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Abstract

During thermomechanical treatments, polycrystalline microstructures undergo a complex and

dynamic evolution for which no real predictive model exists. We propose here to combine phase

field simulations and molecular dynamics simulations to eventually fill this gap. We employ The

Phase Field model of Admal and cowrokers [Int. J. Plast. 2018], which is derived from the so-

called Kobayachi-Warren-Carter model, and is connected to crystal plasticity to include the mutual

interactions of grain boundary migration with the presence of crystal dislocations. In the model,

the grain boundary is itself a distribution of geometrically necessary dislocations. Comparison with

atomistic data, shows that this PF model naturally captures some key features required to predict

microstructure evolutions, such as grain boundary energy, shear coupling effect and even some

mobility trends under the application of a driving force to migration. At the end of the paper, a

(semi-) analytical model is proposed to quantitatively connect the phase field simulations to the

reference Molecular Dynamics data.

I. INTRODUCTION

Use of thermomechanical treatments is a classical and efficient way to taylor polycrys-

talline materials properties -in particular mechanical properties- to a given application. Dur-

ing a single or a sequence of treatments the microstructure evolves sometimes dramatically

in an highly anisotropic and non-linear manner. This apparent complexity is commonly as-

sociated to the multiplicity of elementary mechanisms that are occurring simultaneously and

maybe associated to different length- and times-scales [1, 2]. At the center of microstruc-

tural evolution is the normal motion of grain boundaries, but this migration depends upon

the GB nature and may be accompanied by GB shear coupling, grain rotation, dislocation

polygonalization etc... Ultimately and despite decades of efforts in that direction, there is to

date no predictive tool capable of predicting quantitatively the evolution of polycrystalline

microstructures. Trail-and-error strategies provide a practical solution but eventually limit

microstructure engineering.

In this context, a multiscale simulation strategy could provide such a predictive tool but

face several challenges [3, 4]. A first challenge relies on the fact that many GB properties are
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strongly depending upon the GB type and atomic structure, but the the atomic-structure-

property relationship remain mostly poorly known, still to date. These details can only

be addressed through the rare TEM high resolution analysis or atomistic data, and real

microstructures contain virtually an infinite number of grain boundary type and orientation.

Great care has been paid to the construction of the initial atomic configuration for the

ground state [5, 6] or how to properly orient a bicrystal in order to study more complex GB

geometry [7] encompassing asymmetrical GB and mixed tilt-twist character for which less

data is available. These technical developments allow for systematic studies embracing the

large variety of GB types and structures [8–12]. As a result of these studies, the complexity

of the GB properties was set in the spotlight, and few attempts could rationalize some

GB properties as function of the 5D dof for GB geometry [11]. GB migration as observed

in MD was ca be categorized into a handful of various velocity function with respect to

its temperature dependence [8–10]. The velocity trends are however not always consistent

or monotonous [9, 10]. Since quantifying with precision the details of atomic processes

at play during migration is a daunting task, the underlying kinetics of GB migration were

successfully quantified in direct connection to the atomistic details in a handful of studies [13–

16]. When comparing to the apparent complexity of lower order defects such as dislocations,

it is surprising that so few features are shared among GB.

The mesoscale part of this multiscale approach is facing different challenges. First, at the

scale of the microstructure, the mesoscale formalism chosen -among those available- needs

to be able to account for a list of key mechanisms for GB migration in interaction with

dislocation activity within the grains mentioned above. In this context, the Phase Field (PF)

model initially proposed by Kobayachi-Warren-Carter (KWC) [17–19] was among the first

attempt at including GB migration driven by curvature, crystal rotation. This diffuse GB

model has been ever since extensively used and analysed [18–21], with in particular the path

towards its analytical resolution through formal expansion analysis [20]. The KWC however

lacks the connection to crystal dislocation interplay, and a couple of extensions of the KWC

model addressing this limitation have been proposed approximately at the same time [22, 23].

Both approaches exploit the kinematic equivalency of GB in terms of crystalline defects to

connect with a more classical crystal plasticity framework. The first extension proposed by

Ask and coworker [22] consider GB as a source of lattice curvature and connect the KWC

model to a Cosserat generalized continuum framework. The second alternative proposed by
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Admal and coworker [23], describes GB in terms of GND distributions. Both approaches

are perfectly valid choices to incorporate all the requires ingredients and mechanism for

microstructure evolution.

The last challenge of this multiscale approach is obviously to make it quantitative to

become truly predictive. In particular, the PF has to retain the key physical insights from

atomistics regarding the GB properties and GB migration. However, MD and PF approaches

solve a different physics. The PF makes use of two continuous fields: the crystal rotation θ

and the lattice order φ. Although, one could probably map these fields to the MD data using

some arbitrary metric e.g. centrosymmetry parameter [24], these fields are the by-product

of atomic interactions, and there is no guarantee that a clear link exist between these field

and the physics simulated in MD. Few attempts exist in the litterature to connect PF to

atomistic data [25, 26], and the task has been proved to be challenging.

In this paper, we compare the description of GB from the Admal et al. phase field model

to atomistic data that will act as reference data, in order to devise a path to quantitatively

connect the two approaches. For this, we will focus on symmetric tilt grain boundaries,

as PF field are classically in 2D, in a pure Ni system for which extensive data exist and

act as a model material for other fcc metals with intermediate stacking fault energy value.

In the remainder of the paper, the first section first presents the details of the atomistic

configurations and recall the specifics of Phase Field model model of Admal et al. Section

two compares the results obtained with MD and PF on these four fundamental features GB:

i) GB structure, ii) GB energy and and iv) GB migration. Finally, in the final discussion, we

proposed a way to quantitatively parametrize the PF from atomistic data through a (semi)

analytical solve of both the 1D KWC and the 1D Admal’s models, paving the way to more

quantitative PF simulations in the future.

II. METHODS

A. Molecular Dynamics simulations

Here, we present the results regarding STGB from a larger atomistic study in [12]. The

systematic study of GB type is made easier by choosing a bicrystalline geometry [8, 10]

as shown in figure 1. A plane GB is inserted in the center of the atomistic box, and Free
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Figure 1. The simulation setup used in molecular dynamics simulations in which ~vX ,~vY and ~vZ

stand for the CSL vectors along the X, Y and Z directions respectively and a0 is the lattice

parameter. Free surface (FS) are shown in a grey colour, the Periodic boundary conditions (PBC)

are applied on remaining sides and the Grain Boundary (GB) is shown in green colour [12]. To the

right is a meshed phase field bi-crystalline domain in which a grain boundary is shown in red.

Surface (FS) are applied along the y axis and Periodic Boundary Conditions (PBC) are

applied on the other two simulation axii. The box dimension and orientation must be

adequatly choosen so as to respect the periodicity of the lattices across the PBC. This

operation may be challenging in most cases, but it is rather easy in the case of STGB as

one of the box axis corresponds to the misorientation axis and guarantees the continuity of

the two crystals in that direction. Here, we employ a strategy similar to the one in [7] to

built the initial atomic structure of a GB. Ni interatomic interactions are described using

a multibody semi-empirical potential proposed by Foiles and Hoyt [27], which is based on

the so-called EAM formalism [28]. This potential is particularly well adapted to investigate

mechanical and GB properties.

The initial arbitrary atomic configurations must be relaxed in order to find a possible

ground state of the GB. This task may be challenging (see [5, 6] for example), here we

employ a strategy similar to the ’gamma surface’ calculations [8, 10, 29]. One grain is

shifted with respect to the other grain, along the CSL basis vectors (contained in the GB

plane). Atoms getting too close during this translation procedure are removed, then the

system is relaxed using a classical conjugate gradient algorithm, and the GB energy of the

corresponding relaxed GB structure is measured. This operation is done to obtain a fine map

(typically ≈ 105 points) of the GB energy as function of the the two translations directions,

and the GB structure with the lowest energy is chosen as the most probable structure of
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that particular GB. We compared the GB structures and energies obtained here to existing

literature on similar GB [8, 10], and the agreement found allows to validate the approach to

set our atomistic configurations.

Great attention must be paid to the dynamics simulation conditions used to study the GB

migration [9, 10]. We employ the massively parallel MD code Lammps [30]. MD Simulations

are conducted using the NVT ensemble. Starting from the relaxed 0K groundstate of the

GB, the temperature in the system is progressively increased over 125 ps. The system

is allowed to dynamically relax for another 125 ps. Then, the GB migration is triggered

using the synthetic driving force proposed by Janssens et al. [31], which adds a force on

atoms in the GB region. As a systematic study, the driving force is varied in the range ≈

[50-500MPa] and different temperature are considered [100-1000K]. Once again, our results

on GB migration were confronted against existing data [9, 10] when available in order to

validate the simulation conditions. More details can be found in [12]

B. Phase Field model from Admal et al.

First, let us recall the Kobayashi-Warren-Carter PF model upon which the Admal et

al. model is based. A 2D polycrystalline system Ω0 ∈ R2 is described with two scalar

continuous fields θ(X) and φ(X), which represents the crystal orientation and the lattice

order, respectively. The total free energy WKWC in the system is:

WKWC =

∫
Ω0

ψKWCdV (1)

with the free energy density functional expressed as:

ψKWC =
α2

2
|∇φ|2 + f(φ) + g(φ)s|∇θ|+ ε2

2
|∇θ|2 (2)

with,

f(φ) = e(φ− 1)2 (3)

g(φ) = φ2 (4)

The parameters α, ε and s are material constants. for non conservative order parameters,

the time evolution of φ(X) and θ(X) are related to the partial derivative of ψKWC with

6



respect to φ and θ:

bφφ̇ = α2∆φ− f,φ + g,φs|∇θ| (5)

bθθ̇ = div

(
ε2∇θ + g,φs

∇θ
|∇θ|

)
(6)

where bφ and bθ are inverse mobility functions for the two phase fields θ(X) and φ(X).

The last equation is a singular diffusive equation due to the presence of the ∇θ
|∇θ| term. This

is discussed at length in [18] and a non singular appoximation is also introduced, see [18] for

more details. The term g,φs|∇θ| tends to localized the interface, while the ε2

2
|∇θ|2 tends to

localize it. These two opposing effects act together to localize GB between grains and give

a finite width to the interface [20].

Typically, the KWC model leads to grains where ∇θ = 0 and φ ≈ 1 (corresponding to

a certain crystalline order) and localized GB, where ∇θ 6= 0 with θ smoothly transitioning

from the orientation of the first grain into the orientation of the neighbouring grain and

φ < 1 (associated to disorder). This clear separation and definition of the grain and GB

region ∈ Ω0 helped in providing an analytical solution of the KWC model [20].

To connect GB migration to potential mutual interaction with crystal dislocations, Admal

and coworkers proposed to connect the KWC to a classical Crystal Plasticity framework

[23]. A deformation map y(X,t) is associated to every material point X and time t. The

deformation gradient F is thus:

F(X, t) = ∇y (7)

To simulate large deformation, a multiplicative decomposition of the deformation gradient

into an elastic FE and plastic contributions F P is assumed:

F = FEFP (8)

The lattice-invariant plastic distortion F P is associated to the plastic shear induced by

dislocation slip. Different slip systems alpha are accounted in the model with distinct slip

planes sα and directions mα and slip rates vα. The plastic distortion evolves as:

ḞP = LpFP (9)

Lp =
A∑
α=1

vαsα ⊗mα (10)
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with LP the plastic velocity gradient, and sα⊗mα the Schmid factor. In the model applied

in 2D, four slip systems are available (A=4) having the following Burgers vectors:

s1 = (1, 0), (11)

s2 = (0, 1), (12)

s3 =
1√
2

(1, 1), (13)

s4 =
1√
2

(−1, 1) (14)

Finally, the Lagrangian strain is classically defined as:

EE =
1

2

(
(FE)TFE − I

)
(15)

and will be appearing in the elastic free energy density. Next we introduce the connection

between this CP framework and the KWC model.

From the seminal work from Read and Shockley [1], it has been long understood that

lattice misorientation can be kinematically represented by an array of -discrete- dislocations.

To connect to the KWC model and its diffuse picture of GB, the dislocation array has to

be transformed into a continuous distribution [32] of Geometrically Necessary Dislocations

(GND), that may be obtained from the plastic distortion:

G = FP curl FP (16)

with the curl operator of a tensor field with respect to the materials coordinates. Crystal

rotation in the model will be accommodated by the presence of a GND distribution, the

following simplification is made: ∇θ ≈ |G|, and can be used to connect explicitly the CP

framework and the KWC model. The total free energy density is thus:

ψ = ψb(EE, T ) + ψgb(φ,∇φ,G, T ) (17)

with ψb(EE, T ) the bulk free energy density mostly due to elastic distortions, and the free

energy density associated to the GB, that derives from the KWC model as:

ψgb =
α2

2
|∇φ|2 + f(φ) + g(φ)s|G|+ ε2

2
|G|2 (18)

In this new framework, the kinematic variables are now : the displacement field u = y −X,

the shear rates vα and the order parameter φ. Conjugate forces associated to these vari-

ables, can be defined from a thermodynamically consistent approach. Interested readers
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are referred to [23] for the full demonstration. We introduce a stress P conjugate of F, a

stress vector p conjugate of ∇φ and a scale internal microscopic force π power-conjugate of

φ̇. Finally regarding the slip rates, we introduce an internal microscopic force Πα power-

conjugate of vα, and a microscopic stress ξα power conjugate of ∇vα. The corresponding

force balance equations and boundary conditions read: Macroscopic force balance:

DivP = 0 in β0 (19)

t = PN on ∂β0 (20)

Microscopic force balance for each slip system α:

Divξα − Πα = 0 in β0 (21)

Ξα = ξα ·N on ∂β0 (22)

Microscopic force balance for φ:

Divp− π = 0 in β0 (23)

s = p ·N on ∂β0 (24)

These equations and boundary value conditions need to be solved numerically. Here,

we reprise the resolution strategy and materials parameters employed in [23] and extend

these results to more GB types in a systematic manner. For more details on the simulations

conditions, see [23]. The initial geometry and kinematic variables are defined in figure 1.

III. RESULTS

A. GB structure

Figure 2 illustrates the atomic structure obtained after relaxation for some STGB, which

consists of a succession of structural units that may or may not be connected to each others.

In the latter case, an elastically distorted but defect free fcc lattice can be recovered and

would correspond to well identifyable GB dislocatiion in LAGB. In the PF model, the

GB structure is represented by the spatial distributions of the different GND tensor G

components. At first, the GB is introduced with an initial θ field of the following form:

θ̃(X1) = −θ0

2
+

θ0

1 + exp (−2.5(X1 − 10))
(25)
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Figure 2. Atomic structures of a few CSL symmetric tilt grain boundaries relaxed using the

Conjugate Gradient. Atoms in green correspond to those in close to perfect fcc lattice as described

by a centrosymmetry parameter. Classically for these simulations, the GB structure correspond to

a (periodic) succession or structural units of different geometry and periodicity. The two Σ25 GB

exhibit well separated structural units, suggesting distinct and quantifiable GB dislocations.

Where θ0 is the misorientation angle of the GB. This expression for θ is however not an

exact solution of the KWC equation (see at the end of the paper), and the fields will slightly

relax from this arbitrary initial configuration. The model transforms this θ field into GND

non-zero distributions in 2D:

G31 = − cos(θ̃)∇θ(x)

G32 = − sin(θ̃)∇θ(x)

Interestingly, both of the GND components G31 and G32 will be non-zero distributions in the

model, as illustrated in figure 3. This contrasts with ’classical’ kinematic picture of STGB

devised by Read and Shockley, according to which STGB can be described only by a single

set of edge dislocations, that would correspond to the sole G31 component. However, in the

PF the G31 distribution is symmetrical while G32 is antisymmetrical. The latter component

thus does not contribute to the overall crystal rotation, nor to the elastic stresses (at least

far from the GB). The figure 3 also shows the initial arbitrary Gij fields, and small changes

can be seen from the comparison with the same fields after relaxation.

Figures 3.b and 3.c show the distributions of G31 G32 obtained after initial relaxation for

all the considered STGB considered here. The Gij spatial distribution are similar for all

GB, they however become larger and wider as the misorientation angle of the corresponding

GB is large. The Gij spatial distributions thus seem to be rescaling of the same normalized

distributions g̃31(x) and g̃32(x). This is confirmed in what follows.
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Figure 3. top left: Structure of Σ25(340) STGB in the Admal et al. PF model: Components of

|G| and the associated θ(x) field. Top right: Comparison of the G31 distribution for three different

STGB with increasing misorientation angle. Bottom: Comparison of the G32 component for the

same three different GBs.

Figure 4 displays the maximum value of the metric |G| =
√

G ·G as function of the

misorientation angle and a nice linear increase can be seen. By dividing by the maximum

value of the max(Gij) for every GB, rescaled distributions g̃ij(x) may be obtained and

are shown in Figure 4. These rescaled distributions are virtually identical for the various

considered STGB. This is an interesting feature of the Admal et al. PF model. For a single

set of materials’ parameters (α, ε, e and p), all STGB are described by the same normalized

spatial distributions g̃ij(x), and the scaling factor max(Gij), which depends upon the GB

considered simply scaled with the misorientation angle. This feature may be exploited later

for extrapolating results to other STGB or to propose simplified description of GB at the

macroscale.
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Figure 4. Left: |Gmax| versus θ (in degree) for all investigated grain boundaries. A clear linear

trend is observed. When rescaling the G31 and G32 distributions of figure 3 by the corresponding

|Gmax|, all distributions for all the GB considered here collapse onto the same distribution g̃ij

shown on the right.

B. GB energy

Next, we compare the GB energy as obtained by the two proposed simulations. In

the atomistic simulations the GB energy correspond to the excess energy resulting from

the difference between the total potential energy EwithGB of the simulation containing the

GB and a volume without GB presence [1, 3]. Because the number of atoms nat may be

changed during the procedure to find GB groundstate the GB energy is defined classically:

γGB = (EwithGB − nat ∗ Ebulk)/S with Ebulk the bulk energy of Ni atoms in perfect fcc

structure. Since PF simulations are in 2D for now, while MD simulations were performed in

3D, the GB energy obtained in MD need to be converted in units of mJ/m by multiplying

the raw GB energy by the GB dimension in MD simulations along the misorientation axis

y, dimension that is absent in the PF simulations.

Figure 5 shows the GB energies (in units of J/m) as function of the misorientation angle

for STGB. First, when considering MD data, the GB energy obtained here are in good

agreement with other existing studies on these classical GB (with a maximum discrepancy

of ≈ 20% ). We can recall that the MD data was in nice agreement with other existing

studies [8, 10, 11] In MD, it is well known that the GB energy is intimately controlled by the

atomic structure of the GB and as a result these GB energy curves are non-convex functions
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Figure 5. Comparison of the GB energy (in [J/m]) for the same STGB as calculated using MD and

PF, as function of the misorientation angle. The GB energy from PF model increases monotically

as function of the misorientation angle as expected from [23]

of misorientation angle and exhibit cusps at singular GB with local GB energy minima.

When now considering the PF data, the GB energy is now monotonous as was discussed

before [23]. This is a consequence of the choice of function g(φ) = φ2(x) where a different

choice could improve the agreement with the Read-Shockley model for the GB energy as

function of misorientation angle [1]. The curve corresponding to PF data lacks the cusps in

energy displayed on the MD curves, the quantitative values for the GB energy are however

in a nice quantitative agreement with the MD values. This is a staggering results, as the

PF has not yet been tweaked to particularly match this GB energy curve.

In the PF, it can be shown that the energy density is controlled by the g(φ)s|G|+1/2ε2|G|2

term to the first order. In the PF, the GB energy measured in PF scales with the metric

|G|. Recalling that G = FPcurlFP = −FecurlFe we showed also earlier that |G| was in-

creasing with the misorientation angle. The GB energy as described in PF is thus related

to the elastic distortions induced by the GB presence. From a modelling standpoint, the

GB energy can be decomposed into an elastic contribution far from the GB and a core

contribution related to the distorted atomic arrangements seen at the GB. These contri-

butions can be fully described by atomistics. However in the PF, only linear elasticity is

included and multiplicative decomposition is employed. The elastic fields are continuous
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across the GB, which would go through the core of the GB and where the lattice distortions

seen in atomistics are typically non-linear. Therefore, and in a surprizing manner, linear

elastic but continuous distortions are sufficient to predict -to the first order- the GB energy

as described in atomistics simulations for the simple STGB considered here. This will be

discussed further a bit later.

C. GB migration and shear coupling

In a second set of simulations, we compare the dynamic property that is GB migration

as described in atomistics and PF. In a recent study, we propose a systematic study of GB

migration by MD in considering not only pure tilt but also pure twist and mixed GB for Σ

5, 13 and 25 [12]. Here, we simply recall the main results and focus on the pure tilt GB.

Migration of flat GB was triggered by using the methodology of the ’synthetic driving force’

[31], that corresponds to adding a force per atom which derives from a potential energy

favoring one grain. GB motion was measured while systematically varying the driving force-

temperature (P, T ) parametric space. Figure 6 shows an example of a sequence of motion

of a GB as described by MD. When the Driving Force (DF) is applied, the GB migrates

and reach instantaneously a steady state. In this particular example, the GB migration is

related to the nucleation and propagation of pairs of infinite disconnections (defects at the

GB surface having both a dislocation and step character). The two disconnections propagate

along the GB plane until their annihilation allowed by the PBC, making the GB flat again

but translated when compared with the initial position. Since the disconnection Burgers

vector bdisc has a non zero component along the in-plane z direction, the so-called shear-

coupling effect is observed according to which the normal GB motion is accompanied by a

tangential motion.

In the PF, the GB migration is induced by applying a shear stress (through the shear

coupling mechanism) and is associated to the translation of the center of GND distributions

and θ field. Similarly to the atomistics, the GB motion reaches a steady state when the

shear stress is applied. Figures 7 and 8 show illustrations of the migration as siimulated in

the PF that is representative of other simulated GB. The application of an external load

could have modified the GND distributions as it is the case in other continuous descriptions

of GB, but here, the GND distributions are simple translations of the relaxed groundstate
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Figure 6. Sequence of motion of a Σ13(230) tilt grain boundary. From its Initial relaxed structure

a), this GB migration is mediated by b) nucleation and c) to i) propagation of pairs of disconnec-

tions. Atoms are coloured by CNA with green atoms are close to the perfect FCC positions and

black atoms belong to defects.

GND distributions (see figure 7.b). From a mechanistic standpoint, this is what should be

desired, as the GB structures should not be affected by the application of a external stress

(this is true for relatively small stresses, but large stresses may induce GB structural changes

[33, 34]). From a PF theoretical standpoint, this means that the microscopic force balance

is mostly preserve during migration.
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Figure 7. Left: Position of the Σ25(710) STGB as function of time for different shear rate (γ̇) during

a migration simulation in PF. Right: Evolution of the G31 and G32 distributions at different time

steps during the motion of Σ5(310) grain boundary at a shear rate of γ̇ = 8× 10−4ms−1.

D. GB migration velocity

Among the 25 GB considered in MD [12], three different types of migration behaviour were

unambiguously observed as function of the temperature impact of the motion, in agreement

with existing MD studies [9, 10]. When focusing on the STGB, two of the three of these

migration behaviours were observed and are illustrated in Figure 9. A low driving force

and low temperature, some GB exhibit a non-linear velocity as function of driving force and

the velocity increases with the temperature. This first behaviour is typical of the classical

thermally-activated picture of GB migration. The values of velocity observed here are in

qualitative agreement with existing studies performed in similar conditions, when available

[9, 10, 13]. Interestingly, a linear regime is observed at larger driving force as the applied

mechanical work is sufficient to overcome the activation barrier. This type of transition

from thermally activated to (non-viscous) linear regime was also observed for the motion of

dislocations in bcc Fe [35, 36]. In [12], the MD data allowed to formulate a phenomenological

mesoscopic velocity law as:

vMD(GB,P, T ) = A ∗ P exp

(
−∆H(P, T )

kBT

)
where ∆H(P, T ) is the activation enthalpy associated to the GB migration, and is a function

of both P, T . Some other GB exhibit a linear relationship between the migration velocity
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Figure 8. Illustration of the GB migration in PF through the evolution of the metric |G| in

a)Σ25(710), c) Σ5(310) initial and b) Σ25(710), d) Σ5(310) deformed configuration at shear rate

γ̇ = 2× 10−4ms−1.

and the driving force as shown in figure 9. The slope B(T ) decreases with temperature, sug-

gesting a phonon dragging mechanism. The velocity law for this kind of dynamic behaviour

is:

vMD(GB,P, T ) = B(T )P

This type of migration is often observed for GB that can be clearly identified as subgrain

boundary with clearly separated GB dislocations. However, predicting the type of GB

migration from the macroscopic degrees of freedom for GB or even when the GB atomic

structure is known is still a key challenge in the field.

We apply the same systematic exploration of the P-T parametric space to our PF sim-

ulations of the GB migration. These results are shown in Figure 10. Interestingly, the PF

recovers qualitatively the different velocity behaviour observed in MD. For example the Σ 5

exhibits a non linear increase of the migration velocity with the applied shear. This velocity

also increases when the temperature is increased. This type of behaviour would be consis-

tent with the thermally activated behaviour observed for the same GB in atomistics. The

velocities values are however not on par with the MD data, as the inverse mobility function
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Figure 9. Two of the GB migration types obtained by MD [12]. Left: Prediction of the velocity

function given in the text for the thermally-activated migration of Σ5(310) at different temperature

and driving force. Right: linear velocity dependence with P for a Σ25(340) at different temperature

and driving force

bφ bθ were choosen arbitrarily for now [23]. Some other grains, like the Σ 25, exhibit a

different behaviour with a linear increase of velocity with the applied shear and the linear

slope decreases when temperature increases. This behaviour would be in agreement with

the viscous type behaviour observed for the same GB in MD.

In MD, the different mobility are typically explained by the difference in atomic structure,

while no prediction is still available. Since the PF has no explicit description of the GB core,

the difference in velocity dependence upon temperature for the different GB must find a

different explanation. We have shown also that all the STGB are described by identical GND

distributions scaled by a factor max(|G|). This cannot explain these differences. However,

when migrating, the same GND description can involve different slip systems out of the four

slip systems available in the 2D PF, and the resulting interaction and kinetics between these

slip systems may explain the difference. This should be investigated further.

IV. DISCUSSION

In this discussion, we are going to address two main points. The first one is an attempt

to explain the surprizing qualitative agreement of PF with the reference data form MD, and

the second point is how to reach a quantitative agreement between the two approaches.
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Figure 10. Comparison of migration velocity simulated in the PF between Σ25(710) and Σ5(120)

at different temperatures and shear rates

A. On the rather good agreement between MD and PF

The nice agreement between PF and MD, which is qualitative on most of the features

considered here, may appear surprizing at first as the PF was not set up initially to match

the MD results especially for large angle GB like some of the ones considered here. First, the

PF materials parameters (α, ε, p, e), while not chosen to reproduce the MD results for now,

exhibit values close to the ones suggested in [19] where they were scaled with respect to a

typical latent heat value for metals. This lead to proper dimensions of the GB thickness of

the order of nm. The elastic properties correspond to the classical isotropic approximations

for Ni.

This being said, the GB energy in particular is commonly though to be mostly controlled

by large distortion associated to the atomic arrangements at the core of GB. In the PF,

GB are simply described by GND distributions coming from elastic (respectively plastic)

distortions. The elastic gradient is thus continuous across the GB, including at the GB core.

The elastic and plastic component of the deformation gradient are however obtained from

a multiplicative decomposition, that works well for large distortions. The PF was able to

reproduce the MD data at the exception of the cusps typical of singular GB. This simple
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modelling of GB as continuous GND distribution appears thus to be sufficient for STGB,

even for LAGB, but not singular GB.

The qualitative agreement between PF and MD is also surprizing when now considering

the migration of GB. At the atomistic scale, the GB migration has to be related to the

atomic structure of the GB, even if the full understanding is still out of reach. The atomic

structure may control the choice and features of the elementary mechanisms involved in the

GB migration, and consequently, the associated kinetics. There is a debate in the literature

as to whether the GB mobility is an intrinsic mobility of GB as defects at GB may then

activate other migration modes. Here, the PF can not explicitly reproduce these effects, but

the nice qualitative agreement must be explained in another way. We suggested here, that

the selection of slip systems, their interactions and the certainly the associated dissipated

energy control the velocity dependence of GB migration upon temperature. These general

effects could as well be effective in atomistic simulations and thus could contribute to explain

the observed GB kinetics.

B. Towards more quantitative PF simulations

Our existing MD results provide GB energies and complex mobility functions for about

25 different CSL grain boundaries with a [001] misorientation axis. While the two types of

simulations are capable of describing similar mechanisms, connecting the two approaches is

not straightforward. In particular, phase field relies upon continuous fields, whose direct

determination from atomistic calculations seems unclear (this is particularly true for the

order parameter Φ(x) and the generalized forces). In the original form, parametrizing a

KWC model with MD, would require to run many PF simulations and a lot of trials and

errors in an attempt to find the correct set of PF material parameters to match the GB

energy and mobility from MD. In addition to be extremely costly, there is no guaranty that

this procedure will converge to a unique set of PF material parameters identified this way.

The objective of this final section is to present a way to parameterize the so-called

Kobayachi-Warren-Carter Phase Field (PF) model using atomistic data obtained from

Molecular Dynamics (MD), to describe the Grain Boundary migration in polycrystals.

Here, we derive a semi-analytical solution of the phase field set of equations of the 1D

problem of a single GB in a bicrystal under static and steady motion conditions.
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We start recalling the KWC model. The energy density can be written:

ψKWC =
α2

2
|∇φ|2 + f(φ) + g(φ)s|∇θ|+ ε2

2
|∇θ|2 (26)

with,

f(φ) = e(φ− 1)2 (27)

g(φ) = φ2 (28)

The parameters α, ε and s are material constants. for non conservative phase fields, the time

evolution of φ(X) and θ(X) are related to the partial derivative of ψKWC with respect to φ

and θ:

bφφ̇ = α2∆φ− f,φ + g,φs|∇θ| (29)

bθθ̇ = div

(
ε2∇θ + g,φs

∇θ
|∇θ|

)
(30)

It must be noted that the formulation above, which includes the term ∇θ/|∇θ| leads to a

singular diffusive equation. A non-singular approximation may be found in [18], but this

did not seemed to be required in the 1D solution proposed in what follows.

1. Analytical solution for the bicrystal

Here, we reprise the analysis proposed in [20, 23] that relies on a formal asymptotic

expansion of the model. Since the model tends to localize grain boundaries, the solution

is typically separated onto two domains. In the region corresponding to the grain interior,

∇θ = 0. The boundary conditions are:

φ(±L) = 1, θ(±L) = ±θ0/2 (31)

Where the coordinate x is delimited by ±L. A grain boundary exists at the origin and is

bounded by ±ξ0, where ∇θ 6= 0. the fields φ and θ are symmetric and anti-symmetric about

the origin, respectively. Under the static condition and outside of the GB, Eq. 4 becomes:

α2∆φ− f,φ = 0 (32)

α2

2
φ,φ − f(φ) = c (33)
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where c is an integration constant. Integrating the previous equation leads to:

L− x =

∫ 1

φ

α√
2(f(φ̃) + c)

dφ̃ (34)

In order to obtain a closed form analytical solution for φ(x), one has to find an analytical

function for the integral in the rhs of the previous equation, and then one has to be able to

invert that function. Luckyly, this is the case for the choice of f(φ) in Eq. 3. The solution

outside the GB is thus:

φ(x) = 1−

√
c

e

tanh2(λ(x))

1− tanh2(λ(x))
(35)

λ(x) =

√
2e

α
(x− L) (36)

c =

(
1− tanh2(λ(ξ0))

tanh2(λ(ξ0))

)
f(φ2) (37)

In the GB region and still in the static case, ∇θ 6= 0, φ(x) and θ(x) must respect the system

of PDE:

α2∆φ− f,φ + g,φs|∇θ| = 0 (38)(
ε2∇θ + g,φs

)
,x

= 0 (39)

From Eq. 12, one can deduce that ε2∇θ + g,φs = cste. and the BC reads φ,x = 0 at x = ξ0,

thus:

θ,x =
s

ε2
(g(φ2)− g(φ)) (40)

Inserting the last equation into Eq. 12 yields:(
α2

2
φ,x − f(φ) +

s2

2ε2
(g(φ2)− g(φ))2

)
,x

= 0 (41)

using the BC, α2/2(φ,x)
2 − f(φ2) = c, thus:

α2

2
φ,x − fφ+

s2

2ε2
(g(φ2)− g(φ))2 = c (42)

Integrating previous equation may provide an equation in the form of an integral to find φ:

x(φ) =

∫ φ

φ1

α√
2(f(φ̃) + c)− s2

ε2
(g(φ2)− g(φ))2

dφ̃ (43)

Similarly to Eq. 9 outside the GB domain, one has to find an analytical and inversible

solution to the rhs of this equation in order to dispose of a closed form expression. However,
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the addition of the (g(φ2)− g(φ))2 makes it harder to solve. The integral Eq. 16 can also be

presented in as a ODE. Under this form, the main difficulty, now evident, is that this ODE

is a non-linear 1st order ODE.

dφ̃

dx
=

1

α

√
2(f(φ̃) + c)− s2

ε2
(g(φ2)− g(φ))2 (44)

We tried to solve this ODE using Laplace Transforms (LT) without success, this is certainly

due to the presence of terms in power of φ4 and φ2 in the polynomial P (φ) under the square

root, for which there is no known LT.

Alternatively, we consider tables of known integrals, whose form would be similar to the

form of Eq. 16. To do this, the polynomial P (φ) must first be reworked.

P (φ) = −s
2

ε2
φ4 + (2

s2

ε2
φ2

2 + 1)φ2 − 2φ+ (2c+ 1− s2

ε2
φ4

2) (45)

=
s2

ε2

(
−φ4 + (2φ2

2 +
ε2

s2
)φ2 − 2

ε2

s2
φ+

ε2

s2
(2c+ 1− s2

ε2
φ4

2)

)
(46)

=
s2

ε2
(−(φ− r1)(φ− r2)(φ− r3)(φ− r4)) (47)

Where ri are roots of the polynomial Eq. 19. The roots of this quartic equations can still

be analytically obtained using Ferrari’s solution.

2. P (φ) admits three distinct roots

Assuming the root r3 must be double. One can thus find an analytical solution for the

integral Eq. 17:

x(φ) =
αε

s

∫ φ

φ1

1√
−(φ̃− r1)(φ̃− r2)(φ̃− r3)2

dφ̃ (48)

c1 + x =
αε

s

 2√
r1− r3

√
r3− r2

tan−1

√r3− r2
√
r1− φ̃

√
r1− r3

√
r2− φ̃

φ
φ1

(49)

The function is also inversible, leading to the solution for φ(x):

φ(x) =
r1A− r2tanh2 (B(c2 − x))

A− tanh2 (B(c2 − x))
(50)

A =
r3 − r2

r1 − r3

(51)

B =
s
√

(r1 − r3)(r3 − r2)

2αε
(52)
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where the periodic tan function has been replaced by a non-periodic tanh function. A new

integration constant c2 is introduced c2 = c1 − αε
s
G(φ1), with G(φ) is the primitive on the

rhs of equation 22. It can be checked that this expression of φ(x) is a solution by inserting

it into equations 16 or 17.

the solution for θ(x) can be obtained from integration of:

θ,x =
s

ε2
(φ2

2 − φ2(x)) (53)

θ(x) =
s

ε2
φ2

2x+
s

ε2
1

2(A− 1)2B

[
C tanh−1

(
tanh(Bx)√

A

)
(54)

D tanh(Bx)

A− tanh2(Bx))
− EBx

]
(55)

C =
√
A (A(3r1 + r2)(r1 − r2) + (3r2 + r1)(r2 − r1)) (56)

D = A(A− 1)(r1 − r2)2 (57)

E = 2(r2 − Ar1)2 (58)

The integration constant may be implicitly defined as:

c = −f(φ1) +
s2

2ε2
(g(φ2)− g(φ1))2 (59)

which is problematic as the solution for φ depends on its own extremas.

Finally, it can be checked that the two solutions for φ(x) and θ(x) can be analytically

integrated to calculate the GB energy and the GB mobility.

3. P (φ) admits four distinct roots

In the most general case, the polynomial p(φ) admits four different roots. The solution

can still be obtained but in a semi-analytical manner only as it implies an incomplete Elliptic

integral of the first kind F (x|m).

x(φ) =
αε

s

∫ φ

φ1

1√
−(φ̃− r1)(φ̃− r2)(φ̃− r3)(φ̃− r4)

dφ̃ (60)

c1 + x =
αε

s

 2√
r1− r3

√
r2− r4

F

sin−1

A√r1− φ̃
r2− φ̃

∣∣∣m
φ

φ1

(61)

A =

√
r2− r4
r1− r4

(62)

m =
(r2 − r3)(r1 − r4)

(r1 − r3)(r2 − r4)
(63)
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Elliptic integral of the first kind is defined as F (x|k) =
∫ x

0
dy√

1−k2 sin2 y
, with the elliptic

modulus k that must satisfy 0 < k < 1. The Jacobi Amplitude am(x, k) is defined as the

inverse of the elliptical integral F: am(F (x, k), k) = x. We can also introduce one of the

Jacobi Elliptic function sin(x, k) = sin(am(x, k)). All these functions can be numerically

evaluated by various procedures [NIST Digital Library of Mathematical Functions. Ch. 19].

φ(x) =
r2sn2(λ, k)− r1A

2

sn2(λ, k)− A2
(64)

λ =
s

αε

√
(r1 − r3)(r2 − r4)

2
(c1 − x) +G(φ1) (65)

With, G(φ1) is the primitive function appearing on the rhs of eq. 34. While, the expression

for φ(x) is rather short and simple, this is not the case anymore for θ field and the GB

energy. A semi-analytical expression cans still be obtained for these two terms thanks to

Mathematica and exhibit a long sum of various Elliptic functions and integrals. For the sake

of conciseness however, and as φ is well bounded between φ1 and 1, approximating φ using

a Taylor Series on different domains of φ.

The advantage of this explicit expression is that now the two remaining unknowns φ1

and φ2 can be obtained from very robust Newton-Raphson scheme to solve the following

non-linear equations:

c = −f(φ1) +
s2

2ε2
(g(φ2)− g(φ1))2 (66)

θ0 =
αs

ε2

∫ φ2

φ1

g(φ2)− g(φ)√
2(f(φ̃) + c)− s2

ε2
(g(φ2)− g(φ))2

dφ̃ (67)

 L =

∫ φ2

φ1

α√
2(f(φ̃) + c)− s2

ε2
(g(φ2)− g(φ))2

dφ̃+

∫ 1

φ2

α√
2(f(φ̃) + c)

dφ̃ (68)

The Jacobian appearing in the Newton-Raphson algorythm for this multi-variable problem

is calculated analytically from mathematica.

A direct comparison with numerical calculations of the KWC model presented in [23] is

possible. The following materials parameters were used:

α2 = 5.3× 10−9 (69)

ε2 = 2.1333× 10−10 (70)

e = 2.1× 109 (71)

s = 0.17 (72)
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Interestingly s has to be greatly reduced compared to the value used in the numerical solution

as the analytical model does not smooth out the ∇θ in the GB region. The comparison is

shown in figure 11. In the analytical model, φ1 = 0.875, φ2 = 0.9 and ξ0 = 0.7 nm.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
10-8

0.85

0.9

0.95

1

1.02

Fully analytical solution

Numerical resolution KWC

[Admal et al. IJP 19]

Φ(
x)

x [m]

∇θ = 0 ∇θ = 0∇θ
≠0

Φ2

Φ12ξ0

Figure 11. Left: Validation of the analytical (1D) model with the numerical resolution of the (2D)

KWC model from [23]. Right: Analytical solutions for both θ and φ fields for Σ5(310).

Finally, the link with Admal et al. PF model can be recovered, recalling that |G| = ∇θ(x),

the components of |G| are thus recovered, and are shown in Figure z.

G31 = − cos(θ̃)∇θ(x)

G32 = − sin(θ̃)∇θ(x)

4. Mesoscale properties of the GB

Finally, going back to [20], the mescoscale properties of a GB i.e. GB energy v and

mobility M can be expressed from the φ and θ fields.

γ = s∆θ0φ
2
2 + 2α

∫ 1

φmax

√
2(f(φ̃) + c) dφ̃ (73)

+2α

∫ φmax

φmin

√
2(f(φ̃) + c)− s2

ε2
(g(φ2)− g(φ))2 dφ̃ (74)

M−1 =

∫ L

−L

(
bφφ2

,x + bθθ2
,x

)
dx (75)

with bφ and bθ inverse mobility functions associated to the time variation of φ and θ, re-

spectively. The velocity of the GB is v = Mκγ and is the results of capillarity trough γ and

curvature driving forces through curvature κ. In the present 1D model, the curvature κ is
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undefined. We may expert that the mobility will be preserved when the GB migrates under

other driving forces.
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