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Optimal dual quantizers of 1D log-concave
distributions: uniqueness and Lloyd like algorithm *

BENJAMIN JOURDAIN f GILLES PAGEs?

Abstract

We establish for dual quantization the counterpart of Kieffer’s uniqueness result for com-
pactly supported one dimensional probability distributions having a log-concave density (also
called strongly unimodal): for such distributions, L"-optimal dual quantizers are unique at each
level N, the optimal grid being the unique critical point of the quantization error. An example
of non-strongly unimodal distribution for which uniqueness of critical points fails is exhibited.
In the quadratic r = 2 case, we propose an algorithm to compute the unique optimal dual
quantizer. It provides a counterpart of Lloyd’s method I algorithm in a Voronoi framework
(see [13, 14]). Finally semi-closed forms of L"-optimal dual quantizers are established for power
distributions on compacts intervals and truncated exponential distributions.

1 Introduction

Optimal Delaunay or dual quantization has been introduced in [19] in a one dimensional setting
for probabilistic numerical purposes, in order to produce a fast algorithm for pricing credit derivative
products in finance. It was then developed in higher dimension in [20] as a possible alternative to
optimal Voronoi (or primal) quantization (see [5, 6, 17, 16] for introduction) to solve various non-
linear problems in quantitative finance (American option pricing and d-hedging, stochastic control
for portfolio management, etc). Both quantization modes are spatial discretization methods of
probability distributions or random vectors, one relying on Voronoi diagrams and the other on
Delaunay triangulation (in 2-dimension). Delaunay quantization is limited to compactly supported
distributions but shares a universal “stationarity property” (see further on) which makes it much
more flexible when used as a numerical tool. This paper is essentially focused on the 1-dimensional
setting. Our aim is to prove for Delaunay quantization some uniqueness and convergence results
related to optimal quantizers and their numerical computation for strongly unimodal distributions
known in optimal Voronoi quantization as Trushkin’s and Kieffer’s theorems (see e.g. [23] and [11]
respectively).

Let us briefly explain what Delaunay quantization is in a one dimensional setting. It answers
the question: how to spatially discretize a compactly supported random variable with support
(contained in) [a,b] using a finite subset I' = {z1,...,2x} C [a,b] with 1 = a < 22 < -+ <
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xny—1 < xny = b. The basic idea to discretize a random variable X is the following: when X :
(Q,A,P) — [a,b] falls into the interval [z;, z;+1], one replaces the value of X by X which takes
values z;, x;41 with respective probabilities ;?“_f nd 2= ——. These probabilities come as the

coefficients when writing X as of the linear 1nterpolat10n Ofr T and Tiy1 since

Ti+1 — X X — €Ty
X = x; + Tit1-
Tip1 — X4 Tip1 — X4

This leads to introduce the so-called Delaunay projection (or splitting operator) defined for every
g€ la,b) and ue (0,1) by

N-1
PrOJdEZ(évu) = al{a} (&) + Z 1{0< we Zik1=6 } + Ty 1{ Tip1-€ <1} (%i,2i41] (5) (1.1)
i=1 Ti4+1— T4 Ti4+1—T5 —

so that

X = XPdual — projlel(x,U)  with U~ U((0,1)), U 1L X
where 1l stands for independence. The above formula can be taken as a definition for a I'-valued
dual quantizer of X.

Note that, owing to the above remark that aimed at its construction

Vie {1,...,N}, / Proj (&, u)du = ¢
0

or, equivalently, N
E(X|X) =X (1.2)

which is a stationarity property dual from that satisfied by quadratic optimal primal (or Voronoi)
quantization (see (1.3) below). In particular X <., X (convex ordering). Applications of dual
quantization were first mostly devoted to provide efficient numerical schemes and fast algorithms
to solve non-linear problems arising in numerical probability applied to finance like the pricing and
hedging of multi-asset American style options (see e.g. [21]) or the the pricing of credit deriva-
tives (see [19]), basically as a competitor of Voronoi quantization and other methods (regressions,
Malliavin Monte Carlo). Its dual behaviour with respect to convex order provides an informal way
to provide lower and upper-bounds in various stochastic control problems. More recently, with
the development of martingale optimal transport problems in finance, both Voronoi and Delaunay
quantization methods have been shown as a systematic tool to design time discretization schemes
that preserve convex order (see [10]) and more generally to solve numerically discrete time martin-
gale optimal transport problems (see [9]) which turns out to be a quite challenging problem (see

[1], (3], [4], [7], [8])
The distribution of XT:dual ig entirely characterized by its value set I' and the weights piF =
P(XTdual — 2.) given for every i = 1,..., N, by

X
P =1y P(X = 0) + 1B S5 Lixeo ) + 1 B 255 Lixe( ol



If we introduce the cumulative distribution function (c.d.f.) F(z) = P(X € (—o0,z]) and the
first partial moment K (z) = £ X1x¢(_q 4, then these weights write

pi = 1myP(X = a) + (s f:;:lﬂ(dﬁ) + 1izny ﬁ#(d@
(Ti—1,mi z5,@i41]
(K]7:_, — zia[FI3 [Fla " 2 — [K]2™
= 1, F 1, i—1 i—1 1y Z; i+ Xq
= (@) + Ly —— — — e

where, for simplicity, we will denote for a function g : R — R and two real numbers z < y,
9] = g(y) — g(x). R

The L"-mean error induced by replacing X by its dual quantization X% ig naturally defined
by

R b
I - &t = [TEJé ~ Projt (e, ) ulde)

N-1
=2 /( : <(§ - ﬂ?i)rM + (@it1 — f)rH> pu(ds).
i=1 LqyLi+1

Ti+1 — X4 LTi+1 — T4

The basic application of dual quantization, like its historical counterpart in the Voronoi sense,
is to produce quadrature formulae adapted to the distribution 4 of the random variable X since
for a function ¢ : R — R and a I'-quantization X' of X

where the weights plr depend on the quantization mode (primal or dual). If X € L?(P), and g is
C' and its gradient is Lipschitz continuous with constant [VglLip , writing

~ ~

~ 1 ~ ~
g(X) - g(X) = /O (Vo(X +a(X = X)) = Vg(X) ) (X = K)da + Vg(X).(X - X)

and using the stationarity property (1.2) to get rid of the expectation of the second term in the
right-hand side, one obtains

IEg(X) —Eg(X)| < 1[VglpE|X — X|?

(see [21]). Note that the counterpart of such a second order error bound in Voronoi quantization
only holds for optimal quadratic quantizers. Nevertheless, this quadrature formula emphasizes the
need for quantizers inducing, at a given level N > 3, an as small as possible quantization error.
That is a grid I" such that E|X -X |2 is minimum. This is the main purpose of optimal quantization
and in fact such optimal “minimizing” grids do exist, see Theorem 1.1 below. Let us specify the
example of optimal quantizations for ([0, 1]). It follows from [20], Section 5.1 (see also the remark
after Theorem 2.1), that the L"-optimal dual quantizer of ¢([0,1]) (does not depend on r and) is
given at level N > 2 by

Pl fizb =1, N}



with weights p1 = py = Q(Nil_l) and pp =p3 =+ =pN_1 = ﬁ whereas, for Voronoi quantiza-
tion, the L"-optimal quantizer of U([0,1]) does not depend on r either and is given (see [16]) at
level N > 1 by

rMeer {2 =1, N}

with all weights given by p; = % Note that the optimal Voronoi N-quantizer is made up with the
midpoints of the optimal Delaunay (N 4 1)-quantizer. Consequently, in this elementary framework,
Voronoi optimal N-quantizers correspond to midpoint quadrature formula for numerical integration
over [0, 1] whereas Delaunay quantization yields the trapezoid quadrature formula. Such a property
no longer holds for general distributions.

When X is an R%valued random vector with compactly supported distribution p, d > 2, one
considers grids T' = {z1,...,2x} C R? such that supp(u) C conv(T') and the Delaunay projection
operator is defined on a hyper-triangulation of conv(I') sharing some minimality properties. The
main feature of such dual quantization in higher dimension is that it still satisfies for every grid
I the above dual stationarity property. This has been established in [20] in full generality with a
natural extension to unbounded random vectors (to the price of a partial loss of the stationarity
property).

Then, for any fixed r € [1, +00), one may define the lowest possible L"-error induced by replacing
X by any of its dual quantization X% where I' runs over grids of size (or cardinality) at most
N. To keep sense one should assume that N > d, +1 where d,, denotes the dimension of the vector
space spanned by supp(u) in R? So we define for N > d, + 1, the L™ dual quantization error
modulus by

d'r,N (X) := inf { HX — )?F,dual‘

conv(T') D supp(p), card(T') < N}.

7’.’

It turns out (see again [20]) that it satisfies the more general bound
drn(X) = n;f{HX —Y| Y (2% Qo, A® Ay, P& Py) — RY,
card(Y (Q x Qp)) < N and Epgp, (Y|X) = X}.

which emphasizes the connections with martingale optimal transport explored in other papers [9, 10]
on the one hand and with Voronoi/primal quantization.

Indeed if one replaces the above Delaunay projection by a (Borel) nearest neighbour projection
on the grid I', denoted Projp”" and if we set if XTDwor — Proji’" (X) for some L"-integrable random
vector, then

ern(X) = inf {||X — X""|| | card(T') < N}
—inf {||X = Y|, : ¥ : (@ AP) = RY, card(Y(®)) < N}.

One has e, (X) < d, nv(X) when both moduli make sense since dual quantization takes into account
the additional martingale transport property between X and its quantization. Note that in fact
both d, (X)) and e, y(X) only depend on the distribution, say yu, of X so that we will also denote
dyn (1) (and. e, x5 (1)):



It is classical background (see [6] or [17]) that the infimum is in fact a minimum and that at
cach level N there exist an optimal grid I'y"”" such that e, y(X) = || X — X FEUOTWOTHT. It should
be noticed that, whereas all dual quantizations satisfy the above stationarity equation (1.2), only
L"-optimal Voronoi quantizers with » = 2 satisfy a stationarity property, namely a reverse one

E(X | XTNver) = XTR""vor. (1.3)
Likewise, as soon as d, y(X) < 400, it is established in [20] that d, y(X) holds as a minimum

~qr,dual . . . .
ie. drn(X) = HX — XTx ’d“alHr. To be more precise we state the original existence result for
dual quantization, see [20].

Theorem 1.1 (Existence of optimal dual quantizers) Let r € [1,+00) and let p be a com-
pactly supported distribution on (R%, Bor(R?)). For every level N > d, + 1, there exists at least
one L"-optimal grid I‘;"\;dd with size at most N i.e. satisfying

1/r
dT,N(M) - / ‘g - Projd?“l,del (57 U)lrﬂ(df)du = HX_Projdil,del (X7 U) Hra (X7 U) ~ M®U([O7 1])
Rax[0,1] Iy ry

Moreover conV(F;"\;del) D supp(p). If supp(u) has at least N elements, then ngel has full size N
and d, n (1) decreases to 0 as long as it does not vanish, which never occurs if supp(u) is infinite.

Finally, we recall below the main result established in [22] which is counterpart for dual quan-
tization of the celebrated Zador theorem ruling the sharp rate of decay to 0 of the optimal L"-
quantization error and its non-asymptotic version, counterpart of Pierce’s lemma. It rules the dual
quantization error rate in a quite similar way for bounded random vectors.

Theorem 1.2 (Rate of decay of optimal dual quantization) (a) SHARP RATE FOR DUAL QUAN-

1L
TIZATION: Let X € Lg5(Q, A, P) be a bounded random vector with distribution Px = p.\g + vy
where \g denotes the Lebesgue measure and v, denotes its singular component. Then, for every
re (0,+00),

. 1 Tdel _d_ %_'_%
lim Nid, n(X) = J35 patrdAg
N—~+oc0 ’ Rd

where J3¢ = ]ivgle%dr,N(U([o, 1)) > Jyor = ]ivgle%er,N(U([o, 119).

~ 1/r ~ 1/r jderl 1\ /7
When d = 1, J{¢ = <m) whereas Jj7" = (m) . Hence, j;‘? = (34_2) 12

as r 1T 4o0.

(b) NON-ASYMPTOTIC BOUND: Let r,n > 0. For every dimension d > 1, there exists a real constant

~f11,67§,r > 0 such that, for every random vector X : (Q, A,P) — R?, L>(IP)-bounded,

dr N (X) < CL NTi0,(X) (1.4)

where, for every p > 0, 0,(X) = inf,cpa | X — al[, < +o0.



Remark. Note that claim (b) remains true if the support of Py does not span R? as an affine
space, but A, with dimension d’ < d. However, if such is the case (1.4) is suboptimal since it still
holds with N~/ replacing N~'/¢ in the right-hand side.

One of the first striking theoretical results on optimal Voronoi quantization, beyond the exis-
tence of optimal quantizers for general distributions in any dimension and at any level, was obtained
by Trushkin who proved (see [23], see also [11]) the following uniqueness result for one dimensional
strongly unimodal distributions.

Theorem 1.3 (Trushkin, 1982) Let r € {1,2}. Assume that p has a finite r-moment and p =
f-\ where f: R — Ry is a log-concave density on the real line. For every integer N € N, there
exists a unique L"-optimal grid T\ = {z1,...,zn} C conv(supp(n)) of size N such that for
X ~p,

ern(X) = || X = XN ver]|

r

For extensions to more general loss functions see again [23] or [2]. As a second step, Kieffer
established in the quadratic case r = 2, the convergence of the so-called Lloyd’s Method I (or
Lloyd’s algorithm, see [13]) at an exponential rate for strongly unimodal distributions whose log-
density is not piecewise affine i.e. for strongly log-concave densities (see [11]).

The first main result of this paper is to prove that Trushkin’s uniqueness theorem remains
true for L"-dual quantization under the same strong unimodal assumption, even for any r > 1.
Then, we propose, still in 1-dimension, a kind of counterpart of the Lloyd’s Method 1, to compute
optimal quadratic dual quantizers and we prove that this algorithm converges at an exponential
rate, uniformly in the starting point, under a strong unimodality property.

Finally, we also provide more specific fast algorithms to compute L"-optimal dual quantizers for
two families of distributions : power distributions over a compact interval and truncated exponential
distributions.

2 Uniqueness of optimal scalar L"-dual quantizers r > 1

Our aim is to establish uniqueness of L"-optimal dual quantizers for every r > 1 under suitable
assumptions on pu. We exclude the trivial case when p(d§) = ,(d§) for some x € R and the
optimal grid at each level NV is {}. To enable dual quantization, we suppose that p is compactly
supported and denote by a < b the real numbers such that [a,b] = conv(supp(,u)). For N > 2,
a dual quantization grid I" with card(I') < N writes I' = {z1,...,zn} for z; < 29 < ... < zpy
satisfying 1 < a and xy > b. Then, since u(R \ [a,b]) = 0, for X ~ p,

N-—1
vI,dual |7 rxi1_§ r f—fl?i
- grelp =3 [ (el P ) utd).
i=1 TiVa,Tit+1

Ti+1 — X5 Ti4+1 — T4



When ¢ € (z; V a,zi+1 A b), then, by convexity of z — |{ — x|", one has

Tivr1 — T Va x; Va—x;
€ — 2 Val" <6 — @ T i — T
Lit1 — T4 Titl — T4
T Tit1 A b Tix1 AD
€ — iy AB" < JE — g T IS gy - P TR 2T g that
Ti+1 — T4 Ti+1 — 5
ZTit1 Nb— —z;Va Tig1 — — T
R L e T .
Tiy1t ANb—x;Va Tity1 ANb—x;Va Ti+1 — T4 Ti+l — T

with strict first inequality if x; < a (by strict convexity of z — | —z|” when r > 1 and, when r = 1,
since £ — x; and x;+1 — & have opposite signs), strict second inequality if z;11 > b and therefore
strict third inequality if z; < a or x;41 > b. Hence || X — X% ||" is not smaller than

Tip1 ANb—¢§ E—x;Va
—2; Va| — A AD— & de),
Z/ $Va,Ti41Ab) <|§ i a’ xi+1/\b—a:i\/a+‘xz+1 6’ a:i+1/\b—xiVa M( 5)

and even larger if there exists ¢ € {1,..., N — 1} such that z; < a < ;41 or x; < b < x;4+1 (because
of the support condition, u gives positive weight to any interval [a,z| and [z,b] with a < x < b).
Therefore the optimal grid for N = 2 is {a, b} and, when N > 3, the grid {aVx1 AD,...,aVzy Ab}
outperforms I or performs as well but contains at most N —1 points. If supp(u) contains at least N
points, by Theorem 1.1, any optimal grid with size at most IV contains N points and we deduce that

such a grid writes {a,z9,...,zy_1,b} witha < 23 < ... <zxzny_1 <b. Let S]‘i,’b ={(z2,...,xN-1) €
(a,b)N=2: 29 < ... < xy_1} with closure g}z\}b = {(22,...,on_1) € [a, 0]V 2 12y < ... < N1}
and for x = (x9,...,xN_1) € Seb.

Ly (z) := || X — XDl ||” where T = {a, 9, ...,25_1,b}.

We will of course use the natural convention x1 = a and z = b in what follows. The optimal grids,
which exist according to Theorem 1.1, are of the form {a, z2,...,zy_1,b} withx = (z2,...,2Ny_1) €
S]‘i,’b minimizing Ly over Sj‘(;b when supp(u) contains at least N points.

Theorem 2.1 (Uniqueness of critical points of Ly) Let N > 3 and r € [1,+00). Assume
that p(la,b]) = 1 and p is atomless. Then the function L, : S]Ci;b — Ry defined just above is
differentiable and its gradient V Ly admits a continuous extension on 3(]1\}1). If © admits a density
f with respect to the Lebesgue measure which is positive and log-concave on the interval (a,b) and
vanishes outside, then the continuous extension of VL has a unique zero x* and x* € Sxf’b

We deduce the following result.

Corollary 2.2 (Uniqueness of L"-quantizers) Let N > 3 and r € [1,+00). Assume that p
18 atomless and conv(supp(u)) = [a,b] with —o00 < a < b < 4o00. Then the L"-optimal dual
quantization grids at the level N are of the form {a,xa,...,xN_1,b} with (x2,...,xN_1) € S]‘i,’b
solving the master equation VLy(xa,...,xn—1) = 0. If, moreover, p admits a density f with
respect to the Lebesque measure which is positive and log-concave on the interval (a,b) and vanishes
outside, then the unique L"-optimal dual quantization grid at level N of p is {a,x5,...,25_1,b}

where x* is the unique critical point of Ly in SX;b



Notice that by concavity of z — log f(z) on (a,b), this function is continuous on (a,b) and admits
limits in {—co} UR as ¢ — a+ and = — b— so that f is continuous on (a,b) and admits limits in
Ry as ¢ — a+ and © — b—. The density f is continuous on R iff both limits are equal to 0. In
any case, f is bounded on R.

To prove Theorem 2.1, we will rely on the following two classical results, tailored variants of
the celebrated Mountain pass lemma and Gershgorin’s lemma respectively.

Theorem 2.3 (Mountain pass Lemma) Compact case (see [15]) Assume that K C R™ is the
closure of a nonempty compact convex open set O (then [O(: O) and that L : K — R is C! on
[%, VL admits a continuous extension on K satisfying {VL=0} C IO( and for every small enough

e>0, (Id—- EVL)(I%) CK. If two distinct zeros of VL are (strict) local minima, then VL has a
third zero which can in no case be a local minimum.

Proposition 2.4 (A la Gershgorin Lemma) (a) Let A = laij] be an n x n symmetric matriz
with dominating diagonal i.e.

Vie{l,...,n}, Vje{l,...,n}\ {i}, ai; <0 and A; ::Zaij > 0.
j=1

Then all eigenvalues of A are non-negative.

(b) If moreover, A is tridiagonal with a;+1 <0, fori=2,...,n—1, a12, ann—1 <0, Ay or A, >0,
then all eigenvalues of A are positive.

Proof. Let A € R be an eigenvalue of the symmetric matrix A and z = (x1,...,2z,) one of its
eigenvectors. Let iy € argmax;<;<,|r;|. We may assume without loss of generality that z;, = 1.
Also note that a; >0,i=1,...,n.

(a) We have |z;| <1 for all j =1,...,n so that

A= Gigig + Y @igjTj > igig + Y aigjla| > Aig > 0.
J#io J#io

(b) If A = 0, then under the convention ajg = app+1 = 0 and xgp = xp41 = 1, we have
0 = X = Gipig + Gigig—1Tig—1 F Qigig+1Tig+1 = Qigio T Wigig—1|Tio—1] + igig+1]|Tig+1] = Ay =0

so that z;,+1 = |zi,+1| = 1. Then, by induction, we show that x; =1 foralli=1,...,nie z =1.
But then, if L1 = a11 +a12 > 0,

A= Ax1 =anx1 + apxe =a; +ag >0
which yields a contradiction. One concludes likewise if A,, > 0. Hence A > 0. O

In order to prove Theorem 2.1 we will follow the strategy originally developed in [15] for Voronoi
optimal quantizers.

Proof. In the proof, the hypotheses on p will only be gradually reinforced to those made in the
statement.



We first assume that u([a,b]) = 1. We know that, for every £ € [z;_1, ;] and every u€ [0, 1],

N
del .
Proj;% (&, u E 1{ cuct Al 1}xz + 1{5_:if1§u§1}xi_1’ Ari=x; —xi_1, 1=2,...,N.
i=2 ¥

~.

Now

Ly(@) = [ 6=l Bt o - 6 S e

= i(Amr / wr(iizl)u(do (2.5)

where
wr(u) =u"(1 —u)+ (1 —u)"u, wel0,1],

(See Figure 2). Note that w,,«(xl i 1) ({zi}) = 0 = @, (=5, =4 )u({zi-1}) so that the notation

f;l_l Wy (%) w(d€) makes sense even if p weights points. The function w, when extended under

the same notation by the value 0 outside the interval [0,1] is continuous and bounded by 1/2 on
the real line. As a consequence, Lebesgue’s theorem ensures that (y,z) — f @y ( ) (d¢) =

waT g_g) (df) is continuous on {(y,2) € R? : y < z}. Moreover for y < z, O < (z —

f wr (=) p(dg) < We deduce that Ly is continuous on Sy ® and can be continuously

extended to 1ts closure K =Sy N .
When p has a density f, an elementary change of variable in each integral yields the alternative
formulation

N 1
L,(z)= Z(Awi)’"_l / @, (2) f (zio1 + 2Az;)dz. (2.6)

Since the extended function w, is differentiable outside {0,1} with a bounded derivative,
Lebesgue’s theorem ensures that (y,z) — [ @, ( 5 y) (d¢) admits a partial derivative with respect
to its first (resp. second) variable equal to [ <= G /(& S=2)u(dE) (resp. fR = y)Qw (= “)u(df))
at each point (y, z) such that y < z and u({y}) = 0 (resp. p({z}) = 0). Hence, for i = 2 N -1
and z € SX,’b such that p({x;}) = 0, L admits a partial derivative with respect to z; at = given by

Ti+1 S
)‘I/r (m)ﬂ(df)y
(2.7)

by ) = Q) [ (S )~ (A [

[, 41

where the function V¥, is defined by
Vu € (0,1), ¥,(u) = rw,(u) —uw(u) = (r — Du(l —w)" + 2" + (1 —uw)" >0  (2.8)

and by ¥,.(0) =0 and V(1) = 1 + 15_y3.



By Fubini’s theorem and since ¥,.(0) = 0,

5 Ti— 1
/(ﬂ%—mci] qu( Az wld) = /(wl 1,Z ]/ {z<g Dizly ( )dzpu(dS)
0

Hence, dealing in a similar way with the second term in the right-hand side of (2.7), we obtain the
following second form of 0,, L, () :

1
O, Ly (z) = (Awi)rl/o \I/;(z)(F(wZ) — F(xi—1 + ZAxi))dz
1
— (Azig) /0 U(1 = 2)(F(z; + 2Azi41) — F(2;))dz. (2.9)

When p is atomless, then Ly is differentiable on SK;b and we easily deduce from the continuity of

F and (2.9) that VL is continuous on S]Ci,’b and admits a continuous extension on 3?\}1).
When g has a density f, then the partial derivative is also equal to

1 1
O, Ly (z) = (Aaji)’"/o U, (2) f(zie1 + 2Az;)dz — (Axi+1)r/[) U (1 = 2) f(2; + 2Azi41)dz.
(2.10)

Note that each of these three forms of partial derivatives 0,, L (x) yields a version of the master
equation for dual quantization at level N, VL, (x) = 0.

From now on, we assume that p has a density f which is du a.e. positive on (a,b). If x € 3?\}1)
solves the master equation then by (2.10), (Az;)" =0 < (Azj4q1)" =0fori=2,...,N — 1 and

o

since 1 = a < b = x, necessarily Ax; >0fori=2,...,Nie. € SX;b =K.

When the density f is continuous on (a,b), the cumulative distribution function F' is contin-
uously differentiable on this interval and it follows from (2.9) that the Hessian of Ly does exist
on S;{;b and has a symmetric tridiagonal structure. However in order to apply the refined Gersh-
gorin Lemma (Lemma 2.4(b) with n = N — 2), we need to show that the sub-diagonal terms are
non-positive and the sum of its lines i.e. >, 44 @%mHLN (x), i =2 : N —1 (with the obvious
convention that Oz, [...] = Ozy[. -] = 0). We assume that the density f is also continuous and rely

n (2.9) to derive that

1
8%1 L L,(x)=—(r— 1)(Aazi)r_2/ \Il;(z)(F(xl) — F(zi—1 + zA:ci))dz

0

1
- (Azi)r_l/o U (2)(1 = 2) f(zim1 + 2zAx;)d2

1
—(Axi)rl/ Ur(2) f(io1 + 2Az4)dz (2.11)
0
where, for every z€ (0,1),

9r(2) = (r—=1D)0,.(2)+(1—2)¥.(2) = (r+ 1)(2(1—2)7"4—27"(1 —z)) +(r—1)(zr+1—|—(1—z)r+1) > 0.

10



Hence, f being du-a.e. positive on (a,b), 02 L,(xz)<0.

Ti—1T4

Similar computations show, still assuming that f is continuous, that
aigLN () = Up (1) f ) (Azi)" " + (Amig1) )

1 L _
+ (Azy) ! /0 O (2) f(zi1 + 2Az;)dz + (Azigq)" ! /0 Or(1 = 2) f (i + 2Azi41)dz
(2.12)

(U.(1)=1+ 1{r:1}) where
9r(2) = (r — )W, (2) — 2V, (2).
Let us introduce for every i = 2,..., N — 1, the quantity

Si = (1) ((Aze) ™ + (Ai1)" ™) f(a)

1 1
— (Ami)rl/o UL (2) f(zim1 + 20z;)dz — (Axi+1)rl/o U (1 —2)f(z; + 2Aziq1)dz.

One derives from (2.11), (2.12) and the obvious fact 9, — 9, = —¥’. that

N—

S; = Z 89319311% N 8%%[/]\, forr i1=3: N —2.
£=0,£1 7j=2

H

(We could have taken advantage of the anti-symmetries induced by the fact that 0, Ax;4+0y, Az =
0 to compute S; without computing 822 L, (z) but we will need a closed form of the diagonal term
of the Hessian for the counterexample below).

Moreover, one checks that by positivity of ¥, on (0,1) and of f on (a,b),

N—-1 1
8£2$jLN (z) = Z aﬁz’ﬂiJJLN(x) = S + (AQCZ)T_I/ Ur(2) f(x1 + 2Ax2)dz > Sy and
j=2 (=01 0
N-—1 1
Ronray I (@) = D 0oy L (@) = St + (Aay)™! /0 9,(2)f(xn-1 + zAzy)dz > Sy_1.
=2 =—1,0

Assume now that f is positive and right differentiable on (a,b) with right derivative f.. Then, by
an integration by part, one shows that
1 1
S; = (Aazi)r/ W, (2) fr(wi—1 + 2Az;)dz — (A$i+1)T/ U, (1 —2)fl(zi + 2Axiq1)dz
0 0

fixim1 + zAx)
= (Az) /0 ()% fmi—1 + zAz;) J@imy + 2Awi)dz

1 /
fl(x; + zAmiq)
— (A i r ‘Ifr 1-— T i A i .
( x+1)/0 ( 2) e zAa:Hl)f(x + zAxiy1)dz

11



Now if, furthermore, f is log-concave then f is right differentiable and fT; is non-increasing so

that f% < %(wz) on (x;,xiy+1) and fTL > f%(xl) on (wj_1,x;). Since ¥, is positive on (0,1), we
deduce that

oo NYE | o (A (1 — | |
S; > 7(331) ((A:cl) /O\Ilr(z)f(xll + zAx;)dz — (Azitq) /O\I'T(l 2) fx; + ZAJ:Hl)dz)

where the second factor in the right-hand side is equal to 0 when z € SX,’b is solution to the master

equation (derived from) (2.10). Consequently, Z;V;; ai-xiLN(fU) =85, >0fori=3:N—2and

Z;V;Ql 02 . Ly(z) > S; >0 for i € {2, N — 1}. It follows from Proposition 2.4 that the Hessian

T
V2L x(x) at an equilibrium point x € S](i,’b has a strictly positive spectrum and x is consequently

a strict local minimum of L, on SX,’b. If we can prove that (I — EVL)(SX[’I)) C Sﬁ;b for small
enough ¢, then we may apply (the variant of) the Mountain Pass Lemma (Theorem 2.3) to the

convex compact 3?\}17 of RN=2 with non empty interior to conclude that Ly admits at most one
equilibrium point =z € S]‘i;b. This is the purpose of the next lemma, the hypothesis of which is
satisfied when the density f is positive and log-concave on (a, b) since, according to the remark just
after Corollary 2.2, f is then bounded.

Lemma 2.5 Let r€ [1,400). If the density f satisfies
b 1
f bounded if r =1 or / fr=1(&)dé < 400 if e (1,2),

then, for e > 0 small enough, (Id — EVLN)(SX,’I)) C S]'i,’b.

Proof. Let = € Sj‘f,’b.

Assume r € (1,2). Then, for every u,v€ [a, b], Holder’s inequality implies

/u e < ( / b frll(ﬁ)d£> RS

On the other hand, for i = 2,..., N — 2, it follows from (2.10) that

1
Ops 1 Ly () — Op, Ly () < (AmHl)T/O (U (2) + U (1 = 2)) fxi + 2Azi41)d2

< Aziy1 Cr(Aziyr) 2 / - f(§)d¢

b ) r—1
< Awir C, < / fM(é)cE)

where G = sup,epq) (Vr(2) + ¥, (1 - z)) < +oo according to (2.8). Consequently for & <
1 r—1\—1
AV G

xTi— e@miLN(az) < Tijp1 — €8xi+1LN(:L'), 1=2:N —1.

12



r—1
If » = 1, this inequality follows likewise by replacing ( f; f ﬁ(f )dﬁ) by || f]|co-

If r > 2, just note that (Az;1)" 2 f;”l f(&)d¢ < (b—a)""% and choose £ < (Cr(b— a)T_Q)_l.

It remains to prove that xo — e 9y, L(x) > a and xn_1 — £ 0y, L(z) < b. In fact

1
xo — €Oy, L(x) > mo — 6(AZL’2)T/ U, (2)f(a+ zAx2)dz
0
> 22 = Awae [0 up(Azz)? [ F(€)de.

Inspecting the same cases as above, one shows under the assumptions made on f for r € [1, 2], that
for e € (0,¢]] small enough (independently of z),

9 — €0y, L(x) > 29 — (2 — a) = a.
The second inequality follows likewise. This completes the proof of the lemma. O

The following counterexample shows that uniqueness of critical points of L, may fail when the
density f is continuous, du-a.e. positive and (left and) right differentiable, but not log-concave.

Counter—example. The idea to devise this counter-example is to find a distribution g with a

periodic density on the interval [0,1] that trivially makes z* = (%)kzl _y an equilibrium at
level N but which assigns much mass in between the codewords x;, = % so that this equilibrium

cannot be a local minimum of L,,. As a consequence there will be at least one further equilibrium
point: the minimum of L, known to lie in S](\);l.

Figure 1 — The probability density g for r = 2 and N = 5 (see (2.14)). Red bulllets are the 5
codewords vy, k=1:5.

Let r > 1 and let g€ C([0,1],R4) a probability density function satisfying g(z) = ¢g(1 — z) and
g(0) = 0. We define for a fixed N > 2 the probability measure

u(du) == g({(N = 1yu})du

where {-} denotes the fractional part function. This defines an absolutely continuous probability
measure p on the unit interval with an a.e. positive continuous density.

One checks that z* := (%) w1 Satisfies VLy (:U*) = 0 using the master equation derived

from (2.10) and the obvious facts that Az; = =5, i=2,..., N, and fol U,.(2)g(z)dz = fol U,.(1—
2)g(z)dz.

13



Elementary computations starting from (2.11) and (2.12) show that the Hessian V2L, (x

*)is a

symmetric tridiagonal (N — 2) x (N — 2) matrix of the form
[2a b 0 0
b 2a b e
V2L (z)=(N-1)"0"YA with A=| ¢ . . . o |eS(N-2R).
b 2a b
| 0 0 b 2a |
with .
a —/ 0.(2)g(z)dz and / Ir(2)g(z)dz < 0
0

(since both 9, and g are positive on (0,1)). It is classical background that (real) eigenvalues of

such a symmetric tridiagonal matrix A are

e =2(a+beos (#27)), k=1,...,N =2, (2.13)

so that its lowest eigenvalue is Amin(N) = 2(a + bcos(~)) (obtained with k = 1).
Using again that 9, — 9, = -,

1 1
a+b— /O (Fr — 0,)(2)g(2)dz = —/0 W (2)g(2)dz.

Now, we note that W) (z) + V/.(1 — 2) = —w)/(2), z €
that g(1 — z) = g(z), we derive

! / _ ! \IJ;(z)-{—\IJ’T(l—z) . 1 [t " . 1/2 7
| v = [ . o)z = =5 [ =iz == [ =l

[0, 1], so that, taking advantage of the fact

2

since both g and @/ are symmetric (w.r.t. 1/2) on [0, 1]. If we assume that g is also differentiable
n (0,1), then an integration by part yields

1/2 1/2 1/2
arb= [ @@ = o127 (12O O [ @ @iz = = [ e e

since ¢(0) = 0 and, by symmetry w.r.t 1/2, w/.(1/2) = 0. Finally setting
(2.14)

g = CrTWr

so that g is a probability density, one has

1/2
a+b= —cr/ (wl(2))%dz < 0,
0

hence “H’ > 0 since b < 0. Consequently, Apin(IV) < 0 for any N large enough such that
b
Cos(—l) >1-— a: .

14



Then, as some of the eigenvalues of the Hessian of Ly at z* are negative, this point cannot be a
local minima of Ly. The function Ly also has a local minima lying in SX,’b since supp(p) = [0, 1],
namely any L"-optimal dual N-quantizer. Hence, uniqueness of the solution to the master equation
fails.

However, note that this only stands as a counter-example to uniqueness of solutions of the
master equation: the set of local minima may still be reduced to a single N-tuple.

05 05

02 02 02

S Sy
\
|
|
|
|
|
|
|
|
|
|
|
o i
|
|
|
\
\
PES ———

Figure 2 — Functions w, for (from left to right) r = 1,1.5,2,3, 4,6, 10.

Remarks e The conclusion of the above counterexample holds true for any symmetric probability
density g on [0, 1] such that ¢g(0) = 0 and

1/2
/ d (2)w..(z)dz > 0.
0

e If u = U([a,b]) then the master equation e.g. derived from (2.9) reads (Az;)" = (Axiy1)",
i=2:N—1since fol U, (z)dz = fol U, (1—2z)dz. Hence Ax; = ]l\’[__“l, i =2: N, so that one retrieves
the fact that the unique L"-optimal dual N-quantizer of U([0,1]) is always a*" = (4=

all » > 1.

e If r is an integer, then ¥, (z) is a polynomial function with degree at most r + 1. To be more
precise one checks that its term of degree r is always 0 and that the coefficient (—1)"((—1)"—1)z"**
of its term of degree  + 1 is 0 if and only if r is even. Hence d° ¥,. = r — 1 if r is an even integer
and 7 + 1 if r is an odd integer.

for

)i:l:N

3 A Lloyd like algorithm for dual quantization in the quadratic
case

A fixed point formulation of the master equation. In this section, we specialize to the
quadratic 7 = 2 case and take advantage of this specialization to derive a more convenient expression

15



of the distortion of the dual grid I' = {a, z2,...,xN_1,b} parametrized by (x2,...,zN_1) € S]ff’b :

L= [ wq/MMImW%mﬁzj ) [ du(Proit(e ) - [ utag
] [a,b]
N—-1
— :rz £ 2 E—my 2 2
B — /z x+1] Il:ll = " AR i+1} B /R5 H(dé-)
N-1
- /imvmz—%wﬂww—/gM%) (3.15)
i—1 7 (@i,wita] R
N—1
= 3 (s + )K= [P = [ €utde), (3.16)
i=1
where, we recall that F(z) = pu((—o0,z]) and K (x f( 00,2] &pu(d€) respectively denote the cumu-

lative distribution function and the first partial moment of p and for a function g : R — R and two
real numbers z < y, [9]¥ = g(y) — g(z). Then, it follows from (3.15) that the mapping « — L () is
continuously differentiable at  when the distribution u is atomless (i.e. F' and K are continuous)
with

Op, Ly (@) = [K|2it) — (mis1 [Fle + @i [Fl ), i=2:N-—1, (3.17)
The master equation for optimal quadratic quantizers reads x1 = a, xny = b and

v902:1\7—1LN (x) =0 (3.18)

that is

(K)ot} = 2 [Fle + @ [F]y i=2:N -1 (3.19)

-1

Using Fubini’s theorem for the second equality, we obtain that

KES= [ [ Lgegdya() + o P
(wz 1 7x7,+1] (

Ti—1,Ti41

= / (F(zit1) — F(y))dy + zi-1 [Flai’)
(zi—1,%iy1]

Ti4+1
= - / F(y)dy + zi1 F(vig1) — w1 F(xi-1).

Ti—1
We deduce the following more synthetic form for the master equation
Tit1

@H—wlwwaz/ Fe)de, i=2:N—1

Ti—1

which may also be deduced from the case r = 2 in (2.9) using ¥}, = 1 and performing a change of
variables in each integral. Equivalently, we have

SF(€)dg
F(x;) = fx—li< i=2:N—1. (3.20)
Tit1 — Li—1
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Assume from now on that the distribution p is atomless with support [a, b]. Then F' : [a,b] — [0, 1] is
an increasing homeomorphism and we may define its inverse F~! so that the above equation (3.20)
can also be written as the fixed point equation

(z2,...,an—1) =T(x) = (Ta(x),..., Tn_1(z))

Citl B(€)d
T(x) = <F1 <m>) : (3.21)
i=2:N—1

Since F' is continuous and increasing from F(a) = 0 to F(b) = 1, T(x) € Sj‘i,’b for each x €

b
where, for every z€ Sy,

S]‘i,’b. By Corollary 2.2, any quadratic optimal dual quantization grid at level IV is of the form
{a,z9,...,xNy_1,b} with (z9,...,zNy_1) € S]Ci;b solution to the master equation VLy(z) = 0 or
equivalently fixed point of T'. If ;1 admits a density f with respect to the Lebesgue measure which
is positive and log-concave on the interval (a,b) and vanishes outside, then there is a unique such
point (x3,...,2%_;).

One checks that T can be continuously extended to the closure g‘;\}b of SX,’Z’. Indeed ;1 = x; <
Tiy1 or w1 < m; = xiy1, the extension of T;(x) is straightforward and if x;—1 = z; = x;41, set
T;(x) = x; (in both cases with 1 = a and xy = b).

From such a fixed point identity, one can devise an iterative fixed point procedure which can
be seen as the counterpart of so-called Lloyd’s method I procedure for dual quantization:

A =7(0), 00, 203y (3.22)

When p admits a density f positive and log-concave on (a,b) and vanishing outside, while
proving that this procedure converges at a geometric rate to x*, we are going to check that T
admits a unique fixed point in SX;b thus providing an alternative argument for the uniqueness
statement in Theorem 2.1.

Convergence of the dual Lloyd algorithm. First note that if F' is continuously differentiable
on (a,b) i.e. p has a continuous density f on (a,b), then the mapping T is itself continuously
differentiable at any z € Sj(,’b with a Jacobian matrix Jr(z) = [g;f; x where gf;’_ () =0

( )}QSi,jngl
if |i — j| > 2 and

oT; 1 SN F(€) = F(wi-1))dé
= - = 0, i=3,...,N—1, (3.23
8901-_1 (.7}) f o -1 (f;,;,fjll F(f)d§> % (mi+1 — xi_1)2 > ’ ( )
Ti41—Ti—1
and
- T F(mi4) — F(€))dE
ot r) = 1 Joi2y (Flain) ©) >0, i=2,...,N—2. (3.24)
011 fOF_l( w1

ias F(&)d&) x ($i+1 — 331;1)2

Tip1—Ti—1

The main result of this section is the following.
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Theorem 3.1 Let —co < a < b < +o00. Assume that p admits a density f with respect to the
Lebesgue measure which is positive and log-concave on the interval (a,b) and vanishes outside.
Then T admits a unique fized point x* in 3?\}17 and x* € SX,’b. Moreover, {a,z%,...,x5_q,b} is the
unique quadratic optimal dual quantization grid at level N of u and

|20 — .'L'*|goop|~£/ﬁj where N = (47 -1

200 — 2| oo p if f is strictly log-concave on (a,b).

=ab
Jpe0,1), vl e SV Ve e N, |zl —z*]p < {
As a preamble, we first establish an equivalence between two characterizations of strong uni-
modality, one being the log-concavity of the density of the distribution, whereas the other (see
below) will be extensively used in what follows. Then we establish a general result about fixed
point of locally contracting transforms from a compact set in itself.

Lemma 3.2 Let —0o < a < b < 400 and let f: (a,b) — (0,+00) be a positive probability density
on (a,b) with cumulative distribution function [a,b] 5 & — F(z) = [ f(£)d¢ and quantile function
F~Y. The function f is log-concave (resp. strictly log-concave) on (a,b) iff f o F~! is concave
(resp. strictly concave) on (0,1).

Proof. The cumulative distribution function F' being continuous and increasing on [a,b] with
F(a) =0 and F(b) = 1, it admits a continuous and increasing inverse F~! : [0,1] — [a, b].

Let us suppose that f is log-concave (resp. strictly log-concave). Then log f is continuous and
admits a non-increasing (resp. decreasing) right-hand derivative (log f)!. as a real-valued concave
(resp. strictly concave) function. By composition with the exponential, f = expolog f also admits
a right-hand derivative equal to f x (log f)... Since f is continuous and positive, the function F' and

its inverse F'~! are continuously differentiable with respective derivatives f and ﬁ We conclude

that fo F~! admits a right-hand derivative equal to %gf)lf o F~1 = (log f)!. o F~1 which is non-
increasing (resp. decreasing) as the composition of the non-increasing (resp. decreasing) function
(log f)!. with the increasing function F'~!. Therefore f o F~! is concave (resp. strictly concave).
When f o F~! is concave (resp. strictly concave), then this function is continuous and, by
composition with the continuous function F, f is continuous so that F and F~! are continuously

differentiable with respective derivatives f and ﬁ Moreover f = (f o F~') o F admits a
right-hand derivative equal to f. = (f o F~!)! o F x f. Then log f admits a right-hand derivative

equal to fT’/“ = (f o F71)! o F which is non-increasing (resp. decreasing) as the composition of the

non-increasing (resp. decreasing) function (f o F~1)! with the increasing function F. Therefore

log f is concave (resp. strictly concave). O
Proposition 3.3 Let K be a convex compact subset of RY, equipped with a norm | - ||, and let
T:K — K be al| | — 1-Lipschitz continuous mapping such that for some k € N*, the mapping
T* obtained by iterating T k-times satisfies
Tk _a*
Pk =  sup I @)=yl ‘y@y*ﬁ I <1
yeK, y#y*

for some fixed point y* of T (the set of fixed points is non empty by Brouwer’s theorem). Then y*
is the unique fized point of T and for every yo € K, the sequence recursively defined for n € N by
Yn+1 = T'(yn) geometrically converges to y* :

k
Vn e N, lyn — v*|| < llyo — v*[lof**.
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Proof. The inequality ||[T%(y) — y*|| < pklly — v*|| valid for each y € K with py < 1 implies that
every fixed point of T% and therefore of T is equal to y*. Moreover, using that y* is a fixed point
of T then the 1-Lipschitz property of T" and last the previous inequality, we obtain that

lyn = * 1 = 17" 55 g egie) = T E < I g —1) — o7
n/k
< Pl T* W npig—2) = 01 < o™ llyo = w71
O
Proof of Theorem 3.1. Since K = gi’b is a convex and compact subset of RV~2, by Brouwer’s

. . . =ab | sab .
fixed-point theorem, the set of fixed points of the continuous map 7' : Sz’ — Sz’ is non empty.

Let z € gz’b and x1 = a, zy = b. If Tj(z) = x;—1 or T;(x) = x;4q for some i = 2,... . N — 1,
then, since F is increasing and continuous on [a,b], ;-1 = z; = x;+1. If moreover T(z) = =z,
then one deduces that T;y1(x) = z; if i < N — 2 and T;_1(x) = x; if i > 3, so that by induction
1 =29 = ... = xN_1 = xny which contradicts x1 = a < b = x. Hence the non-empty set of
fixed points of T is included in Sﬁ’b. Let z* € Sg’b be one of these fixed points. We are going to
check that the assumptions of Proposition 3.3 are satisfied with y* = 2* and with k = 1 in the
strictly log-concave case and k = N is the log-concave case. The conclusions but the link between
x2* and the unique quadratic optimal dual quantization grid at level N of p then follow from this
proposition. This link is a consequence of Corollary 2.2 and the fact that x € Sﬁ’b is a critical point
of Ly iff it is a fixed point of T

— Srictly log-concave setting. It follows from (3.23) and (3.24) that, for every z € S]‘Vl’b and ¢ =
3,...,N—2,

aﬂ $) 4 8E Jj) _ 1 % F(CL‘Z;H) — F(‘Ti,l)
01 0iq1 fop-1 Joit F(&)dg Tip1—Tio1
Tip1—Ti_1

As f is strictly log-concave, foF~! is strictly concave by Lemma 3.2, hence it follows from Jensen’s
inequality that, under the convention z;1 = a and zny = b, for every : =2,...,N — 1

fo F (LZFT F(f)d£> > f;jjll S = F(xiy1) — F(zi-1)

(3.25)

LTi41 — Ti—1 Tit1l — Tj—1 Tit1 — Ti—1

with a strict inequality since the probability measure 11, | ,..,1(§)d€ is not a Dirac mass and F' is

b
not constant over [x;_1,z;11]. As a consequence, for every z € Sy,

. oT; oT;
Vi=3,...,N -2, 97, (x) + I (x) <1, (3.26)
e e G T e M
Oy 1, Jo. (F(&) = F(zy_2))dé < 1 L FO) —Flay-) _,
Ozn—a J2y , Fl&)de G b— N '
? (b— zn_2)2f 0 F-1 (g;xﬁ) Jo Rt (=2 =) ?
(3.28)
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Since gTTJ?(x) > 0 with equality if |i — j| > 2, it is easy to deduce that, if RV~2 is equipped with

the ¢>°-norm | - |feo,
Vee SY,  Jr(@)|me < 1 (3.29)
where |||-[|, denotes the operator norm with respect to the ¢*°-norm.

Now let z € 37\}17 and y € SX,’b with y # x. Then for each t € [0,1), tx + (1 —t)y € SX,’b and
t — T(tx+ (1—1t)y) is continuous on [0, 1] and differentiable on [0, 1) so that, with the integrability
consequence of (3.29),

1
T(x)—T(y) = /0 Jr(tz + (1 —t)y)(z — y)dt, V(z,y) € 3?\}17 X Sj'{;b. (3.30)

By the triangle inequality for integrals, the definition of the ||-||[jc-norm and (3.29), one deduces
that

IT(@) - T(W)|, < /O 70 (2 + (1 = )]l |2 — yle < |2 — yleee. (3.31)

Approximating y € 3?\}1) by a sequence of elements in SX;b, we deduce that T is |.|ge 1-Lipschitz
continuous. Moreover, for the choice y equal to the fixed point z* of T', (3.30) writes

1
Vr € gﬁb, T(z) —a* = Al (z —z*) with Al = / Jr(z* + t(x — ))dt. (3.32)
0

. . . =ab
Since x — AE l'is continuous on the compact set Sy and

vo e 3, [|a]] S/01H}JT(ta;Jr(l—t)z*)mgoodt<1,

we have SUp__zab
TESN

< 1. With (3.32), we deduce that the hypotheses of Proposition 3.3
”

’A[]

are satisfied with k =1 and p; = SUp_ _a.b
N

— log-concave setting.

The main difference is that the inequality in (3.25) is no longer strict. As a consequence, in
(3.26)-(3.28), < 1 should now be replaced by < 1 so that ||Jr(z)[,e < 1. This still ensures that
T is |-|geo-1-Lipschitz continuous on ga’b and (3.32) still holds. To overcome the lack of strict

contraction of RV=2 5 v+ Jp(x)u, we are going to take advantage of the inequalities 3 BTQ < 1 and

OTN_1

Fin, < 1 still valid on S&  since the first inequalities in (3.27)-(3.28) remain strict.

For k > 1 we can iterate (3.32) to obtain
Vo e SY, TF(z) — o = AM AR Al (g — 2%) (3.33)

where, for ¢ > 1, Al = f01 Jr(z* + (T (z) — 2*))dt is a tridiagonal matrix
satisfying

[agj]} 2<i,j<N—1

+adl <1, i=3,.. N-2

J4 . l
agi]—() 1=2,...,N—1, Ellﬂ>0 a” il

11—1
and 0< a[;?]), aE@ IN—o < L
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Let u = (ug,...,uy ,) € RN72 with |ufpee > 0. Let I = {i : ]Ag]u] = |ulpe}. It is clear
that 2, N — 1 ¢ I since ‘(A[ )2| = a[1]|u3\ < |us| < |u|g (idem for the other term). Now let
={i:|(4A A 4l w);| = |ulge }. Tt is still clear that 2, N — 1¢ I,. Now

()= B B

As ai%], a:[)ﬂ > 0 and am [2] <land2¢ I, |(A[2} )3] < |ulgee. One shows likewise that N-2¢
I5. Then one shows the same way round by mductlon that, 2,...,k+1, N—(k+1),...,N—1¢ I}, =

13711

{i: }(Agjk}...ALl]u)i! = |u|g } which implies that I(%}—l =g ie |Ag --Ag]u‘gm < |ufgee.

Consequently setting N = [%1 — 1, we have

—ab
VxES;\l,,

] <

Note that a more quantitative bound in terms of the coefficients of the matrices is derived in
Proposition 3.4 below. With the continuity of =z — AL;N] .

(3.33), we deduce that the hypotheses of Proposition 3.3 are satisfied with & = N and PR =
AN <1 U
éoo

--AQ I over the compact set gi’b and

sup_ 5"

To evaluate in sharper way pg, one might rely on the following Proposition which provides a
quantitative bound for the ||-||[;ec-norm of a product of our tridiagonal matrices of interest.

Proposition 3.4 (Quantitative bound) Let N > 3 and set N = [51-1. Let Alll = [a [J}]2<z J<N—1;
le{l,...,N}, be tridiagonal matrices whose entries satisfy the above conditions (3.34). Then

A, < e (1=l 0 - )

2<i<N
[N] [N 1] [N+it+2—N] [N+1+i—N]
v LNJT???V L <1_ Qi p1Gi4 0N _ay—1 (L= ay_1N_o )> <L
FlsisN—

Proof. For a matrix B = [b;j]i<i<n, 1<j<d € R’}fd and for y, 2 € R? such that |y;| < 2z, i =1:4d,

we have
d d
§ b
<n 7Y
<n |3

< =
1o bijzj = || Bz||e-

IBylles = ma
7j=1

HA[m -+ A1y To conclude, we check by induction on k € {1,--- , N} that the entry (A ... All1);
is nonnegative and not greater than

Therefore denoting by 1 the vector in RY~2 with all coordinates equal to 1, we have H‘A[m Al H‘e <

yﬂ&-l + ay;] 1(a£k 111] + az[k 13} 2(a Ek 212] 1T Ek 212] (..ta UHS ]( AR 0)))) if2<i<k+1
1 it E+2<i<N-—(k+1)
[k] (K] [k—1] [k—1] [k—2] [k—2] [k+i+2 [k+i+1-N]

_N . .
1t @i (az’+1z a0 (@ iy iygiia(c o Fay oy ](GN—lN—Q + 0)))> fN—-k<i<N-1
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where, by the assumptions made on the entries of the matrices, by induction on i € {2,--- ,k+1},

yﬁfl_‘_ay:] 1( Ek 111] +a7[,k 12] 2( Ek 212] 1ta 1[,k 2?1 (.. + g;—‘,—S ]< A }"‘0))))

k k—1 k+3—i k+2—1
<1- Ez] 1a£ 11]2 agz }(l—a[% ])<1

and, by backward induction on i € {N — k,--- ,N — 1},

k k k—1 k—1 k—2 k—2 k+i+2—N k+i+1—-N

alf | + agll*l( £+h] + a£+1i<]|’2( 7[,+27,<}F1 + a£+2ilr3( -t Ev 2N ]<a£\f71N72 - 0»))

K [k—1 k+i+2—N k+i+1—N
<1- agzlrla£+1z]+2 : agvsz 1 }(1 - [ —1N—2 ]) <L

In the induction on k, we use the first bound to get that (AF+1 ... All1), < yfill}—i—a[kﬂl (Al ... Al1),
for 3 < i < k-+1 and the second one to get that (A[kH] e A[l]]-)i < aﬁ’j_ﬂ” + E’:j_rll] (A[ ... A[l]l)z‘+1

for N—k<i<N-2. O

Remarks. e Note that, as all the entries of the matrix A such that T(x) —az* = Al (x — )
are non negative, it is clear that if © > 2* (resp. = < x*) componentwise then T'(x) > x* (resp.
T(z) < x*) componentwise so that if 2% > z* (resp. zl0 < 2*) componentwise then the whole
sequence z!¥ will satisfy the same inequality.

e This theorem shows the geometric convergence of this dual Lloyd procedure for the (log-concave)
truncated exponential distributions toward its unique quadratic optimal dual quantizer. A specific
family of procedures which works for the search of the L"-optimal dual quantizer of power distri-
butions for any r > 1 and truncated exponential distributions for r € {1,2} is developed in the
next section.

e In the log-concave example of the uniform distribution, say on the unit interval [0, 1], one checks

that the mapping 7' is affine and reads on gi’b

Ti(z) = % i=92,...,N—1,
with the convention 21 = 0 and xy = 1 so that T(x) = Ax + b with A = [aij]ggiﬁjSN_l satisfying
Qji+1 = %, i =3,...,N—2 a3 = % = an—1,N—2 and a;; = 0 otherwise and b = 5(0 -0, 1)*

(with N — 2 components). The eigenvalues of the symmetric matrix A are (cos(+2Z))
(see (2.13)). Therefore, for the Euclidean norm,

1<k<N-2

™
Vo € RN72) |Az| < — ) |-
x |Az| < cos N1 ||
Hence the sequence zlftt = T(x[é]), ¢ > 0, converges toward the unique equilibrium point
(%)k:2 _ n_y With the geometric rate cos <ﬁ) uniformly with respect to z[% e g}l\}b
4 Computation of one-dimensional dual grids for specific distri-
butions

4.1 Power distributions on compact intervals

Let u be a probability measure compactly supported on [0,1] with density f and such that
0 < u([0,z]) < 1 for all z € (0,1). Then .IigN) =0 and :U%V) = 1. To characterize the other points
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(a;l(.N) )o<i<n—1 in the optimal dual grid when N > 3, we use the master equations written with the

expression (2.10) of the gradient of the distortion :
1 1
(Angl))r/ U, (1-— z)f(:vl(-N) + zAa;Eivl))dz = (AxEN))T/ U, (2)f (2 l( 1) zAxZ(-N))dz, i=2:N-1
0 0

where W,.(2) = (r — 1)2(1 — 2)" + 2" +722(1 — 2)"~. For power distributions, f(z) = azx®~! for

some « > 0, so that dividing the master equation by a(:cl(»N))’”rO‘*1 yields

r a—1
AgN) 1 Az
i+1 i+1
< ™ ) /O T, (1-2) (1 e dz (4.35)
r a—1
A.CUEN) 1 (z — 1)Ax§N) .

o)

We are going to check that the ratios \; = ( ~y do not depend on N > i+1 (they of course depend
’L+1

on r > 1 but we do not make this dependence explicit in the notation). This is a consequence of

(N)
the equality % = 0 valid for each N > 2 and which yields Ay = 0. Since wg\],v)
L2

= 1, we then have

:EZ(N) = Hj\gl Aj fori=1:N —1 and even for i = N under the usual convention H;V;A} Aj =1

Performing the change of variable y = 1 — z in the integral in the right-hand side of (4.35), we
obtain

e = 1) =i — 1) (436)
where
Y1+ z2)* tdz if >0
xr(2) = fo ) .
fo l—z Y1+ zz)* 'dz if ze [-1,0].

To conclude that starting from )\1 = 0, the values of \; can be computed inductively for: =2 : N—1
from this equation, it is enough to check that x, is one to one on the interval (0,+o0c) where

:z:l(fl)/:cEN) — 1 stands. For z € (0, 400), we have

1
Xo(z) =21 /0 U.(1—2)(r+ (r+a—1)zz)(1+ 22)* 2dz

where the right-hand side is positive since » > 1 and ¥, is non-negative. Notice that we obtain
uniqueness for the master equation and therefore uniqueness of the L"-optimal dual quantization
grid at level N even when a € (0,1) and the density is not log-concave. In the quadratic r = 2

(=) a J;_)j:l_ T— = + - Of course thn)for a<b,p adm1tj\s} tile density
l[a’b](x)% (resp. l[a’b](x)%) then for i =1: N, z; " =a+ (b—a)[[;Z;" A; (resp.

N _
W)= 0= - a) IS A

case, since ¥s(z2) = z, axa(z) =

Numerical example. The optimal quadratic dual 10-quantizer of y(dx) =1} (= ) 5,/7 is given by

{0,0.0744614,0.1675381, 0.2704687, 0.3804786,0.4961058, 0.6164311,0.7408177,0.868795, 1}.
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Notice that even if the density is log-convex on the interval (0, 1), the Lloyd-like iterative algorithm
introduced in Section 3 still numerically converges to the corresponding unique solution to the
master equation in S?(’)l

The derivation of an equation not depending on xEN)
key structure condition

relating \; to \;—1 was permitted by the

V(e,y) € (0,1 x [0,1], f(y) = g(a)h (£) (4.37)

satisfied by the power density for g(z) = az® ! and h(z) = 271, Under this structure condi-

tion, (4.36) remains valid for the following generalized definition of x; :

f (1= 2) ( +zx)dz if x>0
xr(x) = { 0 fo V(1 + zx)dz if z € [-1,0].

When the functions g and h are differentiable, the structure condition is only satisfied by power
’ YR'(Y

distributions. Indeed, differentiating with respect to z in (4.37), we obtain %S) = %ég) We

zg'(x)

deduce that the two functions @) and 2 ((3) are both equal to some constant a« — 1. Then
g(z) oc 2%~ 1 and h(z) oc 227! so that f(y) oc y®~ L.
_ e

We could also assume that f(y) = g(x)h(y — ), which is typically satisfied when f(z) = 5—

for A € R* (we may then choose h(z) = e*?) but then it is not so easy to decouple the use of
the two boundary conditions ng) =0 and :EE\],V) = 1 which permits an inductive resolution of the
master equation under the former structure condition (4.37). We are nevertheless able to design an
almost explicit procedure for these truncated exponential distributions, at least when A > 0 and

r e {1,2}.

4.2 Truncated exponential distributions

Let p(dz) = 1jg (= )%dx be a truncated exponential distribution with parameter A > 0

on [a,b], 00 < a < b < +oo. Note that if A\ < 0, it suffices to solve the problem for the image
fp=11_p 4 (x)%dw of u by the linear transform x — —x and transport the resulting dual
quantizer by this involution.

The distribution p is a log-concave distribution (though not strictly log-concave) so that, for
every r > 1, the L"-optimal dual quantizer, solution to the L"-master equation (2.10) is unique
at every level N > 3. Let N > 3 and let x = (z1,...2y), 1 = a, xy = b and Az; = x; — 21,
i =2,...,N. The master equation (2.10) reads

O, (NAziy1) = O (—AAZy), i =2,...,N—1, 21 =a, oy = b, (4.38)
with

1
O, (z) = |x|re_x/ U, (z)e**dz, xeR.
0

If £NMab denotes the solution to this equation (where the dependence on 7 > 1 is not made
explicit), one easily checks, taking advantage of uniqueness of the solution, that

1 _
pNhab g1y XxN,l,O,/\(b a)
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so we only need to solve the equation with A =1 and a = 0 with limit condition :p%’l’o b —p.

— Quadratic case (r = 2). We first consider the quadratic case r = 2, most commonly (sic) used
in applications. Then, ¥o(z) = z, so that

1
Dy(x) = :ch_x/ zedz=e"*—1+xz, zxz€R.
0

The function ®5 is C' and if we set ®o(z) = ®o(—x), then Py, and <i>2|R+ are both increasing
C'-diffeomorphisms of R, and (with an obvious abuse of notation) Equation (4.38) reads in a
forward way on R

Azt = 03(Ax;), i=2,...,N—1 with 92:@2_10(i)2.
As @l (x) = & — Po(x), one checks that

0, = ¥ ldr, 4%
(0,1 (D2)) O — Dy

so that 0y satisfies the ordinary differential equation (ODE)
2(03) = Idg, +®2- (1+065).
At this stage, noting that, for every z€ R,
. xk
@2(x):€$—1—$22g,
E>2

we aim at solving this ODFE by power series i.e. we assume that

x) = Z apa®

k>1

since 02(0) = @5 ' 0 d2(0) = 0. By standard arguments, we see that

k
% Z bkx with b, = % Z Aly1—¢Qy
E>1 =1
and
=20+ 1
z+ Po(x) (1 + b5(x)) = chxk with ¢ = ( = 6)'a4+1 + I )1{k>2} + =13

k>1

Iy
o

One derives that a% =1 so that a; = 1 since #; is non-decreasing, ‘”;1

ag = % and

= 3ajas which implies

k—1
= k+1< +Z k+1_ ) Zafak—i-l e, k=3



As a consequence, we can compute 6o (z) with an arbitrary accuracy. Then, the master equation
reduces to the scalar boundary condition

Ze (Azg) =

which can be solved numerically by various elementary zero search methods like dichotomy, Newton-
Raphson algorithm, etc, since for k > 1 the k-fold composition 0 of 05 is continuous and increasing
on R, from 63¥(0) = 0 to 65%(+o00) = 4+00. Then :UN’l’O b= Zk : HOJ(AxQ) fork=1,...,N.

Numerical example. The optimal quadratic dual 11-quantizer of the truncated exponential
distribution with parameter A = 1 over the unit interval (a = 0, b = 1) is given by

0L —(0,0.086271,0.17510, 0.26663, 0.36105, 0.45853, 0.55929, 0.66355, 0.77156, 0.88361, 1).

CPU time on a 1.8 MHz processor with Matlab: 6.1072 s (using a dichotomy algorithm to determine
Axg).

— General case (r € (1,400)). Set ®,.(x) = ®,.(—x) for every 2 > 0. By an obvious change of
variable, one has

1
O, (x) = :):T/ U, (1—2)e**dz, x>0,
0

so that ®,.(0) = 0, ®, is increasing on R, goes to infinity at infinity by the monotone convergence
theorem since ¥, > 0 on (0,1). As a consequence it is a C' homeomorphism of (0, +oc) (in fact
a diffeomorphism since ®’. is never 0 on (0, +0c)). Equation (4.38) can be written in a backward
way

Az; =0,.(Azis1), i=2,...,N—1 with 6, =(d,) 1o,

Now let us focus for a while on ®, itself on R,. As ¥,(z) > 2"+ on [0,1] (see (2.8)), one has for
every x > 0,

1 T
O, (x) > a:re_x/ 23y = x_Qe_’”/ 2 Herdz
0 0

x
=z~ (r4 122 _””/ Z"e*dz
0

> o (r D221 —e®) > 22 for x> 2(r+1).

1
2

Hence lim, oo @ (z) = 400 which in turn implies that limg_, 4 5,, (z) = 4+00. Consequently the

continuous function x Zk 11 0, o(N=F) (x) is null at 0 and goes to infinity at infinity so that the
equation
N-2 ~
0" (@) =
k=0
always has a solution ™ and we may set Az; = gs(Nfi) (JZT’b), 1 =2,...,N. We know that the

solution is unique by Theorem 2.1. N
Unfortunately, we have no semi-closed form for ¢, like in the quadratic case for 02 since we
could not find an ODFE satisfied by 6, in full generality.
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When r is an integer, then W, is a polynomial function with degree r — 1 if  is even and r + 1
if r is odd, whose coefficients of degrees 0 and r are always 0. Then, having in mind that

VneN, e* /Ox 2"e*dz = (—1)”71!(%(—1)]“35: - e_x>

k=0

it follows that ®, reads

D, (x) = sign(z)" (Pr(l’) —e " <% + Qr(w)))

where P, and @, are polynomial functions with degree r — 1 and r — 2 respectively that can be
computed explicitly and ¢, = 0 if r is even.

—Caser =1. When r = 1, 61(2) = 2z(1 — 2) so that ¥;(z) = 2z%. Hence

25si v 4 i 2
Py(x) = Slgn(x)e“/ 22efdz = 4sign(z) (x— —r+1- eﬂq),
0

x2 x2 2
. 4 si 2
Q(x) = Slig(x)<ex ol %) (4.39)

In particular, ®1 is increasing on R, C'!, with lim,_, oo ®1(z) = 2 so that ®; is a C''-diffeomorphism
from (0, +00) to (0,2). Moreover, it is clear that ®; is a C'-diffeomorphism of (0, +00).
In that case we can again write the equation in a forward way

Az = Ql(Aﬂj‘z), i=2,...,N—1 where 6= @Il o (i)l

is defined, C1, increasing on [0, (®1)!(2)) non-negative, satisfies 61(0) = 0 and limx_)i,;1(2) 01(x) =

+o00. Consequently the mapping x — ZkNgf 05%(z) is defined on an open bounded interval with
left endpoint 0, null at 0 and goes to infinity at its right endpoint so that the equation

N—-2
> 0% (@) =b
k=0

always has a solution z'* and we may set Az; = 910(1.72)(1:11’), 1=2,...,N.

Moreover, ®; satisfies the following ODE on R\ {0},

17

2
P (z) = — (E + l)él(x) + 25sign(z)
from which we derive that, for > 0 small enough,

(®1)

T2 (g D®01(@) 2 (5h + D)

which can be rewritten (in a neighbourhood of 0 on R} ) as the non-linear ODE

20 ()6} (x) — (63)'(2) (1 — 3&1(2)) + 61 (2) B (2) = 0, 61(0) =0,
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This ODEFE can be solved as a power series with positive convergence radius. First note that

4

Va >0, <I>1 bkx and by =-——

=2 @
(so that by = %, by = %, etc) owing to (4.39). Assume a priori that 6; can be expanded as

01(x) = Zakxk, x> 0.
k>1
Then, if we set
k
,(C) (k+1) Zagakﬂ ¢, k> 1, so that 92 Zak ,
=1 k>1

elementary though tedious computations show that the sequence (aj)r>1 satisfies the following
induction formula (with the convention ) = 0)

k—1 k—1
3 br_y¢
ar =1, ap= m (;1 <ag )T + (k— £+ V)agbg— g+1> —(k+1) EE . azak+1_g) , k> 2,

Remark. Another (less tractable) inductive formula can be derived by dealing directly with the
identity ®; 0 60; = ¢

5 Concluding and provisional remarks

In this paper we established for dual (or Delaunay) quantization uniqueness of the critical
points (hence of the optimal quantizer) of its L"-quantization errors at level N under a log-concave
assumption on the (density of) the distribution under consideration. This is the exact counterpart
of Trushkin’s Theorem established for primal (or Voronoi) quantization, except for the bounded
support intrinsic restriction inherent to Delaunay quantization. We also devised an avatar of the
celebrated Lloyd algorithm (also known as k-means or Forgy’s algorithm in its batch version) for
Delaunay quantization in the quadratic setting. This avatar also converges at an exponential rate
still under this strong unimodal assumption. We finally propose a way to exploit the "master
equations ” for specific distributions, possibly in non-quadratic settings.

Future investigations should focus on a tractable L"-extension of this ”Delaunay” Lloyd-like
algorithm. The main asset of Delaunay quantization compared its Voronoi counterpart is the fact
that any dual quantization is unbiased, regardless of its optimality, which is for instance an impor-
tant advantage when using quantization for unbiased information transmission and more recently
for federated computation (see e.g. [12] among many others). But this still requires algorithms to
design the underlying (hyper-)triangulation (see [20]) which is quite demanding as the dimension
grows. On the other hand, for numerical purposes, the optimality remains crucial in medium di-
mension. Therefore elucidating the structure of optimal dual quantizers (rather than looking for a
hopeless uniqueness result) as well as proposing efficient algorithms to compute them remain major
challenges. Note that these issues have not been satisfactorily solved so far for Voronoi quantization
either.
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