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Abstract

In the paper ‘On the Dirac—Frenkel Variational Principle on Tensor Banach Spaces’, we
provided a geometrical description of manifolds of tensors in Tucker format with fixed
multilinear (or Tucker) rank in tensor Banach spaces, that allowed to extend the Dirac—
Frenkel variational principle in the framework of topological tensor spaces. The purpose of
this note is to extend these results to more general tensor formats. More precisely, we provide
a new geometrical description of manifolds of tensors in tree-based (or hierarchical) format,
also known as tree tensor networks, which are intersections of manifolds of tensors in Tucker
format associated with different partitions of the set of dimensions. The proposed geometrical
description of tensors in tree-based format is compatible with the one of manifolds of tensors
in Tucker format.
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1 Introduction

Tensor methods are prominent tools in a wide range of applications involving high-
dimensional data or functions. The exploitation of low-rank structures of tensors is the basis
of many approximation or dimension reduction methods, see the surveys [2—4, 15, 18, 19]
and monograph [11]. Providing a geometrical description of sets of low-rank tensors has
many interests. In particular, it allows to devise robust algorithms for optimization [1, 24] or
construct reduced order models for dynamical systems [14].

A basic low-rank tensor format is the Tucker format. Given a collection of d vector spaces
Vv,v e D :={1,...,d}, and the corresponding algebraic tensor space Vp = V1 ®...® Vy,
the set of tensors M. (Vp) of tensors in Tucker format with rank v = (rq, ..., ry) is the set
of tensors vin Vp such that v € U; ® ... ® Uy for some subspaces U, in the Grassmann
manifold G, (V) of r,-dimensional spaces in V,,. A geometrical description of 91.(V p) has
been introduced in [8], providing this set the structure of a C*°-Banach manifold. Tree-based
tensor formats [7], also known as tree tensor networks in physics or data science [9, 17, 20,
22], are more general low-rank tensor formats, also based on subspaces. They include the
hierarchical format [12] or the tensor-train format [21]. Sets of tensors in tree-based tensor
format are the intersection of a collection of sets of tensors in Tucker format associated
with a hierarchy of partitions given by a tree. More precisely, given a tree Tp over D (see
Definition 3.2 below for a more precise description), we can define a sequence of partitions
Pi,...,Pr of D, with L the depth of the tree, such that each element in P is a subset of
an element of Py_; (see example in Fig. 1). For each partition P, a tensor in Vp can be
identified with a tensor in Vp, := @),cp, Ve, that allows to define manifolds of tensors in

Tucker format M, (Vp,) witht € N*P_The set F7:(V p) of tensors in V p with tree-based
rank t = (ro)aetp € N*TD is then given by

L
FT(Vp) = [ M (Vp,)
k=1

where t;y = (Fo)aep, -

In this paper, we provide a new geometrical description of the sets F7:(Vp) of tensors
with fixed tree-based rank in tensor Banach spaces. This description is compatible with the
one of manifolds 9, (Vp,) introduced in [8]. It is different from the ones from [23] and
[13], respectively introduced for hierarchical and tensor train formats in finite-dimensional
tensor spaces. It is also different from the one introduced by the authors in [6], that provided
a different chart system. The present geometrical description is more natural and we believe
that it is more amenable to understand the geometry and topology of the different tensor
formats based on subspaces. With the present description, and under similar assumptions on
the norms of tensor spaces, Theorem 5.2 and Theorem 5.4 in [8] also hold for tree-based
tensor formats, that allows to extend the Dirac—Frenkel variational principle for tree-based
tensor formats in tensor Banach spaces.

The outline of this note is as follows. We startin Sect. 2 by recalling results from [8]. Then in
Sect. 3 we introduce a description of tree-based tensor formats 77 (Vp) as an intersection of
Tucker formats. Section4 is devoted to the geometrical description of manifolds 91, (Vp) of
tensors in Tucker format with fixed rank. Finally in Sect. 5, we introduce the new geometrical
description of the manifold F7Z,(Vp) of tensors in tree-based tensor format with fixed tree-
based. We prove that it is an immersed manifold in the ambient tensor Banach space and
outline the extension of the Dirac—Frenkel variational principle for tree-based tensor formats
in tensor Banach spaces.
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Fig.1 A tree over {1,2,3,4}

D = {1, 2, 3, 4}, with depth

L = 3, and the associated

partitions of D:

Pz = {1}, {2}, {3}, {4}}, {1,2,3} 4
Pr = {1}, {2, 3}, {4}},

Pr={{1,2,3}, {4}}

{1} {2,3}
{2t {3}
2 Preliminary results
Let D := {1,...,d} be a finite index set and consider an algebraic tensor space Vp =

& oep Vo generated from vector spaces Vy, o € D. Concerning the definition of the algebraic
tensor space we refer to Greub [10]. For any partition Pp of D, the algebraic tensor space V p
can be identified with an algebraic tensor space generated from vector spaces V,, @ € Pp.
Indeed, for any partition Pp of D, the equality

Vp = ®Va

a€Pp

holds, with V := ®j€a Vi ifa # {j}, forsome j € D, or Vo, = V; if a = {j} for some
j € D. Next we identify D with the trivial partition {{1}, {2}, ..., {d}}.

Remark 2.1 In [8], we considered the tensor space Vp = &),cp Ve for a given D. It is not
difficult to check that the results from [8] remain true when substituting D by any partition
‘Pp, thatincludes the initial case by identifying D with the trivial partition {{1}, {2}, ..., {d}}.
More precisely, we can substitute with minor changes along the paper “a € D” by “a € Pp”.

Before restating Theorem 3.17 of [8] in the present framework, we recall some definitions
from [8].

Let X and Y be Banach spaces. We denote by £(X, ) the space of continuous linear
mappings from X into Y. The corresponding operator norm is written as ||-||y y . It is well
known that if Y is a Banach space then (£(X, Y), | - |ly<x) is also a Banach space.

Let X be a Banach space. We denote by G(X) the Grassmann manifold of closed subspaces
in X (see Section 2 in [8]). More precisely, we say that U € G(X) holds if and only if U is a
closed subspace in X and there exists a closed subspace W in X suchthat X = U & W. Every
finite-dimensional subspace of X belongs to G(X), and we denote by G,,(X) the space of
all n-dimensional subspaces of X (n > 0). From Proposition 2.11 in [8], the Banach space
L(U, W) can be identified with an element of G(L(X, X)). Hence it is a closed subspace of
L(X, X).

Assume that Pp is a partition of D and (Vg, || - ||¢) is @ normed space for each o € Pp.
Following [5], it is possible to construct for each @ € Pp a map

Umin . Vp — G(Vy), v UMN(y)
which satisfies the following properties:

i) dim UM"(v) < oo, forallv e Vp.

@ Springer



2130 A. Falco et al.

ii) ve ®ae7>p U;“in(v) and if there exist subspaces U, C V for each « € Pp such that
ve ®aePD U, , then Ul;“in(v) c U, foreach a € Pp.

The linear subspace UM (v) is called a minimal subspace of v in V p. In consequence, given
a fixed partition Pp of D, we can define for each v € Vp its a-rank as dim Ug‘i“(v) for
o € Pp. The Pp-rank for each v € Vp is given by the tuple (dim U&“i“ (V)aep, € N#Pp |

Given vt = (ry)aepp € N#PD, we define the set of tensors in Vp represented in Tucker
format with a fixed rank v as

M:(Vp) = {v e Vp :dimUM"(v) = ry foreacha € Pp} .

A tensor v € M. (Vp) if and only if for ea(;h o € Pp there exists a unique subspace
UM (v) € Gy, (Vy) such that v e & UZ"™(v) . Observe, that

aePp

M, ® U;ni“(v) =1{ve ® Uéni“(v) : dim Uéni“(v) =ry foreach @ € Pp

a€Pp a€Pp

is the set of full rank tensors in the finite dimensional space ), P Uéni“ (v). Assume that
Il - IIp is a norm on the tensor space Vp and hence (Vp, || - || p) is a normed space. Clearly,
®a€7’p UJ"™(v) is also a normed space and it can be shown that 9%, (®a€PD U&“‘“(V)) is

an open set in @,cp, UMn(v) , and hence a manifold.

Recall that for each fixed @ € Pp, the finite dimensional vector space U&“i"(v) is linearly
isomorphic to the vector space

Rdim Uy (V) — R’

for all v € M. (Vp). Hence the finite dimensional vector space &), <Pp Uglni" (v) is linearly
isomorphic to the vector space R X «€Pp "« This fact allows to identify the open set of full

. Xy . :
rank tensors in R X«<Pp "> denoted by R, o’ Wwith M (®aePD uym (V)) .

3 The set of tensors in tree-based format with fixed tree-based rank

To introduce the set of tensors in tree-based format with fixed tree-based rank we shall use
the minimal subspaces, in particular, Proposition 2.6 in [8] (see alsAo [5] or [11]). Let Pp be
a given partition of D. By definition of the minimal subspaces U (v), & € Pp, we have

ve Q) UMy .
a€Pp

For a given o € Pp with #« > 2 and any partition P, of «, we also have

vel Quirm el & urtm

BEPy 8ePp\{a}

Given D we will denote its power set (the set of all subsets of D) by 2. We recall a useful
result on the relation between minimal subspaces (see Section 2 in [5]).

Proposition 3.1 For any o € 2P with #o > 2 and any partition Py of o, it holds

Ut v ¢ Q) Uit .
BEPy

@ Springer
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In order to define tree-based tensor format we introduce three definitions.
Definition 3.2 (Dimension partition tree) A tree Tp is called a dimension partition tree over
D if

(a) all vertices & € Tp are non-empty subsets of D,

(b) D is the root of Tp,

(c) every vertex o € Tp with #o > 2 has at least two sons and the set of sons of «, denoted
S(a), is a non-trivial partition of «,

(d) every vertex « € Tp with #a = 1 has no son and is called a leaf.

The set of leaves is denoted by L(Tp).
A straightforward consequence of Definition 3.2 is that the set of leaves £(Tp) coincides
with the singletons of D, i.e., L(Tp) = {{j} : j € D}.

Definition 3.3 (Levels, depth and partitions) The levels of the vertices of a dimension partition
tree Tp, denoted by level(«), « € Tp, are integers defined such that level(D) = 0 and for
any pair«, § € Tp such that 8 € S(«), level(8) = level(«) + 1. The depth of the tree Tp is
defined as depth(7p) = maxqe7), level(o). Then to each level k of Tp, 1 < k < depth(Tp),
is associated a partition of D :

Pr(Tp) ={a € Tp : level(a) = k} U {a € L(Tp) : level(x) < k}.

Remark 3.4 Note that for any tree, Py (Tp) = S(D) and Pyepth(rp)(Tp) = L(Tp). Also note
that some of the leaves of Tp may be contained in several partitions, and if « € L(Tp), then
o € Pr(Tp) for level (o) < k < depth(Tp).

For any partition P (Tp) of level k, 1 < k < depth(Tp), we use the identification
Vo= @ Ve
aePy(Tp)

This leads us to the following definition of the representation of the tensor space Vp in
tree-based format.

Definition 3.5 For a tensor space Vp and a dimension partition tree Tp, the pair (Vp, Tp)
is called a representation of the tensor space Vp in tree-based format, and corresponds to
the identification of Vp with tensor spaces ®aePk(TD) V. of different levels k, 1 < k <
depth(7p).

Remark 3.6 By Proposition 3.1, for each v € Vp, it holds that

ve ® U&“i“(v) C ® U&“i“(v) c---C ® U&“in(V%

a€P(Ip) a€P2(Ip) €Paepth(1) (TD)
Example 3.7 (Tucker format) In Fig.2, D = {1, 2, 3,4, 5, 6} and

Tp = {D, {1}, {2}, {3}, {4}, {5}, {6}}.

Here depth(Tp) = 1 and P (Tp) = L(Tp). This tree is related to the basic identification of
Vp with Q%_, V; .

@ Springer



2132 A. Falco et al.

Fig.2 A dimension partition tree {1,2,3,4,5,6}
with depth(7p) = 1 (Tucker tree)

{2 68y 4 6By {6

Fig.3 A dimension partition tree {1,2,3,4,5,6}
with depth(Tp) = 3 -

{1,2,3} {4,5} {6}

SN N

{23 {4 {8

Example 3.8 InFig.3, D = {1,2,3,4,5, 6} and
Tp ={D, {1, 2,3}, {4,5}, {2, 3}, {1}, {2}, {3}, {4}, {5}, {6}}.

Here depth(Tp) = 3, P1(Tp) = {{1, 2, 3}, {4, 5}, {6}}, Po(Tp) = {{1}, {2, 3}, {4}, {5}, {6}}
and P3(Tp) = L(Tp). This tree is related to the identification of Vp with ®7:] Vi,
Vp=Vi®Vy3R®Vi® Vs ® Vgand Vp = V{23 ® V45 ® Vs.

Let Ny := N U {0} denote the set of non-negative integers. For each v € V p, we have that
. i - 2#D _
(dim U™ (V)ge2\(gy 18 in Ny .

Definition 3.9 (Tree-based rank) For a given dimension partition tree Tp over D, we define

the tree-based rank of a tensor v € Vp by the tuple rankz, (v) := (dim U;ni“ (V))aery €
#T,

J\
0

Definition 3.10 (Admissibleranks) A tuple v := (re)aerp € N #7b is said to be an admissible
tuple for Tp if there exists v € Vp such that dim U™ (v) = r, for all @ € Tp. The set of
admissible ranks for the representation (Vp, Tp) of the tensor space Vp is denoted by

AD(Vp, Tp) := {(dim UM (V))ger, : V € VD).

Definition 3.11 Let 7p be a given dimension partition tree and fix some tuple v €
AD(Vp, Tp). Then the set of tensors of fixed tree-based rank v is defined by

FI(Vp,Tp) :={ve Vp : dim UM (v) = ry foralla € Tp} 3.1
and the set of tensors of tree-based rank bounded by t is defined by

FI«(Vp,Tp) :={ve Vp : dimUM(v) < ry foralle € Tp}. (3.2)

Fort,s € NﬁTD we write s < v if and only if s, < ry for all @ € Tp. Then for a fixed
vt € AD(Vp, Tp), we have

FI(Vp,Tp):= | J  FL(Vp,Tp). (3.3)

S<T
EEAD(VD,TD)
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Fig.4 A dimension partition tree {1,2,3,4,5,6}
with depth(Tp) =2

{1} {2,3,4,5,6}

2r B {4 {55 {6}

For each partition Px(Tp) of D, 1 < k < depth(Tp), we can introduce a set of tensors in
Tucker format with fixed rank vy := (ro)aep, (1) given by

My, (Vp, Pr(Tp)) = {v € Vp : dim U;“i“(v) = rq fora € Pr(Tp)}.

Theorem 3.12 For a dimension partition tree Tp and for v = (r¢)aer, € AD(Vp, Tp),

depth(Tp)

FIT(Vp, Tp) =[] My (Vp, Pe(TD)).
k=1

Remark 3.13 We point out that in [8] we introduce a representation of Vp in Tucker format.
Letting Tg“d‘er be the Tucker dimension partition tree (see example 3.7) and given t €
AD(Vp, T[T)UCker ), the set of tensors with fixed Tucker rank t is defined by

M(Vp) := FI(Vp, Tp"*") = {v e Vp : dim UM™(v) = ry, k € LT}

This leads to the following representation of Vp in Tucker format:

Vp = U 9.
teAD(V p, Tueker)

Note that for any tree 7p with depth(7p) =1,
mtdepth(TD) (VDv Pdepth(TD) (TD)) = mtdeplh(TD) (VD)

Finally, we need to take into account the following situation. Let T be the rooted tree
given in Fig. 4. For this rooted tree we have depth(7p) = 2 and also

Pl (TD) = {{1}’ {27 37 4’ 57 6}}7
P2(Tp) = {{1}, {2}, {3}, {4}, {5}, {6}}.

From Lemma 2.4 in [5] it can be shown that dim U {“ﬁn (v) =dim U {“2‘”3‘ 456/ (V) holds for all
v € Vp. Hence

FI.(Vp, Tp) = M, (Vp, P1(Tp)) "M, (Vp, P2(Tp)) = M, (Vp, P2(Tp))
holds because
M, (Vp, Pi(Tp)) = {v € Vp : dim U} (v) = ry1y = dim U3 4 5.6,(V))
contains
M, (Vp, Pa(Tp)) = {v € Vp : dim U (v) = ryy. 1 < i <6}

Thus in order to avoid this situation we introduce the following definition.
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2134 A. Falco et al.

Definition 3.14 For a dimension partition tree 7p and for t = (r)eer, € AD(Vp. Tp), we
will say that F7.(Vp, Tp) is a proper set of tree-based tensors with a fixed tree-based rank
vif

FI.(Vp, Tp) # M, (Vp, Pr(Tp)) holds for 1 < k < depth(Tp).

4 The manifold of tensors in Tucker format with fixed rank

In this section we start by introducing the geometric structure of the set of tensors in Tucker
format with fixed rank in our framework. Next, we give an equivalent result that allows us
to provide a manifold structure to a proper set of tree-based tensors with a fixed tree-based
rank.

Assume that Pp is a partition of D and (V, || - ||¢) is a normed space for each « € Pp.
We will consider the product space X ,ep,, Vo equipped with the product topology induced
by the maximum norm ||(Vg)aePp) | x = Maxqepy, |IVa llo. Then, from Theorem 3.17 in [8],
we have the following result.

Theorem 4.1 Assume that Pp is a partition of D, (Vy, || - |l«) is a normed space for each
o € Pp andthat || - || p is a norm on the tensor space Vp = ®aePD Vo such that the tensor
product map

X Ve . ||-||D>, 4.1

a€Pp

X (X Ve, ||-||X) — (

ax€Pp a€Pp

is continuous. Then there exists a C*°-atlas {u(v),gv}vegm,(vo) for M.(Vp) and hence
M. (Vp) is a C°°-Banach manifold modelled on a Banach space

( X E(Ua,Wa)> x RXacPp T,
a€Pp

Here Uy, € G,,(Vy) and VO‘II-Ha = Uy & Wy, where VO‘II-Ha is the completion of V, for
o € Pp.

To define a manifold structure (see [16]) we did not require that the vector spaces involved
as coordinates are the same or even linearly isomorphic. In our case, we have that U(;“in (v)
is linearly isomorphic to UM"(w) for all w € 90.(Vp). Thus, we fix one U, = UM"(v)
and hence it can be shown that £(U,, Wy,) is linearly isomorphic to E(U&ni“ (w), Wg,ni“ w))
for all w € 9, (Vp), where Worf‘i“ (w) is linearly isomorphic to W, and satisfies V=
UMin(w) @ W&“i" (w). Moreover, ®ae7>p U, is linearly isomorphic to ®ae7>p UM (w)
for all w € M. (Vp). In consequence, M (Vp) has a geometric structure modelled on the
Banach space

( X z:(Ua,Wa)) x @) U,

a€Pp a€Pp

which is linearly isomorphic to

( X L‘(Ua,Wo,)> x RXaePp o

a€Pp
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The atlas {U(v), gV}VGmr(YJ)) from Theorem 4.1 is composed by a subset U(v) C M.(Vp)
containing v and a bijection &y from 2/(v) to the open set

( X c(UD,,wa>) x M | Q) Ve |

«€Pp ae€Pp

which is contained in the Banach space

( X L(Ua,wo») x X U .

a€Pp aePp

From Lemma 3.12 in [8], for w € U(v), we have ?.;:v (W) = ((La)aepy, w) if and only if

w=E"(La)eery, W) = [ ) exp(Lo) | (W)

a€Pp

In particular, we have EV (v) = ((Oa)aepp, V), where Oy denotes the zero map in L(Uy, Wy,).

We recall that W”'”D = VDH_”D denotes the tensor Banach space obtained as the com-
pletion of the algebraic tensor space Vp under the norm || - || p. In the case where Vp is
finite dimensional, VDH,”D = Vp. Otherwise, Vp C VDMD. Our next step is, given a fixed
partition Pp of D, to identify the Banach space X ,cp, £(Uy, Wq) with a closed subspace
of the Banach algebra £(V Dyp \% Dyip ). To this end, we need to proceed in the framework
of Section 4 in [8]. First, we recall the definition of injective norm (Definition 4.9 in [8])
stated in the present framework.

Definition 4.2 Let V,, be a Banach space with norm ||-||, for @« € Pp. Then forv € V =
Quepp Yo define [y (vy),ep,) bY

|(Rucpy #a) V)|

vl = su 049, €V, aePpt, 4.2)
V(oaerp) =3P TT  lalls « € Va

where V}, is the continuous dual of V.

Let W and U be closed subspaces of a Banach space X suchthat X = U@ W . From now on,

we will denote by P, the projection onto U along W. Then we have P, = idx — P -
The proof of the next result uses Proposition 2.8, Lemma 4.13 and Lemma 4.14 in [8].
Lemma 4.3 Assume that (Vy, || - |lo) is a normed space for each a € Pp and let || - || p be a
norm on the tensor space Vp = ®a <Pp Vo such that

v (Vaaep,) < D > 4.3)

holds. Let Uy € G,,(Vy) and V“H-Ha = U, & Wy, where VaH_“a is the completion of V4 for
o € Pp. Then for each o € Pp we have

L (Ua, We) ® spanfidiq)} € G (ﬁ(VDu-HD , VDH~HD))

where idja) := @ gepp\ () 14V, - Furthermore,

P £ .. Wo) @ spanidia} € G (E(VDH«HD 8 VD“'”D)) :

aePp
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Proof To prove the lemma, for a fixed @ € Pp, note that idy, = Pyewe T Pwgeu, and
write

idvp,, =idv, ®idia).

Since Uy, is a finite dimensional space, Py, 1s a finite rank projection and hence Py ¢y, ®
idiy) € ‘C(VDMD , VDH,"D). Then by proceeding as in the proof of Lemma 4.13 in [8] we
obtain that

Py, ov, ®1dia) € L(VDy . VD ).
Now, define the linear and bounded map
Pa : ‘C(VDH-IID’VDII-HD) - ’C(VDH-HD’VDH-HD)
as Py (L) = (Py, ey, ®1d[g)) o L o (Py, 4w, ® id[a)). It satisfies Py o Py = Py and
Pa (‘C(VDH.HD ’ VDH‘"D )) = ‘C (UOU WO() ® Span{id[a]}~
Proposition 2.8(b) in [8] implies that £ (Uy, We) ® span{idia)} € G (/L(VDH_HD Vo, )) .
Observe that for «, B € Pp with a # B we have
(L Uy, Wy) @ span{idjeg}) N (£ (U,g, W,g) ® span{idig}) = {0}.
By Lemma 4.14 in [8] we have
P £ U,. Wo) ® spanidis} € G (‘C(VDH«HD s VDH'”D)) :

aePp

This proves the lemma. O

Lemma 4.3 allows to introduce the following linear isomorphism:

A: X LUy, Wo) — @D L (Ua, W) @ spanfidier), (Ladaepy > Y Lo ® idjg).

a€Pp aePp aePp
where id[] := @ pePp\(a) 14V fora € Pp. The next proposition gives us a useful property
of the elements in the image of the map A.

Proposition 4.4 Assume that Pp is a partition of D, (Vy, || - lo) is a normed space for each
o € Ppand || - || p is a norm on the tensor space Vp = @ ,cp, Vo such that (4.3) holds.

Then for each (Ly)aepy € Xgepp L(Uqg, Wy) it holds that

exp(A (La)aery)) = Q) exp(La).

a€Pp
Proof Put L := A ((La)aepD) = Zaepb Ly, ® id[y] and observe that for each « € Pp it
holds
1 1
exp(Ly Qidje)) = ZO E(La ®idy))" = (Xg n!LZ) ®idpg) = exp(Ly) Q@ id[q).
n=l n=

Moreover for o, 8 € Pp and o # B we have

(Ly ®idg)) o (Lg ®idjg) = (Lg ®idjg)) o (Ly ®idjg) = Ly @ Lg ® ( ® idvg) .
5ePp\{e. B}
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Finally, by seing Pp as an ordered set, and by denoting ()f_; A; :== Ajo Ay o---0 A, is
the composition of maps A;, 1 <i < n, we have

exp (L) = @ exp(Ly ®idpy)) = O exp(Ly) ®idjy) = ® exp(Lgy).-

a€Pp a€Pp aePp

Note that since operators exp(Ly) ® id[4] and exp(Lg) ® id(g] commute for any o, 8 € Pp,
the above result is independent of the chosen order on Pp. This proves the proposition. O

To simplify notation, let

Ep, = | @ £ Ua. Wo) ® span(idja)}

a€Pp

Recall that &, is a bijection from U(v) to the open set

( X z(Ua,wa>> x M | Q) Us

«€Pp aePp
Hence the map &, := (A x id) o &, where id : M, (Querp Ua) — M (Ryep, U )
is the identity map, is a bijection from U/(v) to the open set
Ep, x M [ X) Uy
a€Pp
For each w € U(v), we have Ev(w) = ((La)acpp,w) for some (Lg)oecp, €
(X aepy LUy, Wo)) and u € M (@ ep, Ua ). Then, letting L := A((La)acp))
w=&"(Lw=5"(A(Laepy), W
= (A xid) 0 &) (A(Ldaery), W) = & (Lo)aepy, W)
Thus, thanks to Proposition 4.4, we deduce that the equality
w=£"(A(L)aerp) w) = | ) exp(La) | (w) (4.4)
a€Pp
is equivalent to
w=¢&,(L,u) = exp(L)(u), (4.5)

where L = Zae'PD Ly ® id[y) is a Laplacian-like map. In consequence, every tensor in
Tucker format is locally characterised by a full-rank tensor and a Laplacian-like map. To
conclude, we can re-state Theorem 4.1 as follows.

Theorem 4.5 Assume that Pp is a partition of D, (Vy, || - |l«) is a normed space for each
a € Pp and let || - | p be a norm on the tensor space Vp = @ycp Vo such that (4.3)
holds. Then there exists a C*-atlas {U(V), &y }vea,. (v for M(Vp) and hence M. (Vp) is
a C°°-Banach manifold modelled on a Banach space

Ep, x R XwePp e

here Uy € G, ,(Vy) and Vﬂl\»ua = U, ® W,, where VQH,HQ is the completion of V4 for
o € Pp.

@ Springer



2138 A. Falco et al.

Observe that for any partition Pp of D, from Lemma 4.3, the Banach space Ep,, is a
closed linear subspace of the Banach space L(V Dyyp \" Dyip ).
5 The geometry of tree-based tensor format

For a dimension partition tree Tp and for v = (ro)ecr, € AD(Vp, Tp), assume that
FT.(Vp, Tp) is a proper set of tree-based tensors with a fixed tree-based rank v such that

depth(Tp)
FL(Vp.Tp)= (| Mg (Vp. Pe(Th)).
k=1
Assume that (Vy, || - |lo) is @ normed space for each o € Py (Tp) and that || - || p is a norm

on the tensor space Vp = ®aepk(TD) V¢ such that (4.3) holds for 1 < k < depth(Tp).

From Theorem 4.5 we have that for each 1 < k < depth(Tp) the collection A; =
{(Z/{(k) (v), 5\§k))}ve£m,k (Vp.Tp) is a C*-atlas for M, (Vp, Tp) and hence M, (Vp, Tp) is a
C°°-Banach manifold modelled on

@ L (Uy, Wy) ® spanfidq)} | x Rxaepk(r,))ra7
OCE'P}{(TD)

where U, = U(;“i" (v) is a rq-dimensional subspace of V, for each a« € Py (Tp) where
vV e ®ae7>k(Tp) Uy and Wy, is a closed subspace of Vg ~such that V= Uy @ Wy,
where VQH,HQ is the completion of V,, for @ € Px(Tp).

To simplify notation, here we write

E = € £(Ui Wo)® span{idia)
a€Pr(Tp)

for 1 < k < depth(Tp). Next, we characterise the elements in the product set

depth(Tp) depth(Tp) depth(Tp)
N ePuPomn=[ ) E]x| [ 2| & U
k=1 k=1 k=1 aeP(Tp)
Let O := ﬂii’;h(n’) My, (®aePk(TD) Ua> and E := ﬂ]‘:gh(h)) E;. Then we have the

following result.

Lemma 5.1 Let Tp be a dimension partition tree with depth(Tp) > 2, and t = (rg)actp €
AD(Vp, Tp) such that FT.(Vp, Tp) is a proper set of tree-based tensors with a fixed tree-
based rank v. Assume that (Vy, || - ||lo) is @ normed space for each o € Tp \ {D} and
that || - ||p is a norm on the tensor space Vp = Qyep,(r,) Vo such that (4.3) holds for
1 <k < depth(Tp). Then for each v € FI.(Vp, Tp) we have that

depth(7Tp)
(N &PuUPv)=Ex0

k=1

is an open set of the Banach space E x ®56P] ap) Us -
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Proof First we claim that O is an open set in Qscp, (7, Us - To prove the claim, recall

that i, <®aEPk(TD) Uy ) is an open set in the finite dimensional space @scp, (7,,) Us for
1 <k < depth(Tp). By using Remark 3.6 we have

depth(Tp) depth(Tp)
N ®u=N @ uv=-Q uru=- @ u.
k=1 ae€Pr(Tp) k=1 aePr(Tp) 8eP1(Tp) §€P1(Tp)

Now, put £ = depth(Tp) and consider

Orecr =M, | Q) Ua | NN, | Q) Ua
a€Pe(Tp) a€Pe—1(Tp)

which is equal to

O£,£—1= mt( ® U, | N ® Uy mmttg,l ® U, |,

a€Pe(Tp) aePe—1(Tp) a€Pe—1(Tp)

where

M| @ U |n @ U

aePe(Tp) aePe_1(Tp)

is an open setin @,cp, (1) Ve € Qguep, (1)) Ua - Next, let

Ope—2 =01 NMy,_, ® Uy

a€Pe—2(Tp)
= Ol,lfl N ® Uy | N mte—z ® Uo
a€Py—2(Tp) ae€Py—2(Tp)

In a similar way as above, O ¢—> is an open setin @,cp, , (7, Ue - By induction, we prove

that O = Oy,1 isanopensetin Qscp, 7, U, min (v) and the claim follows. To conclude, from
Lemma 4.3, E; is a closed linear space of E(VDH_”D , VD",HD) for 1 < k < depth(Tp). Hence

E = ngth(n)) Ey is alinear closed subspace in the Banach space AC(VDH,HD , VDHqu ). Thus,
E is also a Banach space. Since E x O is an open set in the Banach space E x ®86P1 (1) Us
the lemma follows. O

Given L € E, for each 1 < k < depth(T) there exists a unique

LIYgeprpy € X LUy, Wy)
aePr(Tp)

such that

L=AMLOerap) = ), LY @idy
aePr(Tp)

holds. From (4.5), each (L, u) € E x O satisfies that
ED TN, w) = expL)w) € U (v)
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for 1 < k < depth(Tp). Hence the image of (L, u) by (.év(k))’l is independent on the index
k. Thus (‘;“gk))_1 is a bijection that maps E x O onto a subset W(v) C ﬂ?iplth(TD ) U (v)
containing v for each 1 < k < depth(7Tp). It allows to we define the bijection

&, Wyv) —ExO

by £y(w) = & (exp(L)(w) = (L, w).
Then the following result is straightforward.

Theorem 5.2 Let Tp be a dimension partition tree with depth(Tp) > 2, and v = (ry)acr), €
AD(Vp, Tp) such that FT.(Vp, Tp) is a proper set of tree-based tensors with a fixed tree-
based rank v. Assume that (Vy, || - ||lo) is a normed space for each o € Tp \ {D} and that
Il - IIp is a norm on the tensor space Vp = @ ,cp, (r,) Vo is such that (4.3) holds for
1 <k < depth(Tp). Then the collection

B ={W), E)veFL(Vp.Tp)

is a C*-atlas for FT.(Vp, Tp), and hence FI.(V p, Tp) is a C°°-Banach manifold modelled
on

E x R eer(Tp) e

Here Uy, is ary-dimensional subspace of V, foreacha € Tp\{D} wherev € ®a€Pk(Tn) Uy
for1 <k < depth(Tp) and W, is a closed subspace OfVOtn»ua such that Va"_Ha =U,®W,,
where Vg, is the completion of Vo for a € Tp \ {D}.

5.1 F7I:(Vp, Tp) as embedded sub-manifold of 91, (Vp, P (Tp)) for
1 < k < depth(Tp)

Since FI.(Vp,Tp) C M, (Vp, P(Tp)), for 1 < k < depth(Tp), the natural ambi-
ent space of the manifold F7.(Vp, Tp) is any manifold M, (Vp, Pr(Tp)) for 1 <
k < depth(Tp). In order to prove that F7.(Vp, Tp) is an embedded sub-manifold of
M., (Vp, Pe(Tp)) for 1 < k < depth(Tp), we consider the natural inclusion map
i: FI.(Vp,Tp) — M, (Vp, Pr(Tp)) given by i(v) = v. Then, from Theorem 3.5.7
in [16], we only need to check the following two conditions for each 1 < k < depth(7Tp) :

(C1) The map i should be an immersion. From Proposition 4.1 in [8], it is true when the
linear map

Tyi= (& 0iok&, Y (E,(V) : TyFL(Vp, Tp) — TyM o, (Vp, Pi(Tp))

is injective and Tyi(TyFZ:(Vp, Tp)) € G (TyM ¢ (Vp, Pe(Tp)))
(C2) The map

i: FI.(Vp, Tp) — {(FT:(Vp, Tp))
is a topological homeomorphism.

Since i : FZI.(Vp, Tp) —> i(FZ:(Vp, Tp)) is the identity map then it is clearly an
homeomorphism and (C2) holds. To prove that (C1) is also true, first we claim that the
natural inclusion map i is also written in local coordinates as the natural inclusion map.
Indeed, forv € F7.(Vp, Tp), the open set W(v) C ﬂ?ezplth(m) U® ) c FI.(Vp, Tp) and

hence

i: W) — Z/{(k)(v)
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is the identity map on W(v), that is, i) = idwy). Thus

EPoiokl) ExO—ExM, [ &) U
a€Py(Tp)

is the natural inclusion map and the claim follows. Hence its derivative

Tyi=(EoioklVEM :Ex| & U | —Ex|[ @ U

aeP(Tp) aePr(Tp)

is also the natural inclusion map which is clearly injective.
In consequence, to obtain (C1) we only need to prove that for each v e FZ.(Vp, Tp) the
tangent space

TWFL(Vp. Tp) =Ex Q) Us
aePi(Tp)

belongs to

GlEx @ U |=CE)xG|[ & U

a€Pr(Tp) a€Pr(Tp)

Clearly

® Ua eG ® Uoz s

aeP(Tp) a€Pr(Tp)

because &), cp, (1)) Ue is a finite dimensional vector space. From Lemma 4.3 we have

E eG (E(VDH-MD ’ VD||~HD))

for 1 < k < depth(Tp). The second statement of Lemma 4.14 in [8] implies

depth(Tp)
E= (] EeG (ﬁ(VDH-uD . VDII-HD)) :
k=1

Thus we have the following theorem.

Theorem 5.3 Let Tp be a dimension partition tree over D and v € AD(Vp, Tp) such that
FI.(Vp, Tp) is a proper set of tree-based tensors with a fixed tree-based rank t. Assume
that (Vy, || - lle) is a normed space for each o € Tp \ {D} and let || - ||p be a norm on the
tensor space V p such that (4.3) holds for 1 < k < depth(Tp). Then FI.(Vp, Tp) is an
embedded sub-manifold of M., (Vp, Pr(Tp)) for 1 < k < depth(Tp).

Observe that we can also consider the natural inclusion map i from M., (Vp, Pr(Tp))
to VDII-HD' Under the assumptions of Theorem 5.3, by using Theorem 4.14 of [8], we
have that 9., (Vp, Pr(Tp)) is an immersed sub-manifold of VDH-HD and, for each v €
M., (Vp, Pr(Tp)), the tangent space

Ty Mo, (Vp. Pe(Tp) =Ex x | (X) Ua
OtE'Pk(TD)
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is linearly isomorphic to the linear space Tyi (TyMy, (Vp, Px(Tp))) € G(Vp,, ). More-
OVer,

depth(Tp) depth(Tp)
(1 T (Vo.PuTp)= [ [Exx| & U
k=1 k=1 ae€Pr(Tp)
depth(Tp) depth(Tp)
={ M Efx{ [ & U
k=1 k=1 aePr(Tp)

E x ® U, | = TWFL.(Vp, Tp).

aeP(Tp)
Then, by using that Tyi is injective, we obtain
depth(Tp)
Tvi(TWFI:(Vp, Tp)) = Tyi ﬂ Ty (Vp., Px(Tp))
k=1
depth(Tp)
= () Ti(TyMy(Vp. Pu(Tp)) € G(Vp,, ).

k=1

also by Lemma 4.14 in [8], and it is linearly isomorphic to TyF7Z:(Vp, Tp). Thus, also
FT.(Vp, Tp) is an immersed sub-manifold of V Dyyp- Hence we have the following result.

Corollary 5.4 Let Tp be a dimension partition tree over D and v € AD(Vp, Tp) such that
FI.(Vp, Tp) is a proper set of tree-based tensors with a fixed tree-based rank t. Assume
that (Vy, || - lle) is a normed space for each o € Tp \ {D} and let || - ||p be a norm on the
tensor space V p such that (4.3) holds for 1 < k < depth(Tp). Then FT.(Vp, Tp) is an
immersed sub-manifold of V Dy

5.2 On the Dirac-Frenkel variational principle

To extend Dirac—Frenkel Variational Principle for a proper set of tree-based tensors with a
fixed tree-based rank, we consider the abstract ordinary differential equation in a reflexive

tensor Banach space VDH_"D = WH'HD, given by

u(t) =F(,u()), fort >0, 5.1
u(0) = ug, 5.2)

where we assume ug # Qand F : [0, 0o) x VDH»HD — VDH«HD satisfying the usual conditions
to have existence and uniqueness of solutions. Let Tp be a dimension partition tree over D
and v € AD(Vp, Tp) such that F7.(Vp, Tp) is a proper set of tree-based tensors with a
fixed tree-based rank t. Assume that (Vy, || - [|o) is a normed space for each ¢ € Tp \ {D}
and let || - || p be a norm on the tensor space V p such that (4.3) holds for 1 < k < depth(7p).

We want to approximate u(t), fort € I := (0, T) for some T > 0, by a differentiable
curve t +— Vv, (¢t) from I to FZ.(Vp, Tp), where v € AD(Vp, Tp) (x # 0), such that
v, (0) = vg € FI.(Vp, Tp) is an approximation of ug.
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To construct a reduced order model of (5.1)—(5.2) over the Banach manifold #7.(Vp, Tp)
we consider the natural inclusion map

i: FL(Vp,Tp) — Vp,,, -

Since F7.(Vp, Tp) is an immersed sub-manifold in V Dyp from Theorem 3.5.7 in [16], we
have

Tyi (Tvﬂ:‘(VDa TD)) € G(VDH-HD)'

By using that F(z, v, (7)) € VD\H\D’ for each ¢ € I, together the fact that
2P (v, (1)) == Ty, )i (Tv,(y FI:(Vp. Tp))

is a closed linear subspace in VDMD, we have the existence of a v, (1) € ZP) (v, (¢)) such
that

V() =F(, v,(@)llp= min |[V=F(, v, ()lp- (5.3)
VveZD) (v, (1))

Equation (5.3) extends the variational principle of Dirac—Frenkel to the Banach manifold

FI.(Vp, Tp).
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