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FIXED POINTS UNDER PINNING-PRESERVING
AUTOMORPHISMS OF REDUCTIVE GROUP SCHEMES

PRAMOD N. ACHAR, JOAO LOURENCO, TIMO RICHARZ, AND SIMON RICHE

ABSTRACT. In this paper we determine the scheme-theoretic fixed points of
pinned reductive group schemes acted upon by a group of pinning-preserving
automorphisms. The results are used in a companion paper to establish a
ramified geometric Satake equivalence with integral or modular coefficients.

1. INTRODUCTION

1.1.  In this paper we study some basic properties (e.g. flatness and smoothness) of
the fixed point group scheme for an action of an abstract group on a split reductive
group scheme by pinning preserving automorphisms. Our motivation for such a
study comes from work on a ramified version of the geometric Satake equivalence;
in fact, in the companion paper [ALRR23] we show that such fixed points group
schemes (over the spectrum of the ¢-adic integers Z; or the finite field F, for some
prime number ¢) arise as Tannakian groups for appropriate categories of equivariant
perverse sheaves on affine Grassmannians attached to parahoric groups associated
with special facets of Bruhat—Tits buildings. (An analogous study over Q, was
undertaken by Zhu [Zhul5] and by the third named author [Ric16].) We believe
that our study is of independent interest. It is treated here in greater generality
and in more detail than what is actually needed in [ALRR23].

1.2. Statement. Let S be a nonempty scheme, and consider a pinned reductive
group (G, T, M, R, A, X) over S. In particular, T = Dg(M) is a (split) maximal
torus in G, R is the associated root system, A is a basis of R, and X is a collection of
nonvanishing sections of the root subspaces in Zie(G) attached to simple roots. (In
case S is the spectrum of a field or a principal ideal domain, one can take for G any
reductive group scheme admitting a split maximal torus T'; then M is the lattice of
characters of T, and a pinning X always exists because the weight spaces in Zie(G)
are free over '(S).) We then have a corresponding group Aut(G, T, M, R, A, X) of
automorphisms of G preserving these data (see §3.2 for precise references), which
identifies with the group of automorphisms of the associated root datum. We
consider an abstract group A and an action of A on G defined by a homomorphism
A— Aut(G, T, M, R, A, X).
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the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) TRR 326 Geometry
and Arithmetic of Uniformized Structures, project number 444845124 and funding (T.R.) from
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Our main result is the following (see Theorem 5.1 and Proposition 5.10). In
this statement, M4 denotes the group of coinvariants for the action of A on M
(see §2.2).

Theorem 1.1. (1) The group scheme G4 is flat over S.
(2) The group scheme GAhas geometrically connected fibers over S iff either
My is torsion free or S has exactly one residual characteristic £ > 0 and
the torsion part of M4 is an £-group.
(3) The group scheme G4 is smooth over S iff the following conditions hold:
(a) the order of the torsion subgroup of Ma is prime to all residual char-
acteristics of S;

(b) if |’ has an indecomposable component of type Agy, for some n > 1
whose stabilizer in A acts nontrivially on this component, then 2 is
not a residual characteristic of S.

(4) If S = Spec(k) for some field k, then the reduced neutral component (G4)°_,
s a split reductive group scheme, and if k is an algebraic closure of k one
has

((k@x G)M)fea = k @k (G)fea-

Let us first discuss some previous occurrences of such results in the literature.
Statement (4) was already known. The case when k is algebraically closed and
A is finite and cyclic (and satisfies a condition weaker than preserving a pinning)
was treated by Steinberg [Ste68]; see also [DM94, Théoréme 1.8] for a further
study. A more general version (not requiring G to be split, and also replacing
the existence of a fixed pinning by a weaker condition) is due to Adler-Lansky,
see [AL14, Proposition 3.5]. In case k is algebraically closed and A is finite, the
same statement as ours appears in work of Haines [Hail5]. All of these proofs are
based on [Ste68]. We give a new proof of this statement here, which does not rely
on [Ste68] except for elementary claims on root systems.

The smoothness of G4 (in case S = Spec(Z[%]), G is semisimple and simply-
connected and A is cyclic) is also proved in [DHKM20, Lemma 4.25]; the nons-
moothness in the setting of condition (3b) is mentioned in [DHKM20, Remark 4.26].
In case S = Spec(k) for a field k, and A is finite of cardinality invertible in k (but
does not necessarily fix a pinning), the fact that (G4)° is reductive (in particular,
smooth) is also proved in [PY02, Theorem 2.1].

Let us point out also that if .S is the spectrum of a mixed characteristic discrete
valuation ring and the coinvariants M, of the action of A on M are torsion-free,
then G4 is a quasi-reductive S-group scheme in the sense of Prasad-Yu [PY06]
(see Theorem 5.1(4)). A particularly interesting example is when S = Spec(Zs)
and G = SLay41.7, for some n > 1, with the unique nontrivial action of Z/2Z. In
this case, G — S is nonsmooth by (3), and hence in particular nonreductive.

1.3. Outline of the proof. The main step in the proof of Theorem 1.1 consists of
an analysis of the fixed points of A on the big cell in G attached to our given pinning.
For this we study separately the fixed points on T (which is rather straightforward)
and on the (positive and negative) “maximal unipotent subgroups” U and U~. This
part is more subtle, and requires the construction of an appropriate “extension” of
X to a Chevalley system compatible (in the appropriate sense) with the action of
A. We also analyze the case when S is the spectrum of an algebraically closed field
in great detail in §5.3.
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Let us note that the groups considered in Theorem 1.1 share many standard
properties of reductive group schemes, although they are not reductive in general.
In particular:

e to such a group we attach a root system (and even several root data,
see §6.1);

e in §4.3 we construct certain “twisted SLo-maps” associated with positive
roots in this root system (whose domain is not necessarily SLg g);

e in §6.2 we show that the quotient of the normalizer of T by its centralizer
is (the constant group scheme attached to) a Coxeter group, which identifies
with the Weyl group of the associated root system,;

e in §6.3 we study analogues of parabolic and Levi subgroups in G4.

Here again, in the special case when S is the spectrum of a field, some of these
constructions appear in work of Adler—Lansky and Haines, sometimes under weaker
assumptions; see in particular [AL19, Hail8] for discussions of root data attached
to fixed points.

1.4. Contents. In Section 2 we recall the definition of fixed-point schemes, and
study some first examples. In Section 3 we recall the definition of pinned reductive
group schemes, and some basic results on their structure. In Section 4 we construct
our twisted SLo-maps. In Section 5 we prove Theorem 1.1. Finally, in Section 6 we
prove some complements, some of which will be used in [ALRR23].

1.5. Acknowledgements. We thank J. Adler, B. Conrad, S. Cotner, J. F. Dat
and P. Gille for interesting discussions on the subject of this paper.

2. FIXED POINTS

2.1. Definition. Let S be a scheme, and let A be an abstract group. Recall that if
X — S is an S-scheme, endowed with an action of A by S-scheme automorphisms,
then the functor of A-fixed points X4 is defined as the functor that sends an S-
scheme Y to the set Homg(Y, X)#, where A acts on the set of S-scheme morphisms
Homg (Y, X) via its action on X, and the superscript means fixed points in the usual
sense. (In other words, X4 is the fixed-points sheaf associated with the natural
action of A on the fpqc sheaf on the category of S-schemes represented by X.) If
this functor is representable by a scheme, then this scheme will also be denoted X 4.
It is clear from the definition that this construction is stable under base change;
namely, if S — S is a morphism of schemes then we have an identification of
functors

(2.1) SI XSXA%(S/XSX)A

where on the right-hand side we consider the natural A-action on S’ xg X induced
by the action on X. In particular, if X4 is representable by a scheme, then so
is (9" xg X)?. Tt is also clear that given an open covering S = J,c; Si, the
functor X4 is representable by a scheme if and only if for any 4 the functor (S; x5
X)# is representable by a scheme. (In this case we have an open covering X4 =
User(Si xs X)#.) This construction is functorial in the sense that if f: X — Y is
an A-equivariant morphism of schemes we have a canonical morphism of functors
fA XA YA
The following properties are easily verified from the definitions.
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Lemma 2.1. (1) Let X and Y be S-schemes endowed with actions of A, let
f: X =Y be an A-equivariant monomorphism over S, and let f4 : X4 —
Y4 be the induced morphism. Then the following diagram is cartesian:

A
XAL>YA

L,

X ——Y.

In particular, if Y4 is representable by a scheme then so is X4, and if f
18 an open immersion, resp. a closed immersion, resp. an immersion, then
o fA
so is 4.
(2) Let X and Y be S-schemes endowed with actions of A, and consider the
diagonal action on X XgY. Then we have a canonical identification

(X xs V)4 = XA xgY4

For general results on fixed-point schemes the reader is referred to [Fog71]. Below
we will only consider the case when the morphism X — S is affine. Recall that
under this assumption X4 is always representable by a scheme, and the natural
morphism X4 — X is a closed immersion. Indeed, passing to an open covering we
can assume that S is affine, say S = Spec(k) for some ring k. Then X is also affine,
say X = Spec(R), where R is a k-algebra. The action of A on X corresponds
to an action on R by k-algebra automorphisms. It is easily checked that X4 is
represented by the closed subscheme Spec(R/I) C X, where I C R is the ideal
generated by elements of the form r —a - r for r € R and a € A.

In case X is an affine group scheme over S and A acts by group scheme auto-
morphisms, then of course X4 is a (closed) subgroup scheme of X.

2.2. The case of diagonalizable groups. Let us now study the construction
of §2.1 for certain actions on diagonalizable group schemes. Recall that for any
scheme S and any abelian group M, we have an associated group scheme

Ds(M)

representing the group valued functor ms-Grpsch(M 5, Gm,s) on the category of
S-schemes, see e.g. [DG70b, Exp. VIII, Définition 1.1]. Consider a group A and an
action of A on M by group automorphisms. We deduce an action of A on the group
scheme Dg(M) over S, by group scheme automorphisms. (By [DG70b, Exp. VIII,
Corollaire 1.6], any action of A on Dg(M) by group scheme automorphisms arises
in this way in case M is of finite type and S is connected.) We will denote by M4
the group of coinvariants for this action, i.e. the quotient of M by the subgroup
generated by the elements of the form m — a-m for a € A and m € M.

Lemma 2.2. There exists a canonical isomorphism of group schemes over S
~ A
Ds(MA) — (Ds(M)) .

Proof. The projection M — M 4 is A-equivariant for the trivial action on the right-
hand side; it therefore induces an A-equivariant morphism Dg(M,4) — Dg(M),
which necessarily factors through a morphism Dg(M4) — (Ds(M))#. To prove
that this morphism is an isomorphism we can assume that S = Spec(k) is affine.
Then (Dg(M))? is the spectrum of the quotient R of the group algebra k[M] by
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the ideal generated by the elements of the form z — a -z for a € A and z € k[M].
For any k-algebra R’ we have

Homy,_aig(R, R') = Homy_aig (k[M], R')* = Homgpe (M, (R')*)*
= Homgps (M, (R')*) = Homy g (k[Ma], R')

where k-alg is the category of k-algebras, gps is the category of groups, and in all
cases the A-action is induced in the natural way by the action on M. We deduce
an identification R = k[M 4], which finishes the proof. O

Lemma 2.2 shows that (Dg(M))? is always flat over S. If we assume that
M is of finite type, then by [DGT70b, Exp. VIII, Proposition 2.1(e)] this group
scheme is smooth over S iff the order of the torsion subgroup of M4 is prime to all
residual characteristics of S. Still assuming that M is of finite type, (Dg(M))* is
geometrically connected iff either M4 is torsion free or S has exactly one residual
characteristic £ > 0 and the torsion part of M4 is an ¢-group.

2.3. The case of SLy, ;. Let n > 1, and consider the group scheme SLg,, 11,7 over
Spec(Z). In this subsection, we study the construction of §2.1 for a certain action
of the group A = Z/27Z on SL2,11 7.

2.3.1. Action. Denote by Jo,41 the square matrix of size 2n + 1 whose coefficient
in position (i, 7) is given by:

o 0ifi+j#2n+2;

e 1ifi+j=2n+2 and ¢ is even;

e —1ifi+j=2n+4 2 and 7 is odd.
That is, Jop4+1 has entries (—1,1,—1,...,—1,1,—1) on the anti-diagonal and 0 else,
so J3,41 = id. We then make A = Z/27Z act on SLa, 11,z by having the nontrivial
element act by

M+ Jopy1 - "M oy

2.3.2. The case of SL3. First, let us consider the case n = 1, and denote by Us 7
the subgroup scheme of SL3 7 consisting of upper triangular unipotent matrices.
For any ring R, the action of the nontrivial element of A on Us z(R) is given by

1 =z vy 1 2z zz—y
01 z|—10 1 T
0 0 1 0 0 1

It follows that the fixed-point subscheme (U37Z)Z/ 2Z is the closed subgroup scheme
defined by the equations

rT=2z, TZ—Y=1;
we therefore have

(Ug z)2/ % = Spec(Z[z,y]/(z* — 2y)).
Since 22 — 2y is monic as a polynomial in z, we see that (Usz)%/?% is finite and
flat over Spec(Z[y]) = AL, and hence flat over Z. More generally, for an arbitrary
nonempty scheme S, considering the group scheme
Us,s := S Xspec(z) Us z,

in view of (2.1) we see that

(U3,S)Z/2Z =S X Spec(Z) (U3,Z)Z/2Z
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is flat over S.

We claim that (Us g)%/?% is smooth over S if and only if 2 is not a residual
characteristic of S. Indeed, if 2 is a residual characteristic, and if s € S is such that
the residue field k(s) has characteristic 2, then

Spec(r(s)) xs (Us,s)*/** = Spec(r(s)[x, y] /2°)

is not reduced, and hence not smooth (see [Sta22, Tag 056T)]), so (Us )%/?* — S
is not smooth. To prove the converse implication we can assume that S is affine,
say S = Spec(k). If 2 is not a residual characteristic of S, then it is invertible in k,
so k — k[z,y]/(2® — 2y) is a standard smooth ring map in the sense of [Sta22, Tag
00T6)] (because 3%(332 — 2y) is invertible), and finally (Us 5)%/?# — S is smooth
by [Sta22, Tag 00T7].

If S = Spec(k) is the spectrum of a field, the reduced subscheme (Us )
given by

(2.2) (Usp)i" = {(é 1 1/ 2)} if char(k) £2, {(g18)} if char(k) = 2.
/

Z/2Z .
red 18

00
Over Z[3], the map of group schemes SLy 711 = (SL?’)Z[%})Z 22 given explicitily
by
a? ab %bQ
a b
(c d) — | 2ac ad+bc bd
2c? 2cd d?
induces a closed immersion of group schemes

(23) é- . PGL2,Z[%] — (SL&Z[%])Z/ZZ

(This morphism is induced by the adjoint action of SLQ,Z[%] on its Lie algebra using
the ordered basis (8 _02) , ((1) _01) ,(99).) On the other hand, we will see below that
(SLg,Fg)Z/ 2Z is nonreduced; we have a closed immersion of group schemes

7.)27
red

(24) f : SL27F2 — (SL37]F2)

where the right-hand side is the reduced group scheme associated with (SLs p, )22,

given explicitly by
a 0 b
(“ Z) = {0 10
¢ c 0 d
In fact, the maps (2.3) and (2.4) are isomorphisms as we show in Example 5.9(1).

2.3.3. Some morphisms. Now, let us return to the case of a general n > 1. For
any ring R, let eq, e, ..., e2,41 be the standard basis of the free module R?"H! =
AZ"*Y(R). For any i € {1,...,n}, define an embedding

e] — e,
. 3 2n+1
wi Ay — A by €2 — enti,
ez = (=1)"egpia;

Let M; = spang, {e; : j ¢ {i,n+1,2n+2—i}}. Then R?"*! = image(p;(R))® M;.


https://stacks.math.columbia.edu/tag/056T
https://stacks.math.columbia.edu/tag/00T6
https://stacks.math.columbia.edu/tag/00T6
https://stacks.math.columbia.edu/tag/00T7
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Make SL3 7(R) act on R?"™! by having it act trivially on M;, and by the natural
action on A3 (R) (transported across ¢;). This action defines a closed immersion of
group schemes

(2.5) fin 1 SLgz — SLop41,z-

Explicitly, fi, sends a matrix M = (mys)1<rs<3 in SL3 z(R) to the (2n + 1) x
(2n + 1) matrix whose entry in position (j, k) is given by the following table:

Position Entry Position Entry

(2,1) mi1 2n+2—1i,1) (=) "may
(i,n+1) M2 2n+2—-1i,n+1) (=1)*"mgs
(i,2n 42 —14) (=1)*"mys 2n+2—1i,2n+2—1) mas
(n+1,4) Mo Gof), j&{in+1,2n+2—4i} 1
(n+1,n+1) Mmoo all other entries 0

m+1,2n+2—14) (=1)""mas

One checks by explicit computation that this morphism is equivariant with respect
to the actions of Z/2Z considered above; it therefore restricts to a morphism of
group schemes

(SL3 2)%/?2 — (SLgpt1.2)/%2.

3. PINNED REDUCTIVE GROUP SCHEMES

3.1. Definition. Let S be a nonempty scheme, and let (G, T, M, R, A, X) be a
pinned reductive group scheme over S in the sense of [DG11b, Exp. XXIII, Defini-
tion 1.1]. In concrete terms:

e T is a maximal torus of G, M is a free abelian group of finite rank, and we
are given an isomorphism of S-group schemes T 2 Dg(M);

e R C M is a root system of G with respect to T such that (M,9R) defines
a splitting of G in the sense of [DG11b, Exp. XXII, Définition 1.13];

e A C R is a system of simple roots;

o X = (X, :a€A)isa collection of elements in .Zie(G) such that each X,
is a nowhere vanishing section of the invertible &s-module .Zie(G)®.

The datum of A C R determines a subset of positive roots, which will be denoted
Ry

Let us comment briefly on these data, following [DG11b, Exp. XXII, Proposi-
tion 2.2]. Consider a reductive group scheme G over S with a maximal torus T.
Saying that T is split is the same as saying that there exists a free abelian group
M and an isomorphism T = Dg(M). If S is connected, then M is canonically
determined by T, since it identifies with the group of S-scheme morphisms from T
to Gmﬂ.

Next, we have the functor of roots R of G with respect to T, which is a locally
constant, finite scheme, realized as an open and closed subscheme of the group
scheme Homg g, ,scn(T; Gm,s), see [DG11b, Exp. XIX, Proposition 3.8]. Given a
subset R of the group of morphisms of S-group schemes from T to Gy g, R is a
root system for G with respect to T iff the canonical inclusions of SRg and R into
Homg gypsen (T, Gum,s) induce an isomorphism Rg — R.

We now observe that when G admits a split maximal torus T = Dg(M) and
S is connected, a root system always exists, and is unique. Indeed, the action
of T on Zie(G) determines an M-grading on this Og-module. If ;8 C M is the
set of nonzero weights for this action, for any a € R the corresponding a-weight
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space Zie(G)* is a direct summand in Zie(G), and hence a locally free sheaf.
Since its rank is locally constant (see [Sta22, Tag 01C9]), it has to be constant
(and positive), so « is a root for G by [DG11b, Exp. XIX, Définition 3.2]. In view
of [DG11b, Exp. XIX, Définition 3.2], R is therefore a root system for G with
respect to T.

Let us continue with the assumptions of the previous paragraph. As explained
above, for any a € SR the root subspace Zie(G)® is a locally free &g-module of rank
one, see [DG11b, Exp. XIX, §3.4]. The pair (M,%R) defines a splitting of G with
respect to T in the sense of [DG11b, Exp. XXII, Définition 1.13] iff each .Lie(G)*
is free, which is automatic e.g. if Pic(S) is trivial. Under this assumption, of course
a collection (X, : a € A) of nowhere vanishing sections of the root subgroups
attached to any choice of simple roots exists.

In conclusion, in case S is connected and Pic(S) is trivial (e.g. if S is the spectrum
of a principal ideal domain), the datum of a pinned reductive group scheme over S
is equivalent to the datum of a reductive group with a given split maximal torus,
a system of simple roots, and a collection of nowhere vanishing sections of the
associated simple root subspaces.

FEzample 3.1. Below we will use the standard pinning of the group scheme G =
SLap41,z over Spec(Z) (for n > 1). In this case:

e T is the subgroup of diagonal matrices;

e M is the quotient Z*"*1 /AZ (where AZ is the diagonal copy of Z in Z?"+1);
e R ={lg;—¢] :1#je{l,....,2n+ 1}} (where (e1,...,€2n41) is the
standard basis of Z*"*!, and [)] is the class of an element A € Z?"*! in
M);

A= {[El - 5i+1] 1€ {1,. .. ,277,}};

if @ = [g; — €;41], then X, is the matrix whose unique nonzero coefficient
is 1 in position (7,7 + 1).

3.2. Automorphisms. Let us now come back to the case of a general base scheme
S. From now on in this section we fix a pinned reductive group scheme

(3.1) (G, T,M,R, A X)
over S. We can then consider the group
Awt(G, T,M,R,A X)

of automorphisms f : G — G of G that preserve the given pinning, in the sense
of [DG11b, Exp. XXIII, Définition 1.3]. By definition (see in particular [DG11b,
Exp. XXII, Définition 4.2.1]), any such automorphism f restricts to an automor-
phism of T induced by an automorphism of M,! which preserves 9% and A, and it
permutes the collection X according to its action on A. In fact, as noted in [DG11b,
Exp. XXII, Remarque 4.2.2], f determines an automorphism of the root datum

(M, MY, %,RY)

attached to G, and by [DG11b, Exp. XXIII, Théoreme 4.1] this procedure iden-
tifies Aut(G, T, M, R, A, X) with the group of automorphisms of the root datum

1 As noted in §2.2, in case S is connected, the condition that the restriction to T is induced by
an automorphism of M is automatically satisfied.


https://stacks.math.columbia.edu/tag/01C9
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(M, MY, R, RY) stabilizing the subset A C R. We will say that a group A acts on
G by pinned automorphisms if it acts via a group homomorphism

A = Aut(G, T, M, R, A, X).

In this situation, there is an induced action of A on M preserving R and R,.

3.3. Root subgroups, Borel subgroup, and unipotent subgroup. Recall
that for any root « € R, there is a closed immersion

(3.2) exp,, : Zie(G)" — G

whose image, denoted by U,, is a closed subgroup scheme of G: see [DG11b,
Exp. XXII, Théoreme 1.1].

We endow the subset R C R with some arbitrary order. Then one can consider
the product morphism

where the product on the left-hand side (to be understood as fiber product over
S) is taken with respect to our chosen order on fR;. This morphism is a closed
immersion, and its image U is a subgroup scheme which does not depend on the
choice of order on R, ; see [DG11b, Exp. XXII, §5.5]. The product morphism

Tl><sU*>G

is also a closed immersion, and a homomorphism of group schemes; its image will
be denoted B. On geometric fibers of G — S, B is a Borel subgroup in the usual
sense, and U is its unipotent radical. Similar considerations using the negative
roots —R produce a closed subgroup scheme denoted U~.

3.4. Chevalley systems. Recall that the set X = (X, : @ € A) is indexed by
the simple roots. A Chevalley system is a collection (Y, : a € R) parametrized by
R, where each Y, is again a nowhere vanishing section of Zie(G)®, and where the
entire collection is subject to certain conditions, spelled out in [DG11b, Exp. XXIII,
Définition 6.1]. By [DG11b, Exp. XXIII, Proposition 6.2], a Chevalley system exists.
More specifically, the proof of this proposition shows that there exist Chevalley
systems which satisfy the following additional conditions:

e for any o € A we have X, =Y,;
e for any a € R, the sections Y, and Y_,, are dual to each other with respect
to the pairing of [DG11b, Exp. XX, Corollaire 2.6].

When considering Chevalley systems below we will always tacitly assume (following
e.g. the conventions in [BT84, §3.2.2]) that these additional conditions are satisfied.
In this case, one can use the notation (X, : @ € R) for a Chevalley system, and
this system is determined by the “positive” subset (X, : @ € R).

According to [DG11b, Exp. XXIII, Corollaire 6.5], one consequence of the con-
ditions in the definition is that in a Chevalley system, if o and /3 are roots such
that a + 8 is also a root, then

where r € {1,2,3} is the smallest positive

(3.3) [ Ko Xp] = £7Xars integer such that § — ra is not a root.

Of course, if o+ f is not a root then [X,, Xg] = 0.
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Ezample 3.2. Let us give an example where one can write down (the positive part
of) a Chevalley system explicitly in terms of a pinning (X, : & € A). Assume that
G is of type D4, and number the simple roots as a;, a2, s, ay with (ag, ) = —1
for i € {1,3,4}. There are eight other positive roots. One can easily check that the
following vectors are the positive part of a Chevalley system:

KXaj+az = [XamXOQ] (1= 17273)7 Xastaztay = [[Xa3,Xa2],Xa4],
Xajtastaz = [[XauXazLXas]v Xajtastaztay = [[[XauXaz]aXasLXaﬂ»
Xajtastas = HXQUXCVQLXC!ALL Xay+2astaztay = [[[[XalaXaﬂvXas}»Xaz;]»Xaz]-

Once a Chevalley system (X, : « € Ry ) as above is fixed, for any o € R there
exists a unique morphism of S-group schemes

(3.4) Yo 8L s = G

which satisfies
1 a 1 0
SOOt (0 1) - eXpoc(aXOl)7 L)OOZ (a 1) - eXp—a(a’X—a)

for any a € G, g, see [DG11b, Exp. XX, Corollaire 2.6]. In this case we automati-

cally have
a 0Y v
oo 1) =ov@

0 1
Mo =%a|_1 ¢

(This section coincides with the section denoted wq (X4 ) in [DG11b, Exp. XXIII,
Définition 6.1].)

for any a € Gy, 5. We set

3.5. Reduction to simply connected quasi-simple groups. We will say that
a pinned reductive group scheme (G, T, M, R, A, X) is quasi-simple and simply
connected if JR is indecomposable and SRV generates MY (or, in other words, if
G5 is quasi-simple and simply connected in the usual sense of semisimple algebraic
groups for any geometric point 5 of S). For some constructions below, we will
reduce the problem to this case (or to products of such groups) as follows.

The root datum of our group G with respect to T is (M, MY R, RY). We set
M. := Homgz(ZR",Z), and M., := ZR". We have natural (dual) maps My, — MY
and M — M. The latter morphism is injective on the subset R, which can
therefore also be regarded as a subset of M.. We then have a morphism of root
data

(Mg, MY, R, RY) — (M, MY, R, RY)
in the sense of [DG11b, Exp. XXI, Définition 6.1.1]. If we denote by
(GSC7 Tsc; Msca m7 A7 Xsc)

the pinned reductive group scheme over S with root datum (Ms., M,
this morphism corresponds to a morphism of pinned groups

Gy — G.

Moreover, for any geometric point 5 of .S, this morphism identifies (Gsc)s with the
simply connected cover of the derived subgroup of Gsz. The roots of G and Gy
are the same, and our morphism Gg. — G restricts to an isomorphism on root
subgroups with the same label, identifying the given pinnings.

R, RY), then
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One can make Gg. more concrete as follows. Consider the decomposition

%= %R

i€l

of R as a direct sum of indecomposable constituents. This determines a direct-sum

decomposition
Msc = @ Msc,iy
iel
and hence a product decomposition (where the product is fiber product over S)

(3.5) Gy = [ Gec.i
icl
where Gg; is the pinned reductive group scheme over S with root datum

(Msc,ia (Msc,i)va miv m;/)

4. EQUIVALENCE CLASSES OF ROOTS AND TWISTED SLo-MAPS

4.1. An equivalence relation on roots. In this subsection we consider an arbi-
trary reduced root system fR in a real vector space V', and a basis A C R of R. We
assume we are given a group A and an action of A on V preserving R and A. We
will denote by PR, the system of positive roots determined by A. (This subset is
also preserved by A.) Let us consider the equivalence relation ~ on R defined as
follows:

(4.1) a~pg if Z ~ and Z 0 are scalar multiples of one another.
YEA-« SEA-B

(Here we mean scalar multiples in the real vector space V. This relation of course
depends on the group A and its action on R, although it does not appear in the
notation.)

First, assume that fR is indecomposable. In this case this equivalence relation
is studied in [Ste68], and this analysis (based on a case-by-case verification) shows
that each equivalence class E for ~ is of one of the following two forms.

(i) E is a single A-orbit, and if «, 5 € FE then a + § is not a root.
(ii) F is of the form {o,a-a,a+a-a} for some a € A and « € R; in this case,
{a,a - a} is an A-orbit, and o + a - « is fixed by A.
In more detail, if the image of A in the automorphism group of the Dynkin diagram
of R is a cyclic group, then this statement is [Ste68, Claim (2’) in the proof of
Theorem 8.2]. The only case not covered is that in which 2R is of type D4, and the
image of A is the full automorphism group (which is the symmetric group &3). In
that case, a direct calculation shows that there are six equivalence classes for ~,
each of type (i).
As explained in [Ste68], equivalence classes of type (ii) occur if and only if R
is of type A, and A acts nontrivially. More explicitly, if we choose a labeling
aq,...,qz, of the simple roots such that (a;,«Y) = —1 if [j — 4| = 1, then the

J
equivalence classes of type (ii) are the sets of the form

(4.2) {oi+-+oapn, opp1 4+ ampi—i, o+ + oot
withi € {1,....n}.



12 PRAMOD N. ACHAR, JOAO LOURENCO, TIMO RICHARZ, AND SIMON RICHE

Now we consider the general case. Write

(4.3) "= |

iel
for the decomposition of R as a direct sum of its indecomposable constituents.
Given a € A and ¢ € I there exists a unique o(a)(i) € I such that a(R;) = Ry (0)(),
and this operation defines a group homomorphism

(4.4) oc:A— 6.

For any ¢ € I, we denote by V; C V the subspace spanned by R;, by 4, = {a € A |
o(a)(i) =i} the stabilizer of the component RR;, and by ~; the equivalence relation
defined as above for the action of A; on the root system fA;.

Lemma 4.1. If a,8 € Ry, we have a ~ B if and only if there exist a € A and
i € I such that a -« and B both belong to R;, and moreover (a - a) ~; B.

Proof. Let us write i <+ j if ¢ and j belong to the same orbit of the action of A
on I via o. In this case, fix an element a; ; € A such that a; ;(?R;) = R;. Then if
a € Ry, the projection of ) ., a-a to V; along the decomposition V' = @, V;, is
@i i+ (Daea, a- @) if i < j, and zero otherwise. The claim easily follows. O

This lemma and the analysis of the indecomposable case above show that, in
general, each equivalence class E for ~ is of one of the following two forms.
(i) E is a single A-orbit, and if o, 8 € A then o+ 8 is not a root.
(ii") M contains an indecomposable constituent R’ of type Ag, whose stabilizer
A’ acts nontrivially on this constituent, and

E= |_| a-F'

acA/A’

where E’ is a subset of the form (4.2) in the given indecomposable con-
stituent of fR.
We will say that a positive root S is special if it belongs to an equivalence class
E of type (ii') and is a sum of two roots which belong to E. In other words, if
E is an equivalence class of type (ii’) and E’ is as above, then E’ is of the form
{a,a-a,a+a-a} for some a € R’ and a € A’; the special roots in E are those of
the form b- (o + a - &) for some b € A. In this situation, E is the union of exactly
two A-orbits, one consisting of special roots, and the other of nonspecial roots.

Remark 4.2. Note that each equivalence class E for ~ is “closed under positive
combinations” in the following sense: if o, 3 € E are distinct and ¢,j € Z>; are
such that ia + jB € R, then in fact ia 4+ j8 € E. If E is of type (ii’), then this
claim is clear from the explicit description above. If E is of type (i'), we use the
fact that if ¢, 8 are positive roots such that o+ 8 ¢ R, then there are no i,j € Z>1
and such that ia + j8 € M. (In fact, since neither o + 8 nor a — 8 are roots
we have (8, a")=0 by [Bou02, Chap. VI, Corollary to Theorem 1]. If we assume
for a contradiction that there exists a root of the form i 4+ j8 with 7,5 > 1, and
choose these coefficients such that i+ is minimal, then since {(ia+7j3,a") = 2i > 0,
by [Bou02, Chap. VI, Corollary to Theorem 1] (i — 1)+ is a root. By minimality
we must have ¢ = 1, so that j§ is a root. Since PR is reduced this forces j = 1,
which provides a contradiction since a + § is not a root.)

In §5.3 we will use the following fact.
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Lemma 4.3. Let (a1,...,q.) be representatives for the equivalence classes for
~, and let (@1,...,a,) be their images in the coinvariants V4. Then each ; is
nonzero, and the lines (R-aq,...,R-a,) in Vg are pairwise distinct.

Proof. The proof can be easily reduced to the case R is irreducible. In this case,
the claim can be checked case-by-case by inspecting the description of roots in each
type (see e.g. [Bou02]), and the various possibilities for the action of A. O

4.2. Chevalley—Steinberg systems. From now on in this section we fix a pinned
reductive group scheme (3.1) over S as in §3.1 (without any special assumption on
S), endowed with an action of a group A by pinned automorphisms (see §3.2).
Below we will need to consider Chevalley systems which afford some compatibility
property with our given action of A. (Such systems are called Chevalley—Steinberg
systems in [Lan96, Definition 4.3] or [Loul9, Définition 2.1.4].) The statement of
this property involves the equivalence relation ~ on Ry from §4.1 for the given
action of A on R, seen as a root system in the subspace it generates in R @z M.

Proposition 4.4. There exists a Chevalley system (X, : a € R) such that
(45) a~Xg :Xa.ﬁ
for all a € A and all nonspecial B € R

Proof. First, assume that R is indecomposable. In this case, the statement is
essentially proved in [Lan96, Proposition 4.4]. Let us give a brief outline of the
argument, for the reader’s convenience. The basic observation is that making sign
changes in a Chevalley system on vectors associated with nonsimple positive roots
(and the corresponding changes for the opposite roots) produces a new Chevalley
system.

We can of course replace A by its image in Aut(G, T, M, R, A, X). Since G
is quasi-simple, the group Aut(G, T, M, R, A, X) is the automorphism group of a
connected Dynkin diagram, and therefore has order 1, 2, or 6 (the last possibility
occurring only in type Dy, where the group is &3). The subgroup A thus is cyclic
of order 1, 2, 3, or A = G3. One can then make sign changes on some elements
Xo (@ € Ry) to ensure that the desired condition holds, by considering the various
orbits A - of nonspecial roots as follows (see [Lan96, Proposition 4.4] for details).

e If A is cyclic (i.e., of order 1, 2, or 3) and the stabilizer in A of 8 has odd
order (either 1 or 3), then one can ensure that a - X, = X,. foralla € A
andvye A- Q.

e Assume now that A has order 2 and the stabilizer of 3 is all of A (so that
A - B ={B}). Denote by a the unique nontrivial element in A. Since 3 is
not special, it is not of the form + + a - v for some v € ;. Then a brief
calculation using root system combinatorics shows that a- X3 = X3 for any
ac A

e When A has order 6, the argument in [Lan96, Proposition 4.4] does not seem
to be quite complete. In this case, G has type D4, and all equivalence classes
for ~ are of type (i). Applying a to each of the equations in Example 3.2
one sees that this Chevalley system satisfies

a-Xg=Xqp for all a € A.

(In fact, it is enough to check this for a belonging to some set of generators
of the group A = &3.)
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Now, let us explain how to treat the general case. Using the construction of §3.5
one can assume that G is a product of quasi-simple simply connected groups. (In
fact, if Gy is as in §3.5, the root subgroups and the notion of Chevalley system
coincide for G4 and G.) In this case, associated with the decomposition (4.3) is

the decomposition
G=]]G:

iel

Recall also the action of A on I given by o, see (4.4), and choose a subset J C I
of representatives for the A-orbits. For any j € J, we also denote by A; C A the
stabilizer of j, and choose representatives af, ..., a’ ) for the quotient A/A;. We
then have a bijection

L9 < {1,....r(i)} B R

jed
given by (a, k) — ai -« if o € Ry, which restricts to a bijection between nonspecial
roots on each side. We choose a Chevalley system as in the proposition for each
G; (j € J), and then set

X

a; "«

i = ai . Xa
if o € M;. It is easily checked that this procedure produces a Chevalley system

with the required property. ([

Remark 4.5. In Proposition 4.4 we have specified only what happens for nonspecial
roots. In fact, as soon as special roots exist, there does not exist any Chevalley
system which satisfies (4.5) for all @ € A and « € R8. More precisely, this equality
sometimes fails by a sign when § is special. (It is instructive to work out this failure
in the example of the action of Z/27Z on SLj 7z considered in §2.3.2.). It is possible
to specify these signs explicitly, but this require some choices. Since this will not
be necessary below, we omit the details.

4.3. Twisted SLy-maps. From now on we fix a Chevalley system (X, : « € R) as
in Proposition 4.4. Our goal in the rest of this section is to explain the construction
of analogues of the maps (3.4) for the group G4. More specifically, these maps will
be attached to equivalence classes for ~. In case E is of type (i’), it will be given
by a group scheme morphism

1E SLQ,S — GA.
In case F is of type (ii’), it will be given by a group scheme morphism
g (SLS’S)Z/QZ — GA,

where the action on the left-hand side is that considered in §2.3.2. For orbits of type
(i') the construction is uniform, but depends on the choice of Chevalley system. For
orbits of type (ii’) the construction is more ad hoc.

4.3.1. Equivalence classes of type (7). We start with the easier case when F is an
equivalence class of type (i'). (In particular, this class consists of nonspecial roots.)
For any o € E we have a morphism ¢, as in (3.4). Moreover, if a € A and « € E,
since a - X4 = Xg.o, by uniqueness we have

a0 Py = Pa-«

(where by abuse we denote by a the action of a on G). By the comments in Re-
mark 4.2, if o, o’ € F are distinct then no positive combination of o and ¢« is a root,
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which implies that U, and U, commute by the commutation relations [DG11b,
Exp. XXII, Corollaire 5.5.2]. As a consequence, the map

Vg = Hgoa: HSLQ,SHG
acl ackE
is a morphism of group schemes, which is moreover A-equivariant where A acts on
the left-hand side by permuting the factors (according to the action on E). Passing
to A-fixed points and using the fact that

A
(H SLQ,S> = SLy.s,

aclE
we obtain the desired morphism ug.

An important property of this morphism, which will be used below, is the fol-
lowing. The considerations above show that we have a natural closed immersion of
group schemes

H U, — G.

aEE
(Because the U,’s appearing here commute with one another, we do not need to
specify an order on E.) The image of this morphism is stable under the action of
A, and will be denoted Ug. If we denote by Uy g the subgroup of SLy g of upper
triangular unipotent matrices, then g restricts to an isomorphism

(4.6) Uzs = (Up)™.

Moreover, we have
a 0
i o5 2) - T

4.3.2. Equivalence classes of type (i ). Now, let us fix an equivalence class F of
type (ii’). In this case, we use the considerations of §3.5 to reduce the construction
to the case where G is a product of quasi-simple simply connected groups. Namely,
consider the group Gg. constructed in §3.5. The action of A on G induces an
action on its root datum, which in turn provides an action on the root datum of
Gy, and finally an action on Gy by pinned group automorphisms. For this action,
the morphism Gg. — G is A-equivariant, and hence restricts to a group scheme
morphism (Gg)? — G#. The roots associated with these two group schemes
coincide, as does the equivalence relations on 34 determined by the actions of A
(see §4.1) and the notions of orbits of type (i’) or (ii’). It therefore suffices to
construct our morphism for the group Gy

Recall next the decomposition (3.5) and the action of A on I determined by (4.4).
If we decompose I into its orbits for this action:

I=|]1
jed
and set GI, = [],. 1, Gsc,i, then each G/, is stable under the action of A, and
moreover by Lemma 2.1(2) we have

(GSC)A = H(ch)A-
s

We can (and will) therefore assume that the action of A on [ is transitive.



16 PRAMOD N. ACHAR, JOAO LOURENCO, TIMO RICHARZ, AND SIMON RICHE

In this case, all constituents $R; have the same type. Since we are interested in
equivalence classes of type (ii’), it suffices to consider the case when this type is
A, for some n > 1. We can also assume that the stabilizer in A of each component
acts nontrivially on this component. For any i € I, the intersection A N R; is
a basis of R;. Let us fix an identification of R; and its basis A; with the root
system of SLa, 11 and its basis from Example 3.1. (There exist exactly two such
identifications; we choose one of them.) This determines an identification of pinned
reductive group schemes

Gsc,’i = SL27L+1 S

(where the pinning on the right-hand side is as in Example 3.1). Taking these
identifications together we obtain an identification

Gsc = (SL2n+1,S) XSI~

The group of pinned automorphisms of (SLa,11.5)*5T is (Z/2Z)*1 x & ; our
given action of A is therefore determined by a “lift” of (4.4) to a group homomor-
phism & : A — (Z/2Z)*! x &;. There exists k € {1,...,n} such that our given
equivalence class F of type (ii’) is the union of the subsets

{Olk+"'+an7 QOpt1+ -+ Qoapy1—k, Oék+"'+a2n+17k}

in the root system of each copy of SLa,11,5. One can then consider the morphism

(fren) 5T (SLa g)*st — (SLany1,5) ™57,

see (2.5). This morphism is equivariant with respect to the actions of (Z/2Z)*! x &
on each side, so it induces a morphism

2/22)* ' x& Z/27)* 1 &
((SLS,S)XSI)( /22)" " xS N ((SL2n+1,S)XSI)( /22)" " xS
between fixed points. Here the left-hand side identifies with (SL37S)Z/ 2Z  and our
given morphism ¢ determines a morphism

Z/22)*'x&
((SL2n+1,S)XSI)( /2 ) Hor — (GSC)A.
This construction therefore provides the desired morphism
15 1 (SLy,5)%/ %" = (Gee)™.

Remark 4.6. In the construction above we have chosen an identification of each
R; with the root system of type As,. Changing these identifications amounts to
composing the identification Gy, = (SL2n+1’S)XSI with the action of a certain
element of (Z/2Z)*!. This change will lead to a different morphism (SL3 g)*s —
G, but it will not affect its restriction (SL3 5)%/?4 — (Gge). In other words, the
morphism 25 does not depend on these choices.

The morphism we have constructed here again has a property similar to that
explained at the end of §4.3.1. Namely, choosing any order on E we can consider
the product morphism

I] Ua—G.

acl
This morphism is a closed immersion, and its image is a subgroup scheme which
does not depend on the choice of order; it will be denoted Ug. In particular, this
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image is stable under the action of A. Recall the subgroup scheme Us g of SL3 g
considered in §2.3.2. Then the morphism g restricts to an isomorphism

(4.8) (Us,9)2/%% = (Ug)™.

To check this claim, one can e.g. use the following fact.

Lemma 4.7. Let H be a pinned reductive group scheme over S which is a quasi-
simple simply connected group, and assume given a finite set I and an action of a
group A on H*sT by pinned automorphisms. As in (4.4) this determines an action

of A on I. If this action is transitive, then, for any i € I, projection onto the
component parametrized by i induces an isomorphism of group schemes

(H*sT)" 2 |
where A; is the stabilizer of i in A.

Proof. The inverse isomorphism is constructed as follows. By assumption the action
of A on I induces a bijection A/A; = I. Choose, for any j € I, an element a; € A
such that o(a;)(i) = j. Then the action of a; on H*s! identifies the copy of H
indexed by 7 with that indexed by j. It is easily checked that the assignment

he [](a; - h)

. . A . L .
induces a morphism H4 — (HXSI ) which is inverse to the morphism of the
statement. (]

Finally, we have a counterpart of (4.7):
0
0

a 0
(4.9) e |01 =[] .
0 0 ot a€EE
« special

5. FLATNESS AND SMOOTHNESS

5.1. Statement. We continue with our pinned reductive group scheme (3.1) over
S, and our group A which acts on G by pinned automorphisms. Let M4 denote
the coinvariants for the induced action of A on M (see §2.2). Recall also that A
acts on R, and permutes its indecomposable components.

The following statement is the main result of this paper.

Theorem 5.1. (1) The group scheme G4 is flat over S.

(2) The group scheme G4 has geometrically connected fibers over S iff either
My is torsion-free or S has exactly one residual characteristic £ > 0 and
the torsion subgroup of M4 is an £-group.

(3) The group scheme G4 is smooth over S iff the following conditions hold:

e the order of the torsion subgroup of M4 is coprime to all residual
characteristics of S;

e if |} has an indecomposable component of type Agy for some n > 1
whose stabilizer in A acts nontrivially on this component, then 2 is
not a residual characteristic of S.

(4) If S is the spectrum of a mized characteristic DVR and M4 is torsion-
free, then G4 is a quasi-reductive S-group scheme in the sense of Prasad—

Yu [PY06].
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5.2. Fixed points in the big cell. The main step in our proof of Theorem 5.1 will
be the study of the fixed points of A on the “big cell” in G. Recall the subgroups
U, U™ introduced in §3.3. For any o € R and a € A, the action of a on G induces
an isomorphism
U, = Ugq.
By the independence of U on the choice of order on Ry, this implies that this
subgroup is stable under the action of A. Similar comments apply to U~.
By [DG11b, Exp. XXII, Proposition 4.1.2], the multiplication morphism

U xsTxsgU—-G

is an open immersion. Its image (called the big cell) is denoted C C G. This open
subscheme is stable under the action of A, and using Lemma 2.1(2) we see that
multiplication induces an isomorphism

(5.1) (U4 xs T4 xg U4 = CA.
Moreover, by Lemma 2.1(1) the morphism C# — G# induced by the open immer-
sion C — G is itself an open immersion.

Lemma 5.2. (1) The scheme T4 is flat over S. It is smooth over S iff the
order of the torsion subgroup of M s is prime to all residual characteristics
of S.

(2) The scheme U4 is flat over S. It is smooth over S iff it satisfies the
following condition: if R has an indecomposable component of type As,, for
some n > 1 whose stabilizer in A acts nontrivially on this component, then
2 14s invertible on S.

(3) The scheme CA is flat over S. It is smooth over S iff the conditions in
Theorem 5.1(3) hold.

Proof. (1) This follows from the discussion in §2.2.

(2) Consider the equivalence relation ~ on the set of positive roots %Ry that
was defined in §4.1 (for the given action of A on R). In §4.3, we have associated
to each equivalence class E for ~ a subgroup scheme Ugp C G. After choosing a
numbering E4, ..., B, of these equivalence classes, the product morphism induces
an isomorphism

I.IE1 Xg++Xg UEn l> U.
Using Lemma 2.1(1) we deduce that multiplication induces an isomorphism

(5.2) (Up)? xg--- x5 (Ug,)* = UA

Here, the factors are described in (4.6) or (4.8).

This shows that U4 is a product of factors which are either isomorphic to G..s
or to (Usz 5)%/?%; moreover, this second case occurs iff 9t has an indecomposable
component of type As, for some n > 1 whose stabilizer in A acts nontrivially on
this factor. Each of these factors is flat over S (see §2.3.2 for the second case)
so U4 is flat. If 2 is not a residual characteristic of S or if no factor (Us g)%/?%
occurs then all of these factors are smooth over S (see again §2.3.2), so that U# is
also smooth over S. On the other hand, if 2 is a residual characteristic of S and
a factor (U37S)Z/2Z occurs, then as in §2.3.2 one sees that there exists s € S such
that Spec(k(s)) x5 U4 is not reduced, so that U4 is not smooth over S.

(3) The conclusion of (2) of course also applies to (U™)#4. Using (5.1) we deduce
that C4 is flat over S. If the conditions of Theorem 5.1(3) hold, then by (1) and (2)
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each of T4, U4 and (U~)4 is smooth over S, so that C4 is smooth over S by (5.1).
Conversely, if one of these conditions fails, then as in (2) one sees that there exists
s € S such that Spec(r(s)) xg C4 is not reduced, so that C# is not smooth over
S. O

Ezample 5.3. If G is semisimple and either simply connected or of adjoint type,
then M4 is free since M admits a basis permuted by A. (In the first case one can
take the basis of fundamental weights, and in the second case the basis of simple
roots.) Hence in these cases T4 is a torus.

5.3. The case of algebraically closed fields. In this subsection we assume that
S = Spec(k) is the spectrum of an algebraically closed field k. Below we prove
in particular in this case that the reduced neutral component (GA)fed is a split
reductive group. As explained in the introduction this case was already treated by
Adler-Lansky and Haines, but for the reader’s convenience we give a self-contained
argument. We simultaneously establish a number of facts about the structure
theory of this reductive group, listed in Proposition 5.4 below, which will be useful
for the further study in Section 6.

In this statement, we denote by N the normalizer of T in G, and by W the Weyl
group of (G, T), i.e. the quotient N/T. (As explained in [DG70b, Exp. XII, §2],
N is a smooth subgroup scheme of G, and W is a finite constant group scheme,
see also [Conl4, Proposition 5.1.6]. For simplicity, we will not distinguish W from
W (k).) Since A stabilizes T, it also stabilizes N, and this action induces an action
on W.

Proposition 5.4. The following assertions hold:

(1) (GA)°,, is a connected reductive group;

(2) (TA)°,y C (GA)°,y is a mazimal torus, and (BA)° , is a Borel subgroup;

(3) the positive roots of ((GA)°.y, (T4)°,) determined by (B4) , are in nat-
ural bijection with the equivalence classes for the equivalence relation ~ on
Ry (see (4.1));

(4) for any equivalence class E, seen as a positive oot for ((G4)S. 4, (T4)°,),
the corresponding root subgroup of (G*)°_, is (Ug)™)red;

(5) the natural maps provide bijections

N4 (k) /T (k) = W = B4 (k)\G* (k) /B* (k);

(6) the open subscheme C4 C G4 is dense;
(7) the embedding T* — G# induces an isomorphism between the groups of
connected components of these group schemes;
(8) the Weyl group of (G4)°., with respect to (T4)°, identifies canonically
with WA,
Proof. Let K be the unipotent radical of (G#)°_ 4, and set R := (G#)° /K which
is a connected reductive group over k. Let ¢ : (GA)de — R be the quotient map.
Step 1. The restriction of q¢ to a map (T4)°., — R is a closed immersion.
In particular, R contains a torus of dimension dim(T#). This follows from the
observation that the subgroup (T#)°.; = Dx(Ma/(Ma)tor) is a torus. It therefore
has trivial intersection with the unipotent group K.
Step 2. For each equivalence class E, there is a map

©PE SLQ’]k — GA
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whose restriction to the subgroup Uy C SLoy of upper triangular unipotent matri-
ces induces an isomorphism

Uz = (Up)ig.
If E is of type (I'), set g = 1p. We have seen in (4.6) that this map behaves as
desired on Usj. (In this case, the scheme (Ug)# is already reduced.) If E is of
type (ii’), consider the sequences of maps

Uy < SLog — PGLoy =2 (SLyy)®/%2 2 GA if char(k) # 2;
Usi = SLoy 22 (SLyp)2/22 225 g4 if char(k) = 2.

We have seen in (4.8) that ¢ restricts to an isomorphism (Us x)%/22 =5 (Ug)4, so

the claim follows from the observation that either (2.3) or (2.4) (depending on the

characteristic of k) induces an isomorphism Us = (Ug,k)rze/ dQ . (Recall that the

scheme (U x)%/?% is reduced if and only if char(k) # 2.)
Step 3. The map vy : Gk — G4 given by

a 0
b =ve(p )

is a nontrivial cocharacter of (T4)°,,. The fact that v} factors through (T4)°
follows from the fact that Gy, is reduced and connected. To check that v} is
nonzero, we simply remark that in MV, by (4.7) and (4.9) (combined with (2.3)
and (2.4) in the latter case), we have

Yoacr @’ if E is of type (i'),

VE= 32D ek, aspecial @ if B is of type (ii") and char(k) # 2,

> ack. aspecial @ if E is of type (ii') and char(k) = 2.
For future reference, we rewrite this formula as follows, using the observation that
in type (ii’), the sum of all nonspecial roots is equal to the sum of all special roots:

Yoner @’ if E is of type (i'),
(5.3) 5= or if E is of type (ii’) and char(k) # 2,
> ocE, o special @ if E is of type (ii’) and char(k) = 2.

Step 4. For each equivalence class E, let ag be the weight by which the torus
(T4)°., acts on ZLie((Ug)4,). Then each ag is nonzero. Since Lie((Ug)4,) is
a subspace of Zie(Ug), it is enough to check that (T#)2 , has no nonzero fixed
vectors in Zie(Ug). Consider the cocharacter v}, from Step 3. The claim follows
from the fact that («,v)) > 0 for all @« € E. More precisely, a straightforward
computation (by reducing to the quasi-simple case) shows that

(a,y5) =2 foralla € E if F is of type (i),

1 if @ € E is nonspecial and char(k) = 2,
2 if a € F is nonspecial and char(k) # 2,
2 if a € E is special and char(k) = 2,
4 if o € F is special and char(k) # 2,

and E is of type (ii’).

Step 5. For each equivalence class E for ~, the morphism (UE)éd — R obtained
by restricting q is finite, with kernel the r-th infinitesimal neighborhood of the unit
for some r > 1. The kernel of the morphism under consideration is a subgroup



PINNED FIXED POINTS OF REDUCTIVE GROUPS 21

scheme of (Ug)A, = G, , which is stable under the action of (T“)_, by conjuga-
tion; if it is not an infinitesimal neighborhood of the unit then it is all of (Ug)4,.
By Step 2, it follows that the composition

Uz < SLok =5 (T4)5q C (GY)oeg = R

is trivial. The kernel of SLyj — R is therefore a normal subgroup scheme of
SLyx that contains Usy. The only such subgroup is all of SLyyk: so the map
SLox — R is trivial. But Steps 1 and 3 together imply that this map is nontrivial
on {(& %)} C SLay, a contradiction.

Step 6. If By and Ey are distinct equivalence classes, then ag, and &g, are
linearly independent. Consider the morphism Gg. — G as in §3.5, and the maximal
torus Ty, of Gg.. As explained in Example 5.3, (TSC)A is reduced and connected.
The morphism G, — G induces a morphism (Tg.)? — (T#)°_;, hence a morphism
relating characters of these tori. Explicitly, we have

(TSC)A = Dk((MSC)A)v (TA)?cd = Dk(MA/(MA)tor)

where M. is as in §3.5, i.e. M. is the lattice of weights of the root system R, and
this morphism is given by the obvious morphism

MA/(MA)tor — (MSC)A'
The desired claim therefore follows from Lemma 4.3, using the embedding (Mg.)a —
R ®z (Msc)A = (R Q7 Msc)A~
Step 7. Proof of parts (1), (2), (3), and (4). All four of these assertions will
follow from the fact that ¢ : (GA)]fed — R is an isomorphism. To prove this fact,
it is enough to show the equality

dim((G*)2.q) = dim(R).

It is obvious that dim((G#)°,) > dim(R); we need only prove the opposite in-
equality. Let N be the number of equivalence classes for ~. The analysis of C4
in §5.2 shows that dim((G#)%,,) = dim((T#)°,4) + 2N. On the other hand, using
Steps 1, 5, and 6 and considering the action of (TA)fed on the Lie algebra of R we
see that dim(R) > dim((T#)%,4) + 2N, so we are done.

Step 8. The natural morphism

(5.4) NA(k) - W4

is surjective. By [Hée91, Corollaire 3.5], W4 admits a system of Coxeter generators
in bijection with orbits of A in A. For any such orbit the construction of §4.3

provides a twisted SLy-map with domain either SLgy or (SL3’k)Z/2Z. In the first,

. . 00 1 )
resp. second, case, the image of the matrix (_01 (1)), resp. ((1J —01 8)’ provides a

representative of the corresponding reflection in W4,
Step 9. Study of the Bruhat decomposition. Recall the Bruhat decomposition

G= || UuB= || BuB,
weW weW
where each UwB = BwB is a locally closed subscheme of G. For any a € A, the
action of a induces an isomorphism
UwB = U(a-w)B = B(a - w)B;

it follows that G4 N (UwB) = G N (BwB) is empty unless w € W4, so that
we have a decomposition G* = | |, cwa(UwB)#. By surjectivity of (5.4) each
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w € W4 admits a lift 1w € N4 (k). Using such a lift and the usual description
of Bruhat cells (see e.g. [Jan03, Equation (1) in §I1.13.2]) we deduce that for any
w € W4 we have

(UwB)* = U4AwB* = BAwB~.
We conclude that there is a decomposition

(5.5) G'= || v*iB*= || BB
weWA weEWA
Let us now note that for w € W4 and E an equivalence class for ~, we either have
w(F) C Ry or w(E) C —R4. In the latter case, we write w(FE) < 0. Using (5.2),
we obtain

(5.6) (UwB)* = 11 (Up)? | wBA.
E equiv. class for ~
w (E)<0
It then follows that
dim(UAwBA) = #{E € R,/ ~) | w™ (E) < 0} + dim(B*).

Step 10. Proof of (5). The first bijection follows from Step 8 and the observa-
tion that the kernel of (5.4) is T(k) N N4 (k) = T“(k); the second bijection is a
restatement of (5.5).

Step 11. Proof of (6). Let wg € W be the longest element. Since the action of A
preserves lengths, we have wy € W4, The subscheme B4yB“ is the unique term
of maximal dimension in (5.5). Since all irreducible components of G4 have the
same dimension (because it is a group scheme), we deduce that B4iB is dense
in G*. Finally, comparing (5.6) (for 1) with (5.1), we obtain an identification
B4w,BA >~ CA4.

Step 12. Proof of (7). By Step 11, the embedding C* — G# induces a bijec-
tion between sets of connected components. In view of (5.1), and since (U4),eq
and ((U7)4),eq are isomorphic to affine spaces, the same property holds for the
embedding

T4 - C4,
which proves (7).

Step 13. Proof of (8). Thanks to Step 12, Example 5.3 shows that G# is con-
nected if G is semisimple and simply connected. The study of the morphism (5.4)
above therefore shows that this surjection admits a (set theoretic) section which
takes values in N4 (k) N (G#)°(k). From now on, we assume that the lifts u (for
w € W) are chosen in (G4)° (k) = (G*)°(k). Let us also fix some representa-

tives t1,...,t, € TA(k) for the connected components of T4. Then we have
N4= || ati(T?",
weEW4
i€{l,...,r}
and hence

A Ayo . A\o
(N ) N (G )red = |_| w(T )red'
weWA
On the other hand, there exists a natural closed immersion

(N") N (GM)fead = Nigaye, (T4)7ea),
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and we deduce an embedding
(5.7) W4 < Ny, (T5ea) /(TH) ea-
For any w € W4 we similarly have
(BAB*) N (GM)feq = (B eqd (B e,

hence

(GNrea = [ (BM)peaw(BM)ug,

weWA

and finally a bijection

WA= (B g (0)\(G™) ea (k) /(B e (k).

Using the Bruhat decomposition for the reductive group (GA)fed, we deduce that
the morphism (5.7) is an isomorphism, which finally proves (8). O

Remark 5.5. Proposition 5.4(3) says that the positive roots for (G4)S,, are in
bijection with the set of equivalence classes for ~, and in Step 5 of the proof, we
introduced the notation ag for the root corresponding to an equivalence class FE.
This is a character of (T4)° 4, or, equivalently, an element of M4 /(Ma)or- It is
immediate from the definition of Ug that ag is the image of some element o € F
under the projection M — My /(Ma)tor (and this observation was adequate for
Step 6 of the proof).

But of which element is ap the image? If F is of type (i), then it consists of
a single A-orbit, and its image in Ma/(Ma)tor is a singleton. But if E is of type
(ii’), its image in M4 /(M4 )tor consists of two elements: one is the image of the
nonspecial roots, and the other is the image of the special roots. The latter is twice
the former. We claim that ag is the image in M4 /(M4)tor Of

any root in F if E is of type (i),
any nonspecial root in E if E is of type (ii’) and char(k) # 2,
any special root in E if E is of type (ii’) and char(k) = 2.
To justify the latter two cases, we use (4.8) to reduce the problem to the setting of

G = SL3 x. In this setting, the claim follows from (2.2).
With the formula for @g in hand, we read off from Step 5 of the proof that

<dE,’7E'> =2
for any E. Since ), comes from a homomorphism SLoj — G# as in Step 2, we
conclude that vy is in fact the coroot for (G#)°; corresponding to .

Remark 5.6. Let us explain an argument proving the surjectivity of (5.4) which
does not rely on the results of [Hée91]. We denote by R | resp. ZT{SFA), the image
of R, resp. R4, in M4. This subset will be studied more thoroughly in §6.1 below;
for now, we note that Steps 5 and 6 in the preceding proof show that the natural
map R — R induces a bijection /A = R and that, by parts (3)-(4)
of the proposition, the root system R4 of (GA)fed is obtained from R4 by
discarding one element from each pair of the form {«,2a}. In particular, %S_A)
defines a positive system DﬁA)/ in /(4. Since A-invariant elements of W act
compatibly on % and on M, W# acts on R, If w € WA then w(m(f)') is a
positive system for 98(4); hence there exists n € N(GA)fed((TA)l?ed)(k) such that
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w(fﬁiA)/) = n(f)%iA)/). The argument in the proof of Lemma 6.3(2) below shows
that N(GA);’cd((TA)fed)(k) C N4(k). In particular n defines an element w’ in W4
such that w~'w’ induces a based automorphism of R. Hence w’ = w, which proves
the desired claim.

5.4. Proof of Theorem 5.1. We can finally explain the proof of Theorem 5.1.
For part (1), we will study the multiplication morphism

f:CAxgCA = G4,

along with its base changes to points or geometric points of S.

First, let 5: Spec(k) — S be a geometric point. By Proposition 5.4(6) the open
subscheme C? - G? is dense, and hence f5 is surjective. Since any point of a
scheme is the image of a geometric point, it follows that f is surjective.

Next, let s € S, and consider the base change f, : C4 X () C4 — GZ. This
map factors as the composition

A A inclusion A A (g:h)—(g.gh) A A
Cs ></{(s) Cs ? Gs XK(S) Gs - ? Gs ><m(s) GS
projection to 2nd factor GA

s

The first map is an open immersion (by Lemma 2.1(1)); the second is an isomor-
phism; and the third is flat, since G4 is (obviously) flat over Spec(k(s)). We
conclude that fs is flat.

The two preceding paragraphs and Lemma 5.2(3) show that f satisfies the as-
sumptions of the fiberwise criterion for flatness (see [Sta22, Tag 039E]). This crite-
rion implies that G is flat over S, i.e. that (1) holds.

Part (2) follows from Proposition 5.4(7) and the comments following Lemma 2.2.

Regarding part (3), if G# is smooth then so is the open subscheme C*, so that
the conditions in the statement must be satisfied by Lemma 5.2(3). Conversely, if
these conditions are satisfied then C# is smooth. We deduce that for any s € S
the fiber G4 admits a smooth open subscheme containing the unit, and is therefore
smooth by [DG70a, II, §5, Théoréme 2.1]. Since G4 is known to be flat over S,
by [Sta22, Tag 01V8] this implies that G* is smooth, and finishes the proof.

Finally, regarding (4), we have seen that G4 is flat over S in (1). It is clearly
affine, and its generic fiber is smooth by (3) and geometrically connected (and hence
connected) by (2). The identity connected component of its geometric special fiber
is reductive by Proposition 5.4(1), which finishes the verification of the conditions
of the definition in [PY06]. (These conditions include an extra condition on com-
parison of dimensions, but this condition is automatic when the group scheme is of
finite type, which is the case here, as explained in the discussion following [PY06,
Theorem 1.2].)

Remark 5.7. Consider the morphism f used in the proof of Theorem 5.1(1). The
fiberwise criterion for flatness also implies that f is flat. Since it is also surjective,
it is faithfully flat. It is of finite type, hence an fppf cover, and in particular an
epimorphism.

Corollary 5.8. Assume G and A satisfy the conditions of Theorem 5.1(3). Let
(GA)° C G4 be the “fiberwise identity component,” i.e., the open subgroup scheme
characterized by the following property:
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For each point s € S, (GA)Z is the connected component of the unit
in the smooth group scheme (G4), over k(s).

Then (G4)° is a split reductive group scheme over S. In particular, if G is semisim-
ple and either simply connected or of adjoint type, then G* is a split reductive group
scheme over S.

For the existence of the subgroup scheme (G4)°, see [DG11a, Exp. VIg, §3].

Proof. Let N be the order of the torsion subgroup of M4, multiplied by 2 if R
has an indecomposable constituent of type Ay, with a nontrivial action of its sta-
bilizer in A. The conditions in Theorem 5.1(3) imply that S admits a map to
Spec(Z[+:]). Then G (together with the action of A) can be obtained by base
change from a pinned reductive group scheme over Spec(Z[%]); by compatibility
of the operation (—)° with base change (see [DG11a, Exp. VIg, Proposition 3.3]),
this reduces the proof to the case S = Spec(Z[+]). Now (G#)° is smooth, as an
open subscheme of the smooth scheme G#. The open immersion (G#)° — G4
is quasi-compact because G is noetherian (see [Sta22, Tag 010X]), so (G4)° is
quasi-affine over Spec(Z[+]) by [Sta22, Tag 02JR] and [Sta22, Tag 01SN]. In view
of [DG11a, Exp. VIg, Proposition 12.9], it follows that (G#)° is affine. Finally,
each geometric fiber of (G4)° is a connected reductive group, so (G4)° is a re-
ductive group scheme. The subgroup (T#)° is a split maximal torus of (G*)° by
Proposition 5.4(2).

For the last assertion, if G is semisimple and either simply connected or of adjoint
type, Example 5.3 and Proposition 5.4(7) imply that every geometric fiber of G#
is connected, so (G4)° = G4. O

Ezxample 5.9. Let us come back to the example considered in §2.3.1, with the pinning
of Example 3.1. (With this choice of pinning, it is easily seen that Z/27Z acts by
pinned automorphisms.)

(1) First, assume that n =1, i.e. G = SL3 z. By Corollary 5.8,
SPGC(Z[%D ><Spec(Z) (SLS,Z)Z/2Z

is a reductive group scheme over Spec(Z[1]). In fact, considering the root
data (see §6.1 below) one sees that (2.3) is an isomorphism. On the other
hand, Spec(FF2) Xgpec(z) (SLg,Z)Z/QZ is not reduced, and (2.4) is an isomor-
phism.

(2) Now, consider the case n € Z>5. Then G4 is a flat and geometrically
connected group scheme over Z, the restriction

SpeC(Z[%] ) X Spec(Z) (SL27L+1,Z)Z/2Z

)Z/ 2Z is nonre-

is isomorphic to SO2n+1,Z[%]7 but Spec(F2) Xgpec(z) (SLant1,z
duced. The associated reduced group scheme is simple and simply con-
nected of type C,, i.e. isomorphic to Sp,,, ,. In particular, the base change
of G to Zs is a quasi-reductive Zs-group scheme in the sense of Prasad—
Yu [PY06] which is nonreductive.

5.5. The case of general fields. For completeness, we explain in this subsection
how to generalize the results of §5.3 to more general base fields. We therefore assume
that S = Spec(k) for some field k, which we do not assume to be algebraically
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closed. We choose an algebraic closure of k, which we denote by k. For any scheme
X over k, we set X :=k ®y X. With this notation, by (2.1) we have

(G = (Gp™;
this group scheme will be denoted Gf.

Proposition 5.10. (1) The reduced subscheme (G4),eq is geometrically re-
duced; as a consequence it is a subgroup scheme of G4, and we have
(GA)re(L& = (Gﬁ)er'

(2) We have ((G?)%.4)f = (Gf)fed, and (G4)°, is a split reductive group over
k.

Proof. (1) Consider once again the open subscheme C4 C G4, and the decompo-
sitions (5.1) and (5.2). For any equivalence class E in 934 we have the subgroup
((Ug)?)rea which is isomorphic to G, i (as in Step 2 of the proof of Proposition 5.4);
in particular (U4),oq is an affine space over k. Similarly ((U7)%),eq is an affine
space over k. We deduce that (C#),cq is the product of (T*),cq and an affine space;
in particular it is geometrically reduced.

Recall now the morphism

f:CAxCct - G4

from the proof of Theorem 5.1. Since f is faithfully flat it induces an injective
morphism &(G4) — 0(CA x C4), hence an embedding

O((G)1ed) = O((C x CM)ea)-

Here, since (C%),eq is geometrically reduced we have (C4 x C4).eq = (C4)peq ¥
(C4);eq, and this scheme is also geometrically reduced. Hence (G#),eq is geomet-
rically reduced. The other statements in (1) are immediate consequences.

(2) Since the formation of the neutral component commutes with field extensions
(as follows from [Sta22, Tag 04KV]) we have

(GMpea)z = (GM),eq8)°

and by (1) the right-hand side coincides with (Gf)ﬁed, which proves the desired
equality. Since the latter group is connected and reductive by Proposition 5.4(1),
we deduce that (G#4)°_, is a reductive group over k. The maximal torus (T#)° , =
Di(Ma/(Ma)tor) is split, hence (G#4)°,, is split. O

Once Proposition 5.10 is established, the other structural properties of Propo-
sition 5.4 follow for general base fields. In particular, here again the connected
components of GA are in bijection with those of T#; some of these connected
components might therefore not be geometrically connected.

6. COMPLEMENTS

6.1. Root data for fixed points. In this subsection we discuss the notion of roots
and coroots for the fixed point group schemes G*. We will give a description that
only depends on the following data: a root datum

® = (M, R, M",RY),
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a basis A C R, and an action of a group A on ® preserving A. In this setting we
will denote by Wg the Weyl group of ®, and by R4, resp. ERSFA), resp. A the

image of R, resp. R, resp. A, along the quotient map
M — My,

Considering a pinned reductive group scheme with root datum (M, R, MV ,R") and
basis A over an algebraically closed field, Steps 5-6 in the proof of Proposition 5.4
(and the fact that K is trivial) show that the natural map

R — R
induces a bijection /A = R In particular, we have
A) _ qr(4) (4)
R =nv{ u-—n.

Recall the equivalence relation ~ considered in §4.1. If an equivalence class F is
of type (ii’), write it as E = F’ U E” with E’ being the set of nonspecial roots, and

E” the set of special roots. (Both E’ and E” are A-orbits.) Now, we denote by:
° i)‘{gg?nm’ + C 9%(+A) the subset consisting of restrictions of equivalence classes
E of type (i');
) EREI‘S l_ C SRS_A) the subset consisting of restrictions of A-orbits of the form
E’ where E = E’ Ll E” is an equivalence class of type (ii');
. 9‘{51’:)_ C ERSFA) the subset consisting of restrictions of A-orbits of the form
E"” where E = E' U E"” is an equivalence class of type (ii’).

We also set
A A A) A (A A (A A
w) L=l U " =wv( U-nv, 1Y =xr(

nd,nm nd,nm,+ nd,nm,+?

) ;)
Du-mit.

Then we have a partition

2 =) U ur?,

nd,nm

and the assignment v — 2v induces a bijection 9{&4 AN SR&A). (Here, “m” stands
for “multipliable,” “d” for “divisible,” and “n” for “non”.) We also set

w =xv o, wYY =xv) (Y.

nd,nm nd,nm

Finally, we set
AgA) = (A(A) n SRr(lﬁ,)nm) u {20& OS] A(A) N 9%5;14)}

It turns out that R “extends” to a root datum. For this, one has to define
the set of coroots R4V via the following formula. Let v € %S_A), and let F be the
unique equivalence class containing the A-orbit in 93, corresponding to . Then
we set

. A A
(61) 'yv — {Z(XEE a\/ if Y € 9%1(‘1(1)1111] U %1(71 )7

Yoaepra’ ifye ,‘RSA .

Ifvy e —ERSFA), we set vV := —(—~)V. In both cases, we regard these coroots as
elements in (MV)4.

If T is a torus with character lattice M (over a connected scheme S), and if we
consider the action on A induced by our given action on M, the set of cocharacters
G, — T4 identifies naturally with (MY)4, where M" is identified with the lattice
of cocharacters G, — T. Hence, the formulas above determine cocharacters of
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TA. This contrasts with the character lattice M4 of T4 which may admit a non-
trivial torsion subgroup (Ma)ior. The corresponding quotient My /(M a)ior is the
weight lattice of the maximal subtorus scheme of T4. Steps 56 in the proof of
Proposition 5.4 show that the quotient morphism M4 — M4 /(Ma)or is injective
on M) 50 that this set can (and will) also be regarded as a subset in Ma/(Ma)ior-
We will denote by 54V resp. %5‘4)’\/, resp. SR(QA)’V, the image of R(4)| resp. ‘ﬁgA),
resp. ngA), under the assignment v — vV.

The following proposition is essentially proved in [Hail5, Hail8]; see also [AL19).

Proposition 6.1. (1) The quadruple (Ma/(Ma)tor, SRgA), (M)A, 9%(1A)’v) isa
reduced root datum, with basis A and Weyl group (We)?.
(2) The quadruple (MA/(MA)mr,ERgA),(MV)A,%QA)’V) is a reduced root da-
tum, with basis AgA) and Weyl group (Wg)4.
(3) The quadruple (Ma/(Ma)sor, R, (MV)A, RV s a (not necessarily re-
duced) root datum, with basis A and Weyl group (Wa)™A.

In the rest of this subsection, we briefly explain how this statement can be re-
covered from the analysis in §5.3. We first consider the first two parts. Assume
that S is the spectrum of an algebraically closed field k, and consider the pinned
reductive group scheme G over S with root datum ®. By Proposition 5.4 and
Remark 5.5, (GA)fed is a connected reductive algebraic group, with maximal torus
(T4)°,4 (whose lattice of characters identifies with Ma/(M4)ior), and its root sys-

tem is 9%(1A) if char(k) # 2, and %éA) if char(k) = 2. Remark 5.5 also describes its
coroots: they are the cocharacters constructed in Step 3 of the proof of Proposi-
tion 5.4, in (5.3). Note that that formula agrees with (6.1).

In each case it is easily seen that A(Y) is a basis, and it follows from Proposi-
tion 5.4(8) that the corresponding Weyl group is (Wg)?.

This justifies the first two cases in Proposition 6.1. The third case follows, using
the standard observation that a union of root systems of types B,, and C,, produces
a nonreduced root system of type BC,,.

Remark 6.2. In the setting of Corollary 5.8, from the pinning of G one can obtain a
pinning of (G4)°, with associated root datum (M4 /(Ma)tor, EREA), (M)A, mY‘)’V).

6.2. Weyl group. In this subsection we prove some results on the interplay be-
tween the maximal torus T, its normalizer N, the Weyl group W, and fixed points.

Let us consider once again a pinned reductive group scheme (3.1) over S, and
our group A which acts on G by pinned automorphisms. As in §5.3 (but now
over an arbitrary base), we denote by N the normalizer of T in G. By [Conl4,
Proposition 2.1.2], N is a smooth subgroup scheme of G. Denote by A the sum of the
positive coroots in RY; then A defines a cocharacter G, ¢ — T, which is A-invariant
and hence takes values in TA4. As explained e.g. in [Conl4, Theorem 5.1.13], T
coincides with the centralizer of \; in particular, T is its own centralizer in G.
The Weyl group W is the quotient sheaf N /T for the fppf topology. By [Conl4,
Proposition 5.1.6], W is representable by the constant group scheme (Wg)g over
S, where Ws is the Weyl group of the root datum ® = (M, R, MV RY).

Lemma 6.3. The following properties hold:

(1) the centralizer of T4 in G is representable by T; in particular, the central-
izer of T in G4 is representable by the closed subgroup scheme T#;
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(2) the normalizer of T4 in G is contained in N; in particular, the normalizer
of T4 in G4 is representable by the closed subgroup scheme N4 ;
(3) the quotient sheaf N4 /T4 is representable by the constant S-group scheme

(Wa)M)s.

Proof. (1) As explained above, the cocharacter \ takes values in T#; its centralizer
in G (i.e. T) therefore contains the centralizer of T4. We deduce that Zg(T4) = T,
and then that Zga(T4) = T4,

(2) The normalizer Ng (T4) of T4 in G must preserve the centralizer Zg (T4) =
T. We deduce an inclusion Ng(T#) C N. Intersecting with G4, it follows that
Nga(T#) € N4, The opposite inclusion is clear.

(3) The quotient sheaf N4 /T4 injects into W4 = ((Wg)?)s by definition.
The proof of surjectivity is similarly to the proof of surjectivity of (5.4): either
by [Hée91, Corollaire 3.5] or because W4 is the Weyl group of the root datum
(Ma/(Ma)or, R (M)A, R(A)V) (see Lemma 6.1), this group is generated by
the simple reflections associated with equivalence classes in 2R which intersect A.
If E is such an equivalence class of type (I’), resp. (ii’), then the corresponding

L . 00 1
reflection is the image of 1p (Pl (1)), resp. g ((1J —01 8). O

6.3. Parabolic and Levi subgroups. Let us consider once again a pinned re-
ductive group scheme (3.1) over S, and our group A which acts on G by pinned
automorphisms. Recall that given an S-scheme X which is affine over S and en-
dowed with an action of a diagonalizable group scheme Dg(V), following [May?22],
for any submonoid @ C N we have a closed subscheme X@ C X called the attrac-
tor scheme associated with @. (This construction generalizes the classical notion
of attractor for an action of Gy, used e.g. in [CGP15, Conl4].) In this subsec-
tion we will consider this construction in the case of the action of T = Dg(M),
resp. T4 = Dg(M,), on X = G, resp. X = G4,
Recall the root datum

(MA/(MA)tor,%(A), (Mv)Avﬂ%(A)xV)

considered in Proposition 6.1(3), and its basis A(4). We have a canonical identifi-
cation A/A =5 A and therefore a canonical bijection between subsets of A(4)
and A-stable subsets of A. Consider an A-stable subset I' C A, and denote by
' ¢ AM its image in AM. To T’ we can associate a parabolic subgroup P
of G, whose Lie algebra is the sum of .Zie(B) and the root subspaces in .Zie(G)
associated with the roots which belong to ZI' = 37 . Z - 7. Following [Conl4,
Example 5.2.2], this subgroup scheme can be realized as the attractor subscheme
associated with the conjugation action of Gy, s on G via a cocharacter u € MY
which satisfies

(V) =0 ifael.

We also have the Levi factor M of P containing T, which can be realized as the
fixed point subscheme associated with the same action of Gy, g, see [Conl4, Propo-
sition 5.4.5 and its proof], and its unipotent radical Up, see [Con14, Corollary 5.2.5].
The theory of [May22] allows us to make this construction more canonical, by sup-
pressing the choice of the cocharacter p. Namely, denote by Ny the submonoid
of M generated by A LI (—T"). The following claim is an immediate generalization
of [May22, Proposition 7.3].

{(u,av>>0 if o € ANT
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Lemma 6.4. We have
P=GM, M=G,

Proof. The proof is the same as that of [May22, Proposition 7.3]. Namely, choose
i € MV as above, which we now consider as a morphism M — Z. The induced
morphism G, s = Dg(Z) — Dg(M) = T is precisely p seen as a cocharacter.
By [May22, Lemma 5.6] we have GH '(Z20) = GZ20 where on the left-hand side we
regard G with the action of T, and on the right-hand side we regard G with the
action of Gy, g via . As explained above the right-hand side is known to coincide
with P. Using the fact that Ny C p=!(Z>0), in view of [May22, Remark 3.5] we
deduce that GNt C P. On the other hand we have P = M x Up. It is easily
seen that both M and Up are contained in G*, which implies that P ¢ G and
finishes the proof of the first claim. The proof of the second one is similar. O

Now, let us consider the submonoid NIEA) of M, generated by A(A) 1 (—T'(4))
and the subgroup ZI'4) generated by I'(4),

Proposition 6.5. The natural morphisms
PA & (GO and MA s (GAEEY
are isomorphisms.

Proof. The proof is similar to that of Lemma 6.4; we explain the first case, and
leave the easy modifications to treat the second case to the reader. The cocharacter
 considered above can be chosen to be A-invariant. (In fact one can reduce the
situation to that of a semisimple and simply connected group, and then average any
cocharacter satisfying our conditions along the action of A.) Then u takes values
in T4, or in other words the associated morphism M — Z (still denoted y) factors
through a morphism & : M4 — Z. Since the action of Gy, s via y commutes with
the action of A we have

PA — (GZZO)A _ (GA)ZZO.

By [May22, Lemma 5.6] we have (G4)%20 = (GA)7 ' (Z=0)  Since NISA) C i (Zs>o),
we deduce that

(GAMY  pA,
On the other hand, if T is an S-scheme and z : T — P4 is a T-point of P4, then
since P = G we have a canonical morphism

' As(NF) -G

where the left-hand side is the S-scheme associated with the monoid Nt follow-
ing [May22, §3]. This morphism is easily seen to be A-invariant; it therefore re-
stricts to a morphism z” : (Ag(Nr))* — G4. We also have a canonical morphism
Nr — NISA), which induces a morphism Ag (NISA)) — Ag(Nr). This morphism is
A-equivariant with respect to the trivial action on its domain, so it factors through
a morphism AS(NIEA)) — (As(Nr))A. Composing with 2 we obtain a morphism

As(NY) = GA.

This construction shows that P4 c (G4)V éA), which finishes the proof. O
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In particular, given v € AM_ we can consider the parabolic subgroup and its
Levi factor M., C P, C G associated with the A-orbit in A corresponding to v, and
the corresponding fixed points (MW)A C G. The following claim will be required
in [ALRR23].

Corollary 6.6. The unique subgroup scheme of G* that contains (M,Y)A for every
v e AU s GA itself.

Proof. Let H C G* be a subgroup scheme that contains all the subgroups (MA,)A
for v € A®. Then H contains T4, and also the elements in N4 correspond-
ing to the simple reflections in the Weyl group W4 constructed in the proof of
Lemma 6.3(3). Since these elements generate W4, we deduce that H contains N4.
Since any root in iRgA) is W4-conjugate to a root in A (see §6.1), we then de-
duce that H contains each subgroup (Ug)? with F an equivalence class in 9, and
therefore that it contains C* (see (5.1) and (5.2)). Finally, since the multiplication
morphism C# x C#* — G# is an epimorphism (see Remark 5.7), this implies that
H=G" O

6.4. Center and isogenies. Let us consider once again a pinned reductive group
scheme (3.1) over S, and our group A which acts on G by pinned automorphisms.
Recall the definition of the center of a group scheme; see [Conl4, Definition 2.2.1].
(By definition, this center is a sheaf of groups, which is not necessarily repre-
sentable.) In particular let Z C G denote the center of G. By [Conl4, Theo-
rem 3.3.4], Z is representable by a diagonalizable group scheme; more explicitly we
have
Z = () ker(er) = Dg(M/ZR).
aEA

By functoriality, Z is preserved by the A-action, so we may form its fixed-point
scheme ZA#, which is again a diagonalizable group scheme: more explicitly, by
Lemma 2.2 we have

(6.2) Z4 = Dg((M/ZR) 4).
Lemma 6.7. The closed subgroup scheme Z4 represents the center of GA.

Proof. Denote by Z’ the center of GA. Since Z is the center of G, we have Z4 C Z'.
On the other hand, we know by Lemma 6.3 that T is its own centralizer, so Z’ is
contained in T4. Considering the T4-action on each (Ug)?, we obtain that

Z' C ﬂ ker(a),
aceAM)
which in view of (6.2) shows that Z’ C Z*#, and hence that Z' = Z*. O
Recall the group scheme Gg. considered in §3.5, and denote by Zg. its center.

The natural morphism f : Ggc — G restricts to a morphism Zg. — Z. It is a
standard fact that the natural morphism

G x%7Z -G

is an isomorphism, where the left-hand side is the (fppf) quotient of Gy. X Z by
the action of Zg. defined by z - (g,h) = (9271, f(2)h). In other words, we have an
exact sequence of fppf sheaves of groups

(6.3) 13 Zs = Gee XsZ — G =1
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where the first morphism is the natural antidiagonal embedding. The next lemma
provides a version of this result for the group G4, which will be used in [ALRR23].

Proposition 6.8. The natural map
(GSC)A X(Zsc)A ZA N GA

is an isomorphism, where the left-hand side is the quotient of (Gg.)™ x g Z* by the
action of (ZSC)A induced by the action of Zs. on Gge Xs Z considered above.

Proof. The given map is clearly a monomorphism of group objects in fppf sheaves,
as taking A-fixed points is a left exact functor. To conclude the proof, it therefore
suffices to check surjectivity of the morphism G2 x §Z4 — G in the fppf topology.
Since the multiplication map C4 xg C4 — G4 is an epimorphism of fppf sheaves
(see Remark 5.7), we are reduced to showing surjectivity of C2 x g Z4 — C4 where
Cg. is the big cell of Gg.. But passing to simply connected covers does not affect
root groups so, due to the decomposition (5.1), it is enough to show the surjectivity
of the morphism
T4 xg 24 — T4

In order to see this, we remark that T/Z = T,q; := Dg(ZR). By left exactness of
fixed points, we can embed T4 /Z# into (T,q;)*, reducing the problem to proving
that the morphism (Ts.)? — (Taqgj)? is surjective. In fact, in view of [DG70b,
Exp. VIII, §3] or [Oesl4, §5.3], to prove this claim it suffices to prove that the
natural morphism (ZR)4 — (Msc) 4 is injective, which follows from the fact that
these Z-modules are free of finite rank (because ZR and M. both have a basis
permuted by A), and that the given morphism becomes an isomorphism after tensor
product with Q. O

6.5. Further study of the case of SLjs. In this subsection we prove a tech-
nical statement regarding the group scheme (SLg,Zz)Z/ 2Z for the action consid-
ered in §2.3.2 (see Proposition 6.9) that will be required in the companion pa-

per [ALRR23].
If we set
0 0 1
n=10 -1 0],
1 0 0

then n is a Z-point of (SL37Z)Z/2Z. Let us denote by Cgz 7 the big cell constructed
from the pinning of Example 3.1. We also let U3 7 be as in §2.3.2, U5, be the similar
group of lower triangular matrices, and T3 7z be the maximal torus of Example 3.1.
With this notation, (SL37Z)Z/ ?Z has an affine open covering with two open subsets
given explicitly by

(Cs,Z)Z/QZ = (ng)Z/QZ X Spec(Z) (T3,z)2/%2 X Spec(Z) (Usz)2/%

and
n - (Csz)%/? = (UQZ)Z/QZ Xspec(z) (T3,2)"*% Xspec(z) (Us z)*/?~.

(To see that these two subschemes cover (SLjz)%/?%, it suffices to check that they

contain all points over Spec(Z[1]) and over Spec(F2), and this follows from the

analysis in §5.3.) As explained in §2.3.2, we have
(U3 )?/?% 2 (Us 2)*/** = Spec(Z[z, y]/ (2* — 2y)),

)
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and the considerations in §2.2 show that we have an isomorphism
(6.4) Gmz = (T3z)%/%
given explicitly by
a — diag(a,1,a7 ).
For any commutative ring A, we denote by SL3 4, Cs 4, etc., the schemes ob-

tained by base change to Spec(A). We will be particularly interested in the cases
where A is Zg or Fy. Our goal is to prove the following statement.

Proposition 6.9. Let H be a flat affine group scheme over Zs, and let
m:H— (SL3722)Z/2Z

be a morphism of group schemes such that Tspec(r,) 5 surjective (at the level of
topological spaces). Then the schematic image of T|spec(r,) 5 (SL3,F2)Z/QZ.

We start with two preliminary lemmas.

Lemma 6.10. The only closed subgroup schemes of (SL37]F2)Z/2Z containing the
subgroup (SLgy]FQ)rZe/jZ are (SL37F2)?£Z and (SL3 g, )%/?2.

Proof. Let K be a closed subgroup scheme of (SL3 f,)%/?” containing (SLg,Fz)i/jZ.
The closed immersion (T3 g,)%/?* < (SL3,)%/?* factors through (SL3 F, )rZe/;Z, and
hence through K, and (T3 x,)%/?? identifies with G, r,, see (6.4). We will consider
the attractor, resp. repeller, scheme associated with the conjugation action of this
subgroup on SL3 r, and (SLg’FQ)rZe/jZ, in the sense of [CGP15, §2.1]. The attractor,
resp. repeller, for the action on SL3 , is the standard positive, resp. negative, Borel
subgroup, see e.g. [Conl4, Theorem 5.1.13 and its proof]. Hence the corresponding

attractor, resp. repeller, for the action on (SLzf,)”/?” identifies with
(Ts.55)""*% Xspec(r) (Usr,)™?,  resp. (Usp)"** Xspecrs) (T3,5,)"*.
In view of [CGP15, Proposition 2.1.8(3)], we deduce that
KN (Cyr,)"/* =
(KN (Uyp,)*7%) Xspec(ra) (Ta22)™* Xspec(es) (KN (Us,p,) /7).
Now, we observe that the matrix description for (Us g, )”/?* provides a short exact

sequence of group schemes

1— (U3,F2)rZe/dZZ - (U3,F2)Z/2Z — Q2 F, — L.

Since K contains (U3,F2)i/d22, it follows that K N (Usr,)?/? is either (Usg,)%/?*
z/22

or (Usr,)eq - Since K(IFy) contains the image of the element n considered above,
we have
e T et
e (U37F2)red if KN (U3JF2)Z/QZ = (U3,]F2)red :
As a conclusion, we have either
KN (Car,) "% = (Cap,)™™ or KN (Car,)" = (Car)rla

Using once again the fact that K(F2) contains the image of n, and the description
of the open cover of (SL;),’Z)Z/ZZ considered above, in the first case we deduce that

K = (SL3r,)%/?”, and in the second case that K = (SL37F2)IZQ/§Z. O
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The second lemma uses the notion of dilatation (or affine blow-up) from [MRR20].
We will apply this construction to the scheme (SLg’Zz)Z/ 2Z_ the principal subscheme
(SL3r,)%/?%, and either the closed subscheme (SLs , )rZe/dQZ C (SLa,)%?" or the
closed subscheme (T3x,)%/?2 C (SL3F,)%/?.. The construction of [MRR20] pro-
vides two affine schemes

BI(SLB,FQ )ZZ ((SL3 Z2)Z/ZZ) and BI(SLs u«‘zzzgzz ((SL3 22)2/22)
(SLs,r3)rea ’ )% ’
endowed with canonical morphisms to (SL;),}ZQ)Z/ 2Z, Moreover, by the universal
property of dilatations (see [MRR20, Proposition 2.6]) there exists a canonical
morphism

SLs /2Z SL- Z/2Z
65 Bl (SLam)?2) = BIG L (SLaz) )
2/ re

over (SL3z,)%/%~.

Lemma 6.11. The morphism (6.5) restricts to an isomorphism over (Cs z,)*/?".

Proof. By compatibility of dilatations with flat base change (see [MRR20, Lem-
ma 2.7]), we have

(SLa,r, )™/ ?* 7./27 2/22 ~ py(Cars)™* 727
Bl(SLg fz)fe/dzy ((SLS,Z2) / ) ><(SL3,77‘2)Z/2Z (CS,ZQ) / Bl(Cs ]bz)ze/;7 ((CB,ZZ) / )7
with
C
Bl( 3 FQ 2o ((03,Z2)Z/ZZ) —

(Cs, Fg )red
Spec(Fa[z,y,2 2" v/ J(z")
BISEeCEFz{y,zil,y’]) Ve (SpeC(ZQ [Z‘ Y,z xlv yl]/(xQ - 2y7 (x/)Q - zyl))) .
Now one checks that the right-hand side identifies with

Spec(Zs[u,y, 251 o,y ) (2u® — y,2(u))? — o)),
with the morphism to Spec(Zs |z, y, 21, 2, y'] /(2? — 2y, (z')? — 2y/)) corresponding
to the ring homomorphism

ZQ [xv Y, Zila xl7 yl]/(xz - 2yv (‘T/)2 - 2y/) - ZQ[U, Y, Zilv ulv yl]/(2u2 -Y 2(ul)2 - y/)
defined by x — 2u and 2’ — 2u/. (In fact the given scheme satisfies the universal
property of [MRR20, Proposition 2.6].) This description shows that the restriction
of the canonical morphism

C z/2
Blgcz F2;Z/2Z ((ngzg)Z/2Z) — (03722)2/22

red
to Spec(IFy) factors through Spec(Fa[2*!]) since z, 2’9,y get sent to 0; by the
universal property of dilatations (and again compatibility of dilatations with flat
base change) we deduce a canonical morphism
SLg p, )™/ %%
( 31b2)7/27 ((SL3 Z2)Z/ ) ><(SLgyzz)Z/ZZ (CS,Z2)Z/2Z -

(SL3 Fo )red

Bl

(SLs.x,) "/ )2z )2z

BI(T;FSZ/M ((SL3,22) /2 ) X (SLs 2,222 (C3,2,) /22,
We claim that this morphism is an inverse to the restriction of (6.5). Indeed, both
are flat affine schemes over Spec(Zy) with generic fiber equal to (SLs g,)%/?%, so
to prove the claim it is enough to see that their global sections inside those of
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(SL3.0,)%/?% coincide. But each containment is implied by the existence of a map
of spectra in the opposite direction. ([

Proof of Proposition 6.9. Let m be as in the statement, and assume that the sche-

matic image of migpec(r,) is not (SLar,)%/?~. By Lemma 6.10, we conclude that
|Spec(F2) JFa
the schematic image of this morphism is (SL37]F2)rZe/ d2 z, By the universal property of

dilatations (see [MRR20, Proposition 2.6]), we then have a unique factorization

ST 7/2%
o ((SLaza) /%) = (SLaza) /.
242 /red

m:H — Bl

Using Lemma 6.11, we deduce that the restriction of mgpec(r,) to ((]3’]172)2/2Z factors

through (T3 r,)%/?2, yielding a contradiction. O
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