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BEYOND GOLLNITZ’ THEOREM II: ARBITRARILY MANY PRIMARY COLORS

ISAAC KONAN

ABSTRACT. In 2003, Alladi, Andrews and Berkovich proved a four parameter partition identity lying beyond
a celebrated identity of Gollnitz. Since then it has been an open problem to extend their work to five or more
parameters. In part I of this pair of papers, we took a first step in this direction by giving a bijective proof of
a reformulation of their result. We introduced forbidden patterns, bijectively proved a ten-colored partition
identity, and then related, by another bijection, our identity to the Alladi-Andrews-Berkovich identity.

n(n+1)
2

In this second paper, we state and bijectively prove an -colored partition identity beyond Gollnitz’

theorem for any number n of primary colors, along with the full set of the % secondary colors as the
product of two distinct primary colors, generalizing the identity proved in the first paper. Like the ten-colored

w—colored partitions satisfy some simple minimal difference conditions while

n(n+1)

partitions, our family of

avoiding forbidden patterns. Furthermore, the -colored partitions have some remarkable properties,
as they can be uniquely represented by oriented rooted forests which record the steps of the bijection.

1. INTRODUCTION AND STATEMENTS OF RESULTS

1.1. History. A partition of a positive integer n is a non-increasing sequence of positive integers whose sum
is equal to n. For example, the partitions of 7 are

(7),(6,1),(5,2),(5,1,1),(4,3),(4,2,1),(4,1,1,1),(3,3,1),(3,2,2),(3,2,1,1),

(3,1,1,1,1),(2,2,2,1),(2,2,1,1,1),(2,1,1,1,1,1) and (1,1,1,1,1,1,1) -

The study of partition identities has been a center of interest for centuries, dating back to Euler’s proof of
the following identity,

1

(6?0’ (L)

(—¢ @)oo =

where

m—
IQm*H lfxq

for any m € NU {oo} and a, ¢ such that |¢| < 1. From a combinatorial viewpoint, this can be formulated
by the following statement: there are as many partitions of n into distinct parts as partitions of n into odd
parts.

The study of integer partitions underwent a significant advancement with the works of Rogers-Ramanujan
at the beginning of the past century. Following in their tracks, Schur found another simple identity [14],
stating that the number of partitions of n into distinct parts congruent to +1 mod 3 is equal to the number
of partitions of n where parts differ by at least three and multiples of three differ by at least six. In the spirit
of Schur’s identity, Gollnitz proved in [11] that the number of partitions of n into distinct parts congruent to
2,4,5 mod 6 is equal to the number of partitions of n into parts different from 1 and 3, and where parts differ
by at least six with equality only if parts are congruent to 2,4,5 mod 6. Looking at the set of partitions
involved in the previous identities, one may view Gollnitz’ identity as embedded in Schur’s identity. It also
works in the opposite way, as we now describe.

© 2022 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/


https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0097316522000486
https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0097316522000486

2 ISAAC KONAN

In seminal work of Alladi-Gordon [3], they pointed out a refinement of Schur’s identity, where they
introduced the weighted words method with the use of two primary colors a, b along with a secondary color
ab. Later, Alladi-Andrews-Gordon [2] found a refinement of Gollnitz’ identity, with the use of weighted words
with three primary colors a, b, ¢ and three secondary colors ab, ac, bc, which indeed implies the refinement of
Schur’s identity. Further explanation of these two refinements is given in the first part of this series [10].

It was an open problem to find a partition identity beyond Gollnitz’ theorem arising from four primary
colors. In [1], Alladi, Andrews, and Berkovich solved this problem. Their result uses four primary colors,
the full set of secondary colors, along with one quaternary color abed, and can be described as follows. We
consider parts that occur in eleven colors {a, b, ¢, d, ab, ad, be, bd, cd, abed} and ordered as follows:

Taved < lap < loge <laa < 1lg <lpe < lpg < 1p < 1og <1 < 1g < 20pca < - - (12)

Let us consider the partitions with the size of the secondary parts greater than one and satisfying the minimal
difference conditions in
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and such that parts with color abed differ by at least 4, and the smallest part with color abed is at least
equal to 4 4+ 27 — x(1, is a part), where 7 is the number of primary and secondary parts in the partition.
Here, x(A) equals 1 if the proposition A is true and 0 if not, and the term minimal difference conditions
means that, for A = (A1,...,As) with the parts A; colored by ¢(\g), we have for all ¢ € {1,...,s — 1} that
the value \; — A\;41 is at least equal to the value corresponding to the row ¢();) and the column c¢(\;11).
Their theorem is then stated as follows.

Theorem 1.1 (Alladi-Andrews-Berkovich). Let u, v, w,t,n be non-negative integers. Denote by A(u, v, w,t,n)
the number of partitions of n into u distinct parts with color a, v distinct parts with color b, w distinct parts
with color ¢ and t distinct parts with color d, and denote by B(u,v,w,t,n) the number of partitions of n
satisfying the conditions above, with u parts with color a,ab,ac,ad or abed, v parts with color b, ab, be, bd
or abed, w parts with color c,ac,bc,cd or abed and t parts with color d,ad,bd,cd or abcd. We then have
A(u,v,w,t,n) = B(u,v,w,t,n) and the identity

> Blu,v,w,t,n)a"b"cd'q" = (—ag; q)oo(—b4; @)oo (=43 @)oo (—da; @)oo - (1.4)

u,v,w,t,n>0

Note that when d = 0, we recover Alladi-Andrews-Gordon’s refinement of Géllnitz’ identity (see [10] for
more details). Their main tool was an intricate g-series identity.

In part T of this series [10], we showed an equivalent version of Theorem 1.1. In fact, we supposed that
the parts occur in only primary colors a,b, ¢, d and secondary colors ab, ac, ad, be, bd, cd, and are ordered as
in (1.2) by omitting quaternary parts:

Tab <lae <lag < 1o <lpe <lpg <1p <leg <1l <1g <25 <--- - (1.5)
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We then considered the partitions with the size of the secondary parts greater than one and satisfying the

minimal difference conditions in

A\t [ab ac ad
ab
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a
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b
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c
d

and which avoid the forbidden patterns
((k + 2)cd7 (k + 2)ab7 k(!)v ((k + 2)(:(1; (k + 2)(lb7 kd)7 ((k + 2)ad7 (k + l)bca ka) bl (17)

except the pattern (344, 2pc, 1o) which is allowed, and we obtained the following theorem:
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Theorem 1.2. Let u,v,w,t,n be non-negative integers. Denote by A(u,v,w,t,n) the number of partitions
of n into u distinct parts with color a, v distinct parts with color b, w distinct parts with color ¢ and t distinct
parts with color d, and denote by C(u,v,w,t,n) the number of partitions of n satisfying the conditions above,
with w parts with color a,ab, ac or ad, v parts with color b, ab, bc or bd, w parts with color ¢, ac,bc or cd and t
parts with color d,ad,bd or cd. We then have A(u,v,w,t,n) = C(u,v,w,t,n), and the corresponding q-series
identity is given by

D Clu,,w,t,n)a"b ¢’ d'q" = (=ag; 4)oo (=G ) oo (—4; @)oo (—d; @)oo - (1.8)
u,v,w,t,neN

The proof of Theorem 1.2 consisted of a bijection established between the two sets of partitions. We also
used a second bijection to show that Theorem 1.2 is equivalent to Theorem 1.1.

By specializing the variables in Theorem 1.2, one can deduce many partition identities. For example, by
considering the following transformation in (1.8)

dilation : g — q'? (1.9)
translations :  a,b,c,d +— ¢ 8 ¢ % q¢ 2% ¢t '

we obtain a corollary of Theorem 1.2.

Corollary 1.3. For any positive integer n, the number of partitions of n into distinct parts congruent to
—23,-22 21 20 mod 12 is equal to the number of partitions of n into parts not congruent to 1,5 mod 12
and different from 2,3,6,7,9, such that the difference between two consecutive parts is greater than 12 up to
the following exceptions:

o \i — A1 =9= N\, =23 mod 12 and A\; — A\j42 > 24,
o\ —Nip1 =12= )\, =23 -22 21 20 mod 12,
except that the pattern (27,18, 4) is allowed.
Example 1.4. For example, with n = 49, the partitions of the first kind are
(35,10,4), (34,11, 4), (28,11, 10), (23,22, 4),
(23,16,10), (22,16, 11) and (16,11, 10,8, 4)
and the partitions of the second kind are
(35,14), (34,15), (33,16), (45,4), (39, 10), (38,11) and (27,18,4) -

The main goal of this paper is to give a general result beyond Gollnitz’ theorem, by proving an analogue
of Theorem 1.2 for an arbitrary finite set of primary colors.
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1.2. Statement of Results. Let C = {aq,...,a,} be an ordered set of primary colors, with a1 < --- < a,
and let Cy = {a;a; : 1 <1 < j <n} be the set of secondary colors.
We can naturally extend the order from C to C LI Cy with
aras < - < aran < a1 < agaz < - < Aoy < ag < v < Qi1 (1.10)
<01 < <Ay <0 < -0 < Ap-10p < Ap-1 < 0y *

We also set
SPy = {(araj,aa;) €C3 1 i<j<k<lork<i<j<l} (1.11)

to be the set of the special pairs of secondary colors. Note that the pairs of SPy use four different primary
colors. Let us now define the lexicographic order > on the set of colored parts by the following relation:

kp =lg<=k—-1>x(p<q)- (1.12)
Explicitly, this gives the order
1a1a2 <= lan < 2a1a2 <= 2an < 3a1a2 < (113)

Definition 1.5. Let P be the set of the parts with primary color, and let S be the set of the parts with
secondary color and size greater than one. We then define two relations > and > on P S as follows :

ky=({0+1), if porgeC
’qu‘:’{kp>(l+1)q it pandgeCy (1.14)
and
k,=({+1), if porgeC
kp>l,<=< ky=({1+1), if (p,q) €CL\SPy - (1.15)
kp =g if (p,q) € SPx

Note that k, >, implies k, > [,. We can easily check that in the case n =4 and C = {a < b < c < d},
the relations > and > establish some minimal differences k& — [ that correspond respectively to the minimal
differences A\; — A;11 in (1.20) and (1.6). We also remark that these differences constitute an exhaustive list
of all the minimal differences for our relations, since at most four primary colors occur in any pair of colors
in CUCy.

Definition 1.6. A secondary color is just a product of two primary colors. For any type of partition A, its
size |A| is the sum of its part sizes.

(1) We denote by O the set of partitions with parts in P and well-ordered by >=. We then have that
A € O if and only if there exist Ay > -+ = Ay € P such that A = (A1,..., ;). We set ¢(\;) to be the
color of A; in C, and C'(X) = ¢(A1) -+ - ¢(\:) as a commutative product of colors in < C >.

(2) We denote by £ the set of partitions with parts in P LS and well-ordered by >>. We then have that
v € & if and only if there exist v1 > -+ > 1y € PUS such that v = (v1,...,14). We set colors
c(v;) € CUCy depending on whether v; is in P or §, and we also define C'(v) = ¢(v1) - - - ¢(v¢) seen
as a commutative product of colors in C.

(3) We finally denote by & the subset of partitions of £ with parts well-ordered by ©.

We can now state the first result of our paper.

Theorem 1.7. Let m be a non-negative integer and C' a commutative product of primary colors in C. Denote
by U(C,m) the number of partitions X in O with (C(A),|A]) = (C,m), and denote by V(C,m) the number
of partitions v in € with (C(v),|v|) = (C,m). We then have the following inequality :

U(C,m) <V(C,m)- (1.16)

The previous theorem implies that O can be associated to a set £ such that & C £. We define this set &;
using two technical tools : the different-distance and the bridge. The definition of the different-distance
is stated here, while the definition of the bridge, more intricate, will be given in Section 5.
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Definition 1.8. Let A = (A1,---, ;) be a sequence, where the elements \; belong to a set of colored
numbers ordered by a relation >, and let d be a positive number. For any i,5 € {1,...,s}, we say that \;
is d-different-distant from A; if we have the following relation:

i =N +d(j—i)- (1.17)

Note that the relation ”being d-different-distant from” is transitive, as A; is d-different-distant from A; and
A; is d-different-distant from Ay implies that \; is d-different-distant from A.

A good example of a partition having such a property is a partition v = (v, -+ ,v,) € &. In fact, by
(1.14), we recursively obtain for any ¢ < j € {1,..., s} that v; is 1-different-distant from ;. This is not true
in general when v € £, as by (1.14) and (1.15), a part v; not well-ordered with ;11 in terms of i is also not
1-different-distant from v, 1.

The main theorem of this paper and generalization of Theorem 1.2 can be stated as follows.

Theorem 1.9. Let £ be the set of partitions v = (v1,...,vs) € € such that, for alli € {1,...,s — 1} with
Vi1 D }§V2‘+1 s (118)

the part v; is 1-different-distant from its bridge. Then, for any non-negative integer m and any commutative
product of primary colors C in C, by setting U(C,m) as before in Theorem 1.7, and by setting W(C,m) to
be the number of partitions v in & with (C(v),|v]) = (C,m), we then have that U(C,m) = W(C,m) and
the identity

n n n n

> w( e ) [Jaram= > U([am) [[ala™ = (—a16;0)0 -+ (—ang; @)oo -

MUL ..y Uy >0 i=1 i=1 MU ..y Upn >0 i=1 i=1
(1.19)

This may be compared with another result of the author. In his generalization of Siladi¢’s partition
theorem [9], he used the same set of n primary colors, along with the total set of the n? non-commutative
secondary colors a;a; for 4,5 € {1,...,n}, and gave an identity with the same product as (1.19). Another
identity, discovered by Corteel and Lovejoy [7], relates the same set of partitions, with primary colored parts,
to a set of partitions with parts having some colors as products of at most n different primary colors, giving
2™ — 1 colors in total.

Note that by definition, a partition in £ never satisties (1.18), so that the definition of &; still holds for
this partition. We thus have & C & C €. We also remark that SP is empty for C with fewer than four
primary colors, so that in that case, & = £. Therefore, Theorem 1.9 implies the Alladi-Andrews-Gordon
refinement of Gollnitz’ identity. For n > 4, the set £ can be seen as a subset of £ that avoids some patterns.
When n = 4, we show that the forbidden patterns are the ones described in Theorem 1.2. For n > 4, the
enumeration of forbidden patterns becomes more intricate.

We give a corollary of Theorem 1.9 for five primarys colors a < b < ¢ < d < e. The set & consists of
partitions with parts occurring in

ab<ac<ad<ae<a<bc<bd<be<b<cd<ce<c<de<d<e,
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such that the size of secondary parts being greater than one, and which satisfy the minimal difference
conditions in
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Corollary 1.10. Let u,v,w,t,r,n be non-negative integers. Denote by A(u,v,w,t,r,n) the number of
partitions of n into u distinct parts with color a, v distinct parts with color b, w distinct parts with color
¢, t distinct parts with color d, and r distinct parts with color e. Denote by B(u,v,w,t,n) the number of
partitions of n satisfying the conditions of table 1.20, with u parts with color a,ab, ac,ad or ae, v parts with
color b, ab, be, bd or be, w parts with color c,ac,be, cd or ce, t parts with color d,ad, bd, cd or de and r parts
with color e, ae, be, ce or de. Denote by C(u,v,w,t,n) the number of partitions of n satisfying the conditions
of table 1.21, with u parts with color a,ab,ac,ad or ae, v parts with color b,ab,bc,bd or be, w parts with
color c,ac,be, cd or ce, t parts with color d, ad,bd, cd or de and r parts with color e, ae, be, ce or de. We then
have
B(u,v,w,t,n) < A(u,v,w, t,n) < C(u,v,w,t,n).

In particular, the above inequality become an equality when two of the parameters u,v,w,t,r are equal to 0.

The paper is organized as follows. In Section 2, we will present some tools that will be useful for the proof
of Theorem 1.7 and Theorem 1.9. After that, in Section 3, we will give two mappings ® and ¥ for Theorem
1.7 that preserve the size and the color product of partitions. Then, in Section 4, we will prove Theorem 1.7
by showing that ®(O) C £ and ¥ o ®|p = Id|p. In Section 5, we will set £ = ®(0), describe the notion of
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bridge, and prove Theorem 1.9. In Section 6, we explain how to generate the forbidden patterns of Theorem
1.9, and we especially retrieve in the case of four primary colors the three forbidden patterns as enumerated
in Theorem 1.2, and we prove that, for more than four primary colors, there is an infinite set of forbidden
patterns. Finally, in Section 7, we relate the mapping ¥ to Motzkin paths and oriented rooted forests, giving
new perspectives for the study of the forbidden patterns.

We postpone the proofs of the technical lemmas and propositions respectively to Sections 8 and 9.

2. PRELIMINARIES

2.1. The setup. Let us first analyze the secondary parts in S. For any 1 < i < j < n, and any positive
integer k, we have

(2k)aiaj = kaj + kai (2.1)
(2k + 1)11“13- = (k+ 1)(11' + kaj ’

In fact, any secondary part in S with color a;a; can be uniquely written as the sum of two consecutive parts
in P with colors a; and a; in terms of >.

Definition 2.1. For any 1 <i < j < n, we define the functions a and 5 on S by

2ka.a. = ke, 2ka. — kg,
. 1 Aj J . i1Aj 3
: { @+ Do, = (bt 1) and B { @k 4 Vara, = ko (2.2)

respectively named upper and lower halves.
One can check that for any kg4, € S,
a((k+1)aya;) = B(kasa;) +1 and  B((k + 1)aa;) = a(ka,a,) - (2.3)

In the previous sum, adding an integer to a part only changes its size but does not change its color. We can
then deduce by induction that for any m > 0,

a((k‘ + m)aiaj) = O‘(kaiaj) +m and ﬁ(<k + m)aiaj) = /B(kaiaj) +m- (2-4)
Remark 2.2. In fact, we have
o((k +2m)a,a,;) = ka;a;) +m  and  B((k+2m)a,a,;) = B(ka,a,) +m- (2.5)

Remark 2.3. Let us consider a partition A in O. By definition (1.6), it does not belong to £ if and only if
it has two consecutive parts \;, \it1 such that \; > \iy1. We then have by (1.15) that
i = )‘i+1 and \; » /\i+1 < /\i+1 +1=X = >\¢+1 . (26)

An equivalent reformulation consists in saying that \; and A;41 are two primary parts with distinct colors,
consecutive in terms of =. Then, by (2.2), A\;+Aix1 can be seen as the unique secondary part with respectively
Ai and Aiy1 as its upper and lower halves.

2.2. Technical lemmas. We will state some important lemmas for the proof of Theorem 1.7 and Theorem
1.9. The proofs can be found in Section 8.

Lemma 2.4 (Ordering primary and secondary parts). For any (I,,k;) € P xS, we have the following
equivalences:

ly k= (k+1)y>(1—-1)p, (2.7)
lp>alky) <= B((k+1)y) # (1 —1),-
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Lemma 2.5 (Ordering secondary parts). Let us consider the table A in (1.6). Then, for any secondary
colors p,q € Cy,

A(p,q) = min{k — 1 B(kp) > a(lg)}- (2.9)
Moreover, if the secondary parts ky,l, are such that 8(k,) = B(l,), then
(k+1)p,>1,- (2.10)
Furthermore, if k — 1 > A(p, q), we then have either B(k,) = a(l,) or
ally) + 1> a((k—1),) = B((k—1),) = B(,) - (2.11)
In the case of equality k — l = A(p, q), we necessarily have
B(lg) +1 = B(ky), (2.12)

and in the other case, we necessarily have that B(ky) = a(ly).

Lemma 2.6 (1-different-distance on &). Let us consider a partition v = (v1,...,v) € E. Then, for
any 1 <1< j <t, we have
vivvi+j—i—1 (2.13)

3. BRESSOUD’S ALGORITHM

Here we adapt the algorithm given by Bressoud in his bijective proof of Schur’s partition theorem [6].
The mappings are easy to describe and execute, but their justifications are more subtle and are given in the
next section.

3.1. Machine ®: from O to £. Let us consider the following machine ®:

Step 1: For a sequence A = Aq, ..., )\, take the smallest ¢ < ¢t such that A\;; \;11 € P and A\; > A1 but
Ai B Aiy1, if it exists, and replace

Ai — A+ Xy asapartinS

/\j — )\j+1 forall i<j<t (31)
and move to Step 2. We call such a pair of parts a troublesome pair. We observe that A loses two
parts in P and gains one part in S. The new sequence is A = Aq,..., A\;—1. Otherwise, exit from the
machine.

Step 2: For A = Aq,..., )\, take the smallest ¢ < ¢ such that (A\;, \jx1) € P x S and \; » A4 if it exists,
and replace
()\727>\i+1) G ()\i+1 + 1,)\1 — ].) eSxP (32)
and redo Step 2. We say that the parts A;, \;11 are crossed. Otherwise, move to Step 1.

Let ®(\) be the resulting sequence after putting any A = (Aq,..., ;) € O in ®. This transformation
preserves the size and the commutative product of primary colors of partitions.

Example 3.1. ForC = {a < b < ¢ < d}, let us apply this machine on the partition (5,34, 24, 1d, le, 1p, 1a):

S
5 5
34 b b Db S
34 44 5
2711 3 92 4ad 4ad 4
g — "2 T 25 9 3 ad (3.3)
1. Le L 2 1 She
c bc 1d
1 Lo 1 1 1 Zad
b a La
1 1a 1q

This example shows that ®(O) € &Es.
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3.2. Machine VU: on £. Let us consider the following machine U:

Step 1: For a sequence v = vy, ..., v, take the greastest ¢ < ¢t such that v; € S if it exists. If v, € P and
B(vi) % Vi1, then replace
(I/i7 Vi+1) S (Vi—i-l + 1,y — 1) ePxS (34)
and redo Step 1. We say that the parts v;, ;11 are crossed. Otherwise, move to Step 2. If there
are no more parts in S, exit from the machine.
Step 2: For v = vy,..., 14, take the the greatest ¢ < ¢ such that v; € S. By Step 1, it satisfies 8(v;) > vit1.
Then replace
Vigl — Vj forall t>j>1 (3.5)
(v;) = (a(vi),B(v;)) as a pair of parts in P, ’
and move to Step 1. We say that the part v; splits. We observe that v gains two parts in P and
loses one part in S. The new sequence is v = vy, ..., V41.
Let ¥(v) be the resulting sequence after putting any v = (v1,...,14) € £ in ¥. This transformation

preserves the size and the product of primary colors of partitions.

Examples 3.2. For example, we choose C = {a < b < ¢ < d < e < f} and we apply the machine ¥
respectively on (4qe,3cd, 3ab)s (4a, 3aes 2cd, 1v) and (4e, 3ef, 3cds 3ab, 1 1), and we obtain

4
2¢ + 2, 4, “
e e s i1 %
3.0 = o) R R Y =T
2 1g + 1, la
2(1 + 1b 1 1 1c 1c 1
b
4
4, a
da b1,
L+l T,
1 le 1
b ]-b 1(:
b
4
4, 4, e
4, 4, 346 346 2 + 1y 4¢ ;lf
3ef 3ef of of 3¢ 1+ 1. !
3ed  F  3ea = 2 +1a 3 = la & 14 = Le
9 +1 5 2s la+1e 1 1 La
a b f ]-b ]-b c c ]-c
lf 1, + 1, 1 1 1 1 1,
a a 1 1
a a 1a

With these examples, we can see that U is not injective on € and ¥(E)  O.

4. PROOF OF THEOREM 1.7

In this section, we prove Theorem 1.7 by showing the following theorem.

Theorem 4.1. The transformation ® describes an injection from O into & such that Vo @) = Id)o.

Theorem 4.1 follows from the next three propositions whose proofs can be found in Section 9.

In the following for any sequence U = uyq, ..., us, we set g(U) = uy and s(U) = uy respectively the first and
the last terms of U.
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Proposition 4.2. Let us consider any A = (A1,...,\t) € O. Then, in the process ® on A, before the ut"
application of Step 1, there exists a triplet of partitions (6%, ~v*, u*) € € x (ENO) x O such that the sequence
obtained is 0%, v*, u* and which satisfies the following conditions:

(1) The ut™ application of Step 1 occurs in the pairs (s(v*), g(u®)),

(2) s(6%) is the (u — 1)*" secondary part of 6% and satisfies s(6%) > g(y*),

(3) u*tt is the tail of the partition u* and has at least one fewer part than p®.
(4) 6% is the head of 5“1,

Note that the first triplet for u = 1 has the form (0,7, u!) with (v, u!) € (ENO) x O and (s(y*), g(u*))
the first troublesome pair of A. The fact that ®(O) C & follows from Proposition 4.2 since u* strictly
decreases in terms of number of parts and the process stops as soon as p* = (. In fact, if u* # (), then
g(u*) exists and we can still apply Step 1 on the pair (s(7"),g(u")). The last triplet has then the form
(05F1, 5L ) with (6911, 45H) € € x (€N O), 5(6°F!) the S and last secondary part of ®()\) and
5(55+1) > g(,YS+1) if ,YS+1 ?é 0.

Example 4.3. We again take the example A = (5p, 34, 24, Ld, 1c, 1, 1a) given in (3.3). We summarize the
triplets of Proposition 4.2 in the following table:

u

u

u o Y 1%

1 ] by 3ds2a  la,1le, 1p, 14
2 5p, 4ad 24,1 1p, 14

3 5, 4ad, 3be 1q 1a

4| 5p,4ad, e, 2ad 0 [}

Proposition 4.4. Let us consider any v = vy,...,v; € E. Then, in the process ¥ on v, after the (v — 1)*"

application of Step 2, there exists a triplet of partitions (§V,~Y, u¥) with 0¥ € £ and v°, u* some sequences
of primary parts, such that the sequence obtained is 6", v", ¥ and which satisfies the following conditions:

(1) (s(77),g(u?)) is the troublesome pair resulting from the (v — 1)1 splitting in Step 2,

(2) 5(6Y) € S so that the next iterations of Step 1 after the (v — 1)"" Step 2 occurs on this part,
(3) uv is the tail of the sequence u**1 and has at least one fewer part than p*+t.
(4) 6°Tt is the head of 8V

The process stops as soon as 6 = (), which means that we have split every secondary part of v. If we
set S to be the number of secondary parts of v, the last triplet then has the form (0, 5+, z5*1) with
(s(v3*1), (1)) being a troublesome pair of primary parts. Also, we remark that the first triplet for
v = 1is such that (6%,~*,0) with 6! equal to the head of v up to the last secondary part, and with v* equal
to the tail of v after this last part, so that (61,~%) € € x (£ N O) with s(61) > g(y!) if v* # 0.

Example 4.5. We take the example v = ®(N) = 5y, 44d, 3be, 2aa 1 (3.3). We summarize the triplets of
Proposition 4.4 in the following table:

v

v

v 9" Y L

1 | 55, 4ad; 3bcs 2ad 0 0

2 5, 4ad; 3be 14 1q

3 5p, 4ad 24,1 1p, 14

4 0 90, 3d,2a 1g,1c,1p, 1,

We now show that W o ® o = Id|p using the following proposition.

Proposition 4.6. For any A € O, if we set v = ®(A\) and S to be the number of secondary parts of v, then
for any v € [1,S+1], the triplet of Proposition 4.4 is equal to the triplet of Proposition 4.2 foru=S+2—wv.

5. DESCRIPTION OF & = ®(0) AND PROOF OF THEOREM 1.9

In this section, we set £ = ®(0), and we give an explicit definition of the bridge for a partition v € &
in order to fit with the condition given in Theorem 1.9. Note that, by setting & = ®(0O), the mapping ®
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then describes a bijection between O and &1, and ¥ = ®~! so that the identity (1.19) holds and this implies
Theorem 1.9.

Enumeration of parts. Let us consider a partition v = (1, .. ., V]’D 1) with p primary parts and s secondary
parts. We can thus consider the p 4+ 2s primary parts that occur in v by counting both the upper and lower
halves of the secondary parts. We then set

v=(vi,...,Vps2s) (5.1)

with J, I and I + 1 defined to be respectively the sets of indices of the primary parts, the upper and lower
halves of secondary parts. The secondary parts of v are indeed the parts v; + v;41 for ¢ € I. This method of
enumeration according to the occurrences of the primary parts was already used by the author in his proof
of the generalization of Siladi¢’s theorem [9]. We can then retrieve the corresponding indices for the parts
v}, with

vj = ;‘—\Im[l,j)l for all j € J,
Vi+ Vig1 = VZ{*UQ[LZ')‘ forallieI-

For ease of notation, we set [ = {i; < --- <i,} and J = {j; <--- < j,}. We then consider the index set of
the troublesome secondary parts as defined in (1.17),

TS(V) = {Z el: Z/_(i) > v; + Vi-i-lﬁ Viyo + Vi+3}7 (52)

where 1™ (i) = v;_
and (1.15), we do not have v; + v;41 > V2 + vy only if the pair of consecutive secondary parts has a pair

of colors in SP .

14 18 the (primary or secondary) part to the left of v; +v;41. We recall that, by (1.14)

Example 5.1. We take v = (14pd, 114, 1004, e, 8acy 3¢5 2¢ds 2ap) € € with (p,s) = (2,6). Our enumeration
gives

V= (7da 7da 11aa 5d7 5a7 5b7 407 4ca 4a7 30; 1d7 167 1b7 1a)
——" —— N N—— —— ——

J=1{3,10}, I=1{1,468,11,13}, I+1=1{25709,12 14},
and TS(v) = {4,11}.

We will then define, in the first part of this section, for any ¢ € I, the Bridge Br,(i) > i as an index
in I'UJ, and the bridge as the part vg,,(;) corresponding to this index. This definition will fit with the
definition of & given in Theorem 1.9, that we can explicitly state in the following theorem.

Theorem 5.2 (Explicit definition of &;). The following are equivalent:
(1) ve & =9(0),
(2) For any i € I such that Br, (i) > i, we have

Br, (i) — i
B0ty b,
(3) (Necessary and sufficient checks) For alli € TS(v) such that Br, (i) > i, we have
Br, (i) —1

2
Recall that if v € &, then TS(v) = 0 so that (3) is true. We thus retrieve the fact that & C &;.

v (Z) > VBr, () T

Vi +Vit1 > VBr, (i) T (5.3)

In the remainder of this section, we will first give an explicit definition of the bridge, describe its prop-
erties and show how to easily compute it. Then, in the next part, we will prove that (1) implies (2). After
that, we show that (2) implies (1). Finally, we give a proof of the equivalence between (2) and (3).
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5.1. Definition and properties of the Bridge. For any i € I, let us consider j = min(z,p + 2s] N J, if it
exists, which is the index of the greatest primary part to the right of the secondary part v; +v;41. Otherwise,
there is no primary part to its right, and we set j = p+ 2s + 1. Note that j — ¢ is twice the number of
secondary parts (v; + ;41 included) between v; + v;41 and v;, even if we set Vpias41 = 0q,,. In any case, we
can set j =min(i,p+2s + 1N (JU{p+2s+1}).

Definition 5.3. We define the Bridge Br, (i) to be as follows :
o If j satisfies
i
Vir41 % vj +— -1 (54)
for all ¢/ € [i,j) NI, we set Br,(i) = j. Note that for j = p + 2s + 1, the relation (5.4) is never
satisfied for the last secondary part, since its upper and lower halves have size greater than 0.

e Otherwise, we define

T—

2

Si={ue (@) NI vip ¥ v+ —1 Vi’ €[i,u)nI}. (5.5)

If S; # 0, we then set
Br, (i) = maxS; - (5.6)
Otherwise, we set Br, (i) = 1.

Here, we observe that Br, (i) > i, and for Br, (i) > i, we have the relation
Br, (i) — ¢
2

for all ¢/ € [i,Br,(i)) N I. Also note that the function Br, is local, as it only depends on the maximal
sequence of secondary parts and not on the entire partition v.

Virt1 ¥ VBr, (i) T -1 (5.7)

Remark 5.4. The value %i)_il indeed corresponds to the difference between the index of the secondary
part Vz{'—\m[l;i'ﬂ and the index of the primary or secondary part V;Br,,(i)—ﬂﬁ[l;Bru(i))\’ so that the relation
(5.7) can be formulated as follows: the lower half v;i1is not 1-distant-different from vp,, iy — 1.

The definition of brigde as stated above has the sole purpose to make our results simpler to prove. It
may seem difficult to compute, but the calculation of the bridge is indeed quite simple as it can be done
recursively. In fact, the first hint for the computational method is given by the following lemma.

Lemma 5.5. The function Br, is non-decreasing on I, and for any i such that Br,(i) € I, we have
Br,(Br,(:)) = Br, (7).

Lemma 5.5 allows us to state that for any ¢ € I, Br, (i) is either the index of the greastest primary part
to the right of v; + 1411, or the smallest fixed point (by Br,) to its right. This fact leads to the following
proposition, which gives us the second and final hint for the computation of Br,,.

Proposition 5.6 (Crossing rules for V). By applying U onv = (v1,...,Vp12s), we have that the secondary
part v; + Vi
e does not cross any primary part if and only if Br, (i) = 1,
e otherwise, for i, =1 < Br, (i), it first crosses the primary part that comes from vgy, ;)
Br, (iy) — iy
2
The relevance of this proposition consists in saying that, during ¥, the fixed points are the indices of the
secondary parts which split directly with no application of Step 1, and if a fixed point ¢ = Br,(¢) is found,
then the next fixed point to its left is the index of the smallest secondary part which is not crossed by the
upper half v; during iterations of Step 1.
Note that, by definition, the bridges are exactly the parts v; for the fixed points 4, along with the primary
parts v; after the tail of a sequence of secondary parts. The key idea to compute the bridge is then to retrieve
the fixed points by performing iterations of Step 1 with the bridges v; and v;.

stl-u) -1 (5.8)

gy = VBr, (iy) T
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Method to compute Br,. The function Br, being local, we then consider a maximal sequence of secondary
parts, with the ending primary part to its right. The reasoning will be the same when we do not have a
primary part at the tail of the sequence. Without loss of generality, we can restrict the partition v to such
sequence: v = (vq,...,Vasy1) With

vty S>Ustuy >0 > Vogq + Vog > Vogql®

For simplicity, we show the computation on the following example. We take the set of primary colors
C={a<b<ec<d<e< f} and the partition

V= (206f7 20ad; 19p¢, 16 4e, 14af7 1144, 60) ;
or rewritten with our enumeration
v = (10f’ 10¢, 104,104, 105,9¢, 8,84, 7f7 Tay 64,54, 6 ) :
—_——— Y Y M e M A
i=1 i=3 i=5 i=7 i=9 i=11 j=13

Recall that to perform Step 1 of ¥, we always compare a primary part to the lower half of a secondary
part. We then proceed as follows:

(1) We start with the sequence
(B1, B2y -+, Bsy @sr1) = (Yo, V4, -+ Vag, Vast1)
consisting of the lower halves and the primary part. Our example gives the sequence
(10¢, 104, 9¢, 84, Tay 5d; 6c ) -
~—

Bu,u=1,...,6 ar

The first fixed point (starting from the right) corresponds to the first 3, which is 1-different-distant
from azy1 — 1 in the order . We then have i; = 2u; — 1 if such u; exists. If there is no such ug,
it means that j is the Bridge of all + € 2{1,...,s} — 1. With our example, we just have to compare
the two sequences

(1067 ]-Oav 90787617 7a7 5d)
(1167 1067 967 867 767 68)

starting from the right, and we identify the first fixed point, i; = 2u; — 1 = 7, corresponding to the
underlined lower half.
(2) We redo the same process for the sequence
(Bla 627 e 76u1—17 aul) = (V27 Vg, Vi —1, Vi1) 3

where (3, are the lower halves of the (u; — 1) first secondary parts, and «,, is the upper half
the u}" secondary part, which corresponds to the first Bridge. Our example gives the sequence
(10¢, 104, 9, 8.) and the sequence comparison

———

ﬁ1,2,3
(10e, 104, 9.)
(10€a 963 86)
and the second fixed point is i3 = 2ugy — 1 = 5.
(3) Following the same process, we apply the comparisons for the sequence
: s Pup—1s = s VAt s Vi =15 iy )
(617627 o B r—1 auk) (VQ Vy Vzk 1 Vzk)

in order to retrieve the (k 4 1) fixed point. Here again, we have i = 2u; — 1. If there is no 3,
which is 1-different-distant from v, — 1 in the order >, we stop the process, as 7, is the last fixed
point and becomes the Bridge of the remaining i < ij. In our example the last fixed point is indeed
i9, since we have the sequence (10.,10,,10;) and the sequence comparison

——

B1,2
(10,,10,)
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(114, 10p)-

Note that applying this computation requires in fact s comparisons, starting from the right to the left, to
retrieve all of the fixed points, but computing the precise bridge for an ¢ will require as many comparisons
as the number of secondary parts to its right. For our example, we sum up the computation of the Bridge
with the following table.

i JIi[3]5[7[9 1]
Br,(i) |5|5|5| 7|13 |13

(5.9)

By condition (3) of Theorem 5.2, to see if v € &, we only need to check the secondary part 20, s, whose
bridge corresponds to 10p, and we have 20,7 = 10, + 2. We then have v € £;. One can check that

\II(V) = (12b7 11(17 9f7 967 9da gca Sea 8(17 807 7aa 6f7 5d7 5(1) )
and that ®(¥(v)) = v.

For the case where the sequence v = (11, ..., a5) does not end by a primary part, the first splitting occurs
at the right most secondary part, and we set the first fixed point i; = 2u; — 1 = 2s — 1. We then start the
process at step (2) and the remainder of the computation of the bridges is the same.

5.2. Proof that (1) implies (2). We suppose that i = i1, for some v € [1, s]. Then by the Proposition

5.6 and Proposition 4.4, v; + v;11 = 5(6”) and g(v"”) = vBr, i) + % — 1. After crossing, the primary
part becomes vy, (;) + % and the secondary part becomes v; + v;+1 — 1. But, by Proposition 4.6, the

crossing is the reverse crossing of Step 2 in process @, so that we have

Br, (i) —1 Br, (i) —1
VBr, (i) T % P vitvip— 1= v )+ (#) Vi Vigr -
Also, note that the sequence
Br, (i) —1
" \{vi +vit1} s VBrp) t+ %

is indeed the head of the sequence 6**T1,4¥*!, which is a partition in £ by Proposition 4.6. In fact, this pair
of sequences corresponds to the same pair in Proposition 4.2 for u = s — v, and is a pair in £ x (€N O)
satisfying s(0%) > g(7*). We then deduce that the part v~ (i) to the left v; + v;41 is well-ordered with
Br, (i)—i

2

UBr, (i) T+ in terms of >, so that

Br, (i) —1
2
With this, we have proved that (1) implies (2) in Theorem 5.2.

v (’L) > VBr, (3) +

5.3. Proof that (2) implies (1). We prove that (2) implies (1) with the following proposition.

Proposition 5.7. If v satisfies condition (2) in Theorem 5.2, then in Proposition 4.4, the triplet (6V,~", u")
satisfies the following properties:
(1) (", n") € (ENO)x O,
(2) s(6") > g(v").
(3) If we apply Step 1 once and some iterations of Step 2 of the process ® on the sequence S+, V1 v+l
we obtain the sequence 6V, ", u*

Proposition 5.7 says that, for any v € £ that satisfies (2) of Theorem 5.2, we have that U(v) € O, since
the last sequence 69+, 9+1 15+1 is such that 6°+! = @) and (s(7?),g(u?)) is a troublesome pair so that
s(7¥) > g(u¥). The fact that all the crossings and the splitting of ¥ are reversible by ® means that the
process ¥ on v is reversible by ®, and we then have & > ®(¥(v)) = v.
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5.4. Proof of the equivalence between (2) and (3). In this part, we will show that it sufficient to satisfy
the condition (2) only on 7S(v). In fact, condition (2) of Theorem 5.2 implies that (5.3) is true on TS(v),
so that (2) implies (3). To prove that (3) implies (2), we will use the following lemmas.

Lemma 5.8. Let us consider some consecutive secondary parts v; + vip1 > -+ > vy + vy41 such that

Vit Vig1fp oo f Vi + Vg
We then have that

i’ —1

Vi + Virg1 + Vit Vig1- (510)

Lemma 5.9. Let us consider some consecutive secondary parts v; + viy1 > -+ > vy + vy 41 such that the
size differences between consecutive parts are minimal. If Br, (i) > i’, then Br, (i) = Br,(i).

Proof that (3) implies (2). Let us consider a maximal sequence of consecutive secondary parts v; + v;41 >
I VT Vir41 with

Vit Vi1 oo f Vi + Vg
We then have that the extremal parts are well-ordered in terms of > with the parts to the left and to the
right of the sequence, and we have the inequality

"'l>1/7;+l/7;+1}§ }é Vit +Vjry1 >+ (511)
In particular, i € TS(v). Now, let us consider the set
{uwei,i]NI:Br,(u) >u}-

If it is empty, then any u € [i,#'] N [ is a fixed-point of Br,. Otherwise, by Lemma 5.9, it has the form
[i,u] N I and Br, is the identity on (u,i'] N I. Furthermore, Br, (i) = Br,(u') >« for all v’ € [i,u] N .

If we assume that

Br, (i) — i
Vi + Vi1 > VBr, (i) T s
by (5.10), we then have for all v’ € [{,u] N T

Br,(v') — v Br,(u') — v’
% = VBr,(v/) T % Va2V 2R
In addition, by (1.15), we obtain, for all v’ € (i,u] NI, that we also have v/ — 2 € [i,u) NI and have
Br, (v —2) = Br,(u'), and the following
Br, (v —2)—u +2 Br,(v') — o/

Uy/'—2 + Vy/—1 > VBrV(u’—Q) + 9 <~ Uy —2 + V1 2> VBr,,(u’) + f )
so that the condition (2) is also satisfied. Note that condition (2) is also satisfied in 4, since we have by
definition (1.14)

V' + Vy/ g1 > VBr, (u’) +

. Br, (i) —1 . Br, (i) —1
v (i) > v+ Vig1 = VBr, (i) T % = v (i) > vBe, () + % ¥ U+ Vit
. Br, (i) —1
= v (i) > vBr, i) + 7(2) Y Vi Vi

We then have proved that the condition (2) is satisfied for any element of I in a sequence of the form (5.11).
Now let us take ¢ € I such that ¢ is not in a sequence of the form (5.11). This is equivalent to saying that
V; + vi41 is well-ordered to its left and to its right in terms of >, so that
"'|>l/7;+1/7;+1>""
We can then see by (1.14) that, for Br,, (i) > 4,

, Br, (i) —1 . Br, (i) —1
v (1) > v + Vig1 = VBe, (i) T % = v (i) > VB, (i) + % YU+ Vi
Br,(4)

. —1
= v (i) > vy, (i) + YV T Vi

2
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This means that we only need to prove that v; +vi11 > vy, i) + % in order to satisfy the condition

(2).
e Suppose first that there exists i/ € TS(v) such that i’ € (¢,Br,(i)). We then have by Lemma 5.5
that Br,(i') = Br,(i). By taking ¢’ the minimum of all such elements, we than have the sequence
Vi+ Vig1 > DV + Vi

so that, by (1.14) and the fact that the parts between these two are in S, we obtain

-/

1 —1
Vi+Vig1 = Vi + Vg1 + 5
Since 4’ satisfies condition (3), we then have
Br, (i) —
Vit + Virg1 > VB, (/) + 5
and thus,
Br, (i) — i
Vi + Vigq VBr, (i) + f :

e If (¢4,Br,(i)) N TS(v) = 0, we then have the sequence
Vi+Vig1 > > VBr, (i)-2 T VBr, (1)1 > VBr, (i)
if Br, (i) € J, and otherwise,
Vi+ Vi1 > P UBr (i)-2 + VBr,(i)—1 > VBr, (i) T VBr, (i)+1"

By (1.14), in the first case, we directly have

Br, (i) —1
Vi + Vig1 = VBr, (i) + f s
while in the second case, we obtain
Br, (i) —
Vi + Vit1 > VBr, (i) + VBr, (i)+1 T 5
But, in terms of part sizes for the second case, we have by definition (1.13) that

Br, (i) — i

> ; >1
9 ) Z VBr,(i)+1 = 1,

Vi +Vit1 — (VBrl,(i) +
so that, again by (1.13),
Br, (i) —i

Vi + Vi1 > VBr,(5) T 5

6. FORBIDDEN PATTERNS OF &

In this section, we study the forbidden patterns that a partition in £ has to avoid to be in &;.

By the definition of the bridge and Theorem 5.2, we can see that the reversibility of ¥ by @ is a local
problem. In fact, for any secondary part in a partition v € £, the reversibility only depends on the sequence
starting from this part up to either the greatest primary part to its right if it exists, or the last part of
v if there is no primary part to its right. Furthermore, by condition (3) of Theorem 5.2, we only have to
consider the sequences whose head is a sequence which is not well-ordered by . Then, it suffices to restrict
the fordidden patterns to those such that the first part does not satisfy (5.3):

v=uv1+tvy U3ty > > Uagr1 O Vogil + Vasta, (6.1)

such that Br, (1) = 2s+ 1 and vesy1 + 8 > v1 + va.
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Remark 6.1. It is sufficient to consider the last part to be a primary part. In fact, a sequence that ends
by a secondary part can be viewed as the same sequence with this last part replaced by its upper half, as by
(1.12) and (1.15),

Vos—1 t Vg 2> Vogy1 + Vagt2 = Vas—1 + Vag > Vog+1 + Vosy2
= Vog—1 + Vos > Vogy1 + 1
= V2s—1 1+ Vos > Vost1-

Note that, if a pattern v is forddiden, then any pattern n whose head or tail is v is also forddiden. This
is obvious when the tail of 7 is v since the troublesome crossing will not change. When v is the head of 7,
we have that Br,(1) = Br,(Br, (1)) and we use the same reasoning as in the proof of Lemma 2.6 given in
Section 8 to show that

Br,(1) -1 Br, (1)

-1
5 >‘V1+V2:>77Brn(1)+nf>_771+772'

Therefore, the optimal fordidden patterns are the ones that are allowed after removing either the first part
or the last part. Furthermore, these forddiden patterns satisfy the fact that the Bridge of the first part is
the position of the last part, so that during the process of W, every secondary part is crossed by the last
part if it is a primary part, or by its upper half. The optimization also implies that all these crossings are
reversible by ®, except the last one which occurs with the first part of the pattern.

VBr, (1) T

In the next subsections, we first give some particular properties of the optimal forbidden patterns, and after
that, we aim at retrieving the optimal forbidden patterns for four primary colors. Finally, we enumerate the
optimal forbidden patterns, with some restrictions, for five primary colors, showing that there is an infinitude
of optimal forbidden patterns for more than four primary colors.

6.1. Properties of optimal forbidden patterns. We first define a tool that will help to have a better
understanding of the optimal forbidden patterns.

Definition 6.2. We say that two secondary colors p and q are primary equivalent if and only if their orders
according to the primary colors are the same, which means that p = a,;a, and g = a;a, for some u,v € (i,n].
We then use the notation k, = k, and the equivalence class k,. This matters in the sense that for any
primary color ¢, we have the equivalence between k, = k, and

kp = lc <= kg > .- (6.2)
We can then write E > l.. For two secondary colors p and ¢, we say that k‘T, - hi,] if and only if we can
find a primary part [, such that k, > [. >~ h,. This is equivalent to saying that k¥ > h or £k = h and
(p, @) = (a;ay, aja,) with ¢ > j.
Let us now consider an optimal forbidden pattern
v=uv1+Vvy p U3t > Vosy (6.3)

where the secondary parts are vo;_1 + v2; and the last part vo541 is a primary part. In the remainder of the
section, we consider the different-distance with respect to the order >-. We thus have the following properties:

(1) For all i € [1, s], we have Br,(2i — 1) = 2s + 1.
(2) The part vos41 is 1-different-distant from vy + vo:

Vost1 + S =11 + Vo, (6.4)

(3) The fact that the pattern vz + vy > « -+ > o1 + Vog > agy1 is allowed implies by Theorem 5.2,
for all i € [2, 5], that vo;—1 + vg; is 1-different-distant from ves 1,

Vi1t Vo = Vosy1 +8s+1—1, (6.5)

and by transitivity, this implies that vo; 1 + vy; is 1-different-distant from vy +v9 — ¢ + 1,

Voj_1+ Vo =V +1g—1+1- (66)
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(4) We obtain the following inequality
vs+vs+1>=vogp1+s>=vi+1a- (67)

5) If we replace the primary part vo4,,1 by another v}, , | satisfying v1 +vo = v, 1 + s, we then obtain
+ 2541 2541
the following allowed pattern

Vi=vi+mp vs+ug>> > g g Vg > Uy

Remark 6.3. By (6.1), a pattern vy +vg 3> -+ > Vas_1 + Vas > Vast1 + Vasta only consisting of secondary
parts is optimal and forbidden if and only if v1 +vo > -+ > Vos_1 + Vo >> Vasy1 1S an optimal forbidden
pattern. Note that in this case, (6.6) is also satisfied for i = s+ 1.

We now define a special kind of pattern, that we call a shortcut.

Definition 6.4. A pattern vy + vp >> -+ >> vagy1 + Vasyo is said to be a shortcut if

Vos+1 + Vogyo > V1 + 12 —s+ 1 (68)

One can check that a shortcut has at least three secondary parts, and that the relation (6.8) is stronger
than (6.6). The following property makes the enumeration of optimal forbidden patterns which contain
shorcuts quite difficult.

Proposition 6.5. We can always build a forbidden pattern starting from any allowed pattern and using
iteration of a shortcut.

By considering the optimal forbidden pattern v = v1 + v b vs+1v4 > --- > vos41 which does not
contain any shortcut, we then have by (6.4),(6.5) and (6.8) the following relation for all s € {1,...,s —1}:

Vi4+ve—i+ 1= v F Vo402 > Vosy1 +S5—1 -V + v — 1 (6.9)
The latter implies the following properties:
(1) By definition of the head and (1.15), v1 + v and v3 + v4 are consecutive for >.

(2) For all i € {2,...,s — 1}, two consecutive parts vo; 1 + v2; and va; 41 + Vai42 are either consecutive
in terms of > (or equivalently not well-ordered by »), or consecutive in terms of >. In fact, by (6.9),
we necessarily have

Voigl + Vaita + 2 > Vo1 + oy = Vo1 + Vo  Vait1 + Voigo + 2
(3) By (6.9), we have

Vost1 +2 =11 + 12 — 5+ 2= Vgg_1 + o = Vogp1 + 1,

so that, by (1.14), vas—1 + s and vgs41 are consecutive for .

We see that the optimal forbidden patterns with no shortcut have their parts either consecutive in the
order > or in the order >. Let us then consider the following moves:

e The arrow p—¢ means that (p,q) is a special pair and it represents a pattern of the form

(k4+x(p < q)p, kq-

e The two-headed arrow p—»q represents a move from a part with color p to the greatest secondary
part with color ¢ smaller than the first part in terms of >. In fact, it indeed represents the pattern

k+1+x(p < q)pi kg
Therefore, the optimal forbidden patterns with no shortcut have the form
cpo---0¢y, , k (6.10)

where ¢y, ..., ¢, are some colors, o is either — or —», and k is the size of the smallest part, so that the last
part is k

Cm *
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Example 6.6. For C = {a < b < ¢ < d} , the pattern
ad —>bc—»cd—b , b
will represent the pattern 9.4, 8pe, 6¢d, Db -

Since an optimal forbidden pattern is allowed after removing the last part, we will consider the following
form

c10--0¢Cm_1|loCm , k (6.11)

If we refer to an optimal pattern into another one (see Proposition 6.10), then it means that we only use the
allowed pattern obtained after removing the last part.

6.2. Optimal forbidden patterns of & for four primary colors. For four primary colors a < b < ¢ < d,
recall (1.10) the total order on primary and secondary colors

ab<ac<ad<a<bc<bd<b<cd<c<d (6.12)
and the set of special pairs SP, = {(ad, bc), (cd,ad)}.
Theorem 6.7. The optimal forbidden patterns are the following:
ced = abl » e, d , k>1 (6.13)
ad — be| — a , k>2 . (6.14)

Proof. Let us consider the following diagram:

@

actual moves with examples
general diagram cd—ab and ab—cd

We can see that the main nodes are the secondary colors, and we remark that a move p—¢q is indeed between
p and the color g of the greatest secondary part smaller, in terms of >, than a part with color p. Thus,
any move p—¢' with another secondary color ¢’ will be greater than the move p—q represented in the first
diagram. As we notice on the second diagram, proceeding clockwise, we need more than one loop for a move
p—q, while a move p—¢q requires less than one loop.

Since a forbidden pattern must necessarily begin with a sequence of secondary parts not well-ordered by >,
we then have as the head of the pattern either c¢d — ab or ad — be.

e Suppose that the pattern begins by c¢d — ab. By (6.7), if it ends by a primary part k., , by setting
V1 + vy = heq we then have
hab+1>‘kcs+s>‘hcd
so that ¢, € {c¢,d}. Another interpretation is that, in the diagram, the color ¢, is in the clockwise
arc (ab, cd), and it leads to the same result. Suppose now that s > 3, which means that the third
part is secondary. Since the next move can be at least ab — cd, we then obtain that

hea =2 = vs +v5 = heg — 2 = v5 + 16
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This contradicts (6.6). Therefore, s = 2 and, by (6.7), we obtain the pattern ¢d — ab — ¢,d. It
actually corresponds to the pattern (k+2)cq, (k+2)qp, ke,a. Here k. ¢ means k. or k4. Since we must
necessarily have that

ﬁ((k + 2)ab) 7 kC,d
and a quick check according to the parity of k shows that is always the case for k > 1.
e The same reasoning occurs when the pattern begins by ad — bc. We obtain the pattern ad — bc — a
which corresponds to (k + 2)ad, (k + 1)pe, kq. We then look for & such that

B((k 4 1)oc) # ka

and a quick check according to the parity of k shows that is always the case for k > 2.

Note that we cannot have a optimal forbidden pattern consisting of three secondary parts, since whatever
the head is, the third secondary part does not respect the relation (6.6). (|

Theorem 6.7 and Proposition 6.5 imply that, for four primary colors, we do not have any shortcut. This
is not the case for more than four primary colors, as we now see in the next subsection.

6.3. Optimal forbidden patterns of £ for more than four primary colors. We can restrict the study
to five colors, as the set of colored partitions generated by five primary colors is embedded in any set of
colored partitions generated by more than four primary colors. We then consider the set of primary colors
C ={a<b<c<d<e}. Thecorresponding diagram with the primary equivalence classes for the secondary
colors gives

Let us first discuss the behaviour of the patterns with moves — p —. We can see in the diagram that this
happens only if p = cd. Consider now the pattern

ae = cd — ab—»de —bc , k
which actually represents the pattern
(k + 3)(16, (k + 2)cd7 (k + 2)aba kdev kbc :

We notice that this pattern is a shortcut. As we saw in Proposition 6.5, the enumeration of the forbidden
patterns then becomes intricate. We give the following lemma to restrict our study to some particular
patterns without shortcut.

Lemma 6.8. For five primary colors, the patterns of secondary parts without the moves — c¢d — do not
contain any shortcut.

The patterns without shortcut listed by the previous lemma are not exhaustive. In fact, we can have a
pattern with moves — cd — without shortcut, as we give in the following example.
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Example 6.9. The pattern ae — c¢d — ab, k is not a shortcut and is even allowed for k # 3.

21

The following theorem gives an exhaustive list of optimal forbidden patterns without moves — c¢d —. The
notation < g, ..., g; > denotes the multiplicative group generated by g1, ..., g:, and the notation (pattern)

means that the move pattern is optional.

Theorem 6.10. The optimal forbidden patterns with no move — p — are the following:
head : ad — bc

ad = bel —»a , k>2
head : be — cd
be = cd| —>b , k>2
head : de — ab
de —ab] —dje , k>1
head : de — ac
de — ac(— ab)| —»dye , k>1
head : ae — bc
ae = bl —a , k>2
head : ae — bd
ae — bd(— bc)] —a , k>2
head : ae — cd
ae —cd| —»b , k>2
ae — cd(pattern)] —a , k>2
where pattern €<— (6.16) >
(6.22)(— be)(— bd)(— bc)| —a , k>2
head : de — be
de = bc] —a , k>2
de — bc (pattern)| —e , k>1
where pattern €<— (6.23), — (6.20), —» (6.19), (= ae) — (6.15) >
(6.25)(— ae)(— ad)(— ac)(— ab)|] —»e , k>1
6.26) —d , k>2
(6.26)] —d , 1

with (6.26) not ending by ae, be
(6.25) — (6.22)] —» be,bd , 2
(6.25) — (6.23)] —» ae ,
(6.30) —ad , 2
with (6.30) not ending by be
head : cd,ce — ab

cd,ce »abl —dye , k>1
cd, ce — ab(pattern)| —» ¢ , k>2

where pattern e<— (6.17), - (6.18), —» (6.26) >
(6.33) »de] —c , k>2

6.33)] —c

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.26)
(6.27)
(6.28)

(6.29)
(6.30)
(6.31)
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with (6.33) ending by ac, ab, bc

(6.33) — (6.29) = be| —cd , 3 (6.36)

(6.33) - (6.30) = ae| —ecd , 3 (6.37)

(6.33) — (6.25)(— ae) —» ad| — ac , 2 (6.38)
(6.33) - (6.25)] —ac , 2 (6.39)

with (6.25) ending by bc
Proof of Theorem 6.10. We recall that the optimal forbidden patterns
v=uvi+uvy prsturg> - > Vagy
with no shortcut have the form described in (6.11):
cro---ocs|loecsrr , k
The part vo;_1 + 2; has the secondary color ¢; for all i € [1,s], and the primary part vs511 has the color
Cs+1-
Rule 1 : For all i € [2,5], cs41 belongs to the clockwise arc (¢;, 7). In fact, by (6.9), we have that
Vost1+S—i+2% 11+ vy —i+2 % Upq F Uz = Vagp1+5—i+1,
so that by starting a clockwise loop in the diagram from ¢;, we respectively meet c,41,¢1 and ;.
Rule 2 : If we have a move ¢; — ¢; 11, then ¢;;; strictly belongs to the clockwise arc (¢;,cs41). In
fact, we have by the primary equivalence definition and (6.9) that
Vos1 +S+2—1 > voi1+ V9 > Vasp1+8+1—9> V941 + Voo > Vogy1 +5—1
and the move ¢; — ¢;11 implies that
Voi—1 + Voi > V2it1 + Vit <= Voi—1 + Vo; — 1 > Vaip1 + Vaiqa -
We thus obtain the following inequality
Vasp1 +85+ 1 —1>=vo 1 +vo —1 = w1 + 240 = Vo1 +85— i

With these two rules, we can retrieve all the optimal forbidden patterns. In our construction, we will see that
our moves are indeed minimal for >>. This means that, in the case where (¢;,¢;11) € SPx, we necessarily
make the move ¢; — ¢;11. By Lemma 5.9, with the minimality of the consecutive size differences, once the
part vegqq crosses the parts vos—1 + s, it then crosses all the parts up to v; + ve. Therefore, the choice of
the size k is such that the part k, crosses the last secondary part (k+ 1+ x(cs < ¢s41))c,. We thus have

Cst1 >~
kcs+1 = B((k+ 1+ x(cs < csy1))e) (6.40)
We then proceed as follows.

(1) We select a head ¢; — ¢, and ¢4 a primary color in the clockwise arc (ca,¢1). The best way is to
begin with those with the shortest arc.
(2) The next move must necessarily be of the form cs — cs.
(a) With Rule 2, the patterns (6.15),(6.16),(6.17) and (6.19) follow immediately. In fact, in these
cases, the only primary colors in the arc (¢1, c2) directly follow ¢y in the clockwise sense before

all the secondary colors.
o)
"t
:
® °
D

(b) We also obtain the patterns (6.21),(6.24), and (6.32) since the chosen primary color is directly
after cs.
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(¢) In the case (6.18) and (6.20), there is only one secondary color in the arc which occurs before
the chosen primary color, and we can see that from this color we only have moves of the form
—». The only possibility if we choose c3 to be this secondary color will be then to directly reach
the primary color at c4. We can also decide to choose c3 as the primary color. We recall that

c1 — CQ(—» 03)| —» C4

means that the choice of the secondary color in between ¢, and the primary color ¢4 is optional.

For all these cases, one can check that it is not possible to build from them some forbidden pattern
with only secondary parts.

The remaining case is where c3 is between in the arc (cg,cs41) and such that we can have a move
c3 — ¢4. We then use the following property of our optimal forddiden pattern due to (6.9): when we
do m moves from the first color to another secondary color, in the diagram, we do around the first
color fewer than m but at least m — 1 primary loops. This means that, by taking the allowed pattern
resulting from the removal of the last part in an optimal forbidden pattern beginning by ¢z — c4,
we will always satisfy (6.9). For this reason, we wisely begin with ¢; — ¢2 = ae — ¢d and cs41 = a.
(a) For ¢; — ¢ca = ae — cd and c541 = a.

If ¢3 # ¢s4+1 = a, by both rules, we have that c3 € {be, bd,bc}. As soon as c3 # be, we obtain by
the second rule that the pattern is

ae = cd —»bel »a or ae— cd— bd(— be)| —» a-

If ¢3 = be, then we can iterate the pattern (6.16) (which is be — ¢d) as many times as we want.
By doing this, we do as many loops as the number of moves, which is twice the number of
iterations. However, once we move out from this iteration, we can only move to a by optionally
passing by be, bd, bc through —. In fact, anytime we reach cd, we cannot make a move cd —, so
that by the second rule, we need to move back to either be, bd, bc or a using —». We then obtain
the patterns (6.22) and (6.23). Note that for these patterns, we stay in the arc (¢d,a), and the
passage from ae = ¢; to ¢s requires more than s — 1 primary loops, so that the pattern

ae---cg —» ae

requires s 4+ 1 primary loops. We also observe that apart from ¢; = ae and c441, all colors ¢;
belong to {cd,be,bd, bc}, so that their upper halves can never be a primary part with color a
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and we do not have any optimal forbidden patterns with only secondary parts coming from a
forbidden pattern of that form.
For ¢; — co = de — bc and cs41 = d, e.

We use the same reasoning to show that the only moves that can leave the arc (bc, a) are (6.15),
(6.19),(6.20) and (6.23). For (6.15) (the move ad — bc), in order to make as many loops as
the number of moves, we can optionally add a move — ae — before reaching ad. This is why
we can compose a pattern using the patterns (6.19),(6.20) and (6.23) and ae — (6.15), and we
obtain (6.25). In this composition, we can remark that we do not make a move c¢d —. In fact,
the only way to reach cd is to do a move (6.23), but in this move cd can only be reached after
the move ae — cd, so that we cannot do cd —.

Once we move out of this composition, we can only reach the primary color d, e by optionally
passing by the primary equivalent class a., which consists of the secondary colors ae, ad, ac, ab.
In addition, these moves have the form —. We then obtain (6.26), (6.27) and (6.28). Note that
for these patterns, the secondary colors stay in the arc (¢d, d), and the passage from de = ¢; to
cs requires more than s — 1 primary loops, so that the pattern

de---cs — de

requires s + 1 primary loops. To obtain the forbidden patterns with only secondary colors,
we just need to choose those which correspond to the forbidden patterns ending by a primary
color and such that the upper half of the last part corresponds to the primary color and is
at least equal than the lower half of the previous secondary part. We then have the patterns
(6.29),(6.30) and (6.31).

For ¢; = co = cd,ce = bc and cs11 = c.

We use the same reasoning to show that the only moves that can leave the arc (ab, ¢) are (6.26),
(6.18),(6.17). As before, in the composition of these moves, we remark that we do not make a
move cd — and the secondary colors stay in the clockwise arc (cd,c). Once we do not make
these moves, we can only go to ¢ by optionally passing by de through —. For these patterns,
the passage from de = ¢y to ¢, requires more than s — 1 primary loops, so that the pattern

cd,ce---cs — ce,cd

requires s + 1 primary loops. We obtain the optimal forbidden patterns consisting of only
secondary parts, always by choosing those corresponding to optimal forbidden patterns ending
primary colors and such that the upper half of the last part corresponds to the primary color
and is at least equal than the lower half of the previous secondary part.

O

To conclude, we see that for more than four colors, there exist some shortcuts. However, even for five

colors, the set of optimal forbidden patterns without shortcut is infinite, as a consequence of Theorem 6.10,
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since some patterns use as many iterations of others. The enumeration of the forbidden patterns then
becomes intricate for more than four primary colors.

7. BRESSOUD’S ALGORITHM, MOTZKIN PATHS AND ORIENTED ROOTED FORESTS

In this section, we relate the partitions in £ to oriented rooted forests, and give a new potential approach
to deal with the enumeration of the forbidden patterns.

Let us take a partition v € £ and write it as

v= (v, ,Vp+25), (7.1)
where as before, p is the number of primary parts and s is the number of secondary parts. We recall that
the set J is the set of indices that correspond to the primary parts, and I corresponds to the upper halves,
so that I 4+ 1 is associated to the lower halves.

We observe that the sequence A = ¥(v) has also p + 2s primary parts. We then have A = Aq,..., A\pys. For
any x € [1,p + 2s], we set 6, to be the index in A of the primary part that comes from v,.

Example 7.1. As an example, we apply @ on the partition A = (124, Ty, 64, 6¢, 5a, 4d, des 4by 4a, 3y Las 1e, 1oy 1a)
and take v = ®(N):

12,
Ty 12a 14sa 14pa 14pq
- 1314 11, 1444 1444
64 11, 11, 14pq
e 6c 6c lla 11,1 14bd
6. 5 5 6c 1044 10 10 11, 11 1444
5 ‘ ™ 9aa Be “ " 1044 . 11,
44 44 5¢ Ype 1044
44 _— 4. 4. pe 1044
4 4. 4. 4 1 8be 4c 8 b 9
c b b ac be
— 4y SES 4y — SES — 4, SE 4, — —  8ae —
4b 4 4 4a 4a 3 ? 3c 3 8ac
4, a a 3. 3. c c 1d c 3.
3¢ 3. 1q 1q - 2cd
3¢ 1 1 1q 1q 1 1 1 1 2cd
1q ¢ ¢ L. Lo ¢ ¢ 1y = 2ab
1 Le 1 1, 1, Ly Ly 1 L
]-b lb lb 1a, 1a, 1a 1a
1, 1.
a
(7.2)

We retrieve the partition v of Example 5.1. By considering the occurrences of the primary parts, we obtain
the following diagmm:

Ao - 64 5.4 3 2 2 2% Z
v==>0(\) : 1444 11, 10ad/ 91?& 3e 2ed Qb

/N A A A VA NVAN

vy e Ty 1l 3¢ 2 2 2% 2,

We recall that
(p,s) =(2,6), J={3,10}, I=1{1,4,6,8,11,13}, I+1=1{2,5,7,9,12,14}

and we have

z |[1/2)3]4]5]|6]7|8/9]10]11]12 /13|14 (7.3)
0,12|13|1(5|6|7[8[4]9|10]11 12|13 |14 '

We also compute Br, for v = ®(\) and we obtain

i 1[4]6[8]11]13
Br,(i) [3[8[8|8]11]13]| (7.4)

The most important results of this part are the following.
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Proposition 7.2 (Motzkin path behaviour of the final positions). For any (i,i,j,5') € I* x J?, we
have the following relations:

Ifi < i, then either 0; < 0;11 <0y <0yi1 or 0y <0; <01 <0yiy- (7.5)
Ifj<j', then 6; <0; - (7.6)
i+1<0;41 and 6;<j- (7.7)
Fither 6; <0; or 6;41<6;- (7.8)
Proposition 7.3 (Bridge according to the final positions). For any i € I, we have the following:
o [f there exists i < j € J such that 0; < 0;, then
Br,(i) =min{j € J:j >1i and 0; <6;}- (7.9)
o Otherwise,
Br,(i) =max{i' € [ :i >i and 0, < 6;}- (7.10)

Remark 7.4. We indeed have by Proposition 7.2 for all i € I that
Oip1 —(t+1)=HueluJ:u>iand b, <0},
and Proposition 7.3 gives the following equivalence:

Brl,(i):i < 91‘+1:i+1~

Let us set I = {iy < -+ < i} and J* = JU{0O,p+2s+ 1} = {jo < j1 < -+ < jp < Jp+1} and
(6, 0p+25+1) = (0,p + 2s + 1). Then, by (7.6) and (7.8) of Proposition 7.2, for any consecutive j,j’ € J7,
there exists a unique V' C {1,..., s} such that

{0j+1,...,0j/ —1}:{9m11'€ {iv,iv+1IU€V}}‘
This means that the final positions between those of consecutive primary parts consist of those of the upper
and lower halves of some secondary parts. By (7.5), we can check that those secondary parts are consecutive,
and V is indeed an interval. Since the positions ;1 form an increasing sequence, we then have a unique
decomposition
{L,...,s}=VouWViu---uv,
where the V,, are consecutive intervals.

We refer the reader to [13] for the definition of the combinatorial terms we use in the following. In each
interval, the positions behave like a Dyck path. In fact, the positions 6; of the upper halves occur as the
moves (1,1) and the positions 6;4+1 of the lower halves as the moves (1, —1). We also draw the positions 6;
of the primary parts as the moves (1,0), and we obtain what is called a Motzkin path (also see [8]). With
the bijection between Dyck paths of length 2] and the oriented rooted trees with [ edges, one can then see
the initial positions as an oriented rooted forest with exactly p + 1 trees and s edges.

Example 7.5. We take the corresponding representations for the example (7.2). We then have that
(ila i2; Z‘37 i4a i5, 26) = (13 4, 6> 87 117 13)7 (j0>j17j27 .]3) = (0’ 37 107 15)

and

07 LR 15 = ajo’ 0]'1 ) ail ) 0i1+13 0i43 0i2a 0i2+1a 01‘3, 9i3+17 9i4+17 ejzv 91’57 9i5+17 oisa 9i6+17 0]'3
and the representations correspond to the following diagrams:
jo g1 J2 J3
| |
| |
| |
| |
| |
| |

is, i6

Motzkin path representation Forest representation
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Note that while we still keep track of the primary parts as the horizontal moves in Motzkin paths, they
vanish in oriented rooted forests. However, we can manage to record all information of the partition v in the
oriented rooted forest by weighting the edges with the corresponding secondary part, while recording each
primary part on the root to its right. The optimal forbidden pattern ending by a primary part will then be
represented by a weighted oriented rooted tree.

Let us now consider the edges of the roots. In terms of Motzkin paths, they exactly correspond to the
meeting points with the horizontal axis. For the final positions, they correspond to the elements i € I that
satisfy 6;11 < 6 for all i’ > i. By Proposition 7.3, in the case where the Bridge is not a element of .J, it then
corresponds to some root’s edge. This means that the study of optimal forbidden patterns not ending by
a primary part can be reduced to the study of planted trees weighted by the secondary parts. The planted
trees are indeed in bijection with the oriented trees with one fewer edge, and the problem then becomes the
same as the previous case.

To conclude, we see that we can reduce the study of the optimal forbidden patterns to the study of
weighted oriented rooted trees, and this give a new perspective to investigate on a precise enumeration of
these patterns.

8. PROOFS OF THE TECHNICAL LEMMAS
8.1. Proof of Lemma 2.4. To prove (2.7), we observe that, for any (I,,k;) € P x S, by (1.15),
lp B kg <= lp £ (k+1)g,
and
(k+1)g>(U-1)p <= (k+1) > 1,
= (k+1) A lp-
To prove (2.8), we first remark that, by (2.3), a(ky) = B((k + 1)¢). We then obtain by (1.15) that
lp > alky) <= (1= 1)p = a(ky)
and
Bl +1)g) # (1 = 1)y = alky) # (1 — 1)
= alky) 2 (1=1)p-

8.2. Proof of Lemma 2.5. Let us consider min{k — [ : B(k,) = a(ly)}. An abstract way to show (2.9) is
to use the explicit formula

Ap,q) = x(r <y)+x(r <z)x(s <vy)

with ¢ = aza, and p = a,a,. Recall that x < y and r < s. In fact, by considering (1.10) and the lexicographic
order >, one can check that the minimal difference between the secondary colors p and ¢ for the relation > is

I+x(p<q)=1+x(r <z)+x(r=2z)x(s <y)-
By definition (1.11),
x((p.q) € SPx) = x(r >y) + x(r <x)x(s >y)
so that, by (1.15), the minimal difference between the secondary colors p and ¢ for the relation > is given
by
L+ x(r<a)+x(r=2)x(s <y) = x((p,q) € SPx) =x(r <y) +x(r <a)x(s <y)-
Now, we reason first according to the parity of k. For k = 2u, we have by (2.2) that a(k,) = u,, and
Bk, = Uq,. In order to minimize k — I, a(l,) and B(l4) have to be the greatest primary parts with color a,

and a, smaller than u,, in terms of >, so that, by (1.12), they must necessarily be the parts (v —x(r < x))q,
and (u — x(r < y))a,. We then obtain the difference

x(r<z)+x(r<y):
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With the same reasoning for k = 2u+1, since a(kp) = (u+1),, and B(kpy) = uq,, we then reach the difference
L+ x(s <@) +x(s <y) > x(r <y) +x(s <y)-

Since the minimum is reached either for k£ even or k odd, we then have that

min{k —1: B(ky) - a(lg)} = min{x(r <y) +x(s <y),x(r < z) +x(r <y)}-
We finally consider the case | = 2v, so that a(l;) = v,, and B(l;) = va,, and to minimize k — I, a(k,)
and (3(kp) have to be the smallest primary parts with color a, and as greater than v,, in terms of -, so
that they must necessarily be the parts (v + x(r < ¥))q,. and (v + x(s < y))q.. We obtain the difference
x(r <y)+ x(s <y) and then the inequality

min{k —1: B(kp) = a(ly)} <min{x(r <y) + x(s <y),x(r <z) +x(r <y)}-

Since min{x(r < y) + x(s < y),x(r < z)+x(r <y)} = x(r <y)+ x(r < z)x(s < y), we then have (2.9).

To prove (2.10), we have by (2.3) that a((l — 1)4) = B(l;). Since S(kp) = B(ly) = a((l — 1)q), this then
implies by (2.9) that k, > (I — 1),, and this is equivalent to (k+ 1), > ,.

Let us now suppose that k — 1 > A(p,q). We just saw that this minimum value was reached at k or
k — 1. Then if we do not have 5(k,) = a(l;), we necessarily have B((k —1),) = a((l — 1)) = B(l,) by (2.3).
Moreover, by (1.15), we have

Blkp) # aly) = a(ly) + 1> a((k—1),),

so that we obtain (2.11). Suppose now that we have k — 1 = A(p,q). If 8(k,) = a(l;) then we necessarily
have

Blkp) = ally) = B(lg) = Bkp) —1-

In fact, we saw that the minimal difference is obtained when the primary parts a(l,) and 5(l,) are the closest
possible to 8(k,) with the primary colors of ¢. If (k) # «(lq), since we have 5(l;) +1 > a(l;), we also have
Bllg) + 1> ally) = Blkp) -

In both cases, the relation (2.12) holds. If we have that k — 1 — 1 > A(p, q), then we necessarily have by

(2.3) that
Blkg) = B(L+1)q = aly) -
8.3. Proof of Lemma 2.6. For any v = (v1,...,14) € & and any ¢ € [1,t — 2], we have
Vi DU
By (1.14), we have
Virvipt+ 1z mvj+j—i=v m v+ 5,
with a strict inequality as soon as we have v; or v; in §, and we thus obtain (2.13).
8.4. Proof of Lemma 5.5. By definition, for all ¢ € I, Br, (i) € ([¢, j)NI)U{j}, for j = min(i, p+2s+1]NJ.
This means that, for any I >4’ > j,
Br,(i') > i’ > j > Bry (i) -
Let us now consider the function Br, on [i,j) N I. It is obvious that, for all i € [i,j) N I, we have
j=min(i,p+2s+1]NJ.
e If Br, (i) =i, then
Br,(i') > i’ >i=Br,(i)-
e If we have Br, (i) = j, then by (5.4)
J—u
2
for all w € [, ) NI, and since [¢’, j) C [i,7), we also obtain that Br, (i') = j.

Vu-i—l%’/j"' —1
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e Finally, if Br, (i) € (4,7) NI, then we have either j > i > Br, (i), or i <4’ < Br,(i). In the first
case, we obtain
Br,(i') > > Br,(i)-
In the second case, we observe that, by (5.5) and (5.6),
Br, (i) —u
Vut1 # VBr, (i) T # -1
for all w € [i,Br,(i)) NI, and in particular for all w € [/, Br,(¢)) N I. Thus, if Br, (i) # j, we
necessarily have by (5.6) that Br, (i) > Br,(4).
In any case, we have that Br, (i) > Br, (7).

Let us now suppose that Br, (i) € I. If Br,(i) = i, then Br,(Br,(i)) = ¢ = Br,(i). Otherwise, let us
assume that Br, (Br,(i)) > Br, (7).

e If Br,(Br,(i)) = j, this means that
| — U | — U
Vu+1?éVj+JT—1<:>Vj+jT—1EVu+1
for all u € [Br,(i),j)NI. Since vgy, (s and vy, ;)41 have different primary colors and are consecutive

with respect to -, we then obtain that v, ()41 + 1 > VBr, (), S0 that

j - Brl/ (Z)

l/j+ 9

Z VBr, (i)
We also have by (5.5) and (5.6) that

Br,(i) —u Br,(i) —u

Vyu+41 ?L VBr, (4) + 9 -1+ VBr, (i) + D) -1= Vy+1

for all u € [i,Br,(¢)) NI, so that
| — U | —u
Vj+jT_1tVu+l<:>Vu+l%Vj+]T—l'

We then conclude by (5.4) that Br, (i) = j, which contradicts the fact that Br, (i) ¢ J.
e For Br,(Br,(i)) > Br, (i), we reason exactly in the same way, by replacing j by Br,(Br, (7)), and
we obtain by (5.6) that Br, (i) > Br,(Br,(i)) > Br, (7).

To conclude, we necessarily have that Br,(Br,(i)) = Br,(i) for Br, (i) € I.

8.5. Proof of Lemma 5.8. By (1.14), (1.15) and the fact that all the pairs in SP have distinct secondary
colors, we have that for any v € [4,i) NI

Vyt2 + Vyts + 1w, + Vyt1 > Vut2 T Vut3,

so that we obtain (5.10) recursively.
8.6. Proof of Lemma 5.9. By (2.12) of Lemma 2.5, we have for any u € [¢,7') N I that

VquS + 1 i Vqul 9

so that we recursively have

i —u

Viry1 + al 2RI

By (5.7), if we suppose that Br, (') > i’, we then have
Br, (i) — i Br, (i) — i

Viry1 ¥ VBr, (i) T 5 —1<<= v, u)t 5 —1=wvyq,
and we obtain that
Br, (i) —u Br, (i) —u
VBr, (i) + % — 1= vyp1 < Vut1 # VBr, (i) + (72) -1
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for all w € [i,4#') N I. Since the previous relation is also true for for all u € [¢/, Br, (¢/)) NI, by (5.5) and (5.6),

we have that Br,(i') < Br, (). Finally, by Lemma 5.5, the fact that Br, is non-decreasing on I gives that
Br, (i) = Br,(4).

8.7. Proof of Lemma 6.8. We can notice that for any pair (kp,[,;) of secondary parts different from a
pattern cd — ab and that satisfies k, > l;, we can always find an integer h such
kp = heqg = lp- (8.1)
This is obvious when (p, q) ¢ SPx. In fact,
kp>lg <=k, = (1+1)g =14

and we can find a unique heq satisfying (I + 1)4 > heq = 1. Note that if ¢ = cd, we then have at least two
possible integers h = [,14 1. Suppose now that (p,q) € SP. Recall that here, we set {a1 < as < az < a4 <
as} = {a <b<c<d< e} Wethen have two kinds of pairs.

e First, we have the pairs (a;a;,ara;) with 5 > j >4 > 1>k > 1, so that ¢ > 3 and [ < 3. Thus,
aja; > cd, while aga; < be < cd. If a;a; # cd, we have that a;a; > cd, and then

kaiaj > kcd > kakal

and the property (8.1) is true for (kp,ly) = (ka;a;, Kara;)-
e The second kind of pair is of the form (a;a;,ara;) with 5 > j > 1>k > > 1, so that [ < 4 and
i < 2. Thus, a;a; < be < cd, while apa; < cd. We have that a;a; > cd, and then

I+ Dasa; = lea = laya
and the property (8.1) is true for (kp,lq) = (I + 1)a;a; laga,)-
Let us now consider a pattern of secondary parts (11, V2, -+, Vag—1, Vas, Vast+1, Vas+2) With no moves — cd —.
If vy + vo,v3 + V4 # cd — ab, we recursively show on 1 < i < s that there exists h such that
vi+vg = (h+i—1)ca = hea = V2ir1 + Vaiga - (8.2)

In fact, by (8.1), the previous statement holds for ¢ = 1. Suppose now it holds by induction up to . If
Vait1 + Vait2, Voits + Voira # cd — ab, then by (8.1), we have h' such that

hed = Vaiv1 + Vaiga = Pog = Vaits + Vaiga -
We thus have h > I/, and by choosing h’, we obtain
vi+ve = (W +i)ea = hlg = vaiys + V2ita-

If vo;41 + vait2, V2i43 + Voia = cd — ab, we then necessarily have that vo; 1 + v9; b 19,41 + V2,42 NOt to
have the moves — c¢d —. Therefore, by setting heq = vo;11 + Vo;r2, we have that vo;—1 + vo; = (h 4+ 1)cq-
Since the statement (8.2) also holds for ¢ — 1, there exists h’ such that

vit+ve = (W +i—2)eq = hlyg=voi—1+ v
We can then remark that A’ > h + 2, and we conclude that
v1+va = (h40)ca = hea = Vait3 + Vaiga -
We have thus proved the statement (8.2) when the head is different from c¢d — ab.

If the head is equal to ¢d — ab, we then apply (8.2) on the pattern (v3, vy, -+, Vas—1,Vas, V2s+1, V2s+2),
and we obtain that there exists A such that

R 2 el o e % R (h+l— 2)cd = heqg = V41 + V242

so that v1 +vo = (h+ i — 1).q. In both cases, we always have that vy + v9 — s+ 1 = vogy1 + Vag1o so that

vi +1v2 — 5+ 1= o1 + vosya-

By definition (6.8), (v1,va, - ,V2s_1, Vas, Vas+1, V2s+2) cannot be a shortcut. Since a pattern that does not
contain the moves — ¢d — does not have any subpattern that contains these moves, we then obtain our
lemma.
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9. PROOFS OF THE PROPOSITIONS

9.1. Proof of Proposition 4.2. Let A = (\y,..., ;) be a partition in O. Let us set ¢p,...,¢; to be the
primary colors of the parts Aq,..., As.
First Step 1. Now consider the first troublesome pair (A;, A;+1) at Step 1 in ®. We then set

§t=10
Y= N,
plh=Aigr == A

The first resulting secondary part is A; + Aj41.
First iterations of Step 2.

o If there is a part A;;o after A;;1, we have that
Ai + A1 — Aive = x(ei < 1) + 2M01 — Aivo by (2.6)
> x(ci < cir1) + 2x(civ1 < ciza) + Aiga by (1.12)
> 1+ x(ci < cito) + x(Cit1 < ciga) -

Since by (1.10), we have that ¢; > ¢;42 and ¢; 41 > c¢;y2 implies ¢;cit1 > ¢it2, we then have that
Ai + Nig1 — Aige > 14 x(cicit1 < ¢ip2), and we conclude that A\; + A; 11 > A\;j12. This means that
if there is no iteration of Step 2 (which happens if i = 1 or A\jy1 > A\; + A\i11), then the secondary
part is well-ordered with the primary part to its right.

e The primary parts of v are well-ordered by . By (1.15) and (2.4), we have that for any j < i, if
Ai + A1 crosses A; after ¢ — j iterations of Step 2, we then have by (2.7) that

Mt Xigi+i—)>N—1)>-->\ -1
e We also have by (1.15) that
Aic1 > A = Aip1 = g2 = Aic1 — 1L =2 A = A1 = Aige
= Ai—1 — 1> Aiya-

If we can no longer apply Step 2 after i — j iterations, we then obtain (even when there is no crossing which
means that j = )

AM>> A > NN F =) >N —1)>> o> Ao — 1= dga == A
Second Step 1. Now, by applying Step 1 for the second time, we see that the next troublesome pair is
either A\;j—1 — 1, Aj12, Or Ajjo4q, Ait34q for some x > 0.
o If \;_1 —1 % \ij2, this means that (A\;_1 — 1, \;12) is a troublesome pair, and Step 1 occurs there.
We then set

(52 =1 > "'>>)\j71 > ()\Z+>\1+1+Z—j)

’)/22()\]'—1) > o> Ao —1

12 = Niga == A
By (2.10), we have that (A; + X414+ 1) > (Ai—1 + Aiy2 — 1). Then, even if (A\;_1 + A\;j12 — 1) crosses
the primary parts (A\; —1) > --- > \;_o — 1 after ¢ — j — 1 iterations of Step 2, by (1.15), we will
still have that

()\i+)\i+1 —‘ri—j) > ()\i_1+/\i+2—|—i—j—2)-
We have before the third application of Step 1 that
8=\ > >N+ Fi—) >N 1> > 1> N1+ Ao —24+1i—75)
'73,u3:Aj/ —2> -S> N2 — 2> Ags =0 Ay

for some i — 1 > j > j. Observe that u? is the tail of the partition A\j13 = --- = \;.
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o If \;_1 — 1> A;49, then the next troublesome pair appears at Aj 1244, Aiy34, for some z > 0, and
it forms the secondary part A;1oy. + Aiy3+.. We then set
= > A > (N Aipr i — )
V=N =1 o> N = 1> N > > Niyosa
12 = Nigaga == Ar-
We also have
Xi = Aig1 = N2 > > Nijogs = Aigsta
By (1.15), we can easily check that
Ai = Aig1 = A2 Z Aig2qe T T - Aigsqe t T
so that, by (2.9),
(i + Ait1) > (Nigo4a + Aigsga + 22) -
This means by (1.15) that,

(i + A1) > (Nigota + Aitsre + 2)
and, as soon as z > 1, by (1.14)
(Ai + Aig1) B (Niv2ta + Aigsra +2) -

We then obtain that, even if the secondary part \iyo4s + Aips4+, crosses, after x 4+ ¢ — j iterations
of Step 2, the primary parts

)‘j_1>>"'>>()\ifl_1)>>)\i+2>>"'>>)\i+1+x7

we still have
i+ Xig1+i—7)> Nig24a + Nigspa + T+ —75) -
However, as soon as z > 1, we directly have
N+ Xig1+i—7)> (Nigoqa + Aigspe FT+i—7) -
We thus obtain before the third application of Step 1 that,
(53 =A>> (>\1+)\Z+1+Z—]) > > ()\¢+2+x+>\i+3+z+$+i—jl)
VP == N - = A,

for some i +x > j' > j. Observe that ,u3 is the tail of the partition A\jy,4+3 > --- = ;. Moreover,
we have the following inequalities
— N1 = 1> (Nijoqa HAigspe Fo+i—5 ) > Ny —2fora —1> 5 >4,
= Aic1 = 1> (Nigoge + Aigsqe +2) > Njpo — 1 for j' =14,
— )\j/+1 > (>\¢+2+$ + Nig34a +I+i—j/) > )\j/+2 —lforz+i>j5 >i+1.
Observe that the partition to the left of \; . 4 is well-ordered by >, so that u? is the tail of the
partition Ajppqqa > - > Mg
In both cases, the conditions in the proposition are satisfied. In fact, the partition 62 belongs to £ and is
the head of the partition 63 that also belongs to &, and the fourth statement is true. By comparing ', u?
(and p?), the third statement is true since u? is a strict tail of u!. The two first statements directly come
from the way we established the sequences, and the fact that s(6%) > g(v*) is true for u = 2, 3.

By induction, we only apply Step 1 once to the troublesome pair (s(v*), g(¢*)) in the partition (), v, u* €
O and then some iterations of Step 2. We then obtain some sequence 6%, ~" p* with the same form as
(62,72, 4?), and we set the triplet (64F1, v4HL, petl) = ((6%, 8), ", ’'*). Note that the sequence 6%, 5™ is
indeed a partition in £ by considering the process from the (u — 1)** Step 1.
Then, the sequence (6%,v%, u*) becomes the sequence (5“1 41 ;;+1) after applying Step 1 once to the
troublesome pair (s(v*), g(1*)), and some iterations of Step 2 by crossing the secondary part s(y*) + g(u*)
with some primary parts of v* \ {s(y*)}. Proposition 4.2 follows naturally.
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9.2. Proof of Proposition 4.4. Let us consider £ > v = (v1,...,14). If we suppose that the secondary
parts of v are v;,, ..., for iy < -+ < ig, we can then set for all v € [1, 5]

= > > v,
and 6°t! = (). By setting i = ig, we also have that
St=v1> >
Y =vig > o>y
pt=0-
e If v; crosses all the primary parts up to v; after iterating Step 1, we have that
Blvi—t+i+1) % v
But, we also have that
Vi Dy
since V;41,..., v are all primary parts. We thus have by Lemma 2.6 that
vi—t+1i>1y,

so that, if v; — t + ¢ has size 1, then v; has also size 1 and a color smaller than the color of v;. But
by (2.1) and (1.10), we necessarily have that 8(v; —t 414+ 1) has size 1 and a color greater than the
color of v;. We then obtain by (1.13) that

Blvi—t+i+1)=v,—t+1i>,

and we do not cross v; —t+1i+ 1 and v4, which is aburd by assumption. This means that in any case
after crossing, we still have that the secondary part size is greater than 1, so that after splitting, its
upper and lower halves stay in P.

e if v; crosses all the primary parts up to v; after iterating Step 1 and stops before v;1, we then set
F=v1> >,

’}/2 = Vi571+1, ey Vis—l) Vis+1 —|— 1, ey Vj —|— 1, O{(Z/is —|— is — j)

,LL2 = B(Vis +7’S _j)7Vj+17' eV
The statements of Proposition 4.4 are then satisfied.

e Suppose now that (6¥,~v", u¥) satisfies the conditions in Proposition 4.4. Note that s(v?), g(u") are
respectively the upper and the lower halves after the splitting of the secondary part coming from
Vigis_,- We also have by (1.15) that

Vigiq_y 2D Vigyy oy 2 D Vigy , D Vigyy ,, = Vigyy , + iS41—v — isyo—p + 1> Visia—y

since the parts between these secondary parts are primary parts. By Lemma 2.5, even if these
secondary parts meet after crossing the primary parts, the splitting of the part coming from v ,_,
will then occur either before the upper half or between the upper and the lower halves obtained
after the splitting of v, . Thus the splitting of s(0") = v45,,_, occurs before g(u"). By taking
s(yv*t1), g(uv*t1) as the upper and the lower halves of the split secondary part coming from Visio_ o
we thus obtain a sequence (§+1, 4?1 ;1) such that uV is the strict tail of u**1. Note that these
sequences also satisfy the other statements.

9.3. Proof of Proposition 4.6. Note that Step 1 of ® is reversible by the splitting in Step 2 of U. Let
us now show that iterations of Step 2 of ® are also reversible by iterations of Step 1 in V.

We saw in the proof of Proposition 4.2 in (9.1) that for any u > 1, the sequence (6%,~v", u*) becomes the
sequence (04T 44+l utly after applying Step 1 once to the troublesome pair (s(y*),g(u%)), and some
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iterations of Step 2 by crossing the secondary part s(v*) + g(u*) with some primary parts of v* \ {s(y*)}.
Without loss of generality, let us set

’}/u:ﬂ'1>>"'>>7ri
Mu:ﬂi+1>-"'>-ﬂ'r

and suppose that the secondary parts m; + m;41 crossed the primary parts m; > --- > m;_;. Since 7" €
ENO C &, by Lemma 2.6 and (2.4), we have that

m>mti—j—1l>=a(m+mp+i—j5—1)-
Using (2.8) of Lemma 2.4, this is equivalent to saying that
a(m + g1 +i—j4) Fm;—1- (9.1)
If the iteration of Step 2 ceases before m;_1, we then have that
Vi=m > - - >mtma+i—k
YUt =m—1> o>y =1 Ty - - Ty
so that (§uFl yutl utly = ((§4,6"), 4", /"), But the inequality (9.1) holds for all k < j < i — 1, so that
by applying ¥ on (§%*1 44+l (ut1) the secondary part s(6“*1) = m; + w11 + 4 — k will recursively cross
by Step 1 the parts m; — 1. The iteration of Step 1 stops before the part m; 4o since
Tita = Tip1 = B(m; + Tig1)
and we split by Step 2 the secondary part m; + m; 41 into m; and m;41. We then retrieve the sequence

(0%, u¥).

To conclude, we observe that if ®(A) € £ has S secondary parts, then the last sequence in the process
@ is (69, 4L 151 with p5F1 = (), 65! the partition ®()\) up to the S** secondary part and 45+ the
tail to the right of this last secondary part. But this triplet is equal to the triplet (6¥,~", u¥) of Proposition
4.4 for v = 1. We then recursively obtain the result of Proposition 4.6 in the decreasing order according to
U.

9.4. Proof of Proposition 5.6. Let us take any i € I = {i; < -+ < i}, let us consider j = min(é,p +
2s+41]NJ. Since in the process of ¥, the primary parts never cross, and the secondary parts can only move
forward before splitting, the part v; will not be affected by ¥ operating on any secondary part to its right.

e Suppose that Br, (i) = j. By definition (5.4), this means that

. .
] —1
Vi/+1%yj+771

for all ¢" € [i, j) NI, so that, by the crossing condition of Step 2 of ¥, v; + j;i/ — 1 will recursively

be the first primary part that crosses all the secondary parts vy + vy4q up to v; + v;41. Thus, for
1=y

| — 1
J =% g

s(°TT) = v, 4 vi, 9T =+

e Suppose that Br, (i) < j. Let us set Br, (i) = ¢} and let i} < --- < i} < j be all the fixed points by
Br, in [¢,j). By Lemma 5.5, have that

Br,([i,i1]) = {i}, Br,((ii_y,i]) ={i} andfor (if,5) #0, Br,((it, 7)) = {j}-

We then have during the process of ¥ that v; crosses all the secondary parts up to vy 1o + v/ 43, but
does not cross vy + vy 1. Thus, vy + vy 4y directly splits into vy, and vy 41, and by (5.5) and the
crossing condition of Step 1 , v;; crosses all the secondary parts up to vy, +wv;;_ 41, which is not
crossed.

The process then continues and we reach v;; +v;; 1 which directly splits into v;; and vy, 4. If i =y,
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we have the first statement of Proposition 5.6. Otherwise, v;; crosses all the secondary parts up to
V; + v;11. We then obtain for for i = i,

i — iy

s = v, v, 9T T =y + -

In any case, if i = Br, (), then v; + v; 41 directly splits, otherwise, we have that for i = i,

Br, (i) — iy

g(,ys+17u) = VBr, (i4) + 5 -1,
and the part v;, + v;, 11 first crosses the primary part g(ys+1=%).
9.5. Proof of Proposition 5.7. Let us take v = (11, ,Vpyas), and I = {i; < --- < is}. Note that the

triplet (61,~%, ut) is such that p' = 0, 6% is the partition v up to v;, +v;. 41 and 4! is the tail to the right
of this part. We then have that v1, u! € (6N O) x O and v;, + v; 411 = s(6%) > g(v}).

e If we have that Br,(i,,) > i, by Proposition 5.6, we necessarily have that

sl Br,(iy) — iy
9T = VB, (1) + % -1
But with the condition (2), we have by (1.15) and (2.7) that
Br, (iy) — iy Br, (iy) — iy
VBr, (in) T % ¥ Vi T Vig41 <= Vi, +Vi,41 > VBr, (i) + % -1

If ysH1=v € £NO C &, we then obtain that the partition s(6*T17%), 4*T1=% belongs to &9, so that,
by Lemma 2.6 and (2.7) of Lemma 2.4, all the crossings in Step 1 of ¥ are reversible by Step 2 of
®. We set

,Ys+17u =Tm > "'>>7rr
and if v;, +v;, +1 = s(6°T17%) crosses all the primary parts up to 7;, we then have by (2.8) of Lemma
2.4

§s+2—u

ST = STy v M AL > T+ a(vi, + Vi — )

PP = BV, A Vigr1 — ) = T = T fls b
Furthermore, always by condition (2), we have that

Br, (iy) — iy
2

so that 65274 ~45+t2=4 ¢ £ and we obtain that y*t27% € £N O and s(§5T274) > g(y*T27v).
Moreover, if psy1—y € O and j < r, we then have that (7., g(tts+1—+)) is the troublesome pair
coming from the splitting of v;, ., + 14, ,+1 and satisfies 7, > g(fts41-v), so that pst2—e e O, If
ts+1—u € O and j = r, this means that the splitting of v;, + v;, 41 occurs in between those of
Viwsr + Viys1+1 and the lower halves are still well-ordered in terms of -, so that 42~ € O. In any
case, if pis11_o € O (with the previous assumption that v*1=% € £ O), then p*T2-% € O.

s TN\ wy, iy 1) = v (1) > VBr, (i) T =m+1

e If we have that Br,(i,,) = i,, then by Proposition 5.6, the splitting occurs directly and we have

Vi1 = g(y" ")
Then we have that
G AT = Ty, v Y,
PR gy e st
so that, if v*T17% and 17 are in O, since s(y*t17%) = g(u*T17%), we then have that p*+2-% is

also in O. Note that s(6*™ 7\ v;, + v, 41) = v (iu)-
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— If v~ (iy) > v, + Vi, 11, then we obtain that

v (i) = vi, = v (i) = (Wi, + Vi, 41) + Vi1
>2 (by (1.14) and the fact that v;, 1 > 1),

so that, by (1.13) and (1.14), v~ (is) > v;,, .

— In the case that v~ (is) # v, + Vi, +1, this means by (1.15) that we have the case of a pair
of secondary parts with colors in SP, and which are consecutive for . Then the pair
(v~ (is),vi, + Vi, +1) has the form (k.q,kqp) or ((k + 1)ad, kpe) for some primary colors a <
b < ¢ < d. We check the different cases according to the parity of k :

(2K)ea > ky, (2k+1)eg> (k+1a 2k+Dag>ke (2k+2)aq> (k+1),-

We then conclude that v~ (is) > vy, .
In any case, we always have that v;, is well-ordered with the part to its left in terms of >, so that
§sF2mu st2-u ¢ € and then v¥127% € £NO and s(65F274%) > g(y5+274).

Note that the process ¥ is reversible by ® since the crossings are reversible and so is the splitting. We then
obtain Proposition 5.7 recursively on u in decreasing order.

9.6. Proof of Proposition 6.5. Let us take a shortcut ( = (1 + (3 > -+ > (3541 + (2542, and an allowed
pattern n = + 12 > -+ > Na—1 + Nar > Moy such that Br, (1) = 2¢ + 1. Without loss of generality, by
adding a constant k to the part vo;_1 + vo;, we can suppose that (o511 + (as+2 > m1 + 12. If we consider the
sequence

VO =G> > Coapt + Casga S 412> > Nor1 + Nar > Norg
by adding a large constant k to the parts of the sequence v(?), we can say Not4+1 is the bridge in v of all
ie€2{0,...,s+t}+1-

In fact, by Remark 2.1, we have that the lower halves grow according to k/2, so that for some k large enough,
Not+1 + k — 1 will be 1-distant-different from all the lower halves in the sequence v in terms of >. We finally
consider the sequences of the form

p®) =G+ G@+su>- > Qe+ Q2+ su> G+ G+ s(u—1)> > (op1 + Gy +s(u—1)>
"'>>C1+C2+S>>"'>><23+1+<25+2+8>>C1+<2>>"'>>C25+1+C25+2>>
N +n2 > 2> N1+ Nar > Not1-

The sequence v is well defined, since ¢ is a shortcut, we then have by (1.14) and (1.15) that

Cost1 +Cosr2 =G +C+1—5= Cep1 +Casp2 > +C+1—35
= (o541 + Cas42 > (1 +C2—s
= (2s+1 + Cast2 + 5> (1 + (2,

so that Cos1 + Costo + st > ¢ + (o + s(v/ — 1) for all v/ > 1. We also have that 1,41 is the bridge of all
the indices of the secondary parts in #(*). In fact, we have by (2.4) that

B(Cas+1 + Cast2 +8) X s+ B(Cost1 + Cast2) s+t +nNoq1 < s+t + 1+ 0241,
and we obtain in the same way, that for all 7 € {0,...,s — 1}
B(Cait1 + Cita +8) <s—i+s+t+1+mnu1,

so that 72¢41 is the bridge of all the indices (in the corresponding set I) of the parts in v, Using (2.4)

recursively on u, we proved that 7941 is indeed the bridge of all indices of the secondary parts in the sequence
(u)
AL
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To conclude, we see that there are (u 4 1)(s + 1) 4 t secondary parts in (%) (the head included) between
(1 + (2 + su and 1241, and we then have

Notr1 + (u+1)(s+ 1)+t — (G +C+su) =mp1 — (L +C)+t+ut+s+1-

There then exists some ug such that,
Not41 + (uo +1)(s + 1)+t = (¢ + G2 + sug) ,

so that condition (2) in Proposition 5.2 is not true. The sequence v(%0) is then a forbidden pattern, and this
concludes the proof.

9.7. Proof of Proposition 7.2. Let us take v = (11, - ,Vpya,), with I = {i; < --- <is} and J = {j1 <
< ]p}

We observe that, in Proposition 4.4, the sequence (6V,~7", 1) becomes the sequence (§+1, y*F1 1;*F1) after
applying Step 1 once to the secondary part s(§”), and some iterations of Step 2 by crossing the secondary
part with some primary parts of 4. This means that once we obtain the sequence p”, it is no longer affected
by the process V.

e Since we never cross two primary parts in the process, once we have the splitting s(v"), g(p”), their
relative position in the remainder of the process ¥ is unchanged. We then obtain that the upper
and the lower halves’ positions satisfy 6;, ., <0, ,+1.

e The passage from the secondary part s(6%) to its splitting to become s(yV*1), g(u¥+1) implies that
the position of the lower part increases during the crossings, and then is fixed after the splitting. We
thus obtain that 6; ., 41 is the position of the g(u**'). With the fact that the sequence g(u’) is
the strict tail of g(u*1), we reach the inequality 6;_ ., 41 > 6., ,4+1 > is+1-o + 1. This gives the
first inequality of (7.7).

e If the splitting of s(6¥) occurs before g(7?), it means that g(7¥) belongs to u**!, and the po-
sition of the corresponding upper half is fixed in the rest of the process. We then have that
Oi,_ypo > 0ipy_,+1- Otherwise, the splitting of s(6") occurs between g(y”) and g(u”), and the
relative position of the corresponding upper halves will not change until the end of the process. We
thus have that 6; ., 41 >6, ., , >6; _,.,, and this leads (recursively on v) to the proof of (7.5).

e Recall that we never cross two primary parts in the process, and this naturally leads to 0;, < 0;,_,,
for j, < jy+1 and we have (7.6). Moreover, the primary parts can only move backward, since they
can only cross some secondary parts to their left. We then obtain the second inequality of (7.7)
ejv < jv‘

e Since the crossing only occurs between the secondary and primary parts, if the secondary part
corresponding to ¢ does not cross in the primary part corresponding to j, then we have that ;1 < 0;,
and if they crossed, then both the upper and the lower halves move together, and in the remainder
of the process, their relative positions stay unchanged, so that 6; < 6;, and we obtain (7.8).

9.8. Proof of Proposition 7.3. We saw in the previous proof that, since the positions of the lower halves
are increasing, for any i, € I, the crossings can occur with primary parts coming from some indices J or in
I. We then look for z € J U I such that > 4, and 6, < 0, . Let us then set {z1,...,2,} ={x € JUI:
T >y, ,0; <0;,} such that

9?61 <...<9m“.
Note that if {z € JUTI : x> iy, ,0, < 6;,} =0, then the splitting occurs directly and

Br,(iy) =iy, = max{z > i,,0, <0, }-
zel )

Recall that if {zx € JUT : 2 > 4y, ,0, < 6;, } # 0, we then have
03;” < aiu < 91'“4_1 and  Xq,..., Ty > Gy -
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o If {z1,...,2,} N J # 0, then we necessarily have that x; € J. In fact, suppose that z; € I and
x1 <z €{x1,...,2,} NJ. Since x1 > iy, by (7.5), we have 0; 1 < 0,41 and then

011 <0, < oiu < 91‘”4_1 < 69514—1 R
and this contradicts (7.8). Furthermore, by (7.6), we have that

r1 =min{zy,...,x,} NJ = mig{x > Gy, 0, < 0}
xre

e Otherwise, we have {z1,...,z,} NJ = 0. In that case, {z1,...,2,} C I. We then have that
x> -+ > Ty In fact, for any z < 2’ € {x1,...,2,}, by (7.5), we have

01 < Opp1 < Opg1,
and if we suppose that 6, < 0,/, we then obtain the inequality
Op <Oy <0;, <6, 41 <0p11 <0511,
and this contradicts (7.5). Furthermore, this leads to the following relation

x1 = max{xy,..., Ty} = maf{x > iy, 0, <0}
e
In any case, by Proposition 5.6, we have that x; = Br,(¢). In fact, 21 is the index of the first crossed part.
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