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This paper focuses on the disparity-compensated stereoscopic image coding. This coding scheme is the most implemented technique taking advantage of the typical stereoscopic image redundancy. Namely it first predicts one view using the other view and a disparity map. A compensated view is then computed by coding the remaining difference between the view and its prediction. This paper concerns the computation of the disparity map combining two existing techniques. The first one, more efficient at low bitrate, is an iterative search reducing the bit cost of losslessly storing the disparity map at the expense of a small increase in distortion. The second one, more efficient at high bitrate, selects disparities minimizing the distortions of the compensated view, assuming that JPEG is used in the compensation. This combination appears to be fruitful, achieving increased performance at low-and mid-range bitrate, when tested on a few stereoscopic images and compared to these two techniques.

I. INTRODUCTION

Stereoscopic images provide 3D rendering using two views, one for each eye. Several mediating technical devices are available: shutter, polarization interference and anaglyph systems. Millions of consumers are already equiped with 3DTV systems however the lack of good contents remains an issue, as acknowledged in chapter 15 of [START_REF] Dufaux | Emerging Technologies for 3D Video: Creation, Coding, Transmission and Rendering[END_REF]. From an image processing viewpoint, the large amount of data to be stored or transmitted raises challenging issues in compression.

There exists an important redundancy between the two views as they display the same objects at different locations. It is this varying horizontal shift, called disparity that induces depth rendering. Estimating disparity and depth with the greatest precision is, by itself, a research issue as, for instance in [START_REF] Scharstein | Learning conditional random fields for stereo[END_REF]. Our focus is to select a disparity map which yields the best compression performance, meaning that the best 3D-rendering is achieved within a given bit-budget. For comparison purposes the rendering quality is here, accounted for, by comparing the reconstructed views and the original views, using the Peak Signal to Noise Ratio (PSNR) derived from the Mean-Square Error (MSE), and the Structural Similarity Index (SSIM) whose average correlation with subjective assessment has been measured for stereoscopic images in [START_REF] Shanshan | A simple quality assessment index for stereoscopic images based on 3d gradient magnitude[END_REF] exhibiting a mild improvement. While deep stereoscopic compression "remains relatively unexplored" as acknowledged in [START_REF] Liu | DSIC: Deep stereo image compression[END_REF], the state-ofthe-art is obtained using the Multiview Video Coding (MVC) extension of H264/AVC video coding standard [START_REF] Shiping | Approaches to H264-based stereoscopic video coding[END_REF]. Its success stems from the large number of compressing techniques that are combined. Note that the one technique taking advantage of the stereoscopic redundancy is the Disparity Compensated Compression scheme (DCC), it is highly inspired from the motion compensated compression scheme used for video coding. This DCC scheme consists in coding three items, namely, one view considered as reference, the disparity map, and the remaining difference between the other view and its prediction yielded using the disparity map. Note that the last coded item provides a refined prediction referred to as the compensation refinement.

As a showcase study, we have chosen to test our proposal of disparity estimation by plugging it into a simple DCC scheme with two coding quality factors as hyperparameters. Our contribution is to combine two existing algorithms. The first one, called R-algorithm, published five years ago in [START_REF] Kadaikar | Modified block matching algorithm improving rate-distortion performance for stereoscopic image coding[END_REF], is an iterative global search of the best rate-distortion trade-off, regardless of the compensation refinement. The second one, called FDCBM-algorithm recently accepted for publication [START_REF] Kadri | Disparities selection controlled by the compensated image quality for a given bitrate[END_REF] is a block-based selection of the best disparity taking into account the compensation refinement. While the first algorithm has been tested on four stereoscopic images showing a significant reduction in bitrate with little or no increase in distortion when no compensation is used, the second algorithm has been tested on 29 images and has shown an increase in performance ranging from 0.2dB up to 1.2dB. It appears on a rate-distortion graphic that the increase in performance occurs at mid-and high-range bitrate.

Section II recalls with usual notations, the basic DCC scheme and the classical Block-Matching algorithm, denoted here as BM. Section III recasts equations of section II so as to show the hyperparameters dependency as such is an implementation issue. Section IV and V present the R-and FDCBM-algorithms recast with these new notations. Section VI describes our proposal, denoted COMB-algorithm combining the R-and FDCBM-algorithms in a straightforward manner. Section VII describes numerical simulations showing an increase in performance. Section VIII concludes the paper.

II. CLASSICAL DCC SCHEME AND BM-ALGORITHM

The closed loop DCC scheme described in Fig. 1 involves the decomposition of each view into K non-overlapping blocks, here of the same size. This scheme can be thought as having a 3-tier architecture delineated with vertical dashed lines in Fig. 1.

Firstly the reference view (here the left view) denoted I l is independently coded as C q l I l using q l , a compressing quality factor, and transmitted to the decoder which yields a reconstruction, I l = DC q l I l . Note that I l is also available to the coder.

Secondly a disparity map d = (d 0 , . . . , d K-1 ) is estimated using the BM-algorithm, namely each component d k is selected so that the left-view, d k -horizontally shifted, k th -block, best matches the right-view, k th -block, in terms of meansquare error in pixel values:

d BM k = argmin s∈S (∆i,∆j)∈B I r i k + ∆i j k + ∆j -I l i k + ∆i j k + ∆j + s 2 , (1) 
with the following notations:

• I r is the right view,

• i k , j k are the top left pixel-coordinates of the k th -block,

• (∆i, ∆j) ∈ B are within-block displacements,

• S is the search set containing allowed disparity values. This disparity map is losslessly coded as Cd and transmitted to the decoder which recovers the exact disparity map d = DCd, and yields I p a broad approximation of I r :

I p (i k + ∆i, j k + ∆j) = I l (i k + ∆i, j k + ∆j + d k ). (2) 
Thirdly, the compensation refinement consists in coding and decoding I r -I p yielding I r and the subsequent MSE

     I r = DC qr (I r -I p ) (3a) MSE = 1 2IJ i,j I l -I l 2 + 1 2IJ i,j I r -I r 2 ,( 3b 
)
where I×J is the common size of I l and I r and q r is another compressing quality factor.

The bitrate, denoted b, is deduced from the bit streams

C q l (I l ), C(d) and C qr (I r -I r ): b = |C q l I l | + |Cd| + |C qr (I r -I r )| |I l | + |I r | , (4) 
where | .| is the set-cardinal number, here it helps counting the number of bits above and the number of pixels below. 

III. USING NEW NOTATIONS

In equations ( 1), ( 2), (3a) and (3b) the q l -dependency is hidden, and the same holds for the q r -dependency in (3b). However to have the best rendering at a given bitrate, selecting the optimal values of q l and q r is, in this algorithm, achieved by testing all possible values requiring to compute many times all quantities depending on q l and q r .

We propose the following notations:

• P k is a projector operator mapping an image I into a block sized matrix whose values are those of the k thblock of image I:

P k I(∆i, ∆j) = I(i k + ∆i, j k + ∆j). (5) 
• [ ] k concatenates K block sized matrices into an image:

I = [P k I] k . (6) 
• T s maps an image into a s-shifted image of the same size:

T s [I](i, j) = I(i, j + s). (7) 
• is the L 2 -norm on the state space of matrices. It may apply to block-size matrices or to image-size matrices.

I 2 = 1 |I| i,j I(i, j) 2 , ( 8 
)
where |I| is the size of I.

With these new notations, ( 1) is recast into:

   D k (q l , s) = P k T s DC q l I l -P k I r 2 (9a) d BM k = argmin s∈S D k (q l , s). (9b) 
And so are recast all other equations of section II:

                   D * (q l , q r , d) = I r -[P k T d k DC q l I l ] k -DC qr I r -[P k T d k DC q l I l ] k 2 (10a) MSE = 1 2 I l -DC q l I l 2 + 1 2 D * (q l , q r , d) (10b) b = 1 |I l |+|Ir| (|C q l I l | + |Cd| + C qr (I r -[P k T d k DC q l I l ] k ) (10c) 
Note that here d depends on q l and not on q r .

IV. DESCRIPTION OF THE R-ALGORITHM

In essence, the R-algorithm, defined in [START_REF] Kadaikar | Modified block matching algorithm improving rate-distortion performance for stereoscopic image coding[END_REF], is a suboptimal solution to a disparity minimization problem overlooking the compensation refinement:

J(q l , d) = 1 K K-1 k=0 D k (q l , d k ) + λH(d), (11) 
where λ, a lagrangian multiplier, is a new non-negative hyperparameter whose dependency is at stake. H(d), modeling the bitrate, is the entropy derived from the empirical probability of d:

           V (d, s) = K-1 k=0 1(d k = s) (12a) 
H(d) = - s∈S V (d, s) K log 2 V (d, s) K , (12b) 
where V (d, s) counts how many times s appears in d.

The heuristic is a repeated raster scanning of each block, where the disparity is selected so as to minimize J. The block, whose disparity is being modified, is:

Φ t = t -K t K ∈ {0, . . . , K -1}, ( 13 
)
where t is a counter. Let us define a block-based entropy modeling the sdependent impact on H(d) of replacing d k by s, and denote it, ∆H k (d, s):

               V (d, s) log 2 V (d,s) K -(V (d, s) + 1) log 2 V (d,s)+1 K if s = d k (14a) (V (d, d k ) -1) log 2 V (d,d k )-1 K -V (d, d k ) log 2 V (d,d k ) K if s = d k (14b)
As mentioned in [START_REF] Kadaikar | Modified block matching algorithm improving rate-distortion performance for stereoscopic image coding[END_REF], considering two disparity maps d and d whose only difference is that d k = s and d k = d k , we have:

H(d ) = H(d) + ∆H k (d, s) -(V (d, d k ) -1) log 2 V (d,d k )-1 K +V (d, d k ) log 2 V (d,d k ) K . ( 15 
)
Note that equations (9a) and (15) show that minimizing J with respect to d k is equivalent to minimizing D k (q l , s) + λ∆H k (d, s).

The recast equations of the R-algorithm are

d 0 = d (BM) , d t+1 k = argmin s∈S D Φt (q l , s) + λ∆H Φt (d t , s) if k = Φ t d t k if k = Φ t ,
where t is increased as long as t ≥ K and d t = d t-K . The yielded disparity map is denoted as d (R) , which depends on q l and λ. Equations (10a), (10b), (10c) remain unchanged.

V. DESCRIPTION OF THE FDCBM-ALGORITHM To the contrary of the R-algorithm, as defined in [START_REF] Kadri | Disparities selection controlled by the compensated image quality for a given bitrate[END_REF], the Fast Disparity Compensated Block Matching (FDCBM)-algorithm overlooks the cost of storing the disparity map and selects on a block basis the disparity taking into account the compensation refinement assuming that JPEG is used for compensation. To stick to JPEG-choices, blocks are here assumed to be of size 8×8. Let us recall some definitions:

• The scaling factor is:

α qr = 50 qr if q r ≤ 50 2 -qr 50 if q r > 50 (16) 
• The JPEG-quantizer transforms an 8×8-matrix into an 8×8-matrix, and its difference with identity is:

∆Q qr (I) = [Round I(∆i,∆j) Q ∆i,∆j α(qr) Q ∆i,∆j α qr -I(∆i, ∆j) ] ∆i,∆j (17) 
where Q is the JPEG-quantification table.

• The modeled compensation-aware distortion is:

D k (q l , q r , s) = ∆Q qr DCT (P k I r -P k T s DC q l I l )) 2 , ( 18 
)
where DCT is the 8×8 discrete cosine-transform. The recast equation of the FDCBM-algorithm is:

d (FDCBM) k = argmin s∈S D k (q l , q r , s). (19) 
VI. PROPOSED COMB-ALGORITHM Thanks to the new notations, combining the R-and FDCBMalgorithms is now straightforward, and our proposal is:

d 0 = d (FDCBM) , d t+1 k = argmin s∈S D Φt (q l , q r , s) + λ∆H Φt (d t , s) if k = Φ t d t k if k = Φ t ( 20 
)
where t is increased as long as t ≥ K and d t = d t-K . The yielded disparity map is denoted as d (COMB) .

The only differences between the COMB-algorithm and the R-algorithm is the choice of the initial disparity, the block size, 8×8, and the use of D k instead of D k . Note that since d t depends on q l , q r , λ, ∆H Φt (d t , s) depends also on q l , q r , λ.

The COMB-algorithm is described below (see Algorithm 1).

Algorithm 1 : COMB -algorithm Require: I l , I r Ensure: b, MSE, d for all q l , q r , λ 1: for all q l do 2:

for all q r do 3:

for all k ∈ {0, . . . , K -1} do end for 17:

end while 18:

Store d(q l , q r , λ) = d t 19:

Compute MSE(q l , q r , λ) and b(q l , q r , λ). 

VII. EXPERIMENTS AND RESULTS

The BM, R, FDCBM, and COMB algorithms have been tested on a set of stereoscopic images.

This sections provides the results using Monopoly stereoscopic image extracted from the 2006-Middleburry dataset and Ballon stereoscopic image extracted from the MCL-3D dataset.

For the sake of simplicity, the left view is not coded. The bitrate is now deduced as follows: b =

|C(d)|+|Cq r (Ir-Ip)| |Ir|
. The lossless compression is implemented using an arithmetic coder and JPEG is used to code I r -I p ). The distortion is accounted for by MSE = D * (q l , q r , d), and PSNR and SSIM compare I r with I r .

Fig. 2 presents the rate-distortion curves obtained when compressing Monopoly using the four algorithms. The BMcurve in green is below with the R-curve in magenta slightly above it. Clearly above at high bitrate and below at low bitrate is the FDCBM-curve in blue. And above all these curves is the COMB-curve. What is striking, is that, even though by themselves, the R-and FDCBM-algorithms are not doing that well, the COMB-algorithm is significantly above at low-and mid-range bitrates. It is the case in Fig. 3 which presents the rate-distortion curves obtained when compressing Book1r.

Much the same can be said of Fig. 4 which is the ratedistortion curve obtained when compressing Ballon. The increase in performance may seem quite surprising as the R-curve and the BM-curve are hardly distinguishable. The FDCBM-algorithm has very low performance at low bitrate. And yet the COMB-algorithm has still significant increase in compressing performance compare to the BM-algorithm at low-and mid-range bitrates. computer screen with some zooming, white thin vertical lines can be seen both at the right of the vertical thin piece of wood and at the right of the Monopoly board. These vertical lines are slightly less visible when compression is achieved with the R-algorithm in Fig. 7. However when compression is achieved with the FDCBM-algorithm as presented in Fig. 8 these white lines are hardly visible, they are replaced by gray squares of equal size and randomly padding the left, the right and the interior of the Monopoly board, such squares may be a little more visible than the vertical white lines. When compression is achieved with the COMB-algorithm as depicted in Fig. 9, the white lines remain hardly visible but the gray squares have also vanished assessing here an improvement. As for numerical complexity, COMB-algorithm (consuming 24 seconds) is almost 2 times slower than FDCBM-algorithm (consuming 15 seconds), 12 times slower than BM-algorithm (consuming 2.1 seconds) and 2 times slower than R-algorithm (consuming 12 seconds). This has been measured on the "Monopoly" stereoscopic image with block of 8×8 size using Matlab in a Windows environment on a computer using one processor with four cores at a frequency of 3.7GHz.

VIII. CONCLUSION

Challenging the exploitation of stereoscopic image redundancy to increase compression bitrate-distortion performance as measured by PSNR and SSIM, this paper combined two existing algorithms. These algorithms are different, one is performing better at low-and mid-range bitrates, the other at mid-and high-range bitrates. One iteratively modifies the disparity map to improve the bitrate-distortion trade-off using a Lagrangian multiplier. The other selects each disparity on a block basis, according to a simplified model of how JPEG deals with the compensation refinement. By introducing new notations, the combination has become quite straightforward. It seems that this important difference between the two algorithms explain the interesting performances observed. As of now, the proposed algorithm has only been tested on a few stereoscopic images, an important study is on our agenda to understand, when and why, performances are significantly improved.
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 1 Fig. 1: Disparity compensated coding scheme (the horizontal dashed line separates the coder above from the decoder below).

  True, t = 0, d t-1 = d (FDCBM) if t ≥ K and d t different from d t-K then

  for 23: Collect all d, MSE, b.
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 2 Fig. 2: Performance comparison of BM-, R-, FDCBM-and COMB-algorithms when compressing Monopoly.
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 3 Fig. 3: Performance comparison of BM-, R-, FDCBM-and COMB-algorithms when compressing Book1r.
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 545 Fig.5provides the histograms of the disparity maps yielded by the four different algorithms when compressing Monopoly at b = 0.33. The cost of storing the disparity map is modeled with the entropy which is computed using such disparity histograms. Basically the more a disparity map has most of its values included in a small set of values, the lower is the entropy. With no surprise, histograms obtained with the Rand COMB-algorithms have much lower entropy as compared to those obtained with the BM-and FDCBM-algorithms.Fig.6shows the right view reconstruction at b = 0.33bpp when compression is achieved with the BM-algorithm. On a
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 6 Fig. 6: Right view with BM, (PSNR = 35.28dB, SSIM = 0.95, b = 0.33bpp).
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 7 Fig. 7: Right view with R, (PSNR = 35.89dB, SSIM = 0.95, b = 0.33bpp).
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 8 Fig. 8: Right view with FDCBM, (PSNR = 35.48dB, SSIM = 0.95, b = 0.33bpp).
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 9 Fig. 9: Right view with COMB, (PSNR = 36.58dB, SSIM = 0.97, b = 0.33bpp).