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Relations between values of arithmetic Gevrey series,
and applications to values of the Gamma function

S. Fischler and T. Rivoal
January 3, 2023

Abstract

We investigate the relations between the rings E, G and D of values taken at alge-
braic points by arithmetic Gevrey series of order either —1 (E-functions), 0 (analytic
continuations of G-functions) or 1 (renormalization of divergent series solutions at
oo of E-operators) respectively. We prove in particular that any element of G can
be written as multivariate polynomial with algebraic coefficients in elements of E
and D, and is the limit at infinity of some FE-function along some direction. This
prompts to defining and studying the notion of mixed functions, which generalizes
simultaneously E-functions and arithmetic Gevrey series of order 1. Using natural
conjectures for arithmetic Gevrey series of order 1 and mixed functions (which are
analogues of a theorem of André and Beukers for F-functions) and the conjecture
D NE = Q (but not necessarily all these conjectures at the same time), we deduce a
number of interesting Diophantine results such as an analogue for mixed functions of
Beukers’ linear independence theorem for values of E-functions, the transcendance
of the values of the Gamma function and its derivatives at all non-integral algebraic
numbers, the transcendance of Gompertz constant as well as the fact that Euler’s
constant is not in E.

1 Introduction

A power series Y o2 %z € Q[[z]] is said to be an E-function when it is solution of a linear
differential equation over Q(z) (holonomic), and |o(a,)| (for any o € Gal(Q/Q)) and the
least common denominator of ag,aq,...,a, grow at most exponentially in n. They were
defined and studied by Siegel in 1929, who also defined the class of G-functions: a power
series Y a,z™ € Q[[z]] is said to be a G-function when Y~ /22" is an E-function. In
this case, Y oo nla,2" € Q[[2]] is called an D-function, following the terminology intro-
duced by André in [1]. E-functions are entire, while G-functions have a positive radius of
convergence, which is finite except for polynomials. Here and below, we see Q as embedded
into C. Following André again, F-functions, G-functions and 9-fonctions are exactly arith-
metic Gevrey series of order s = —1,0, 1 respectively. Actually André defines arithmetic



Gevrey series of any order s € Q, but the set of values at algebraic points is the same for
a given s # 0 as for s/|s| using [1, Corollaire 1.3.2].

9-functions are divergent series, unless they are polynomials. Given an 3-function f
and any 0 € R, except finitely many values mod 27 (namely anti-Stokes directions of
f), one can perform Ramis’ l-summation of f(1/z) in the direction @, which coincides
in this setting with Borel-Laplace summation (see [14] or [9]). This provides a function
denoted by fy(1/z), holomorphic on the open subset of C consisting in all z # 0 such that
0—7%—ec <argz < 0+7%+e¢ for some e > 0, of which f(1/z) is the asymptotic expansion in
this sector (called a large sector bisected by #). Of course f(1/z) can be extended further
by analytic continuation, but this asymptotic expansion may no longer be valid. When an
D-function is denoted by f§;, we shall denote by §;¢ or f;, its 1-summation and we always
assume (implicitly or explicitly) that € is not an anti-Stokes direction.

In [8], [9] and [10, §4.3], we have studied the sets G, E and D defined respectively as
the sets of all the values taken by all (analytic continuations of) G-functions at algebraic
points, of all the values taken by all E-functions at algebraic points and of all values fy(1)
where f is an D-function (# = 0 if it is not an anti-Stokes direction, and 6 > 0 is very small
otherwise.) These three sets are countable sub-rings of C that all contain Q; conjecturally,
they are related to the set of periods and exponential periods, see §3. (The ring D is
denoted by D in [10].)

We shall prove the following result in §3.

Theorem 1. Every element of G can be written as a multivariate polynomial (with coef-
ficients in Q) in elements of E and D.

Moreover, G coincides with the set of all convergent integrals fooo F(z)dz where F is
an E-function, or equivalently with the set of all finite limits of E-functions at oo along
some direction.

Above, a convergent integral fooo F(z)dz means a finite limit of the F-function foz F(z)dz
as z — oo along some direction; this explains the equivalence of both statements.

We refer to Eq. (3.2) in §3 for an expression of log(2) as a polynomial in elements in E
and D; the number 7 could be similarly expressed by considering z and ¢z instead of z and
2z there. Examples of the last statement are the identities (see [12] for the second one):
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It is notoriously difficult to prove/disprove that a given element of G is transcendental;
it is known that a Siegel-Shidlovskii type theorem for G-functions can not hold mutatis
mutandis. Theorem 1 suggests that an alternative approach to the study of the Diophantine
properties of elements of G can be through a better understanding of joint study of the
elements of E and D, modulo certain conjectures to begin with. Our applications will
not be immediately directed to the elements of G but rather to the understanding of the
(absence of) relations between the elements of E and D.




It seems natural (see [9, p. 37]) to conjecture that E N G = Q, and also that G N D =
@, though both properties seem currently out of reach. In this paper, we suggest (see §2)
a possible approach towards the following analogous conjecture.

Conjecture 1. We have E N D = Q.

In §2 we shall make a functional conjecture, namely Conjecture 3, that implies Conjec-
ture 1. We also prove that Conjecture 1 has very important consequences, as the following
result shows.

Theorem 2. Assume that Conjecture 1 holds. Then T'®)(a) is a transcendental number
for any rational number a > 0 and any integer s > 0, except of course if s =0 and a € N.

One of the aims of this paper is to show that combining 9- and E-functions may lead
to very important results in transcendental number theory. Let us recall now briefly the
main known results on E-functions.

Point (7) in the following result is due to André [2]| for E-functions with rational Taylor
coefficients, and to Beukers [6] in the general case. André used this property to obtain a
new proof of the Siegel-Shidlovskii Theorem, and Beukers to prove an optimal refinement
of this theorem (namely, (i7) below).

Theorem A. (i) [André, Beukers] If an E-function F(z) is such that F'(1) = 0, then %
15 an E-function.

(i1) [Beukers| Let F(2) := '(fi(2),..., fu(2)) be a vector of E-functions solution of a
differential system F'(z) = A(2)E(2) for some matriz A(z) € M,(Q(z)).
Let € € Q which is not a pole of a coefficient of A. Let P € Q[X1,...,X,] be a

homogeneous polynomial such that

P(fi(§),..., fa(§)) = 0.
Then there exists Q € Q[Z, X1, ..., X,], homogeneous in the X;, such that

Q(z, f1(2),..., fu(2)) = 0 identically and P(Xy,...,X,) = Q& X1, ..., X,).
In particular, we have

trdegg(f1(€), -, fn(§)) = trdegg,) (f1(2), ..., fu(2)).

The Siegel-Shidlovskii Theorem itself is the final statement about equality of transcen-
dence degrees.

In this paper we state conjectural analogues of these results, involving 9-functions.
The principal difficulty is that these functions are divergent power series, and the exact
analogue of Theorem A is meaningless. André discussed the situation in [2] and even
though he did not formulate exactly the following conjecture, it seems plausible to us.
From it, we will show how to deduce an analogue of the Siegel-Shidlovskii theorem for
D-functions. Ferguson [7, p. 171, Conjecture 1] essentially stated this conjecture when f(z)
has rational coefficients and when 6 = 0.



Conjecture 2. Let f(z) be an 3-function and 0 € (—m/2,7/2) be such that f4(1) = 0.
Then % s an I-function.

~f(1/2) is an D-function

1/2 being an D-function in 1/z (smce we have (l/z) =0(1/z2)

in 1/z; this is equlvalent to
unconditionally as |z| — oo)
Following Beukers’ proof [6] yields the following result (see [3, §4.6] for a related con-

jecture).

Theorem 3. Assume that Conjecture 2 holds.

Let f(2) :=="(§f1(2), - - ., fn(2)) be a vector of O-functions solution of a differential system
¥ (2) = A(2)f(2) for some matriz A(z) € M,(Q(z)). Let & € Q and 6 € (arg(¢) —
7/2,arg(€) + 1/2) ; assume that & is not a pole of a coefficient of A, and that 0 is anti-
Stokes for none of the §;.

Let P € Q[X1,...,X,] be a homogeneous polynomial such that

P(Fro(1/)s-- - fno(1/€)) =
Then there exists Q € Q[Z, X1, ..., X,], homogeneous in the X;, such that

Q(z,f1(2),...,fu(2)) = 0 identically and P(Xy,...,X,) = Q(1/&, Xy, ..., X,).
In particular, we have

trdegg(fro(1/€), - - -, fo(1/€)) = trdegg,y (fi(2), - -, fa(2))-

As an application of Theorem 3, we shall prove the following corollary. Note that under
his weaker version of Conjecture 2, Ferguson [7, p. 171, Theorem 2| proved that Gompertz’s
constant is an irrational number.

Corollary 1. Assume that Conjecture 2 holds. Then for any a € Q, a > 0, and any
s € Q\ Zso, the number fooo(t + «a)®etdt is a transcendental number.
In particular, Gompertz’s constant § = fooo e t/(t + 1)dt is a transcendental number.

In this text we suggest an approach towards Conjecture 1, based on the new notion
of mized functions which enables one to consider E- and 9-functions at the same time.
In particular we shall state a conjecture about such functions, namely Conjecture 3 in §2,
which implies both Conjecture 1 and Conjecture 2. The following result is a motivation
for this approach.

Proposition 1. Assume that both Conjectures 1 and 2 hold. Then neither Euler’s constant
v :=—=T"(1) nor I'(a) (witha € QT \N) are in E.

It is likely that none of these numbers is in G, but (as far as we know) there is no
“functional” conjecture like Conjecture 3 that implies this. It is also likely that none is in
D as well, but we don’t know if this can be deduced from Conjecture 3.
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The structure of this paper is as follows. In §2 we define and study mixed functions, a
combination of F- and 9-functions. Then in §3 we express any value of a G-function as a
polynomial in values of E- and 9-functions, thereby proving Theorem 1. We study deriva-
tives of the I' function at rational points in §4, and prove Theorem 2 and Proposition 1.
At last, §5 is devoted to adapting Beukers’ method to our setting: this approach yields
Theorem 3 and Corollary 1.

2 Mixed functions

2.1 Definition and properties

In view of Theorem 1, it is natural to study polynomials in F- and 9-functions. We can
prove a Diophantine result that combines both Theorems A (i) and 3 but under a very com-
plicated polynomial generalization of Conjecture 2. We opt here for a different approach
to mixing E- and 9-functions for which very interesting Diophantine consequences can be
deduced from a very easy to state conjecture which is more in the spirit of Conjecture 2.
We refer to §2.3 for proofs of all properties stated in this section (including Lemma 1 and
Proposition 2), except Theorem 4.

Definition 1. We call mixed (arithmetic Gevrey) function any formal power series

g 2"

neZ
such that ) ., 2" is an E-function in z, and ), o a_p,27" is an I-function in 1/z.

In other words, a mixed function is defined as a formal sum W(z) = F(z)+f(1/2z) where
Fis an F-function and f is an 9-function. In particular, such a function is zero if, and
only if, both F' and § are constants such that F' + f = 0; obviously, F' and f are uniquely
determined by W upon assuming (for instance) that f(0) = 0. The set of mixed functions
is a Q-vector space stable under multiplication by 2" for any n € Z. Unless f(z) is a
polynomial, such a function ¥(z) = F(z) 4+ f(1/z) is purely formal: there is no z € C such
that §(1/z) is a convergent series. However, choosing a direction # which is not anti-Stokes
for § allows one to evaluate Wy(2) = F(2) + fo(1/2) at any z in a large sector bisected by
0. Here and below, such a direction will be said not anti-Stokes for ¥ and whenever we
write fg or Wy we shall assume implicitly that 6 is not anti-Stokes.

Definition 1 is a formal definition, but one may identify a mixed function with the
holomorphic function it defines on a given large sector by means of the following lemma.

Lemma 1. Let U be a mized function, and 8 € R be a non-anti-Stokes direction for V.
Then Wy is identically zero (as a holomorphic function on a large sector bisected by 0) if,
and only if, VU is equal to zero (as a formal power series in z and 1/z).



Any mixed function ¥(z) = F(z) + f(1/2) is solution of an E-operator. Indeed, this
follows from applying [1, Theorem 6.1] twice: there exist an FE-operator L such that
L(f(1/z)) = 0, and an E-operator M such that M(L(F(z))) = 0 (because L(F(z)) is an
E-function). Hence M L(F(z)+f(1/2z)) = 0 and by [1, p. 720, §4.1], M L is an E-operator.

We formulate the following conjecture, which implies both Conjecture 1 and Conjec-
ture 2.

Conjecture 3. Let VU(z) be an mized function, and 0 € (—m/2,7/2) be such that V(1) = 0.

Then % 18 an mized function.

The conclusion of this conjecture is that ¥(z) = (z — 1)¥;(z) for some mixed function
W,. This conclusion can be made more precise as follows; see §2.3 for the proof.

Proposition 2. Let U (z) = F(2) 4+ §(1/2) be an mized function, and 0 € (—m/2,7/2) be
such that We(1) = 0. Assume that Conjecture 3 holds for ¥ and 6.
Then both F(1) and fo(1) are algebraic, and 1200 s an 9-function.

z—1

Of course, in the conclusion of this proposition, one may assert also that F(Z;:f(l) is an
E-function using Theorem A(i).

Conjecture 3 already has far reaching Diophantine consequences: Conjecture 2 and
Theorem 2 stated in the introduction, and also the following result that encompasses

Theorem 3 in the linear case.

Theorem 4. Assume that Conjecture 3 holds.
Let W(2) :=4Uy(2),...,¥,(2)) be a vector of mized functions solution of a differential

system W'(z) = A(2)®(z) for some matriz A(z) € M,(Q(z)). Let ¢ € Q and 0 €
(arg(&) — m/2,arg(§) + m/2) ; assume that £ is not a pole of a coefficient of A, and that 0
is anti-Stokes for none of the V;.

Let \i,...,  \, € Q be such that

Z AiWig(§) =

i=1

Then there exist Ly, ..., L, € Q[z] such that
ZLZ<Z)\I/Z(Z) = 0 identically and L;(§) = \; for any 1.
i=1

In particular, we have

tkg(W10(6), -, W) =ty (T1(2), - .., Wa(2)).

The proof of Theorem 4 follows exactly the linear part of the proof of Theorem 3 (see
§5.1), which is based on [6, §3]. The only difference is that 9-functions have to be replaced
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with mixed functions, and Conjecture 2 with Conjecture 3. In particular Proposition 4
stated in §5.1 remains valid with these modifications.

However a product of mixed functions is not, in general, a mixed function. Therefore
the end of [6, §3] does not adapt to mixed functions, and there is no hope to obtain in this
way a result on the transcendence degree of a field generated by values of mixed functions.

As an application of Theorem 4, we can consider the mixed functions 1, ¢”* and f(1/2) :=
Yo o(=1)"nlz"", where § is a fixed non-zero algebraic number. These three functions are
linearly independent over C(z) and form a solution of a differential system with only 0 for
smgularlty (because (§(1/2)) = (1+1/2)f(1/z) — 1), hence for any a € Q, a > 0 and any
0 € Q", the numbers 1, e ¢ fo(1/a) := fo e~t/(1 4 at)dt are Q-linearly independent (for a
fixed «a, take 8 = Q/a).

2.2 Values of mixed functions

We denote by M the set of values Wy(1), where ¥ is a mixed function and 6 = 0 if it is
not anti-Stokes, # > 0 is sufficiently small otherwise. This set is obviously equal to E 4+ D.

Proposition 3. For every integer s > 0 and every a € QF, a # 0, we have I'®)(a) €
-1
€ Mg.

This results follows immediately from Eq. (4.4) below (see §4.2), written in the form

F(S)(a) = 6_1((_1)863!E¢17s+1(_1) + fa,s+1;0(1))7

because €*E, s11(—%) is an E-function and f, s41,0(1) is the 1-summation in the direction
0 of an D-function.

It would be interesting to know if I'®)(a) belongs to M. We did not succeed in proving
it does, and we believe it does not. Indeed, for instance if we want to prove that v € Mg,
a natural strategy would be to construct an E-function F'(z) with asymptotic expansion
of the form v + log(z) + f(1/2) in a large sector, and then to evaluate at z = 1. However
this strategy cannot work since there is no such E-function (see the footnote in the proof
of Lemma 1 in §2.3).

2.3 Proofs concerning mixed functions

To begin with, let us take Proposition 2 for granted and prove that Conjecture 3 implies
both Conjecture 1 and Conjecture 2. Concerning Conjecture 2 it is clear. To prove that it
implies Conjecture 1, let £ € D, i.e. £ = fy(1) is the l-summation of an D-function f(z) in
the direction # = 0 if it is not anti-Stokes, and # > 0 close to 0 otherwise. Assume that &
is also in E: we have ¢ = F(1) for some E-function F(z). Therefore, U(z) = F(z) —f§(1/z)
is a mixed function such that WUy(1) = 0. By Conjecture 3 and Proposition 2, we have
¢ = f4(1) € Q. This concludes the proof that Conjecture 3 implies Conjecture 1.



Let us prove Proposition 2 now. Assuming that Conjecture 3 holds for ¥ and 6, there
exists a mixed function ¥y (z) = Fi(z) + f1(1/z) such that ¥(z) = (z — 1)¥;(z). We have

F(z) = (z = DF(2) +§(1/2) = (2 = DR(1/2) = 0 (2.1)

as a formal power series in z and 1/z. Now notice that z — 1 = z(1 — 1), and that we

may assume f and f; to have zero constant terms. Denote by « the constant term of
f(1/z) — z(1 — 2)f1(1/z). Then we have

F(2) = (2 = DFy(2) + a+fa(1/2) = 0

for some D-function f, without constant term, so that fo = 0, F\(2) = (2 — 1) Fi(2) — « and
F(1) = —a € Q. This implies f5(1) = «, and f(l/’?%fg(l) = f1(1/z) is an D-function since
fo = 0. This concludes the proof of Proposition 2.

At last, let us prove Lemma 1. We write W(z) = F(z) 4 f(1/z) and assume that Uy
is identically zero. Modifying 6 slightly if necessary, we may assume that the asymptotic
expansion —f(1/z) of F(z) in a large sector bisected by 6 is given explicitly by [9, Theorem 5]
applied to F'(z) — F(0); recall that such an asymptotic expansion is unique (see [9]). As
in [9] we let g(z) = Y o” a,z""! where the coefficients a,, are given by F(z) — F(0) =
Y omey 2™ For any 0 € C\ {0} there is no contribution in €’ in the asymptotic expansion
of F(z), so that g(z) is holomorphic at 0. At o = 0, the local expansion of ¢ is of the
form ¢(z) = hi(z) + ha(z)log(z) with G-functions hy and hy, and the coefficients of hy
are related to those of §; however we shall not use this special form (!). Now recall that
g(z) = G(1/z)/z where G is a G-function; then G is entire and has moderate growth at
infinity (because oo is a regular singularity of GG), so it is a polynomial due to Liouville’s
theorem. This means that F'(z) is a polynomial in z. Recall that asymptotic expansions
in large sectors are unique. Therefore both F' and § are constant functions, and F' +§ = 0.
This concludes the proof of Lemma, 1.

3 Proof of Theorem 1: values of G-functions

In this section we prove Theorem 1. Let us begin with an example, starting with the
relation proved in [15, Proposition 1] for z € C\ (—o0,0]:

v +log(z) = zE19(—2) — e "f120(1/2) (3.1)

where E; 5 is an E-function, and f; 2 is an 9-function, both defined below in §4.2.
Apply Eq. (3.1) at both z and 2z, and then substract one equation from the other.
This provides a relation of the form

log(2) = F(2) + ¢ *Fuo(1/2) + ¢ fao(1/2) (3.2)

! Actually we are proving that the asymptotic expansion of a non-polynomial E-function is never a C-
linear combination of functions z® log"(2)f(1/z) with o € Q, k € N and -functions §: some exponentials
have to appear.




valid in a large sector bisected by 0, with an E-function F' and 9-functions f; and f.
Choosing arbitrarily a positive real algebraic value of z yields an explicit expression of
log(2) € G as a multivariate polynomial in elements of E and D. But this example shows
also that a polynomial in E- and 9-functions may be constant eventhough there does not
seem to be any obvious reason. In particular, the functions 1, F(z), e *f10(1/%), and
e ?*f9.0(1/2) are linearly dependent over C. However we see no reason why they would
be linearly dependent over Q. This could be a major drawback to combine in F- and
d-functions, since functions that are linearly dependent over C but not over Q can not

belong to any Picard-Vessiot extension over Q.

Let us come now to the proof of Theorem 1. We first prove the second part, which runs
as follows (it is reproduced from the unpublished note [16]).

From the stability of the class of E-functions by dilz and foz, we deduce that the set of
convergent integrals fooo F(z)dx of E-functions and the set of finite limits of E-functions
along some direction as z — oo are the same. Theorem 2(ii7) in [9] implies that if an
E-function has a finite limit as z — oo along some direction, then this limit must be in G.
Conversely, let § € G. By Theorem 1 in [8], there exists a G-function G(z) = Y a,2"
of radius of convergence > 2 (say) such that G(1) = 3. Let F(z) = > >, 92" be the

n=0
associated E-function. Then for any z such that Re(z) > %, we have

éG(%) = /0+°° e P F(x)dx.

Hence, = f0+oo e " F(z)dx where e *F(z) is an E-function.

We shall now prove the first part of Theorem 1. In fact, we shall prove a slightly more
general result, namely Theorem 5 below. We first recall a few notations. Denote by S the
G-module generated by all derivatives I'®)(a) (with s € N and a € Q\ Z<), and by V the
S-module generated by E. Recall that G, S and V are rings. Conjecturally, G = P[1/7]
and V = P,[1/7| where P and P, are the ring of periods and the ring of exponential

periods over Q respectively (see [8, §2.2] and [10, §4.3]). We have proved in [10, Theorem
3] that V is the S-module generated by the numbers e”y, with p € Q and x € D.

Theorem 5. The ring V is the ring generated by E and D. In particular, all values of
G-functions belong to the ring generated by E and D.

In other words, the elements of V are exactly the sums of products ab with a € E and
beD.

Proof of Theorem 5. We already know that V is a ring, and that it contains E and D. To
prove the other inclusion, denote by U the ring generated by E and D. Using Proposition 3
proved in §2.2 and the functional equation of I', we have I'®)(a) € U for any s € N and
any a € Q \ Z<o. Therefore for proving that V. C U, it is enough to prove that G C U.
Let £ € G. Using [11, Theorem 3] there exists an E-function F'(z) such that for any for
any 0 € [—m, ) outside a finite set, £ is a coefficient of the asymptotic expansion of F'(z)
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in a large sector bisected by 6. As the proof of [11, Theorem 3| shows, we can assume that
¢ is the coefficient of e* in this expansion.

Denote by L an E-operator of which F' is a solution, and by p its order. André has
proved [1] that there exists a basis (Hi(2),..., H,(z)) of formal solutions of L at infinity

such that for any j, e #*H;(2) € NGA{l/z}? for some algebraic number p;. We recall

that elements of NGA{1/2}¥ are arithmetic Nilsson-Gevrey series of order 1 with algebraic
coefficients, i.e. Q-linear combinations of functions z*(log 2)%(1/2) with k € Q, £ € N
and I-functions f. Expanding in this basis the asymptotic expansion of F(z) in a large
sector bisected by 6 (denoted by F ), there exist complex numbers k1, ..., kg such that
F(z) = mH(2) + ...+ kuH,(z). Then we have { = kic1 + ... + K,c,, wWhere ¢; is the
coefficient of e* in H;(z) € e#*NCGA{1/2}L. We have ¢; = 0 if p; # 1, and otherwise ¢; is
the constant coefficient of e™*H;(2): in both cases ¢; is an algebraic number. Therefore to
conclude the proof that £ € U, it is enough to prove that ky,...,x, € U.

For simplicity let us prove that x; € U. Given solutions Fi,...,F), of L, we denote
by W(Fi,...,F,) the corresponding wronskian matrix. Then for any z in a large sector
bisected by 6 we have

o det W(F(2), Hop(2), ..., Hup(2))
1 det W(Hi0(2),...,Hup(2))

where H;(z) is the 1-sommation of H;(z) in this sector. The determinant in the denomi-

nator belongs to e“zNGAil/z}? with @ = pi+...+p, € Q. As the proof of [10, Theorem 6]
shows, there exist b, c € QQ, with ¢ # 0, such that

det W(Hyg(2), ..., Hup(2)) = czle®.

We take z = 1, and choose 6 = 0 if it is not anti-Stokes for L (and 6 > 0 sufficiently small
otherwise). Then we have

K1 = c’le’a<det W(F(2),Hap(2),..., H%g(z))) eU.

|z=1
This concludes the proof. O

Remark 1. The second part of Theorem 1 suggests the following comments. It would
be interesting to have a better understanding (in terms of E, G and D) of the set of
convergent integrals [ R(z)F(z)dz where R is a rational function in Q(z) and F is an
E-function, which are thus in G when R =1 (see [16] for related considerations). Indeed,

classical examples of such integrals are f0+oo ﬁ%d:p = 7/(2¢) € 7E, Euler’s constant

f0+oo Pgil(;r—fg);;zdx =7 € f) +7€_1D (using Eq. (3.1) and [20, p. 248, Example 2|) and

Gompertz constant § := P
here.

dx € D. A large variety of behaviors can thus be expected

10



For instance, using various explicit formulas in [13, Chapters 6.5-6.7], it can be proved

that
+oo

R(z)Jo(z)dz € G+ E +E + log(@Q)E
0

for any R(z) € Q(z) without poles on [0, +00), where Jo(x) = Y o0 (iz/2)?" /n!? is a Bessel
function.

A second class of examples is when R(z)F(z) is an even function without poles on
[0, +00) and such that lim,|— e im(z)>0 2> R(x) F(2) = 0. Then by the residue theorem,

+oo
/ R(z)F(z)dz =ir Y Res,—,(R(z)F(z)) € 7E
0
where the summation is over the poles of R in the upper half plane.

4 Derivatives of the [' function at rational points

In this section we prove Theorem 2 and Proposition 1 stated in the introduction, dealing
with I'®)(a). To begin with, we define E-functions E,.(z) in §4.1 and prove a linear
independence result concerning these functions. Then we prove in §4.2 a formula for
I'®)(a), namely Eq. (4.4), involving E, ,11(—1) and the l-summation of an D-function.
This enables us to prove Theorem 2 in §4.3 and Proposition 1 in §4.4.

4.1 Linear independence of a family of E-functions

To study derivatives of the I' function at rational points, we need the following lemma.
For s > 1 and a € Q \ Z<o, we consider the E-function E,¢(z) := > 7 2

n=0 AlnFa)
Lemma 2. (i) For any a € Q\ Z and any s > 1, the functions

1,6, 6" Eq1(—2), 6" Eqa(—2),..., By 5(—2)

are linearly independent over C(z).

(13) For any a € N* and any s > 2, the functions
l,e*,e*Eya(—2),...,e°E, (—2)
are linearly independent over C(z).

Remark 2. Part (i) of the lemma is false if a € N* because 1, e*, e*E, 1 (—z) are Q(2)-linearly
dependent in this case (see the proof of Part (ii) below).

11



Proof. (i) For simplicity, we set 15(z) := e*E, s(—z). We proceed by induction on s > 1.
Let us first prove the case s = 1. The derivative of 11(2) is (1 + (2 — a)1(2))/2. Let
us assume the existence of a relation ¥ (z) = u(z)e* + v(z) with u,v € C(z) (a putative
relation U(z) + V(2)e* + W (z)Y1(z) = 0 forces W # 0 because e ¢ C(z)). Then after
differentiation of both sides, we end up with

L+ (z —a)Y(2)

z

= (u(z) +u'(2))e* + /().

Hence,
1+ (2 —a)(u(z)e* +v(z))

= (u(z) +u'(2))e* + /().

Since e* ¢ C(z), the function v(z) is a rational solution of the differential equation zv'(z) =
(z —a)v(z) + 1: v(z) cannot be identically 0, and it cannot be a polynomial (the degrees
do not match on both sides). It must then have a pole at some point w, of order d > 1
say. We must have w = 0 because otherwise the order of the pole at w of zv'(2) is d + 1
while the order of the pole of (z — a)v(z) + 1 is at most d. Writing v(z) = > o ,0,2"
with v_gq # 0 and comparing the term in z~% of z0/(z) and (z — a)v(z) + 1, we obtain that
d = a. This forces a to be an integer > 1, which is excluded. Hence, 1,¢e*, e*E,1(—%) are
C(z)-linearly independent.

Let us now assume that the case s — 1 > 1 holds. Let us assume the existence of a
relation over C(z)

0u(2) = 0(e) +uo(a)e” + 3wy (2) (a1

(A putative relation V(2) + Ug(2)e* + 3 __, Uj(2)1;(2) = 0 forces Us # 0 by the induction
hypothesis). Differentiating (4.1) and because ¢}(z) = (1—2)1;(2) + 21,1 (2) for all j > 1
(where we have let 1y(z) = 1), we have

AGWAE) + T (2) = 0(2) + (10l2) + () + 3 w205 (2

+ Z“j(z)(A(ZWj(ZH%@/}j_l(z)), (4.2)

=1

where A(z) := 1—a/z. Substituting the right-hand side of (4.1) for ¢5(2) on the left-hand
side of (4.2), we then deduce that

V(2) = AR)(z) + (uh(=) + (1 — A(2))uo(2))e

2 — () + S w5 Y () - S (z) =0

12



This is a non-trivial C(z)-linear relation between 1, e* 1 (z),¥(2),. .., 1¥s_1(2) because
the coefficient of 1) (2) is u),_,(2) — 1/z and it is not identically 0 because u/,_,(z) cannot
have a pole of order 1. But by the induction hypothesis, we know that such a relation is
impossible.

(73) The proof can be done by induction on s > 2 similarily. In the case s = 2, assume
the existence of a relation ¢;(z) = u(z)e* +v(z) with u(z),v(z) € C(z). By differentiation,
we obtain

(1-2)ualz) = —%wl(z) - (u(z) + o (2))eF + ().

By induction on a > 1, we have ¢, (z) = (a—1)!e* /2% +w(z) for some w(z) € Q(z). Hence,

we have
(1 — g)u(z) = —((aza_i)! + 1>u(z) +u'(2)

which is not possible. Let us now assume that the case s — 1 > 2 holds, as well as the
existence of a relation over C(z)

¥s(2) = v(2) +uo(2)e” + Y u;(2)4;(2). (4.3)

=2

We proceed exactly as above by differentiation of both sides of (4.3). Using the relation
Vi(z) = (1= 2)1j(2) + 24pj_1(2) for all j > 2 and the fact that ¢1(2) = (a—1)le? /2" +w(z),
we obtain a relation v(z) + ug(2)e” + > _j- 2,(2)0;(2) = 0 where Uy (2) = ul,_,(2) —
1/2z cannot be identically 0. The induction hypothesm rules out the existence of such a
relation. [

4.2 A formula for I'®)(a)
Let z > 0 and a € QF, a # 0. We have

D) (q) / 17 og(t) e ~tdt — / 191 log(t) e dt + / £ log(t) e "dt,
0 0 z

On the one hand,

- a—1 s _—t o - a+n—1
/Ot log(t)’e d—z o /t log(t)*dt

0

n=0
e S n+a 10g(2)sik
- Z nl Z k) (n+ a)ktl
n=0 k=0 ’
S _1 ‘
= ES )]{j) z 10g< ) Ezz,k—i-l(_z);
k=0



recall that E, ;(z) = >, ==—7. On the other hand,

n=0 n'(n+a

/ t* log(t)e tdt = e‘z/ (t +2)* tlog(t + z)*e"dt
z 0

= 7 lem? Z (Z) log(2)*™* /000(1 +1/2)  log(1 +t/2)k e dt.

k=0

Now z > 0 so that
o 1 (o]
farsto(z) = / (1+t2)* log(1 + tz)fe'dt = —/ (1+2)* tlog(1 + z)*e */*dx
0 zJo

is the 1-summation at the origin in the direction 0 of the 9-function

Z n!ua,k,nzna
n=0
where the sequence (g g n)n>0 € QY is defined by the expansion of the G-function:
(14 2)" log(1 + z)* Zuaknx

Note that if & = 0 and a € N*, then u,x, = 0 for any n > a, and f,x11.0(1/2) is a
polynomial in 1/z. Therefore, we have for any z > 0:

L (—1)ks! —~ (s
10(0) = 3 S 0g(2) Busn(-) + 272 3 (1) 1080 Hassral1f2).
k=0 ) k=0

In particular, for z = 1, this relation reads

F(S)(a) = (—1)’s!Eqs1(—1) + e_lfa,S-&-l;O(l)- (4.4)
Since 7 = —I"(1) we obtain as a special case the formula
v = E1p(—1) — e i 0(1), (4.5)

which is also a special case of Eq. (3.1) proved in [15].

4.3 Proof of Theorem 2

Let us assume that I'®)(a) € Q for some a € Q* \ N and s > 0. Then e*I'®(a) +

(=1)**'sle*E, 411(—2) is an E-function. The relation eI'(* ( )+ (=1)sleE, o1 (—1) =
fast1:0(1) proved at the end of §4.2 shows that a := el'®(a) + (—1)**!sleE, . 11(—1) €
END. Hence o is in Q by Conjecture 1 and we have a non-trivial Q-linear relation
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between 1,e and eF,s11(—1): we claim that this is not possible. Indeed, consider the
vector
Y(2) :="(1,e%e*Eg1(=2), ..., Eqsi1(—2)).

It is solution of a differential system Y'(2) = M(2)Y(z) where 0 is the only pole of
M(z) € Ms43(Q(z2)) (see the computations in the proof of Lemma 2 above). Since the
components of Y (z) are Q(z)-linearly independent by Lemma 2(i), we deduce from Beuk-

ers’ [6, Corollary 1.4] that
1,e,eEu1(—1), ..., eEysr1(—1)

are Q-linearly independent, and in particular that 1,e and eFE, ,.;1(—1) are Q-linearly
independent. This concludes the proof if a € Q* \ N.

Let us assume now that I'®)(a) € Q for some a € N* and s > 1. Then e*I'®(a) +
(—=1)**'sle*E, 411(—2) is an E-function. The relation T'®)(a) + (=1)**1s!E, .11(—1) =
e fas11.0(1) shows that a := el'®)(a) + (—1)*tsleE, 11(—1) € END. Hence « is in Q by
Conjecture 1 and we have a non-trivial Q-linear relation between 1, e and eE,s1(—1): we
claim that this is not possible. Indeed, consider the vector Y (z) :=*(1,e*, e*E,2(—2), ...,
e*E, s+1(—2)): it is solution of a differential system Y’(z) = M (2)Y (z) where 0 is the only

2)
pole of M(z) € M, 5(Q(2)). Since the components of Y (z) are Q(z)-linearly independent
by Lemma 2(i7), we deduce again from Beukers’ theorem that

1, e, eEua(—1), ..., eEys11(—1)

are Q-linearly independent, and in particular that 1,e and eFE, . i(—1) are Q-linearly
independent. This concludes the proof of Theorem 2.

4.4 Proof of Proposition 1

Recall that Eq. (4.5) proved in §4.2 reads e o(—1) — ey = f1,2,0(1). Assuming that vy € E,
the left-hand side is in E while the right-hand side is in D. Hence both sides are in Q by
Conjecture 1. Note that, by integration by parts,

o(1) = log(1+t tdt:/ dt
f1,20(1) /0 og( Je o 1+t

is Gompertz’s constant. Hence, by Corollary 1 (which holds under Conjecture 2), the
number f; 2,0(1) is not in Q. Consequently, v ¢ E.

Similarly, Eq. (4.4) with ¢ € Q \ Z and s = 0 reads el'(a) — eE,1(—1) = fa,1.0(1).
Assuming that I'(a) € E, the left-hand side is in E while the right-hand side is in D. Hence

both sides are in @ by Conjecture 1. But by Corollary 1 (which holds under Conjecture 2),
the number f4,1,0(1) = [5~ (14 ¢)* 'e~'dt is not in Q. Hence, I'(a) ¢ E.

15



5 Application of Beukers’ method and consequence

In this section we prove Theorem 3 and Corollary 1 stated in the introduction.

5.1 Proof of Theorem 3

The proof of Theorem 3 is based on the arguments given in [6], except that E-functions
have to be replaced with 9-functions, and 1-summation in non-anti-Stokes directions is
used for evaluations. Conjecture 2 is used as a substitute for Theorem A(7).

The main step is the following result, the proof of which is analogous to the end of the
proof of [6, Corollary 2.2].

Proposition 4. Assume that Conjecture 2 holds.

Let § be an 3-function, € € Q and 0 € (arg(€) — 7/2, arg(€) + 7/2). Assume that 6 is
not anti-Stokes for f, and that fo(1/§) = 0. Denote by Ly = 0 a differential equation, of
minimal order, satisfied by f(1/z).

Then all solutions of Ly = 0 are holomorphic and vanish at &; the differential operator
L has an apparent singularity at £.

To deduce Theorem 3 from Proposition 4, it is enough to follow [6, §3].

5.2 Proof of Corollary 1

Let s € Q \ Z>. The I-function §(z) := >~ s(s —1)...(s —n+ 1)z" is solution of the
inhomogeneous differential equation 2%f(z)+(1—s2)f(z) —1 = 0, which can be immediately
transformed into a differential system satisfied by the vector of D-functions *(1,§(z)). The
coefficients of the matrix have only 0 as pole. Moreover, f(z) is a transcendental function
because s ¢ Zsq. Hence, by Theorem 3, fo(1/a) ¢ Q when a € Q, a > 0, because 0 is not
an anti-Stokes direction of f(z). It remains to observe that this 1-sommation is

/ (1+t2)%e"dt.
0
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