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Abstract

We show a deviation inequality inequalities for multi-indexed martingale We then pro-
vide applications to kernel regression for random fields and rates in the law of large numbers

for orthomartingale difference random fields.

1 Deviation inequalities for orthomartingale difference ran-
dom fields

1.1 Introduction, motivations and summary of the contribution of
the paper

Giving a bound on the tail of a random variable is a fundamental tool in order to measure the
rates of convergence of a collection of random elements, for example in the context of the strong
law of large numbers. Such inequalities can also be used in order to check tightness criterion.
Therefore, a lot of attention has been given to the obtention of probability inequalities: in
the independent case [Nag82, Hoe63], mixing case (chapter 6 in [Rio00]), functions of an i.i.d.
sequence [LXW13] or martingales [Nag03, FGL17, FGL15]

In this paper, we will focus on orthomartingale difference random fields, that is, a special
case of multi-indexed martingale difference random which allows to exploit unidimensional mar-
tingale difference properties and use arguments based on induction on the dimension. When the
increments are form a strictly stationary random field, most of the main limit theorems have
been investigated: the central limit theorem [Voll5, Vol19], quenched versions of the functional
central limit theorem [PV20] and the law of the iterated logarithms [Gir21b]. However, the law
of large numbers has not been as much investigated as much as the other limit theorems.

We will bring the following contribution to the study of orthomartingale difference random
fields.



1. We establish a deviation inequality for orthomartingale difference random field takings
values in a separable Banach space that have to satisfy some smothness assumptions. Note
that we do not assume the random field to be identically distributed.

2. Since the random field into consideration can have any marginal distribution, provided that
it possesses the orthomartingale structure, we can consider weighted sums of such random
fields. This gives the possibility to provide applications to regression models.

3. We give also an optimal sufficient condition for the law of large numbers of an identically
distributed orthomartingale difference random field.

1.2 A deviation inequality for orthomartingale difference random
fields

Given a real-valued martingale difference sequence (D;, F;), it is possible to control the tail of

by a functional of the tails of maxi<;<y |D;| and those of the predictable

MaXi<p< N ‘Z?:l D;
quadratic variance Z;VZIE [D? | Fj_1], see [Nag03]. An analoguous result has been obtained
in [Gir19] for martingales with values in a smooth Banach space which may not have a finite
moment of order two.

In order to define orthomartingales, we first need to define an order relation on Z?. It turns
out that the most conveniant one is the coordinatewise order. For i = (is)_,, 7 = (jo)o_, € Z¢,
we say that ¢ < 7 if for each ¢ € {1,...,d}, i, < jo. Once this order is defined, we can introduce
the concept of completely commuting filtrations.

Definition 1.1. We say that a collection of o-algebras (F;);czq is a completely commuting fil-
tration if

1. for each i,j € Z% such that i < 3, F; C F; and
2. for each Y € L' and each 1,5 € Z°,
EE[Y |F]|F]=E [Y | fmin{i,j}} , (1.1)
where min {2, j} is the element of Z¢ defined as the coordinatewise minimum of © and j,
that is, min {z, 5} = (min {’ig,jg})?zl.
Let us give two examples of commuting filtrations.

Proposition 1.2. 1. If (€y),ezq 15 1.0.d., then defining F; = o (z—:u, u€eZu< i), the filtra-
tion (F3);eqa s completely commuting.

()
2. Suppose that <]-".(e)

; 1 <0 < L, are completely commuting filtrations on a probability

)mezde’
space (0, F,P). Suppose that for each i) € 74 ... iF) € 7, the o-algebras ]:i(é)), 1<

¢ < L, are independent. Let d = Y1, dy and for i = (i®); € Z¢, let Fy = |, Fio.
Then (F;);eqa 15 completely commuting.



Both examples where introduced in Section 1 of [CW75], but without proof. The first item
is a direct consequence of Proposition 2 p. 1693 of [WW13].

We are now in position to define orthomartingale martingale difference random field, which
allows to exploit the martingale property in every direction. To formize this, we need to denote
by ee, £ € {1,...,d}, the element of Z¢ whose ¢-th coordinate is 1 and all the others are zero.

Definition 1.3. Let (Xj), 54 be a random field taking values in a separable Banach space
B, [|lg)- We say that (X;);cpa is an orthomartingale martingale difference random field with
respect to the completely commuting filtration (F;);cza if for each i € Z°, || X;||p is integrable, X;
is Fi-measurable and for each ¢ € {1,...,d}, E[X; | Fi_e,] = 0.

Such a definition is very convenient because summation on a rectangular region of Z¢ can be
treated with martingale properties when summing on a fixed coordinate.

This allows to use induction arguments. For example, it can be shown using similar argu-
ments as in the proof of Lemma 2.2 in [KVWI16] that combining an induction argument with
Theorem 2.1 in [Rio09], the inequality holds

1/2
Y X <(p—1)d/2<z ||Xi||f,) . (1.2)

1<i<N 1<i<N

p

Moreover, it has been shown in [Faz05] that for each p > 1 and each real-valued orthomartin-
gale difference random field that

> X

1<igN

1/2
<

p/2

1/2
: (1.3)

p/2

1 (p7 d)

>

1<igN

< e (p,d)

p

> X

1<igN

for some constants ¢; (p,d) and ¢y (p,d) depending only on p and d, which extends the two-
dimensional result obtained in [M78].

This suggest that the tails of the partial sums of an orthomartingale difference random field
can be controlled by a functional of the tail of the sum of squares. We plan to formulate such
an inequality for Banach-valued orthomartingale difference random fields. Some assumptions on
the geometry of the Banach space are required.

Definition 1.4. Let (B, ||-||z) be a separable Banach space. We say that B is r-smooth for
1 < r < 2 if there exists an equivalent norm |-||z on B such that

ty|l; — tyl| — 2
sup sup o+ tylls + llz =ty < 0. (1.4)

T
>0 gyeB,|lz]3=lylls=1, t

For example, if u is o-finite on the Borel o-algebra of R, then L? (R, ) is min {p, 2}-smooth.
Moreover, a separable Hilbert space is 2-smooth.

Definition 1.5 (Martingale in Banach spaces). Let (B, |-||) be a separable Banach space. We
say that a sequence (D;);5, is a martingale differences sequence with respect to a filtration (F;),-,
if for each i > 1, D; is F;-measurable and for each A € F;_1, E[X;1(A)] =0.

3



By [Ass75], we know that if B is a separable r-smooth Banach space, then there exists a
constant C' such that for each martingale difference sequence (D;),;., with values in B and each
n’

E

>0
i=1

By definition, an r-smooth Banach space is also p-smooth for 1 < p < r, hence it is possible to

e D> I5]
E " D,
Cpp:=sup sup o=l 7B
P et ogean Din EIIDiR]

where the A,, denotes the set of the martingale differences sequences (D;);_, such that > | || D;||%

<O E[IDif]- (1.5)

r
B

(1.6)

is not identically 0.
A key tool to prove deviation and moment inequalities for martingale difference sequence is
a so-called ”good-A-inequality”, that is, an inequality of the form

P(X >B\Y <O\ <P (B-0-1)"P(X >\, (1.7)

1/p
where X = max; <<y |32, D;||; and ¥ = max {maXKKN 1Dills (zgi E[||Di|I2 | ]-"Z-_l]>

Such an approach was used in order to derive Burkholder’s inequality (see [Bur73, JS88] in the
real valued case, [DLP13, Girl9] in the Banach-valued case). Usually, a way to obtain a good-
A-inequality is to introduce a martingale transform of the original martingale based on stopping
times, where the increments are controlled as well as the indices where the maximum lies be-
tween A and SA. Unfortunately, such a method does not seem to be appliable in the context of
multi-indexed martingales essentially because there is no proper generalization of stopping times
and martingale transforms.

To overcome this problem, we propose an approach by induction on the dimension. In the
one dimensional case, we control the tail of the maximum of partial sums by the sum of p-th
power of the increments (see Proposition A.G). This will be also used for the induction step; the
resulting sum of powers of norms will be considered as the norm of an orthomartingale difference
random field indexed by Z? ! in a modified version of the original Banach space, but sharing
smoothness properties.

We thus get a control of the tail of the maximum of the partial sums over rectangles by a
function of the tail of the sum of p-th powers of norms of the increments, which is our first result.

Theorem 1.6. Let 1 <r < 2 and let (B, ||-||z) be a separable r-smooth Banach space. For each
p € (L,r], ¢ >p and d > 1, there exists a function f,qq4: Ry — Ry such that if (X;);cpa is @
an orthomartingale martingale differences random field with respect to a completely commuting
filtration (F;);cpa, and taking values in a B, then for each 1 < p < r, ¢ > p and x > 0, the



following inequality holds:

> X

1ign

1
1 p
>t> < fraa (Cpa) [ ur P (Z ||Xz-||§) > tu | du
0

1<i<N

max
1nN

Q=

+ fraa (o) [0 (14 logu)* P (Z ||Xi||%,;) > tu| du. (18)
1

1<igN

Let us make some comments about this result.

First, observe that the right hand side of (1.8) is finite if and only if E [||Xz||% (1+log (| Xillg) ™"
is finite, which is barely more restrictive than finiteness of E[||X;||3]. Second, letting ¥ =
(ZHHN | X ||p) one can replace the right hand side of (1.8) by

(%)p<r+mg(§))wlh>1. (1.9)

For s > p, multiplying by st*~! in (1.8) (with ¢ = s + 1) and integrating over the positive real

fp,q,d (CP,B) E {(%) 1Y<t} + fpvq,d (CP,B) E

line gives the following moment inequality:

> X

1ign

max
1xn<N

KT%&d)(:E:IMHﬁ>p : (1.10)

Blls 1<igxN

This gives a partical generalization to the result of [Faz05], since we provide an analogue of the
second inequality in (1.3) for Banach-valued orthomartingale difference random fields.

One can generalize Theorem 1.13 of [Girl9] to stochastically dominated orthomartingale
difference random fields. To state it, we need to define the following order on random variables:
we say that X < Y for two real-valued random variables if for each convex increasing function

conv

¢:R—=R, E[p(X)] <Elp(Y)].

Corollary 1.7. Let 1 <r < 2 and let (B, ||-||5) be a separable r-smooth Banach space. For each
€ (L,r], ¢ > p and d > 1, there exists a function fyq.q: Ry — Ry such that if (X;),c50 5 @

an orthomartingale martingale differences random field with respect to a completely commuting

filtration (F;);cqa, taking values in B, and such that there exists a real-valued random variable V
such that

> Il < v, (1.11)

1<i<N

then for each 1 <p <r, g >0 and x > 0, the following inequality holds:

> X

1ign

1
(Hmnajgv > t) < Jfpad (CPJB)/O P (V > tu) du

+ fpaal pJB)/looUp_l (1+1logw)P(V > tu)du. (1.12)

bt



The functions f, ,q involved in (1.12) are bigger than the ones in (1.8). Moreover, the second
term in the right hand side contains a power d instead of d — 1, which is due to the combination
with an other tail inequality under convex ordering (see (A.45)). In some applications, this will
play a role.

2 Applications

2.1 Application to regression models

We consider the following regression model:
Y,-:g<3)+xi, ie A, =1{1,....n)", (2.1)
n

where g: [0,1]* = R is an unknown smooth function and (X;), ;4 is an orthomartingale difference
random field. Let K be a probability kernel defined on R and let (hn),s1 be asequence of positive
numbers which converges to zero and which satisfies

lim nh, =4oc and lim nh®™ =0. (2.2)

n—-4o0o n—+4o00

We estimate the function g by the kernel estimator g, defined by
—i/n
ien, Yilt (5542)
Nien, K (5522

gn () = x € [0,1]% (2.3)

where

A, ={1,...,n}" (2.4)

We make the following assumptions on the regression function g and the probability kernel
K:

e probability kerne ultills |4 uw)du = 1, 1s symmetric, non-negative, supporte
Al) Th bability k 1 K fulfill R K d 1,1 i i d
by [—1,1]%.

(A2) There exist positive constants ¢ and C' such that for any = € [-1,1]¢, c < K (z) < C.

(A3) There exists a positive constant C' such that the absolute values of all the derivatives of
first order of g are bounded by K on [0, 1]¢ ns for each x,y € [0,1]¢, |K () — K (y)| <
Clz -yl

Assumption (A3) will not be used in the following result. However, by Proposition 1 in
[EMO7], this guarantees that

sup  sup [E gy (@)] — g (z)| = O (hn), (2.5)

x€[0,1]¢ geLip(K)

where Lip (K) denotes the collection of all K-Lipschitz functions on R

6



Theorem 2.1. Letp > 1 and let (X;),.,q be an identically distributed real-valued orthomartingale
difference random field and let g,: [0,1]2 — R be given by (2.3). Assume that (A1) and (A5)
hold. For each positive t, the following inequality takes place:

o forl <p<2,

P (Hgn () —Elgn (')]HLP([QH a) > t) /'qud/o1 u? P (‘Xﬂ > t(nhn)d(l_l/p) u) du

+ Kpgud / up_1(1+logu)dIP’<|X1|>t(nhn)d(1_l/p)u) du; (2.6)
1

o forp> 2,

P (100 0~ Bl Ol > 1) < A [ 06" (1501 £ 00102085 0)

+ Kpga / w (1 +logu)' P (|Xa| > ¢ (nh,) ™V 05 ) du. (2.7)
1

Note that in the case 1 < p < 2, the assumptions that nh,, — oo and E [|X1|p (1 + log (] X1]) 1|X1|>1)d_1]
is finite suffice to guarantee that the rlght hand side of (2.6) goes to 0 as n goes to infinity. How-

ever, in the case p > 2, the extra term nts imposes a restriction in the choice of the bandwidth.
For example, if h, = n~7, then we should have 1/ (d+ 1) <y<1—(p—2)/(p(p—1)).

2.2 Law of large numbers for sums of Banach-valued orthomartingale

difference random fields over rectangles

In this Subsection, we will deal with convergence rates of orthomartingale difference random
fields.

Althought our first result is not a consequence of Theorem 1.6, it gives a necessary and
sufficient condition for the Marcinkievicz strong law of large numbers to take place in a smooth
Banach space.

In order to state it, we need, to introduce the following norm. For p > 1 and ¢ > 0, denote
by |||, the Orlicz-norm associated to the Young funtion ¢, :t € (0,00)] = (1 + [logt|)?,

that is,
. RY
| X, , =mfdA>0]E ¢4 . <1p. (2.8)

For ¢ =0, [|-[|,, = [I[|, o reduces to the classical L”-norm and will be simply denoted as ||-||.
For n = (ny)}_, € N, we define 2 = (27) o1 M| = [TL, 7 and max n = max;<,<qny.

Theorem 2.2. Let (B, ||-||) be a separable r-smooth Banach space for somer € (1,2], 1 <p <r
and d € N. There exists a constant K,qp such that the following holds: if (X;);cza is an



identically distributed orthomartingale difference random field such that || X1|lg € Lya-1, then
for all positive x, the following inequality holds

_ X
Yo <|2"\ Y7 max |1, > t) < K, B {%,d_l (%)] , (2.9)

; 1xj=2m
neN

where S; = 21<i<j Xi. In particular, for some constant C, 4 depending only on p and d,

1/p
S
<Sup wp (Sup I ﬁU;B > t)) < CpaplIXall, oy (2.10)
t>0

w1 [n]

and the following convergence holds:

Sn
lim sup 55 = 0 almost surely. (2.11)

N—=00 151 maxn>N |n\ 1/p
Note that the condition X € L, ;1 cannot be removed, not even in the independent identi-
cally distributed case (see the theorem p. 165 in [Smy73] for the normalization by |n| instead of
In|"? and [Gut78] for the latter one).
Note that the convergence in (2.11) holds if only one of the coordinates of n goes to infinity
and uniformly with respect to the other coordinates of n. For example, if d = 2, we have

lim sup 15xnale _ li 15l _ 0. (2.12)
N—=00 py>1 Nl/pné/p N—oop,>1 n}/le/p

We now complete this section by giving results in the spirit of those obtained in [Girl9].
Let (X;);cz4 be an ii.d. real-valued random field. Theorem 4.1 in [Gut78] gives the equiva-
lence between the following two assertions for a > 1/2 and p > max {1/«, 1}:

1. X7 belongs to LPlog? ' L;

2. for each positive ¢,

> Inf?P <1m_ax 1S5 > |n|a) < 4o00. (2.13)
<ikn

neNd

Deviation inequalities has been used in [KL11, Lag16] for the question of complete convergence
of orthomartingale differences random fields.

Theorem 2.3. Let B be a separable r-smooth Banach space. For each identically distributed B-
valued orthomartingale difference random field (X;);c54 , for each positive € and each o € (1/7,1],
the following inequality takes place:

X
Z || **P <1I£1_ELX 1Sillg > € |n|°‘) <C(r,d,B)E [gpmd (@)] : (2.14)

neNd



Remark 2.4. One could also formulate the corresponding result where r is replaced in (2.14)
by 1 < p < r. But this could be established in a more general context than ours, namely,
that of stochastically dominated orthomartingale differences random fields, by using truncation
arguments like in [DMO7].

Theorem 2.5. Let B be a separable r-smooth Banach space and s > r. For each identically
distributed B-valued orthomartingale difference random field (X;);ca, for each positive € and
each a € (1/r,1], the following inequality takes place

X
5 e (e il > e fol”) < 0B E o (B2B)) s

1<
neNd

Remark 2.6. On one hand, the results in [Lag16] require boundedness of the conditional moments,
whereas we do not. On the other hand, their result do not require that (|X;|); ;. is identically
distributed hence the results are not directly comparable.

2.3 Law of large number for weighted sums of orthomartingale dif-
ference random fields

In this subsection, we study the convergence rates in the law of large numbers for identically
distributed orthomartingale difference random fields. As we work with Banach space valued
random variables, we may consider sums of linear bounded operators from a Banach space B to
itself.

Theorem 2.7. Let (B, ||-||g) be a separable r-smooth Banach space for somer € (1,2]. Fori € 72
andn 2 1, let Ay;: B — B be a linear bounded operator and denote its norm by |[An | 5 =

1
sup{||Am- (@)|lg/ x|z, > € ]B\{O}} Let 1 < p < r and let Cy, = (Ziez HA"»%'HIZS(B) /p
Let (X3);cza be an identically distributed B-valued orthomartingale difference random field and
assume that || X1|| € L® for some s > p. Then for each positive € and each increasing sequence
of positive numbers (Ry), -, such that R, — oo,

> eCYPR, | < . (2.16)

S (R, R

n>1

D A (X3)

icZd

B

Let us give an example where Theorem 2.7 can be used. Suppose that (A,),-, is a sequence
of subsets of Z% such that (Card(A,)),-; forms an increasing sequence (note that we do not
assume the sequence (A,),., to be increasing). Let A, ; be the identity operator if 4 belongs to
A, and A, ; = 0 otherwise. For a positive v, define R,, = Card (A,,)”. Then (2.16) reads

ZX

€N,

Y (Card (A,)* — Card (A, (

n=1

> e Card (An)iﬂ> < . (2.17)



3 Proofs

3.1 Proof of Proposition 1.2

As pointed out before, it suffices to prove the second item. We will use the following lemma:

Lemma 3.1. Let G;,1 < ¢ < L be independent sub-c-algebras of F, where (2, F,P) is a proba-
bility space. For each ¢ € {1,..., L}, let G, be a sub-a-algebm of Gy and Ay € Gy. Then

Enlwn\/g;] HE (4016 1)

Proof. Note that the random variable in the right hand side of (3.1) is measurable with respect
to \/1_, G, hence it suffices to show that for each G € \/i_, G,

EJ]1(A)1(

Since \/ZL:1 G, is generated by the m-system of sets of the form ﬂézl Gy, Gy € Gy, it suffices to
check (3.2) when G has this form, that is,

E([]1A) []1(Gw)

The left hand side of (3.3) is [[;_, P (A, N Gy) since the sets A, N Gy belong to G;. Then note
that

HE (41 611(G) (3.2)

L

E\[JER A |G ]]1(Ge)

(=1

VG, € Gy, ...,GL €y, (3.3)

P(ANGy) =E[L(G)E[1(A) | G]] (3-4)

hence

E(T]t0 [ 1(Ge) HE 1(A) | Gl (3.5)

and an other use of the independence of the U-algebras gives (3.3) and finishes the proof of
Lemma 3.1. m

Let i € Z% j € Z% of the form i = (i(z))iuﬂ)ezde and 3 = (j(Z))j(‘f)eZde Since item 1 of
Definition 1.1 is clear, it remains to check (1.1). To do so, it suffices to check it when Y is
Fi-measurable. By a standard approximation argument and Dynkin’s theorem, it suffices to do
it when Y = Hle 1(Ay), where A, € fi(é))’ Applying Lemma 3.1 to these Ay, G, = .7:((2) and
Go=F_ .. (i ®} where the maximum is taken coordinatewise, we get

E Hl(AeH]:j] =

=

E[1(40) | 710 (36)

~
Il

1

I
=

E[1(A0) | Frinfi 03 (3.7)

H 1(A) | \/]:mm{i(m,j(e)}] (3.8)
=1 =1

~
Il
—

E

10



where the second equality uses the commutativity of the filtration (]-" (2)> - and the third
v i®ezde
one by an other use of Lemma 3.1 to this time G, = ]-"mm{i(e) j©)- This ends the proof of

Proposition 1.2.

3.2 Proof of Theorem 1.6

We will proceed by induction over the dimension d. We will actually show the following assertion
A (d) by induction: ” For each 1 < p < 2 and each ¢ > p, there exists a function f,,4: (0,00) —
(0,00) such that if (B, ||-||g) is a separable Banach space for which C,p defined as in (1.6) is
finite and (Xj), ;4 is an orthomartingale difference random field taking values in B, then

> X

1ign

1 ’
> t) < fp,q,d (CPJB)/ uq_IIP’ ( Z ||Xz||§g> > tu | du+
0

1<igN

max
1xnN

+fp,q,d(C,,,B)/ w1 +logu) ' P (Z ||Xi||§> > tu | du” (3.9)
1

1<i<N

For an r-smooth, the constant C,p is finite for all p € (1,7] hence A (d) contains the statement
of Theorem 1.6.

3.2.1 The case d=1

The statement of A (1) is exactly Proposition A.G, for which a proof is given right after.

3.2.2 Induction step

We will proceed by induction on the dimension d. We will denote by 4 the elements of Z¢ and
(4,i4+1) (and similarly for other letters) the elements of Z4*!.

We assume that A (d) holds. This means that for each 1 < p < 2, ¢ > p and each sepa-
rable Banach space (B, ||-||5) for which C), 5 defined as in (1.6) is finite, there exists a function
foad: (0,00) = (0, 00) such that if (X;), 54 is a B-valued orthomartingale martingale differences
random field with respect to a completely commuting filtration (F;);.zq, then for each 1 <p < r
g >pand x >0, (3.9) holds.

Let B be such a Banach space and let 1 < p < 2 and ¢ > p. In order to complete the induction
step we have to find a function f, ;411 (C, ) such that if (Xividﬂ)iezd,idHeZ

differences random field with respect to the completely commuting filtration (F;;, +1)i € iy en

is an orthomartingale

11



then

nd+1

P | max max g g KXiig|| >t
1IsnN 1<ng1<Ng41 —
1isnigy1=1 B

1/p
Nat1 /

< fp,q,d-i—l (Cp,IB) / min {uq—1’ up—l} (1 + 1Og u)d+l_l P Z Z HXi,idJrl H; > tu | du.
0

1$i‘\<N id+1 =1
(3.10)

Let (XividJrl)ieZd - and (Fii,.,) be such a random field and a filtration. Let N € N¢

be fixed and such that IN = 1.

iEZd7’id+1€Z

Nd+1
Yo = 1;%2}3\! Z Z Xiign (3.11)

1xisnigy1=1

B
and Gn,,, := FNng,- ThenY,,  is G, -measurable and
Nd+1
E [Ygor | Grana] = max |1 Y E | D0 Xy, [ Gnuin (3.12)
1<i<n ig+1=1 B
and the orthomartingale difference property gives that
E Z Xi,nd+1 | gnd+1—1 = 0 (313)
1ign
hence
E [Ynd+1 | g77/d+1—1j| 2 Ynd+1; (3.14)

in other words, (Yndﬂ, F,

T +1) is a non-negative sub-martingale. Therefore, by Lemma A.4, we
derive that

Nd+1

Tail [ max max E E Xijigi ()
1snN 1<ng1<Ng41 - .
1‘\<'L$'nld+1:1

B
Nay1
< 1 . . .
< AT oo Tail | max, SN X || | t/4). (3.15)
1isnigy1=1 B
Then we use the induction assumption A (d) in the setting )A(; = Zgﬁll Xiigirs fz = FiNgi
This gives
Nd+1
i X t
Tl | B 2 | 2 2 K] ] O
1<ignigy1=1 B
Nair p\ 1/p )
<4fp0d(Cop) Thoon 0 Thgar | Tail DD X (1) . (3.16)
lﬁlﬁN id+1:1 B

12



The control of the tail of (ZHHN HZN‘M

ig+1=1 10441

p p

) will be done by an other use of
B
the martingale property by summing on the (d + 1)-th coordinate. More precisely, define the
separable Banach space (ﬁ, ||||]E> by

B = {(2i);;.n i €Bforeach 1 i< N} (3.17)

1/p
e)esnls = ( S nxznp) | 518)

1<igN

Observe that if (Dy),_, is a martingale differences sequence taking its values in @, then denoting
by Dy, 1 < ¢ < IN the coordinates of Dy, we have

n p n
Z Dr - Z Z Dy ] < CpE Z Z HDsz%] (3.19)
k=1 B 1<i<N 1<i<N k=1
hence »
E || D ] <Gl | HDkHEp] . (3.20)
k=1 B k=1

This shows, by the definition (1.6) of Cp, that C 5 < Cpp. Moveover, considering B-valued
martingale differences sequences which vanish on all the coordinates which are not 1 shows that
Cp,@ = CpJBg.

We thus apply the induction assumption to the case d = 1, the Banach (]B ||||~> and the

B-valued martingale differences sequence (Dg)p2 d“ (with respect to the filtration (Fn, k)NdH)

given by
Dk = (Dk,i)1<i<N ) Dk,i = Nik- (321)
Since
Nat1 N1
Z D2 =" 3 Xkl (3.22)
k=1 1ixN
and
Nat1 N1
Hm -5 ¥l 323
B 1<i<N B
we get that

13



1/p
Nair p\ 1/

Tail S X (t/4) :Taﬂ(

1‘\<'I:$N ’id+1:1

Nat1

> D
k=1

) (t/1)

Nyiq 1/p
< fpg1 (Cpr) Tpgo0 | Tail <Z ||Dk||%) (t/4)
k=1

Nat1 1/p
= fpa1 (Cpp) Tpgo | Tail (Z Z ||sz||%> (t/4). (3.24)
k=1 1xixN
The combination (3.16) with (3.24) gives the bound
Nd+1
Tl |, | 20 2 Yo | O
1xignigy1=1 B
Nast 1/p
< 4fpg.d (CpB) fr.a1 (Cp) Tpg0 © Th00,0 © T g,a—1 Tail Z Z HXi,idH H; (t/4).

1<i<Nig =1

(3.25)

Using twice Lemma A.3 ends the proof of Theorem 1.6.

3.3 Proof of Corollary 1.7

We have to bound the tail of »7, _; || X;||z in terms of the tail of V. To do so, we apply
successively Theorem 1.6, (A.17), (A.46) and Lemma A.3 in order to derive

> X

1<n<NN -
1<in

1/p
)(t) <K (p,q,d,B) T, a1 | Tail ( > ||Xi||§§> (t) (3.26)

1<igN

Tail ( max

B

= K(paQ>da ]B)p_lTLq/P,d—l (Tall ( Z ||X%||%>> (tp) (327)

1<i<N
<K' (p,q,d,B) T1 4/p.a—1° T1,00,0 (Tail (V7)) (¢7) (3.28)
< K" (p,q,d,B) T gp.a—141 (Tail (VP)) (1) (3.29)

and we apply another time (A.17). This concludes the proof of Corollary 1.7.
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3.4 Proof of Theorem 2.1
Let B = L” ([0,1]%, \s) endowed with the norm |||z = (f[o o lf @) d:c) " Letn > 1 be
fixed. Define for ¢ € A,, the B-valued random variable )A(; by

X K (:I: 'Ll/n>

z—j/n\’
S jen, K (522)

Then g, (-) = E[gn ()] = > _sen, X;. We will now show that for p’ = min {p, 2},

X; =z 0,1 x € [0,1]% (3.30)

K (K, p) | X1[” (nh,) ") if1<p<2.

n

< - (3.31)
B oo |k (K, p) X2 (nh,) P 0" i p > 2,
where « (K, p) depends only on K and p. Define
% (m;i/n)p p'/p
Uip = / "m - sdx (3.32)
(Z e K (5522))

and observe that
= |Xi‘p Qgp-

€A,

> |x

Let ¢: R — R be a convex increasing function. Then denoting A, = > .\ «;,, convexity

and identical distribution of the X; imply that

(Z ‘ ) =E ¢ <Z asz |Xi|p’>] (3.33)
1€AR ich,
= B e (4 107)] (3.34)
- ; OZ:E o (A1) (3.35)
hence
Z } B < A1l (3.36)

It remains to bound the term A, = Z A, Qip- First assume that p < 2. Then p' = p and

x—1i/n p

o [ 2R
Qip = ; P
2 o (1 (22))

Since K is supported on [—1,1]¢, by assumptions (A1) and (A2), we derive that

dz. (3.37)

x—1i/n
ho,

s
Cslnw—nhnlﬁi—%nw—i—nhnl < K ( ) < Cs]-nw—nhnlﬁi—%nw—i-nhnla CRS {1,]3} (338)

15



hence there exists a constant x such that

> iy < K (nhy) P (3.39)
ieh,
Now assume that p > 2. An application of Hélder’s inequality to the conjugate exponents p/2

and p/ (p — 2) gives
Z Qip < Z ap/ Card (A,)P~2/7. (3.40)

i€A, i€A,

Using again (3.38) gives the bound

> ai < w(nh,) (3.41)
i€
hence
p—2
Z a;p < £ (nhy) ")t (3.42)
i€hn

Then an application of Corollary 1.7 with p replaced by p’ = min {p, 2} allows to conclude.

3.5 Proof of the results of Subsection 2.2

Proof of Theorem 2.2. Let us prove (2.9) for x = 1; the general case follow by applying the
previous one to X;/x. We define for all n = 1 the event

1<ix

Ap = {|2n|—1/p max ;5 > 2} (3.43)

Let us fix n = 1 and define for 1 < 2 < 2™ the random variables

Xi= Y (—1)51+"'+5dE[X,-1{||X s < |2n\1/1’}\f2 5] and (3.44)
se{0;1}4
Xr= 3 (—1)51+"'+5dIE[Xil{HX,-HB> \2n|1/P} |f,-_5] (3.45)
se{0;1}¢

We denote by S;, and S, the respective partial sums. Since (Xj); . is an orthomartingale
difference random field with respect to the filtration (F;);.,4, the equality X; = X; 4+ X}’ holds
hence P (A,) < P(A),) + P (A}), where

/ n|—1/p / "no.__ n|—1/p "
A= {12 g il > 1 and Al o= {2 g7l 1 o)

By Chebyshev’s inequality,

P () < |27 | a1 (3.47)

1<i<2m

16



and since (X;),.q is an orthomartingale difference random field with respect to the filtration
(Fi)ieza, Doob’s inequality and PropositionA.1 gives

P(A4},) < Cpanl2” 7% Y E[IXII5] (3.48)
1<i<2™
Since r
E [1XG15] = XM < & dr) [xen {xlls < 2217} (3.49)
we derive that
P(45) < Cpaz 277 0 E [Nl 1 {IXills < 277} (3.50)
1<ig2m

Moreover, since the random variable X; has the same distribution as X7, we derive that
E 1%l 1 {1 Xl < 12777 }] = B (105 1 {1Xa s < 277 }] (3.51)
which leads to the bound
P(A},) < Cpaz |27 E [|1Xall; 1 {1 xalls < 27}]. (3.52)

In order to bound P (Ay,), we use Markov’s inequality and max;;<an [|S |5 < D21 50n [ X7 (|5
to get

P(4n) < 2777 3 EIX7IG) < 2277 30 E [1XGls 1 {I1Xlls > 1277 }] . (3.59)

1<i<2m 1<i<2m

An other use of the fact that X; has the same distribution as X; leads to
P(Ap) <242 [IXallp 1 {IXullp > 12717} (3.54)

Combining (3.52) with (3.54), we obtain

S (|2n|_1/p max [1Si]; > 2) paz D 27 E X5 1 {IXallp < (2717}

neNd neNd
n n|l n|l-1 n|l
+ Cpaz D 12°1P (I1Xally > 12°177) + Cpa 3 1277 E [ Xalls 1 {11 Xalls > 277 }].
neNd neNd

(3.55)

The number of elements of N¢ whose sum is k does not exceed (k + 1)d_1 hence

Sp (|2n|‘1/P max ||S||B>2) Coan 3207719 (k + 1YV E [ Xl 1 {X < 27)]

1xi<
neNd k=0

400 +o0
+Chap Y 28 (k+ 1) P (| Xallp > 257)+Cpap > 2507 (k4 )R [ Xallp 1 {1 X1l > 257}] .
k=0 k=0

(3.56)
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Now, (2.9) follows from (A.47) and (A.48).
In order to prove (2.10), observe that (2.9) entails that for any positive t,

Sp X
P <sup | |1U3 > t) < CpapE |:()0p,d—l (@)] ; (3.57)

where (), 4 depends only on d and p and is bigger than 1. Let R be a positive number. If tleqR,
then t*P <su1pn>1 |‘|S"}U;‘? > t) < RP and if t > R, then

- X d—1
PP H 1U]B >t pd]E HX1||p (1 +7 (H IHJB))
n>1 |n| t
X d—1
||X1Hp (1—0—L(H ;{HB)) ]

X1 (L (HXEHB))d—l]

X
< Cp,dRpE [@p,d—l <%):| . (358)

pdE

hence for all ¢ and all positive R,

tPIP< ” "IU;I} > t) < RP 4+ C,4E

n>1 |n|

In particular, for all R > || X{|, 4,

t>0 nx1 |n|

sup tPP (sup | nluB > t) CpaRP, (3.59)

which gives (2.10).
In order to prove (2.11), we define for 1 < 7 < d the random variable

Sn
n

Then the combination of (2.9) with the Borel-Cantelli lemma gives that A, y — 0 almost
surely. This ends the proof of Theorem 2.2. O

Proof of Theorem 2.3. In what follows, C (r, d, B) will denote a constant that depends only on r,
d and B and that may change from line to line. Observe that partitionning (N '\ {0})* into rect-
angles of the form {n € N, for each ¢ € {1,...,d},2" < n, <2V — 1}, it suffices to prove
that

T — (7 X
> 127 119’( max_[|Sllp > ¢ |27 ) <C(r,d,B)E lsor,zd (m)] . (3.61)
1=xi<2N e

NeNd

18



Moreover, replacing || X1l by || X1||g /€ if necessary, we can assume that ¢ = 1. Noticing that
D o1icon Xy < 12| || X1]lz, an application of Corollary 1.7 with p = r, ¢ = 7+ 1 and

conv

V= }ZN‘ | X1 gives

1
IP’( max_[|Sills > \2n|“> <O (rd, ]B%)/ u'P <||X1||B > u \2N\“‘”’”) du
0

1<i<2N

+C’(r,d,IB%)/ ur! (1+logu)dP<||X1HB>u‘2N‘a_1/T> du. (3.62)
1

Using the fact that for a fixed k,

d
Card ({N = (Npi, eNLY Ny = k}) < gk, (3.63)

(=1

we derive that

Z ‘ZN}m_lP < max_||S;|lg > }ZN‘Q)

Nend 1<i<2N
S

1
< C(rd,B)Y 28re-lgt / uP (| X1l > u2¥e) du
0

k>1

+C(r,d,B)Y 2o / w1 (1 4+ logu)? P (|| Xq|lp > w28 V)) du. (3.64)
1

k>1

Using (A.48), we get that
2n" T p Sillg > ]2™|*
> [0 (ma, IS0, > <[2°T)

NeNd
[ (Xl
Pl [ o (B2) 10 a

(R

u

<C(r,d,B)E

+C(r,d,B)E

0o d—1
||X1||]%/1 u_l (1 —+ log u)d L ( ) 1”X1”]E>u] du. (365)

Using that for a fixed =z,
1

1 T\ d-1 N\ d—1
/ ul (—) 1,o,du = 1x>1/ ul (—) du + 1x<1/
0 u 0 u 0

= (14 L ()"

and using L (z/u)™ " < (L (z) + L (w)*" <24 (L (z) + L (u)), we get

' ul (g)d_l du

d—1

[e9) d—1 x
/ w1+ logu)' L (%) 1,sodu = 1m>1/ w1+ logu)' L (%) du
1 1

< cqlys1 (1 +log I)M

Y

which implies that both terms in the right hand side of (3.65) are smaller than K, 4sE [¢,.24 (|| X1|lg)]-
This ends the proof of Theorem 2.3. O
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Proof of Theorem 2.5. In what follows, C (r,d,B) will denote a constant that depends only on
r, d and B and that may change from line to line.
By the same arguments as at the beginning of the proof of Theorem 2.3, we are reduced to

prove that
a—1/r a
S (247 (w150 > [2V]°) € OB Epeans (X)) (300
NeNd s

To do so, we apply Corollary 1.7 in the setting p =r, ¢ = s+ 1and VP = V" = }ZN‘ 1 X1l5-
Using again (3.63), we obtain

Z ‘2N}a_1/TIP’ ( max_||S;|lp > € }2N}a)

1=<i<2N
NeNd

1
<C(rdB)> 2’f<a—1/’“>k:d—1/ WP (| X1 g > u2¥e/) du

k=1 0

+C(r,d,B)) 2k<a—1/7”>kd—1/ w1+ logw) P (| Xallg > u2@/) du. (3.67)
1

k>1

Then using (A.48), we derive that
S (2 il > 2Y1)
2N

NeNd 1545
X\
Pl (F22) 1y

o (1Xalls )
||X1||BL( ” £ Lixy|ysudu| . (3.68)

1
<C’(r,d,]]3%)/ E
0

+C (r,d,B) / T (14 logu)'E
1

Using that for a fixed =z,

xT

1 d—1 1 d—1 d—1
/ L (f) 1,0, du = 1w>1/ L (f> du + 1z<1/ L (f> du
0 u 0 u 0 u

= (1+ L(2))""

and using L (z/u)"" < (L (z) + L ()™ <29 (L (z) + L (u))*", we get

> r—s—1 d A
U (1+logu)’ L (—) 1,o,du = 1,49
1 u 1

< Cd1m>1 (1 + IOgI)d_l/ ur—s—l (1 + IOg u)2d—1 7
1

T

d—1
w1+ logu)' L <E) du
u
we get (3.66), which finishes the proof of Theorem 2.5. O
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3.6 Proof of Theorem 2.7

For a fixed n, let 5(/2 = A, (X;). By linearity of A, ;, (X,) ) is an orthomartingale difference
i€l

random field. Moreover, the following inequality takes place:

< CupliXallp. (3.69)

conv

i€Z4

Indeed, let p: R — R be a convex non-decreasing function. Then using the fact that ¢ is
non-decreasing and the elementary bound [|Az(|y < ||A| ) [lz[l5, we derive that

=~ ||P ||An,i||lz]3(15a) P
@ i @ ———Cup [ Xl (3.70)
. B . Cn,p
i€Z4 i€Zd

hence convexity of ¢ and the fact that random variables || X;|/% , % € Z¢, have the same distribution
gives (3.69).
We are now in position to apply Corollary 1.7to g =s+1and V = P | X1||g, which gives

> Ani(X5)

icZd

1
=~ cCYRy | < fyoa(Cym) / WP (| Xy, > e Ru) du
0

B

+ fp.s.d (Cpﬂ)/ wP7t (1 +logu)' P (|| Xy|lg > eRpu) du. (3.71)
1
From the elementary (in)equalities

(R -R )PV >R)=> > (R P (R, <Y < Ryp1) (3.72)

n>1 n=1 k>n

- Z Z P(Rr <Y < Ryi1) (3.73)

k=1 n:k>n
<Y RiP(Ry <Y < Rip) (3.74)
k>1

<Y E[Y'lreven,,] <E[N, (3.75)

k>1

we derive that

1
> SRy | < fyea (Coa) [ B (15 ()] du
0

> (R -

n>1

icZd

B

+ fps.a (Cpm) /loo wP~t (1 +logu)'E [ X1ll5 (su) "] du  (3.76)

and since s > p, the last integral is convergent. This ends the proof of Theorem 2.7.
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A Appendix

A.1 Properties of orthomartingales

Proposition A.1. Let (B, ||-||z) be an r-smooth Banach space. There exists a constant C (B)
such that for each d > 1 and each orthomartingale difference random field (X;);czq,

> X

1ign

T

E <C®" Y El|xily. (A1)

1in

B

Proof. We proceed by induction: for d = 1, this is exactly (1.5). Assume now that (A.1) is true for

any d dimensional orthomartingale difference random field and let (X; oz bea(d+1)-

52d+1)i€Zd,id+1

dimensional B-valued orthomartingale difference random field. Since (Z"d“

o Xy is an
b+l Tt ) ez
orthomartingale difference random field, the induction assumption implies that
Nd+1 " Nd+1 "
d
E Z Z Xivid+1 < C(B) Z E Z Xivid+1 (A.2)
1isnigy1=1 B 1xi<n ig+1=1 B
and we conclude by an other application of (1.5). O

A.2 Some operators

Definition A.2. For —oo < p < ¢ < oo andd € N, denote by H, 4.4 the set of functions g: Ry —
R such that [°min{u?~",ut'} (1 + 1,51 logu)’ g (u) du < co. We define the operator Ty
defined on H,, by

Tpqa(g) (x) == /000 min {u? 7wt} (14 1o log u)? g (zu) du. (A.3)

Since p < ¢, we have

Tpea(9) (z) = /0 1 wI g (zu) du + /1 ! (1+1logu)? g (zu) du. (A.4)
Note that here, p is allowed to be equal to —oo, in which case,
T caa(0) ) = [ g ) (A5)
and similarly, the case ¢ = oo is also possible to consider, giving
Ty (9) () = / TP (1 + log ) g (zu) du. (A.6)

Most of the deviation inequalities in this paper take the form f(x) < T, ,4(9) (x), where f
and ¢ are tail functions of some random variables. Repeated applications of such inequalities
lead us to consider composition of operators T}, , 4 with different parameters.
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Lemma A.3. Let py,q1,p2 and qa be such that —oo < p1,pe < 00, q1 # @2, —00 < 1,02 < 00
and max {p,p2} < min{q,q}. Let di,dy € N, p = max{p1,p2}, ¢ = min{q,q} and d =
dy +dy+1,,—,,. Assume that p < q. Then for each function g in H,,q and each positive x,

Tp1,q1,d1 © Tp2742,d2 (g> (SL’) < Cp1,q1,p2,Q2Tp7q7d (g) (x) ’ (A7)
where
C dd:[_d+d2d1+d2<ﬂ+1 B +;) (A.8)
P1,91,p2,42,41,42 q—p,a1taz2 |p1 _p2| P1=p2 ‘Ch . q2| )
I,a= / v (1 + log v)* dv (A.9)
1

and when one of the numbers p; or py is —00 0T q1 o7 @2 1S 00, the corresponding fraction in
Cor.q1.p9.00.d1.do 18 understood as 0, as well as 1,, 4,/ |p1 — p2| if p1 = p2.

Proof. We will treat the case where all the numbers py, ¢;, po and ¢, are finite. The general case
can be deduced by monotone convergence. By definition of 7, , 4,

TP17417d1 © szﬂzdzg (SL’)
= / / min {w” " w7} (1 + 1,1 log u)™ min {oP 7 027 (14 15 log v)® g (uvz) dvdu.
o Jo
(A.10)

Then doing the substitution ¢ = uwv for a fixed u gives

Tp17q17d1 © Tp%qz,dzg (:L’)

[oe} ) t p2—1 t q2—1 t d2 1
= / / min {um—l’ utn—l} (14 1,51 log u)d1 min <—) , (—) <1 + 1ty log —) —g (tx) dtdu.
o Jo u u u) u

(A1

and we are reduced to bound

o0 t 1172—1 t II2—1 t d2 1
f(t) = / min {upl_l, uql_l} (1+ 1,51 log u)dl min (—) ; <—) (1 + 11>y log —> —.
0 u U u U

(A.12)

To do so, we split the integral according to the cases t < 1 or not and v < t or not in order to
get

@) =H@)+ 200+ fs () + fa(t)

o) t p2—1 ¢ do 1
= / Lus1 Ly} (—) (14 logu)™ <1 + log (—)) —du
0 u U (7
00 ¢ q2—1 1 oo ¢ p2—1 ¢ da
—l—/ Lost LicuuP ™t (1 + log u)™ <—) —du+/ Lycilpsu®™? <—) (1 + log <—)) du
0 U [ 0 U U

o0 t q2—1
+/ 1u<11t<uuq1_1 <_) du (A13)
0 u
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Then f;, 1 < i < 4 can be bounded as follows:

t ; do
fit) = 1t>1t”2_1/ uP P2 (1 4 log u)™ (1 + log (—)) du
1 Uu

tm—l _ tp2_1

< Lot (1 +log t>d1+d2 (11’175:02 + 1p1=p2tp2_1 log t)

D1 — D2

1
< 1t>1tp_1 (1 + IOg t)d1+d2 <ﬁ + 1p1:p2 log T,) ,
1= M2

fa(t) =t / uP =27 (1 4 logu)™ du
max{1,t}

= 12 ' max {1, 1} ® / v =271 (1 + log (vmax {1, ¢}))™ du
1

<207, ot max {1,617 % (1 4 log (max {1,}))"
= 1 20 g 9 4 10 20 T P (1 4 log ()™

where I, 4 is defined as in (A.9),

min{1,t} ¢ da
f3 (t) = tp2_1 / u‘“_m_l (1 + lOg <—)> du
0 u

da
p— : 1_ t
< 2d2[q1—p2,d2tm ' min {1, £} (1 *loe <M>)

= 1,120yt + 1202 D, P (1 + log ()
where we did the substitution v = min {1,¢} /u and

1

S (A.14)
\Ch - Q2|

1
f4 (t) = 1t<1tq2_1/ uq1—q2—1du = 1t<1tq_l
t

hence
1

f(t) < Iq—;v,d1+d22d1+d2 | P
1 — @2

1
+ Iq—p7d1+d22d1+d2 1t>1tp_1 (1 + log t)d1+d2 (ﬁ + 1pi=p, log t) ) (A-15)
17 P2

and bounding the constant terms by C (p1, q1, P2, Go, d1, d2) gives (A.7), which ends the proof of
Lemma A.3.

O

A.3 Tail inequalities

In order to state the tail inequalities, we will make a use of the operators 7T}, , 4 given in Defini-
tion A.2. In order to ease the notation, we will use the notation Tail (Y') for the tail function of
the non-negative random variable Y, that is,

Tail (Y): t = P(Y > 1). (A.16)
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A substitution shows that for a positive s and t,

Tpqa(Tail (Y?)) (%) = sTsp sq.a (Tail (Y)) (2) . (A.17)

A.3.1 Doob’s inequality

Lemma A.4. Let (Y,,),., be a non-negative submartingale with respect to a filtration (Fy,),~-
Then for each positive x,

Tail < max Yn) (t) < AT} (Tail (Y)) (£/4) . (A.18)

1<n<N

Proof. By classical Doob’s inequality,

t Tail < max Yn) (t) < E [Ynlmaxicpon vast] (A.19)

1<n<N

and splitting this expectation according to Yy < t/2 or not, we derive that

t Tail <1r<na<>§v Yn> (t) < 2E [Ynlyysipo] = 2/ P(Yy > max {t/2,s})ds (A.20)
<n< 0
hence -
t Tail <1r<na<>§vYn) (t) <tP(Yy > t/2) —l—t/ P(Yy > t/2s)ds (A.21)
<n< 1
and using /4P (Yy > t/2) < ft/2 P (Yy > s)ds completes the proof. O

A.3.2 Tail inequality for conditional moments

Lemma A.5. Let (]:i)iN:o be an increasing sequence of sub-o-fields on a probability space (Q, F,P).
Let (Yi);», be a sequence of non-negative random variables such that'Y; is F;-measurable for each
i = 1 and define the random variables Sc* = Y E[Y; | Fi-1] and S, = Y1, Yi. For each
qg =1 andt > 0, the following inequality takes place:

P(S¥™ >t) <k (q)/ min {1,07 "} P{Sy > tv} dv. (A.22)
0
where k (q) depends only on q. In other words,
Tail (S () < & (q) T g0 (Tail (Sy)) (1), (A.23)

where T 40 is defined as in (A.3).

Proof. We will first give a functional inequation for the tail of Y, in terms of quantitites of the
form E [Z 1 Z>u}] . We will first follow the arguments of [Nev75], p. 175, but since we are dealing
with finite sums of random variables, we do not need to introduce stopping times. Instead, we
will first show that for each positive t,
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E[(S™ — ) 155" > t}] < E [Sy1 {52 > 1}]. (A.24)

To do so, define for each n > 1 the events A, = {Y,, >t} and B, = A, \ 4,1, n > 2 and
B, = A;. Notice that B,, is F,,_1-measurable for each n and {Sf@nd > t} is the disjoint union of
the sets B,, 1 <n < N. Letting Yy = 0, we also have that Y,, 11 {B,} < t1 (B,) hence

[(Scond ) {Scond > tH _ 2::1 [(Scond ZE Scond ) (Bn)j| .

Since N ;
E [(S5™ = Suo1) 1(Bn) | Fuca] =E | ) E[Y; | Fisa] 1(By) | Fucr (A.25)
and B, is F,,_i;-measurable, one gets _
E [(S%™ = Su1) 1(By) | Fuct] = 1(B,)E | Y E[Y; | Fii] | Foucn (A.26)
_'l]:Vn i
Consequently,
N
E (S5~ 1) 1{s5™ > t}] < S E[1(B.)E[Sy | Facill- (A.29)
n=1
Using again .7:n 1-measurability of B,, and the fact that {Scond > t} is the disjoint union of the
sets By, 1 <n < N, we get (A.24). Now, from the inequalities
[ Condl {Scond > Qt}} [(Scond o t) 1 {Scond > 2t}} [(Scond ) {Scond > t}}
(A.30)
and (A.24), we derive that
E [Sy™M1{Sy"! > 2t}] < 2E [Sn1 { S > t}] (A.31)

and spliting the expectation of Sy1 {S]C\?“d > t} over the set {Sy < dt} and its complement, we
arrive at the estimate

(Scond > Qt) SP (Scond > t) + E [i—Nl {SN > t(S} ,

(A.32)

valid for each ¢ > 0 and each positive . In order to get a bound like in the right hand
side of (A.22), let us define for a fixed s > 0 and k the numbers a5, := P (S > 2°¢),
by =E [%1 {SN > 2’“55}] and ¢, = 0 %ay. Then (A.32) applied with ¢ = 2¥s translates as

Cop1 = 0" lapy <O (bak + by) (A.33)
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hence ¢ — ¢ < 6 F71by,. Tt follows that

—_

n—1
Cn = Co + (Ck—i-l — Ck) < ag + Z 5_k_1bk. (A34)
0 k=0

3

B
Il

Multiplying by 0™, this bound translates as

n—1
(S5 > 2) <P (S > 1)+ 0 E | (sy > 2l (a3
k=0

and applying this to t = 2"s gives

P (S]C\?nd >1) <6"P (vaond >127") + ”Z—:l SR [kaitl {Sn > 2kt2_"6}} . (A.36)
k=0
The change of index j = n — k leads to
P (S9! > t) < 0"P (S > u2™") + iéj‘IQJE {%1 {Sy > 2‘%6}] : (A.37)
=0
Letting n going to infinity furnishes the estimate
P (Sy™! > t) < g&j?E ﬁs—ftvl {Sn > 2‘%6}] : (A.38)
Choosing § = 27971 gives
P (S > t) < ]202—‘”1@ {%1 {Sn > 2‘%5}} : (A.39)
and using the elementary inequality
Y 27 {y >27} <CA{Y > 1} + C Y '1{Y <1} (A.40)

Jj=0

with Y = Sy / (6t) gives, after having expressed the expectation as an integral of the tail, the
wanted inequality (A.22). Then (A.23) follows from a the substitution v = e“. This ends the
proof of Lemma A.5. O

We formulate an inequality of the spirit of Theorem 1.3 in [Girl9], except that the term
involving the sum of conditional moments of order p is replaced by the unconditional sum, which
will turn out to be more convenient in our context.

Proposition A.6. Let 1 < r < 2 and let (B, ||-||g) be a separable r-smooth Banach space. For
eachp € (1,7], and q > p, there exists a function f,,: Ry — Ry such that if (D;),-, is a B-valued
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martingale difference sequence with respect to the filtration (F;),., then for each1 <p <17, q>p
and x > 0, the following inequality holds:

zn: D;|| > t)
=1 B
1/p

00 N
< frq (Cop) / wmin {u?!, w7} P (ZHDZ-Hﬁ) > tu | du. (A41)
0 =1

P max
1<n<N

Proof of Proposition A.6. Let (B, ||-||z) be a separable r-smooth Banach space, where 1 < r < 2.
According to Theorem 1.3 in [Girl9)], for each 1 < p < r, each ¢ > 0, t > 0 and each B-valued
martingale differences sequence (X, F;),,, the following inequality holds:

. ! 2 ‘ o
Tail Inax Z;Xj (t) < 90 — 1Q2 PT o0.4.0 <Ta11 (g&};HX,HB)) (2 1 q/pCpJB/pt)
J= B
q n 1/p
b g 27T o | Tail (ZE[IIXZ-H%]; | fi_l]) (2--csim), (A2
i=1

where Ty 4.0 is defined as in (A.5) and Tail (-) by (A.16). Bounding max;<;<, || X;|lg by (320, || X:]2)"7,
we infer that

i

>

J=1

24—P

n 1/p
] —1— -1
2q - 1qTO7q7O Tall <Z ||XZ||§> (2 1 q/pCpJB/pt)
=1

217P RS g
+ ﬁ(]TQ,q,o <Ta11 (;E [HXZH% | E_1]>) (2 P qCpJIlBtp) = Al + A2 (A43)

() <

Tail | max
1<i<n

B

Therefore, we are reduced to bound the last term of (A.43) by an other one involving the
tails of > 1" | || X;]|”. This is done with the help of Lemma A.5 used in the following setting:
Y; = ||Xillg, = q — p and t = 27P79C, ;tPuP . This allows the bound A, by

K (p, q, CpJB) TO,q—p,O o) T17q70 <T&11 (Z HXZH%) ) (2—P—qcp—’étp)
i=1
n 1/p
= K (p, 0, Cp2) PTog 0 © Thgo | Tail (Z ||Xi!|§> (27oveygt) . (A
i=1
where the equality comes from (A.17).

Then an application of Lemma A.3 with p; =0, ¢ = g—p, p2 = 1,0 = g and d; = dy = 0 gives
the wanted result, as 11,0 (g) () = Tp 4.0 (g) (z). The proof of Proposition A.6 is complete. [
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A.3.3 Convex ordering

The following ordering was studied in [Rue81].

Definition A.7. Let X and Y be two real-valued random variables. We say that X < Y if for

conv

each nondecreasing conver ¢: R — R such that the expectations E[p (X)] and E[p (Y)] exist,
Elp (X)]<E[p (V)]

The point of this ordering is that if X < Y, one can formulate a tail inequality for X in

terms of tails of Y. More precisely, Lemma 2.1 in [Gir21a] gives that if X and Y are nonnegative

random variables such that X < Y, then for each ¢,

P(X > 1) < / P(Y > to/d) dv. (A.45)
1
In terms of operators T}, , 4 defined as in Definition A.2, this reads

X < Y = Tail (X) () < Thoep (Tail (V) (£/4). (A.46)

conv

A.4 Technical tools

Let Y be a non-negative random variable and denote L (z) = 1+|log z|. The following inequalities

will be used in the sequel:

“+oo
D 2R (4 )T {Y <27} < pa(L+ L(Y)) T YP p <1 and (A.47)
k=0
“+oo
D 2R+ )T {Y > 2P} < VL (V)T 1{Y > 1} (A.48)
k=0

Inequality (A.47) follows from the observation that the sum can be restricted to the indexes
k bigger than plog (V') /log 2.
Inequality (A.48) follows from the following steps:

—+00 —+00

SR+ )T (Y > 2M) =Y ok (k4 )T 1 {2 <y <2070/
k=0 k=0 j=k
+oo J
= Z Z 9sk (k + 1)d—1 1 {Qj/p <Y < 2(j+1)/p}
=0 k=0
“+oo
< Cs7d228jjd_11 {Qj/in <Y< 2(j+1)/p}
7=0

+oo
< Cp,s,dz YyPs], (Y)d—l 1 {2j/p <Y< 2(j+1)/p}
=0
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