7.4 we have

— ogn)l/
P(_max [log||Yy Y| —logu(Y/ - ¥{)| > nK (logn)"/7]) < e *lKUosm I,

To conclude one may take K = max((20)™"/7, 27 r(log(1/po)) ") that implies also that P(AS, ) =
O(1/+/n). O
To get the results of Proposition 7.6 for the quantity inf, ,cs+(y, A,z) instead of inf e g+ (y, A, ),

we make an additional assumption on p.
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Proposition 7.7. Let p € (2,3]. Assume that p is strictly contracting and admits a moment
of order p. Assume that s> > 0 with s* as in Proposition 5.2. Assume moreover that p and [i
almost admit a moment of order q € [p, max(p, (p — 2)/(3 —p))] (resp. an exponential moment
of order v € (0,1]). Then the conclusion of Proposition 7.2 (resp. Proposition 7.5) holds with
inf, yes+(y, Anz) in place of K(A,).

Proof. The proof is very close the proof of Proposition 7.6, hence we only give the main step. We
keep the same notations. Starting from (7.11), we get that, on the set where Y., - -+ Yism_1)r41 €
G1/ny (recall that Gy, is defined in (7.9)),

inf (log(y, Az)) — log [[ A, ]| >

z,yeSt

—logng —logd + (logv(A,) —log || Au|]) + (log v (Y, y -+ Y,) —log [V, - Yil) -

Hence, the only difference with the proof of Proposition 7.6 is that we need to handle the term
logv(A,) — log ||A,]| but this may be done, as in the proof of Proposition 7.6, using Lemma
3.2 when p almost admits a moment of order ¢ and Lemma 7.4 when p almost admits some

exponential moment of order v € (0, 1]. O

We shall now obtain the rate O(1/y/n) for the spectral radius and the coefficients under
a much stronger condition on y, also considered in [27]. Actually, in Theorem 1.2 of [27] the
authors obtain the results of Theorem 7.8 for p = 3. Recall that the set G5 has been defined in
(7.9).

Theorem 7.8. Let p € (2,3]. Assume that p is strictly contracting and admits a moment of
order p. Assume that s> > 0 with s* as in Proposition 5.2. Assume that there exist 0 < § < 1 and
r € N such that p*"(Gs) = 1. Then the conclusion of Theorem 7.1 holds with log(inf,cs+ (y, A,x))
(for every x € ST ), logv(AL), orlogk(A,) instead of log || Al

Proof. By assumption, for every n > r and x € ST, using that IIQ%II =Y, Yo ) (Ap_rz),
we have, for every x,y € ST
(y, An)
1>="—2">§ P-as. (7.16)
[ An]]

Then, the result for (infyecs+(y, Anx))nen follows from Theorem 7.1 and the fact that ||A,| >
inf sy, Auz) > 8] Al

To prove the remaining cases, first observe that Gs is a right ideal, i.e. G§G C G§, which
was already observed in [25] (see also (7.10) for a short proof). Hence, by Lemma 7.10 below,
there exist C' > 0 and 0 < v < 1, such that for every n > r, p**(G¢,,) = 1, with G¢, defined
by (7.17). In particular, for every n > r, v(Af) > ||A,||/C.
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This proves the result for (v(A%)),en, by Theorem 7.1, since d||A,|| > v(AL). Then, the last
case follows since || A, || > k(A,) = k(AL) > v(A!), for every n € N. O

To get the conclusion of Theorem 7.8 for the quantities inf, ,es+(y, A,z) and log(v(A,))

instead of inf,cg+(y, Apx) and log(v(Af)), we impose the same strong condition on y and fi.

Theorem 7.9. Let p € (2,3]. Assume that p is strictly contracting and admits a moment of
order p. Assume that s*> > 0 with s* as in Proposition 5.2. Assume that there exist 0 < 6 < 1
and r € N such that u*"(Gs) = 1 and *"(Gs) = 1. Then the conclusion of Theorem 7.1 holds
with log (inf, yes+(y, Anx)), orlogv(A,) instead of log || Ay]|.

Remark. It follows from Lemma 2.1 of [27] that if ©*"(Gs) = 1 and @*"(Gs) = 1, all matrices
of the support of p*" satisfy Item (1.1) of their condition Al.

Proof. The proof for (v(A,))neny may be done as the proof for (v(Af))nen in the previous
theorem using that ji"(Gs) = 1. The case of (inf, ,es+(y, An2))nen then follows since, by (7.16),
| Anl| > inf, yes+(y, Anz) > dv(A,,) for every n € N. O

We now give a condition that is equivalent to the condition p*"(Gs) = 1 (or u* (Gs) > 0).
An equivalent condition, specific to the case of positive matrices (hence not valid in the general

situation considered in Section 10), has been obtained in [27], see their Lemma 2.1.

For every C' >0 and 0 <~ < 1, set
Goy i ={9€ G : c(g) <vand ||g]| < Cu(g")}. (7.17)

Lemma 7.10. For every 0 < ¢ < 1, there exist 0 < v < 1 and C > 0 such that G5 C G¢.
Conversely, for every 0 <" <1 and every C' > 0 there exists 0 < 6’ <1 such that Ger v C Gy
Hence, there exists 0 < 6 < 1 such that u(Gs) > 0 (resp. u(Gs) = 1) if and only if there ezists
0<vy<1andC >0 such that ((Gec) >0 (resp. p(Gey) =1).

Proof. The proof relies on the following observations: for every z € S*, (x, ge) = ||¢'z| and
lg'=ll/1lgll = (. g-e)/d > llg"z[|/(dl|g]])-

Let g € Gs, with ¢ > 0. By the previous computations, ||g|| < v(g")/d.

Let 2,y € ST. Let us bound d(g - z,g - y). For every u € ST, we have

This implies that m(g-x, g-y) > ¢ (notice that then we must have 6 < 1. Similarly, m(g-y, g-z) >

dand d(g-z,g-y) < ;gz =:7 < 1. So, Gs C G5,
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Let 0 <y <1land C > 0. Let g € Go,. Let z,y € ST. Notice that m(g-z,g-y) < 1.

17m(y7x) 1_7
1+m(y7x) ].+"y

negative coordinates. Taking, z = e, we see that for every u € ST,

Hence, v > d(g - x,g9-y) > and m(y,x) > 11—1 We infer that ¢ - y — +—=¢ - = has non

l—~ L= -7
. >_ ' d >
(.- &) 2 7 o=/ (ol 2 Gga—

u,g-y) > .
(u,g-y) s

8 Regularity of the invariant measure

We prove here regularity properties of the invariant measure under various moment conditions.

Theorem 8.1. Assume that ji is strictly contracting and almost admits a moment of order
p>1. Then

/s sup |log(y, x)|P dv(z) < c0. (8.1)

+ yES+

Remark. In the case of invertible matrices, Benoist and Quint [1] proved that if x has a moment

of order p > 1, then sup,cx [y [log(y, z)|P~" dv(z) < co.

Proof. By Fubini’s theorem, it is enough to prove that

anfly({x € 5T sup |log(y,z)| > en}) < oo,
yesSt

n>1

for some ¢ > 0. Using that v is u-invariant, it suffices to prove that

an’llP’( sup |log(y, A, - x)| > cn) < c0. (8.2)

n>1 z,yeSt
Now, on A, ; (recall its definition (7.12)), by (7.13), we have

| log(y, Ay, - z)| < logng + logd + nax [logv(Yy!--- Y1) —log |V V|| (8.3)

Since P(AS ;) = n"/"~1 with 5 € [0,1), it is clear that (8.2) will hold if we can find some ¢ > 0
such that
an—lp( max [logv(Y, - Y{) —log Y} - Y{||| > cn) < 0. (8.4)

1<k<n
n>1

By Proposition 3.2, since fi almost admits a moment of order p, sup,s; |logv(Y,!---Y{) —
log ||Y;f - Y{||| € LP which yields (8.4). O

27



Theorem 8.2. Assume that i is strictly contracting and almost admits an exponential moment
of order v € (0,1]. Then, there exists 6 > 0 such that

/ sup e?°e@aN" dy(z) < 0o (8.5)
S+ yesS+

Remark. Inequality (8.5) has been proved in Proposition 3.3 of [26] with the supremum outside
the integral, under stronger conditions. On another hand, they also obtained (8.5) with respect

to their measures vy, see [26] for the definition.

Proof. Proceeding as above, the theorem will be proved if we can show that there exist 6,7 > 0
such that

Ze‘S”WIP’( sup } log(y, A,, - ac)‘ > nn) < 0. (8.6)
n>1 r,yesSt
We conclude thanks to (8.3) and Lemma 7.4. O

9 Deviation inequalities

We now provide deviation estimates, in the style of Baum-Katz.

Proposition 9.1. Assume that p is strictly contracting and admits a moment of order p > 1.
Let o € (1/2,1] such that « > 1/p. For any € > 0, we have
Znap*z sup P( max |o(Ag, z) — kA, > n%) < 0. (9.1)
n>1 vest 1sk=n
Remark. Using Proposition 3.2, Inequality (5.7) and the fact that for Z € L, p > 1,
> o1 MPTP(Z > n%) < oo, for any € > 0 and any o > 0, one can prove similar results
for log || A, || — nA,, log k(A,) — nA,, logv(A,) —nA, or sup,cg+ | log||A,z|| —nA,l. In addition
to its own interest, let us recall that Proposition 9.1 applied with @ = 1/p (hence 1 < p < 2)

implies the Marcinkiewicz-Zygmund strong law of large numbers: for every z € ST,

A, ) —nA
o 1:1)/ AN P-a.s. (9.2)
nt/p n——+o0o

Indeed, by (9.1) with a = 1/p, > -, P(maxi<g<on [0( Ay, ) —kA,| > 2"P) < 00 and (9.2) follows
by the Borel-Cantelli lemma.

Proposition 9.1 is the version for positive matrices of Theorem 4.1 of [9], stated for invertible
matrices. The proof is exactly the same. Let us mention the key ingredients: The result

concerns a cocycle for which, when p > 2, the function ¢ in (5.1) is well defined and bounded
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and supjs; sup,eg+ |E((0(Yi, Ag—1 - 2))?[Fi-1)|loc < 00; and, when 1 < p < 2, one can control
the coefficients 01 oo (n).

Concerning the matrix coefficients, the following result holds.

Proposition 9.2. Assume that p is strictly contracting and that p and i admit a moment of
order p > 1. Let a € (1/2,1] such that o > 1/p. For any € > 0, we have

Zno‘p_2IP>( sup |log(y, A,z) —nA,| > n%) < oo.

n>1 z,yeSt
Remark. One cannot expect to have a maximum over 1 < k£ < n inside the probability, since

one may have P(log(y, Ajz) = —o0) > 0, for some z, y € ST.
Proof. On the set A,, ; defined by (7.12), we get by using (7.13) with m =1,

sup |log(y, A,x) —nA,|

z,yeS+

< sup |log [ Anz]| = nA,| + max |logv(Yy---¥y) —log||¥y - V|-

zeSt
To conclude, we apply the remark after Proposition 9.1 and the fact that the random variables
maxi <<y |log (Y -+ V) — log |V -+ V||| and maxicpzn |logu(Yy -+ YY) — log Yyl Y/|l|

have the same law, combined with Proposition 3.2 applied to ji. U

10 Generalization to cones

In this section we show how to extend the previous results to general cones. In the previous
sections we studied products of positive matrices, that is products of matrices leaving invariant
the cone (RT)4. In this section we consider more general cones. This type of generalization was

also investigated in [4].

There are many examples of closed solid cones as the ones considered below. For instance,
the Lorentz (or ice-cream) cone: {(z1,...,7,,2) € R™™ : 2 >0, 22+ ...+ 22 < 2?}. The linear
operators (of matrices) leaving invariant the Lorentz cone have been studied in details by Loewy
and Schneider [22].

Another example is the cone Kg of positive semi-definite matrices of order n viewed as a cone
of the vector space of symmetric matrices of order n. Examples of operators leaving invariant Kg
are given by M — A'M A where A is a matrix of size n or M +— tr(M Ry)Sp, with Ry, Sy € K

and convex combinations of those.

Let d > 2. We endow V = R? with its usual inner product (-,-) and the associated norm

- Il
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Let K be a closed proper convex cone with non empty interior of R%. We recall that a cone
of R? is a set of R stable by multiplication by non-negative real numbers and that it is proper
if KN(—K)=1{0}.

We shall call such cones closed solid cones, as in [21], page 3.
We associate with K its dual cone K* := {z* € V* : (z*,2) >0 Vzx € K}.

By Lemma 1.2.4 of [21], K* is also a closed solid cone. Moreover, for every z* € int(K™),
(the interior of K*) (x*,x) > 0 for every x € K\{0} and ¥« := {x € K : (z*,2) = 1} is a

compact convex set.
We define a partial order on V' by setting for every z, y € V, x Jg yif y —x € K.

In the sequel we will need to work with a monotone norm for K, that is a norm compatible
with <f in the sense of (10.2) below.

Let us fix once and for all z € int(K*). Then, for every z € V| set

[#lley = sup (2%, )] (10.1)

T*EK* 1 x* Jgx T

By Lemma 11.4, || -

«; 15 a norm on V' and, using the definition of K™,

]| zox < [0l for z,y such that 0 < = <g y. (10.2)

Notice also that

[z

o = (70, 7) Ve e K. (10.3)
Recall that (K*)* = K. Hence fixing once and for all some xy € int(K), with (z§, z) = 1,

one defines also a monotone norm on V* by setting

2|z := sup |[(z*,2)]  Va*eV*.

TXKTO
Then, for every z* € K*, ||a*||., = (2*, x¢).

Set
St=Kn{zeV :|x

w=1r={re K : (x),z)=1}

and
Stro=int(K)N{x eV : |

o = 1} ={r €int(K) : (z5,z) = 1}.
Notice that those definitions are consistent with (1.1) and (2.6), taking = = (1,...,1).

We shall now define an application d on (K\{0})? that will make (S*,d) a metric space.
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We first define an equivalence relation ~x on K, by setting for every x, y, © ~g y if there
exists 0 < a < 8 such that axr <g y < fx. The equivalence classes for ~ are called parts of
K. By Lemma 11.2, int(K) is a part of K.

Given z, y € K\{0}, set
m(z,y) =sup{A >0 : \y g z}.

This definition is consistent with the definition of the function m defined in Section 1 when
K = (R*)4.

Notice that if some A > 0 is such that \y <k x then z — Ay € K, hence z/\ —y € K. So
m(z,y) < +oo since K is closed and K N (—K) = {0}.

In particular, using again that K is closed, m(y,z)m(z,y)y <x m(y,z)r =<k y so that
m(y, z)m(z,y) < 1.

Then, we define for every z, y € K\{0},

d(z,y) = p(m(z, y)m(y, ),
where ¢ is given by (2.3).

It follows from the definition of ~j that z ~ y if and only if m(z, y)m(y,z) > 0 if and only
if d(z,y) < 1.

Note that d(z,y) = tanh ((1/2)dy(z,y)) where dy is introduced page 26 of [21]. Actually,
dy is defined when = ~k y and when one does not have x ~f y then one sets dy(z,y) = +oc.

Proposition 10.1. (S*,d) is a complete metric space and ST is closed. Moreover, there exists
Cyo > 0 such that

&= ylls < C d(z,y)

< O T . g) V(z,y) € ST. (10.4)

Remark. When = ~f y the right-hand side of (10.4) is finite. Otherwise, d(x,y) = 1 and the
right-hand side of (10.4) has to be interpreted as +oo.

Proof. We first prove that (S*,d) is a metric space. Let z,y,z € ST be such that x ~x y and
y ~f z. By Proposition 2.1.1 of [21], dy(z, 2) < dy(x,y) + du(y, z). Using that u — tanh(u/2)
is subadditive, the inequality remains true with d in place of dy. If we do not have = ~x y and
y ~k z, then m(z,y)m(y,z) = 0 or m(y, z)m(z,y) = 0, hence d(x,y) =1 or d(y, z) = 1 so that
the triangle inequality is still satisfied.

The fact that d is a distance on ST then follows from (other statements of) Proposition
2.1.1 of [21]. The fact that (S*,d) is complete follows from Lemma 2.5.4 of [21]. Indeed, if
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(zp)nen C ST is a Cauchy sequence for d, then d(x,, z,) < 1, say for ¢, p > N, so that (x,),>n
is included in a part P of K. But, by Lemma 2.5.4 of [21], ST N P is complete for d.

Let us explain why St is closed. Using similar arguments as above we see that it is enough
to prove that int(K) is a part of K, but this follows from Lemma 11.2.

Inequality (10.4) follows from (2.21) page 47 of [21], using the relation between dy and d. O

We shall now define the analogue of the positive matrices.

Let
G = {g € My(R) : g(K\{0}) € K\{0}, g(int(K)) C int(K)}.

It follows from Lemma 11.3 below that
G :={g € My(R) : g"(K*\{0}) C K*\{0}, ¢'(int(K™)) C int(K™)}.

In particular, g € G is allowable in the sense of [4] (see a) page 1527). Hence, the allowability

condition in [4] is redundant.

We endow My(R) with the norm: ||g|.; 1= sup,ex, |z . =1 [|92[lz;- The fact that this is indeed
o
a norm follows from the fact that K has non empty interior (i.e. K — K = V). Notice that for

geaq,

*
= sup  (75,97).
z€K, (z§,2)=1

g

Define also
GT:={geG: g(K\{0}) Cint(K)}.

By Lemma 10.1,
Gt:={ge G : ¢"(K"\{0}) Cint(K*)}.

Define for every g € G

veg(g) = inf gz

zh
2€K, 2l 5 =1 °

Notice that for g € G, v(g) = infecx, @s.0)=1(70, 9T).

lgllx
Vg (9)”

We then define Ny:(g) := max(||gl|sz, 1/vez(g)) and Ly:(g) =
The semi-group G is acting on S™ as follows.

-9 __9 V(g,x) € G x ST .
gz

x4 <$8,g£€>

g-x

We then define a cocyle by setting o(g, z) = log(||gz||.;) for every (g,z) € G x ST.
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For every g € G set

c(g) == sup d(gz,gy).
z,ye K\{0}

Proposition 10.2. For every (g,¢',z,y) € G* x (S1)? we have
(i) lo(g, )| <log N(g);
(i) |o(g,x) —o(g,y)| < 2Ce: L(g)d(z,y) if d(z,y) < 1/2;
(iti) lo(g,2) — o(g,y)| < 2In (1/(1 = d(z,y))) ;
(iv) c(gg') < clg)elg);
(v) ¢(g) <1 andc(g) <1iff g€ GF;
(vi) d(g-z,9-y) < c(g)d(z,y).
Remark. The constant C' > 0 appearing in item (éi) is the same as in (10.4).

Proof. Item (i) is obvious. Item (ii) may be proved exactly as item (i) of Lemma 5.3 of [15],
using (10.4).

Let us prove Item (i7i). Let z,y € ST. Assume that x ~p y, since otherwise the right-
hand side in item (éi7) equals +oo and the inequality is clear. We have m(x,y)y <k x and

m(y,z)r 2k y. Since g € G, m(z,y)gy <k gr and m(y,z)gr =g gy. Using that [ - [, is

monotone we infer that m(z,y)||gyllz; < ||g2|l.s and m(y, z)||gz|lz; < |yllge;- Hence

T p*
o) < 197l
9

<1/m(y,x).

Then, the proof may be finished as the proof of item (i7) of Lemma 5.3 of [15].
The proof of Item (iv) may be done exactly as in [15].

Item (v) follows from Proposition 10.3 below and Item (vi) may be proved as in [15]. O

We may define as above a distance d* on K* to which we associate a function ¢* on the set
G = {g € My(R) : g(K"\{0} € K*\{0}, g(int(K) C int(K)} .

Notice that by Lemma 11.3, G* = {¢" : g € G}.
Set S** = {z* € K* : (z*,29) = 1} and denote by £(S*T) the extreme points of S**.
Denote also £(ST) the extreme points of S7.
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Proposition 10.3. For every g € G, we have

_ s (z*, gz)(y*, gy) — (=", 9y) (y", g7)
A= oS o ga a9y T (o gu) (g (10.5)
_ sup ( ,gw><y,gy>—< ,gy><y* 9) (10.6)

eyes(SH) e yree(s ) (T gx)(y*, gy) + (x*, gy) (y*, gx)

The suprema in (10.5) and (10.6) are taken other the (x,y, x*,y*) such that (z*, gx){y*, gy) > 0.
In particular ¢(g) <1 and c¢(g) < 1 if and only if g € G+.

Remarks. When K = (RT)? (10.6) is just (2.5). For g € G, (10.8) implies that c*(g') = c(g).

Proof. As in (2.7) page 35 of [21], noticing that they denote by m(x/y) the quantity m(x,y),

we have
Lo (2T T) N .0
m(z,y) = inf = inf .
erese+ (x*)y)  areg(se) (x*,y)

Here and in the sequel, it is implicit that we take the infimum other the 2* such that (z*,y) > 0.

Hence, we have

m(zy)miy.x) = mf  LoBWLY e @0y
orares (T4, y)(y*,a)  argress) (2, y) (@)

Extending naturally ¢ to a non decreasing function on [0, +o00[, we infer that

(", 2)(y", y) (", 2)(y", y)
d(z,y) = sup gp(—) = sup gp(—) . (10.7)
T* y*eS*t <$*,y><y*,$> z*,y*eE(S*T) <$*,y><y*,$>
For every g € G, we have
sup d(gz,gy) = sup <<J:*,gx><y*,gy>> (10.8)
z,yeSt z,yeSt x* y*eS*+ <.I‘ 7gy> <y ,g$>
z,yeSt ¥ y*ef(S*t) < 7gy> <y ,gl‘>

= sup d'(¢'z%, ¢'y")
* y*e&(S*t)

(", 92)(y", 9v) ) |

_ sup ® < (z*, gy)(y*, gz)

x* y*e€(S*t),z,ycE(ST)
where we used (10.7) for d* to obtain the last equality.
Then, (10.5) and (10.6) follow by noticing that for every s, ¢, u,v > 0, with uv > 0

uv — st
st+uv

o (st fuv) =
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The fact that ¢(g) < 1 is obvious.

Let ¢ € GT. Then, (z* gx) > 0 for every z € K\{0} and z* € K*\{0}. Hence, the

i i i . T (z*,92) (Y™ ,9y) = (x*,9y) (y* ,9x)
continuous function (for either d or || - ||) (x,y, 2%, y*) — (i 0m (o) Tl gu) (ygwy dcfined on the

compact (S7)% x (5*7)? takes values in [—1,1[. So, ¢(g) < 1.

Assume now that g € G\G™. By assumption, there exists x € St such that gz € K\int(K).
By Lemma 11.1, there exists y* € S** such that (y*, gz) = 0. Since gx # 0 and g'y* # 0, there
exist z* € S** and y € ST such that (y*, gy) > 0 and (z*, gx) > 0. Hence, ¢(g) = 1. O

We shall now consider the analogous statements as those given in Lemma 2.2. Only item (i7)

requires a proof.

Lemma 10.4. There exists C > 0 such that for every g € G,

ngo

w5 < gl < Cllgol|ay -
Proof. Since (x5, 70) = 1, ||g2olls; < |lgllez. Let 2 € K be such that (x5, ) = 1. Let g € G.
t %
Using Lemma 11.2 with the cone K* there exists ¢ > 0 such that g'aj <k- %xé. Hence,

using that gr € K and Lemma 11.1,

19" 25

lglley = (25, g) = (g"z5, @) < ==, @)
_ <gtm(>§’x0> _ <$8,g$0> _ ||g:B0 x4
€ g g

g

All the results of the previous sections hold true for a cocycle satisfying all the properties
listed in Proposition 2.1 and Lemma 2.2, replacing the quantities N(g) and L(g) in the moment
conditions by the quantities N,«(g) and Ly (g).

11 Technical results

The next lemma is just Lemma 1.2.4 of [21].

Lemma 11.1. Let K be a closed solid cone. Then
int(K*) ={z* € K* : (", x2) >0, Vo € K\{0}}.

The next lemma follows from the proof Lemma 1.2.4 of [21]. We recall the arguments.
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Lemma 11.2. Let || - || be a norm on V = R%. Let K be a closed solid cone. Then, for every
x € int(K), there exists ¢ > 0, such that for every y € K N By (0,1), where By (0,1) is the
closure of the unit ball By (0,1), we have y = tx. Then |y| < 1. In particular, int(K) is a
part of K.

Proof. Let z € int(K). There exists ¢ > 0 such that By (z,e) C int(K). Let y € By (0,1).
Then, x — ey € K, which means precisely that y < é:c In particular, if z, y € int(K), z ~g .

It remains to prove that for every (z,y) € int(K) X K, x ~x y = y € int(K).

Hence, let = € int(K). There exists ¢ > 0 such that Bj.(z,¢) C K.
Let y € K be such that y ~g x. There exists a > 0 such that © <g ay. So ay —x € K and

ay=r+ay —x € U.ex(z + By (,¢)),
which is an open subset of K. Il
Lemma 11.3. Let g € My(R) and let K be a closed solid cone of E.
(i) g(K\{0}) € K\{0} if and only if ¢'(int(K*)) C int(K™*),
(1) g(int(K)) C int(K) if and only if g'(K*\{0}) € K*\{0}.
Proof. Assume that g(K\{0}) € K\{0}. Let 2* € int(K*) and z € K\{0}. We have
(g'2", z) = (2", g7) > 0,
by Lemma 11.1. Using Lemma 11.1 again, we see that g'z* € int(K*).
Assume that ¢'(int(K*)) C int(K*). Let x € K\{0} and z* € int(K*). We have
(z*, gz) = (g'z*,z) > 0.
Hence gxr € K** = K (see Exercise 2.31 of [3]) and gx # 0, which proves item (7).
Item (4¢) is just item (i) for K* using that K** = K. O
Lemma 11.4. || - [[;s defined by (10.1) is a norm for every xj € int(K*).

Proof. By Lemma 1.2.5 of [21], the set {z* € K : 2" <k xj} is bounded, hence || -
on V. The fact that || -

obvious.

+ 1is finite
0

«; satisfies the triangular inequality and is positively homogeneous are

Assume that z € E, is such that ||z

s = 0. By Lemma 11.2 applied to K* (with x = x7),
for every z* € K*, (z*,x) = 0. Since K* has non empty interior, K* — K* =V* and x =0. O
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