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random fuzzy sets: general framework and practical models
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Abstract

We introduce a general theory of epistemic random fuzzy sets for reasoning with fuzzy
or crisp evidence. This framework generalizes both the Dempster-Shafer theory of belief
functions, and possibility theory. Independent epistemic random fuzzy sets are combined by
the generalized product-intersection rule, which extends both Dempster’s rule for combining
belief functions, and the product conjunctive combination of possibility distributions. We
introduce Gaussian random fuzzy numbers and their multi-dimensional extensions, Gaussian
random fuzzy vectors, as practical models for quantifying uncertainty about scalar or vector
quantities. Closed-form expressions for the combination, projection and vacuous extension
of Gaussian random fuzzy numbers and vectors are derived.

Keywords: Belief functions, evidence theory, possibility theory, random sets, uncertainty.

1. Introduction

The Dempster-Shafer (DS) theory of belief functions [29] and possibility theory [38] were
introduced independently in the late 1970’s as non-probabilistic frameworks for reasoning
with uncertainty [11], T0]. The former approach is based on the idea of representing elemen-
tary pieces of evidence as completely monotone capacities, or belief functions, and combining
them using an operator known as the product-intersection rule or Dempster’s rule. As prob-
ability measures are special belief functions, and Dempster’s rule extends Bayesian condi-
tioning, DS can be seen as an extension of Bayesian probability theory, particularly suitable
to reasoning with severe uncertainty. There is also a strong relation between DS theory and
the theory of random sets [23]: specifically, any random set induces a belief function and,
conversely, any belief function can be seen as being induced by some random set [26]. In DS
theory, a random set underlying a belief function does not represent a random mechanism
for generating sets of outcomes, but the imprecise meanings of a piece of evidence under
different interpretations with known probabilities [30]. To avoid confusion, we use the term
epistemic random set for random sets representing evidence in DS theory.
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In contrast, possibility theory originates from the theory of fuzzy sets [36]. In this ap-
proach, a fuzzy statement about the variable of interest, seen as a flexible constraint on
its precise but unknown value in some domain O, induces a possibility measure and a dual
necessity measure on ©. Interestingly, a necessity measure is a belief function, and the dual
possibility measure is the corresponding plausibility function, but the converse is not true
(a belief function is not, in general, a necessity measure). For this reason, possibility theory
has sometimes been presented as “a special branch of evidence theory” (another name for
DS theory) [21, page 187]. However, combining two necessity measures by Dempster’s rule
yields a belief function that is no longer a necessity measure: this combination rule is, thus,
not compatible with possibilistic reasoning. In contrast, possibility theory has its own con-
junctive combination operators based on triangular norms (or t-norms) [16]. Possibility and
DS theory are, thus, two distinct models of uncertain reasoning based on related knowledge
representation languages but different information processing mechanisms.

In a companion paper [9], we have revisited Zadeh’s notion of “evidence of the second
kind”, defined as a pair (X, IIy|x)) in which X is a discrete random variable on a set 2
and IIy|x) a collection of conditional possibility distributions of a variable Y given X = z,
for all z € Q. If random variable X is constant, we get a unique possibility distribution
for variable Y if the conditional possibility distributions Iy |x) take values in {0, 1}, then
the pair (X, Il(y|x)) defines a random set equivalent to a DS mass function. The mappings
associating, to each event, its expected necessity and its expected possibility are, respectively,
belief and plausibility functions. In this framework, a possibility distribution thus represents
certain but fuzzy evidence, while a DS mass function is a model of uncertain and crisp
evidence. In general, a pair (X, IIy|x)) defines an epistemic random fuzzy set, allowing us
to describe evidence that is both uncertain and fuzzy. (The term “epistemic” emphasizes
the distinction between this interpretation and that of random fuzzy sets as mechanisms for
generating fuzzy data considered, for instance in [28, 17]). In [9], we have proposed a family
of combination rules for epistemic random fuzzy sets in the finite setting, generalizing both
Dempster’s rule and the conjunctive combination rules of possibility theory. One of these
rules, based on the product t-norm, is associative and arguably well suited for combining
independent evidence. Equipped with this combination rule (called here the generalized
product-intersection rule), the theory of epistemic random fuzzy sets can be seen as an
extension of both DS theory and possibility theory, making it possible to combine evidence
of various types, including expert assessments (possibly expressed in natural language),
sensor information, and statistical evidence about a model parameter.

In this paper, drawing from mathematical results presented by Couso and Sanchez in [2],
we give a more general exposition of the theory of epistemic fuzzy sets, considering arbitrary
probability and measurable spaces. We define combination, marginalization and vacuous
extension operations of random fuzzy sets in this general setting, laying the foundations of a
wide-ranging theory of uncertainty encompassing DS and possibility theories as special cases.
Finally, for the important case where the frame of discernment is R?, we propose Gaussian
random fuzzy numbers and vectors as a practical model, generalizing both Gaussian random
variables and vectors on the one hand, and Gaussian possibility distributions on the other
hand.



The rest of this paper is organized as follows. Classical models (including random sets,
fuzzy sets and possibility theory) are first recalled in Section . Epistemic random fuzzy
sets are then introduced in a general setting in Section [3] Finally, Gaussian random fuzzy
numbers and vectors are studied, respectively, in Sections [4 and [, and Section [f] concludes
the paper.

2. Classical models

In this section, we recall the main definitions and results pertaining to the two models
of uncertainty generalized in this paper: random sets and belief functions on the one hand
(Section , fuzzy sets and possibility theory on the other hand (Section .

2.1. Random sets and belief functions

Whereas belief functions in the finite setting can be introduced without any reference
to random sets [29], the mathematical framework of random sets is useful to analyze belief
functions in more general spaces, and to define the practical models needed, e.g., in statistical
applications. Important references about the link between random sets and belief functions
include [26] and [2].

Let (2,00, P) be a probability space, (©,0¢) a measurable space, and X a mapping
from  to 2°. The upper and lower inverses of X are defined, respectively, as follows:

X (B)=B"={weQ:X(w)NB#0} (1a)
X.(B)=B,={weQ:0+#X(w) CB} (1b)

for all B C ©. It is easy to check that
B*N (B, =10

and

B*U (B, ={w e Q: X(w) # 0} = 6%,

where B¢ denotes the complement of B in ©.

The mapping X is said to be oq — 0 strongly measurable [26] if, for all B € 0o, B* € 0q
(or, equivalently, if for all B € ge, B, € 0q). The tuple (Q,0q, P,0,0e,X) is called a
random set. When there is no confusion about the domain and co-domain, we will call the
0o — 0 strongly measurable mapping X itself a random set.

In the special case where | X (w)| = 1 for all w € €, we can define the mapping X : Q2 — ©
such that X (w) = {X(w)} for all w € Q. We then have B* = B, = X }(B) for all B C ©,
and X is 0qg — 0g measurable. The notion of random set thus extends that of random
variable.



Belief and plausibility functions. From now on, we will assume, for simplicity, that P(©*) =
1. (If not verified, this property can be enforced by conditioning P on ©*). Let P* and P,
be the lower and upper probability measures associated with random set X, defined as the
mappings from og to [0, 1] such that

P.(B) = P(B.) (2)

and
P*(B) = P(B*) =1— P.(B°), (3)

for all B € 0¢. Mapping P, is a completely monotone capacity, i.e., a belief function,
and P* is the dual plausibility function |26, Proposition 1]. In the following, they will be
denoted, respectively, as Bely and Pls. The corresponding contour function is defined as
the mapping ply from © to [0, 1] such that

plx(0) = Plx({6})
for all § € ©. The subsets X (w) C O, for all w € Q, are called the focal sets of Belx.

Interpretation. In DS theory, ) represents a set of interpretations of a piece of evidence
about a variable @ taking values in set O (called the frame of discernment). If interpretation
w € Q holds, we know that @ € X (w), and nothing more. For any A € oq, P(A) is the
(subjective) probability that the true interpretation lies in A. For any B € og, the degree of
belief Belg(B) is then a measure of support of the proposition “6@ € B” given the evidence,
while the degree of plausibility Pls(B) is a measure of lack of support for the proposition
“0 ¢ B”. Under this interpretation, the random set X represents a state of knowledge: it
can be said to be epistemic.

Vacuous random set. A constant random set (2, 0q, P, O, 06, X) such that X (w) = © for
all w € Q is said to be vacuous. For such a random set, we have Bely(A) = 0 for all
A € 0o\ {0} and Pix(A) =1 for all A € 0 \ {0}. A vacuous random set represents
complete ignorance about 6.

Finite case. Assume that © is finite, and o0g = 2°. The Mdbius inverse of Bely is the
mapping m~ from 2 to [0,1] such that

mx(B) =Y (—=1)/PFBeir(C),
CCB
for all B C ©. It verifies m(B) > 0 for all B C Q, > ,cqm(B) = 1 and m(0) = 0. The
belief and plausibility can be computed from m=, respectively, as
Belg(B) =Y mx(C) and Plg(B)= >  mx(C),
CCB CNB#0

for all B C ©.



Random closed intervals. Random closed intervals are particularly simple models allowing
us to define belief functions on the real line [4] 34 [6]. Let (2, oq, P) be a probability space
and X,Y two random variables 2 — R such that P({w € 2 : X(w) < Y(w)}) = 1. Then,
the mapping X : Q — 2® defined by X (w) = [X(w), Y (w)] is 0q — Br strongly measurable,
where [y is the Borel g-algebra on R (see a formal proof in [22]). This mapping defines a
random closed interval. For a random closed interval X = [X, Y], we have [4]

Belx([z,y]) = P([X,Y] C [v,y]) = P(X > ;Y < y) (4a)

and
Plx([z,y]) = P((X,Y]N[z,y] #0) =1 - P(X >y) — P(Y <x), (4b)

for all (z,y) € R? such that x < y. In particular, by letting x tend to —oco in , we obtain
the lower and upper cumulative distribution functions (cdf’s) of X as

F.(y) = Belx((—oc0,y]) = P(Y <y) = Fy(y) (5a)

and

F(y) = Plx((=00,y]) = P(X <y) = Fx(y). (5b)

Lower and upper expectation. Let X be a random set from (2, oq, P) to (R, Bg). Following
Dempster [3], we can define its lower and upper expectations, respectively, as

E,(X) = / " rdF*(x)

o

and

+o0
E*(X) = / rdF,.(z),
where F,(z) = Belg((—o00,z]) and F*(x) = Plx((—o0,]) are the lower and upper cdf’s of
X. When X is a random closed interval [X, Y], it follows from (5)) that E,(X) = E(X) and
EX(X) =E(Y).

Dempster’s rule. Consider two pieces of evidence represented by random sets
(lealaplagao'@;yl) and <927027P27@70-@772)7

and the mapping X from Q) x Q5 to 2° defined by Xn(wi,ws) = Xi(w1) N Xo(wy). If
interpretations w; € € and wy € Qy both hold, we know that 8 € X(wi,w,), provided
that X (w1) N Xo(wy) # 0. Assume that X is (0] ® 09) — 0e strongly measurable, where
01 ® 09 is the tensor product g-algebra over the Cartesian product £2; x 5. The two pieces
of evidence are said to be independent if, for any A € 01 ® 09, the probability that A contains

the true interpretations of the two pieces of evidence is the conditional probability

(P, x P)(AN 6%
(P, x P»)(07)

Pia(A) = (P x B)(A ] ©7) = (6)

5



where Py X P is the product measure satisfying (P; X Py)(A; X Ag) = P1(A;)Py(As) for all
Ay € 01, Ay € 09, and

0" = {(wi,wa) € y x Dy : X(wy,wo) # 0}
is the set of noncontradictory pairs of interpretations. The quantity
kK=1-— (Pl X PQ)(@*) = (Pl X Pg)({(wl,wg) c Ql X QQ :Ym(wl,wg) = @})

is called the degree of conflict between the two pieces of evidence. The combined random
set
(Ql X Q27 01 ® 02, P127 67 0o, Xﬂ)

is called the orthogonal sum of the two pieces of evidence, and is denoted by X; @ X,. This
combination rule, first introduced by Dempster in [3], is called the product-intersection rule,
or Dempster’s rule of combination.

We can remark that Dempster’s rule is usually viewed as an operation to combine belief
functions, whereas it is defined here as an operation to combine random sets. This distinction
is immaterial in the standard setting, as the orthogonal sum of two belief functions does not
depend on their particular random set representations and can be defined without reference
to the random set framework [32]. However, it becomes crucial when considering random
fuzzy sets as a model for generating belief functions, as done in this paper. We will come
back to this important point in Section

Any vacuous random set is obviously a neutral element for Dempster’s rule. The following
important proposition states that pieces of evidence can be combined by Dempster’s rule in
any order.

Proposition 1. Dempster’s rule is commutative and associative.

Proof. See [Appendix A] O
Example 1. Let X; ~ N(u1,07) and X ~ N(ug,03) be two independent normal random
variables and consider the random intervals X, = [X;,4+00) and Xo = (—00, Xs|. The

degree of conflict between X1 and X4 is

/-@:P(Xl>X2):P(X2—X1<O):<I><M),

2 2
o1+ 05

where ® is the standard normal cdf. The orthogonal sum of X1 and Xo is the random closed
interval [ X7, X}], where (X7, X}) is the two-dimensional random vector with distribution
equal the conditional distribution of (X1, X2) given Xy < Xo. Its density is

orlor e (250) 6 (2522) I(ay < 22)
fX{,X§(9517$2) = )
) ( pH2— 1 >

/2 2
o{+05

where ¢ is the standard normal probability density function (pdf) and I(-) is the indicator
function.



The following proposition states that the contour function of the orthogonal sum of two

independent random sets X; and X is proportional to the product of the contour functions
of Xl and XQ.

Proposition 2. Let X, and X, be two independent random sets on the same domain ©,
with contour functions plx, and pls,. For any 6 € ©,

plx, (0)plx, (0)

11—k

: (7)

plX1€9X2 (9> =

where k is the degree of conflict between X1 and X .

Proof. We have
(Pl X PQ)({(wl,wg) € Ql X QQ 10 € Ym(wl,wg)})

plYI@YQ <6> = 1— &
_(PxP)({wre:0€ X1(w1)} x {wy € Qy: 0 € Xy(wo)})
1—x
_ Pl({wl e :0¢ Xl(‘«dl)}) : PQ({WQ €:0e YQ(WQ)})
11—k
_ Plx, (9)plx, (9)
1—k& '

]

Example 2. Let us consider again the two random intervals of Exzample [1 The contour
functions of X1 and X5 are, respectively,

plx, (x) = P(X; < z) = ® (‘” - “1)

01

and

plg,(@) = P(Xy > 2) = 1 — ® (‘” - “2) |
02
Now, the contour function of X1 ® X, is

x +oo
= / fX{,Xg(ﬂﬁl,xQ)d%zd%

— | / /+OO -1 —1 (xl_ﬂl)gb(mz_'uz)dxgdxl
01+02 01 02

_ ¢<xc—flm> [1_(1)( o2 ﬂ _ plx, (@)plx, (2)
M2 —p1 -k '




Marginalization and vacuous extension. Let us now consider the case where we have two
variables 81 and 0, with domains ©; and ©,. (The case of n variables is not more difficult
conceptually but it requires heavier notations). Let 0o, and o, be o-algebras defined,
respectively, on ©; and ©,. Let ©15 = ©1 X O, and 0g,, = 0, ® 0e,. Let X 15 be a random
set from (€2, o, P) to (©12,06,,), and X, the mapping from € to 2°* that maps each w €
to the projection of X 15(w) onto O:

71(&)) = ylg(w) l, 0, = {91 € 0,:36, € @2, (91,92) S ylg(w)}.

It is easy to see that X, is 0 — 0g, measurable: for any B € oe,,

*

X\(B) ={weQ: X(w)N B #0}
={weQ: XpWw)N (B x6,y) #0}
= X,,(B x 0,).

As Bx 0, € 0e,, and X1, is 0q —0e,, strongly measurable, it thus follows that X;(B) € oq.
The random set X; will be called the marginal of X5 on 6.

Conversely, let X be a random set from (€2, o) to (01, 0e,) and let X 4o be the mapping
from 2 to ©15 defined by

XlT(LQ)(w) = Yl(w) X @2.
For any B € 0g,,,

*

={weQ: X (w)N(BlO6))#0}

=X, (B|6).
If for all B € og,,, 71‘(8 16y € 0, then YM(LQ) is 0 — 0g,, strongly measurable. It is
said to be the vacuous extension of X in ©; x O,.

We say that a random set X5 from (Q, o, P) to (012, 06,,) with marginals X; and X,
is non-interactive if it is equal to the orthogonal sum of its marginals, i.e.,

712 = XlT(LQ) &P 721\(172) denoted by 71 D 72-

Example 3. Let (X1, X3) be a two dimensional random vector from (Q,0q, P) to (R?, fg2)
and consider the mapping X1 : Q — 2% defined as

X12(w) = (=00, X1(w)] x (=00, Xa(w)].

This mapping defines a random set [23, page 3]. Its marginals are the random closed intervals
(—oo,_Xl] and (—oo, Xs]. If X1 and X, are independent, then X5 = (—o00, X1] ® (—o00, X5
and X 12 1is non-interactive.



2.2. Fuzzy sets and possibility theory

A fuzzy subset of a set © is a pair F = (O, pz), where puz is a mapping from © to
[0, 1], called the membership function of F. Each number pz(0) is interpreted as a degree of
membership of element 6 to the fuzzy set F. In the following, to simplify the notation, we
will identify fuzzy sets to their membership functions and write F'(6) for puz(#). The height
of fuzzy set F is defined as B B

hgt(F) = sup F(0).
=)

If hgt(F) = 1, F is said to be normal. For any a € [0, 1], the (weak) a-cut of F is the set
“F={0ecO:F(0) >a}.

Possibility and necessity measures. Let 6 be a variable taking values in ©. Assume that we
receive a piece of evidence telling us that “0 is F”, where F' is a normal fuzzy subset of ©.
This evidence induces a possibility measure 1z from 2° to [0, 1] defined by

A(B) = sup F(6), )
0B
for all B C ©. The number IIx(B) is interpreted as the degree of possibility that 6 € B,

given that @ is F' [38]. The corresponding possibility distribution is the mapping from © to
0, 1] defined by

w7 (0) = ME({6}) = F(0),

i.e., it is identical to the membership function F. The dual necessity measure is defined as

Ni(B) =1~ T1;(B°) = inf [1 - F(@)] . 9)
It can easily be shown that mapping Nz : 22 — [0,1] is completely monotone, i.e., it is a
belief function, and Il is the dual plausibility function [15]. These belief and plausibility
functions are formally induced by the random set ([0,1], B}, A, ©,2°, X), where By is
the Borel o-algebra on [0, 1], A is the uniform probability measure, and X is the mapping
[0,1] — 2° defined by X (a) = @[, However, as we will see in Section , it is important,
when combining evidence, to distinguish between possibility distributions induced by fuzzy
sets, and consonant belief functions induced by random sets.

Conjunctive combination of possibility distributions. Assume that we receive two indepen-
dent pieces of information telling us that “0 is I and “@ is G”, where F' and G are two
fuzzy subsets of ©. The conjunctive combination of these two pieces of evidence requires
some notion of intersection between fuzzy sets. As reviewed in [13], the intersection opera-
tion can be extended to fuzzy sets using triangular norms (or t-norms for short). Given a
t-norm T, the T-intersection of two fuzzy subsets F and G of the same domain © can be
defined as B

(F Nt G)(0) = F(O) TG(6)
9



for all # € ©. The most common choices for T are the minimum and product t-norms,
as originally proposed by Zadeh [36]; the corresponding operations are called, respectively,
the minimum and product intersections. However, the intersection of two normal fuzzy
sets is generally not normal. To obtain a normal fuzzy set, as needed for the definitions of
possibility and necessity measures in —@, we define the normalized T-intersection as
<~ fﬁgﬁﬁliﬁg@hT@>o
(F 0T G)(0) = 4 hgt(F Nt G)
0 otherwise.

The fuzzy set F N G is normal provided that hgt(ﬁ Nt é) > 0. In general, the normalized
intersection NF associated with a t-norm T is not associative. A notable exception is the
case where T is the product t-norm: the normalized product intersection, denoted by @, is
associative (see [16], and a simple proof in [9]). By abuse of notation, we can use the same
symbol to denote the conjunctive combination of possibility measures and the normalized
product intersection of fuzzy sets, and write
Iz 0llg = zee-

As noted by Dubois and Prade [I6, page 352], product intersection has a reinforcement
effect that is appropriate when the information sources are assumed to be independent.
The choice of the normalized product intersection for combining possibility distributions
makes possibility theory fit in the framework of valuation-based systems [33] and allows for
possibilistic reasoning with a large number of variables. The normalized product intersection
operator also has an interesting property with respect to Gaussian fuzzy numbers, as recalled
in the next paragraph.

Gaussian fuzzy numbers. A fuzzy number (or fuzzy interval) can be defined as a normal and
convex fuzzy subset of the real line. In particular, a Gaussian fuzzy number (GFN) is a
normal fuzzy subset of R with membership function

i) = exp (=50 - mp).

where m € R is the mode and h € [0,400] is the precision. Such a fuzzy number will be
denoted by GFN(m, h). If h =0, p(z;m, h) =1 for all z € R: GFN(m, 0) is then maximally
imprecise and identical to the whole real line, whatever the value of m. If h = 400,
o(x;m, h) = I(x = m), where I(-) is the indicator function; the fuzzy number GFN(m, +00)
is then maximally precise and equivalent to the real number m.

It can easily be shown that the family of GFN’s is closed under the normalized product
intersection (see, e.g., [1]). More precisely, we have the following proposition, proved in [I].

Proposition 3. For any x € R,

h1h2(m1 - m2)2

2(hy + ha)

(3, h) - 93 o, ha) = exp (— ) (3 13, ),

10



with " h
1M1 2119
= —— - d hig=h hs.
mi2 Iyt Iy an 12 1+ No

Consequently,
GFN(ml, hl) ® GFN(mg, hg) = GFN(mlg, hlg),

and

(10)

_ 2
hgt[GFN(mh hl) . GFN(mZ’ hZ)] — exp (_ h1h2(m1 m2) )

2(hy + he)

Marginalization and cylindrical extension. Let us now assume that we have two variables
0, and 0, jointly constrained by a possibility distribution 7z, where F' is a fuzzy subset
of ©13 = O x ©5. As a result of , variable @, alone is constrained by the possibility
distribution

m(6) =T({6} x Oy) = sup 7561, 65) = sup F(6y,05) = (F | ©,)(6),

where F 1 ©; is the projection of F on ©;. We say that m; is the marginal of 7z on

©;. Conversely, given a possibility distribution 7z, where F is a fuzzy subset of Oy, its
cylindrical extension in ©1 X O3 is the possibility distribution 7z | o, defined as

Thixe, (01, 02) = 75, (61)

for all (01,6,) € ©1 x ©,. We say that the joint possibility distribution 7z on ©15 is non-
interactive with respect to the product intersection if it is the product of its marginals:

Wﬁ(el, 92) = ﬂ-ﬁi@l (91) . 7Tﬁ¢@2 (02)

Example 4. Let w5 be the possibility distribution on R? defined by

h h
mT12(T1, T2) = exp <—?1(x1 — m1)2 — ?Q(xg — m2)2)

~ exp (—%(xl _ m1>2) exp (—%(@ _ m2)2) |

Its marginals are

h
m(xy) = Ir})axmg(xl,xg) = exp (—é(xl — m1)2)
2

and

h

mo(z2) = meaxmg(a:l,@) = exp (—52(352 — mg)Q) :
1

Consequenty, mo is non-interactive with respect to the product intersection.

11



3. Epistemic random fuzzy sets

The proposed epistemic random fuzzy set model is introduced in this section. The main
definitions are first given in Section [3.1] and the generalized product-intersection rule is
introduced in Section [3.2 Marginalization and vacuous extension are then addressed in
Section 3.3, and an application to statistical inference is briefly discussed in Section [3.4}

3.1. General definitions

As before, let (€2, 00, P) be a probability space and let (0, 0¢) be a measurable space.
Let X by a mapping from € to the set [0,1]° of fuzzy subsets of ©. For any o € [0, 1], let
@X be the mapping from  to 2© defined as

“X(w) = "[X (W),

where a[)?(w)] is the weak a-cut of )?(w) If for any « € [0, 1], o X is 0g — 06 strongly
measurable, the tuple (Q,UQ,F,@,O’@,)?) is said to be a random fuzzy set (also called a
fuzzy random wvariable) [2]. It is clear that the class of random fuzzy sets includes that of
random sets, just as the class of fuzzy sets includes that of classical (crisp) sets.

Example 5. Let M be a Gaussian random variable from (2, 0q, P) to (R, Br), with mean p
and standard deviation o, and let X be the mapping from € to [0,1]% that maps each w € Q
to the triangular fuzzy number with mode M (w) and support [M(w) — a, M (w) + al:

~ ale= MWL iy — w a
X(w)(@:{ M i | — M(w)] <

0 otherwise.

for some a > 0. For any o € [0, 1], the a-cut of )z(w) is
“X(w) = [M(w) —a(l — a), M(w) +a(l — a)].

The random set X : w — O‘)z(w) is oq — Pr strongly measurable (it is a random closed

interval). Consequently, X is a random fuzzy set. In the following, such random fuzzy sets
with domain [0, 1] will be called random fuzzy numbers.

Interpretation. Here, as in [0], we use random fuzzy sets as a model of unreliable and fuzzy
evidence. In this model, we see () as a set of interpretations of a piece of evidence about a
variable 6 taking values in ©. If interpretation w €  holds, we know that “6 is X (w)”, i.e.,
0 is constrained by the possibility distribution T % (w)- We qualify such random fuzzy sets
as epistemic, because they encode a state of knowledge about some variable 6. It should
be noted that this semantics of random fuzzy sets is different from those reviewed in [2].
The conditional possibility interpretation developed in [2] is the closest to ours, since we
also see the fuzzy sets X (w) as defining conditional possibility measures. However, in [2],
the authors use the random fuzzy set formalism to model a situation in which we have
two random experiments, one of which is completely determined; the family of possibility

12



distributions {W)?(w) : w € Q} then models our knowledge about the relationship between
the outcomes w of the first experiment and the possible outcomes of the second one. This
formalism allows the authors of [2] to compute lower and upper bounds on the probability
of any event related to the second experiment. In contrast, our model does not rely on
the notion of random experiment. In particular, we do not postulate the existence of an
objective probability measure on ©, and the belief and plausibility measures introduced
below are not interpreted as lower and upper bounds on “true” probabilities.

Belief and plausibility. We say that random fuzzy set X is normalized if it verifies the
following conditions:

1. For all w € Q, X(w) is either the empty set, or a normal fuzzy set, i.e., hgt(X (w)) €
{0,1}.
2. Plwe Q: X(w)=0}) =0.

These conditions will be assumed in the rest of this section. For any w € €, let II;(- | w)
be the possibility measure on O induced by X (w):

Me(B | w) = sup X (w)(6), (11)

0eB

and let N (- | w) be the dual necessity measure:

1—Tlg(B° | w) if X(w)#0

0 otherwise.

Ng(B|w)= {
Let Belg and Plg be the mappings from og to [0, 1] defined as

Belg(B) = /Q N(B | )dP(w) (12)
and
Plo(B) = /Q M(B | w)dP(w). (13)

Function Bely is a belief function, and Plj is the dual plausibility function. As shown
in [2, Lemma 6.2], they are induced by the random set (€2x [0, 1], 00 ® Bj0.1), P® A, ©, 0, X),
where X : Q x [0,1] — 29 is the multi-valued mapping defined as

X(w,a) = "X (w). (14)

As a consequence, Belg(B) and Plg(B) can also be written as follows:

Bel(B) — / ' Bel. o (B)da (152)

and

Ply(B) = / Pl <(B)da. (15b)
13



Lower and upper expectations of a random fuzzy number. Let X be a random fuzzy number
(i.e., a random fuzzy set with domain [0, 1]¥), and let X be the corresponding random set
defined by . We define the lower and upper expectations of X as the lower and upper
expectations of X, i.e., E,(X) = E,(X) and E*(X) = E*(X). It follows from that

E*(X)z/ol]E*(a)?)da and E*()?):/OlE*(O‘)N()da. (16)

Example 6. Let us consider again the random fuzzy number of Example[d. Its lower and
upper cdf’s are, respectively, the mappings v — Belg((—o00,z]) and x — Plg((—o00,x]). Let
us illustrate the calculation of the upper cdf first, using two methods.

Method 1. From ,

1 if M(w) < x
I ((—o0,z] | w) = sup X(w)(z) = % ife < Mw)<z+a
T 0 otherwise.

Using , we get

Plg((—o00,z]) = P(M <z)x14+Plx <M <zx+a)E [

() )

(x+a—E[M|x<M§x+a]).

— M+
u\3:<M§31:‘—i—a}

a

Now, using a well-known result about the truncated normal distribution,

¢ (51) — ¢ (M)
O (T) — @ (1)

g o

EM|z<M<z+al=p+o

After rearranging the terms, we finally obtain

- () () (22)0 (522

Method 2. Let us now use (15b). We have

Pls((—o0,2]) = /0 P(M —a(l —a) <z)da

:/Olq)(m+a(1;a)—#> .

14
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Figure 1: Lower and upper cdf’s for the random fuzzy numbers studied in Examples |5| and EL with u =0,
o =1, and a = 0.5 (blue curves) or a = 1.5 (red curves). The Gaussian cdf corresponding to a = 0 is shown
as a broken line.

Using the formula
/@(u +ozx)dr = % (w4 v2)P(u + ve) + ¢(u +vz)| + C,

we get the same result as (17). Using any of the two methods demonstrated above, we obtain
the following expression for the lower cdf:

e _(r—n r—p\ (r—a—p rT—a—p
s = (52 # (52) - (=5*) (574 +
o xr— r—a—
() (=) o
a o o
It can easily be checked that, when a =0,

Belg (~o%.2]) = Plx(-o0.2) = (1)

o

Examples of functions Bel((—o0,]) and Plg((—o0,z]) for different values of a are shown
in Figure[]] N
Now, the lower and upper expectations of X can be computed from as

a

E*Q?):/O E*(ai)da:/o = a(l—a)da=p— g,

and

E*(X):/O E*(af()doz:/o [,u+a(1—a)]da:u—l—g.
15



3.2. Generalized product-intersection rule

Dempster s rule and the possibilistic product intersection rule recalled, respectively, in
Sections [2.1] and [2.2) can be generalized to combine epistemic random fuzzy sets. Consider
two eplstemlc random fuzzy sets (1,01, P, 0 a@,Xl) and (g, 09, P, 0 a@,Xg) encoding
independent pieces of evidence. The independence assumption means here that the relevant
probability measure on the joint measurable space (€21 X 2y, 01 ® 03) is the product measure
P, x B. B

If interpretations w; € €; and wy € Qg both hold, we know that “@ is X;(w;)” and
“0 is Xo(ws)”. It is then natural to combine the fuzzy sets X;(w;) and Xs(ws) by an in-
tersection operator. As discussed in Section [2.2], normalized product intersection is a good
candidate as it suitable for combining fuzzy 1nformat10n from independent sources and it is
associative. We will thus consider the mapping X@(wl,wz) Xi(w1) © Xg(wg) which we
will assume to be 01 ® 09-0¢ strongly measurable. B B

As in the crisp case recalled in Section , if hgt(X;(w1)X2(w2)) = 0, the two interpre-
tations w; and w, are inconsistent and they must be discarded. If hgt(X;(w;)Xa(ws)) = 1,
the two interpretations are fully consistent. If 0 < hgt(X;(w;)X2(ws)) < 1, w; and w, are
partially consistent. As proposed in [9], instead of simply discarding only fully inconsistent
pairs (wy,ws), it makes sense to give all pairs (wy,ws) a weight proportional to the degree of
consistency between X (w;) and Xa(ws). This can be achieved by conditioning P; x P, on
the fuzzy set ©* of consistent pairs of interpretations, with membership function

é*(w:[,UJQ) = hgt <)?1(w1) . )?2(w2)> )

Using Zadeh’s definition of a fuzzy event [37], we get the following expression for the condi-
tional probability measure Pjs = (P X P)(- | ©*), for any B € 01 ® 09:

(P x B)(BNEY) _ Jo, Jo, Blerw)ht (Ki(wn) - Xaws)) dPy(wn)dPy (1)

P12 B = =
)= (P x P2)(©7) Jo, Jo, het ( 1(wy) - X2(w2)> dPy(wo)d Py (wy)

where B(-,-) denotes the indicator function of B. This conditioning operation, called soft
normalization was first proposed in [35] in the finite case and with a different justification.
The combined random fuzzy set

(Ql X QQ,UI X o9, ﬁl?; 670-@7)}@)

is called the orthogonal sum of the two pieces of evidence. This operation generalizes both
Dempster’s rule and the normalized product of possibility distribution. We will refer to it
as the generalized product-intersection rule, and it will be denoted by the same symbol & as
Dempster’s rule. It is clear that XX 0= = X for any random fuzzy set X and any vacuous
random set XV o on the same domain ©. The degree of conflict between two random fuzzy
sets X; and X5 is naturally defined as

k=1 — (P x P)(87) =1 _/Q /ﬂ ngt (Ku(w)alun) ) dPs(w)dPy(w).  (19)
16



The associativity of @ was proved in [9] in the finite case; we give a similar proof in the
general case.

Proposition 4. The generalized product-intersection rule & for random fuzzy sets is com-
mutative and associative.

Proof. See O

The following proposition states that a counterpart of Proposition [2| is still valid when
combining independent random fuzzy sets, i.e., the combined contour function is still pro-
portional to the product of the contour functions.

Proposition 5. Let )?1 and )?2 be two random fuzzy sets on the same domain ©, with
contour functions plg —and plg —and with degree of conflict k defined by . The contour

Junction plg o5, of X, @ Xo verifies

L+ (0)pls (0
(lse)0) = PR (20)
for all 6 € O.
Proof. We have
Jo Jo, et (Xi(wi) - Xo(ws) ) Xo(wr,ws)(0)dPa(ws)d Py (w:)
(Plg,0x,)(0) = ( 1> — :
o ot (B () Taln) SRS )Py o)
N 11—k«
(o, Tu@)@)dPi ) ( fo, Kalwn)(O)aPo(w2))
N 1—k
plz, (0)pl%,(0)
- 1—k )
O

As remarked in Section a belief function induced by a random fuzzy set is also
induced by a random (crisp) set. However, combining random fuzzy sets or random crisp
sets does not result in the same belief function in general. In particular, it is well-known that
Dempster’s rule does not preserve consonance. To combine two belief functions, we must,
therefore, examine the evidence on which they are based, not only to determine whether the
bodies of evidence are independent or not, but also to determine whether the evidence is
fuzzy or crisp. This point is illustrated by the following example.
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Figure 2: (a): Two Gaussian possibility distributions (black solid curves) with their normalized product
intersection (red broken curve) and the contour function of the combined random set (blue solid curve).
(b): Lower and upper cdf’s of the combined possibility distribution (red broken curves) and of the combined
random set (blue solid curves).

Example 7. Consider the following two mappings from R to [0, 1] represented in Figure :
m(z) = GFN(0,0.3), ma(x) = GFN(1,0.5).

If these two mappings are possibility distributions encoding fully reliable but fuzzy evidence,
they correspond to “constant random fuzzy sets”, i.e., mappings X1(w) = m and Xo(w) = m
with P({w}) = 1. The combined random fuzzy set X, @ X, is then defined by (X, 6 X,)(w) =
m ® my. From Proposition[3, the normalized product of two GFN’s is a GFN. Here, we get
the combined possibility distribution plotted as a red broken curve in Figure [2d\:

(m1 © me)(z) = GFN(0.625,0.8).
The corresponding lower and upper cumulative distribution functions (cdf’s) are, respectively

0 if ¥ < 0.625

Belg o5, ((—00,1]) =
€ X1€BX2(( o0 33]) {1 — exp (—0,4(3;' — 0.625)2) if © > 0.625

and
exp (—0.4(z — 0.625)?) if x < 0.625

1 if > 0.625.
18

P&@&Kﬂwwbz{



These two functions are plotted as red broken curves in Figure [2Y. Alternatively, as ez-
plained in Section (2.1, we may see m; and 7y as encoding crisp but partially reliable evidence,
in which case they define two independent consonant random intervals X,(ay) = “mr; and
X(ay) = 2wy , where (a1, ) has a uniform distribution on [0,1])2. These two random
intervals can be combined numerically using Monte-Carlo simulation, as explained in [20)].
The contour function and the lower and upper cdf’s are plotted as solid blue lines in Fig-
ures and respectively. We notice that the contour functions are proportional, as a
consequence of Proposition .

3.3. Marginalization and vacuous extension
Let us now consider again the case where we have two variables 8, and 05 with respective
domains ©; and ©,. Let )?12 be a random fuzzy set from a probability space (€2, 0q, P) to
the measurable space (©12,0¢,,) With ©15 = ©1 X O3 and 0g,, = 0, ® 0g,, Where g, and
0o, are g-algebras on ©; and O, respectively. Let X, be the mapping from € to [0,1]®1
defined by B B
Xi(w) = Xia(w) | 64,

where, as before, | denotes fuzzy set projection. If, for all a € [0, 1], the mapping a X, is
oo — 0e, strongly measurable, then the random fuzzy set X 1 is called the marginal of X 12
on O;.

Conversely, given a random fuzzy set X, from (Q,0q, P) to (01, 00,), let )?IT(IQ) be the
mapping from © to [0,1]®2 that maps each w € € to the cylindrical extension of X, (w) in
O12 _ _

Xita2) (W) = Xi(w) X Oy,
i.e., for all (0, 6;) € O12, N N
X2 (w)(01,02) = X1(w)(01).

If the mapping X 11(1,2) 18 0q — 0@, strongly measurable, then the random fuzzy set )NQT(LQ)

is called the vacuous extension of X; in ©qs.
We say that a joint random fuzzy set is non-interactive if it is equal to the orthogonal
sum of the vacuous extensions of its projections:

X12 = ‘SZ]-T(LQ) &P )N(QT(LQ) denoted as Xl D XQ.
A particular kind of non-interactive random fuzzy sets will be studied in Section [5.3]

3.4. Application to statistical inference

Epistemic random fuzzy sets naturally arise in the context of statistical inference. As
proposed by Shafer [29] and formally justified in [7][8], the information conveyed by the
likelihood function in statistical inference problems can be represented by a consonant belief
function, whose contour function is equal to the relative likelihood function. For a statistical
model f(x,0), where & € X is the observation and # € © is the unknown parameter, the
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likelihood-based belief function Bel(-,x) on © after observing x is, thus, consonant and
defined by the contour function

L(6;x)

[(6: =
plt: ) supgce L(0'; )’

(21)

where L(-,x) : § — f(a;0) is the likelihood function, and it is assumed that the denominator
in is finite. The corresponding plausibility function is, thus, defined by

Pl(A;x) = sup pl(0; x)
oA

for any A C O, i.e., it is a possibility measure. However, as noticed by Shafer in [29] and
[31], and also discussed in [7], this construction is not compatible with Dempster’s rule: if
we consider two independent observations & and @', the belief function Bel(-; x, ') is not
equal to the orthogonal sum Bel(-;x) @& Bel(-;&’), which is not consonant. As argued in
[9], this problem disappears if we do not consider the likelihood-based belief function to
be induced by a consonant random crisp set, but by a constant random fuzzy set §$ with
membership function 0,(0) = pl(0;x). We can interpret 6, as the fuzzy set of likely values
of # after observing . Combining the contour functions by the normalized product
intersection rule then yields the correct result, i.e., the constant random fuzzy set gw,w/ with
membership function gm,m/(H) = 0,(0) © O (0).

Now, consider a prediction problem, where we want to predict the value of a random
variable Y whose distribution also depends on 6. We can always write Y in the form
Y = ¢(0,U), where U is a pivotal random variable with known distribution [19] 20]. After
observing the data @, our knowledge of 6 is represented by the fuzzy set (ij Conditionally
on U = u, our knowledge of Y is, thus, represented by the fuzzy set Y (u) = p(0,,u), with
membership function

Y (u)(y) = N feuf): 0 ().

The mapping Y iu— ?(u) is, then, a random fuzzy set representing statistical evidence
about Y.

Example 8. Let X = (Xi,...,X,) be an independent and identically distributed (iid)
Gaussian sample with parent distribution N(0,1), and let Y ~ N(0,1). After observing a
realization x of X, the likelihood function is

1 n
e — —n/2 - )2
L(0;x) = (2m) exp ( 5 ;:1 (x; — 0) ) :
Denoting by 0 the sample mean, the fuzzy set 5:,3 of likely values of 6 after observing x is the

relative likelihood L(0: )
~ . a: n o~
0,(0) = —= —exp(—=(0 —6)?).
O p(-50-9?)
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It is the Gaussian fuzzy number GFN(@, n) with mode 0 and precision n. Now, Y can
be written as Y = 0 + U, with U ~ N(0,1). Consequently, the conditional posszbzlzty
distribution on Y given U = wu s the Gaussian fuzzy number Op + u = GFN(@ + u,n),
and our knowledge of Y is described by the random fuzzy set U — GFN(@ + U,n), with
U ~ N(0,1). This is a Gaussian fuzzy number with fized precision h = n and normal
random mode M = 0 + U ~ N(é\, 1). This important class of random fuzzy sets will be
studied in the next section.

4. Gaussian random fuzzy numbers

In this section, we introduce Gaussian random fuzzy numbers (GRFN’s) as a practical
model for representing uncertainty on a real variable. As we will see, this model encompasses
Gaussian random variables and Gaussian fuzzy numbers as special cases. A GRFN can be
seen, equivalently, as a Gaussian random variable with fuzzy mean, or as a Gaussian fuzzy
number with random mode. The definition and main properties will first be presented in
Section 4.1} The expression of the orthogonal sum of two GRFN’s will then be derived in
Section [£.2] Finally, arithmetic operations on GRFN’s will be addressed in Section

4.1. Definition and main properties
Definition 1. Let (2, o, P) be a probability space and let M : Q@ — R be a Gaussian random
variable with mean p and variance 0. The random fuzzy set X : Q — [0,1]% defined as

X (w) = GFN(M (w), h)

is called a Gaussian random fuzzy number (GRFN) with mean u, variance o and precision
h, which we write X ~ N(u, 02, h).

In the definition of a GRFN, pu is a location parameter, while parameters h and o>
correspond, respectively, to possibilistic and probabilistic uncertainty. If h = 0, imprecision
is maximal whatever the values of u and o%: the GRFN X then induces the vacuous belief
function on R, in which case Bely(A) =0 for all A C R, and Pl(A) =1 for all A C R such
that A # (); such a GRFN will be said to be vacuous and will be denoted by X ~ N(O, 1,0).
If h = +o0, each fuzzy number GFN(M (w), h) is reduced to a point: the GRFN X is then
equivalent to a Gaussian random variable with mean y and variance o2, which we can write:
N(u,0% +00) = N(u,0?%). Another special case of interest is that where o = 0, in which
case M is a constant random variable taking value p, and X isa possibilistic variable with
possibility distribution GFN(u, k).

The following proposition gives the expression of the contour functions plg(x) associated
to X.

Proposition 6. The contour function of GRFN X ~ N(u, o2, h) is

R SN G ICE D)
pli(e) = e (- ). (22)
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Proof. See s

A shown by Proposition |§| the contour function pl; is constant in two cases: if h = 0,

X is vacuous, and plg(z) = 1 for all z € R; if h = +o0, X is a random variable, and
plg(z) = 0 for all z € R. We also note that, if 0 = 0, pl; is equal to the possibility
distribution GFN(y,h). When o? — +o00 and h > 0, plg(x) — 0 for all . The next
proposition gives the expressions of the belief and plausibility of any real interval.

Proposition 7. For any real interval [z,y], the degrees of belief and plausibility of [z, y]
induced by the GRFN X ~ N(u, 2 h) are, respectively,

Bl ([, y]) = @ (t“) 9 (5”;“) _
st F’((x?yﬁ”) (o)
0 o () - (
and
<MﬂmWD:¢(y;“)—®<x; )+m <\ﬁ377)+
s |1-0 ()] e

it )] e

Proof. See O
Corollary 1. The lower and upper cdf’s of the GRFN X ~ N(u, o2, h) are, respectively
Yy—H Yy— K
Belgz((—o00,y]) =P | =—— | —pls(y)® | — 25
X(( y]) ( o > pX(y) (O_\/m) ( )
and
Yy — p Yy — p
Pli((—o0,y]) = | =—— | +pls 1-0 | ——— | . 26
wloch = (T8 el |1-0 (A2 20
Proof. Immediate from Proposition [7| by letting = tend to —oo in (23) and O]

We can easily check from and that Bel([z,y]) and Plg([z,y]) both tend to
o (%) -0 (%) when h — oo, which is consistent with the fact that a GRFN with infinite
precision is equivalent to a Gaussian random variable. Finally, the following proposition gives

the expressions of the lower and upper expectations of a GRFN.

Proposition 8. Let X ~ N(u, 02, h) be a GREN with h > 0. Its lower and upper expecta-
tions are, respectively,
~ T ~ T

EJX)=p—1/== and E*(X)=p—+ o

o (27)
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Proof. See s

As expected, we can see from that the lower and upper expectations boil down to
the usual expectation u when h = 4-00.

4.2. Orthogonal sum of Gaussian fuzzy random numbers B B
_ In this section, we derive the expression of the orthogonal sum X; & X, of two GRFN’s
X, and X5. We start with the following lemma.

Lemma 1. Let My ~ N(uy,0%) and My ~ N(p2,03) be two independent Gaussian random
variables, and let F' be the fuzzy subset of R? with membership function

F hyha(my — mg)?
F(my,ms) = hgt (GFN(m1, h1) - GFN(ma, hs)) = exp (_ 122((hml+ hn;@) ) |
1 2

The conditional probability distribution of (M, Ms) given F is two-dimensional Gaussian
with mean vector it = (fi1, fi2)T and covariance matriz

with
- 1+ ho2) + usho?
IU/l — lu1< _ 22> Mj 1 (28&)
1+ h(of + 03)
_ 1 4 ho?) + uyho?
1+ h(o% + 03)
_ 2 1 E 2
7 = 70T ho) (28¢)
1+ h(of + 03)
_ 2(1 + ho?
52— % +2 "1)2 (28d)
1+ h(o% + 03)
h— oo (28¢)
V(1 +To2)(1+Fiod)
where -
=12 28f
hy + ho (286)

Furthermore, the degree of conflict between two independent GRFN’s X, ~ N(ul,a%,hl)
and X2 ~ N(,LLQ, O'%, h2) 18

k=1-— // f(ml,mz)ﬁ(ml,mg)dmldmg =
0102 L[pd | 43 1 o b [ fi2
1— \/l—erxp{——[—Q—l-— —l—m = =5 —2p ;

0109 2 |02 o2 o1 05 0109
where f(my, ms) is the pdf of random vector (My, My).
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Proof. See [Appendix F| O

Proposition 9. Let X1 ~ N(u1, 02, hy) and Xo ~ N(pa, 02, hs) be two independent GRFN’s,
and assume that hy > 0 or hy > 0. We have

)?1 7] )22 ~ N(ﬁlQa 5%27 h12)7

with
his = hy + ha, (29)
- hfiy + hafia
= 30
H12 hy + hy (30)
and

(hy + hs)?

where (11, 12, 01, 02 and p are given by in Lemma .

Proof. Let My and M, be the Gaussian random variables from (Ql, o1, Pl) and (Q2, 09, PQ) to
(R, Br) corresponding, respectively, to GRFN’s X, ~ N(p1,02,hy) and X, ~ N(M2, o3, ).
The orthogonal sum of X, and X, is the random fuzzy set (Q1 x Qo, 01 R 09, Py, R, B, X@)
where X@ is the mapping

5(:@ : (wl,wg) — GFN(Mlg(wl,WQ), hl + hg),
with

thl(wl) —+ hQMQ(CdQ)
hi + hy ’

MlZ(UJlaWZ) =

and ~]512 is the probability measure on §2; x €25 obtained by conditioning P, x P, on the fuzzy
set ©* (w1, we) = hgt (GFN(M;(wy), h1), GFN(Ms(w2), he)). From Lemma the pushforward
measure of _ﬁlg by the random vector (M, M) is the two-dimensional Gaussian distribution
with parameters (fiy, fie, 01,02, p). Consequently, M, is a Gaussian random variable with

mean - -
haE(My) + hoE(My) o hafiy + hafto

E(M _
(Mio) = hy + hso hi+hy

and variance

h2Var(My) + h3Var(Ms) + 2hyheCov (M, My)
(h1 + ho)?

 hio: + h3os + 2phihy010,

B (hy + hy)?

Val"(Mlg) =
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Let us now consider some special cases in which one of two GRFN’s is a Gaussian random
variable. The next proposition states that the orthogonal sum of a Gaussian random variable
and an arbitrary GRFN with finite precision is a Gaussian random variable.

Proposition 10. Let X, ~ N (1, 02) be a Gaussian random variable and Xo ~ N (2, 02, hs)
a GRFN with finite precision hy < +00. Their orthogonal sum is a Gaussian random vari-
able X1 D X2 ~ N(ﬁlg,a:%) with

T — p1(1 + hoo3) 4 pohoo?
2 1+ ho(o? + 03)

, (32)

2 2
= 33
12 1+ ho(of + 03)’ (33)
and the probability density of X; © X, is proportional to the product of the pdf of X1 and
the contour function of X.

Proof. See O

The following corollary addresses the special case where X, is a possibilistic GRFN.

Corollary 2. Let X; ~ N(uy,02) be a Gaussian random variable and Xo ~ N (12,0, hy) a
possibilistic GREN. Their orthogonal sum X1 & Xy is a Gaussian random variable and its
distribution is the conditional distribution of Xy given the fuzzy event GFN(uso, hs).

Proof. From Proposition , X, @ Xy ~ N(Jirz, 52,) with

~ Hn1 + ,uthO%
Haz 1 + hQU%

Now, we know from Proposition 10| that the density of X & X, is proportional to the product
of the density of X; and the contour function of Xy, which is ¢(x; us, hy). Consequently, we

have , ,
Feng@) = —2 (-5 ) e (-5
xie%\ ) = T 1 (—p1)? ha(z—pip)? ’
J 27 &XP (‘5 o7 ) eXp (_2?1+hgj§)> dx
which is the conditional density fy, (z|GFN(uz, hs)). O

Finally, another special case of interest is when both GRFN’s are Gaussian random
variables. This case is addressed by the following corollary.

Corollary 3. Let X; ~ N(u1,0%) and Xy ~ N(uz,03) be two Gaussian random variables.
We have X1 & Xy ~ N(fi12, 035) with

2 2 2 92
~ H105 + 207 ~9 0105
=—=———= and = .
H12 o2t o2 J12 o2+ 03
Proof. Immediate from Proposition [L0| by letting hs tend to 400 in (32)) and (33)). O
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4.8. Arithmetic operations on GRFN'’s

Arithmetic operations can be extended to fuzzy numbers using Zadeh’s extension prin-
ciples [14, 12]. More precisely, let A and B be two fuzzy numbers, and let * be a binary
operation on reals. Then the fuzzy number C = A x B is defined as

C(c) = sup min(A(a), B(b)).

c=axb

The membership function Cis equal to the possibility distribution on ¢ = a * b, if @ and b
are constrained, respectively, by possibility distributions A and B. Unary or n-ary opera-
tions can be extended from real to fuzzy numbers in the same way. For a certain class of
fuzzy number called LR-fuzzy numbers [14], page 54|, closed-form expressions exist for the
addition, subtraction and scalar multiplication of fuzzy numbers. In particular, Gaussian
fuzzy numbers with positive precision are LR fuzzy numbers and they verify the following
equalities [25]:

GFN(my, hy) + GFN(my, h) = GFN(my + ma, (hy 'V + hy /%) 72)

GFN(my, h1) — GFN(mq, hy) = GFN(m; — ma, (hflﬂ + h2_1/2)_2)

A - GFN(m, h) = GFN(Am, h/)\?), VA€ R.

As addition of fuzzy numbers is associative, we can express the linear combination of n

GFN’s as )
> " Xi - GFN(m;, hy) = GFN [ >~ A\my, <Z|/\i|h;1/2> : (34)
=1 =1 =1

Now, let us consider n independent GRFN’s X; from probability spaces (4, 0;, P;) to [0, 1]®
defined by B
Xi(w) = GFN(M;(w), h;)

for all w € €);, where M, is a Gaussian random variable with mean p; and standard deviation

0;, and h; > 0. Let
X=>"\X,
i=1

be the random fuzzy set from (; X ... X Q,, 01 ® ... @0y, Py X ... X B,) to [0,1]% defined
by

X(wi, o wn) = Y A - GEN(M;(w;), ).
=1

If each GRFN )?Z represents our knowledge about the value of some quantity X;, X represents
our knowledge about X = Y1 | \;X;. From (34), X ~ N(u,0,h) with

n n n -2
= i, o*=3Y No? and h= (Z \)\i]hiW) .
=1

i=1 =1
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5. Gaussian random fuzzy vectors

In this section, we introduce Gaussian random fuzzy vectors (GRFV’s), an extension of
the model presented in Section [4] allowing us to describe knowledge about multidimensional
quantities. The main definitions and properties are first introduced in Section The
expression of the orthogonal sum of two GRFV’s is then given in Section [5.2] after which
the marginalization and vacuous extension of GRFV’s are described in Section [5.3] Finally,
our model is compared to Dempster’s normal belief function model in Section [5.4]

5.1. Definition and main properties

We consider a p-dimensional variable 8 taking values in RP. Knowledge about 8 may be
encoded as a p-dimensional Gaussian fuzzy vector, defined as follows.

Definition 2. We define the p-dimensional Gaussian fuzzy vector (GFV) with center m €
R? and p x p symmetric and positive semidefinite precision matrix H as the normalized
fuzzy subset of RP with membership function

i m, 1) = exp (o~ m)TH@ - m) )

denoted as GFV(m, H).

As shown in [27], the normalized product of two GFV’s is still a GFV. The following
proposition generalizes Proposition

Proposition 11. Let GFV(m,, H) and GFV(my, Hs) be two p-dimensional GFV’s with
positive definite precision matrices Hy and Hy. We have

<P(33; m17H1) : @(w;mz,Hz) = <P(93;m12,H12)><

exp (=i — o) (B 4 HY) ) ).

with
mqp = (H,4 +H2)_1(H1m1 + Hyms) and Hyy = Hy+ Ho.

Consequently, the following equation holds:
GFV(my, Hy) ® GFV(my, Hy) = GFV(myy, Hys),
and the height of the product intersection between GFV(my, Hy) and GFV(m,, Hs) is
hgt (GFV(my, H,), GFV(m,, H,)) = max o(x;my, Hy)p(x; mo, H) (35a)
= exp (—l(ml —my) (H{'+ Hy") ' (m, — mg)) :

2
(35b)
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Equipped with the notion of GFV, we can now introduce a model of random fuzzy set
that can be seen as a GFV whose mode is a multidimensional Gaussian random variable.
This model is defined formally as follows.

Definition 3. Let (2,00, P) be a probability space, M : Q2 — RP a p-dimensional Gaussian
random vector with mean p and variance matriz 3, and H a p X p symmetric and positive
semidefinite real matriz. The random fuzzy set X : Q — [0,1]%" defined as

X(w) = GFV(M (), H)
is called a Gaussian random fuzzy vector (GRFV), which we denote as X ~ N(u, Y. H).

The following proposition generalizes Proposition [6]

Proposition 12. The contour function of GRFV X ~ N(/,L,E,H) with positive definite
precision matriz H is

(@) = g e (—5le W H 5 @)

where I, is the p-dimensional identity matrix.

Proof. See [Appendix H] O

5.2. Orthogonal sum of Gaussian random fuzzy vectors

The practical interest of GRFV’s arises from the fact that they can be easily combined
by the generalized product-intersection rule. The following lemma and proposition, which
generalize, respectively, Lemma(l]and Proposition [9 give us the expression of the orthogonal
sum of two GRFV’s.

Lemma 2. Let My ~ N(p;,%1) and My ~ N (s, X2) be two independent Gaussian p-
dimensional random vectors and let Hy and Hy be two symmetric and positive definite p X p
matrices. Let F be the fuzzy subset of R?P with membership function

F(ml,mg) = hgt(GFV(ml,Hl) . GFV(mQ,Hg)) s

and let M be the 2p-dimensional vector (M, Ms). The conditional probability distribution
of M given F is 2p-dimensional Gaussian with mean vector g and covariance matriz X

defined as follows:

with



Furthermore, the degree of conflict between two GRFV’s X ~ N(ul,zl,Hl) and Xy ~

N([,LZ, 22, Hz) 18

k=1-— f(my, mo) F(my, my)dmdmy =
R2p
|i’ { | Tyv—1 ~T~_1~}
Y L S R R
’21“22’ p 2 ,’l’l 1 l“l’l IJ’Q 2 l’l’2 l’l’ I‘l’
Proof. See [Appendix T O

Proposition 13. Let X; ~ N(uy, 1, Hy) and Xo ~ N(py, 3o, Hs) be two independent
GRFV’s. We have L B B
X1 @ Xy ~ N(pyg, 12, Hio)

with
H,, = H, + H,,
Py = AL,
and B B
Y =AXAT

where A s the constant p X 2p matriz defined as
A — H1_21 (Hl HQ) .

Proof. Let M and M be the Gaussian random vector from (Q, 01, P1) and (QQL o9, P3) to
(RP, Bgr) corresponding, respectively, to GRFV’s X; ~ N(py, X1, Hy) and Xy ~ N(py, 3o, Hs).
The orthogonal sum of X; and X5 is defined by the mapping

5(:@ : (wl,wg) — GFV(Mlg(wl,WQ),Hl + Hg)
with

_ M
M, = (H,+ H,) '(HM, + HyM,) :A(M;)v

where A is the p x 2p matrix

A= (H,+H,) ' (H, H,),
and the probability measure ﬁlg on §2; X €2 obtained by conditioning P; x P, on the fuzzy set
O*(w1,ws) = hgt (GFV(M 1 (w1), H1), GFV(M2(w2), H>)). From Lemma , the pushforward

measure of Pjs by the random vector (M, M) is the p-dimensional Gaussian distribution
with parameters (@, ¥). Consequently, M, is a Gaussian random vector with mean

E(My,) = An
and variance

VaI‘(Mlg) = AiAT
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5.8. Marginalization and vacuous extension

In this section, we consider the marginalization and vacuous extension (defined in Section
of a GRFV. We assume that variable 0 taking values in R? is decomposed as 8 = (61, 0)
with 8, € ©; = RP* and 0, € ©, = R* for 0 < k < p.

Marginalization. We start with the following lemma.

Lemma 3. Let F = GFV(m, H) be a p-dimensional Gaussian fuzzy vector with mode
m = (my, my), where m; € ©; = RP* and my € O, = R* for 0 < k < p, and precision
matriz H with block decomposition

H, H,,
H = .
(H21 H22>

Assume that Hoo is nonsingular. The projection of F on ©1, denoted as F 1 O1 is the
Gaussian fuzzy vector GFV(my, HY,) with

Hlll - Hl - H12H2_21H21.

Proof. See .

Let us now consider a p-dimensional GRFV X ~N (u, X, H) representing partial knowl-
edge about 8 = (01,0). The marginal RFS for 6, is given by the following proposition,
which follows directly from Lemma [3]

Proposition 14. Let X ~ N(p,, 3, H) by a p-dimensional GRFV taking values in 2°, with
© = 0, x O,, where O = RP* and Oy = R* for 0 < k < p. Let u = (uy, py) with p, € 6,
and p, € O9, and consider the block decompositions

211 212 Hll H12
3y = d H= .
(221 222) o <H21 H22>

Assume that Hos is nonsingular. The marginal of X on © is the GRFV X, ~ N(py, £11, H';,)
with
Hlll - H11 - H12H2_21H21.

Vacuous extension. We now consider a Gaussian fuzzy vector GFV(my, Hy;) in ©1 = RP—F
for 0 < k < p. Its cylindrical extension in © = ©; x O,, with O, = R¥ has the following
membership function

1
(,0(%) = exp (—5(581 — ml)THH(azl — m1)> N
which can be written as

() = exp (—%@ —m)H(x - m>) |
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where m is the p-dimensional vector
_ (™
()
. Hll 0
e (09) o

Given a GRFV X; ~ N (py, 311, Hyy) taking values in 291 it follows immediately that
its vacuous extension in © = ©; X O, is the GRFV

and H is the p X p matrix

)?m(m) ~ N(Na ¥, H)

(M _(Hy 0
n= (%) == (%" 7).

where Iy, is the k x k identity matrix, and H given by (37).

with

Noninteractivity. In Section we defined the notion of noninteractive random fuzzy vec-
tor. The following proposition gives a necessary and sufficient condition for a GRFV to be
noninteractive.

Proposition 15. A p-dimensional GRFV X ~ N(u, 3., H) is non-interactive iff matrices
3 and H are diagonal.

Proof. Let )?1, . )? be the marginals of X on each of the p coordinates. Let of,... ,02

and hy,..., h, be the dlagonal elements of, respectively, 3 and H. Let ) be the set of
departure of X. Let XZT 1.p) denote the vacuous extension of X; in R?, defined by

Ko@) = exp (5 s = Me)?)

with M; ~ N(u;,0?). The orthogonal sum

X' = Xiyap) ® - ® Xppi)

is given by
_ pr (o= M)7) = e (3o - M) H @ - M)

where H' is the diagonal matrix with diagonal elements hy,...,h,, and M’ is a random
vector with mean p and diagonal covariance matrix X' with diagonal elements o2, ... ,012).

We have X = X' iff H = H' and ¥ = ¥, ie., if both H and ¥ are diagonal. O
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5.4. Comparison with Dempster’s normal belief functions

In [5], Dempster introduced another class of continuous belief functions in RP, called
normal belief functiond] It is interesting to compare Dempster’s model with ours, as both
models generalize the multivariate Gaussian distribution. A normal belief function Bel on
R? as defined in [5] is specified by the following components:

e An n-dimensional subspace S of R?;

e A g-dimensional partition IT of S into parallel n — ¢ dimensional subspaces; (If ¢ = 0,

II = {S});

e A full-rank ¢g-dimensional Gaussian distribution N(u, ) on IT if ¢ > 0, or the discrete
probability measure with mass function m(S) =1 if ¢ = 0.

Belief function Bel is then induced by a random set from II, equipped with the normal
distribution N (u, X)) if ¢ > 0 or probability mass function m if ¢ = 0, to the corresponding
family of parallel n—q dimensional subspaces of S. The following special cases are of interest:

1. If p=n = q, Bel is a Gaussian probability distribution on RP;

2. If p > n = q, Bel is a Gaussian probability distribution limited to an n-dimensional
subspace of R?;

3. If p=mn and q =0, Bel is vacuous;

4. If ¢ = 0 while p > n > 0, Bel is logical with S as its only focal set; it is then equivalent
to specifying p — n linear equations;

5. If n = ¢ =0, the true point in R? is known with certainty.

Like GRFV’s, Dempster’s normal belief functions thus include the vacuous belief function,
Gaussian probability distributions, as well as vacuous extensions of marginal Gaussian dis-
tributions. However, the two models are clearly distinct. Dempster’s model is based on
the combination of Gaussian probability distributions and linear equations, and is specially
useful in relation with linear statistical models such as the Kalman filter [5] or linear regres-
sion [24]. In contrast, in the GRFV model, focal sets are fuzzy subsets of R” (n < p) with
Gaussian membership functions, or cylindrical extensions of such fuzzy subsets. This model
allows us to represent not only probabilistic and logical evidence, but also fuzzy informa-
tion. In particular, it includes Gaussian probability distribution and Gaussian possibility
distributions as special cases. We could attempt to design an even more general model
that would contain both Dempster’s normal belief functions and belief functions induced by
GRFV’s as special cases. Such a model would allow us to reason with Gaussian probability
and possibility distributions as well as with linear equations. The rigorous development of
such a model is left for further research.

1Ref. [5] was actually available as a working paper from the Statistical Department of Harvard University
since 1990, but it only appeared as a book chapter in 2001.
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6. Conclusions

In this paper, continuing a study started in [9] with the finite case, we have introduced
a theory of epistemic random fuzzy sets in a general setting. An epistemic random fuzzy
set represents a piece of evidence, which may be crisp or fuzzy. This framework generalizes
both epistemic random sets as considered in the Dempster-Shafer theory of belief functions,
and possibility distributions considered in possibility theory. Independent epistemic ran-
dom fuzzy sets are combined by the generalized product-intersection rule, which extends
both Dempster’s rule for combining belief functions and the product intersection rule for
combining possibility distributions.

In addition, we have also introduced Gaussian random fuzzy numbers (GRFN’s) and
their multidimensional extensions, Gaussian random fuzzy vectors (GRFV’s) as practical
models of random fuzzy subsets of, respectively, R and R? with p > 2. A GRFN is described
by three parameters: its mode m, its variance o? and its precision h. In this setting, a
Gaussian random variable can be seen as an infinitely precise GRFN (h = +00), while a
Gaussian possibility distribution is a constant GRFN (¢ = 0). A maximally imprecise
GRFN such that h = 0 is said to be vacuous: it represents complete ignorance. In GRFV’s,
the mode becomes a p-dimensional vector, while the variance and precision become positive
semi-definite p X p square matrices. The practical convenience of GRFN’s and GRFV’s arises
from the fact that they can easily be combined by the generalized product-intersection rule.
Also, formulas for the projection and marginal extension fo GRFV’s have been derived.

This work opens up several perspectives. Using random fuzzy sets and, in particular,
GRFN’s to represent expert knowledge about numerical quantities will require the develop-
ment of adequate elicitation procedures. We also consider using this framework in machine
learning, to quantify prediction uncertainty in regression problems. Finally, the extension
of the model introduced in this paper to take into account linear equations, as well as the
development of computational procedures for reasoning with GRFV’s over many variables
are promising avenues for further research.
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Appendix A. Proof of Proposition

Commutativity is obvious. To prove associativity, let us consider three random sets
(Q4,04, P;,0,00,X;),1=1,2,3. Consider the combined random set

(91 X Qo X Q3,01 @ 09 ® 03, Pya3, 97097710203); (A-l)
where o o o o
Xingns(wr,wa,w3) = Xi(wr) N Xo(wa) N X3(ws),
P123:(P1 XP2XP3)('|@T23)>
and

g3 = {(w1,wa, w3) € Vg X Dy X Q1 Xonz(wr, wa, w3) # 0}

We will show that we get the same result by combining X, with X, first, and then combining
the result with X'5. Combining the first two random sets, we get

(U X o, 01 @ 02, P12,0,00, X1m2),
with X 1ra(wr, ws) = X1 (w1) N Xg(ws), Pia = (P, x P)(- | ©%,) and
O7 = {(w1,w2) € Y x Oy 17102(601,002) # (0}
Combining it with X3 we get

(U x 2y x Q3,00 @02, @ 03,P(12)3,@,Ue,71m2m3), (A.2)

with Prgjz = (P2 X Ps)(- | ©7,3). Comparing (A.1)) and (A.2), we see that we only need to
show that Pgy3 = Pias. For any event C' C ©7,3 and any w3 € Qg, let C,,, = {(w1,ws) €
Qy X Qo @ (w1, ws,ws3) € C'}. By definition of the product measure Py x P3 (see [I8, page
144]), we have

o) = G Aoy ~ (P Aoy ] PR (43

Now, as C' C O%,,, for any (wy,ws) € C.,, X1(w1) N Xo(ws) # 0. Consequently, C,,, C ©%,,
SO

(P x P)(C.,)
(P1 x P,)(©7,)
35
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From (A.3)) and (A.4)), we get

Puas(C) = (Pr2 x P3)(@1‘231)(P1 x P)(07,) /(Pl X P2)(Clo JdPs(02) (A-5a)
B (P, x P, x P3)(C)
= [P = Py)(Op)(B1 x P2)(0h) (A.5)
Now,
Piay(C) = AP X X T (A.6)

(Pl X Py x P3)(@>f23)'

As P2)3(O7a3) = Pi23(0753) = 1, the denominators in (A.5b) and (A.6) are equal, and
Puagys = Pros.

Appendix B. Proof of Proposition
Commutativity is obvious. To prove associativity, consider three random fuzzy sets
(Qiao-ia-Pi)@?O-@)jZi): 1= 1a273'

Let é{Q be the fuzzy subset of €2 x €2y with membership function
O}a(wr,ws) = het (551(001)552(002)) :

and let @)’(“12)3 and é’{23 be the fuzzy subsets of 2; x Q5 x (23 defined, respectively, as

Suzwn, wa, ) = ht (| Ki(wn) © Ka(wn)| Kaen))

and

O, (w1, wa, w3) = hgt (Xl(wl))’ZQ(wg)X3(w3)) .

Let Piy = (Prx Py)(- | ©5), Pz = (Prax Py)(- | ©}1)5), and Prag = (Pyx Pyx P3)(- | ).
We only need to show that Pi9)3 = Pio3. For any B € 01 ® 03 ® 03, we have

Prass(B) o /Q i /Q 3B(w1,w2,w3)hgt([)?1<w1)@)?2(w1)] Raln)) dPy(wn)dPra(ur, 2)

o /91 /Q2 /Q3 B(wy, ws, w3 )hgt ([yl(wl) @)?2((,01>:| )?3(0)3)) X
hgt (551(@1)5(2 (wz)) APy (w3)d Py(ws)d P, (w1).

Now,

=~ =~ =~ . X’l(wl))?g(wl) =~ w
hgt (| X1(w1) © Xa(wn)| Xa(ws)) = het (hgt AP AT 3>)

_ hgt()zl(ﬂil))@(@))@(%))
hgt( X1 (w1)Xa(w1))
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Hence,

which proves that f’(lg)g = ]3123, and the associativity of ®.

Appendix C. Proof of Proposition [6]
We have

pls(x) =En[p(z; M, h)]

=[ o (; m, B)p(m; s, o )edm

o0

0\}% /:O exp (—g(m — m)2> exp (—%) dm.

From Proposition [3] the integrand can be written as

with
_ zh+p/o*  xho®+p
Ho = h+1/c2  ho®+1
and
1 o
oo = = :
"\ h+1/o2 /11 ho?
Consequently,
_ 1 hz —p)*\ [T (m — po)”
pls () = exp (—2(1 ho?) /_OO exp | — 202 dm

o0v/In
1 . h(z — p)?
=——exp|——" .
V1+ ho? P 2(1 + ho?)

Appendix D. Proof of Proposition [7]

Paas(B) o /Q | /Q 2 /Q Bl ) (K1) aleon) Ko (w3) ) APy a5 dPo( )Py ),

If h = 0, we have, trivially, Belg([z,y]) = 0 and Plg([z,y]) =1 for all < y. Let us

assume that A > 0. We have

Plg (v, ) = B(M < @)Elo(a; M, ) | M < )+

Pz <M <y) x 1+ P(M > y)E[p(y; M,h) | M >y, (D.1)
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which can be written as

Plyoal) = @ (2 ) Blptas M) | M < a4

o) e ()

1o () |ty | 01 >4l 2)

Conditionally on M < z, M has a truncated normal distribution on (—oo, ] with pdf

(m—)?
1 exp( (202M) )

f(m> = 0_\/% P (%) 1(—00,93}(m)'
Consequently,
1 1 v h — )2
Elp(z; M, h) | M < z] = ov/2r & (5 /‘00 exp <—§(x — m)2> exp (_—(m%gu) > dm,

-~

Uom(p(m;go) ex“,%)

2(h—1402)

SO
Elp(z; M, h) | M < 2] =

L e (&)
2 (=0 Y\ Gk 1)
Using similar calculations, we find
Elp(y; M h) | M > 3] = ————pi(y) {1 e <&)1 |
1= @ (¥2F) ovVho? + 1

which concludes the proof of .
Now, let us consider . We have

Belg([z,y]) =1 — Plg((—o0, 2] U [y, +00)),
and

Plz((—o0, 2] U [y, +00)) = P(M < z) x 1+
P(r < M < (2 + ) /2Elp(x: M. h) | 2 < M < (x +4)/2)+
P((r +9)/2 < M < y)Elp(es M,h) | (2 +9)/2 < M < 3] + B(M > ) x 1, (D.4)
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which can be written as

[cp <%> _ 3 Zm - “)} E[p(z; M, h) |z < M < (z +y)/2]+
o () - o (U0 o) | o /2 < M <t

1—@(3/_“). (D.5)

o

Conditionally on z < M < (z+y)/2, M has a truncated normal distribution on (z, (z+y)/2]

with pdf
( ) 1 exp <__(7;U—2u) ) ) ( )
m = z,(x m).
! oV2T o ((a:+y)/2—u> _ (x_—/ﬁ) (z,(z+y)/2]
Consequently,
1 1
Elp(z: M, h) |2 < M < (z +7v)/2] = y

[

/m(x+y>/2 - (_g(x - m)z) exp (_%) dm, (D.6)

-~

gom[q,((Z+y)/2—uo)_q)<z—u0)]exp(_ (5— )2 )

(=) oQ

a\/%q) ((fb‘+y)/2—u> _® (u)

or

Elp(z; M h) [z < M < (z+y)/2] =

® (%1) ~ (ﬂ)pli(m) {q) <%> -® <U\/x%)1 . (D.7)

(e

Similarly, we find

Elp(y; M,h) | (x+y)/2 < M <y] =

o (2) - q)l(w)plsz(y) {<D (U\/y%) — (%)1 . (D.8)

g

The expressions of Plg((—o00,z] U [y, +00)) and Bels([x,y]) follow.
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Appendix E. Proof of Proposition

Let X (w) = GFN(M (w), k) be the image of w € Q by X, with M ~ N(u,02). For any
a € (0,1], its alpha-cut is the random interval

28 M)+ =

O‘)?(w): [M(w)— —2ha —211101 '

Consequently, from , the lower and upper expectation of X are

~ o [-21
0
. = ' [—2Ina
E*(X) =p+ . dao.
0

By the change of variable § = y/—2(Ina)/h, we get

1 —21] +o0 h 2
/ \/ nada =h (% exp (—£> dg.
0 h 0 2

Now, the second-order moment of the normal distribution N(0,1/h) is

™ e (—W) 1=

2 J_ o 2

Feo h/3? 1 /x T
h Zexp (- ) dB=h -~y = [ =
o F eXp( 2 ) B=h\Vam =V

Appendix F. Proof of Lemma
The conditional density of (M, M) is

and

from which we get

f(my, ma) F(my, my)

flmy,msy | F) = 2 . (F.1)

S f(ma, ma) F(ma, ma)dmydims

The numerator on the right-hand side of (F.1)) is
1 1 mi — 2 Mo — U2 2 E(ml — m2)2
expy —= | —— ) +|—— exp { — b2
2To109 2 o4 09 9
1 1y o1 = 2mipy g3
= - — 45 = L8
2mo 09 exp{ 2 {ml <0% i ) o? * a%+
| R 2m 2

2 2H2 | Ha

my (J_g + h) - 0’% + 0'_% — th1m2} } . (F2)
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Now, the two-dimensional Gaussian density with parameters (py, fiz, 01,02, p) equals

1 exp { — 1 <m1 [1,1> _
271'&152\/ 1— ,02 2(1 - p)Q 51

w(“5E) (52) - (27) ] o

Equating the second and first-order terms inside the exponentials in (F.2) and (F.3|) gives
us

~ 1 A
o1 = 1 — IO2 (U—% + h) (F4a)
1 1 !
Gy = h F.4b
72 1—p? (02 " ) ( )
I3
p= . (F.4c)
V(L4 Tio2)(1+ Fiod)
~2 ~ A~
~ H1071 0102
= F.4d
= i (F.4d)
- o2 010
[ly = H295 + piy 122. (F.4e)
2 1

Replacing p by its expression (F.4d) in (F.4a)) and (F.4b) yields (28d) and (28d). Replacing
p, 01 and o9 by their expressions in (F.4d) and (g - gives (|28a|) and (28D).
Finally, the degree of conflict between GRFN’s X; ~ N(,ul, o2, hy) and Xy ~ N(,ug, 03, ho)

is
k=1- (P x R)(©"),
with
(P1 X P2 / f ml,mg (ml, mg)dmldmg

Taking the ratio of (F.2)) to (F.3), we get
//f(ml, m2>ﬁ<m1, mg)dmlde =
010 1 1 12
102 Fl—erXp{—Q {/ﬁ; _*_Nz} +2(— {/jg _|_M_§_ pulﬂz}}‘

0109 o2 o3 1—p?) |07 073 0109

Appendix G. Proof of Proposition
From (29)), hi2 = +o00 and the combined GRFN N (Jt12, 02y, hio) is probabilistic. From

and B0) o
= hm p1 + Z—fﬂz s
Hi2 = hiotoo 1+ Z—i = M1,
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and ,
h3~9 hg ~ ~
01 + h_%O'Q + Qph—lO'lO'Q

~2 . . . ~
%12 = hllgiloo (1+ %)2 — o
From (281),
— h
h = lim 2h = No
h1—+oc0 ]_ «I» h—f

From (28a)) and (28)),

ﬁ _ ,Ul(l + th’%) + MghzO’%
! 1+ ha(0? + 03)

Y

and ) )
~2 _ 01(1 + hao3)
V14 hy(0? 4 02)
Now, using Proposition [3, the product of the probability density of X; and the contour
function of X5 can be written as

fxi(2)pl, (7) o< exp (_%(m_g—zmy) P (_Z(Qﬁ—_hig)

1

1
X exp (—2—2($ - M12)2) )

012
with
L_ 1. h 1+ h(of+0)
oy 0 1+ hyo? N 02(1 + hyo2)
and

1 h
| + mﬁm _ (1 + hQO’%) + [LQhZU%
h

st Lth(of+o3)

Hi2 =

We can check that o = fi; and o2, = 72.

Appendix H. Proof of Proposition

We have
plg(x) = Emlp(x; M, H)] (H.1)
— /Rp o(x;m, H)p(m; pu, ¥)dm (H.2)
1 1 T
~ s [ o (3 - ) o
exp (—%(m — ) (m — [,l,)) dm. (H.4)
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From Proposition [3| the integrand can be written as

exp (—5m — uo) S5 m = o) ) exp (5~ ) (B 439 - ).

with
po=(H+X ) (He + % ')
and
So=(H+3Z )L
Consequently,
l~ — 1 1 T H*l » -1 H 5
1
/R exp <—§(m — o) By (m — uo)) dm (H.6)
) (27T)P/;\r20|1/2 g
35| i 1 T/ rr—1 -1
- W eXp —5(&‘ - ll’) (H + Z) (:B — IJ,) (H?)
1 1 B -
- L, + SH|'/? exp (‘5(33 - H ' +2) (z— u)) : (H.8)
P

Appendix I. Proof of Lemma
The conditional density of M = (M, M) is

f(my, my)F(my, my)

flmy,my | F) = (1.1)

fRzp f(’mh mQ)ﬁ(mb mg)dmlde.

The numerator on the right-hand side of is

f(my,my) F(my,my) = ¢(my; py, 31)d(mag; py, 3g) X

exp {—%(’ml —my) H(m, — m2)} , (12)

which can be written as

~ 1 Z

with

Z=ml(S'+ H)m; +ml(Z;' + Hmy — 2mTHmy —2mI Y 'u, —
2m 35y + ] B+ pg By . (13)
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Now, the 2p-dimensional Gaussian density with mean g and covariance matrix > equals

X —;ex —lm— TS (m —
o S) = e p{ =5 m 0= m - )}, 14)

IO S ~—1
Decomposing vector p as pt = (1, fb5), with g1, 1, € RP, and X as

=-1 A B
2= (5 o)

where A, B and C' are p X p matrices, we can rewrite ([.4)) as

S 1 1
p(m;p, %) = Wexp {—52'}
with
7' =mi Am, — 2m{ Aji, + i Ajiy + mi Cmy — 2ml Chia + i3 Chi,+
2mlIBm, — 2mIBu, — 2m ' Bu, +2ul Bu,. (1.5)
Equating the second-order terms in and , we get
A=X'+H, C=%,'+H, B=-H.

Equating the first-order terms, we get

21_1l~‘11 =Ap, + Bp, = (El_l +H)l~i1 - Hﬁ% (1.6a)
22_1“2 =Bp, +Cp, = _Hﬁl + (22_1 +ﬁ)ﬁ2- (1.6b)
Multiplying both sides of and by H ', we get
H 'S + L)y — i =H 37, (L7)
—jiy + (H 'S5+ L)y = H 35" (L8)

which can be written in matrix form

H 'S/ +1, -1, (;:,,1): H'S!' 0 (,J,l)
-1, H 'S, '+1,) \M 0o H'sy')\m)’

from which we obtain (36)).
Finally, the degree of conflict between GRFV's X; ~ N(py, %1, Hq) and Xo ~ N(pq, 39, Hs)
Is

k=1— (P x P)(©")=1- f(my, mo) F(my, ms)dm dms,.
R2p
Taking the ratio of (I.2)) to (L.4), we get

f(mlv mQ)F(m1,m2)dm1dm2 =
R2p
|§3| {1[T1 Tl 7 N}
————expl —— > +ul's _ s ] '
RN P 9 My 241 oy ™ g 29 g — [ n
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Appendix J. Proof of Lemma

The membership function of the projection of fuzzy vector GFV(m, H) on O, is

pl(@1) = maxexp (—%(w —m)TH(z — m)) = exp (—% min Z) : (J.1)

T2

with Z = (x — m)TH (x — m). Now,

. H, H 1 —Mmy
Z = (1 —my,xy — my) <H21 H22) (332 _ m2> (J.2a)
= (331 — m1>TH11(CC1 — ml) -+ (332 — m2>TH21(CC1 — m1)+ (J2b)

(331 — ml)Tng(azg — m2> + (332 — mQ)THQQ(wQ — m2>.

Using Ho = H7,, the gradient of Z with respect to z, can be written as

07
e 2H 5 (1 — my) + 2H 95(x2 — mo).
)

Setting g—i = 0, and assuming H,, to be nonsingular, we get
(.’BQ — m2> = —H2_21H21(581 — ml). (JB)
Replacing (x2 — my) by its expression (J.3)) in (J.2]) and using (J.1)), we finally get
1
o) = exp (5~ ) B~ m) ).

with
H',=H, — HyH,, Hy.
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