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Abstract

We study the dynamics of the flow X solution to the ODE: X'(t,z) = b(X(t,z))
with X (0,2) = = € R?, where b is a regular Z%periodic vector field in RY. We provide
conditions on b to get the fine asymptotic expansion: |X(t,z) —z —t((z)] < M < oc.
To this end, we try to express X(t,z) — z — t((z) as ®(X(t,z)) — ®(x), which yields
the desired expansion when ® is bounded. Then, assuming that the 2D Kolmogorov
theorem and some extension for d > 2 hold, we establish several regimes depending on
the commensurability of the rotation vectors {(x) for which the expansion of X is valid.
Moreover, we prove that for any 2D flow with a non vanishing smooth b inducing a unique
incommensurable rotation vector &, the fine expansion holds in R? if, and only if, & /& is
a Diophantine number. The case where £ is commensurable is also investigated. Finally,
several examples illustrate the different results, including the case of a vanishing b which
blows up the asymptotic expansion in some direction. In particular, the case of some
Euler flows is investigated.

Keywords: ODE’s flow, asymptotic expansion, rotation number, incommensurable vector,
Diophantine and Liouville numbers, Euler flow
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1 Introduction

Let b be a Cl-regular vector field in R? defined on the torus Yy := R?/Z<. In this paper, we
study the ODE’s flow X (-, x) for = € Y, defined by

0X
— (o) =b(X (L)), t>0 (1.1)

X(0,z) = x.

Here, we are interested by the asymptotics of the flow X (¢,2) as t — oo for a given z € R%. In
dimension two the nice result due to Peirone [22] (see also [21]) claims that if the vector field
b does not vanish in Y5, then one has
X(t
Vo € R? lim % = ((r) € R?, (1.2)

— 00

where the limit vector ((x) may depend on z. On the contrary, when either b does vanish
in Y5 (see [24, Theorem 6.1]), or when dimension d is greater than 2 (see [22, Theorem 4.10]),
limit (1.2) does not hold necessarily for any = € Y;. More recently, using the two-dimensional
Peirone’s result among others, the authors have obtained various asymptotic results for the
flow (1.1) in any dimension with applications to the homogenization of linear transport equa-

tions [4, 5, 6]. Dimension two is very specific in ergodic theory, since Franks and Misiurewicz
[11] have proved that for any continuous flow X (¢, x) the Herman rotation set [13] — derived
from [21, Corollary 2.6] as the convex combination of the limit points of all the sequences

(X(n,z)/n) oy for @ € Yy — is actually a closed segment line of R*. In the case of a two-
dimensional ODE’s flow, the closed segment C, is carried by a line passing through Oge. For
the ODE’s flow X associated with the vector field b by (1.1), Herman’s rotation set may be
equivalently defined by

Cp:= {/Yd b(z) p(dx) : p € My(Yy) s.t. for any t >0, po X(¢,-) = u} : (1.3)

i.e. pin (1.3) is a probability measure on Yy which is invariant for the flow X. In dimension
three the situation is again completely different, since [0, Theorem 4.1] shows that the rotation
set (1.3) may be any convex polyhedron of R?® with rational vertices.

In this paper, we focus on a more precise asymptotics of the flow X (1.1). It is rather
natural to study beyond the limits of type (1.2) when they do exist, the asymptotic behavior
of the expansions

X(t,x) —x —t((x) ast— oo and for x € RY. (1.4)
In the framework of ergodic theory, the problem of the dynamics of the iterates F", n € N, of
the lift F' (1) obtained from some homeomorphism f homotopic to the identity on the torus Yj
(see, e.g., [21]), is extremely delicate. Indeed, only dimension two is investigated, the estimates
of the vector-valued expansion (1.4) for a general lift are only obtained in one direction, and
moreover the last developments are quite recent. More precisely (see, e.g., the introduction of
[16] and the references therein), the two following results hold:

e By virtue of [17] and [19, Theorem 1] there exists a homeomorphism f on Y5 homotopic
to the identity with a lift /' on R?, such that the Herman rotation set R; is reduced to
the unit set {p;} and

Vv eSSy, sup  [(F™"(z) =z —npys) -v] = o0 (1.5)
z€R2, neN

n the context of the ODE’s flow X defined by (1.1), we have ' = X(1,-), and due to the semi-group
property of X we get that F = X (n,-) for any n € N.



In [19, Theorem 1] p; is actually chosen to be Ogz.

e By virtue of [10, Theorem A], for any homeomorphism f on Y3 homotopic to the identity
with a lift ' on R? and the Herman rotation set R; of which is a closed line segment
of R? with an irrational slope containing several points of Q?, there exist a unit vector v
in (R;)* and a constant M > 0 such that

Vp e Ry, sup | (F™(z) =z —np)-v| < M. (1.6)

r€R2, neZ

In our setting, we have obtained an example of a two-dimensional flow X (1.1) associated
with a vanishing vector field b parallel to a fixed incommensurable vector &, which satisfies the
large deviation (1.5) except in the direction v := £+ (see Proposition 5.1), but whose Herman
rotation set Cp is a non degenerate closed line segment of R? (see Remark 5.1). In contrast,
due to the differential structure we can hope better results than the two-dimensional bounded
deviation (1.6) in some direction. More precisely, assuming the existence of the limit (1.2) for
any point = in a subset A of R%, we will prove in several situations a fine asymptotic expansion
of the type

sup | X(t,2) — 2 —t((z) | < My < oo. (1.7)

€A, t>0

In Section 2 we prove a criterium (see Proposition 2.2) for which expression (1.4) reads as
Vt>0, Ve eRY X(t,x)—z—t((z) = ¢(X(t,z)) — (), (1.8)

so that the boundedness of the vector-valued function ® in R? implies immediately the fine
asymptotic expansion (1.7) in the whole set R?. The right-hand side of (1.8) can be regarded
as a continuous sum of coboundary terms (see Remark 2.1). In return, from expression (1.8)
we deduce (see Proposition 2.3) a general class of vector fields b such that (1.7) holds in R
Finally, assuming that there exists a Z?periodic regular gradient Vu satisfying the positivity
property b- Vu > 0 in Yy, Theorem 2.1 provides sufficient conditions for which the asymptotic
expansion (1.7) is satisfied in R%.

Section 3 deals with the case of a non vanishing vector field b in R? such that Herman’s
rotation set (1.3) is a unit set {£} of R?, where the rotation vector & = (&1, &) is incommensu-
rable in R? (see (1.9)). This corresponds to the second case of the proof of [22, Theorem 3.1].
Assuming in addition the existence of an invariant probability measure for the flow with a pos-
itive regular Lebesgue’s density, we prove (see Theorem 3.1) using the celebrated Kolmogorov
theorem [18] that if the irrational number & /&, is a Diophantine number (see (1.10)), then the
fine asymptotic fine expansion (1.7) is fulfilled in R?. In contrast, given a vector £ in R? such
that & /& is a Liouville number (see (1.11)), we can construct a two-dimensional Stepanoft’s
flow [25], i.e. a flow associated with the unidirectional vector field b = a £, such that the fine
asymptotic expansion does not hold in R2.

At this point, note that the alternative between “commensurable and incommensurable” for
the rotation vector is well-known in ergodic theory to guarantee the uniqueness of the asymp-
totics (1.2) of the flow (see, e.g., [22]). Moreover, the alternative between “Diophantine and
Liouville” is essential in the conjugacy Denjoy theorem related to the dynamical properties of
the diffeomorphisms on the circle §; with an irrational rotation number (see Remark 3.1 and
the references therein). In the present context of the fine asymptotic expansion (1.7) of a two-
dimensional ODE’s flow, the same alternative on the irrational number & /& can be regarded,
up to our best knowledge, as a new example of the crucial role played by the Diophantine
property of the rotation number in a dynamical system. Finally, using the rather restrictive



extension [20, Theorems 1,2] (see also [3, Theorem 3.3] which was obtained and used in an
independent way) of Kolmogorov’s theorem to dimension d > 2) the previous two-dimensional
result can be also extended to higher dimension (see Remark 3.2).

In contrast with Section 3, Section 4 is devoted to the commensurable case in any dimension,
which is based on the existence of periodic solutions in the torus Y to the ODE (1.1). Again
assuming that Kolmogorov’s theorem in dimension two and its extension [20, Theorems 1,2]
in higher dimension hold true, we get (see Theorem 4.1) the fine asymptotic expansion (1.7)
in R?, with an explicit non constant vector-valued function ¢ in R%.

The results stated above are based on the condition that the vector field b does not vanish
in Y;. When b does vanish, the fine asymptotic expansion (1.7) may fail in R% Indeed,
Proposition 5.1 shows that the two-dimensional Stepanoff flow associated with the vector field
b = a&, where a vanishes at one point in Y5 and £ is any incommensurable vector in R?, does
not satisfy the fine asymptotic expansion (1.7) in the set A = R£+Z2. In contrast, Example 5.4
provides a two-dimensional Stepanoff’s flow which satisfies the fine asymptotic expansion in R?
for any vector ¢ in R2, but the function @ then has an infinite number of roots in Y.

Other examples illustrate the results of the paper in Section 5.

We have not succeeded for the moment to derive a fine asymptotic expansion (1.7) of the
flow either without using the bounded coboundary sum of (1.8), or without the conditions
supporting Kolmogorov’s theorem in dimension two and its extension in higher dimension.
For instance, when b is only a non vanishing regular two-dimensional vector field, namely the
framework of [22], we do not know if the fine asymptotic expansion (1.7) holds in the whole
set R?, while however the asymptotics (1.2) is satisfied at each point of R2.

Finally, in section 5.3 we illustrate this question with a two-dimensional Euler flow related
to atmospheric flows [3, 28], and with the three-dimensional Arnold-Beltrami-Childress (ABC)
flow which was first introduced by Arnold [2].

Definitions and notations

e d € N denotes the space dimension.

S: denotes the unit sphere of R2.

A vector ¢ in R? is said to be incommensurable in R? if

Vke€Z'\ {Opa}, &-k#0. (1.9)

Otherwise, the vector ¢ is said to be commensurable in RY.

A Diophantine number is an irrational real number A with the property that there exists

m € N satisfying
1

#({(p,q)erN: A—B‘g—m})«m, (1.10)
q q

i.e. A is badly approximated by rational numbers.

On the contrary, a Liouville number is an irrational number A with the property that for
any n € N, there exists a pair of integers (p,, ¢,) with ¢, > 1, such that

_ 1
(@)™’

i.e. A is closely approximated by a sequence of rational numbers.

_ P

” (1.11)

0<’
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(e1,...,eq) denotes the canonical basis of R?, and Ogs denotes the null vector of R?,
I; denotes the unit matrix of R4,

“.7” denotes the scalar product and | - | the euclidean norm in R¢.

x denotes the cross product in R3.

|A| denotes the Lebesgue measure of any measurable set in R? or Yj.

Y; denotes the d-dimensional torus R?/Z¢ (which may be identified to the unit cube [0, 1)?
in Rd)7 and Oy, denotes the null vector of Yj.

I1 denotes the canonical surjection from R? on Y.

CE(R?), k € N U {oo}, denotes the space of the real-valued functions in C*(R?) with
compact support in R

CF(Ya), k € NU {oo}, denotes the space of the real-valued functions f € C*(R?) which
are Z%-periodic, i.e.

VkeZ' Yz eRY  flx+k)= f(n). (1.12)
The jacobian matrix of a C'-mapping F' : R? — R? is denoted by the matrix-valued

OF;
function VF with entries o fori,5 € {1,...,d}.
L

The abbreviation “a.e.” for almost everywhere, will be used throughout the paper. The
simple mention “a.e.” refers to the Lebesgue measure on RY,

dx or dy denotes the Lebesgue measure on R,

For a Borel measure p on Y, extended by Z?periodicity to a Borel measure i on R%, a
fi-measurable function f : RY — R is said to be Z%periodic ji-a.e. in R, if

VkeZ' f(-+k)=f() jrae. in R% (1.13)

For a Borel measure p on Yy, Lg (Ya, 1), p > 1, denotes the space of the p-measurable
functions f : Y; — C such that

y | ()" pldz) < oo.

Lg (Yy), p > 1, simply denotes the space of the Lebesgue measurable functions f in L (R9),

loc
which are Z%periodic dz-a.e. in R%.

//éoc(Rd) denotes the space of the non negative Borel measures on R?, which are finite
on any compact set of R,

AM;(Yy) denotes the space of the non negative Radon measures on Yy, and .#,(Y;) denotes
the space of the probability measures on Y.

2'(R?) denotes the space of the distributions on R,



e For a Borel measure ;1 on Yy and for f € Lé (Ya, i), we denote
()= [ 1te) ntda), (1.14)
d

which is simply denoted by f when pu is Lebesgue’s measure. The same notation is used
for a vector-valued function in L}(Yy, u)?. If f is non negative, its harmonic mean f is

defined by X
([ v
L= (/yd f(y)) '

e For a given measure A € .#;(Yy), the Fourier coefficients of A are defined by
A(n) = / e 2T \(dx) for n € Z°.
Yy

The same notation is used for a vector-valued measure in .#;(Yy)?.

e ¢ denotes a positive constant which may vary from line to line.

2 Fine asymptotic expansion

Definition 2.1 A flow X associated with a vector field b € C}(Yq)* by (1.1) is said to admit
a fine asymptotic expansion if there exists a Z%-periodic vector-valued function ¢ such that

Vt>0, Ve e R X(t,z) =2 +t{(z) +O(1), (2.1)

where O(1) denotes a vector-valued function which is bounded uniformly with respect to t and x.
More precisely, the flow X is said to admit a fine asymptotic expansion in the subset A of R¢
if there exists a constant Cy > 0 only depending on A, such that

Vi>0, Ve e A, |X(t,x)—x—t((z)| < Ca. (2.2)
The following result gives a way for a flow to admit a fine asymptotic expansion (2.1).

Proposition 2.2 Let b be a vector field in C’;(Yd)d, and let , P be two vector-valued functions
in CY(R?)?. Then, the following assertions are equivalent :

Vt>0, Ve eRY, X(t,x) =z +t((z)+ (X(t,x)) — O(), (2.3)

(Is—V®)b=¢ nR* and Vt>0, ((X(t-)) = inYy, (2.4)

The last property in (2.4) means that ¢ is invariant for the flow X . If one of these two assertions
is satisfied and ® is bounded in R, then ( is Z%-periodic, the Herman rotation set is given by

B { conv(¢(Yy)) ifd>3

b= () Fd—2 (2.5)

and the flow X admits a fine asymptotic expansion in the sense of (2.1).



Remark 2.1 If the flow X satisfies the expression (2.3), then the function ® is not necessarily
periodic. However, for any t > 0, the function @(X(t,-)) — ®(-) is Z%-periodic, since the
functions (z — X(t,z) — x) and ¢ are Z%-periodic. The function ®(X(t,-)) —®(-) can be
regarded as a “continuous coboundary sum”, since we have

—_

B(X(n,) — () = 3 [B(X(0 +1,) — (X (0,))] forneN,

7

I
=)

where each term of the sum s a coboundary term.
In the sequel we will construct such continuous coboundary sums possibly uniformly bounded in
various situations, so that the fine asymptotic expansion (2.1) will follow immediately.

Based on Proposition 2.2 the following result allows us to construct a general family of flows
which satisfy the fine asymptotic expansion (2.1).

Proposition 2.3 Let U be a C?-diffeomorphism on Yy satisfying the conditions
d:(zeR 2 —V(z)) € C(Yy)" and det(VV) #£0 in Y. (2.6)
Let ¢ be a vector field in C’ﬁl(Yd)d satisfying the equality
VC(VO) (=0 inY, (2.7)
Then, the flow X associated with the vector field b € Cﬁl (Yy)? defined by
b= (VU) ' (= — V)¢ inYy, (2.8)
fulfills both the expression (2.3) and the fine asymptotic expansion (2.1).

Proof of Proposition 2.2. First, assume that assertion (2.3) holds. Then, by the boundedness
of the vector field ® and by the semi-group property of the flow X, we deduce from (2.3) that
for any ¢t > 0 and any z € R¢,

lim X(s2) = ((z) = lim Xls+to) = lim ———2"2 = ((X(t,2)), (2.9)

5§—00 S 5—00 S S§—00 S

which shows that the vector-valued function ( is invariant for the flow X. Moreover, we have
VeeRY VkeRY ((z+k)= lim
— 00

which shows that ¢ is Z%-periodic.
Now, let us determine the Herman rotation set C,. By [21, Corollary 2.6] combined with (2.9)

we have
Cb:conv< U [m {W}cZn}]) = conv(((Yy)). (2.10)

zeR4 LneN

In dimension two the first equality of (2.5) can be refined. Indeed, by virtue of [I |, Theorem 1.2]
for two-dimensional continuous flows, Herman’s rotation set C; is a closed line segment of R?,
and by the continuity of ¢ the subset ((Y3) of R? is a connected compact set. Therefore,
it is enough to prove that the extremal points of C, belong to ((Y3). To this end, by [21,
Remark 2.5] (see [0, Section 6.1] for a proof) each extremal point of C; is a vector v(b) for some



ergodic invariant probability measure v. Then, by Birkhoff’s ergodic theorem there exists a
point z € Y5 such that
X(t,x

B2 o) e .

((z) = lim

t—o00

which thus implies the second equality of (2.5).
Next, we have for any ¢t > 0 and any x € R?,

0

> [(X(t,z) =z —t{(z) — P(X(t,2)) + (z)] = (b— VP)(X(t,2)) — ((). (2.11)

Since the assertion (2.3) holds and ( is invariant for X, the equality (2.11) is reduced to
Vi>0, Ve eRY  (b—VOb)(X(t,2)) = ((X(t,2)).

Therefore, taking t = 0 in the previous equality we get the relation (2.4).
Conversely, if the assertion (2.4) is satisfied, then the right hand side of (2.11) is zero, which
implies that or any ¢ > 0 and any = € R?,

X(t,z)—z—t(z) — ®(X(t,2)) + ®(z) = X(0,2) — 2z — (X (0,2)) + P(z) =0,

which yields assertion (2.3).

Finally, note that the expression (2.3) of the flow X combined with the boundedness of the
vector field ® provides immediately the fine asymptotic expansion (2.1) of X, which concludes
the proof of Proposition 2.2. O

Proof of Proposition 2.3. Define the mapping X by
X(t,x) =0 (t{(z) + V(z)) for (t,x) € [0,00) x R (2.12)

First of all, let us prove that the vector-valued function ( is invariant for X. Using the equalities
(2.12) and

L=V ol)= (VI )ol)VT inR% (2.13)
we have for any (¢, ) € [0,00) x R?,
0 8

= (V) (X( )V\Iﬂ(tc )c<x>
<vc>(X 2)) (Vo) (X(1, )

This combined with equality (2.7) yields that for a fixed € R% and any t > 0,

f2(t) = = (VC(VO) ) (X(t,2)) fo(t)  where  fu(t) = ((X(t,2)) — ¢(2). (2.14)

Hence, by the continuity of the Z%periodic matrix-valued function V¢ (V¥)~! in RY, for any
T € (0,00) there exists a constant ¢ > 0 such that

Ve [0,T], |fa(t) <er / ()| ds,

which by Gronwall’s inequality applied in [0, 7] implies that f, = 0 in [0,7]. Therefore, the
vector field ( is invariant for the mapping X.



Now, consider the vector field b € Cf (Yy)? defined by (2.8). Hence, due to (2.13) and the
invariance of ¢ combined with equality (2.8), we have for any (¢,z) € [0,00) x RY,

V(X)) = V) (¢) + V() ()
)

o W) (X (t,x)) C(X(t2))
= (VU)X (t,2)) ((X(t,2)) = b(X(t, ).

Therefore, the mapping X defined by (2.12) is actually the flow associated with the vector
field b defined by (2.8) through the ODE (1.1).

Finally, since ¥(z) = z — ®(z) for z € R%, the desired expression (2.3) of the flow X directly
follows from the composition of equality (2.12) by ¥, and the fine asymptotic expansion (2.1)
is an immediate consequence of the Z?periodicity of the vector-valued ®.

This concludes the proof of Proposition 2.3. 0

Finally, the following result provides sufficient conditions to obtain two vector-valued func-
tions ¢ and ® satisfying the expression (2.3) of the flow X, and to also derive fine asymptotic
expansion (2.2) in some sets of R

Theorem 2.1 Let b € C/(Yy)? be a vector field in RY, d > 2.

i) Assume that the vector field b satisfies the positivity condition

IVue C)(Ya)?', b-Vu>0 inYy (2.15)
Also assume that there exists a vector-valued function ¢ such that X satisfies the asymp-
totics X(t.2)
. ,T)

Then, the vector field ¢ is invariant for the flow X, and there exists ® € CY(R?)? such
that the expression (2.3) of the flow X holds.

i1) Replace in part i) condition (2.15) by the stronger gradient invertibility condition
IVuy € CY(Yy)", b-Vur =1 inYy (2.17)

Then, the fine asymptotic expansion (2.2) holds in any strip of R? orthogonal to the
direction & := Vuy of type

{reR: 2 -£€(ab]} for —oco<a<b< oo, (2.18)
i1i) Replace in part ii) condition (2.17) by the existence of a vector field U = (uy, ..., uq)
satisfying
b- Vul = 1,
VU € C)(Yo)™ " with b-Vuy=---=b-Vug=0, inYy (2.19)
det (VU) # 0,

Then, the fine asymptotic expansion (2.1) is satisfied through the expression (2.3) obtained
with the vector field

1

O(z) =x — (W)_lU(x) forz € R* and (:=(VU) ey (2.20)

9



Remark 2.2 In dimension two Peirone [22, Theorem 3.1] proved remarkably that the asymp-
totics (2.16) of the flow X is always satisfied when the vector field b does not vanish in Y,
while this asymptotics is generally false in higher dimension [22, Section 4] and in dimension
two with a vanishing vector field b [23].

Proof of Theorem 2.1.

Proof of part i). First of all, due to the asymptotics (2.16) the invariance of the vector-valued
function ¢ for the flow X follows from the equalities (2.9).

Next, following [, Remark 3.6] we can consider for each z € R? the unique time 7(z) for
the orbit X (-, z) to meet the equipotential {u = 0}, i.e.

u(X(r(z),z)) = 0. (2.21)

Using the positivity (2.15) and the Cl-regularity of the flow X, the implicit function theorem
implies that the function 7 belongs to C'(R%). By the uniqueness of 7 combined with the
semi-group property of X we also have

Vt>0, 7(X(t,2))=r1(z)—t. (2.22)

Now, consider the vector-valued function ® (neither necessarily bounded in R¢ nor Z?-periodic)
defined by

7(z)
@(x)_/o (C(x) - b(X(s,2))) ds for o € RY, (2.23)

Then, we have for any ¢ > 0 and any z € R¢,

T(x)—t 7(z)
<I>(X(t,$)) = /0 (C(:E) — b(X(s + t,:v))) ds = /t (C(x) — b(X(s,m))) ds.
Hence, taking the t-derivative of @(X (t, x)) at point ¢ = 0, we get that
Vo eRY V&(x)b(x) =bz) — (),

which is exactly the first equality of (2.4). This combined with the invariance of ¢ for X
yields (2.4). Therefore, by virtue of Proposition 2.2 we deduce the equivalent expression (2.3)
of the flow X.

Proof of part ii). From equation (2.17) we deduce that
V(t,z) € [0,00) x RY, g (X(t,2)) =t + ui(z).

Then, the solution 7(x) to the equation (2.21) with the function wu; is given by 7(z) = — u;(x),
and the vector-valued function ® defined by (2.23) reads as for any z € R?

o)~ | o (c<x> - %—f(w)) ds = —u(2) ((x) — X (—u(2), 2) + .

Since Vu; is in C’é’(Yd)d, the function u; can be written u;(z) = £ - ¢ — vy (x) where £ = Vu,y
and v, € C’;(Yd). Then, we have for any point x in the affine hyperplane z - £ = c,

vi(z)—c
O(x) = (vl(x)—c) ((1:)—1—1‘—)((1}1(:1:)—0, ;1:) = (vl(x)—c) C(a:)—/o b(X(s,:c)) ds, (2.24)
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and for any ¢ > 0,

v (X ()~
O(X(t,2)) = (01 (X(t,2)) — &) C(x) - /0 b(X (s +t,2)) ds.

Hence, since the functions v; and ¢ are Z%periodic and continuous in Y, we get that for any
t > 0 and any x in the affine hyperplane = - £ = ¢,

|‘I>(X(t>$)) - ¢($)| <2 (’C| + ”WHL;"’(Yd)) (HCHL;;O(Yd)d + ”bHL’?"(Yd)d)-
Therefore, taking into account the expression (2.3) of the flow given by the part i), we obtain

the fine asymptotic expansion (2.2) in any strip defined by (2.18).

Proof of part iii). This result has been obtained in [3, Theorem 3.3] for obtaining a class of
ODE’s flows whose Herman’s rotation sets are reduced to a unit set. In the present context,
by (2.19) and (2.20) we get immediately the equality

(I, — V®)b= (VU) ' DUb = (VU) 'ey = ¢ in Yy,

which by virtue of Proposition 2.2 implies the fine asymptotic expansion (2.1).
The proof of Theorem 2.1 is done. |

3 The incommensurable two-dimensional case

We have the following result.
Theorem 3.1

I) Let b be a non vanishing vector field at least in C’ﬁz(Yg)2 admitting an invariant probability
measure o (x)dx where o is a positive function at least in CJ(Y3), such that

_ aby

ob is incommensurable in R* and the ratio J:bl is a Diophantine number.  (3.1)
002

Then, provided that b and o are reqular enough, the flow X defined by (1.1) satisfies the
fine asymptotic expansion

Vt>0, Ve eRY X(t,z) =2 +tob+ O(1), (3.2)
where O(1) is a vector-valued function which is bounded uniformly with respect tot and x.

IT) Let & be a unit vector of R? such that & /& is a Liowville number. Then, there exists a
positive function a € C’g’o(Yg) such that the Stepanoff flow X associated with the vector
field b= a & does not satisfies the fine asymptotic expansion (2.1).

Remark 3.1 In view of the two cases of Theorem 3.1 — restricting ourselves to the class of
smooth two-dimensional vector fields b such that each associated flow has an invariant probability
measure o(z)dx with a smooth Lebesque’s density o > 0 and an incommensurable rotation vector
¢ (= obin (3.1)) — we obtain that a necessary and sufficient condition to derive systematically
the fine asymptotic assumption (2.1) in R* with ((x) = &, is that the ratio & /&5 is a Diophantine
number.
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On the one hand, by virtue of the Kolmogorov theorem [15] (see also [20, Lecture 11]) the
Diophantine property of some rotation number permits to prove that the two-dimensional ODE
(1.1) can be mapped to a linear ODE through a suitable diffeomorphism on Y, provided that the
vector field b is smooth and non vanishing in Yo and that the associated flow X has an invariant
probability measure with a smooth Lebesgue’s density. On the other hand, the conjugacy Denjoy
theorem (see [15, Section 12.1]) claims that any smooth diffeomorphism on the circle Sy with an
wrrational rotation number p is topologically equivalent to the rotation of angle p. It turns out
that the Arnold theorem [1] (see [15, Sections 12.3 and 12.5] and [9, Chapter 3, §5]) shows that
the Diophantine property of the rotation number is essential to show that the conjugating map
involved in Denjoy’s theorem is smooth (at last differentiable). The construction of the Peirone
two-dimensional counterexample [23] (recall Remark 2.2) is also based on some Diophantine
rotation number for the ODE’s flow. Alternatively, Theorem 3.1 seems to be, up to our best
knowledge, a new example of the essential role played by the Diophantine property of the rotation
number.

Proof of Theorem 3.1.
PROOF OF PART I).

First step: Reduction to a Stepanoff flow.

By the Kolmogorov theorem [I18] combined with enough regularity for the vector field b (at
least C?) and the invariant probability measure o(z)dz (at least C®) (%), there exists a diffeo-
morphism ¥ on the torus Y; (see, e.g., [7, Remark 2.1]) of class C? (at least) satisfying

Vr e R W(x) = Mz + Uy(2), (3.3)

where M € SLy (Z) (i.e. M is a unimodular matrix) and ¥y € C7(Y3)?, such that the flow X
obtained from the flow X through the diffeomorphism ¥ by

X(t,y) = U (X(t, 0" (y))) for (1,y) € R x Vs, (3.4)
is actually the flow associated with the vector field b € C'ﬁl(Yg)2 defined by

b(y) = (VWb) o 1) (y) = a(y) & fory € Y, (3.5)

where a is a non vanishing function in C;(Y2) (at least) and & a non null vector of R*. Moreover,
we easily check that

A~

—1
VyeYs, lim @ — M (lim M) , (3.6)
—00

t—o00

if one of the two limits does exist. However, by virtue of Liouville theorem (see, e.g., [20,
Lecture 11]) the vector field ob is divergence free in Y3, so that there exists u € CF(Y2)
satisfying

ob= R, Vu orequivalently b=o0'R,Vu in Ya.

By hypothesis the mean value of ¢ b is incommensurable, so is the mean value of Vu. Then,
by virtue of [5, Corollary 3.4] the Herman rotation set associated with the vector field b is the
unit set

¢, = {ab}.

2See the remark of [12, p. 8-9] in connection with the Denjoy counterexample (see [14].
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By [, Proposition 2.1] this combined with (3.6) implies that

~

X(t X(t, vt —
Vy €Y lim —(t’w =M (lim X617 () t (3“/))) = Mab
—00

t—o00

which is also an incommensurable vector due to M € SLF(Z). Hence, again applying [5, Propo-
sition 2.1] but with the Stepanoff flow X, using the results [0, Section 2.4] on the asymptotics
of Stepanoff’s flows, and recalling (3.5) we get that

C; = {a&} = {Mob}. (3.7)

Hence, due to M € SLF(Z) it follows that ¢ is an incommensurable vector of R? as ob, and
£1/&, is a Diophantine number as the equivalent number b /oby. Therefore, we are led to a
Stepanoft’s flow satisfying the same assumption (3.1) as the original flow X.

Now, it remains to derive the asymptotic (3.2) for any Stepanoff’s flow satisfying condi-
tion (3.1) with 0 = a/a and a regular enough. This is the aim of the following step.

Second step: The Stepanoff flow in the incommensurable case.
Assume that b = a & where a is a positive function in Cﬁl(YQ) and £ is an incommensurable
vector of R? such that & /& is a Diophantine number.

First of all, following [0, Section 2.4] recall some general results about the Stepanoff flow [27]
in the incommensurable case, namely associated with the vector field b = a & where a is a
positive function in Cﬂl(Yd) and ¢ is an incommensurable unit vector of R? for d > 2. Let 6 be
the function defined by

a

y-€
w = (a(t£+<y~e>§i) . 1) !

_ /" ¢ _ d
(s=t—y-§ _/_y.5<a(s§+y) 1)ds for y € R%,
where (£2,...,£%) is an orthonormal basis of (R )+ so that for any y € R?,
y= &+ )¢ with (y-£)¢=( )&+ - +(y¢"

according to Einstein’s convention. The function @ is in C*(R?) and satisfies for any y € R,

Vo) ¢ = (i - 1)5-5+/fE (E0e)v(4) e+ €)€)] - car

a(y)
zﬁ_H/f €5 et o) € ga (3.9)
- -

On the other hand, the two-dimensional flow X associated with the vector field b explicitly
reads as

X(t,y) = E N t)E+y where Fy(t) := /Ot i ds (3.10)

sE+y)
and Fy*1 denotes the reciprocal function of Fj,. By (3.9) we have

a F,(t) :t+/0t%(0(s§+y)) ds=t+60(t&+y)—0(y).
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Therefore, replacing t by Fy_l(t) in the previous equality and using the expression (3.10) of the
flow, we get that

VE>0, X(ty)=até+y+0(y)E—0(X(ty)¢

Vy € RY, i (3.11)

t—o0 t

Now, assume that d = 2 and that & /& is a Diophantine number. Consider the function
a € C}(Yz) and its Fourier expansion defined by

aly) = 2 9= Z a(n) ™ W for y € Ys, (3.12)
n€Z2\{Op2}

where &(n) denote the Fourier coefficients of a. Then, putting the Fourier expansion (3.12)
in the second integral of (3.8), we may permute the integral and the series due to & € ¢1(Z?),
which implies that for any x € Y5,

0(y) = Z — &(n) (e2m ) _ 2im(v= (O Om). (3.13)
n€Z2\ {045}
Next, since &;/&; is a Diophantine number, by (1.10) there exists a non negative integer mg

such that X
#({(p,q)EZxN: %—g’ﬁqm€+l})<oo. (3.14)

Also assume that a € Cﬁm 5+2(Y2). Then, by the Cauchy-Schwarz inequality we get that

[G(n)] [n|™e+

(n € Z2\ {02} — |n|™ |a(n)] = T) € (1(Z2\ {02}), (3.15)

since by the Parseval identity applied with the tensor-valued function V¢*+2q € CE(YQ)Q(%H)

we have

1 N -
>, <o and 3 FPlam)f < el VOHall .
n€Z?\{0p2} neZ?\{0gz2}

Moreover, by (3.14) we have for any n = (ny,ny) € Z*\ {02} with |n| > N large enough,
£l [€2 ma| = [& ifny =0
nl =
[al Ia] €1 /&2 + na/ma| = |&al /[na|™eif my # 0,
which implies that

Jec>0, Vn e Z*\{0g}, |&-n|> e (3.16)
This combined with (3.15) thus yields
) a(n . " a(n)| |n|met?
Vn € Z*\{0g2} with |n| > N, ||£( n)|| < Cla(n)]|n|™ = % € (1(Z*\{0g2}).

Therefore, we deduce that the asymptotic expansion of (3.11) satisfies the uniform estimate

Vt>0, Vy € R? ‘X(t,y)—tgg—y‘gc Z M<oo7 (3.17)
nez2\{0 }|§’n|
R2
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which establishes the asymptotic expansion (3.2) for the Stepanoff flow in the Diophantine case.

Let us conclude the proof of part I). Starting from formula (3.4), multiplying formula (3.3)
by the matrix M~!, and using the estimate (3.17) of X combined with the equality (3.7) and
the boundedness of Wy, we get that for any ¢ > 0 and any x € Y5,

X(tx) = U (X(1 () =M (X(t () = M7 (L0 0 (X (1t U(2))
=M"'(tal+ Mz + Uy(z) +O(1)) — O(1)
=tob+z+ O(1),

which finally yields the desired fine asymptotic expansion (3.2).

PROOF OF PART II).

Since & /&, is a Liouville number, by (1.11) there exist two sequences of integers (py )ney in ZN
and (g, )nen in NY satisfying

n 1
vnen, |S_Puj o 1 (3.18)
52 Gn (qn)n
or equivalently,
VneN, [£ k| <——"— |€2| where k, := gn e1 — pn €2 € Z2. (3.19)

(qn)™ 1

Up to extract a subsequence of the sequence (g,)nen (Which converges to o) still denoted by
(Gn)nen, we can assume in addition that

n—1 o]
2
V>3, g€ kea|TF 40+ ¢ and Y (qﬁ)lfi <1, (3.20)
i=1 n=3 ‘1"

which implies in particular that (g,)nen is increasing. Then, define the positive function a
in Cp°(Yz) by its inverse

1 o0
ﬂ =1+ E aycos (2 k, -x) forxz €Yy, where o, :=271q,§- k. (3.21)
a(x
n=3

The function a is well defined and positive due to the second inequality of (3.20) combined
with inequality (3.19). Moreover, since by (3.19) and (3.21) we have for any m € N,

S "o N G (|pn] + @)™ -
S andhlms 3 arlel S <o 3 o <o
n=m-2 n=m+2 n n=
the function a belongs to C7°(Ya).
On the other hand, define the sequence (7,)nen by
1
Tp i= for n € N. (3.22)

i€k,
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Then, the function 6 defined by the first integral of (3.8) with 1/a defined by the series expansion
(3.21), satisfies for any integer m > 4 (note that a = 1)

(1 &) = /OTm (2 o, cos (2 (€ - kn)t)> dt

Z sin (277 (& ky) Tm)
—= an
— 27 (€ - ky)
m—1 o)
sin (27 (€ - kn) T sin (27 (€ - kn) T
=qm + Z COn + Z An ’
n=3 2m (€ - ) n=m+1 2m (& - Fin)
which by the first inequalities of (3.20) and (3.19) implies that
m—1 ’Oé | o]
=3 n=m-+1
m—1 00
> dm — n — 5 dn (323)
; 2 n=m-+1 |£ ' km‘
T|&| 1 1
>m — 22 .
B (@n)"2 [§ - Ko

n=m+1
Moreover, applying the first inequality of (3.20) with n = m+ 1, we get that for any n > m+1,

1 S 1 1
(Qn)n_m N (Qn)n_z |€ : km|

This combined with (3.23) and the increase of (g, )nen thus yields

On > Gmi1 > € k?m|ﬁ so that

AR 1 7 |&| o 1 mlél o 1
01, &) >m — =m — >m — )
O 2w T S " Sy
N——
<0
Hence, we deduce that
lim 6(7,, &) = 0. (3.24)

m— 00

Finally, by the expression (3.10) of the Stepanoff flow for y = Og2, we have for any m € N,
)A((tm, Ogz) = 7, § where 1, 1= Fp_, (7).

Therefore, using the expression (3.11) of the flow X for y = Oz and limit (3.24), we obtain
that R
|X(tm> ORQ) - tm£| = ‘9<OR2) - Q(Tm §)| n:go o0,
which shows that the fine asymptotic expansion (2.1) does not hold for the Stepanoff flow X.
The proof of part II) is done, which also concludes the proof of Theorem 3.1. 0
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Remark 3.2 In higher dimension and in spirit of the case iii) of Theorem 2.1, assume that
there exists a vector-valued function U = (uq,...,uq) satisfying besides condition (2.19) the
following one

b-Vu; >0,
VU € Cf (Yo)™ " with b-Vuy=---=b-Vug=0, inYy (3.25)
det (VU) # 0,

Then, following [7, Theorem 8.3] the matriz VU is invertible and the diffeomorphism on the
torus W := MU with M := (W)fl (%), satisfies

VU € CHY)™, VU =1;, VUb=(b-Vu))é inYy, with&:= Me. (3.26)

Hence, W is a C*-diffeomorphism on the torus Yy (recall (3.3) ) which maps the flow X associated
with b to the Stepanoff flow X (3.4) associated with the vector field

b:=al where aly):= (b-Vu) oW ) (y) >0 fory€eYy (3.27)
When the vector £ satisfies the extension of (3.16)

Je>0, Ime €N, Vn € Z4\ {0gal, |§-n|2’n’Lm5, (3.28)

and a € C’;nEer(Yd) for some integer p > d/2, we get similarly to the proof of the second part of
Theorem 3.1, that the flow X satisfies the fine asymptotic expansion (2.1).

In the part iii) of Theorem 4.1 below we will again use the previous diffeomorphism ¥ on Yy
with d > 2, in the case where the vector ¢ is commensurable in R¢.

4 The commensurable case in any dimension

We have the following result.
Theorem 4.1 Let b € C(Y4)? be a vector field in RY.

i) Let A be a non-empty subset of RY. Assume that there exist Ta, ka € (0,00) such that the
flow X satisfies the periodicity property

Vee A, 3T (z) € (0,T4), Tk(x) € Z* with |k(z)| < ka, VI >0,

X(t+T(x),z) =X(t,x) + k(z). (1)

Then, the flow X associated with b satisfies the fine asymptotic expansion (2.2) in A with
((x) :=k(x)/T(x) for z € A.

3Actually, the authors have recently discovered that the mapping ¥ used in [3] was previously introduced
by Kozlov in [20, Theorems 1,2] to extend in some way the two-dimensional Kolmogorov theorem [18] to higher
dimension.
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it) Assume that b is a non vanishing vector field in C’f(YQ)Z admitting an invariant probability
measure o (x) dx, where o is a positive function in CJ(Yz) with mean value 1, such that

ob is commensurable in R?. (4.2)

Then, there exists T > 0 such that the flow X satisfies the fine asymptotic expansion (2.1)

with
-1

Lt at
((¥(x)) = (T/o m) § forxeYs, (4.3)

where the C’Q—diﬁeomprphism U on Yy maps the flow X on the Stepanoff flow X associated
with the vector field b through equalities (3.3), (3.4), (3.5).

i1) Assume that for d > 2, the vector field b satisfies (3.25) with DU € C}(Yq)™?, and
that the vector § := (W)_l e; in (3.26) is commensurable, i.e. there exists T > 0 such
that T € € Z4.

Then, the flow X still satisfies the fine asymptotic expansion (2.1) with the vector-valued
function ¢ defined by (4.3) in Yy, where the C’Q—dzﬁeomorphisn} U = MU on Yy maps the
flow X on the Stepanoff flow associated with the vector field b through equalities (3.25),
(3.26), (3.27).

Remark 4.1 By virtue of [11, Theorem 1.2] it is known that the rotation set Cy of the ODE’s
flow (1.1) associated with a vector field b € C}(Y2) is always a closed line segment of R? carried
by a line passing through Ogz. This combined with [10, Theorem B] implies that if C, contains
a non null commensurable vector ¢, then the flow X satisfies a fine asymptotic expansion in
the direction (*, i.e. there exists a constant C' > 0 such that

Vi>0, VzeR? | (X(ta)—z)-¢"|<C, (4.4)

where the first-order term t((x) does not appear due to ((z) € C, C R(. FEstimate (4.4)
extends the one obtained in the first case of the proof of [22, Theorem 3.1] where the constant
does depend on x a priori.

Proof of Theorem 4.1.
Proof of part i). First of all, for t > 0 and x € A, let n;, be the integer satisfying

e T(x) <t < (n,+1)T(x). (4.5)
Reiterating equality (4.1) we get that

X(tz) =Xt —neT(x),x) +ngk(z)

_ +tT<x>+(t,m T(x))k()JrX(t o T(a),2) .

and by (4.5) we have

< |k(x)| +

t—niqo T(x)
/ b(X (s, z))ds
0

S kA + TA ||b||Loo(Yd)d.

‘ (nm — ﬁ) k(z) + X (t —ne T(x), ) —
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Therefore, we obtain the fine asymptotic expansion (2.2) for the flow X in the subset A with
((x) :=k(x)/T () for z € A.

Proof of part ii). Proceeding as the first step of Theorem 3.1 thanks to Kolmogorov’s theorem
we are led to Stepanoff flow associated with the vector field b = a&, where a is a positive
function in C}(Y3) and & is a vector of R? such that T'¢ = k € Z* for some T' € (0, 00). Indeed,
due to (3.7) with M € SL3(Z) and to condition (4.2), the vector

1 —
¢ := -~ M ob is commensurable in R?. (4.6)
a

Moreover, by the expression (3.10) of the Stepanoff flow X combined with the Z4-periodicity
of a, we have for any ¢t > 0 and any y € R,

T ds T 1 [T ds -
Ft+T:Ft+/—:Ft~I—— where my:z(—/—)
e e A BT 1) W=\ )y sy

Hence, replacing t by Fyfl(t) in the previous equality we obtain that
)A((t+ L ) F—l(t+ L )§+ F ) e+Te+y=X(ty) +k
— Y ) = — Y Yy = Yy = Y )
m(y) ! m(y) !

which implies condition (4.1) with A := R? T(y) := T'/m(y) bounded by Ty := T ||a™ || oo (vy),
and k(z) := k. Therefore, the fine asymptotic expansion (2.1) holds with the vector-valued
function ¢ defined by (4.3), i.e.

C(y) =m(y)€ and X(t,y) =y +tC(y)+O(1).

Hence, since the vector-valued functions (y — ¥~'(y) — y) and (z — ¥(z) — z) are Z*-
periodic and continuous thus bounded in R?, mapping the previous equality by U1 and using
the relation (3.4) between the two flows X and X, we deduce that for any ¢ > 0 and any
r:=V"1(y) € RY

X(t,z) =¥ (y+tl(y) +0Q1) =V(x)+t{(V(x) +O(1) =z +t{(¥(z)) +O(1),

which is the desired fine asymptotic expansion (2.1) satisfied by X.

Proof of part iii). The proof is quite similar to the one of case ii), which concludes the proof
of Theorem 4.1. O

5 Examples

5.1 Cases with a non vanishing vector field

Let us start by a very simple example illustrating explicitly Theorem 3.1.

Example 5.1 Let £ be an incommensurable vector of R?, and let b be the vector field

§

bz) = 2 + cos(2may)

for z € Y5.
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Then, an explicit computation of formulas (3.8), (3.10) and (3.11) leads us to

B 1 sin(2ra;)  sin (27 (21 + F () &)
X(t,l’)—$+ §t‘|‘ 47T€1 - 47T51

§
fort >0, x € Y.
sin (2m(z1 + &) — sin(27ay)

F.(t) =2t ,
(t) + omE,

Therefore, the flow X associated with the vector field b satisfies Theorem 3.1, and consequently

the fine asymptotic expansion (2.1) with the vector-valued function ((z) = L €.

The following example revisits the two-dimensional flow of [7, Example 2.7] in the light of
the fine asymptotic expansion (2.1).

Example 5.2 Consider the non vanishing two-dimensional vector field b defined by
b(x) := ey + 27 sin(27xs) e3 = Vu(x) where wu(z) := z1 — cos(2mzs) for € R?. (5.1)

By [7, Example 2.12] a tedious but easy computation shows that the flow X associated with
the vector field (5.1) is given explicitly by

t+x)e +[n+larctan et tan(rx ]e, To—n| <1
X(t,x) = ( e " ( (mz2)) ] ez, oz —nl <3 forneZ. (5.2)

(t+z1)er+ (n+3) e, To=n+3,

Condition (2.15) is clearly satisfied with u(z) = z;.
Moreover, we have

X(t
vreY, lim 0P o (5.3)
t—o00 t

so that by [5, Proposition 2.1] Herman’s rotation set is the unit set C, = {e;}. By the analysis
of [7, Example 2.12] it is surprising to observe that the flow X (5.2) has no invariant measure of
type o(z)dx where o is a positive function in C{(Y3). However, the Radon measure dy ® d,,—o
on Y5 is invariant for the flow X. Indeed, we have

1
Op
Ve Cl(Ya), / br) - Vip(a) (dr1©0) = [ 52 (1,0 dry =0,
Yo 0 1
which owing to Liouville theorem (see, e.g., [5, Proposition 2.2]) yields the invariance.

Finally, the expression (5.2) of the flow shows directly that for any ¢ > 0 and any x € R?
such that x, € [n — %,n — %] with n € Z,
1
|X(t,:1c)—x—tel|§|n—x2|+§§1. (5.4)

Therefore, the flow X satisfies the fine asymptotic expansion (2.1) with ( = e; and a uniformly
bounded term.

However, following Proposition 2.2 it is interesting to recover the fine asymptotic expan-
sion (2.3) from a suitable bounded vector-valued function ®. To this end, the general defini-
tion (2.23) with asymptotics (5.3) leads us to the vector field ® defined for z € R?, by

7(z)
O(x) = /0 (e1 — b(X(t,2))) dt where 7(z) is solution to u(X(r(z),z)) =0, (5.5)
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which similarly to (2.3) yields the expression of the flow
Vi>0,VzeRY X(t,x)=z+ter+P(X(t2)) — 0(). (5.6)
Then, due to (5.2) we have
0=u(X(7(z),2)) = Xi(7(x),z) — cos (2nXs(7(x),2)) = 7(x) + 21 — cos (21X (7(z),z)),

which implies that
—z1+cos(2r Xz (7(z),x))
O(x)=—27 62/ sin (27 X5 (t, x)) dt. (5.7)
0

By (5.2) we have for any ¢ > 0 and any x € R? such that x5 € (n — %,n + %) with n € Z,

24 tan (r,)

T 1+ el tan®(nry)

sin (27 X5(¢, z)) = sin [2 arctan (64“2t tan(mvg))] (5.8)

Therefore, we deduce the inequality

1 472t o
s 1+ 8™t tan?(1zy) "= ™ [arctan (e tan(mj?))] e L

A e tan (1)

Ve R? ]@(m)]ﬁ/

which yields the uniform boundedness of ® (X (¢, z)) —®(x) with respect to ¢ and x in (5.6).

5.2 Cases with a vanishing vector field

In the first example a vector field with separate variables is investigated.

Example 5.3 Let be the vector field b(z) := (bi(x1), ..., ba(2q)) € C}(Yq)? such that 0 is the
unique root of the functions by, ..., by in Y7, which implies that b has Oy, as unique root in Yj.

First of all, it is clear that property (2.15) does not hold, since the vector field b does vanish.
Then, the flow X = (Xj, ..., X,) associated with b is given for i = 1,...,d and x € Yy, by (see,
e.g., [0, Section 2.4])

Xi(t,xz) = Fl_xl(t) +x; fort>0

t s (5.9)
F; .(t) := /0 bl(sd——kxl) for t € ([zi] — @3, 1+ (2] — x;),

where F;_! is the reciprocal function of F;,, and [z;] is the integer satisfying [z;] < z; < [z;]+1.
Since the zero set of each function b; is Z, b; has a constant sign in the interval ([z;], 1+ [z;]),
and for any ([z],1+ [;]),

[z;]—x; ds 14+[zs]—x; ds
_ — 7 e{—0, 00}
/0 bi(s + z:) /0 bi(s + ;) { J

Hence, the function F}' is a bijection from R on the interval ([a;] — z;, 14 [z;] — 2;) C [-1,1].
Therefore, the range of the flow X is contained in [—1, 1]¢, so that X satisfies the fine asymptotic
expansion (2.1) with the vector-valued function {(x) = 0.

The following example deals with a two-dimensional Stepanoff flow associated with a vector
field which has isolated roots in Y5.
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Example 5.4 Let b € Cp°(Y2)? be the vector field defined by
b(z) := cos*(mzy) (e1 +yey) forx €Y, withyeR.

The flow X associated with b is given by the explicit formula

x+larctan wt+ tan(m(xy — n +n—x1|(eg +ve if lgy —n| < 2
X(t,:r)z{ e ( (@2 =) lertye) ijo—nl<z

x ifxy =n+ %,
Therefore, the flow X satisfies the inequality

Vt>0, Vo € R? | X(t,2) — 2| <1472,

which provides the fine asymptotic expansion (2.1) with the vector-valued function ((x) = 0.

The following general result shows that any two-dimensional Stepanoff flow associated with
a vector field having one root in Y5 and an incommensurable direction £ in R?, does not satisfy
the fine asymptotic expansion (2.2) in the set A := R¢ + Z4.

Proposition 5.1 Let b = a& be a two-dimensional vector field such that a € Cﬁl(}/g) has Oy,
as unique root in Yy, and & is any incommensurable unit vector of R2.
Then, the flow X satisfies the asymptotics

p al ifz € R?\(RE+2Z2)
t
VreR? (i(7) ::tlirin (t’x) =< af ifreREHZ? £7, <0 (5.10)
—+o0
Ope ifx € REFZE, +£7, >0,

where T, is the unique real number satisfying
r+T1, &=k, € 7% (5.11)

Moreover, the fine asymptotic expansion (2.2) is not fulfilled in the set A := RE+Z2, and the
following large deviation holds

VoeS) st &-v#0, sup (X (t,z) —z —tle(z)) - v = oo. (5.12)

teR, z€A

Remark 5.1 Taking into account the asymptotics of the flow (5.10), by virtue of [21, Theo-
rem 2.4, Remark 2.5, Corollary 2.6] the Herman rotation set is given by the non degenerate
closed line segment

C, = conv (((R?)) = [0.d] &,

Therefore, in the present case of a Stepanoff flow associated with a vanishing vector field and
an imcommensurable vector, we recover directly from the asymptotics of the flow the result of
[0, Section 2.4] obtained by a perturbation result.

Contrary to the hypothesis of Proposition 5.1, the function a of the Stepanoff vector field
b= a&, has non isolated roots in Example 5.4. It turns out that the fine asymptotic expansion
(2.1) holds in Example 5.4 for any vector & in R?, while it fails in Proposition 5.1 for any
incommensurable vector & in R2.
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Proof of Proposition 5.1. First of all, make some considerations on the set R&+7Z2. By the
incommensurability of £, for any x € R& + Z? there exists a unique 7, € R satisfying (5.11).
Let y be a point in R? \ (R + Z?). Since ¢ is incommensurable, the set R& + Z? is dense
into R%. Then, there exists a sequence (7, )nen in (RE+Z2)N which converges to y. We have

Ty =—Ty, E+k,, with 7, €R and k,, € Z? (5.13)
where

lim |k,,| =00 and consequently lim |7, | = oco. (5.14)

n—o0 n—o0

Indeed, assume that the first limit of (5.14) does not hold. Then, there exists a subsequence of
the integer vectors sequence (k,, Jnen Which is stationary, so that by (5.13) the corresponding
subsequence of (7, )neny converges, which implies that y € RE+7Z2, a contradiction. Up to
consider —y with 7_, = — 7., and to extract a subsequence we can assume that 7, > 0 for any
n € N. We have just established the existence of a sequence (x,)nen in (RE+Z2)N satisfying

VvneN, z,+7, £€Z* limz,=y and lim 7, = co. (5.15)
n—oo n—oo
On the other hand, due the uniqueness of the representation (5.11) 7, is the unique root of
the function (t —a(té+ :L‘)) in R. Moreover, since the continuous function a does not vanish
in the connected set R? \ Z?, it has a constant sign in R? \ Z2. Without loss of generality we
can assume that a is positive in R? \ Z2. Then, defining for each x € R? the function F, by

;

t ds
— forteR if R2\ (R £+72
/0 T D) ort € R, if z € R*\(RE4Z7)

¢ ds
—— fort€(—o0,1,), ifr € REFZE 7, >0
/0 a(s€ + ) ( ) : (5.16)

! ds
— Y forte(r,o00), ifzeRE4FZR, T, <0
/Oa(s§+x) or (T, 00) if © §+2Z7, .

0 for t € R, if z € Z* (i.e. 7, =0),

\

the function F, is increasing in the first cases of (5.16) due to the positivity of a. Then, the

reciprocal application F;! is an increasing bijection from R onto (—oo, 7,) if 7, > 0, and from

R onto (7., 00) if 7, < 0. Hence, by formula (3.10) the flow X associated with the vector field
= a ¢ satisfies

F () ¢+ if r € R?\ Z2
VteR, X(t,z)= (5.17)
x if z € 7% (i.e. 7, =0),

which combined with (5.16) and 7,, > 0, implies in particular that
Vn e N, tlim X(t,xy) = Tp, &+ T (5.18)
—00

Therefore, the formula (5.17) of the flow X together with the formula (5.16) of the function F,
(see also the positive case of [0, Section 2.4]) yield the desired asymptotics (5.10), which in
return implies that

VneN, lim (M) —at. (5.19)

t——o00 t
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Finally, applying (5.10) and (5.18) with the sequences (£ z,)nen satisfying (5.15), we get
that for any vector v € Sy such that £ - v # 0,

VneN, (+(£z,) =0g2z and lim (X(t,j:xn)—j:xn) V= Thg, £ 0.

t—+oo

Hence, it follows that the fine asymptotic expansion (2.2) is not fulfilled in the set A := R 472,
and that the following large deviation in any direction v € S; such that & - v # 0, holds

sup (X(t,z) =z —t(e(2)) v > lm (14,, & v) =00 if £& v >0, (5.20)
tER, z€A n—o0

which yields equality (5.12).
This concludes the proof of Proposition 5.1. 0

5.3 Euler flows on the torus
5.3.1 A two-dimensional Euler flow

Consider the vector field b defined on the torus Y, := R?/27Z?, by
b(x) :=— (Acosxi + Bsinzy) ey + (Asinzy + Beosxs) ey, © €Ys, for A, BeR. (5.21)
The field b represents the velocity solution to the steady Euler equation (see, e.g., [28])
0w + 11 we — Powy =0, (5.22)

where the function w denotes the (scalar) fluid vorticity, and 1 solution to — Ay = w, denotes
the stream function. Here, by definition (5.21) we have

w(zx) = (curlb)(z) = (0, by — Op,b1)(x) = Acosxy + Beoszy and  ¢(z) = w(x).

According to [28] and the recent paper [¢] the study of the stability of the flow (1.1) asso-
ciated with the vector field (5.21) is relevant for the atmospheric flows

e of the outer planets of the solar system (Jupiter, Saturn, Uranus, Neptune), considering
as in [8] the non stationary Euler equation on a rotating sphere,

e of Saturn’s E Ring which may be regarded as a two-dimensional torus, considering as in
[28] (see also [8, & 1.4.]) the non stationary Euler equation (5.22).

For the moment, we have not succeeded to deduce from our results the complete asymptotic
picture for the flow associated with the vector field (5.21). Actually, there is generally no
positive regular Ys-periodic invariant function o for the associated flow. Moreover, even if such
an invariant function o does exist, it must be enough regular to apply Kolmogorov’s procedure
of [18]. Indeed, Denjoy has built a counter-example when ¢ is only of class C?7¢ (see [14]).

Let us now prove that there does not exist any positive regular Ys-periodic invariant function
when A # 0 and B = 0. To this end, assume by contradiction the existence of a positive
invariant function o € C}(Y3) for the vector field b (5.21) with A = 1 and B = 0, i.e. o
is solution to the equation div (¢b) = 0 in Y3 by virtue of Liouville theorem (see, e.g., [20,
Lecture 11]). Then, we have

— Oy, (0(2) cos 1) + Oy, (0(z) sinzy) =0 in Y,
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which is equivalent to the existence of a stream function ¢ with Vi) € C)(Y3)* — i.e. ¢(x) can
be written as the sum of an affine function A -z = A\; 1 + Ay 29, plus a periodic function — such
that

o(x)coszy = 0,10 and o(z)sinz; = 0,¢0 in Ys.

Integrating the a.e. positive periodic function (q: — o(z) cos? 1:1) on the torus, we get that

21 27
0< 4#2/ o(x)cos® v dr = / (/ Oy ¥(T1, x2) dmg) cos xq dxy
Yo 0 0
2T 2T
= / (w(xl, 27) — (xq, 0)) cos(x1) dry = / 2mAg cosxy dxy = 0,
0 0

which leads us to a contradiction.

As a consequence, we can apply neither Theorem 3.1 I) nor Theorem 4.1 i7) in the particular
case A # 0 and B = 0. However, the flow X (¢, z) associated with the vector field (5.21) in this
case is given explicitly (through a lengthy but easy computation) for A > 0 and n € Z, by:

(

T T —NT T\ | . T
— — 4+ nm + 2arctan tan( +—)e if |z1 —nr| < =
Xy (tz) = 2 2 1 L
T if v1 = — + nm,
) . 5.23)
—At+1In — if |2y —nm| < =
Xo(t,z) = 1 + tan? ( z_nx )e W 2
To+ At ifm1:§+n7r.
\

Therefore, we deduce directly the following asymptotics for any A > 0,
X(t,x)=axF Ates + Ok(l), VEteR,, Ve K xR,

where Ok (1) is bounded uniformly with respect to £¢ € R, to 3 € R, and to z; in any fixed

compact set K of (=%, %) modulo 7.

In conclusion, the general case with AB # 0 is thus far to be evident, and would deserve a
further analysis.

5.3.2 A three-dimensional Euler flow

Consider the Arnold-Beltrami-Childress (ABC) flow [2], for A, B,C € R, associated with the
vector field b defined on the torus Y3 := R3/27Z3, by

b(z) := (Asinz3+C cosxs) €1+ (Bsinx+Acoszz) ea+(Csinxa+Bceoszy) ez, x € Ys, (5.24)

and let ¥ := ae; + Bes + yes be a fixed vector in R3. Due to the well known identity
curlb := V x b = b, the vector field b” := b + ¥ represents the velocity v solution to the steady
incompressible Euler equation (also called Bernoulli equation in [2])

dv=vx(Vxv)=V(p+iw®*)+f and dive=0, (5.25)

where the function f := — 9 x v denotes the additional Coriolis force with the constant angular
velocity — .
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For our purpose, assume that C' = 0 and |a7y| > |AB| which implies that |a| > |A| or
|v] > |B|. Without loss of generality we can thus assume that o > |A| (indeed, the negative
case a < —|A| is quite similar). Then, the ABC flow is reduced to

Asin (X3(t,z)) + a
X (t,x) = Bsin (X;(t,x)) + Acos (X;3(t,z)) + 8 fort € Ry, z € R (5.26)
Bos (Xi(t,z)) +~

Now, define the Hamiltonian associated with the two-dimensional flow composed by the first
and the third differential equations of (5.26), by

(w1, 73) := vy, — w3+ Bsinz, + Acoszy  for (v, 13) € R?, (5.27)
so that the dynamical system (5.26) can be rewritten

(atXl(t,a:),ath(t,x)) = (Vlgo)(Xl(t, :E),Xg(t,:v))

t (5.28)
Xo(t,x) = o+ (B4 (w1, 23)) t — / (v X1(s,7) — a Xa(s, @) ds,
0
L 0 -1 :
where V+ := 10 V denotes the orthogonal gradient.
In the sequel we denote 2’ := x1e; + x3e3. Then, we distinguish the two following regimes

depending on whether the vector £ := ae; + v ez is incommensurable or not in R?:

e On the one hand, assume that £ is incommensurable in R? and that /« is a Diophantine
number. Since V4t (recall (5.27)) is divergence free with mean value &, we obtain, by
virtue of Theorem 3.1 I) applied to the dynamical system of (5.28), the following fine
asymptotics

Xi(t,x)er + Xs(t,z)es = 2" + &£+ O(1), (5.29)

where O(1) is bounded uniformly with respect to t € R and 2’ € R?.

e On the other hand, assume that vector £ is commensurable, i.e. there exists T' > 0 such
that
TE=T (ae +ye3) =k € 2nZ° (5.30)

Without loss of generality we can also assume that v (B cosz1+7) > 0in R, i.e. |y| > |B|.
— Otherwise, let £ € N be such that (recall that o > |A|)

[+ |B]

k .
7 a4

Following [27, Section 2] the change of variables defined by

r_ (Y1) _ T\ / L 1 0 +
y = (yg) =K <x3> = K12’ where K := <k 1) € SL; (Z),

then allows us to replace the dynamical system of (5.28) with the vector field V4t (2)
by the one with the vector field

Asin (ys — k + o >0
KEVip(K™ly) = ( = o) )

Beosyr +7+k (Asin (y3 — kyr) + ) >0
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which remains Ys-periodic. —

Now, the mapping ¥ defined by
y = V(2)) = U(xy,23) := (v1+B/v sinzy) e; +(v3—A/a coswz) ez for o' € R?) (5.31)
is a C°°-diffeomorphism on the torus Y, = R?/27Z?, which satisfies (recall (3.5))
1
VU(2') V(') = a(¥(2')) € where a(y) = P (Asinzz + «) (Bcosxy + ) > 0.

Note that the function a(y’) which is defined implicitly via the reciprocal mapping ¥,
is also Ya-periodic in view of (5.31). Therefore, by virtue of Theorem 4.1 i) we obtain
the following fine asymptotics

Xi(t,z)er + Xs(t,x) es = 2’ + t (¥ (a")) + O(1)

-1

T (5.32)
where  ((¥(2)) =((Y) = (%/O L) £,

a(tf +y’)

and T" > 0 is given by (5.30).

Note that we have no relevant information on the asymptotics of Xy (¢, z) given by (5.28).

Acknowledgment. The authors wish to thank the unknown referee for having suggested the
stimulating application to Euler flows of section 5.3, which would deserve a further analysis.
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