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parabolic-transport systems with constant coefficients

Armand Koenig? Pierre Lissy’

January 1, 2023

Abstract

The goal of the present article is to study controllability properties of mixed systems of lin-
ear parabolic-transport equations, with possibly non-diagonalizable diffusion matrix, on the one-
dimensional torus. The equations are coupled by zero or first order coupling terms, with constant
coupling matrices, without any structure assumptions on them. The distributed control acts through
a constant matrix operator on the system, so that there might be notably less controls than equations,
encompassing the case of indirect and simultaneous controllability. More precisely, we prove that
in small time, such kind of systems are never controllable in appropriate Sobolev spaces, whereas in
large time, null-controllability holds, for sufficiently regular initial data, if and and only if a spectral
Kalman rank condition is verified. We also prove that initial data that are not regular enough
are not controllable. Positive results are obtained by using the so-called fictitious control method
together with an algebraic solvability argument, whereas the negative results are obtained by using
an appropriate WKB construction of approximate solutions for the adjoint system associated to the
control problem. As an application to our general results, we also investigate into details the case of
2 X 2 systems (i.e., one pure transport equation and one parabolic equation).

MSC Classification 93B05, 93B07, 93C20, 35M30.

Keywords Parabolic-transport systems, null-controllability, observability.

1 Introduction

1.1 Context and state of the art

Controllability properties of coupled systems of PDEs has attracted a lot of attention this last two
decades, due to their link with real-life models and also the specific mathematical difficulties arising
in this context. An important part of the literature is devoted to systems where all components of the
equations have the same qualitative behaviour (meaning that they are for instance all parabolic, or all
hyperbolic, etc.). However, the case where different dynamics are mixed has been less studied, despite
its mathematical interest. Indeed, in this context, the controllability properties of each equation
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taken separately might be totally different (for instance, the heat equation with distributed control is
controllable in arbitrary small time from any open subset [29, 22], whereas the wave equation with
distributed control is controllable in large time and under some geometric conditions [6]), so that the
controllability properties of the final coupled system might be difficult to guess. Moreover, when we
are considering underactuated systems (in the sense that there are less controls than equations) as in
the present article, additional mathematical difficulties are appearing, due notably to the algebraic
and analytic effects of the coupling terms, that become predominant in the understanding of the
controllability or observability properties of the system under study. Here, in the present article, we
aim to study the indirect controllability properties of a model of coupled parabolic-transport equations
as introduced in [7].

Let us mention that many realistic models already studied in the literature can be reformulated in
terms of coupled parabolic-transport equations, notably the wave equation with structural damping
[37, 34, 10, 24], the heat equation with memory [26, 23], the 1D-Linearized compressible Navier-Stokes
equations [20, 13, 12, 8], or the Benjamin-Bona-Mahony equation [38]. For more details, we also refer
to [7, §1.4]. This justifies the interest of studying a general version of coupled parabolic-transport
systems as in the present article, that can be seen as an attempt to find a unified framework in order
to encompass many existing results of the literature and to generalize them. Other results of interest,
related to the present work, are [2], where the authors study a one-dimensional system of one transport
equation and one parabolic equation, for which they prove a non-controllability result in small time
by a WKB approach, and [11], where the authors prove a controllability result in large time for a
one-dimensional system of one transport equation and one elliptic equation.

1.2 Presentation of the parabolic-transport system under study

Let T > 0 some final time, T = R/(27Z) the one-dimensional torus, w an nonempty open subset of T,
d € N* (which represents the number of equations in our system) , m € {1, ..., d} (which represents
the number of controls in our system), A, B, K € M4(R) (that are some constant coupling matrices),
and M € My ,(R) (that is a constant control operator). Our goal is to study the controllability
properties of the following coupled system of parabolic-transport equations:

{ 6tf—B6)26f+Aaxf+Kf=Mu]1w in(0,T)x T, (Sys)

£(0,) = f, inT. Y

Here, the stateis f: [0,T] X T — R4, and the control is u: [0, T] X T — R™. The exact regularity

chosen for f and u will be made more precise later on.
We assume that

d=d,+d,withl1<d, <d, 1<d,<d, (H.1)
0 0 .

B= (0 D)’ with D € MdP(R), (H.2)

R(Sp(D)) C (0, +00). (H.3)

dy, represents the number of purely hyperbolic equations, whereas d, represents the number of
parabolic equations.

Notice that (H.3) is necessary to ensure that the matrix operator d; — DA is parabolic is the sense of
Petrovskii ([28, Chapter 7, Definition 2]). Introducing the similar block decomposition for the d x d

matrix A = ( ;;‘2,1 ﬁg )» we make the following hypothesis on the matrix A’ € Mg, (R)

A’ is diagonalizable with Sp(4’) C R. (H.4)



Notice that it is well-known that (H.4) is necessary (and sufficient, see [7, §2.2]) to ensure the well-
posedness of (Sys).

1.3 Main results

To state our results, we need to introduce the following notations:

£(w) = sup{|I|; I connected component of T \ w}, 1)

ps == min|ul; u € Sp(A)},

and

6(w) .
fu,>0,
T* = T*w) =1 )
+o0 ifu,=0.
For n € Z, we also set
B,:=-n’B—inA-K 3)

and
[B,M]=(M B,M .. BIM). 4)

Our main result is the following one.

Theorem 1. Assume that the hypotheses (H.1)-(H.4) hold, that T > T,.

Then, the spectral Kalman rank condition rank([B,|M]) = d holds for all n € Z if and only if
for every f, € H*A=1(T)4, there exists a control u € I*([0, T] X w)™ such that the solution f of the
parabolic-transport system (Sys) with initial condition fy satisfies f(T,-) = 0.

Remark 2. « Recall that the Kalman rank condition is necessary for the control of ODE sys-
tems [14, Theorem 1.16]. Therefore, writing the parabolic-transport system in Fourier, we imme-
diately find that for every T > 0, the spectral Kalman-rank condition Vn € Z, rank([B,|M]) = d
is necessary for the null-controllability of every H¥ initial conditions in time T.

« Actually, we prove two slightly stronger versions of this theorem, namely theorems 9 and 12,
that are useful in order to obtain some controllability results under some constraints on Fourier
coefficients of the hyperbolic part of the initial condition (see proposition 20, proposition 21,
proposition 22).

+ One can refine a little bit the regularity stated in theorem 1, as follows. Assume that T > T,
and that for all n € Z, the spectral Kalman rank condition rank([B,|M]) = d holds. Then:

1. for every f, € H*(@d-D(T)dn x H4d-D-1(T)% there exists a control u € I([0, T] X w)™
such that the solution f of the parabolic-transport system (Sys) with initial condition f
satisfies f(T,-) = 0.

2. if Aj, = 0, for every f, € H*@-D(T)dn x Hg4d@d-D-2(T)b there exists a control u €
I?([0, T] X w)™ such that the solution f of the parabolic-transport system (Sys) with initial
condition f; satisfies f(T,-) = 0.

Indeed, by letting evolve the system freely on a short interval of time, we can show using the
method of lemma 23 that the parabolic component becomes H*(@-1D(T)%, so that theorem 1
can be applied, taking into account that the condition T > T* is open and that the system is
time-invariant.



» The spectral Kalman rank condition rank([B,|M]) = d was first introduced in [5] for coupled
systems of heat equations with diagonalizable diffusions (see also [33] for non-diagonalizable
diffusions).

Theorem 3. Letu € Sp(A'), N € Nand T > 0. Assume that every initial condition f, € I*(T)? n
{Z|n|> N X,,e"*}is steerable to 0 in time T with control in I*((0, T)Xw). Then, there exists V;, € ker(A™* +u)

such that M*( %0) £ 0.

Remark 4. Theorems 1, 9 and 12 only ensures null-controllability of smooth enough initial conditions.
Theorem 3 proves that such a regularity condition is needed in general: even if the time is large
enough and if the Kalman rank condition is satisfied for every n, it might happen that some I? initial
condition cannot be steered to 0 with a I* control.

1.4 Precise scope and organization of the article

This article can be seen as a continuation of [7], insofar as we generalize the results of the above-
mentioned article, since we are able to treat any matrices A, B, K, M without any restrictions on their
structure. Indeed, in [7], the authors treated the case where M = I; (where no Kalman rank condition
is needed), or particular cases where only the parabolic or the hyperbolic parts are controlled, under
strong restrictions on the structure of the coupling matrices A, B and K and also on the diffusion
matrix B.

Let us mention that our results are sharp in terms of the controllability conditions we obtain.
However, it is very likely that the initial state space (whose choice is determined by technical reasons
coming from the specific strategy we use, that is consuming in terms of regularity, see Section 3.2) is
almost never sharp and depends strongly on the structure of the coupling terms. Finding the exact
“good” state space remains an open problem that seems to be difficult to solve in all generality.

The article is organized as follows. In section 2, we give some notations and we gather some
existing results that will be used in our proof. Section 3 is devoted to proving that the condition
rank([B,|M]) = d is sufficient in order to obtain our desired controllability result in large time The
argument is based on a fictitious control argument detailed in section 3.1, where we first prove an
auxiliary controllability result, in the case M = I, with regular enough controls for regular enough
initial data. Then, in section 3.2, we explain how to obtain a control in the range on M by performing
algebraic manipulations. Notice that the method of fictitious control plus algebraic solvability, that
has been introduced in [16] in the context of the controllability of PDEs, has been successfully used
for various problems [4, 18, 19, 32, 15, 39, 40, 17]. One of the main novelties here is that the algebraic
solvability is not directly performed on the system (or its adjoint as in [17]) but on a projected version
of the system on its Fourier components. Section 4 is devoted to proving some necessary conditions
of controllability. Section 4.1 is devoted to constructing WKB solutions. These solutions are used to
disprove controllability in small time in section 4.2 and to prove theorem 3 in section 4.3. Section 5
aims to give an application of our results to the particular case of 2 X 2 systems together with some
considerations about the sharpness of our regularity assumptions in this precise setting. To conclude,
appendix A proves a general result about a “control up to a finite-dimensional space plus unique
continuation” strategy that is used in section 3.1, in the spirit of [30, 7].

2 Some notations and preliminary results

We will rely on some basic results on the parabolic-transport system (Sys) that are already known, see
[7]. For the reader convenience, we collect here the notations and results we will use most often, and
we will recall some others along the way as they are used.



Let £ be the unbounded operator on I*(T)¢ with domain H'(T)% x H?(T)% defined by
Lf = —BO2f + Ad,f +Kf.

The operator —£ generates a strongly continuous semigroup of bounded operators of I2(T)? [7,
Proposition 11]. Every H*(T)? is stable by e~£, and the restriction of e~** on H¥(T) is a strongly
continuous semigroup of bounded operators [7, Remark 13]. We denote by S(T, f,, u) the solution at
time T of the parabolic-transport system (Sys) with control matrix M = I (the identity matrix of size
d, i.e., we control every component with a different control), initial condition f, and control u.

Let n, € N to be chosen large enough later on. We denote by e, : x € T — e"*, We also denote
by E: C — My(C) the following function:

E(z) = B+ zA — z*K.

Let r > 0 small enough. For |z| < r, let P’(z) be the eigenprojection on the sum of eigenspaces
of E(z) associated to the set of eigenvalues A(z) € Sp(E(z)) such that |1(z)| < r. According to [7,
Proposition 5], P"(z) satisfies:

- PMO)=(§0)

« z + PP(2) is holomorphic;

« P"(z) is a projection that commutes with E(z);
« P'(2)E(z) = O(z) as z — 0.

We also set PP(z) = I — PP(z). This projection PP(z) satisfies similar properties as PP(z) ([7, Proposi-
tions 6]).

Following [7, Proposition 18], we denote by F° the space of frequencies less than n, and by
F" (respectively FP) the space of hyperbolic frequencies greater than n, (respectively the space of
parabolic frequencies greater than ny), i.e.

FO = ®|n|sno Span(ey,);
FP = @|n|>no Range(P?(i/n))e,;
FP = @|n|>no Range(P"(i/n))ey,.

By [7, Proposition 18], we notably have
IX(T)* = FO @ FP @ F™.

The space FP is stable by the semigroup e ¢ (see the definition of PP [7, Proposition 5] and the
definition of FP [7, Proposition 18]). We denote by £P the restriction of £ to FP.

Similarly, the space F" is stable by the semigroup e *£. We denote by £" the restriction of £ to F?,
and —L" generates a strongly continuous group of bounded operators on F" [7, Proposition 19].

Let I1°, TIP, TI" and II be the projections defined by

1) =F' @ F° @ F
M°=Ipo+ 0 + O;
P= 0 +Ip + O
"= 0 + 0 + Ipn;
=0 +Ip+ Ipn =P + 11"

These projections are bounded operators on I2(T)4 [7, Proposition 18] (and also on every H*(T)<, as
one can readily convince by following the proof of [7, Proposition 18]).



3 Null controllability of regular initial conditions

3.1 Regular controls for regular initial conditions

As a technical preparation for the proof of theorem 1, we need some results regarding the regularity
of controls, when the control matrix is M = I;.

Proposition 5. Assume that T > T, (as defined in eq. (2)) and that M = I;. Let k,¢ € N. For
every f, € HX(T)4, there exists u € Hg((O, T) x w)® x HE((0, T) x w)% such that the solution of the
parabolic-transport system (Sys) with initial condition f, and control u satisfies f(T,-) = 0.

We adapt the proof of the corresponding result when k = 0 [7, Theorem 2]. First, we prove the
following adaptation of [7, Proposition 21].

Proposition 6. Let T' € (T*, T) and k € N. If n, (in the definition of F°, see [7, Eq. (40-42)]) is large
enough, there exists a continuous operator

uh: HYT)® x HE((T', T) x w)®— HE((0, T") x w)n
(fb’ up) = uh’

such that for every (fo, u,) € HX(T)4 x H(’)‘((T’, T) X w)® (where u, is extended by 0 on (0, T') and uy, is
extended by 0 on (T', T)),
IIPS(T; fo, (UP(fo, ), up)) = 0.

Proof. Asin [7, §4.3.1], the conclusion of proposition 6 is equivalent to the exact controllability of
the system 0, f + £LPf = IT"(u, 0) at time T’. Since —£" generates a strongly continuous group, the
exact controllability at time T' is equivalent to the null-controllability at time T’, which is what we
are going to prove.

When k = 0, [7, Proposition 23] is the claimed result. To extend this result to k > 0, we use a
general result of Ervedoza and Zuazua concerning the regularity of controls for regular initial data in
the context of groups of operators [21, Theorem 1.4]. Let & an open subset of T such that & C wand
T*(@) < T'. Let y € C(w) such that y = 1 on @. Lety € CP(0, T"). Let z, € H*(T)? be an initial
condition. Let Yz as defined by [21, Proposition 1.3] and define the control as

V(t) = n(O)x()M*Y (1),

where Y is the solution to
0,Y — B*32Y — A*3, Y + K*Y =0

associated to the initial condition Y(T") = Y7+. According to [21, Proposition 1.3], V() is a control that
steers z, to 0 at time T". According to [21, Theorem 1.4], Y. € HX(T)4 (hence V € (0, T'; H*(w)?))
and V € H*(0, T"; I?(w)?), with estimates of the form

”V”iz(o,T/;Hk(w)d) + ”V”%-Ik(O,T’;LZ(w)d) < Ck”ZO”]qu(-n-)d-
We claim that I2(0, T'; HX(w)) N HE(0, T'; I2(w)) € H*((0, T') x w). Indeed, for every 7 € R and

£ ER,
A+ 72+ )% < C (@ + )k + (1 + £H)F).

Hence, integrating in Fourier space,

||f||§_1k([R2) < Ck(||f||iZ(R;Hk(R)) + “f”%-Ik(R;LZ(R)))'



Recall that for Q c R”" convex!, H(')‘(Q) is the set of functions whose extension by zero outside
Q are H*(R™). Hence, I*(0, T'; HX(w)) n HX(0, T’; I*(w)) € H*((0,T’) X w) as claimed, so that
V € H (0, T") x w)<.

Sincen € C*(0,T’") and y € C§°(w), we conclude that V' € H’g((O, T") X w). O

For the proof of proposition 5, we will also use:

Proposition 7 ([7], proposition 22). Let T’ € (T*,T) and k € N. If n, is large enough, there exists a
continuous operator

ur: 1AM x I2((0, T') X w)dr— C((T', T) x w)®
(fo- un) = U,

(in the sense that for any s € N, UP : [2(T) x I2((0, T') x w)® — H3(T', T) X w)% is continuous for
the natural topologies associated to these spaces) such that for every (fy, u,) € I*(T)% X I2((0, T") X w)%,

TIPS(T; fo, (un, UP(fo, up)) = 0.

We can now prove proposition 5 by mimicking the proof of the case k = 0 [7, Proposition 20 &
§4.5].

Proof of proposition 5. Step 1: Control up to final dimensional space. — We claim that there exists a
closed finite codimensional space G of H*(T)? and a continuous operator U : G — HE((0, T") x w)® x
Ce((T', T) x w)® (in the sense that for anys e N, U: G — H’g((O, T') X w)d x HY(T', T) X w)d
is continuous for the natural topologies associated to these spaces) such that for every f, € G,
IIS(T, fo, Ufy) = 0.

The property IIS(T, fo, (un, u,)) = 0 holds if

{uh = UM(fo, up) = UT(fo) + UB(uy), )
u, = UP(fo, un) = UL (fo) + U3 (uy,).
Set € = U} + UZUT. Then, the previous relations hold if

Cfo= - 13U)u,. (6)

Since U} is continuous from H(’)‘((T’, T) x w)® into C.((T’, T) X w)%, we deduce that the operator
C: HE(T',T) x cu)dp - H(’)‘((T’, T) X cu)dp is compact. Thus, according to Fredholm’s alternative,
the relation (6) holds on a closed finite codimensional space G.

Step 2: Conclusion. — Dealing with the finite (co)dimensional spaces F° and G is a straightforward
adaptation of [7, §4.5]; more specifically, we use proposition 25 proved in Appendix A with H =V =
HXT)4, Up = HX((0, T) x @)% x H{((0,T) X ), A= —£,B =1,, G = G and ¥ = F°. The control
up to a finite dimensional space hypothesis is satisfied according to the previous step. The unique
continuation hypothesis is satisfied because every generalised eigenvector is a finite sum of elements
of the form X,,e"* (X,, € C%), and finite linear combinations of X,e"* have the unique continuation
property thanks to, e.g., Jerison-Lebeau’s spectral inequality (see [30, Theorem 3], or [7, Eq. (90)] for
our specific case). O

For technical reasons, we will need the control to be in the form P(d,)u, where P(3,) is a constant
coefficients differential operator to be chosen later on.

IMore generally, satisfiying the segment condition, see[1, Definition 3.21 & Theorem 5.29].



Proposition 8. AssumethatT > T, (asdefined in (2)) and that M = I;. Letk,€ € N. Let P be a nonzero
polynomial with complex coefficients. Assume that ¢ > deg(P). Let f, € H*(T)? be such that for every
n €z P(in) =0 = c,(fy) = 0. Then, there exists u € H§+deg(P)((0, T) x w)@ x H5((0, T) x w)®
such that the solution of the parabolic-transport system (Sys) with initial condition f, and control P(d,)u
satisfies f(T,-) = 0.

Proof. k,¢ € Nwith ¢ > deg(P).Let f, € Hk(jT)d be such that for every n € Z, P(in) = 0 =
cu(fo) = 0. We define fy = P(3,)" fy by c,.(fo) = P(in)~lc,(fy) if P(in) # 0 and c,(fy) = 0 if
P(in) = 0. Note that P(6x)f(; = fo and that f(; € H§+deg P)(w)d Then, applying proposition 5 to fo
leads to the fact that there exists @i € H,, +deg(P)((O T) x w)® x H, te((O T) X w)% such that the solution
f of the parabolic-transport system (Sys) with initial condition f, and control @ satisfies f(T,-) = 0.

Moreover, since f, € H k+dee(P) )d and @ € H k+deg(P)((0 T)xw)d X H§((0, T)Xw)% with € > deg(P),
we notably have f € I2((0, T); H**+4e(P)(T)). Hence, setting f = P(0y) f and u = P(0,) f and using
that P(d,) has constant coefficients (so that it commutes with the operator d, — B2 + Ad, + KId))
ensures that f verifies (Sys) with initial condition f; and control P(d,)u. Moreover, since f(T, ) =0,
we also havef(T,-) = P(6,)f(T,-) = 0, which leads to the desired result. O

3.2 Algebraic solvability

For k € N, we define

[BuIM]y:==(M B,M .. Bk M). )
We prove the following variant of theorem 1.
Theorem 9. Assume that the hypotheses (H.1)-(H.4) hold, and that T > T,. Let k € N. Assume that
forall |n| € N large enough, the Kalman rank condition rank([B,,|M|;) = d holds. Define the following
space of functions

E:={f € X(T)%: Vn € Z, ¢,(f) € Range([B,|M])}.
Set, when it is defined,
* )1
[BnlM]Z = [BnlM]k ([Bn|M]k[Bn|M]k)

Lii Lua
[BaMi = | S ;
Loy Ly

where the Lh jareof sizemXdy, and the L jareof sizemXd,. Conszderlng the L j as rational functions
of n, and denotmg their degree by deg(Ln, ) set

Write [B,|M1f by blocks as

p = max deg(n/='L}, ;) = max (] —1+deg(L}, ).
<j<
Then, for every f, € HP(T)4 N E, there exists a control u € I*([0, T] X w) such that the solution f of the
parabolic-transport system (Sys) with initial condition fy satisfies f(T,-) = 0.

The idea of the proof is to first choose a “fictitious” control that acts on every components. Then,
we look at the Fourier coefficients of f. This transforms the control system (Sys) into a family of
finite-dimensional control systems. On each of these finite-dimensional system, we perform some
algebraic manipulations, called algebraic solvability, that transform the fictitious control (that acted
on every component) into an “actual” control (that acts only on Range(M)).

We begin with the algebraic solvability result we will use, which is essentially taken from [32,
§2.1].



Lemma 10. Letk € N*. Let B € M4(C) and M € M, 4(R). Let X, € C¢ and w € HE (0, T; C™K).
Write w by blocks as
W,
w={1:],
Wi
where w; € H'(T;C™), and setu = wy + w) + -+ + w,(ck_l). LetX,X € C°0, T; C%) be the solutions of
X' = BX + [B]M],w, X' = BX + Mu, X(0) = X(0) = X,,

where s o .
[BIM],==(M BM .. B*M).

Then X(T) = X(T).
Proof. Consider M the operator matrix with d + m rows and km columns defined by blocks as
-1 -3 - —of™! M
Set also
P: (X, W) € H}(0, T;C%) x I*(0, T;C™) — 3,X — BX — MW € I*(0, T; C%).

We claim that

P o My = [BIM]y. ®)
Indeed, we have by blocks 2 o My = (CO Ck_l) with
-1
C,=—(3,—B) ), 6/B~17IM + M&f.
j=0

Then, remarking that this is a telescoping sum,

€ £—1
Cp=—),8{BIM + ) 6/B¢~IM + Mof
j=1 Jj=0

— ¢RI + BCRT — Bof,

which proves the claimed formula (8). _ .
Now, plug eq. (8) into the differential equation X' = BX + [B|M],w, which gives

X =BX + (6, — E)ﬁk,lw - Mﬁk,zw-

With Y == X — M w, and remarking that M ,w = —u, this can be written as Y’ = BY + Mu. Since
w € HE1(0, T; C™F), My 1w(0) = My ,w(T) = 0. Hence Y(0) = X(0) = X(0) and Y(T) = X(T).
Thus Y'solves the same Cauchy problem as X. This proves that Y = X, hence X(T) = Y(T) = X(T). O

We can now prove theorem 9.



Proof of theorem 9. Let fy € HP(T)?. Set X,(t) = c,(f(t,-)) and u,(t) = c,(u(t,-)). The desired
conclusion f(T,-) = 0 reads in Fourier as: Vn € Z, X,,(T) = 0. Moreover, X, satisfies

{ X, (t) = B, X,,(t) + Mu,,(t), te(0,7), ©)

Xn(0) = cn(fo)-

First, let us give the idea of the proof: if v steers f to 0 when M = I, we want to define w,, by
cn(v(t, ) = [B,|M],wy, (this is possible for n large enough) and choose u,, := wy,; + w;, + - + wfll;_l).
Then, according to lemma 10, the function u,, steers X,, from c,(f;) to 0. There are two problems with
this crude choice of u,,: this construction only works for z large enough, and more importantly, we
have no guarantee that the support of Y, u,e™ is included in [0, T] X w.

The control strategy is to first bring frequencies less than n, to 0 in time € for some ny > 0 large
enough to be chosen later and € > 0 small enough so that T > T, + 2¢, and second use a refined

version of the construction outlined above.

Step 1: Control of a finite number of frequencies. — Recall that IT is the projection on frequencies
larger than ny and that E was defined in the statement of theorem 9. We claim that for any n, € N*,
€ > 0 and f;, € E there exists u € I?(0,¢; Hg(w))m such that (1 — IT)S(e, fy, Mu) = 0.

This property is equivalent to the null-controllability of the system (Sys) projected on frequencies
less or equal than n,. The observability inequality associated with this problem [14, Theorem 2.44] is:

€
3C >0, Vgo € (1 = TDE, [le™* goll;pya < C f IM*e=" go[132gpym dt.
0

Since (1 — I)E is finite dimensional, this is equivalent to the unique continuation property
Vg € (1 — IDE, (M*e—w*go(x) = 0 for (£, x) € (0,¢) X co) = g,=0.

Let us prove this property. Let g, € (1 — IT)E such that M xe=tL” go(x) = 0 for (¢, x) € (0,¢) X w.
Since finite sums of e"* have the unique continuation property, we have for every 0 < ¢t < ¢ and
|n| < no,

ca(M*e™%"gg) = 0.
We can rewrite this as
M*e~Bac,(gy) = 0.

Differentiating ¢ times in t and evaluating at t = 0, we get that for all £ € N and |n| < ng,
M*(Bp) cn(8o) = 0.

Since we assumed that for |n| > ng, ¢,(gy) = 0, this means that c,(g,) € ker([B,|M]*). But, by
definition of E, ¢,(g,) € Range([B,|M]) = ker([B,|M]*)*. Thus, c,(g,) = 0 and g, = 0. This proves
the unique continuation property, and the claim.
Step 2: Construction of u,. — WesetT' =T, +e=T —e.

Let us write [B,|M]{ = Q(in)/P(in) where Q is a polynomial with matrix coefficients, P is a
polynomial (with scalar coefficients). If we denote the adjugate matrix of a matrix C by Adj(C), note
that we may take

Q(in) = [B,|M 1 Adj([B,|Mic[B.IM1});
P(in) = det([B,|M]c[B,IM]p).

10



Increasing n, if necessary, we may assume that for every |n| > ny, P(in) # 0. We first apply a
control as in step 1: for any fy € E, there exists u € I?(0,¢; Hg (@))™ such that (1 — I1)S(e, f, Mu) = 0.
Then, the resulting solution f(g, -) is such that P(in) = 0 = c¢,(f(e,-)) = 0, since P(in) # 0 for
|n| > ng and ¢, (f (e, -)) = 0 for |n| < n,.

We consider this f(, -) as our new initial condition, that we denote by f., and we have to steer it
to 0 in time T’. Note that since f, € HP(T) and u € I*(0,¢; Hg ())?, according to Duahmel’s formula
and the fact that the semigroup e~** is strongly continuous on HP(T)¢, the state f. also belongs to
HP(T)4.

Let ¢ € N large enough. According to proposition 8, there exists

v e HY 8P (0, T) x ) x HE((0, T") X w)%
such that S(T’, f., P(6,)v) = 0. Write Q(in) by blocks as:
Qin)\  (Q(in) Qi(in)
Q(in) = : = : : .
Qn)/  \Qplin) Qg(in)
where the Q;(in) are of size m x d, the th(in) are of size m x d;, and ij(in) are of size m X d,,. Notice

that the LE, ; defined in the statement of theorem 9 are LI,;’ i= th(in)/P(in). Set also

wp(t) = Q(in)e, (v(t, -)).

(wm(t)) (Ql(in)cn<v(t’ -)))
wy(t) = : = : .
W,k () Qi(in)e, (v(t, )

Un(0) 1= Wy 1 () + W5 (O) + -+ + wlT V(D).

Write it by blocks as

Finally, set

Step 3: Conclusion. — Remark that for every n € Z,

[Bn|M]icwn(t) = [B,|M];Q(in)c,(v(t, -))
= [B,|M1[B,|M];; Adj([B,,|[M]k[By|M1i)en(v(t, )
= det([B,|M][B,|M];)c, (v(t, -))
= P(in)c,(v(t, -)).

Moreover, since S(T', f., P(d,)v) = 0, the control §,(t) := P(in)c,(v(t, -)) steers ¢,(f.) to 0 for the
system X;, = B, X,, + U, in time T'. That is to say, w,, steers c,(f;) to 0 for the system X;, = B, X,, +
[B,|M],w, in time T'. Thus, according to lemma 10, u,, steers c,(f;) to 0 for the system (9) in time T’.

Thus, the control u formally defined by u := ZneZ uyey, is such that S(f., T', Mu) = 0. Notice

that the previous sum is well-defined in I?(0, T'; I*(T)). Remark that, if we define u in the sense of
distributions,

u = (Qu(0y) +6,Qx(8) + -+ + ' Q3.

Since v is supported on [0, T'] X w, so is u. Consider the differential operator Q := Q;(0,) + 3,Q,(0y) +
-+ 3F1Q,(3,). We have u = Qw. Write this operator by blocks as Q = (Qh QP). In other words,

Qb := QM(3y) + 3,Q4(3y) + - + FLQP(By).

11



The order of the differential operator Q" is at most

h P h
Order(Q") < max (J—1+deg(Q).

Since L}, ; = Q(in)/P(in), according to the definition of p (see theorem 9), Order(Q") < p + deg(P).

Moreover, recall thatv € H +Gleg(P)((O, T")xw)® xHE((0, T')xw)%. Thus, if we choose £ > Order(QP),
u € I2((0, T") X w). O

3.3 Upper bound on the loss of regularity

Theorem 9 requires initial condition to be HP for some p. In this section, we provide an elementary
upper bound on p.

Proposition 11. Assume that for |n| large enough, the Kalman rank condition rank([B,|M]) = d holds.
Let

k(n) = inf{k : rank([B,|M]y) = d} € {—oc0} N N.
Then, the sequence (k(n)),cz is eventually constant when |n| — +oco. Wewill denote kg := limy,|, ;o k(1)
Proof. The rank condition rank([B,|M],) = d is equivalent to det([B,|M]x[B,|M];) # 0. Let B(n) =
det([B,|M]x[B,|IM];). B is a polynomial in n, hence if F.(ny) # 0 for some ny, then B,(n) # 0 for

every large enough |n|. Thus, for every n,, there exists n; such that k(n) < k(ny) whenever |n| > n,.
Since k(n) is integer valued, it is eventually constant. O

Then, we have the following version of theorem 9.

Theorem 12. Assume that the hypotheses (H.1)-(H.4) hold, that T > T, and that for all |n| € N large
enough, the Kalman rank condition rank([B,|M]) = d holds. Let k, as in proposition 11. Let E as in
theorem 9.

Then, for every f, € H*ko=1)(T)d N E, there exists a control u € I?([0, T] X w) such that the solution
f of the parabolic-transport system (Sys) with initial condition f; satisfies f(T,-) = 0.

The sufficient part of theorem 1, as stated in the introduction is a special case of this theorem,
since we always have k, < d. Here is the main lemma that allows us to bound the p of theorem 9 (see
also [ 5, Theorem 2.1] for similar considerations).

Lemma 13. Let A € My(C),[X] a polynomial of degree at most p with d X d matrices coefficients.
Assume that for some z, € C, A(z,) is invertible. Then, A~ € Cgéid_l)(X), i.e., the coefficients of (A(z))™!
are rational functions of z of degree at most p(d — 1).

Proof. Write

A2y = Adj(A(z)),

1
det(A(z))
where Adj(A(z)) is the adjugate matrix of A(z). det(A(z)) and Adj(A(z)) are nonzero polynomials in

z. Moreover, the coefficients of Adj(A(z)) are sums of products on d — 1 coefficients of A(z). Hence,
they are polynomials of degree at most (d — 1)p. O

The case we are interested in is:

Corollary 14. With k as in proposition 11, set, when it is defined
-1
[BnlM]]tO = [BnIM]ItO([Bn|M]kO[Bn|M];zO) .

Then, as a function of n, [B, M}, € C%(‘i_l)(zd_l)(X).
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dxmk

Proof. We have [B,|M]y, € Cz(ko—l)[X]’ hence

[Ba|Mi, [BaIMI;, € CLGE ).
According to the previous lemma,
-1
([BnlM]kO [B,JM];;O) € Cgai_l)(d_l)(X)-
Hence [B,|M[}, € C*4(X) with k = 4(kg — 1)(d — 1) + 2(ko — 1) = 2(ko — 1)(2d — 1). O

Proof of theorem 12. According to theorem 9, every initial condition in E n HP(T)¢ can be steered
to 0, where p = deg([Bn|M];0) + ko — 1 (degree as a rational function of n). But according to
corollary 14, deg([|B,|M ];0) < 2(ky — 1)(2d — 1). Thus p < 4d(ky — 1). Hence, every initial condition
in E n H*4(ko=1)(T)d can be steered to 0. O

4 Necessary conditions for null-controllability

4.1 Construction of WKB solutions

We will give other necessary conditions of null-controllability using so called WKB solutions, that we
construct here. Using these kind of approximate solutions is standard for wave equation (see, e.g.,
[25, pp. 426-428] or [31, Appendix B] for a more elementary presentation) or Schrodinger equation
(see, e.g., [35, pp- 16-17]). WKB solutions were also used to disprove observability of some 2 X 2
parabolic-transport system with variable coefficients [2, §3] (see also [3, §3] for a Navier-Stokes system
with Maxwell’s law). Our construction is a generalization of their construction for system of arbitrary
size, which brings a few difficulties. For the sake of clarity, we construct WKB solutions only for
systems with constant coefficients, which is enough for our purposes. But it is likely that such a
construction could be adapted to a large class of variable-coefficients parabolic-transport systems of
arbitrary sizes.

To disprove the observability inequality, these WKB solutions ought to be constructed for the
adjoint system. But the parabolic-transport system (Sys) and its adjoint have the same structure, so,
in order to lighten the notations, we construct the WKB solutions for the system (Sys).

Let ¢ € C*([0,T] X T; C) such that I(¢) > 0 and J,.¢ never vanishes. We search approximate
solutions g}lVKB(t, x) of the parabolic-transport system (Sys) with the following ansatz, where h > 0 is

assumed to be small: )
gV RB(t, x) = X (t, x)el R,

Xp(t,x) ~ Y WY1, x). (10)
j=0
We have
angVKB = (axXh + %axquh) el?/h,

i .
3,8 ® = (8% + £8:4%s) &P/,

R = (32, + 20,90, — 38,9y + 1 O2PX ) €9/
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Assuming that this g}'*? is solution of the parabolic-transport system (Sys), we get

0 =(8; — B32 + Ady + K) (X,e'¥h)

1 1 .
=[ (6, — B32 + Ad, + K) X, + 7 (i6,¢ + 1A, ¢ — iBOZp — 2iBO,pdy ) X, + FB(<9x4>)2xh]<el¢/h.
Plugging in the asymptotic expansion of Xj,, we get
0~ > [(ax¢)231§+2 + (10y¢ + 140y — iBIZP — 2iBOypdy) Y4y + (0; — BOZ + Ady + K) g]hi,
jz-2
where, by convention, ¥=0 for j < 0. We want to cancel each of the terms in this sum. Thus, we are
looking for (Yj);»¢ such that for all j > -2,
(0x$)*BY;,5 + (i0;¢ + 140, ¢ — iBIZp — 2iB,$d, ) Y,y + (8, — BO; + Adx + K) Y; = 0. (11)
Solving this induction relation requires us to look at different projections of this equation. From
now on, we will denote
yh
Y, = (ép) with ¥ € C% and Y € C%.
Then, recalling that B = (§ 3) and taking the parabolic components of eq. (11) (i.e., the d,, last
components), we get

(0x¢)*DY;" = — (0 I)[(i0:¢ + iAdx¢ — iBOZp — 2iB0x$0y) Yi_y + (6, — BOz + Ad, + K) V5. (12)

Since D is invertible, this formula determines ijp as a function of ¥;_; and Y;_,.

A A

Before looking at the other projections of eq. (11), let us recall that A = ( Ay A

). We similarly

write K in blocks as ( é{z ,1 ﬁ; ) Then, taking the transport (i.e., the first d;,) components of eq. (11), we
get
0 = (i, + 10,pA)Y" +i0xpALY + (I 0)(6; + Ady + K)Yj_;. (13)

From now on, we choose ¢ of the form?
$(t, x) = Pp(x — ut), (14)
where u is an eigenvalue of A’ an ¢’ never vanishes. With this ¢, eq. (13) reads

0 = ith’ (x — ut)(A = Y + i)' (x — u)ARYY + (I 0) (5, + Ad, + K)Yj_4

s ! TN ’ ’ (15)
= i) (o — (A — @Y + i (x — u)AR Y + (0, + A0y + KV | + (A0, + Kpp) YY)

Denote by F, the projection on the eigenspace of A’ associated with u along the other eigenspaces.
We consider Y, € Range(E;) defined by Y, = B;Y". Similarly, we set Y, , € ker(E;) as Y}, =
aI- E;)lgh. Finally, we write in blocks A’ and K’ along the sum R% = Range(B;) @ ker(E;) as

A = (# 0 ) K = (Kil Kiz)
- !/ ’ - 4 ’ ’
0 AZZ KZI K22
2Equations (12) and (13) with j = 0 implies (8;¢ + 8xpA’)YE = 0. If we want a non-trivial Y(l)l, this imposes ¢ to depend
only on x — ut for some ¢ € Sp(A”).
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where A5, € L(ker(R)), Ki; = B,K'B; € L(Range(R)), K1, € L(ker(R;), Range(E))), etc. Then,
projecting eq. (15) on ker(B;) along Range(F;) (i.e., multiplying by (I — E;)), we get

i/ (x — u) (A — WGl =~ = BY [/ (x — uDALY +(I 0) (3 + A0, +K)Y 4] (16)

Since F; is the projection on the eigenspace of A" associated with the eigenvalue u, A" — u is invertible
on ker(F;), i.e., A, — p is invertible. Hence, eq. (16) determines lgh;é .. as a function of 1§p and Yj_;.
Finally, we project eq. (15) on Range(E;), we get

0 = (6; + udy + K1Y, + KoYl

+ Bi(Ap0x + K12)Y}p + 1Y (x — #t)lﬁAlziﬁl- 17)
p
We then use eq. (12) to express Y, as
i
-——— D
P'(x — pt)

and where D, and D; are matrix first or second-order differential operators. Their specific expressions
do not matter for our purpose. Plugging this in eq. (17), we get

Yh, =D, Y" + D, Y + D;Y_;, with D, =

-1
j+1 j J g Ao,

(8; + udy + Kiy + BiA, D Ay B)Y,
= —K7, Yy, — Bi(A1p0y + K1p)Y — it (x — ut)Bj A (D1 (I — BDY, + DoV + DsY_y).  (18)

e ege cps h h . h . h h p
If \3/(; chose an initial condition lg 14,0 for }iy, eg. (18) determines 1§,# as a function of lg,/x,o’ 1§,¢ " 1§
and Y_;.
j—1

We have seen that if ¢ is given by eq. (14), the (Y});n that solve the WKB recurrence equation (11)
are given by egs. (12), (16) and (18).

To be rigorous, we have only proved that if (¥;)ny solves eq. (11), then Y, Y, and Y, solves
eqs. (12), (16) and (18) respectively, but not the reciprocal (which is what we are actually interested in).
However, we easily rephrase the computations of this section as a sequence of equivalences:

« Vj > =2, Y solves eq. (11) if and only if;
. Vj>o0, 1§p solves eq. (12), ljh;é . solves eq. (16) and 16‘;1 solves eq. (17) if and only if;

« Vj >0, Y solves eq. (12), ¥, solves eq. (16) and Y}", solves eq. (18).
We summarize the computations of this section in the following proposition:

Proposition 15. Letp € C*®(T) such that 1’ never vanishes and I(3) > 0. Let u € Sp(A’) and set ¢ as
ineq. (14).

Forevery j > 0, let Y, ; € C®(T;ker(A' — w)). Define (Y )j»_, (G1y,)j>— and (Y;'))j»_, with the
following recursive procedure:

csetY, =Yh =0,Y", =YY, =0Y,, =Y, =0;

.« if Y, Ykh,;ew Y,QM are defined for =2 < k < j — 1, define 1§p with eq. (12), lﬁéﬂ with eq. (16) and
Y}%, with eq. (1) with initial condition ¥,
h

YP o +Yh
For j > 0, set Y;(t,x) = ( J’“;pf’¢" ) Let q € N. Let the function g)*® be defined by
j
q . .
gVrB(t, x) = Z h11§e14’("")/h. (19)
Jj=0
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Then, defining 1, by
(8; — BA2 + Ad, + K)g) ¥B(¢, x) = n,(t, x)el )R,

foreveryk €N, ¢ €N, t € [0,T]and x €T,
|6Ka¢m,(t,x)| < C ph?7".

Remark 16. Assume that h~! € N. Then, replacing ¢ by ¢ + 2k in eq. (10) does not change the WKB
solution g}"*®. Hence, ¢ can be defined up to a factor 2kz. That way, ¢ can be non-periodic, as long
as ¢ mod 27 is. Thus, we can choose

d(t, x) = ip(x — ut) + ng(x — ut) with u € Sp(A4’), ¢ >0, and ny € N\ {0}.

These WKB solutions will be used to disprove observability inequalities that often feature a
projection on high frequencies. To deal with these projection on high frequencies, we will use the
following lemma.

Lemma 17. Let n € Z. Under the assumptions of proposition 15, for every € € N, we have uniformly in
0 <t < T, inthelimit h — 0¥,
(g0 (¢, ), en)r2 = O(KY).

Proof. The scalar product (g,/*5(t, -), e*);. can be written as

(@, ), ep)po = f Wen(X)ePEHOh
T

where
q

Wy p (%) = Z hIY(t, x)e™nx.
j=o

Note that wy j, ,, and its derivative are uniformly bounded for 0 < ¢t < T'and h < 1. Consider the
differential operator L := (iy)’(x — ut))~10,. Here, we use the fact that 1)’ never vanishes. This operator

is such that
hLe(x—pt)/h — oip(x—ut)/h_

Thus, denoting L* the adjoint of L, by integration by parts,

@1, ), e = A f (T (we ) ()0
T

The operator L* is a differential operator independent of . Hence, by definition of w; j, ,,

(g}qNKB(t’ ')7 en)L2 = O(hé’) O

4.2 The parabolic-transport system is not null controllable in small time

We now prove that the time condition T > T, is necessary (remark that the equality case T = T*
remains an open question). It was already proved to be necessary for the null-controllability of every
I? initial conditions [7]. But this proof did not exclude the null-controllability of every H¥ initial
condition when T < T,.

Proposition 18. Let T > 0 and assume that there exists N € N* and k € N such that every initial
conditions in HX(T)? n {Z|n|>NXnei”x} for the parabolic-transport system (Sys) can be steered to 0 in

timeT. Then T > T,.
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Proof. Let u € Sp(A") with maximum modulus. By definition, T, = €(w)/|u|. Let T < T,.

We aim to disprove that the observability inequality associated to the control problem of propo-
sition 18 using the WKB solution constructed above. We claim that this observability inequality is:
there exists C > 0 such that for every g, € I*(T)<, the solution g of

(6; — B*0x — A"9, + K*9,)g(t,x) =0,  g(0,x) = go(x) (20)

satisfies
17Zng(T, -1y < CIIM*gllL2((0,T)x0)> (21)
ez Xn€"™ € X(T) = Z|n|>NXnei"x.
This is proved using a standard duality lemma, see e.g. [14, Lemma 2.48] with C, = e ™% o 7 0
and C; : u € I*((0, T) X w) — fOT e~(T=DLMuy(t) dt, where 1, is the injection H¥(T) — I*(T). Note
that 73, is the injection {Z|n|>NXnei”x} — I*(T), and that ¢ is a bijective isometry H=*(T) — H*(T)

([7, Lemma 33]).
Testing this observability inequality on initial conditions of the form dXg, instead of g,, we get

where 7y @ D,

17ng(T, izzcry < CUOEM* gl 2((0,1)%w)s (22)

Step 1: Construction of the counterexample. — Let T < T,. There exists x, & w such that x, — ut ¢ @
forevery 0 < t < T. Choose ¢ € C*®(T) real-valued such that ¢p(xy) = 0, ¢"(xy) = 1 and p(x) > 0
for every x # x,. Then, choose ¢(t, x) = ip(x + ut) + (x + ut)n,, as we did in remark 16 (the change
from u to —u is because we are considering —A* instead of A).

This choice of ¢ ensures that whatever the choices of the ¥, the WKB solution g'*® defined
by eq. (10) stays concentrated around x, + ut.

Let Yo € C®(T; ker(A™ + w)) with Y, o(xo) # 0. For j > 1,set Y ; = 0. Letq > k + 1.
Consider the function g)'*® defined by proposition 15 (where B, and K are replaced respectively by B*
and K*, and where A is replaced by —A*).

Set also gp(t, x) the solution of the adjoint system (20) with initial condition g)/*5(¢t = 0, ).

Step 2: Estimation of the difference between g)'*® and g,. — According to proposition 15,

(at _ B*az A*a + K*)gWKB O(hk+1)e1¢(t x)/h

Hence, with r, := g)*® — g;,, we have 1,(0, x) = 0 and

(at _ B*az A*a + K*)}’h O(hk+1)el¢(t x)/h

where the O has to be understood in the C*-topology. Since the parabolic-transport system is well-
posed in H*(T)4, we get that for every j € N, uniformlyin0 < t < T,

164(gl¥B(t. ) — gn(t, Mliz2 < Gk, (23)
Step 3: Upper bound on the right-hand side of the observability inequality. — According to the triangle
inequality,
I0XM* g1l 120, Tyxe0) < IOXM* g®Bl| 120, 1yx¢0) + IOXM* Byl 20,7 xc0)-
According to step 2, the second term of the right-hand side is O(h). For the first term of the right-
hand side, we recall that g}' ¥ = E‘;: Nz Y= and that, thanks to our choice of ¢, elp(x+ut) jg

exponentially small when x + ut # x,. Therefore, since xy — ut ¢ @ for every 0 < t < T, for some
c>0,
I0%M* gl ¥l L2((0,1yxe) = Oe™™).
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This proves that
I8XM* g1l 12((0,Tyx0) = O(H). (24)

Step 4: Lower bound on the left-hand side of the observability inequality. — According to lemma 17, for
any ¢ > 0,
I7ngy “B(T, racry = I8 “B(T, racr) + OCRY). (25)

Thus, using the inverse triangle inequality,

I17ngR (T llzzcry = I7mng) P(T, N2y — l7nt(Ts lracr-

Using the error estimates of step 2, and eq. (25), we get

WKB
1728gn(Ts Mrzcry 2 lIgn — (T5 llracry — Ch. (26)

Thus, we only need to find a lower-bound for [|g)*®(T, )|| .2(1). We have

2
e—2qa(x+,uT)/h dx = f |Y0(t,x)|2e_2<"(x+'“T)/h dx + O(h).
T

BT W = [
T

q .
D hiY(t, x)
j=0

Recall that p(xy) = 0, that for x # x,, @(x) is strictly positive and that ¢”(xy) # 0. Then, using
Laplace’s method (see e.g. [36, §2.2] and in particular [36, eq. (2.34)]), we get

IV E(T, Yoy = VR + O(h2)

for some ¢ > 0. Plugging this into eq. (26), we get that for 4 small enough,

I77ngn(Ts l2(ry = cVh. (27)

Step 5: Conclusion. — Comparing the lower bound (27) and the upper bound (24) and taking h small
enough, we see that the observability inequality (21) cannot hold if T < T, hence the parabolic-
transport system (Sys) with initial conditions in H* N 7y (I*(T)) is not null-controllable in time
T < T,. O]

4.3 Rough initial conditions are not null-controllable

We now give necessary conditions for every I? initial condition to be steerable to 0. To do this, we
only need the first term of the WKB expansion of proposition 15. By analyzing higher-order terms of
the WKB expansion, it is likely that we could get necessary conditions for the null-controllability of
every H initial conditions. But doing this analysis in general seems hard, and we leave this for future
work, or on a case-by-case basis. In fact, we will prove the following statement, which is a refined
version of theorem 3.

Proposition 19. Let u € Sp(4’), N € Nand T > 0. Let F; be the projection on the eigenspace of A’
associated to u. Write K in blocks as (Igl }2; ) withK' € Mg, (R). Set

K} = (B)* (K" + A% (D) ~'A%,) (B)*
Assume that every initial condition fy € I*(T)* n {Z|n|>NXnei”x} is steerable to 0 in time T with control

in I?((0, T) X w). Then, for every u € Sp(A’) and for every non-zero subspace S C Range((B,)*) that is
stable by K}, there exists Vg € S such that M*(%0) # 0.
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Proof. Step 1: Observability inequality. — Using a standard duality lemma [ 14, Lemma 2.48], and
as in the proof of proposition 18, we get an observability inequality that is equivalent to the null-
controllability of the system (Sys) with initial conditions in I*(T)% ”{Z|n|> NXn e!"*}. This observability

inequality is: there exists C > 0 such that for every g, € I*(T), the solution g of
(0, — B*0z — A*9, + K*)g(t,x) =0, g(0,x) = go(x) (28)
satisfies

I72n8&(T, llzzcry < CIM*gllL2((0,1)xw)> (29)
where, as in the proof of proposition 18,y : 3, _ X,e™ € I*(T) Z|n|>NXnei"".
Step 2: Construction of the counterexample. — Let 1y € S\ {0}. Set ¢ :== 0 and let ¢(¢, x) = ng(x —ut)
as in remark 16. Set Yg',, o(x) := V5. For j > 0, set Y, ; == 0. Let g}/® be defined by proposition 15
with B and K replaced respectively by B* and K* and A by —A*, and with q > 2. Let g, be the solution
of the parabolic-transport system (Sys) with initial condition g)'*®(0, -).
Remark that according to proposition 15, and in particular eq. (18),

(6; — 0y + K/ik()YO}:u =0

Thus, Y&M(t, x) = e"*K4;. In particular, since S is stable by K&, YO}jM(t, x) € Sforall t, x.

Step 3: Error estimate between g)'*® and g,. — Setn, := g, — g)/*B. Then 1,,(0, x) = 0, and according

to proposition 15, .
(8 — B*0% — A*3, + K*), = O(h)e®(t-)/h,

Since the parabolic-transport system is well-posed in I2(T)4, uniformly in 0 < t < T,

Im(t, ')||L2(1]') < Ch.

Step 4: Upper bound of the right-hand side of the observability inequality. — Using the error estimate
of the previous step, the right-hand side of the observability inequality (29) satisfies

1M gnllZ2(0,1yxe) < 1M 8™ PllT2(0,1yxw) + CP
< ”M*Yohei(p/h”%Z((o,T)xw) +Ch

2
Yh
- * O,u

T
=27rf
0

where we used the definition of g)'*® for the last three inequalities.

+Ch
L2((0,T)xw)

_tK;;V
M€ "N
")

2
dt + Ch, (30)

Step 5: Lower-bound of the left-hand side of the observability inequality. — Using again the error
estimate of step 3, the left-hand side of the observability inequality (29) satisfies

I17ngn(T, 32 2= I7engy (T, )lf. — Ch.
Then, using the estimate on low frequencies of g)/*® (lemma 17)

I7ngn(T, 72 2 g™ (T, )2 = Ch.
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Now, using the definition of g)*®, and the fact that |e!?| = 1,

I17ngn(T, Iz 2 1¥e,(T, DIl = Ch.
= 27|e"TKiy |12 — Ch. (31)
Step 6: Conclusion. — Comparing the upper bound on the right-hand side of the observability

inequality (eq. (30)) and the lower bound on the left-hand side (eq. (31)), we see that M *e_tK;;I{)
cannot vanish for every 0 < t < T. Since e 'X41} € S for every t, this proves the proposition. O

5 Systems of two equations

We apply the general theorems of the previous sections on 2 X 2 systems. Some of these results are
not new (see, e.g., [13]). Our goal here is only to check whether our results are optimal, at least in this
setting.

5.1 Control properties of 2 X 2 systems: statements

Here, we consider the parabolic transport-system (Sys) with

0 0 a  ap ki1 k2 m;

B= (0 d)’ A= (021 azz) K= <k21 kzz) M= (m2>' (32)
where all lower-case letters are real numbers, with d > 0 and a’ # 0. Here, we assume that M has
rank one. We do not need to treat the case where rank(M) = 2, because it is already covered with
the general theorem where there is a control on every component (see [7, Theorem 2] or theorem 12
with k = 1): every initial condition in I?(T)? is null-controllable in time T > T,. In the following
three propositions, we detail the applications of our general theorem to eleven cases, showcasing the
variety of phenomena that can appear depending on the values of every coefficients. The proofs are
given in the next subsections.

Proposition 20. Assume that B, A,K, M are given by eq. (32). Assume that (m,m,) = (1,0). If
(as, ky1) = (0,0), the parabolic-transport system (Sys) is not null-controllable, whatever the time T is.
Let T > ¢(w)/|a’| (where €(w) is defined in eq. (1)).

o Ifky # 0, every initial condition in I*(T)? for the system (Sys) can be steered to 0 in time T with I?
controls.

« If ay # 0and ky =0, every initial condition fy = (f3", fy') in I*(T)? such that [ fy = 0 for the
system (Sys) can be steered to 0 in time T with I? controls.

Proposition 21. Assume that B, A,K, M are given by eq. (32). Assume that (m,m,) = (0,1). If
(ay3, k12) = (0,0), the parabolic-transport system (Sys) is not null-controllable, whatever the time T is.
Let T > ¢(w)/|d’|.

e If ay, # 0 and ky, # 0, every initial condition in H'(T) x I*(T) for the system (Sys) can be steered
to 0 in time T with I?* controls.

« If ay, # 0 and ky, = 0, every initial condition fy = (f3, fy) in H'(T) x I*(T) such that f; f* =0
for the system (Sys) can be steered to 0 in time T with I* controls.

e Ifa;, = 0 and ky, # 0, every initial condition in H*(T) x I*(T) for the system (Sys) can be steered
to 0 in time T with I* controls.
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In every cases, there exists an initial condition fy in I?(T) such that J Jo = 0 that cannot be steered to 0
in time T with I? controls.

In the case where a,; = 0 and k,; # 0, there is a gap in the regularity condition that is sufficient for
the null controllability (i.e., H? X I?), and the lack of null-controllability of I? x I? initial conditions.
Are every H' X I? initial conditions steerable to 0? We conjecture that this is not the case, but theorem 3
is not enough to prove so. We would need to look at the second term in the WKB expansion to find
out, or use another method; maybe using a refined version of regularization properties of lemma 23.

We do not detail in general the case where m; # 0 and m, # 0. Let us just mention that there is
no regularity condition for null-controllability to hold. But depending on whether the solution of
det([B,, M]) = 0 (which is a quadratic equation in n) are integer, there might be a condition on at
most two fourier components for an initial condition to be steerable to 0. We only detail the following
case that is about the simultaneous control of a transport and a parabolic equation.

Proposition 22. Assume that B, M are given by eq. (32). Assume that A = (% o,)andK = (kél kgz )-
Assume that (my,m,) = (1,1). Let T > é(w)/|d’|.

« Ifa’ # ay, and kyy = kyy, every initial condition fy = (fy', f5) € I*(T)? such that [, f5' = f; fy
can be steered to zero with controls in I?.

o Ifd’ # ay, and ky; # ko, every initial condition in I?(T)? can be steered to zero with controls in
I2.

o Ifd’ = ay, and\/(ky, — kq1)/d & N, every initial condition in I?(T)? can be steered to zero with
controls in I2.

o Ifd’ = ay, and ny == /(ky, — ky11)/d € N, every initial condition fy = (fP, fy) € I*(T)? such that
Cang (o)) = can,(fo) can be steered to zero with controls in I2.

The case a’ # a,, and ky; = k,, is not new, at least in spirit: the simultaneous controllability
(equivalently, additive observability) of a heat equation and a wave equation has been studied by
Zuazua [41, §2.1-2.2].

5.2 Regularity of the free equation

We will use some basic regularity results.

Lemma 23. Let f, € H(T)% x I*(T)%. Foreveryt > 0, e~ f, € H\(T).
Assume in addition that A, = 0, and that fy, € H2(T)% x I*(T)%. Foreveryt > 0, e~* f, € H3(T).

To prove it, we will use the following (sub)lemma:

Lemma 24. Consider £P and FP as defined in section 2 (or [7, §4.1]). Foreveryt > 0, k € N and
fo € FP, 7% f € HY(T)

Proof. Set f(t) = e~**" f,. Denote the first d,, components of f(t) by f*(¢) and the last d, components
of f(t) by fP(t) (and similarly for f;).

We will use some simple tools from [7, §4.4.1]. For the sake of readability, we redo the proof in
full here.

Step 1: Computing f™(t) as a function of fP(t). — Since f(t) € FP, by definition of FP (section 2), for
every |n| > ny,

PP(i/m)en(f(1)) = cn(f(D).
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Writing PP(z) by blocks as (S ;8 g Zg; ), and taking the first d}, components,

pu(i/men(f(6)) + pra(i/m)e, (fP() = e, (fP(1)).

Since PP(0) = (3 %), p11(0) = 0 and for z small enough, |p;;(z)| < 1. Then, increasing ny, if necessary,
for |n| > ng,

cn(f2 (1) = U = pra(U/n) ! pra(i/m)e, (fP(1)).

For z € C small enough, let G(z) = (I — p11(2)) " p12(2). Then, G depends holomorphically in z small
enough, and for |n| > ng ¢, (f(t)) = G(i/n)c, (fP(1)).

Step 2: Conclusion. — Define D the unbounded operator on I*(T)% with domain H3(T)% by
D( ZXnei"X> i= Y (n?D — inAy, — Ky, — G(i/n)(indy + Kyy))X,el"™.
n n
Recall that
(8; — D33 + A0y + Kpp) fP(1) + (A 0y + K f2(t) = 0.

Since ¢, (f(t)) = G(i/n)c,(fP(t)), this can be written as (3, + D) fP(t) = 0. Hence,

fp(t) — e—tZ)f(‘)P — Z e_t(n2D+inA22+K22+G(i/n)(inA21+K21))Cn(fop).

|n|>ng

Since R(Sp(D)) C (0, +o0), fP(t) is in every HX(T)%. Since the first d;, components of f(t) are

frO =3 GGimea(fr()en

|n|>ng
and since G(i/n) is bounded as |n| = +c0, f1(t) also belongs in every H*(T)%. O

Proof of lemma 23. The proof consists in looking at the projection on hyperbolic (respectively parabolic)
components of e~** f;, using the asymptotics for the hyperbolic projection. As in the previous proof,
we denote the first dj, components of fy by f and the last d, components by 1.

Let us also recall that according to [7, §4.1],

e fy = e LTS, + eI fy + e T IIO (33)

Step 1: Asymptotics for the hyperbolic projection. — We use the notations PP(z), P"(z) defined in
[7, Proposition 5-6]. Using the series for the perturbation of the total eigenprojections [27, Ch. II,
eq. (2.14)], we get

pe=(o o) (o o2l )+ )20 o)) +oe

_ (I 0\ _ 0 A,D™1 5
_(0 0) Z(D_lAm ! )+o<z )

Thus,
n i (ApD7le () .
Hh — (Cn(fO )) _ l ( 1_2 n\Jo ) +0 n—ZC einx 34
o ||Z[ )= 1 (50 )+ 06r-2eu i) (4
Step 2: Case where fy € H' x I?. — Since II°f; is a finite sum of e, it is in every H¥, and so is

e~1£°110 fo. According to the regularity of the parabolic frequencies (lemma 24), e~**’TIP f; is in every
H*
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Since ff € H(T)%, (c,(ff)), € €%(Z; 1+n?)(the ¢? space with weight 1+n?). Since fi € IZ(T)%,
(en(f))n € €%(Z). Hence,

i _
(Cn(foh) — AnD 1Cn(fop)>| € 03(|n| > ng; 1+ n?),
n|>ng
and

(D' Azca(f5)) € ¢*(In| > ng; 1+ n?).

[n|>ng

tL

Hence, according to the asymptotics for IT" of eq. (34), IT" f, € H'(T)4. Since e~ " is continuous on

every H¥, e=*£"TI f; € H.
Step 3: Case where fy € H?> x [* and A;, = 0. — The asymptotics (34) reads

N
= 3 |("9) = & (s ) + O | e 39)

-1 h
|n|>ng n A21cn(f0

The rest of the proof is very similar to the previous case: e~t£°110 fo and e~*£"TIP £, are in every HX,
while the asymptotics (35) proves that IT" f; “gains” two derivatives compared to f;. O

5.3 Control properties of 2 X 2 systems: proofs

Proof of proposition 20. In this case,

1 inad' +ky,
[Bn|M] - <0 ina21 + k21 ’

In particular, det([B,|M]) = ina,; + k,;. We see that if (a,;, ky;) = (0,0), the Kalman rank condition
never holds, whatever n is. Hence, according to remark 2, item 1, null-controllability does not hold,
whatever T is.

Note that in our case, [B,|M]* = [B,|M]~! (when the right-hand side exists). Hence,

[B,[M]! = 1 inay +ky —ina’ —ky,
" inay + ky 0 1 :

In particular, with the notations of theorem 9 with k = 2, L} ; = 1 and L},‘l,2 = 0. Thus, p = 0.

If ky; # 0, det([B,|M]) = ina,; + ky; never vanishes. In this case, E (as defined in theorem 9) is
E = I*(T)2. Hence, according to theorem 9, every I?(T)? can be steered to 0 with I? controls in time
T > ¢(w)/|d|

If ay; # 0 and k,; = 0, the Kalman rank condition holds for every n # 0. For n = 0, according to
the formula for [B,|M], rank([By|M]) = C x {0}. Thus, E = {(fy’, f) € I*(T)?, J; fy = 0}. Therefore,
according to theorem 9, every initial condition (fI', f3) € I*(T)? such that Jr f& = 0 can be steered to
0 with controls in I? in time T > €(w)/|d’|. O

Proof of proposition 21. In this case,

_ 0 ina12 + k12
[BnlM] - (1 —I’lzd + ina22 + k22 ’

In particular, det([B,|M]) = —ina;, — k5. We see that if (a;,, k15) = (0, 0), the Kalman rank condition
never holds, whatever n is. Hence, according to remark 2 item 1, null-controllability does not hold,
whatever T is.
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As in the previous proof, [B,|M]* = [B,|M]~!. Hence,

3 1 —n?d +ina,, + ky, —inay, —k
[B,IM]™! = — oy T K2 12~ K2
—ina,, — kyy 1 0
In particular, with the notations of theorem 9 with k = 2, L}, | = —(—n?d + ina,, + ky,)/(inay, + ky,)

and L} , = 1/(ina;, + k). In particular, if a;, # 0, p = max(1,1—1) = 1. And if a;, = O and k, # 0,
p =max(2,1+0)=2.

Step 1: Case a,, # 0 and ki, # 0. — The Kalman rank condition holds for every n. Hence, with the
notations of theorem 9, p = 1 and E = I*(T)?, and every initial condition in H'(T)? can be steered to
0 with controls in I? in time T > #(w)/|d’|.

The strategy to control initial conditions in H! x I? is first to let the solution evolve freely during
an arbitrarily small time, which gives a H'(T)? state (lemma 23), that we can steer to 0 according to
the previous discussion.

Step 2: Case a;, # 0 and k,; = 0. — The case is almost the same as the previous one, except that the
Kalman rank condition is not satisfied for n = 0 (and only for n = 0). We have rank([B,|M]) = {0} x C
and E = {(fg’, f5) € IA(T)? f; f& = 0}. We still have p = 1. Hence, we can steer every initial
condition (f, fy) € H'(T)? such that f; fi = 0 an be steered to 0 with controls in time T > €(w)/|a’|.

As in the previous case, to control initial conditions in H 1 s I2, we let the solution evolve freely,
which gives a H'(T)? state, and preserves the property f; f& = 0. Then, we can steer this state in time
T > ¢(w)/|a'|.

Step 3: Case a,, = 0 and ki, # 0. — In this case, the Kalman rank condition is satisfied for every n,
and p = 2. Hence, according to theorem 9, we can steer every H?(T)? initial condition to 0 in time
T > ¢(w)/|a’| with controls in 2.

Again, to control an initial condition in H 2 % I2, we let the solution evolve freely for a small time,
which gives a H?(T)? state (lemma 23), that we can steer to 0 in time T > €(w)/|a’|.

Step 4: Lack of null-controllability of I? initial conditions. — We have M *( (1,) = 0. Hence, according
to theorem 3, (recall that A’ has size 1 X 1), there exists a I>(T)? initial condition with zero average
that cannot be steered to 0. O

Proof of proposition 22. We have

1 ina’ + ky;
[BaM] = (1 —dn? + inay, + kyy -

In particular, det([B,|M]) = —dn? + in(a,, — a’) + ky, — ki;. We see that for n large enough, this
determinant is non zero. In fact, taking the real and imaginary parts,

_dn2 + k22 - k11 =0

det([B,|M]) = 0 & { a0 (36)
Moreover,
1 —dn? +inay, + ky, —ina’ —k
+_ -1 _ 22 T K22 11
1 = 8,117 = g (S )
Thus,
—dn? + 0(n) -1
ho_ ho_
LT _dn2 + 0(n)’ and Ly, —dn? + 0(n)’
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Thus, p = max(0,1 —2) = 0.

Step 1: Case a' # a5, and k;; = k5. — According to eq. (36), the Kalman condition is satisfied for
n # 0. Moreover, for n = 0, Range([By|M]) = CM, thus E = {(f’, fy) € IZ(T)% f; fo' = f; fo }- The
theorem 9 gives the claimed controllability result.

Step 2: Case a' # a,, and ky; # kyy. — According to eq. (36), the Kalman condition is satisfied for
every n € Z. The theorem 9 gives the claimed controllability result.

Step 3: Case a’' = a,, and \/(ky, — ki1)/d € N. — As in the previous case, according to eq. (36), the
Kalman condition is satisfied for every n € Z. The theorem 9 gives the claimed controllability result.

Step 4: Case a’ = a,, and ny := v/ (ky, — ki1)/d € N. — According to eq. (36), the Kalman condition
is satisfied for n # *n,. For n = +n,, Range([Bs,,|M]) = CM. The theorem 9 gives the claimed
controllability result. O

A Afinite dimension-uniqueness principle for the null-controllability

In the null controllability of parabolic-transport systems, we sometimes prove null-controllability
“up to a finite dimensional space”, and then use functional analysis arguments to deal with the finite-
dimensional spaces that are left [30, 7]. In the previous articles, this was not stated as a general result.
This is the purpose of this appendix.

Proposition 25. Let T, > 0. Let H be a complex Hilbert space. Let A be an unbounded operator on
H that generates a strongly continuous semigroup of bounded operator on H. Let U be another Hilbert
space and let B: U — H a bounded control operator. For every T > 0, let Uy be a Hilbert space that is a
subspace of I*(0, T; U) with continuous and dense injection that satisfies the following “extension by 0
property”? if u € Ur, a, b > 0, then the function @ defined by 1(t) = 0 for 0 < t < a, 4(t) = u(t — a) for
a<t<T+aandi(t)=0forT+a<t<T+a+bisin Up qsp-

Assume that there exists a finite dimensional space F of H that is stable by the semigroup e'4 and a
closed finite codimensional space* G of H such that:

« (control up to finite dimension) for every f, € G, there exists u € Ur, such that the solution f of
f' = Af + Busatisfies f(T,) € 7,

« (unique continuation) for every € > 0 and for every finite linear combination of generalized
eigenfunctions g, € H of A*, we have B*(e!A"g,) =0ont € (0,e) = g =0.

Then, forevery T > T, and every f, € H, there exists u € Uy such that the solution f of f' = Af + Bu,
f(0) = f, satisfies f(T) = 0.

Remark 26. « In this proposition, we can weaken the hypothesis “B bounded” into “B admissible”
(see [14, §2.3]), but in this article, B is always bounded.

+ If the assertion “(gy € H is a finite linear combination of generalized eigenfunctions of A*
and B*g, = 0) = g, = 0” holds, the unique continuation hypothesis is satisfied by well-
posedness.

3In the application we use here, U = L%(w) and U = H(IJ‘((O, T) X w). The hypotheses of proposition 25 are tailored to
allow this situation.
4We do not require G to be stable by e4.
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Proof. Step 1: We may assume that ¥ C G. — We prove that if we replace G by F + G, the hypotheses
are still satisfied. Let fy € F + G. We write f; = f# + fg. According to the hypotheses, there exists
u € Ur, such that the solution f of f* = Af +Bu, f(0) = fgis such that f(T,) € F. Then, the solution

fof f' = Af + Bu, f(0) = f, is such that

F(Ty) = 704 fr + {(Ty).
eF €F

Note that if we replace T, by any Ty > T, the hypotheses are still satisfied.

Step 2: For T > T, the control u € Uy such that f(T) € F may be chosen linearly and continuously in
fo € G. — This is a standard proof of control theory. For f, € G, set

V(fy) ={ueUr: f(T) € F, fsolves f' = Af + Bu, f(0) = fy}.

Since A generates a strongly continuous semigroup, V() is a closed affine subspace of Ur. Then, we
can define U(f;) as the orthogonal projection of 0 onto V(f;) for the Up-norm. Using the characteri-
zation of orthogonal projection on closed convex set, we see that U is linear. Using the fact that A
generates a strongly continuous semigroup, the characterization of the projection on closed convex
subsets and the closed graph theorem, we see that U is bounded.

For the rest of the proof we set U : G — U such a map. We also set

Nr={fy € H: Ju € Uy, f(T)=0, fsolves f' = Af + Bu, f(0) = fy}. (37)

Step 3: For T > T,, Ny is a closed finite codimensional subspace of H. — Set Sy(t) the semigroup e*4

restricted to F. Since ¥ is finite dimensional, Sy(t) can be written as et4o where Ay is a bounded

operator of . Moreover, Ay = A}#. In particular, S, is actually a group of bounded operators.
For fy € G,and f' = Af + BUrfy, f(0) = fy, we have f(T) € F, which allows us to define

K:fo€Gr =Sy(-T)f(T)eF

The range of this operator X satisfies Range(X) C F. Hence, X has finite rank and is compact. Thus,
according to Fredholm’s alternative, (I + X )g isa close(;lu subspace oj G of finite codimension.
Moreover, for every f; € G, the solution f of f' = Af + BUrfy, f(0) = fy + K fy satisfies

f(D) = f(T) + eTAK fy = f(T) = So(T)So(—=T)f(T) = 0.

Thus, (I + X)G C Fr. According to [9, Proposition 11.5], this proves that N; is closed and has finite
codimension in H.

Step 4: There exists 8 > 0 such that forevery T, T' € (Ty, Ty + 8), Ny = Npr. — Assume Ty < T < T'.
If u € Ny, and if we extend u by 0 on (T, T"), we have have u € Ng,. Thus codim(Ng+) < codim(Ng).
Since codim(Ny) is an integer, the discontinuities of T — codim(MNy) are isolated, which proves the
claim.

From now on, we choose € € (0, 8/2) arbitrarily small and we set T} = Ty, + €.

Step 5: Fort € (0,¢), (€' Ni)* € Vg, — Let 0 < t < eand f € (e Ni)*. For every g, € N,
we have

0 = (" go, fo) = (g0, fo)-
Thus, e f, € (V)1 Since Ny, is closed (step 3), e f;, € Ny, . By definition of N7, and the “extension
by 0” property of Ur,, this proves that f, € Np, ;. According to the previous step, N, ,; = Ng,, which
proves the claim.
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Step 6: NTJI' is left-invariant by eA". — First, consider 0 < t < e. According to the previous step,
* L . . . . . *
Ni= (e Ng)H)™. Since Ny is finite dimensional hence closed, Nyt C e'4" ;. Moreover,

dim(.e““*NTll) < dim(MVh). Thus, for 0 < t < ¢, eV = M. Thanks to the semigroup property,
this is true for all ¢ > 0.

Step 7: Unique continuation property associated to the control problem “steer every f, € H into N, in
time € with a control in U;”. — The control problem is, in mathematical form, the following:

Vo € H, Jue U, f(T) € Np,, where ' = Af + Bu, f(0) = f;. (38)

LetIT: H — H the orthogonal projection on ]\fTLl Set also Ry : I?(0,T; U) — H the input-to-
output map defined by

Rru = f(T), where f' = Af + Bu, f(0) =0.
Then, the control problem (38) is equivalent to
Vfy € H, Ju € U,, Te*4 f, + ITR,u = 0.
We denote by ¢, the injection map U, — I?(0, T; U). Then, the previous assertion is equivalent to
Range (TT o e¥4) C Range (TTo R, o t,).
The observability inequality associated to this control problem is (see [ 14, Lemma 2.48]):
Vgo € H, [[e*" o TI*gg|| < Cleg o R o TT*gy|.

Since Range(IT*) = J\lel is finite-dimensional, and since ker(:*) = Range(1)* = {0}, this is equivalent
to
Vgo € MV, Rigo =0 = e*A'gy = 0. (39)

To conclude, since J\le1 is finite dimensional and stable by e*4”, the semigroup e*4” is in fact a group,
and in particular e¢4” is invertible on ]\lel Moreover, R:go(t) = B*e(€™D4%g, (see [14, Lemma 2.47]).

Thus, the assertion (39) is equivalent to

Vgo € N, (B*e“‘*g0 =0for0<t< e) = g,=0. (40)

Step 8: Conclusion. — The unique continuation property (40) of the previous step is exactly the
unique continuation property we assumed. Thus, according to the previous step, we can steer every
Jo € H into MNg, in time € with a control in U;. According to the definition of )Ny, we can steer every
Jo € Np, to 0in time Ty = T + ¢ with a control in Ur,. Hence, we can steer every f, € H to 0 in
time Ty + € = T + 2¢ with a control in Ur,,.. Since € can be chosen arbitrarily small, this proves the
proposition. O
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