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In this work we theoretically investigate the impact of the atomic scale lattice imperfections of graphene nanoakes on their nonlinear response enhanced by the resonance between an incident electromagnetic eld and localized plasmon. As a case study we address the second harmonic generation from graphene plasmonic nanoantennas of different symmetry with missing carbon atom vacancy defects in the honeycomb lattice.

Using the many-body time-dependent density matrix approach we nd that one defect in the nanoake comprising over ve thousand carbon atoms can strongly impact the nonlinear hyperpolarizability and override the symmetry constraints. The eect reported here cannot be captured using relaxation time approximation within quatum or classical framework. Results obtained in this work have thus important implications for design of nonlinear graphene devices.

Owing to an electron motion conned to the 2D plane of atoms, and its band-structure characterized by the Dirac cone at the K-point, graphene shows remarkable properties in electron transport, light-matter interaction, and spintronics. [START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF] In particular, multiple experimental and theoretical studies demonstrated that electrical doping allows one to control the linear and nonlinear optical response of graphene nanostructures, which is to large extent enabled by tunability of their collective electronic excitations, 2D graphene plasmons. [START_REF] Grigorenko | Graphene plasmonics[END_REF]913 The possibility of an active control along with strong nonlinearity makes graphene nanostructures a versatile platforms for linear [START_REF] Grigorenko | Graphene plasmonics[END_REF][START_REF] García De Abajo | Graphene plasmonics: challenges and opportunities[END_REF][START_REF] Low | Graphene plasmonics for terahertz to mid-infrared applications[END_REF] and nonlinear [START_REF] Vermeulen | Perspectives on nonlinear optics of graphene: Opportunities and challenges[END_REF]1422 applications in information technologies, wavelength conversion, and sensing among others. This vast range of possible applications challenges the nanofabrication of graphene nanodevices optimised for the desired linear or nonlinear eects. In this regard, the possible guidance from the theory cannot be overestimated. Since the fabricated nanodevices are unavoidably unperfect on atomic scale (lattice imperfections, substrate eects, adatoms), one naturally questions to which extent the optical response of the realistic nanostructure diers from that of an ideal one. So far, most of the theoretical studies of the linear and nonlinear optical properties of graphene and graphene nanostructures either neglected the lattice imperfections, or accounted for their eect introducing empirical or calculated relaxation time associated with defect scattering, [START_REF] Das Sarma | Electronic transport in twodimensional graphene[END_REF]2325 while considering an ideal graphene lattice (quantum treatments), 12,[START_REF] Jablan | Multiplasmon absorption in graphene[END_REF][START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF]2632 or homogeneous 2D material (classical treatments). [START_REF] García De Abajo | Graphene plasmonics: challenges and opportunities[END_REF][START_REF] Low | Graphene plasmonics for terahertz to mid-infrared applications[END_REF][START_REF] You | Four-wave mixing of topological edge plasmons in graphene metasurfaces[END_REF]3339 In this regard, e.g. the Drude dielectric functions [START_REF] Low | Graphene plasmonics for terahertz to mid-infrared applications[END_REF][START_REF] Jablan | Multiplasmon absorption in graphene[END_REF]3942 contain the relaxation time as a parameter simplifying such an approach.

In this work, using a case study of the second harmonic generation from graphene nanoakes (GNF's) with lattice defects represented by a carbon atom vacancy, we theoretically demonstrate the "local" eect of the defect scattering which can not be captured by relaxation time approximations described above (see also Ref. [START_REF] Karimi | Nonlinear optical response in graphene nanoribbons: The critical role of electron scattering[END_REF] ). We consider the situation where the incident electromagnetic radiation is at resonance with localized plasmon of the doped GNF. The plasmon excitation is associated with strong enhancement of the near eld and thus of the nonlinear response of the nanostructure. [START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF][START_REF] Mikhailov | Theory of the giant plasmon-enhanced second-harmonic generation in graphene and semiconductor two-dimensional electron systems[END_REF][START_REF] Cox | Quantum eects in the nonlinear response of graphene plasmons[END_REF] We compare the nonlinear response of GNF's with geometries chosen such that for an ideal lattice with no defects the second harmonic generation is either (1) ecient, or (2) it is inhibited by the centrosymmetry of the object. Performing quantum-many body calculations we show that single atom vacancy defect concentrations as low as one per several thousands of lattice atoms lift the symmetry constraint and lead to an ecient second harmonic generation.

The eective nonlinear second-order susceptibility of the defective GNF is larger than that of such strongly non-linear low-dimensional materials as transition metal dichalogenides. [START_REF] Ullah | Harmonic generation in low-dimensional materials[END_REF] We further demonstrate that irrespective of the nonlinear response for an ideal geometry, nanofaricated GNF's might have similar second harmonic generation eciency because of the unavoidable defect contribution. Our results thus provide a quantitative insights into the nonlinear optical properties of small graphene nanostructures with lattice defects. The ndings reported here are of importance for setting realistic objectives when engineering nonlinear graphene devices.

As representative examples, we study the nonlinear second-order response of the circular (C-type, N c = 5520 carbon atoms), hexagonal (H-type, N c = 5514 carbon atoms), and triangular (T-type, N c = 5556 carbon atoms) GNF's often considered in the context of graphene plasmonics [START_REF] Koppens | In 2D Materials: Properties and Devices[END_REF] as prototypical nanoantennas allowing enhancement of the incident electromagnetic eld and thus of the nonlinear eects. 12,[START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF][START_REF] Cox | Quantum eects in the nonlinear response of graphene plasmons[END_REF]4547 The geometry of the nanostructures with carbon atom layer located in the (x, y)-plane is sketched in Figure 1.

The H-type and T-type GNF's have armchair edges reducing the localized plasmon decay via adge scattering. [START_REF] Koppens | In 2D Materials: Properties and Devices[END_REF][START_REF] Thongrattanasiri | Quantum nite-size eects in graphene plasmons[END_REF] The charge doping with 100 (C-type), 20 (H-type), and 20 (T-type) electrons added to the neutral nanostructure, and large enough size of the nanostructures (∼ 10 nm), allow to obtain well-dened dipolar plasmon resonances in the optical response of the defect-free GNF's [START_REF] Thongrattanasiri | Quantum nite-size eects in graphene plasmons[END_REF][START_REF] Aguillon | Plasmons in graphene nanostructures with point defects and impurities[END_REF] as shown in Figure 1).

Inline with widely used approaches, the single atom vacancy defect is modeled by removing the carbon atom located at the defect site of the honeycomb lattice of GNF's. While being an approximation to more complex realistic situations 5054 this model of the vacancy defects captures the main physics behind the electronic and optical properties of defective graphene. [START_REF] Das Sarma | Electronic transport in twodimensional graphene[END_REF][START_REF] Stauber | Electronic transport in graphene: A semiclassical approach including midgap states[END_REF][START_REF] Yuan | Modeling electronic structure and transport properties of graphene with resonant scattering centers[END_REF]5557 The dynamics of the electron density of GNF's in response to an incident electromagnetic wave is described within the framework of the time-dependent density matrix approach using the tight-binding description of the electronic structure of graphene (TDDM-TB).

The TDDM-TB approach is based on earlier developments 12,[START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF][START_REF] Cox | Quantum eects in the nonlinear response of graphene plasmons[END_REF][START_REF] Thongrattanasiri | Quantum nite-size eects in graphene plasmons[END_REF][START_REF] Aguillon | Plasmons in graphene nanostructures with point defects and impurities[END_REF]58,[START_REF] Kosik | Revising quantum optical phenomena in adatoms coupled to graphene nanoantennas[END_REF] and it allows to address large GNFs with well-established collective plasmon modes. The details on the actual implementation of the method are given in Supporting Information (SI). In brief, using the split-operator time-propagation, [START_REF] Leforestier | A comparison of dierent propagation schemes for the time dependent Schrödinger equation[END_REF] we solve the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) quantum master equation for the time-evolution of the density matrix ρ6164 (unless otherwise stated atomic units are used throughout the paper)

∂ ρ ∂t = - i ℏ Ĥ, ρ + L D (ρ) . (1) 
The tight-binding hamiltonian of the system Ĥ depends on the occupation ρjj of the lattice cites (j = 1, ..., N c ) via the non-retarded Coulomb interactions between them. It also comprises the potential owing to the incident x-polarized electromagnetic plane wave with an electric eld given by E(t) = e x E 0 e -iωt , where e x is the unit-length vector along x-axis (see Figure 1). The dissipative part of the Lindblad super-operator, is represented in a simple form L D (ρ) = -γ ρ -ρ(0) describing relaxation to the ground-state density matrix ρ(0)

with a rate γ. Here we use γ = 15 meV to account for the plasmon decay with excitation of the optical phonons in graphene. [START_REF] Jablan | Plasmonics in graphene at infrared frequencies[END_REF][START_REF] Low | Graphene plasmonics for terahertz to mid-infrared applications[END_REF][START_REF] Karimi | Plasmons in graphene nanoribbons[END_REF][START_REF] Novko | Dopant induced plasmon decay in graphene[END_REF] The frequency-resolved quantities are obtained from the time-dependent quantities by time-to-frequency Fourier transform.

The plasmon modes of GNF's appear in the calculated linear absorption spectra as absorption resonances allowing analysis of their energies and widths. The second-order hyperpolarizability tensor α(2) (2ω, ω, ω) of the 2D nanostructure is obtained from TDDM-TB calculations using the dipole induced at the second-harmonic (R j stands for the position vector of the lattice site j)

P(2ω) = - Nc j=1 R j ρjj (2ω), (2) 
To this end, considering the reection symmetry with respect to (x, y)-plane, the P(2ω) is represented in the form

P(2ω) = m,n,k e m α (2) mnk (2ω, ω, ω) E n (ω) E k (ω). (3) 
The indexes m, n, k take the values x, y, and E n (ω) is the projection of the incident electric eld vector E(ω) on the corresponding coordinate axis

E n (ω) = e m • E(ω).
The eciency of the second-order nonlinear process is given by the total power P radiated into the far eld at the second harmonic frequency. Considering the x-polarized incident eld, it can be expressed as

P = 2 3 ck 4 |P(2ω)| 2 = 2 3 ck 4 α (2) xxx (2ω, ω, ω) 2 + α (2) yxx (2ω, ω, ω) 2 E 4 0 , ( 4 
)
where c is the speed of light in vacuum, and the wave vector k is obtained from 2ω = kc.

Therefore, we will characterize the systems by the parameter

α (2) (2ω) ≡ α (2) xxx (2ω, ω, ω) 2 + α (2) yxx (2ω, ω, ω) 2 , (5) 
dubbed as second-order hyperpolarizability in the rest of the text.

Prior to the discussion of the second harmonic generation, we describe the major features When present, carbon atom vacancies in graphene lattice produce very ecient scattering centers increasing decay and dephasing of the localized plasmons. [START_REF] Low | Graphene plasmonics for terahertz to mid-infrared applications[END_REF][START_REF] Principi | Impact of disorder on Dirac plasmon losses[END_REF][START_REF] Aguillon | Plasmons in graphene nanostructures with point defects and impurities[END_REF]6670 Indeed, even a single vacancy (≈ 1/5500 vacancy concentration) notably broadens the plasmon resonance in absorption spectra, while 3 vacancies (≈ 1/2800 vacancy concentration) double the plasmon resonance width.

Because of the large incident eld enhancement, the nonlinear response of GNF's is strongest when the incident radiation excites dipolar plasmon of GNF's, [START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF][START_REF] Cox | Quantum eects in the nonlinear response of graphene plasmons[END_REF] as we further discuss in SI with an example of the H-type nanoake. Therefore, we focus our work on the resonant situation ω = ω DP , and we will use the term "resonant" for the corresponding nonlinear response and second-order hyperpolarizability α (2) (2ω). It is noteworthy that from results shown in Figure 1 one would expect that broadening of the localized plasmons by the vacancy defects leads to smaller 2 nd harmonic generation. As we discuss below, while this eect indeed exists, it is not always the leading consequence of the presence of the lattice imperfections.

We now turn to the second harmonic generation from GNF's with and without carbon the defect-free C-type and H-type GNF's i.e. no second harmonic generation is possible in the far eld because of the centrosymmetric geometry of these nanoparticles. As soon as the defect breaks the symmetry of the C-type and H-type GNF's, a nonlinear dipole can be induced at the second harmonic frequency with dipolar second harmonic emission into the far eld. It is worth noting that the second harmonic is present in the near eld of the pristine centrosymmetric nanostructures (see SI), where it results from the high order multipoles.

In Figure 2 we show the resonant hyperpolarizability of the defective C-type and H-type GNF's calculated with TDDM-TB as function of the position of the carbon atom vacancy.

The defect is following the armchair sequence along the x-axis (y = 0). It follows from our results that even a single carbon atom vacancy present in the nanostructure comprising over 5500 carbon atoms, and displaced from the geometrical center by only one C-C bond length is very ecient in allowing frequency conversion. The resulting hyperpolarizability α (2) (2ω) is of the same order of magnitude as that of an ideal T-type GNF (7×10 9 a.u. or 6×10 -23 esu)

which is a prototypical nanoantenna for the second-order nonlinear applications. It is also essentially larger than the nonlinear response of the metal nanostructures of comparable size as analysed in details in Ref. 12 (see also Refs. [START_REF] Hendry | Coherent nonlinear optical response of graphene[END_REF][START_REF] Karimi | Nonlinear optical response in graphene nanoribbons: The critical role of electron scattering[END_REF] ).

The role of the vacancy defect in allowing the resonant second harmonic generation from centrosymmetric GNF's is further analysed in Figure 3. We compare the charge density induced at ω (linear response) and 2ω (nonlinear response) in an ideal and defective H- Finally, in Figure 4 we analyse the second harmonic generation from defective GNF's with dierent geometries (see Figure 1). Results are shown as function of the number of carbon atom vacancies N V for the x-polarised incident plane wave with fundamental frequency ω at resonance with dipolar plasmon of the nanostructure ω = ω DP .

Two distinct behaviours of resonant hyperpolarizability α [START_REF] Geim | The rise of graphene[END_REF] (2ω) on N V are obtained when comparing (i) the C-type, H-type GNF's with geometry silencing the second harmonic generation for an ideal nanoparticle because of the symmetry constraints, and (ii) the Ttype GNF allowing an ecient frequency conversion for an ideal nanoparticle. Upon adding defects to an ideal lattice of geometry (i) the second-order hyperpolarizability GNF's rst increases, reaches an optimum value at N V = 1-3, and then decreases. This nding indicates a local eect that can not be captured by an eective relaxation time approximation. For the T-type GNF, increasing number of defects continuously reduces the nonlinear response.

The dependence of resonant α (2) (2ω) on vacancy concentration can be understood as follows. For the C-type and H-type GNF's two eects compete. First, the vacancies produce the symmetry break necessary for the second harmonic generation. Second, the broadening of the localized plasmon by the vacancy scattering (see Figure 1), reduces the near elds, and thus the nonlinearity. The interplay between these two eects leads to the existence of the optimal vacancy concentration maximising the second-order nonlinearity. This is in contrast with the T-type GNF which is an ecient frequency convertor for an ideal lattice. In this situation the defects degrade the resonant nonlinear response via the plasmon broadening mechanism and α [START_REF] Geim | The rise of graphene[END_REF] (2ω) monotonously decreases with increasing N V . Noteworthy, we obtain that when ∼ 10 vacancies are present in the lattice (0.2% vacancy concentration), GNF's studied here feature similar α [START_REF] Geim | The rise of graphene[END_REF] (2ω) irrespective of their geometry. I.e. the vacancy eect determines the second harmonic generation in the system.

C -type H -type

Before closing the discussion of the results obtained in this study several comments are in order regarding model representation of the vacancy defect used here, and neglect of the role of the substrate that hosts plasmonic GNF's in practical situations, and can be a source of nonlinear eects. [START_REF] Dean | Second harmonic generation from graphene and graphitic lms[END_REF][START_REF] Dean | Graphene and few-layer graphite probed by secondharmonic generation: Theory and experiment[END_REF] To test the robust character of our results with respect to the model representation of the vacancy defect we calculated resonant α [START_REF] Geim | The rise of graphene[END_REF] (2ω) of the defective H-type GNF (i) considering the actual V 1 (5-9) mono-vacancy defects [START_REF] Banhart | Structural defects in graphene[END_REF][START_REF] Bhatt | Various defects in graphene: a review[END_REF][START_REF] Kotakoski | Stone-Wales-type transformations in carbon nanostructures driven by electron irradiation[END_REF] with atomic arrangement determined from ab initio calculations in Refs.; [START_REF] Banhart | Structural defects in graphene[END_REF][START_REF] Zobelli | A comparative study of density functional and density functional tight binding calculations of defects in graphene[END_REF] (ii) considering the defects formed by the substitutional boron and nitrogen atoms. [START_REF] Araujo | Defects and impurities in graphene-like materials[END_REF][START_REF] Panchakarla | structure, and properties of Boron-and Nitrogen-doped graphene[END_REF] These calculations (see details in SI) fully support our ndings on the role of the lattice defects in the second harmonic generation from GNF's. It is also worth mentioning that the charged adatom or dipolar admolecule considered earlier in the context of sensing using centrosymmetric GNF's [START_REF] Yu | Nonlinear plasmonic sensing with nanographene[END_REF] and representing another type of the point defect, lead to comparable nonlinear hyperpolarizability of GNF's.

Furthermore, from the calculated second-order hyperpolarizabilities of GNF's one can obtain their eective surface χ

s and bulk χ

b resonant nonlinear susceptibilities. Thus, the single vacancy per 5500 carbon atoms leads to χ which can be compared with nonlinear second-order response of the 2D layered materials reported in literature. Present results are nearly 10 3 times larger than that of hexagonal boron nitride, [START_REF] Ullah | Harmonic generation in low-dimensional materials[END_REF][START_REF] Li | Probing symmetry properties of few-layer MoS2 and h-BN by optical second-harmonic generation[END_REF] or of graphene or multilayer graphene triggered by the dc current, [START_REF] An | Optical secondharmonic generation induced by electric current in graphene on Si and SiC substrates[END_REF][START_REF] Brun | Intense and tunable second-harmonic generation in biased bilayer graphene[END_REF] electrical doping, [START_REF] Zhang | Doping-induced second-harmonic generation in centrosymmetric graphene from quadrupole response[END_REF] or symmetry break [START_REF] Zhang | Doping-induced second-harmonic generation in centrosymmetric graphene from quadrupole response[END_REF][START_REF] Lobet | Probing Graphene χ (2) ( Using a Gold Photon Sieve[END_REF] (see also the review by R. Zhou et al [START_REF] Zhou | Engineering the harmonic generation in graphene[END_REF] ). Moreover, the eective χ

s and χ

b found here are larger than the second-order susceptibility of such strongly nonlinear materials as transition metal dichalogenides. [START_REF] Ullah | Harmonic generation in low-dimensional materials[END_REF][START_REF] Li | Probing symmetry properties of few-layer MoS2 and h-BN by optical second-harmonic generation[END_REF]8284 (See further details in SI.) Therefore, despite the fabrication of plasmonic GNF's implies their deposition on the substrate, such as glass, SiC, or h-BN, the eect of the lattice defects reported here would override [START_REF] Janisch | Extraordinary second harmonic generation in tungsten disulde monolayers[END_REF] the nonlinearity linked with presence of the substrate.

In conclusion, using the many-body time-dependent density matrix approach we addressed the inuence of the lattice defects on the second-order nonlinear response of the doped graphene nanostructures. The incident electromagnetic wave is at resonance with localized dipolar plasmon of the nanostructure which increases the nonlinearity. As a case study we considered the single carbon atom vacancy defects within nanoakes of the geometries prototypical for graphene plasmonics.

As main ndings of our work we would like to emphasize the following For graphene nanostructures with geometries inhibiting the second harmonic generation in the case of an ideal lattice, a single carbon atom vacancy defect in GNF comprising 5500 carbon atoms lifts this constraint and renders the frequency conversion very ecient. In such a situation, when additionally the incident eld is at resonance with dipolar plasmon of the doped GNF, the second harmonic emission into the far eld is comparable to that of a triangular graphene nanoantenna considered in the literature as a prototypical system for non-linear applications.

The resonant second-order hyperpolarizability α (2) (2ω) calculated for the defective GNF's is essentially larger than that of e.g. metal nanostructures of comparable size.

Moreover, the eective second-order nonlinear susceptibility obtained from α [START_REF] Geim | The rise of graphene[END_REF] (2ω) for the T-type or defected C-type and H-type GNF's are larger than the data reported for such strongly nonlinear 2D materials as transition metal dichalogenides.

For the vacancy concentrations reaching 0.2%, GNF's of dierent geometries feature similar large α (2) (2ω). Thus, irrespective of their geometry, defective GNF's are equally ecient for nonlinear applications.

We believe that the quantitative character of our analysis and our qualitative ndings are of importance for design and fabrication of graphene nanodevices for nonlinear applications.
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 1 Figure 1: Upper panels: sketch of the circular (C-type), hexagonal (H-type), and triangular (T-type) GNF's studied in this work. Note that for the sake of the visibility of the edges and vacancies, we show GNF's that have spatial dimensions twice smaller than actually studied structures. Two randomly generated missing atom vacancies of the graphene lattice are identied with cyan circles. The blue double arrow indicates the polarization of the incident electromagnetic eld. Lower panels: Linear optical response of the doped GNF's. Absorption spectra calculated with TDDM-TB approach are presented as function of the frequency of the incident electromagnetic plane wave. Black line: absorption cross-section, σ abs for the defect-free nanoparticles. The colored full lines: absorption cross-sections of GNF's with 1 (blue lines), 3 (red lines), and 10 (green lines) carbon atom vacancy defects at random positions within nanostructure. The results are obtained by an average over 20 random samples. The hatched areas of the corresponding color show the averages crosssection ± standard deviation.

  of the linear response of GNF's considered in this work. The charge doping of GNF's results in well-dened resonances in the absorption spectra shown in Figure 1. Absorption resonances are associated with excitation of localised dipolar plasmon modes 10 (DP) at frequencies ω DP = 0.53 eV (C-type), ω DP = 0.37 eV (H-type), and ω DP = 0.32 eV (T-type).

  atom vacancy defects. An ideal defect-free T-type GNF has been thoroughly studied in the literature.12,[START_REF] Cox | Plasmon-assisted high-harmonic generation in graphene[END_REF][START_REF] Cox | Quantum eects in the nonlinear response of graphene plasmons[END_REF][START_REF] Deng | Quantum mechanical analysis of nonlinear optical response of interacting graphene nanoakes[END_REF] It is characterised by high resonant hyperpolarizability, and permits an ecient second harmonic generation in the far eld. In sheer contrast, α[START_REF] Geim | The rise of graphene[END_REF] (2ω) = 0 forC -type H -typeVacancy distance from the center of the nanostructure (a.u.)
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 2 Figure 2: The second-order hyperpolarizability α (2) (2ω) for the x-polarized electromagnetic plane wave incident at the doped C-type and H-type GNF's (see Figure 1) with single atom vacancy. The incident radiation (fundamental frequency ω) is at resonance with dipolar plasmon of the nanostructure ω = ω DP . Results are shown in atomic units (10 9 a.u. = 0.864 × 10 -23 esu) as function of the vacancy distance from the center of GNF. The vacancy is displaced along the symmetry x-axis (y = 0, armchair sequence of the lattice sites).

Figure 3 :

 3 Figure 3: Maps of the charge densities induced at rst and second harmonic in the doped H-type GNF. The incident x-polarized electromagnetic plane wave with the eld amplitude E 0 = 5.14 × 10 -3 V/nm and frequency ω = 0.37 eV is at resonnace with dipolar plasmon of the nanostructure ω = ω DP . Results are shown as function of x-and y-coordinates dened in Figure 1. Red (blue) color stands for the positive (negative) value of the charge density. The range of the variation of the linear (nonlinear) induced density is ±4 × 10 -4 a.u. (±2 × 10 -5 a.u.). Results for the ideal (no defects) and defective (1 carbon atom vacancy) nanostructures are shown. The blue circle indicates the position of the vacancy defect.

Figure 4 :

 4 Figure 4: The nonlinear response of the doped defective C-type, H-type, and T-type GNF's calculated at resonance between the incident x-polarized electromagnetic plane wave and dipolar plasmon of the nanoparticle ω = ω DP . Resonant hyper-polarisability α (2) (2ω) is shown in atomic units (1 × 10 9 a.u. = 0.864 × 10 -23 esu) as a function of the number of randomly located carbon atom vacancies, N V . Each data point is obtained by an average over 20 random samples. Each sample corresponds to the N V vacancies that are randomly generated within GNF. The error bars show the standard deviation. Notice that for the T-type GNF the scaling factor ×1/3 is applied.

( 2 )

 2 s ≈ 2.5 × 10 7 pm 2 V and χ (2) b ≈ 7.6 × 10 4 pm V ,
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