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NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE

MATHIEU SART

ABSTRACT. We investigate the problem of optimal density estimation on the real line R under L'
loss. We carry out a new way to select the important coefficients in some wavelet expansions. We
study the resulting estimator when the density is smooth with dominated tails. This assumption is
very mild and allows in particular to deal with singularities, spatially inhomogeneous smoothness,
and fat tailed distributions.

1. INTRODUCTION.

We consider a real valued random variable X and suppose that its distribution admits a den-
sity f with respect to the Lebesgue measure. Our aim is to estimate f from the observation of n
independent copies Xq,..., X, of X.

The method we use is based on a decomposition of the density in a (bi-orthogonal) wavelet basis.
The challenge lies in the choice of the coefficients to be estimated and those to be set to zero. A
successful choice leads to an estimator f that is neither over-smoothed nor under-smoothed. A way
to check this point mathematically is to consider a class % of functions and to compute

R(f,7) = sw E [U(f, f)].
fez
In this formula, ¢ is a loss function that is up to the statistician, for instance ¢ = di where d, is
the L9 distance. The above maximal risk can then be compared to the minimax risk

Ri(#) = inf swp E [¢(f. f)|
f fez

Naturally, Ry(#) < Ry(f,#) and we expect the reverse inequality to be true to within a multi-
plicative factor. If this factor does not depend on n, f is said to be rate optimal (and nearly rate
optimal if the factor may grow as log” n).

A wavelet estimator is usually studied under the assumption that f belongs to a ball B7 . (R) of
a Besov space. The precise definition of this set is recalled in Section 3.1 below. The parameter «
indicates the regularity of f whereas p measures, in some sense, the sparsity of its wavelet expansion.
This assumption of regularity is seldom the only one. There are two points to watch out for when
assessing the quality of a wavelet estimator. First, we have to examine the precise set .# C By (R)
on which it is rate optimal (or at least nearly rate optimal). Second, we have to look at the
conditions on « and p. The larger .% is, and the weaker the conditions, the better.
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2 MATHIEU SART

The simplest wavelet estimation method is to keep all the coefficients up to a certain resolution
and discard the others. This leads to a linear estimator that is — if the final resolution is properly
chosen — rate optimal for the IL? loss when f is a compactly supported density of B9, (R) with p > q.
The case p < ¢ is more delicate and can only be solved with non-linear methods, see [DJKP96]. The
two main rules that we know of consist in thresholding the coefficients individually or by block. For
more details about them, we refer to [Aut06, CC05, DJ96, DJKP96, HKP98, HKPT12, KPT96].
Note, however, that the resulting estimators are usually studied under somewhat restrictive addi-
tional assumptions (for instance o > 1/p, which imposes the continuity of f). These additional
assumptions can significantly modify the minimax rates. A description of these in the compact
case, to within log factors but without superfluous conditions, can be found in [Sar21b]. We would
also like to mention an important point: in the 8 references above, 5 of them involve undesirable
log factors in the convergence rates. The three exceptions, [CC05, HKP98] and [DJ96], rely on very
strong additional assumptions and therefore do not, unfortunately, solve the problem of optimal
estimation on a Besov ball, even in the compact case. More generally, we were unable to find in the
literature an optimal estimator (based on wavelets or not) when p < ¢, « < 1/p, and f compactly
supported but not bounded, no matter ¢ € (1,00). Log factors separate the upper-bounds from
minimax lower-bounds in the best of cases.

In the present manuscript, we pay particular attention to the L! loss. The spatial adaptivity
of a non-linear estimator may be revealed by studying its risk when the density is compactly
supported and in ’B&C)O(R) with p < 1. The optimal estimation rate in this context is n~/(2a+1)
for all @« > 1/p — 1. The only previous paper we know of that achieves this result is [Bir06a]. His
estimator is based on a “theoretical” construction though (the term theoretical means that we do
not know how to make his procedure computationally feasible). This rate n~=®/(2¢+1) is nevertheless
a benchmark that should be reached by a wavelet estimator under the sole condition that « belongs
to an interval of the form (1/p — 1,7). This restriction on « ensures the classical characterisation
of Besov spaces in terms of wavelet coefficients. We have not been able to find in the literature
a local or block thresholded wavelet estimator with this property. This will be the case for our
wavelet estimator.

The wavelet approach is less developed in the context of density estimation on the real line R.
The main papers we know on this subject are [JLL04, RBRTMI11]. In both cases, the estimator
is term-by-term thresholded. It is also nearly optimal over some balls B} . (R) of Besov spaces.
More precisely, the first paper deals with p = oo and ¢ > 1 whereas the second one covers the
cases p > 1 and ¢ = 2 (under an additional boundedness assumption when p < 2 though). Other
solutions to wavelets have certainly been proposed in the literature to cope with infinite supports.
It is beyond the scope of this introduction to describe them all. We simply cite here the papers
of [GL11, GL14, Lep13, LW19]. They contain the most general results we know about the minimax
rates.

Let us mention that difficulties occur when the estimation is performed on R with the L' loss.
This distance gives more weight to the estimation errors in the tails of f than the other IL? distances.
It follows that a pure regularity assumption — such as f € ng,oo(R) with R large enough — is not
sufficient to ensure the convergence to zero of the minimax risk. A way to bypass this problem
is to add a constraint on the tails of f, see the seminal paper of [GL14]. They show that the
optimal estimation rate of a (bounded) function in a Besov ball with p > 1 is, within logarithmic
factors, n=7 where v € [0,a/(2ac + 1)] depends on the tails of f. If we ignore these log factors, it
means that the usual rate n~* 22+ can be recovered when the tails of the distribution are not
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too fat. In the present paper, we aim to refine this result. We intend to explore cases they do not
cover (p < 1 and f not bounded for instance), and tackle the tricky question of log factors in the
convergence rates.

It is therefore difficult in statistics to perform optimal estimation under smoothness constraints
without making assumptions about the density which greatly simplify the mathematics. By “opti-
mal”, we mean that no logarithmic factors are lost. The assumptions we wish to avoid are “p > ¢”,
“f bounded”, “f compactly supported”. None of the aforementioned papers satisfactorily solves
this problem, no matter ¢ € [1,00). The aim of our work is to shed new light on this subject and
provide some answers.

The choice of the L! distance as loss function may induce some difficulties in the non-compact
case as explained above, but has a considerable advantage over the other IL? distances. Indeed,
a density inevitably lies in L!(R) as opposed to L¢(R) when ¢ € (1,00). We can therefore assess
the risk of the estimator even when f ¢ LI(R), and work with collection of densities for which
the minimax LY risk does not tend to zero. This is the case for instance when the collection is
composed of compactly supported densities of %11,,/50_1/ ?(R) on [0, 1] with p < ¢ and R large enough.
The precise lower minimax bound may be found in [Sar21b]. Here, an optimal estimator converges
at the classical rate n~(1/P=1/2)/2(1/p=1/0+1) for the L' loss.

We propose in Section 2 a new estimation method of the density. It is based on a decomposition
of f in a wavelet basis. Our method estimates only some of the coefficients and sets the others
to zero. Each coefficient can, a priori, be retained or discarded. It is kept only if its estimation
improves a heuristic assessment of the estimator global risk. The latter depends on an error term
that is unobserved but that can be controlled with high probability. Thus, the way in which the
coefficients are thresholded depends on how this error is controlled. If we control this error too
roughly, we end up with a loss of logarithmic factors, see Section 2.2 for more details. Fortunately,
the error can be controlled very precisely using appropriate tools from the concentration of measure
and empirical processes theories (Talagrand’s inequality, Poissonian inequality for self-bounding
functionals, chaining arguments, VC subgraph, universal entropy...). This allows us to get rid of
log factors in almost all cases (see below). The downside of our approach is that it leads to lengthy
and rather technical proofs.

We study the global ! risk of our estimator in Section 3 under two conditions. The first is
that f belongs to a Besov ball By  (R) with p > 0 and « € ((1/p — 1)4,7) where 7 only depends
on the choice of the wavelet basis. The second condition concerns the tails of f. It is described
in detail in Section 3.1.2. To put it simply here, we can say that it allows densities to be fat
tailed, i.e. it allows f(x) to be bounded from above by something of the order of |z|~'/¢ where
6 € (0,p) N (0,1). We show that our estimator achieves the classical rate n~®/(2*+1) associated
with compactly supported densities when the tails of f are not too fat, that is when 6 < 6y where
0y depends on «,p. When 6 > 6y, the rate is rather of the form n~7 for some v € (0, a/(2a + 1)).
It is still optimal. In the limiting case 6 = 6y, our estimator reaches the rate (log n)“*ln_a/ (2a+1)
where +' depends on a,p. This logarithmic factor cannot be ruled out, and our estimator is once
again rate optimal.

We also examine the risk of our estimator under the sole condition that f € B} (R) with p <1
and « € ((1/p — 1)+, 7). This assumption turns out to be sufficient to ensure the convergence of
our estimator. It is moreover always rate optimal, except possibly when o = (1 — p)/(2p — 1),
where it could be, in the worst possible scenario, only near optimal. This result contrasts with
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what happens when p > 1, where, on the contrary, the minimax risk may not tend to zero. We
also investigate the case a € (0,1/p — 1] and show that the condition o > (1/p — 1) is, in some
sense, necessary to estimate the density (even if it is compactly supported). A precise formulation
of these results may be found in Sections 3.2, 3.3 and 3.4.

For ease of presentation, we have only discussed balls B (R) of Besov spaces above. However,
our bounds are slightly more general. The Besov balls can be replaced in almost all cases by subsets
WB; (R) of weak Besov spaces without changing the convergence rate of our estimator. These
sets are defined in the same section as the Besov balls, i.e. in Section 3.1.

Finally, let us mention that the computational complexity of our procedure is nearly linear in
the number n of observations. We give more details on this point in Section 3.5.

Throughout the paper, we suppose n > 2 and denote by |A| the size of a finite set A. The
letters ¢,C,c,... stand for quantities that may change from line to line. The proof of our main
result is deferred in Section 4. The appendix contains additional proofs as well as some results used
in Section 4.

2. ESTIMATION PROCEDURE

2.1. Bi-orthogonal wavelet basis. Our estimation method relies on a decomposition of the
density in a bi-orthogonal wavelet basis. In such a basis, any square integrable function f takes
the form

(1) F= bt DY Bixtik
kez =0 keZ

where for any 7 > 0 and k € Z,

o= [ f@on@)dn, B = [ F@)viulo)ds
where for any = € R,
o(x) = oz — k), Yin(e) = 2Pz — k),
Or(r) = Pz — k), Pjp(x) =222 — k),
and where ¢, ¢, 1,1 stand for dual father and mother wavelets. Equality (1) can be shortened by
setting B_1 1, = ag, Y1k = Ok, Y—1 = ¢r. It then becomes

o

(2) f= Z Z/Bj,kl/;j,k-

j=—1keZ

In the following, we suppose that these four wavelets are bounded and compactly supported.
Moreover, we take ¢ = 191}, and suppose that v is piecewise constant.

The simplest example of bi-orthogonal basis is the Haar basis where ¢ = ¢ and ¢ = ¢ =
Ljo,1/2] — 1j12,1)- This basis is even orthogonal. In general, however, ¢ and 1 are not necessarily
piecewise constant and can instead be smooth. We refer to [CDF92] for the construction of such a
bi-orthogonal basis where ¢ and 1 are Holder continuous with exponent 7 (7 € N* is an arbitrary
number to be chosen).
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Note that the density f we estimate is not necessarily in L2(R). Despite this, the series always
converges in L' norm and equality (1) remains valid. This result is based on classical techniques
in wavelet analysis, see Appendix H.

2.2. Outline. We begin by presenting the underlying ideas of our estimation procedure. It will
be described in detail in Section 2.3.

2.2.1. Heuristic. We consider a collection K = (Kj);>_1 of subsets of Z and define the linear
wavelet estimator

(o] n

. ~ ~ 1

fx = E E Bjkbjk,  where Bji = - E Vi k(Xi)
j=—1keK; i=1

denotes the empirical version of f3; .

The quality of this estimator depends on the choice of the collection K by the statistician.
Ideally, K should be chosen in such a way that the risk of the estimator is minimal. Observe that

HfK - le <c f_:l {2_]-/2 > 1Bkl + Bi(K;) + EJ(KJ)} :
j= keZ

where ¢ only depends on the wavelet basis, where

Bi(K;) = =272 3" B,

k)EKj
and where
(3) Ei(K;) =272 3" Bk — Bl
kGKj

represents the error due to the estimation of the coefficients indexed by K;.
The term B;(kK;) can be estimated by
Bi(K;) =272 3" |Bjul.
k)EKj

The triangle inequality ensures that

|B;(K;) — Bj(K;)| < &(Kj),
and hence
(4) HfK - le <c Z {2-N2 > 1Bkl + Bi(K;) + 25j(Kj)} .

j=—1 kEZ
The key to minimizing the L! risk (or at least the above upper-bound) is therefore to control the
error £;(K;) with high probability. If £;(K;) denotes a known upper-bound of £;(K;), minimizing
(5) Bi(Kj) + 2&;(Kj)
among all the subsets K; of Z is a possible strategy to minimize the right-hand side of (4). In

other words, we may consider a subset K ; of Z minimizing (5). It contains all the indices k of the
coefficients 3 to be kept. We then estimate f by fg where K = (Kj);>_1. The interpretation
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of K is therefore relatively simple: it is obtained by minimizing a criterion (5) that aims to estimate
the ! error of the estimator.

2.2.2. Local thresholding. The point of view we have just discussed is flexible enough to re-
discover, and therefore reinterpret, some existing rules of literature. All we have to do is play
with &;(Kj).
For instance, we may choose an estimated error term 5 (Kj) of the form
(6) Ei(Ky) =272 3" &
kGKj

The procedure then becomes purely local. It only keeps the coefficients above a given threshold.
To be more precise:

K= {k €Z, Bkl > aj(k;)} :
We now propose to reason a little more formally to clarify what €;(k) can be. We set the
coefficients to zero when j is large, say j > J for some J and minimize the criterion only when j

is smaller. This decision necessarily induces a bias. The larger J i is, the smaller it is. Anyway, a
risk bound can be obtained for the resulting estimator on the event & defined by

“j < J,VK; C Z, §(K;) > &(K;)".

If we require 5 (K;) to be of the form (6), a possible choice for €;(k) is

logn

(7) &(k) = 122 [\/ CELR [y2(2iX — )] +

This result is valid with probability 1 — 1/n¢ for some ¢ > 1, and all j € {0,...,n}, k € Z (when
j = —1, replace 9 by ¢, and when j > n replace logn by log(jn)). We omit the case j > n as the
coefficients are usually set to zero in the literature (the classical conditions are even often stronger).
Formula (7) can be obtained, for example, by using our Lemma 2 page 20 (with some elementary
maths). Naturally, its right-hand side is unknown in practice. The old way out is to replace the
expectation by a deterministic upper-bound such as ¢z f||co27/. This gives a threshold of the order
of \/||f]loc log n/n when j is not too large, say 2/ < n/logn. It is barely larger than the classic
threshold /|| f||c0j/n proposed in [DJKP96] (see below for more details). When f is not bounded,
or when we do not know an upper-bound on its supremum norm, the foregoing is pointless. An

alternative solution is to replace the expectation by a probabilist upper-bound roughly of the order
of

1 & .
MG

The threshold then becomes random, and the resulting procedure is quite similar to what can be
found in literature, see [JLL04, RBRTM11] for instance. The main difference with these two papers
is that they estimate the variance of 1)(2/ X — k) instead of its moment of order 2. But it doesn’t
matter: in all of the above, the factor logn/n appears in the threshold. It therefore seems difficult
to avoid in the convergence rates.

It should be noted that the bound (7) is not necessarily the most accurate. In the special case
where f is compactly supported, we only need to control e;(k) for all k € {—A27,... A27} for
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some A > 0 depending on the support (and the wavelets), as the coefficients (3, are zero for the
other k. We can then take

i (k) = 327/ -

VEEwex b+ L]

see our Lemma 3 (for instance). Bounding E [¢(2/X — k)] from above by c3||f|lc277 then leads
to the famous threshold /|| f||ocj /7, at least when j is not too large (say j2/ < n). The procedures

we are aware of that are based on this threshold still involve undesirable log factors in the rates
though.

2.2.3. Bounds from empirical process theory. One way to avoid log factors is to better
control the error term &;(K;). There are several ways to get a bound that makes the event & true
with high probability, say 1 — 1/n¢ for some ¢ > 1. For the sake of simplicity, we suppose in this
section that j € {0,...,n}.

The simplest bound is as follows:

(8) &(K;) = s [\/? + @] ,

see our Lemma 2. It turns out that correct use of this result already leads to optimal rates in the
compact case. We do not go into detail here, as it unfortunately seems too rough to deal with
infinite supports.

The first term may indeed be too large. This is especially true when the numbers J%k =
E[¢?(2/X — k)] are small. We recall that J%k somehow rules the estimation error between f;
and ng A solution to bypass this pE)blem is to group the integers k for which the UJQ-JC are ap-
proximately the same. Let for r € Z, Z; , be the set of k such that aik is of the order of 27". We

deduce from our Lemmas 2 and 3 that we may take a bound on &;(K;) when K; C Z;, whose
leading term is of the order of

|K;|27/2 . \/log <|Zm|> log <2>
Vn NIV NI

where log, (-) = log(e + ). There are a few simple conditions for the above to be truly leading.
Details are omitted.

So, the main idea of our procedure is to try to work with similar errors 0’]2-7 » and to juggle the two
formulas. We use the first when r is small, and the second when r is larger. Naturally, the second
formula introduces the troublesome condition K; C Zj;, as well as |Z; .| (the aik are unknown).

The problematic set Zj,r can, however, be estimated in some way, or replaced by a larger set. We
refer to Section 2.3 for further details.

2.2.4. About an optimal thresholding procedure. We can find in the literature a term-by-
term thresholding rule that eliminates log factors. We refer here to [DJ96]. It is nevertheless
worth noting that it relies on strong assumptions: f is bounded (with known sup norm) and f is
compactly supported on [0,1]. It also requires knowledge of the smoothness of the function to be
estimated (the regularity index and the Besov (quasi-) norm). As explained above, our approach
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can be simplified in the compact case [0, 1]. Formula (8) is then sufficient to obtain the right rates
of convergence (adaptively and without extra assumptions).

It is also possible to draw on our setup to recover their procedure. All it takes is the right formula
for £;(K;). For example, we can use the one given by our Lemma 3 (with a set C;,- whose cardinality

is of the order of 2/ as f is compactly supported for [DJ96]). By using the rough upper-bound
E [¢?(27X — k)] < ca|| flloc277, we get:

B(K) = cs [w W‘j” oo e GLIESD |, [Fillog (/1)

n

logn logn
g+g

2l

n

This equality can be taken on an event of probability 1 — 1/n¢, uniformly for j € {0,...,n} and
for all non-empty sets K; C {—A27,..., A2/} (the term A depends on the wavelets).

We recall that the threshold of [DJ96] is applied only when j € {jo+1,...,71} where jj is of the
order of logn and where 27! is of the order of n/logn. By doing elementary maths, we obtain for
all J € {JO + 17 7j1}7

log, (27 /(K] + 27))

E(K;) < ey [<|Kj| w2 2

(El+ 20 g, (/5| 21)) gy tosn waloin]

- T =30 | ojo—j J—J logn
<er [|Kj|2 24 [ flloe™= + 27 ]/2\/Hf\loo °+\/Hf\|oo - ]

n

This leads straight to their threshold that is of the order of \/||flsc(j — jo)/n (the last two terms
in the right-hand side of this inequality do not depend on Kj; and do not come into play when
selecting coefficients by minimizing (5). They do, however, contribute to the estimator risk. This

contribution is of the right order of magnitude when jj is chosen carefully in line with the properties
of f, see [DJ96] for further details).

2.2.5. Generalization. The heuristic of Section 2.2.1 only involves the wavelet coefficients 3;

and their empirical versions Bjk‘ There is therefore nothing to prevent it from being used in a
more general context than that of this paper. For example, we can remain within the density
model framework, but assume that the data are mixing instead of independent. The hard part is
finding a sharp upper-bound on the estimation error £;(K;), which is already lengthy and technical
when the data are independent. More generally, we may consider the estimation of the intensity
of a random measure. In other words, we observe, for any measurable set A C R, a random
variable M (A) satisfying

BM(A)] = [ f(o)de

In this inequality, f is the target function. It is relatively well known that this setup encompasses
different classical statistical frameworks, see [BB09, Akal7, Sar21a| for further details. Section 2.2.1
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can then be used with the following definition of empirical wavelet coefficient:
Bia = [t

The formulas of 3, £;(K;), and the general idea of the procedure remain unchanged. What needs

to be done is to find a bound gJ(K ;) of this error £;(K;). It will naturally depends on the statistical
framework considered.

2.3. Estimation procedure. The aim of this section is to define our estimator f of the density f.
We refer to Sections 3.2 and 3.3 for the study of its statistical properties and to Section 3.5 for
informations on more computational aspects.

We sort the sample in increasing order: X() < Xy < -+ < X(,). We define the smallest
integer J>0 satisfying

. 1-J
1§]%17IL]—1 (X(i+1) — X(z)) > 2 Ldf’

where Ly, > 1 is such that supp ¢ C [—Ly, Ly]. For each resolution j € {—1,..., j}, we determine

a set K; of integers by using an algorithm similar to the one described in Section 2.2.1. This yields
our estimator

J
(9) F=Y23" Biwtju
Jj==1 k‘EI?j
of f.

The integer J therefore specifies the highest resolution with which we work. Note that the Bj,k

are based on very few observations when j > J+1 (at most one). They therefore make little
contribution to the estimation of f.

We define for j > —1 and k € Z,

LSRR =,
8)2’k — i=1

1 & ;
= WX — k) if >0
n

i=1

The role of 3]2-7 1. 1s to evaluate empirically the quality of the estimate g]k

Let then
Zj={keZ, 53 #0}

be the set of integers k for which 1;;(X;) # 0 for at least one observation. We define for /; € N
and r >0 +j+1,

Ziv(t)={kez, 277'<5? <27}
Zj,fj-i-j(ej) = {/ﬁ €, 3)2,’16 > Q—Zj—j—l} .



10 MATHIEU SART

To each value of /; corresponds therefore the partition of 2j defined by

(10) Zi= |J Z.(¢))

r>Li+j

We now explain which coefficients to retain among those indexed by Zj,r(ﬁj). As described in
Section 2.2.3, the aim of this reasoning is to group together coefficients whose estimation errors
seem similar. The number ¢; indicates the point at which formula (8) becomes too rough. By

gathering all these coefficients and by choosing ¢; appropriately, we obtain the set K;.

We now introduce the terms and parameters that appear in our control of the error term. We
consider some positive numbers p_1,5_1, po, 5o > 0 that will be specified later on, and set ¢; = p,

pj = po for 7 > 1. We define the map @7T7gj(’) for r =4¢; 4+ j and x > 0 by
By o) = 2+ BAZ ) oG D] g+ 20+ )

J n n

9

where log_ (z) = log(e +x).When r > £; + j + 1, gjméj(‘) is rather defined for = > 0 by

N 27" log . <Xﬂ/:p> log, (X]r/$>
gj,r,Zj (:E) =7 t+x
n n
N \/xw log((j 22)@ + 1)n) N log((j + 22(r + 1)n)7

where

~

N = min { (|Z] + 2Ly +1)(10g(j +2) + 2logn +1)),2+1 },
if 27 > gjn/log((j + 2)n), and where
:\\jw = min {|2§-7T|, 2’"+1}
if 27 < ¢jn/log((j + 2)n). In this equality,
Z,={keZ 27" 2<%, <27t}
The map (E;\j,r,gj(') is extended by continuity at = 0.

We define the criterion v; ¢, (-) for Kj.¢, C ij,r(fj) by

Vit (Bjrg;) = =272 1Bkl + 0i€1mt; (1K, ))-
kEijyej

Thereby, the last term of this equality can be seen as an upper-bound of the error €j(Kj,r,gj)

~

introduced by (3) in Section 2.2.1.  According to the previous heuristics, we pick out Kjrp, C

Z]—,r(ﬁj) such that
(11) /yjyrvej (K]J,?ZJ) = mi/p ’7]'77“7éj (K]J,?ZJ) :
Kjre; CLjr(£5)

Since ZM(@) is finite, the set IA(jmgj does exist. If several sets minimize this criterion, Kj,
denotes any of them.
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Moreover, the value of ; that we will keep in the following is the smallest value @j satisfying

o0 [e.e]
(12) Z ij,r,fj (Kj,r,fj) = ZIEHI\]T Z ’Yjﬂﬂfj (Kj7T7£j) :
r=0;+j r={;+j
Such a value does exist (for ¢; large enough, the partition given by (10) remains the same).

We finally set

and define our estimator f by (9).

3. THEORETICAL RESULTS.

We study in this section the properties of our estimator f .

3.1. Classes of functions. We begin by introducing classes of functions corresponding to as-
sumptions on the density to be estimated.

For this purpose, the following notations will be convenient. We denote for p € (0,+oc] and
x = (zk)kez the (quasi) P norm of x by

1/p
<Z ]a:k]p> if p<oo
], =

kEZ
sup |zl if p = o0.
keZ

The weak (quasi) ¢P norm of = is defined by

1/p
sup t <Z 1|mk2t> if p<oo

t>0 keZ

sup |ay| if p = 0.
kEZ

”prm =

We recall that ||z], .0 < ||z]|, but that the converse is not true in general.

3.1.1. Besov classes. The classical Besov spaces B} ., possess a characterisation in terms of
wavelets coefficients. It follows from [DJ97] that BS ., may be defined when p € [0,400] and

p7m

a € ((1/p—1)4,7) as the set of functions f of L™#{P1}(R) satisfying | fllBg ., < oo where
1l = sup {2e+t/z=1m g,
Jj=

The value of 7 is an integer depending on the wavelet basis. It is equal to 1 for the Haar basis.
It stands for the smoothness of ¢ and 1) when the basis is the bi-orthogonal basis of [CDF92] (see
Section 2.1).
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We define the Besov ball B  (R) as the set of functions f € By, satisfying || f||y < R. This
set is slightly smaller than the set composed of functions f € By, satisfying

sup {2+ 5, 1,1 < R
Jj=20
This latter set is denoted by B . (?) and is called a strong Besov class. The adjective “strong” is

added to avoid any ambiguity with what is below. The difference between a (strong) Besov class
and a Besov ball lies therefore in the starting point of the index j.

We define the weak Besov class WBJ (R) when p is finite as the set of functions f € L'(R)
satisfying

sup {221 g, ), L < R
Jj=>0

When p is infinite, we set WBS, (R) = BS, ,(R). The main difference with the strong Besov
classes is therefore the use of the (quasi) weak ¢ norm in place of the standard /P (quasi) norm.

3.1.2. Tail dominance condition. We define two sets Tyg(M) and WTy(M) corresponding to
strong and weak conditions on the tails of f.

We set for j > 0 and k € Z,

277 (k+1/2)
(13) o= [ fa)de
2-3(k—1/2)

We define for M > 0 and 6 € (0,1), the set Tg(M) gathering the integrable non-negative functions f
satisfying

(14) sup {27700 ||F; |5} < M.
Jj=0

We say that the “strong tail dominance condition” is met when f € Tg(M). This terminology “tail
dominance condition” is directly borrowed from [GL14] although their condition differs a little from
this one (see the next section for more details).

Inequality (14) can be softened by replacing the (quasi) norm with its weak version. This leads
to the set WTy(M) and the “weak tail dominance condition” f € WTy(M). By definition, it
contains therefore all the integrable non-negative functions f such that

sup {2_7(1_9) HFj,.ng} < M.
Jj=0 ’

These two conditions are satisfied when there are not too many mass in the tails of the distribu-
tion. The parameters M and 6 tune this amount of mass allowed. The larger 0 is, the heavier the
tails can be.

The above conditions are defined only when 6 # 0. The limit case # = 0 corresponds to compactly
supported functions. More precisely, we define To(M) = WTo(M) as the collection of integrable
functions f satisfying

sup {277 {k € Z, Fj), > 0}| } < M.
Jj=0

We show in Appendix G the elementary proposition below.

Proposition 1. The following assertions hold true:
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~

. If M < 1, the set To(M) does not contain any density.

2. Letp€ (0,1), R>0,a € (1/p—1,7). If f € By (R), then f € Ty(c1RP) where c1 only depends
on the wavelet basis and o, p. Conversely, if f € By ,(R) NT,(RP), then f € By (c2R) where
co only depends on the wavelet basis and o, p.

3. If f is a compactly supported density on [—L, L], then f belongs to To(2L + 2).

4. If f is a density satisfying f(z) < AP|z|~° for all |x| > 1 and some A >0, b > 1, then f belongs

to WT (M) with M = c3(1+ A) and some c3 only depending on b.

3.2. Minimax rates. We evaluate in this section the risk of our estimator f when f is smooth
with dominated tails. More precisely, we consider R >0, M > 1, p € (0,400, a € ((1/p—1)4+,7),
0 €1[0,1) N[0, p], and
o N M) if 1
Fapol B 1) = { WO VWT oD iTp 7
” By oo (R) N WT (M) ifp=1.

We then give an upper-bound of the maximal risk of our estimator when f lies in .%#, , (R, M). It
involves the following quantities:

_Ja/a+1) if <a/2a+1-1/p)
e =60)/(a+1-6/p) if>a/2a+1-1/p)
logn if0=a/2a0+1—-1/p)and p#1
vp =14 (logn)® if=a/a+1—1/p)and p=1
1 otherwise
B = 1/(2a+ 1) if 0 <a/2a+1—-1/p)
Tl -0/ +a—8/p) if0>a/(2a+1-1/p)

By = (a+1-1/p)/(1 =0)2a+1)) if0<a/(2a+1-1/p)
" Ya+1-1/p)/(a+1—0/p) if 0> a/(2a0+1—1/p).

Our main result is proved in Section 4 and is as follows:
Theorem 2. Let p € (0,00], @ € ((1/p—1)4,7), 8 € [0,1)N[0,p], R > 0, M > 1. Then, there

exist 0_1,$—1, 00,50 and ng such that for all n > ng, p—1 > 0-1, po > 00, our estimator f defined
in Section 2.3 satisfies

(15) sup E [dl( 1 f)] <c [RﬁlM%n n M1V:1_9] n=.
fE€Fap,o(R,M)

Moreover, 0-1,5-1 are universal and 0o, only depends on . The term c only depends on
a,p, ¢, 0, 0,0, p_1,po, and ng only depends on p, o, 0, R, M.

We would like to highlight that the construction of our estimator f does not involve the param-
eters o, p, 6, R, M of the class %, , (R, M). They can therefore be unknown.

For pedagogical reasons, let us consider the case where f is compactly supported in [—L, L] with
L > 1. Proposition 1 entails that f € %, ,0(R,4L). In particular, there is ng only depending on
R, M, L,«,p such that for all n > ny,

E |:d1(f7 f)} < ¢ RY/(2a+1) [ (a41-1/p)/(20+1) ;, —a/ (2a+1)
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This is the classical estimation rate. It is however attained here under very mild conditions on p
and «. This result essentially says that our estimator adapts to local variations of the density
(the algorithm can increase the number of coefficients §;j to estimate at the locations where the
function varies a lot and on the contrary decrease it at the locations where the function is more
flat). Note that there is no requirement that the density be bounded or even in L2(R). We do not
know of any wavelet estimator that achieves the standard rate n=®/(2¢+1) under our assumptions.

In the non compact case, the usual rate of convergence n~/2a+1) gapplies when 6 is sufficiently
small, that is when the (weak) tail dominance condition is stringent enough. When 6 is larger,
however, the estimation rate deteriorates. It becomes particularly slow when 6 comes close to 1.
We recall that is not possible to estimate a density on R under the sole assumption that f belongs
to a ball B5 (R) of a Besov space with p > 1 and R large enough when the loss is the L! norm
(see [GL14, IK81, JLLO4]).

However, the assumption “f belongs to a ball of a Besov space” is sufficient to ensure the
convergence of our estimator when p < 1 and o > 1/p — 1. Indeed, our tail dominance condition
is fulfilled in this case with 8 = p. The above theorem can therefore be applied. This gives: for all
pe(0,1),a e (1/p—1,7), R > 1, and n large enough,

(16) sup E|di(f.f)] < RPvun,
feB3 o (R)

where

. {a/(2a+1) if pe (0,1/2) or a < (1—p)/(2p—1)

1—p ifpe(1/2,1) and o> (1 —p)/(2p —1)
o logn ifpe(1/2,1) and o= (1—p)/(2p — 1)
"1 otherwise
g, = 1/ (Qa+1)(A/p 1)) ifpe(0,1/2] ora < (1-p)/(2p—1)
ifpe(1/2,1) and o> (1 —p)/(2p — 1)

and where ¢ only depends on o, p, 1,1, ¢, p—1, po-

Naturally, the rate (16) can be improved if the tail condition is more stringent, i.e. 6 < p.
It is worth noticing that our Theorem 2 also makes explicitly the dependency in M and R. If
f € Zapo(R, M) with § = p but M much smaller than RP, the factor in front of n is actually far
better than the one shown just above. This explains why we draw the distinction between a Besov
class and a Besov ball. The quantity |/3;.]|, may play a very different role in the minimax results
when j = —1 and when j > 0. The parameter R not only constrains the spatial variations of f
when p < 1. It also controls the massiveness of its tails.

As far as we know, only the case p > 1 has been studied in the literature of density estimation
with infinite support under ! loss. The only papers we are aware of that deal with the subject
are the two mentioned below.

First, the authors of [GL14] proposed to estimate the density pointwise. The global risk is
then obtained by integrating the pointwise risk. This reasoning has the merit of not depending
on a particular loss and of leading to results for all LY losses. The downside is that it may lead
to undesirable logarithmic factors in the convergence rates. We do not have any here, except at
the boundary. Their tail dominance condition is more or less the same as our strong condition.
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Rigorously, it is at least as stringent as our strong condition (Proposition 1 of [CL20]). We do not
know whether it is equivalent. Note that they also impose a condition on the supremum norm of f.
Besides, they restricted themselves to balls of Besov spaces and were not interested in weak Besov
classes.

Second, wavelets were used in [CL20] to estimate the density under the same tail condition as
our strong condition. Unfortunately, the convergence rate of their estimator is slower than ours
and is hence not optimal (their exponent in n is, in absolute value, smaller than ours as soon as

0 +0).

Although our result is stated for the L' loss, it can easily be checked that (15) remains true for
the distance induced by the Besov norm || - || gy defined by

1£llsg, = Z 279/218; |-

Jj=-1

The proposition below shows the rate (15) is optimal, even when logarithmic factors appear. It
also shows that the dependency in R and M is the right one. It completes and refines the minimax
lower bound of [GL14] and is proved in Appendix E.

Proposition 3. Let p € (0,00}, a € ((1/p —1)4,7), 6 € (0,1) N [0,p], and p, € {1,v,}. There
exist some Ry, My such that: for all R > Ry, M > My and all n large enough,

inf sup E [dl(f, f)} >c [RﬁlMﬁzun + M17:1—9] n-7,

I feF
where F is a subset of By ,(R) N WTy(M), where ¢ only depends on a,p,0,0,1, ¢, and where
Ry, My only depend on o, p,0,,1, 6. Moreover, any density f of F satisfies

sup [z['/7 f(a) < M7,
j2>1

The set F is also included in To(M) when p, = 1.

This result is a little more precise than a lower minimax bound on .%,,¢(R, M). We may
for instance observe that the minimax rates on WB .,(R) N WT (M) and By (R) "N WTy(M)
coincide when p # 1. Replacing a strong Besov class with a weak one has no impact on the
optimal rates in this case. Similarly, a weak or strong tail condition leads to the same results when
0 # a/(2a+1—1/p). This is not necessarily true otherwise.

To illustrate this point, let us take p = 1, § = a/(2a +1 — 1/p) = 1/2 and J of the order of
nt/(e+1) Tt ig fairly easy to see that the linear estimator

J
F=>0 Bisthin
j=—1kezZ

achieves the rate n=%/2¢+1) when f € Bf o(R) NTy/2(M). This is faster than the minimax rate
on B?’OO(R) N WTl/Q(M)

Proposition 3 also ensures the optimality of (16) when p < 1 and a # (1 —p)/(2p — 1). We do
not know whether the rate is optimal when o = (1 — p)/(2p — 1) though (due to the log factor).
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3.3. Minimax rates over a class of fat tailed distributions. We illustrate here the interest
of the weak tail dominance condition compared to its strong version. We consider 4 > 1, a €
((1/p—1)4,7),p€[0,00], b >1,b>1/p, and the class

D(a,p, R, Ab) = {f € B o (R), such that f(x) < Ab|z|7Y for all || > 1}.

Proposition 1 says that the weak tail dominance condition is met with § = 1/b and M = ¢(1 + A).

We deduce from Theorem 2 that for n large enough,

s E[di(f, )] < [RHAP0, + A1y ip] 0,
feD(a,p,R,A,b)

where
_ a/(2a+1) ifb>24+(1-1/p)/a
a(l—1/b)/(a+1—-1/(pb)) ifb<2+4+(1—-1/p)/a
logn ifb=2+(1—-1/p)/aand p#1
vp =14 (logn)* ifb=2+(1—-1/p)/aand p=1
1 ifo#£24+(1—-1/p)/a
5, = 1/2a+1) ifo>24+(1-1/p)/a
! 1—1/b)/(a+1—1/(pb)) ifb<2+(1—1/p)/a

|«
52:{(a—l—l—l/p)/((l—1/b)(2a+1)) ifb>2+(1—1/p)/a
(

a+1-1/p)/(a+1—1/(pb)) ifb<2+(1-1/p)/a

and where ¢ only depends on «, p, b, ¥, v, ¢, p_1, po-

The parameter ~, which governs the estimation rate of our estimator, depends on «, b and p.
When b is sufficiently large, we recover the usual rate of convergence. The rate is otherwise slower
but still minimax (at least when A, R are large enough).

Let us now observe that the strong tail dominance condition is not fulfilled for § = 1/b (what-
ever M). We rather have D(«,p, R, A,b) C To(My) for all # > 1/b and My depending on 6 (and
b, A). If the theorem were shown only for the strong condition, we could apply it only with values
of  larger than 1/b. If done correctly, it gives the right rate of convergence when b > 2+(1—1/p)/«.
However, this causes problems when b < 2+ (1 —1/p)/« as the exponent then depends on 6. Using
a value of  larger than 1/b leads to a slower convergence rate.

Note that a bounded and unimodal density f belongs to Bioo (R) for some R depending on || f/|oo
and the wavelet basis only. Such a density belongs therefore to D(1,1, R, A, b) if it satisfies f(z) <
Az~? for all |z| > 1. We deduce that f converges to f at the rate n=/3 when b > 2. We thus recover
the optimal estimation rate of a bounded unimodal density with compact support although f can
be infinitely supported here.

3.4. About the condition o > 1/p—1 when p < 1. In the previous sections, we always assumed
that @ > (1/p—1)4. This condition is empty if p > 1 but not otherwise. Note that it is used in the
result of [DJ97] to characterize the Besov balls in terms of wavelet coefficients. To explore what
happens in the opposite case, we need therefore to redefine these balls.
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We consider some a,p > 0 and an arbitrary integer r larger than «. We set for ¢, h > 0,

r - r r—k
t) = -1 t+ .
nf(t) gzo <k>( ) TEf(t+ kh)
We define the modulus of smoothness

sl = sw | [Iagsp o "

0<h<z
and define the Besov ball B9 | (R) as the collection of functions f € P such that

By = P B p\JL)s

1flBg .. = Ifllp +supz™wy(f, x)
x>0

is not larger than R.

The above (quasi) norm depends a priori on the choice of r. Changing r leads however to an
equivalent (quasi) norm, see [DL93]. It is also equivalent to the (quasi) norm that we defined in
Section 3.1.1 when o € ((1/p — 1)4,7). To avoid adding unnecessary notations, we have used the
same symbol to designate the Besov ball and the (quasi) norm. However, since the (quasi) norms
are not equal, but equivalent, there is a slight ambiguity about what || - || g and R are. This has
no impact on our results though. ’

The proposition below shows that it is not possible to obtain a convergent estimator for the
L' loss under the sole assumption that f is a compactly supported density of %;‘m(R) when
a <1/p—1. It is proved in Appendix F.

Proposition 4. Letp € (0,1), « € (0,1/p — 1] and R > 0. Then,

inf sup B [di(f,f)] > 1/4
fofeme (R
supp fC[0,1]

This result can be compared with what exists in the literature of estimation of a compactly
supported density under the L7 loss with ¢ > 1. The minimax risk does not tend to 0 either when
a=1/p—1/q, see [Sar21b]. However, the optimal estimation rate can be made arbitrarily slow by
choosing « very close to 1/p — 1/q when ¢ > 1. This phenomenon does not occur here, since the
optimal estimation rate is n=® (22t whatever p > 0 and a > 1/p—1.

3.5. Computational complexity. An estimator is not always derived from a computationally
tractable procedure. For example, we have not been able to find in the literature a computationally
tractable algorithm that would lead to an optimal estimator in the minimax L' sense when f is
compactly supported on [0, 1] and in B (R) with p < 1. There are admittedly computationally
acceptable solutions in the literature to deal with this case, but they seem to be optimal only to
within log factors, see [Sar21b]. We recall that the case p < 1 is very different from the case p > 1.
The latter is straightforward to solve in the compact case as a simple linear estimator works.

Let us also mention that there are computational difficulties with Kernel estimators. Indeed,
the bandwidth should vary with the location so that the estimator adapts to the inhomogeneous
smoothness of the density. In this context, procedures that lead to rate optimal estimators have
been developed by [Lepl5] in the Gaussian white noise model. His solution is based on an algorithm
that seems quite difficult to implement though (see his Problem II Section 4.2). Things are a bit
simpler when we allow the estimator to be rate optimal within log factors (see [GL14, LW19]).
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We show below that the computational complexity of our procedure is nearly linear in the
number n of observations.

We consider some j € {—1,..., J } and assume that the wavelets functions ¢, ¢ and 1 have been
preprocessed. We put ¢; =1 if j > 0 and ¢_; = ¢.

We begin by sorting the observations in increasing order Xy < --- < X(,). We remark
that 1;(R) is finite as v; is piecewise constant. We consider some y € 1;(R) \ {0}. Then, we
find for each i € {1,...,n}, the few integers k such that 1;(2/X; — k) = y. We gather all these
elements into a vector of size O(n). By counting in this vector the number of repetitions, we

determine the family (gj,k(y))kez where

n
~ Yy
Bik(y) = o Z Ly, (29 X —k)=y-
=1

In particular, we deduce

Bik=Y_ By
yey; (R)\{0}
The reasoning is the same for obtaining (3]2-7 i kez- So far, the number of calculations performed is
at most O(nlogn).

We consider some ¢; € N, » > £; + j, find the indices in 2]-77“(6]-) and the size of 2;, We sort the

wavelet coefficients (Bjk) in descending order of importance: \Bj,[l]] > ‘Bj,p]’ > ‘Bj’B]’ .

keij,r. (ZJ)
Finding Kj ¢, C Zjr(¢;) that minimizes (11) amounts to selecting the s most important coefficients
where s minimizes

—27923 7 (B gl + pi&ne, (5).
k=1

This set can therefore be built in O(n + \Zj,r(ej)y log \2j,r(€j)]) elementary operations.

Note that the number of r to consider is at most O(log n). Moreover, the values of ¢; of interest
are those between 0 and O(logn) since the partition given by (10) remains the same when ¢; is

higher. Since Zrzzjﬂ' |Zj7r(€j)| = O(n), we deduce that all the sets IA(J-,MJ. (whenr > £;47, ¢; € N,
j €{1,...,J} vary) can be obtained in at most O((J 4+ 1)nlog®n) operations. The computation
of éj is fast as it requires less than O(log?n) additional operations. To sum up, O((j +1)nlog?n)
is the lllaximal number of operations needed to find all the selected coefficients, that is to find the
sets (Kj) o5

The computational complexity of our procedure is random but can be bounded from above either
with high probability or in expectation. We only present the second possibility. We deduce from
Lemma 17 page 29 that E[ﬂ < O(logn) when f belongs to L? for some ¢ > 1. This assumption
is fulfilled when f € %, (R, M) (see Lemma 25 page 37 if needed). More precisely, we have for
all pe (0,00], v € ((1/p—1)4,7), 0 €10,1)N[0,p], R>0, M > 1,

sup E[ﬂ < O(logn).
f€Fap,o(R,M)

In average, the computational complexity is therefore at most O(n log® n).
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4. PROOF OF THEOREM 2.

We begin by carrying out and proving a non-asymptotic risk bound.

Theorem 5. Suppose that f € LY for some q > 1. Then, there exist universal constants 0_1,5_1
and terms 0g,<o depending on ¥ only such that if p_1 > 0_1 and py > 0g, the estimator f defined
in Section 2.3 satisfies

an  E[If -]

J 00
S 61E ];1 Zl]%fl;l 7‘:%:4‘) Kj»?“,ej Cizli',fr (gj)ﬁZj{ Bj’r’zj (Kjﬁdlj) i pjg.j7r7£j (’Kj7r7£j ‘)} 1A
+aTy +als + 62%7
where
(18) Z;j =4k €Z, fjr >1/n},
(19) it = [ F@ogy 1) do
(20) Bjr,(Kjre,) =277/ > |85,k

k€ (Zj,r ()05 )\K e

(21) Ty= Y 279723 (B4l,

j:_l ngZ]
OO .
(22) Ty=n Y 27972318l il = fi0)"
j:_l kGZj

where 1 only depends on 1,1, ¢, and where cy only depends on 1,1, d,q, | f|lq- Moreover, A is an
event on which J < cyplogn for some ¢y only depending on q, ||f|q, and on which

(23) 2] < 2E[1Z;]] + (7/3)(2Ly + 1) (log(j + 2) + 2logn + 1)
for all j > —1. Furthermore, on A we have for oll j > —1, k € Z,
(24) ng',k < 2832',k + c3log((7 + 2)n)/n,

where ng,k = E[&ik] and where c3 only depends on . We also have on A:
(25) Zj7r(fj) C Zj,r C 2377, C Z;ﬂ“'
This embedding is valid for all j > —1, £; € N, r > £; 4+ j + 1 such that

T

n
< Ci—o
= og((G + 2)n)’

and ij, Z; are defined by

T

(26) Ly ={kez, 27 <ol <o,

(27) 7. = {k €z, 27 <o, < 2—’“+3/2} .
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By convention, the infimum over Kj, . in (17) is equal to 0 if ij,r(fj) NZ;=0.

4.1. Proof of Theorem 5. For all j > —1, subset K C Z, we define
Z 0] k>
keK
and
(28) o} (K) =E[F(K)] = 3 ol
keK
The proof of the theorem ensues from a succession of lemmas. The first one is classical and is the

following:

Lemma 1. For all K CZ, j >0, and x € R,

2
(Z (2 x - k)|> <c> P 2z—k)

keK keK
where ¢ only depends on .

Proof of Lemma 1. We use that 1 is compactly supported and apply Cauchy-Schwarz inequality.
O

Lemma 2. Let for all j > —1, C; be a subset of Z. There is an event of probability 1 — 1/n* on
which: for all j > —1, all finite subset K; of Cj,

(29) 2 J/? Z ‘5jk_5jk‘ <Cj KJ7C)
keK;

where

Vi(K;,C)) \/‘K 117Ky log 1 (97(C;) /7 () |K|10g+(n0( i)/IK;1)

n n

1 +2 1 | + 2

N \/02(Kj) og((j +2)n)  log((j +2)n)
J n n

Moreover, c; is universal if j = —1 and only depends on 1 if j > 0.

Proof of Lemma 2. We only show the lemma when j > 0. The proof when j = —1 is similar
(replace 1 by ¢). We consider some ¢; > 0 only depending on v such that

> (@

keZ

§ 1/61.

o0

We then consider d > 1 and define the at most countable collection
= c12¢ ), K; CCj, |Kj| <d

of functions. These functions take values in [—1,1] and are piecewise constant on at most cad
pieces where ¢y only depends on 1. Therefore, F;(d) is VC subgraph and its dimension is not
larger than d, up to a multiplicative factor depending on v only (see [BB18] for instance).
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Let now K; C Cj such that |K;| < d. Elementary computations entail
Z ‘ﬁj,k—ﬂj,k <2 sup Z (5j,k—ﬂj,k> :
!
keK; K;CK; keK!

We introduce the map 1 K;(-) defined for x € R by

*LZJK/ =C1 Z 1/1 2J$ —
kEK}
The preceding inequality can then be rewritten as

2" ifz Z ‘/Bjk _B_] k‘ (2/61 sSup

kEK; K’CK

{T/JK’ E(wK; (Xi))} ‘ :

2:1

Note that

x) =c Z ‘w(2jx — k)

kECj

is an envelope function of F(d). Moreover, Lemma 1 gives when K ]’ C Kj,
E[, (X)] < e305(K}) < e307 (K;),

and E[f?(X)] < 030]2-(Cj). We apply the probabilistic result given by Proposition 6 in Appen-
dix A.We then use that x — xlog, (a/x) is non-decreasing for all a > 0, and conclude by a union
bound. 0

Lemma 3. Let for all j > —1, r € N, C;, be a finite subset of Z. There is an event of probability
1 —1/n* on which: for all j > —1,r € N, all subset K;, of Cj,

(30) 2772 %" ‘@uk - 5j,k‘ < Wi (Kjr,Cjir),
k)EKj,r

where

n n

Kjlo?(K;.)log, (ICjr|/| K;r K|l Cil/|K:
W (Kjr,Cjr :\/| il o (K ) log  (ICjrl/ 1K ]) +| irllog, (ICr /1 Kjr])

N \/J?(Kmlog((j + 272(7» +1)n)  log((j + 272(7» +1)n)

Moreover, c; is universal if j = —1 and only depends on 1 if j > 0.

Sketch of the proof of Lemma 3. The proof is a slight variant to that of Lemma 2. The main
difference is that we use (72) in Appendix A in place of (71). We restrict to the case j > 0, and
define the collection F; ,(d) for d € [1,|C;.|] by

Finld) =1 Y (@ k), Kjp CCy, |Kjp| < d
k)EKj,r
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We have

Fed)] < E; ('%}’").

Proposition 2.5 of [Mas07] entails |F;,(d)| < (e\Cjﬂn\/d)d. The result follows from Proposition 6
and a union bound. 0
We omit the (easy) proof of the lemma below:

Lemma 4. Let f;. = (fjr)rez be defined by (19). Then, for all j > —1, | f;.|l; < ¢, where ¢ only
depends on 1 if j > 0 and is universal if j = —1.

We now state:

Lemma 5. We define for all j > —1, r € N, m € {0,1,2}, and all finite subset K;, of Z,

n n

K, |o?(K;,)log, (s;(K;,m K| log, (s (Kjr,m
5],77“(Kmm):\/| 10 0B (53 (0 ) (1G85, 0 )

9

_+Vﬁug»bgu+axr+nny+bgu+axr+nm
n n
where
sjr(Kjr, 0) = E[|Zs[]/|Kjr|  and s (Kjr,0) = E[|Z]]/| K|
2 7
S (K 1) = 1u/0-j (Kjr) and Sj,r(Kj,T’v 1) = nu/’an“’
Sj,r(Kj,r,Z) = |Zj,r|/|Kj,r| and s’ (Kj,rv2) = |Zj7r|/|Kj,r|-

=)

J,T

Then, there is an event of probability 1 —4/n* on which: for all j > —1, r € N, all finite subset K.,
of Z, and all m € {0,1},

(31) 2772 %" ‘Bj,k - 5j,k‘ < ;& (K, m).
keK; r

Moreover, if K, C Zj,r where Zj,r is defined by (26), the left-hand side of (31) is also not larger
than ¢;&€;,(Kj,,2). Here, ¢; is universal if j = —1 and only depends on 1 if j > 0.

Proof of Lemma 5. We only show the lemma when |Kj,| > 1. Note first that UJQ-(Z) is bounded
from above by a numerical value when j = —1 and by a term only depending on ¥ when j > 0
(use Lemma 4 and [|¢||oc < 00). The proof that (31) holds true with m = 1 follows therefore
from Lemma 2 (with C; = Z). The proof that it is also true with m = 2 is due to Lemma 3 (with

Cir=Zjy).

We now suppose that m = 0. Let g be the map defined for = € [0,1] by g(z) =1 — (1 — z)™.
Note that 3J2»J€ > 0 if and only if v, 1 (X;) # 0 for some i. Therefore,

(32) E[Z;]) =" g(fin),

keZ
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where f; is defined by (19) by fjx = |.

S

decreasing. Recall that Z; is defined in (18). We deduce,

EZ) =3 oip+ 3 k)

upp ;i f. Note that ¢ is increasing and x — g(z)/z is

kEZ; k¢Z; Tk
= g(1/n
> Elat/m + ¥ A f
keZ;
Note that
03(Z5) < max {1, [¥2} > fix.
keZ;

and hence
(33) E(|Z;]) > e1 [|1Z;] + no? (Z3)]

where ¢; only depends on 7). We deduce from Lemmas 2 and 3 that with probability 1 — 2/n?,
2792 )" ‘@yk - 5j,k‘ < e [Vi(Kr N 25, Z5) + Wy (K N 25, Zj)] -
keKj,,
Elementary computations give

|Kjr|log (no}(Z5) /| Kjr|) . log((j +2)n)
n n

Vi(Kjr NZ;,Z;) < c3 [

We conclude using (33). O

Lemma 6. There is an event of probability 1 — 4/n* on which: for all j > —1, ¢ > 0, and finite
subset K; of Z,

B B S (4 ey 4oy |l EIEGD | tos((i 2]
@) o) S () 4oy [N EIEGD | os((i 2]

where c; depends only on e if j = —1 and only depends on €,v¢ if j > 0.

Sketch of the proof of Lemma 6. We may replace 1 in the previous proofs by 2. Hence,

155k —ohil < (K, 0),

k)EKj
where c;- is universal if j = —1 and only depends on 9 if j > 0. We conclude using the elementary
inequality 2,/7y < o 'z + ay valid for all o > 0. (]

Lemma 7. For all j > —1, IE[@JH < cn, where ¢ only depends on v when j > 0 and is universal
if j = —1.
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Proof of Lemma 7. We suppose that 7 > 0 and note that o O' k> ¢1/n when & ng # 0 as 1 is
piecewise constant. Therefore,
E[|Z]] < (n/e1) ) 05

keZ
Since 9 is bounded above, 0]2- e < c2fjr- We then use Lemma 4. O

Lemma 8. There exist a universal constant <_1, a term sy only depending on ¢ and an event of
probability 1 —4/n? (the same as that of Lemma 6) on which: for all j > —1,; e N, r > {; +j+1
such that

"< §-#
= Vlog((j +2)n)’
where ¢j = ¢_11j=_1 +lj>0, the embedding (25) holds true. We also have (24) on this event for
allj > -1 and k € Z.

Proof of Lemma 8. The result follows from Lemma 6 with € small enough and Lemma 7. O

Lemma 9. We define for all j > —1, r € N, £; € N, m € {0,1,2}, and all finite subset Kj, .

of Z,
~ K; 4/0'\2 K; 0 log S5 0 K; 0, M
1K1 108, (8%, o (K, m)) log((j + 2 1
+ Gyrl; + 85 0, N gt N 3]2(K]M ) og((j+2)(r+ 1)n)
n n
. 1og((G +2)(r + )
n )
where
gjﬂ%j (Kj,r,fgv 0) = E[|Z;[]/| K 'réj| and g;,r,zj (Kj,r,éjao) = E[|Zj”/|Kj,r,€j|
§j77“7éj (KjvT,xJ’ ) 1/0- ( Js T,Z ) and g;,r,ﬁj (Kjvrvéj7 1) = n/|K]7T7éJ|

§j77“7éj (Kj,T’,ZJW ) - |Zj,T|/| ]7T7€j| and gj’] TZ] (Kjvrvéj7 2) = |Z‘I]77‘|/|KJ7T7ZJ|'
Then, there is an event of probability 1 — 8/n* on which: for all j > —1, £; € N, r > {; + j, finite
subset Ko of Z, and m € {0,1},

2_]/2 Z ‘BJJC - B‘],k‘ S CJE]7T7ZJ (Kj’r’fj7m).
kGKj’T’(j
Moreover, if Kj.p C z]—,r(ﬁj) for somer >{;+ j+1 and
< g.+
= Vlog((j +2)n)’

where ¢; is given by Lemma 8, the inequality holds true with m = 2. Furthermore, c; is universal
if 7 = —1 and only depends on 1 if j > 0.

Proof of Lemma 9. The case m = 0 is merely due to Lemma 5 and (35).The proof when m = 2
follows from Lemma 5, from the inclusions Zj;,(¢;) C Z;, C Z . and from the double inequality

g(KJM)
1/vV2 < P Kyre) <2
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valid for all K, ¢, C Zw(ﬁ ;). The case m = 1 essentially follows from elementary computations: let
o? be the right-hand side of (35) (with Kj = Kj, ¢, and ¢ = 1). Then, using that = — zlog, (1/z)
is non-decreasing,
02Kty log (1102 (K ) < 0% log, (1/0%)
<c [6-\]2'(Kjﬂ“7éj) 10g+(]‘//0-\]2'(Kj77"7éj))
(1K | /) 8., (BIZ )/ 1Kty Vo84 (01K )
+(1og((j + 2)n) /n) log o (n/1K0, )] -
Lemma 7 ends the proof. O

g

Lemma 10. Lemma 9 holds true (up to an increase of ¢;) with J

%00, (K1) = 1/57(Kj ).

0y (K, 1) replaced by

Proof of Lemma 10. We set

A \/ K, 530, Vo84 (1/53 (K )

n
i =
n
g Eirg, 08, (0/|Kjire, 1)
J n :

We observe that x — xlog, (1/x) is non-decreasing and

\/10g+(x/log+(:17)) > 0.84/log, (z).

_ 1Ky l108, (0/ 1K)

We deduce that if

6§(KJ7T7ZJ) = n Pl
then A; > 0.8B§-. If now
K, llog. (n/|K; .
00 < S8 0 i)

n

then B; > 0.82B§».
We therefore get some ¢ > 0 such that

Aj + B} < c(Aj + By),
which concludes the proof. O
Lemma 11. For all j > —1, £ > 0, and probability 1 — e~¢,

E[|Z;]] < 2|Z;] +2(2Ly + 1)€.

Proof of Lemma 11. This result derives from a Poissonian inequality for self-bounding functionals
and more precisely from equation (7) of [BLMO00]. We set for k € Z,

Ij(k) = {z € R, 9;x(x) # 0}
C [277(k = Ly), 277 (k+ Ly)] ,
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and remark
|Zj| = Z L3ic{1,... ,n}, Xi€L;(k)-
kEZ
We introduce for r € {1,...,n} the random variable

1Z;(r)| = Z 13ie(1,...n)\{r}, Xs€L; (k)
kez

We have ]2](7‘)\ < \zl Moreover,

\Zj| — |Z;(r)| = Z Ly, e1; (k) Wie(1,....n}\{r}, X:&L; (k)
kez

= Z Ix,er;(k)

kEZ
< 2Ly + 1.

Besides,

n

(fzj’ - \23'(7‘)\) = Z Z Lx,er;(k)lvief1,... n)\{r}, XigL; (k)
r=1 keZ r=1

<D lsicqt,.n} XL (k)
keZ

< |Z;.

Now, equation (7) of [BLMO00] gives for all ¢ > 0, and probability 1 — e~¢,

E[1Z]] < 12|+ /2L, + DE[Z,()¢.
We conclude by using the elementary inequality vab < a/2 + b/2. O
Lemma 12. For all j > —1, £ > 0, and probability 1 — e~¢,
1| < 2E[1Z;]] + (7/6)(2Ly, + 1)E.

Proof of Lemma 12. The proof is similar to that of Lemma 12. We merely use (6) of [BLMO00] to
get for all £ > 0, and probability 1 — e™¢,

2L¢ +1
3 &

We conclude as in the preceding proof. O

25| < E[1Z,1) + /2Ly + VE[|Z]]€ +2

Lemma 13. With probability 1 — 1/n*, we have for all j > —1,
E[|Z;]] < 2|Z;] +4(2Ly + 1) (log(j + 2) + 2logn + 1),
and

|Z;| < 2E[|Z;]] + (7/3)(2Ly, + 1) (log(j + 2) + 2logn + 1).

Proof of Lemma 13. The proof follows from Lemmas 11, 12 and a union bound. O
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Lemma 14. There exist a universal constant 0_1, a term g9 depending only on v, and an event of
probability 1 —9/n* on which: for all j > —1, £; € N, v > {;+3, and finite subset Ko, of Zjr(¢5),

292 37 (B = Bin| < (@/DEie, (Kt ),
kEijyej
where 9 = 0o if j > 1. Moreover, (23), (24), and (25) hold true on this event.

Proof of Lemma 14. The lemma is a direct result of Lemmas 8, 9, 10 and 13 when » > ¢; +j +1
(the event of Lemma 8 contains the one of Lemma 9). When r = ¢; + j, we use

73(Kjre,) < Rj(2Ly + 1),
with &; = 121 + [|¢]|%1j>0. Moreover,
75 (Kjre,) =277 K, -
We conclude by using Lemma 9 and the fact that « — zlog, (1/x) is non-decreasing. O

Lemma 15. There exist terms <o, 09 only depending on v and universal constants <_1, 0_1 such
that if p_1 > 0_1 and po > 0o, the estimator f defined by (9) satisfies with probability 1 —9/n*:
for all (Ej)jz—l S N{_l}UN,

=7l <
ted N B iznf - 973/2 > 1Bjkl + 03, (1K re;]) ¢
J=—Lr=t;45 ity CLar ()N k€ (Li,r ()L )\E
where
(36) T= 292 1Bl + Y 279 > 1Bl + D 2797 IBul,
j=-1 kgZ; j=-1 k¢Z; j=J+1 k€Z

where Z; is given by (18) and where ¢ only depends on ¢,1). Moreover, (23), (24), and (25) hold
true on this event.

Proof of Lemma 15. We observe that for all j > —1 and ¢; € N,
(37) Zi= U Zt).

In particular,
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We deduce from (2) that Hf - le < ¢T + cA where

J oo
o3 Y e 3 Y
j=-1 k¢ j=J+1 kez
J 00 N
A=Y 2 Y )R CHUED SR P
j=—1 r=0;+j keij’r(éj)\f(méj kef(jﬂj
Note that
A<Y 0P8 N N Bl (- Bl X [Be Bl
j=-1 r=0;+j k€Z;,, (£;) r=l+j kef{j,r,éj kef{j,r,ij

The triangle inequality and Lemma 14 entail: on an event of probability 1 — 9/n?,

=272 N Bl 272 Y ‘Bj,k—ﬂj,k‘

kef(j’rjj kej&jméj
<2 S B2 Y [Ba-a
ke[?j,r,éj kef{j”'jj
—i/2 ) - K
< 97/ Z |Bj k| + ngj7T7éj(’Kjvr7éj’).
ke[?jmgj
By gathering all these results, and by using p; > 0;,
7 Jx
—~ —_i/2 7%
A< Y 293 1Bl + 30 D v, Byt
j=—1 keij j:_lrzfj+j

We use (12), (11), triangle inequality and Lemma 14. This leads to the two following inequalities
valid for all /; € N:

J
+Y > inf =272 N 1Bkl + 93, (1K, )

—Lr=f;4j " dmt = K€K e

J
+ Z Z in/f: —2_J/2 Z |ﬁj7k| + (3/2)pj5j,7’,€j(|ijT’7€j|)

—Lr=L;4j It = K€K e
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We use (37) and the triangle inequality to conclude. O
Lemma 16. Let T be defined by (36). Then,
E[T] < 3Ty + 2T%,
where Ty and Ty are defined by (21) and (22).

Proof of Lemma 16. There is at most one observation X; such that v 1(X;) # 0 when j > J+1.
Moreover, no observation X; satisfies 1; 1(X;) # 0 when k ¢ Z;, no matter j. We deduce,

ET]<Ti+ Y 27923 |8kl (1= fi)" +nfin(l— fiu)" ),
i—1 keZ

where f; is given by (19). We conclude by noticing that (1 — f; )" +nfjr(l — fir)" ' < 2 if
fie <1/nand (1= fi0)" <nfjp(l— fe)" " if fir > 1/n. O

Lemma 17. Let £ > 0. The following assertion holds true with probability 1 — &/n: for all ¢ > 1
and f € L9,

27 < max {1,8Ly (n?/]4/¢) 77}

In particular, for all k > 1, E[ﬁ“] < Clog* n where C depends on k, g, | fllq and Ly only.
Proof of Lemma 17. The proof of this lemma is deferred to Appendix D. O

Proof of Theorem 5. There exists ¢; only depending on ¢, 1 such that

J
Hf||1<—z D [e@ X - k)| ZZ (29X, — k)|
1=1 |k€eZ 7=0 ke
< (T +2).

We deduce from Lemma 17 an event A; of probability 1 —1/n* on which J<co logn. This lemma
also gives E[J2] < c3log?n and hence E[|If11?] < c4log?n.

Let Ay be the event of probability 1 — 9/n* that appears in Lemma 15. We set A = A; N Ay
and get

E[If = i) <E[If - Flhia] +E[If = Flhia].

The first term can be bounded from above by using Lemmas 15 and 16. As to the second term, we
use the triangle and Cauchy-Schwarz inequalities to get

E(If = fllita] <P A9 +E[IFIF)P (4%

logn
<cs g2 .
n
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4.2. Proof of Theorem 2: intermediate lemmas. We first recall the following result. We
refer to [CVNRF15] for its proof (see their Propositions 3.2 and 4.5).

Lemma 18. Let A be an at most countable set, and x = (x))rep € Rﬁ_. For all 0 < p < q < o0,

q -
< £ o
(38) lzll < o= =l =i,

Moreover, for all p > 1, and finite subset I' of A,

(39) > an < —Eoelpoe D1
el p

The lemma below is elementary.

Lemma 19. Suppose that f € WTo(M) for some 0 € (0,1) and let f;. = (fjr)wez be defined
by (19). Then, for all j > —1,

£ 05 o < eM291=0),

where ¢ only depends on ¢ and 0 if j > 0 and only depends on 0 if j = —1.

We now show:

Lemma 20. Letp € (0,00], € ((1/p—1)4,7), 0 €1[0,1)N[0,p], R >0, M > 1. Consider v, >0

and define
(o]
Tivn) = 3 297 3 (il
j=—1 kEZ
fj,kSUn

Then, for all f € Zypo(R, M),

9

(40) Ti(vy) < ¢ R(1—9)/(1+a—9/p)M(a+1—1/p)/(a+1—9/p)Uf{(l—@)/(aﬂ—e/p) + MU}L_Q]
where ¢ only depends on p,a, 0,1.

Proof of Lemma 20. We define for r > 0, j > —1,

Zjp={keZ, 27"V < f <277},
Since f € WTy(M), Lemma 19 implies when 6 € (0, 1),
(41) Tl < 2009 | £, < e M270200-9),

where ¢; only depends on . We can check that this result remains true when 8 = 0. We also
remark that 2_]/2|ﬁj7k| < cafjk as 1 is bounded and hence

Ti(vn) < A+ T{(vy),
where

A= C9 Z 2_T|Z—1,r|

27>1/vn

T{(Un)zz Z Zmin{022_r,2_j/2\5j,k]}.

Jj=0 2T21/U’ﬂ k‘EZjY,,«
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Note that

A < cpeoM2- (0 Z 2—r(1-0) < c;;Mv}L_g.
2r>1 /vy

We now focus on 77 (vy,).
We first suppose that p > 1. By using (39),
2792 N 1Bkl < a2 1B) Np ool Zi [P,
kEijr
and f € WBj (R), we get

Z Z mlﬂ{2_T|Zj7r|,R2‘j(0‘+1—1/p)|Zj7r|1—1/p}

J=0 2r>1/v,

<Y Y min { M2-r=D0-0) Ml—l/p2r<1—1/p)e2—j[(1—1/p)e+a1}
J=0 2r>1/v,
< ¢, RO/ (+a=0/p) pf(e41=1/p)/(@41=0/p) | 3™ g=ra(1=0)/(a+1=0/p)
2r>1 /v,
< ¢gRU=0/(140=0/p) pplat1=1/p)/(at1-0/p) o (1-0)  at1-0/p)

| /\

Tl Up)

We now suppose p < 1 and consider jo € N. We have 77 (v,) < T7 ;(vn) + T7 5(vy) where

Jo—1
T11 Up) Z 9~i/2 Z |5j,k|
k€EZ
fg,kgvn
T12 Un) Z 279/ Z |Bj7k|-
J=jo kez
fie<vn
By using 2_j/2]ﬁj7k] < cafjk, we get when 6 # 0,
Jo—1
Tiy(v) <o Y D> fi
=0 kez
fj,kSUn
Jo—1
< erpui? Z H‘)"j’.ngO thanks to (38)
§=0

< cllvﬂl_eMZjo(l_@) thanks to Lemma 19.

This last inequality remains true when # = 0. Moreover, by using (38) when p # 1,
o
Ti o < crpug ™ Y 27P2)8; P
J=Jjo

< cy3vh 7P Z 97IP/2 ppo=ip(a+1/2=1/p) 45 f WBS o (R).
J=jo
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Note that this inequality also holds true when p =1 and f € Bf"oo(R). Therefore, in both cases,
T, < crqvl P Rpo—dor(at1=1/p)
We conclude by choosing jy appropriately. O

Lemma 21. Let p € (0,00], « € (1/p —1)4+,7), 6 € [0,1)N[0,p], R >0, M > 1. Then, for all
f S ﬂa’p’g(R7 M)}

(42) T, + Ty < ¢ | R0/ (+a=8/p) pr(at1-1/p)/(a+1-6/p) p —a(1-0)/(a+1-6/p)
+Mn_(1_0)] ,
where Ty and Ty are defined by (21) and (22), and where ¢ only depends on p,«, 6,1).

Proof of Lemma 21. We focus on 15 as a bound on 77 may be obtained via the preceding lemma.
We first consider the case p > 1. Since f € WT (M), we have when 6 # 0.

(43) 1Z| < 0P |1 £5.11,00 < c1Mn?20070),
where ¢; only depends on ¢ (Lemma 19). This inequality remains true when 6 = 0.

We consider jp € N and decompose T3 as Th = T 1 + 15 2 where

Jo—1
Ton=n Z 27712 Z 1Bjkl fik (L = fie)" ™t
Jj=-1 keZ;
o
Tho=n Z 27/ Z 1Bkl Fi(1 = Fia)" "
J=Jjo keZ;

We use 279/2|B; 1| < cafjr to get

Jo—1
To1 < con Z Z Fa = f)"
Jj=-1 k)EZj
Since 22(1 — )"~ ! < ¢3/n? for all z € [0, 1],
ca Jo—l
Taa < — > 1zl
j=—1
(44) < esMn~(170)9i0(1-0) thanks to (43).

As to Ty 2, we deduce from (39), f € WB} (R), and (43) that if p > 1,
9—3/2 Z 1Bix| < ceRM—1/Po=i(a+0(1=1/p)) , (1=1/p)6
keZ,
and hence, using that (1 — z)"~! < ¢7/n,
Tyo < cgRM'~1/P=jolat0(1=1/p)) p (1-1/p)0

We finally choose jo in a suitable way to conclude the proof when p > 1. Note that the above
reasoning also works with p = 1 if we replace the Lorentz norm || - |1« by the L! norm.
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We now turn to the case p < 1. We write Ty = T5 1 + 152 where

J1
Toa=nY 2773 1Bl fin(l = fi0)""

Jj=-1 kEZj
[o¢]
Top=nY 27723 Bkl fin(l = fi0)" "
Jj=j1 kGZj

Note that (44) does not use p > 1 and therefore also holds true when p < 1 (with jo replaced by j1).
Besides, as 277/2|8, x| < cof;x and 22(1 — 2)""! < ¢3/n?,

n279218; 4l i1 = fip)" "t < eanfFi(1 = fi)" T < e/,
We deduce from (38),

oo <09 3 o925, 1,0 - ]
j=i >
Yet, 2(1 — 2)"~! < ¢7/n for all z € [0,1] and hence,

o0
Ty < cyyn~ 7P Z 2~Ip/? 18,117 oo
J=n
< ¢1gn~(1P) gpo—iip(a+1-1/p)

It then remains to choose j; to conclude. O
Lemma 22. Forall j > —1,¢; €N, r>{;+35,0€[0,1), M >1, f € WTo(M),
(45) E |1Z,(6) N Z]] < eM221079,

where ¢ only depends on ¢ and 0.

Proof of Lemma 22. The proof is straightforward when # = 0 and we assume therefore that 6 > 0.
We have,

E [Izj,r(ﬁj)ﬂzﬂ] < Y P[E >27.
keZ
fie=1/n

Set t = 27"~ and define

Ki={k€Z o}, >t/2}.
We derive from 0]2-7k < max{1, |¥]|%} fj.x, Lemma 19, and f € WT (M), that |K;| < ¢; M2/ =030,
Moreover,

E|1Zir(6) NZil] <1l + Y P [63 2]

kK,
fie>1/n
<M N P62, > 02 +1/2].
kK,
fie>1/n

We use Bennett’s inequality (and more precisely equation (2.16) of [Mas07]) to get
P [Ei’k > O’ik +t/2] <exp [—cznt2/(0]2-7k +1)],
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where ¢y only depends on ||¢)||oo. Therefore,

E [|ZJ7T(€J') mzj|] < 612j(1_9)M7§_9 + Z 6—03nt‘
kg K
fix=>1/n

Note that the number of £ such that f;; > 1/n is bounded from above by ¢4 M n?2i(1=0)  Therefore,
E [yzjv,n(ej) mzjy} < 52900 gt [1 + (nt)%—%"t} .

We conclude by remarking that the map z — 2%e~%% is bounded on R. O

Lemma 23. Forallj>—-1,0€[0,1), M > 1, f e WTo(M),

(46) E [\ij} < cMnf29(1-9)

where ¢ only depends on ¢ and 0.

Proof of Lemma 23. The proof is straightforward when # = 0 and we assume from now on that
6 € (0,1). We deduce from Lemma 19,

(47) E [yzj mzj\] < |Z4] < ey Mnf210-9),
We define for r > 0, j > —1,
Zjﬁa = {k €7, 21 < fj,k < 2_T}
and use Lemma 19 to get
Zj,| < caM2r0271-6)
where co only depends on . Now,
E |:|ij QZ§|] < c3n Z fj,k
kEZ
fix<l/n

<cgn Y [Zj27

2T >n

2T >n
(48) < esM2U=0pf,
We group (47) and (48) together to end the proof. O

Lemma 24. Let p € (0,00], « € ((1/p — 1)4,7), 6 € [0,1) N [0,p], R > 0, M > 1 and
f € Zapo(R,M). Let m = 1/min{l,min,cg y(z)20 ¥*(x)} and £ be an integer such that 2t <
M1/(1=06) < ol+1

1. For all 2" > mn such thatr > {+ j+ 1, for some j > —1, Zj,r(ﬁ) = 0.
2. If p>1, then for all j >0, and r > £ + j,

(49) E [B\jmf(w)] < cRMY/Pg=ila=0/p+0)o(1=1/p)rd
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3. Forallj>—1,r=j+/{, and subset K, , C 2“(6) NZj,

= BlKjrell | log((G +2)(r +1)n)
) ) <
(50) Ekmamwﬂﬂ_c[ - =
Moreover,
~ ~ _ MY/ A=92i log((j +2)(r + 1)n)
. . . <
(51) E [Ej,r,f(‘zj,rw) N ZJD] xc [ o + NG
4o Forallj>—1,r>j+0+1, K;.y CZ;,({)NZ;, and 0 # 0,
. 2-"log? (Mnf2i(1-9)/|K ., ,
(52) Eira([Kjre)la <c !Kme\\/ : { - L)
+log((j +2)(r + 1)n)
vn ’
where A is the event appearing in Theorem 5. Moreover,
~ ~ _ R 2—7’1 92—
(53) E [gj,r,ﬁ(‘zj,r(g) N Zj’)l.A} <c [MQTB-H(l—@)\/ Og;; (n )

log((5 +2)(r + 1)n)
4 2 }.

5 Forallj>—1,7>j+0+1, and K;,, C Z;j,(£) NZj,

~ 2-r 10g2 (2T’/|K.7T,7€|) 10g((]+2)(7’+ 1)n)
(54) Eirt(|Kjrel) <c \Kj,r,z!\/ + - j N 2
Moreover,
Eiri(|Z 7 : —rlog? (2(r—3)(1-0)
(55) E [gj,r,é“Zj,r(f) N Zj|)] <ec M2r9+j(1_9)\/2 log+ (2 . /M)

+log((j +2)(r+1)n)
vn '
6. For all j > —1,r > j+ £+ 1 such that 2" < gjn/log((j + 2)n),

=~ 5 2-r log (J+2)(r+1)n)
(56) &mM%ﬂ)ﬂZI<CbZI 7
Moreover,
(57) E[|Z),|14] < eM2r?+3(1=0),

In all these inequalities, ¢ only depends on ¥, p, 6

35

Proof of Lemma 24. The first point is true because v is piecewise constant. We now assume that

2" < mn in the rest of the proof.
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We turn to the second point. We have,
B <2792 N |Bul.

kE€L;  (0)Z;
This gives (49) when p =1 as f € Bf . ,(R). When p > 1, we use (39) to get
Bjre®) < er2728;.llpoclZir (0) N Z;] .
We then take the expectation, apply Jensen’s inequality and (45) to get (49).

We now show (50). By using Jensen’s inequality,

EHKj,r,Z” + EHKj,r,ZH 10g+ (2T+1/E[|Kj,r,€|])

E &, o(|K;, }<
Ejra(|Kjrel)| < 2 - "

(58) +\/1°g((j + 272(7“ + D) log((j + 272(7“ +1)n)

Note that |K; ¢ < |Z;,(¢)| and
(59) Zir(0)] <2741 D752, < es2”.
kEZ

It then follows from the inequality 2" < zn and from elementary computations that the second
term in (58) is not smaller than the first one, up to a multiplicative factor.

As to (51), we remark that (45) becomes
E(|Z;(£) NZj]) < eaM /(=027
when 7 = j + £. We then use (50) with Kj,, = 2”(6) NZ;.
We now prove (52). Observe that for all 2" < 7n, and r > ¢+ j + 1,
Xjr < s min {]2]\ + logn, 27’} ,

where ¢5 only depends on the wavelet basis (this uses ]2;,] < \Z]\ when 2" < ¢jn/log((j +2)n)).
We deduce from (23) that on A,

o~

Njr < c6(E[|Z;]] + logn).
As M > 1, and 6 > 0, we deduce from (46),

Ajr < C7M’I’L€2j(1_€) ,

and using (59),

. 2-71 Mnf92i(1-9) /| K. .
(60) Ejre([Kjrel)la < CS\Kj,r,d\/ s (Mn - L)

log, (Mn2=9/|K;,0)  log((j +2)(r + 1)n)
+cs .
n NG

+ ¢8| K r ]
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We then use the condition on r to get (52). As to (53), we apply (60) with K ,, = ZM(E) NZ;.
We take the expectation, apply Jensen’s inequality and (45). This yields

~ ~ _ . 271 2-r
B & e(|Zr(0) N Zj[) 14| < 69M2r0+](1—0)\/ og, (n27")
n
+ o MTO+i(1=0) log (n27") b log((j +2)(r + 1)")‘
n NLD

We then remark that the second term is not smaller than the first one thanks to the condition on r
(up to a multiplicative factor).

The proof of (54) is merely based on the inequality Xj,r < 21 the condition on 7, and on (59).
The proof of (55) then follows from Jensen’s inequality and (45).

We turn to the proof of (56). Here, we use Xj,r < I@T . By doing as in the proof of (59),
]2;,] < ¢102". Note also that the maps « — x+/log, (a/x) and z — zlog, (a/z) are increasing. By

using moreover Z;,(¢) C Z' ,

S _ o Z5 log((G+2)(r + 1)n
Eirt(1Zsr(0) NZj)1a < ey [yz;my,/ —+ 7’1 + g((J \/)ﬁ( )n) |

By using the condition on r, the second term in the above inequality is not larger than the first
one, up to a multiplicative factor.

Finally, the proof of (57) comes from the embedding zr C Z;T (see (25)) valid on A, and from
the following inequalities valid for all ¢ > 0,

|{k7 € Z7 0-_?,]g > t}| < |{k7 € Z7 fj,k > Cl2t}|
< clgMGt—€2j(1—€)

thanks to Lemma 19. O

Lemma 25.Let p € (0,00, a € (1/p —1)4,7), R >0, and f be a density of WB, . (R). Then,
there exist C > 0 and q¢ > 1 such that ||f|l; < C. Moreover, C only depends on the wavelet basis,
p, @ and R.

Proof of Lemma 25. The proof of this lemma is deferred to Appendix C. O

4.3. Proof of Theorem 2. Throughout this section, ¢ denotes an integer such that
9l < p1/(=0) ~ ot+1,

We now introduce for Kj,, C ZM(E) NZj,

j\t’jvrvé(Kjvrvé) = {B\jvrvé(Kjvrvé) + é\‘j7T7é(|Kj,T’,Z|)} 1A7
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where A is the event defined in Theorem 5. It follows from Lemmas 21, 24 and 25 that we only
need to bound

(61) > E inf Ty (Koyy)
r>0—1 K,LT’(CZ,l,T-(Z)ﬂZ,l
2T <nn

~

cologn
+ Z E[ inf B Tj,e+j,é(Kj,é+j,€)]
j=0

K 014,0CZj 045 (0)NZL;

+Z Z E[K inf @,T,Z(Kj,r,ﬁ)]

>0 r>04j+1 4,0 CLjr (O)NZ;
2r<nn

from above (we take ¢; = ¢ for all j). Here, ¢g is a factor depending on a,p, R and the wavelet
basis only. We begin by studying the first term of (61).

Lemma 26. Let p € (0,00|, a € ((1/p — 1)4,7), 8 € [0,1)N[0,p], R >0, M > 1 and f €
Fapo(R,M). Then,

(62) > E inf Tore(K 1)
r>0—1 K_1,0CZ—1,(€)NZ—1
2F§7rn

< ¢ {Mn_(l_‘g) [19>1/2 + (log n)lgzl/g] + MY/CO=0) p=1/2 (log? n)n_1/2 ,

where ¢ only depends on 1,6, p.

Proof of Lemma 26. Let A be the left-hand side of (62). We take K_;,, = 2_177,(6) NZ_; and
deduce from (51), and (55) that if 6 € [0,1/2),

1/(1-0)
A< e [ M n log(ﬁn)]

" Vi
r(1—6
e Y MQT’(G—l/?)\/lOng (n2=0 /M) | log((r +1)n)
r>0 n \/,ﬁ
2r<mn

We conclude by applying Lemma 30 in Appendix B. If § € (1/2,1), we rather use (51) and (53) to
get

1/(1-0)
AScz[ M - +1°%/(§")]

log, (n277) log((r 4+ 1)n)
r(0—1/2 +
+o Y [M2 (6-1/2) ; M

)

r>0
2r<mn



NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 39
and we apply Lemma 30 again. For § = 1/2, we use (56) and (57), to get with K_; ,, = Z_l,r(ﬁ) N
Z—la

Z E [f—l,r,é(K—l,r,Z)} <c3 [M(log n)n~ 2 + (log?n)n =1/ ] :
r>0
2" <¢_y1mn/logn

When 7 is higher, we choose K_; ;. = () and note:

> E [f—l,r,é(K—l,r,é)} <223 B k[P [62, 4 < (logn)/(s-1n) N A

r>/ keZ

2" >¢_1mn/logn
< 2!/ Z |81,k

keZ
031 r<calogn/n

Therefore, the integers k are such that f_;; < cslogn/n and we conclude as in the proof of
Lemma 20. g
The lemma below deals with the second term of (61).

Lemma 27. Let p € (0,00|, a € (1/p — 1)4,7), 8 € [0,1)N[0,p], R >0, M > 1 and f €
Fapo(R,M). Then,

cologn
> E [ inf Tj,m,e(Kj,uj,z)]
=0

K 045,0CZj 045 (0)NZL;

< ¢y | RM/(H20) pp(a=1/p+1)/(1-0)(20+1)) | o/ (20+1)

(63) + Ml/(z(l_e))n_l/z] + ca(log?n)n1/2,

where ¢1 only depends on a,p, 0,1, and where co only depends on a,p, 0,1, R.

Proof of Lemma 27. We first suppose that p > 1. We have,

cologn
> E inf  Tege(Kjerge)
=0 Kjye+,0CLje+; (O)NL;
cologn

< ) min {E {@,m,z(@)} B [fj,mx@meﬂ(@ ij)]}.
=0
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We use (49) and (51) to get

cologn

Z E
§=0

~

Inf _ Torje(Kjerje)
K 04.0CZj o4 (0)NZ;

[e%) _ i 2
<Y min { RMO-1P/(-0)gja M} Lo letn

n 2 Vn
< 3 |:Rl/(1+2oc)M(a+1—1/p)/((1—6)(2a+1))n—a/(2a+1) +M1/(2(1—6))n—1/2]

=0

+ co(log? n)n /2.

We now suppose p < 1 and consider jy > 0. We deduce from (51),
i 270 log?n

n Cy \/’ﬁ

Jo
> E {Tj’fﬂl(zj,uj(@ ﬂzj)] < e\ ML/A=0)
j=0

We moreover set njl./p_lm — R—1Y/29(/2)(e+1/2) ,—1/(2p) 41

Kjrje = {’f € Zjer; (O NZy, 1Bl = nj} :
As f e WB) (R),
| < nj_—PRp2—jp(a+l/2—l/p)

< R%/(@/p=1)9=2j(a+1-1/p)/(2/p=1) n1/(2/p—1)

reymy;

Moreover, (38) leads to

Z 2_j/2’/8j,k’ < cﬁn;—PRPQ—jP(a+1/2—1/(217))
kEKj ot
< cgRY @/p=1)9=i(a+1-1/p)/(2/p=1) ) —=(1/p=1)/(2/p—1)

Therefore, (50) gives

- : 1
E [Tj,m,e( Kmﬂ)} < [n—a/p—l)/(z/p—l) RY/C/p=1)g—jla+1-1/p)/(2/p-1) , 0BT

Vn
and hence
cologn
S E {fj e ZW)} < cgn~(1/P=1)/(2/p=1) R1/(2/p=1)9=jo(a+1-1/p)/(2/p=1)
J=jo
log?n
+ c9 \/ﬁ .

We conclude by choosing jg appropriately.

It then remains to deal with the last term in (61), namely,

(64) >y E[K inf Tra(Kjre) | -

>0 r>04j+1 40 CLj,r (ONZ;
2r<mn
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We distinguish different cases in the sections below.
4.4. Proof of Theorem 2 when p > 1 and 6 # a/(2a + 1 — 1/p). To make the proof more

concise, we assume temporarily that § # 0. We deduce from (49), (53), (55) that for ¢; large
enough

— le;n + é i Z min {E [j—},r,g(@)} ,E [ﬁ7r7é(ij,r(£) N ZJ)} }

J=0r>l+j+1
2"<7n
3 i —1/py—ij(a- - (1-0), |2 "log, (n277)
< Z Zmln RMl 1/172 J(a 9/P+9)2(1 1/p)7’97M27’0+](1 0) + 7
J=0r>0+j+1 n
2"<mn
—r 2 r—1q .
M2T9+j(1_9) 2 10g+ (2( »Ha 9)/M)
n
Hence,
logn 1 & . ~ ~ o~ _
- + . Z Z min {E [ijé(@)} ,E [ijg(Zj,r(f) N Zj)} }
Vj=0r>e4j1
2"<7n
<> > min { RM(=1/p)/(1=0) 9—jag(1=1/p)r0.
r>1 §>0

2 <n2!—T M —1/(1-0)

—r—j M~1/(1-6)
Ml/(2(1—9>)27”(9—1/2)+j/2\/log+ (n27r—iM )

vn ’
Ml/(2(1—9))27’(9—1/2)+j/2L ]
vn
This expression is not larger than By + By where
By = RM(-1/p)/(1-0) Z Z 9—jag(1-1/p)ro

r>1 >0
27 SWTL217TM71/(179)
rR2M—(2/p=1)/(1=0) nor(1-260/p) < 9j(1+2c)

1 9—r—i \[~1/(1-6)
By = MY X" 3" ming 2701242 \/ o8+ (n ) :
r>1 >0 vn

B 2j§7rn21*:M71/(179)
R R2M—(2/p—1)/(1-0) yor(1-20/p) 5 9j(1+2a)

or(0-1/2)+j/2_T_ |
NG

Note that if 27 < 2= MY A=9) and if 7 R2M—(2/p=1)/(1-0) yor(1-20/p) < 2j(1+2“), then

gia > 9-1/2 g (1-1/p)/(1-0)9r(1-0/p).



42 MATHIEU SART

We deduce,

By < e RMO-1/0/1-0) 37 90=1/0)0 ypiy { R~ (=1/P)/(1=0) 9= (1=0/p)

r>1

|:R2M_(2/p—1)/(1—9) n2r(1_29/p):| —a/(2a+1) } '

This sum is not larger than cp[By1 + By 2], where

B = Z o—7(1-0)

r>ro
Bis = Z ar
r<ro
where
(65) a, = RY/(a+1) la+1-1/p)/((2a+1)(1-0)) o 5a51 [9—2a+ﬁl/p]n—a/<za+1>7

and where g > 1 is the smallest integer such that
2r0(a+1—9/p) > R—IM—(a—i-l—l/p)/(l—G)na
Note that

By < ¢327m00=0)
< ey RO~0)/(+ab/p) yf(01-1/p)/(ot1-0/1) ~0(1-0) (et 1-0/)

As to By, we remark that By = 0 if ro = 1. We may therefore assume that ro > 2, which implies
the reverse inequality

2(ro—1)(a+1—€/p) < R—lM—(a—i-l—l/p)/(l—G)na
Note now that the exponent in the sum is negative when 6 < «/(2ac+1 — 1/p), and hence

Bi2 < cqaq
< s RY/@at D) (et 1=1/p)[(2a+1)(1-0)) , ~ar/ (20+1)

When 6 > a/(2a + 1 — 1/p), the exponent is positive and

B2 < cgan,
< ¢ RU-0)/(Lka=0/p) (@ +1-1/p)/(ack1-0/p) ,~a(1-6)/(at1-0/p)

By gathering these results, we obtain the desired bound on Bj.
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We now deal with By. Lemma 30 in Appendix B gives
By < cg Z min {Q_T(l_e),
r>1

A1/2(1-6)) 9r(9-1/2) (Rz A7~ @/p-1)/(1-6)  or(1- 29/,,))1/2/ Rarl)

\/1Og+ (n2-7(R2M~(2/p=1)/(1=0)p2r(1-20/p) )1/ (Ga+1) | ~1/(1-6))
\/ﬁ )
MR- 012 (g2 M—<2/p—1>/<1—9>ngru—ze/m)1/ 2Qotl) 1 }

NG
<C9Zmln{ —r(1- 9 ar+/log, C,, arr}

r>1
< ¢y [B2,1 + B3]

where
(66) O, = R2/Qoct1) p=2(ect1-1/p)[((20+1)(1-0)) 20/ (20:+1) g =2r(a1-0/p) /(20+1)

and where By and Bs o are defined when 6 < o/(2ac +1 — 1/p) by

00
3271 = E ra,
r=1

3272 = 0.
When 6 > o/(2cc + 1 — 1/p), we rather set
Bay = Z 9-r(1-6)
r>ro

and

Byo = Z ary/log, C;.

r<ro
When 0 < o/(2ac +1 —1/p),
Bs 1 < croan
< o RY/ Q0D (0 1=1/p)/(2041)(1-6)) )y —a/ (2a+1)
When 6 > a/(2ac+ 1 —1/p), the sum By; is equal to By ; and has already been bounded, see the
above. Moreover, we deduce from Lemma 30,
Ba s < c12ar4/log (Cry)
< 13 R0/ (A+a=0/p) pr(ati=1/p)/(a+1-0/p), ~a(1-6)/(a+1-0/p)

It then remains to group all these results to obtain the wished bound on Bs.

Let us now remark that the condition # # 0 was made in the proof in order to use (53) when
0 > a/(2a+1—1/p). It is not necessary when 6 < a/(2ac +1 — 1/p), which is obviously the case
when 6 = 0. The proof remains therefore valid when 6§ = 0.
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4.5. Proof of Theorem 2 when p > 1 and 6§ = a/(2a+1—1/p). The previous proof can easily
be adapted to deal with 6 = o/(2cc + 1 — 1/p). However, it would lead to additional logarithmic
factors. A slight refinement can be obtained thanks to (56). We deduce from Lemma 24 that for
c1 large enough,

. lo\g/; iy Y e {B[00] B [fa007)])
j=0

r>0+j5+1
2r<mn
27<¢;n/log((j+2)n)
1/(2(1—6)) or(0—1/2)+j /2
<Z Z min { RM=1/p)/(1=0)9—jag(1-1/p)rf MO0 .
< ‘ ’ vn
r>1 Jj=20

2J §7T7L217’F_M71/(170)
29 <2¢;(n/logn)2~"M~1/(1-9)

We may now bound the right-hand side of this inequality by By + By where By has been defined
in the preceding section by

By = RMU-1/2)/0=0) 5 3 9—jag(1=1/p)r6

r>1 J=0
2J <rp2t—r M1/ (1-0)
R2)M—(2/p=1)/(1=0) por(1-20/p) < 25(142a)

and where
or(0—1/2)+3/2

By = MY 2(1-9)) Z Z ?
n

r>1 >0
27 SWTL217TM71/(179)
R2 M~ (2/p-1)/(1—6) jyor(1-20/p) 5 95 (1+2a)

corresponds to the definition of the preceding section, up to log factors. Similar computations then
lead to

By + By < ¢ RV @act1) p(at1=1/p)/(2041)(1-0)) =/ (204+1) 19 1y
It then remains to deal with

Z Z E [K inf j:j,r,E(Kj,r,Z)]

3>0 0441 5.rtCLjr (0N
2"<7n
27 >¢;n/ log((j+2)n)

<> Y E[T.0)

J>0  r>0+j+1

2">gin/logn
<" 27237 B[P (62 < (logn)/(m) N A]
>0 ke
<> 292 N B
>0 ke

sz.,kgcg logn/n

<> 292N Bl

>0 ke,
fijk<calogn/n
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We conclude by applying Lemma 20.

4.6. Proof of Theorem 2 when p=1 and 0 = a/(2a + 1 —1/p). Since f € B (R),

> B0 <272 > 1Bkl

r>0+j+1 r2b+j+1 keZ; (0N
<2772 1854l
keZ
(67) < R2772,

Let us remark that the boundary § = «/(2a +1 — 1/p) is # = 1/2 here. We deduce from (56)
and (57) that if 2" < gn/log((j + 2)n),

~

E [60eZs (0 N Ty 14] <1 [M P12 log((j +2)(r + D)

Vvn vn
Therefore,
3 > = M2i/210gn  log2n
r>l4j+1

2" <gjn/log((j+2)n)

We put (68) and (67) together and conclude the proof as in the preceding section.

4.7. Proof of Theorem 2 when p < 1 and 6 # a/(2a+ 1 —1/p). As in Section 4.4, we first
suppose that 6 £ 0. We define for r > £ 4+ j + 1,

Kjrp = {k‘ € Zjr(0) N Zj, |Bixl > 2‘("‘”/%‘1/2} .
As f e WB (R) and (38), we get |Kj,¢| < kj, and
(69) Z 9-7/2 1Bil < clkj,r2_’"/2n_1/2
kQKj,r',Z
where k;, = RPnp/29—ip(e+1-1/p)orp/2
We consider r and j such that 2" < zn, and j <r— ¢—1. We deduce from (52), (54), and the

conditions on 7, j,

~

Tiro(Kjre) < c2kj,r2_r/2n_1/2log+ <Mn9_p/22_Tp/22jp(a+1_€/p)/Rp)+03(log n)n_1/2

JA’j,r,g(ijg) < 64/<;j,7,2_’"/2n_l/zlogJr (n_p/227’(1_p/2)2jp(o‘+1_1/p)/Rp)+C5(log n)n~1/2,

We derive from these two inequalities, from (53) and (55),

logn 1
— — E
P a 2
J20r>l+j5+1
2r <mn

. / /
< E E min{A;,, A, Bjr, B .}
r>1 >0
2J S7T77,2177‘M71/(179)

inf TG 0(Kjre)
Kj’r’( CZyj,r (Z)F‘IZ]‘
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where
Aj, = RP M~ (1-p)/(2(01-0)) ), —(1=p)/29—r(1-p)/29—jp(a—1/(2p)+1/2)
x log., (Ml—p/(2(1—0))ne—p/z2—rp/22jp(a+1/2—9/p)/Rp>
A;yr — ppM—(1-p)/(2(1-0)) ,, —(1-p)/29—r(1=p)/29—jp(a—1/(2p)+1/2)
x log., ( A(=2/2)/1=60),,~p/29r(1=p/2) gipla+1/2) Rp>

log , (n2_’"_jM—1/(1—9))
n

Bj ;= Ml/(2(1—6))2r(6—1/2)+j/2\/

B, = pMY/(2(0A=0)9r(0—-1/2)+j/2 L.
J,r \/ﬁ

Let j, be the smallest (possibly negative) integer such that

R2M~(2/p-1)/(1-0), 5-r(20/p=1) < gir(2act1),
Lemma 30 entails when 7, > 0:

E min{Ajm Bjﬂ«}
Jj=0
2J Sﬂ'n2177'M71/(179)

< e { RP M- (-9 2(=0)) ) ~(1=p) /29 =1 (1-p) 29 ~Grpla—1/(2p) +1/2)

xlog <M1—p/(2(1—9))n9—p/2Q—Tp/22jrp(a+1/2—9/p)/Rp)

+ Ml/(2(1—9))QT(9—1/2)+jr/2\/ log, (n27r =3 M=H/U70) }

n
< cgay 10g+ CT’7

where a, and C, have been defined in Section 4.4 by (65) and (66). The same results holds true
when j,. < 0 since then

E min{Ajm Bj,r}
Jj=>0
20 <2t~ M1/ (1-6)

<D Ajrjon

Jj=0
< e RPM—(1-P)/(2(1-6)) [, ~(1-p)/29-1(1=p) /29 —jrpla=1/(20)+1/2)

xlog., (Ml—p/(2(1_€))nG—P/22—Tp/22jrp(a+1/2—€/p)/Rp>

< c100r 10g+ CT"
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Likewise, by supposing without loss of generality that 5, > 0,

/
E mln{Aj s M}
Jj=>0
2J <rp2t—r M1/ (1-0)

< cn {RpM_(l_p)/(Q(l_e))n‘(l‘PW2—7’(1—p)/22—jr-p(a—1/(2p)+1/2)
x log, (M(l—p/2)/(1_€)n_P/227‘(1—p/2)2jrp(a+1/2)/Rp>

A1/ 20-0)) 9r(6-1/2) 43 2T
" NG

< cioray.

We also have,

Z Bjﬂn < 0132_T(1_9).
Jj=0
2j§ﬂ.n2177'M71/(179)
Therefore,
(o.0]
. / / . —r(1-6

Z Z min{A;,, A5 ., Bj,, Bj,} < cua Zmln {ar log, C;,ra,,2 7( )} )
r>1 j=>0 r=1

21 <gp2l=r ) —1/(1-6)

We conclude the proof as in the end of Section 4.4 (by noticing, as previously, that the reasoning
does not need (52) and (53) when 6 < a/(2a + 1 — 1/p) and is therefore also valid when 6 = 0).

4.8. Proof of Theorem 2 when p <1 and 6 = o/(2a+1—1/p). We define the same set K, ¢

and the same real number k; , as in the preceding section. When 2" < ¢;n/log((j+2)n), /)‘\jn“ < \Z;r
and hence

log((j + 2)(7" + Dn)

(1K jrel) —

— \Zﬂw/kﬂ) tog (125,1/ks.r )
< Clkij r +

n

cok;j

J r10g+ Z;,\ /i)

Jensen’s inequality, (57) and (69) imply

log((j +2)(r + 1)n)
n
2-"log? (M R-p2r(0=p/2p—p/22jp(a+1-0/p))
Cgk‘jx .

n

E BB )| -

IN
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Note that (56) and (57) entail

L B M2r0=1/2)+i(1=0)  oo((j + 2)(r + 1)n
E |:Tj,r,£(Zj,r(€) N Zj)} S G [ \/ﬁ + g((] \/)ﬁ( ) )
We deduce,
log®n 1 I
_ L E lAHf _ Tj,r,f(ijT’ve)]
Voo ;) r>é§+;+1 [Kj’“eczj’r(z)nzj
2"<7mn
27 <g;n/ log((j+2)n)
< Z Z min{A;,, Bj,},
r>1 Jj=0
9i Sﬂ_nzl—erl/(lfe)

where

A, = RPM~1=P)/(0=0), ~(1-p)/29=r(1=p) /29 =ip(a=1/(2p)+1/2)
x log,, < A(-p/2)/(1-6) R—p2r<e—p/2>n—p/22jp<a+1/2>)

Bj, = MY@U=0)9r0=1/2+i/2 /175
By doing as in the preceding section,

Z min{A;,, B;,} < cgn— 0/ a1 R1/(a+1) p ra+1-1/p) /((20+1)(1-6))
j=0
29 <qp2t—T M1/ (1=0)

Moreover, this sum is equal to 0 if 2" > 27n M~/ (=9 Thus,

Z Z min{Aj,r, Bjﬂ«}

r>1 >0
27 SWTL217TM71/(179)

< C7(log n)n—a/(2a+l)Rl/(2o¢+l)M(a+1—1/p)/((20c+1)(1—9)) )

Note finally that we may bound

Z Z E inf j:’j,r,é(Kj,r,Z)

>0 F>4j4+1 Kj,T,eCZj,T-(Z)ﬂZj
2r<mn
2">g;in/log((j+2)n)

from above as we did at the end of Section 4.5.
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A. A PROBABILITY INEQUALITY.

The following proposition is based on standard results in empirical processes. It uses the notion
of VC subgraph classes, see [vdV13] for their definitions and properties.

Proposition 6. Let F be an at most countable VC subgraph class of functions f defined on R
and with values in [—1,1]. We suppose that the VC dimension of F is not larger than d > 1. We
consider f such that |f(z)| < f(x) < 1 for all x € R. We further consider a map o2(-) defined
on F U{f} and satisfying o®(f) > E[f?(X)] for all f € F U{f}.

Then, there exists for all € > 0 an event of probability 1 — e~¢ on which: for all f € F,

n

(70) LIS (70 ~ BIF)| < CminfRa (). Ba(),
=1
where
W) ) =L 0s, (02(Do(0) + Lrom, (no2F)jd) + o2 BN
& +logn
+

n

1 1
(72) R2<f>=\/%02<f>1og+<|f|>+%log+<|f|>+ pr( 0B | S losn,

and where C' is a numerical value. In the above inequality, Ro(f) = 400 if F is infinite.

Proof of Proposition 6. We need the two following lemmas (see Theorem 3.1 of [GKO06] for the first,
and [Mas07] for the second).

Lemma 28. Let F be an at most countable VC subgraph class of functions f defined on R and
with values in [—1,1]. We suppose that the VC dimension of F is not larger than d > 1. We
consider a map f such that |f(x)| < f(x) <1 for all z € R. Let o(f) be a real number such that
a?(f) > E[f%(X)]. Let moreover o> > 0 be such that Supfe]:E[fQ(X)] < o2, Then,

1
E lsup —

Z(f(Xi) - E[f(X3)])
i=1
where C is a numerical value.

<C
feF

\/ 502 log, (02(f) /o) + %10g+<02<f>/o2>] :

Lemma 29. Let F be a finite class of functions f defined on R and with values in [—1,1]. Let a% > 0
such that sup ez E[f?(X)] < o2. Then,

LIS - E[f(XnDu <c [\/ ~o?log. (17 + %m(\ﬂ)] ,

E |sup —
fer i

where C is a numerical value.

We only prove the inequality with R;(f), the proof with Ra(f) is similar (use Lemma 29 instead
of Lemma 28 and set jo below as the smallest integer such that 20=1 > n). We may assume
without loss of generality that d < n and o%(f) € (0,1] for all f € F. Let jo be the smallest integer
such that 2701 > n/d. We define for j € [1, jo — 1],

Fi={feF 277 <o?(f) <277t}
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and set
Fjy={f € F,o*(f) <270}
Let then for all j € [1, j0],

0]2, — 9—J+1
1 n
Zj = 1 ;(f(Xi) ~E[f(X;)])|.

We consider some &, > 0 and deduce from Talagrand’s inequality (see the second equation on

page 170 of [Mas07]), and from the elementary inequalities \/z +y < x4+ /Yy, 2/7y < =+,
that on an event ;(§y) of probability 1 — e 0,

7; < c[E[2,) + /(03 /n)éo + &o/n]
where ¢ is universal. We now set for all o2 > 0,
d - d -
A(0®) = \/gaz log, (0%(f)/0%) + — log(a*(f)/o?).

Any o?(f) belongs to [(1/2)0]2-,0]2-] when f € F; with j < jo — 1. We deduce from Lemma 28 that
for all such j,

E[Z;] < CA(6?)

<C

V3 Lo o, (212 ) + 10w, (e (7 >/d)] -

We deduce that on Q;(&p): for all f € Fj,

\/ Lo2()log (02(1) /(1)

+1og. (1)) + /G2 e + &0/

where C’ is universal. When j = jy, we rather have
E[Z;] < CA(d/n)

< | ylog (w0 (D)) + S 1og, (0?7 )|

< 20% log , (n02(f)/d) .
Hence, on Q;,(&): for all f € Fj,,

> (6~ B (X))

<o’ [g log | (naz(f)/d) +/(d/n?)& + {o/n}

<" | Sog, (nr* (/) + &o/n

where C" is universal. We now set &y = £ + log jo < € + 1.4 + logn and conclude using a union
bound. 0
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B. AN ELEMENTARY LEMMA

Lemma 30. For all ay,a2,b >0, k € [0,1], and ro > 1,

70
Z 2ra1 log’fzF (b2_m2) < ¢2MH log’fzF (b2_m“2) ,

r=1

and

o
Z 2 rMm log]i (b272) < 270 log]f|r (b27092) |

r=ro
where ¢ only depends on ay, a9, k.

Proof of Lemma 30. We only show the first inequality. The proof of the second inequality follows
the same line. When k = 1, we write

70

Z 2" log , (b2_m2)

r=1
<o > 21 4 > 2741 Jog (b27742)
1<r<rg 1<r<rg
[ 2(r+1ag >pe—az/(a1+1) 9(r+1)ag ~pe—az/(a1+1)
(73) < 2709 + > 2727 | |
1<r<rg
L o(r+1)ag ~pe—az/(a1+1)

where f denotes the map defined for z > 0 by f(z) = 27 log(bx®?). Let 71 be the largest
integer such that o(r+laz  pe—az/(a+1)  The proof when k = 1 is complete if 71 < 0 and we
assume from now on that v > 1. We set ro = min{rg,r;}. Since f is decreasing and non negative
when bz > ¢®2/(+1) we get

) o—T
E 277f(277) <2 g / f(z)dx
1<r<ro r=1727""7"
o(r+1)ag ~pe—az/(aj+1)

§2/200 () da

—rg—1
< 32" Jog, (b272"2)
< ¢4270% log (b27%2"0).
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By putting this result in (73), we get the lemma when k£ = 1. The proof when k # 1 then follows
from Holder inequality:

f: grai log'j_ (b2—ra2) _ io: 2rka1 logi (b2—ra2) 2r(1—k)a1
r=1 r=1

1-k
22"“1 log, (b277%2) ] [Z 2““]

r=1
< 6527“()]6(11 loglj_ (bz—roaz) % 27“()(1 k)a1

< 5270 loglf|r (b2_7’°“2) .

C. PRrROOF OF LEMMA 25
Proof of Lemma 25. Suppose that p < oo and consider an arbitrary real number ¢ in (max{1, p}, p(a+
1)). We use (38) to get

q _
18515 < p— 1851567 - 185, 115,00
Moreover, as © is bounded, ||8;.||_, < c12//2. Therefore, using f € WBj (), we obtain for all
J=>0
i(1—p(a+1)+q/2
18118 < cp2itplottyral?),

where c¢o only depends on v, ¢, R. We deduce,
(74) sz V20N 1Bkl < e
keZ

Suppose that p = oo and take ¢ > 1. Then, using that |5; ;| < 032]/2fj7k, Y okez fik < ca (Lemma 4),
and |8, [l < e5277(F1/2),
18,118 < ge2/IFa=/2te)d),
and the sum (74) is finite.
Note that |a| <1 and 377 [ok| < 1 and hence [|5-1,.[|7 < 1. Now, for all j > 0,

q q
5 w]k _ gila/2-1) / > Bt —k)| dt
keZ kEZ
q
<220 [ 16, e~ 1) e R e
kEZ
q—1
<giory (Zrﬂj,k\qw—k)\) (th—mr) ar
keZ keZ
q—1
<y <Z|ﬁj7k|%<t—k>|) S -mlf
keZ keZ

o0
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< ¢2ila/2-1) Z |Bj.k7.

keZ
The same result holds true when j = —1. Let

J
() =D Bkt

j=—1keZ
The above ensures that (m;(f))s>1 is a Cauchy sequence in (LY, || - ||,) and converges therefore to
a map that must be f. In particular,
o
1£lla < D2 1> Biwthsn|
j=—1llkez q
hence the result. g

D. PROOF OF LEMMA 17
Proof of Lemma 17. For all u > 0,

1 . — N ) < < ; — o < .
(75) P 1;%13_1()((@-1—1) X)) < u} < nlgigg—l P [X(2+1) X < u]

The density of X(;;.1) — X(;) is given for z > 0 by

n! i—1(1 _ £)yr-ic1 -
e L PO = P o 0 )

where F' denotes the cumulative distribution function of X. We have for all u > 0,

P [X(41) = Xy < 4]

- = 1)!(:!_ — /RF(t)i—lf(t) [/Ou(l St ) (¢ ) daz] at
n!

- (i — 1)!(71‘— i — 1)!E [F(Xl)i_l(l - F(X2))n_i_11X1§X2§X1+u]

n!

S o= i— [F(X2)" (1 = F(X2)" " x, <0<y 4
< i E PO - Fa) = [ f(1)
< i e - Fe) [ s /.

By using Holder inequality,
X2
[ s <

Xo—u
Moreover, F(X3) obeys to a uniform distribution on [0, 1] as F' is continuous and hence
i—Dl(n—i—1)!
n! '

E[F(Xo) ' (1-FX)" "1 = (
We use (75) to get

. oy 1-1/q
P |:1<Ii1i1£1_1(X(Z+1) X(z)) <u| < n”f”qu :
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We conclude by setting u such that n||f||qu1—1/q = ¢/n and by using

J ; -1
27 < max {1, 4Ly | Juin (X(i+1) - X(i)) } .

E. PROOF OF PROPOSITION 3

We need the following version of Assouad’s famous lemma. We do not prove this version here as
it can easily be derived from mild modifications of the classical proof (see [BirO6b] for instance).
We also refer to [Yu97, DJW18] for an almost identical version.

Lemma 31. Let D > 1 and (fs)sep be a family of densities indexed by D = {0,1}°. Let k1,...,kp
be D positive numbers and A be the distance defined for all §,0' € D by

D
A(8,0") = kyld; — b)),
j=1

For all j € {1,...,D}, and for all 6,0" € D satisfying 0; # 0’ and 5, = 0}, for all k # j, we suppose
that

(76) W?(f5, ) < 1/(2n),

where h is the Hellinger distance defined by

R (fs, fy) = %/ (\/fé(iﬂ) — \/f5f($))2 dz.

Then, whatever the estimator §e D,

D
iggE [A(é, 5)} > C]z::llij,

where ¢ > 0 is universal.

Since Proposition 3 is written for R and M large enough, we only need to build a subset .7
of By ,(C1R) whose densities f satisfy

|Sl|1p 2|0 f(2) < CaM™O.
z|>1

When p, = 1, we must also have f € Tp(CoM). Here, C1,C2,C3 > 0 are positive terms only
depending on «, p, 0 and the wavelet basis.

We now introduce some notations. In the following, ¢ € B (R) is a compactly supported
density on (—1,0) bounded by 1. Likewise, ¢ € B (p) stands for a compactly supported density
on (1/4,2), bounded from above by 1 and such that inf,c[; /21 ¢(z) > 1/4. The symbol p refers to
any number that ensures the existence of ¢. Finally, L is an arbitrary number larger than 1 such
that supp ¢ and supp ¢ are both included in (—2%,2%F).
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E.1. Case pu, = 1. Let 5 > —1 and jg > 0 be two integers such that 2joti=L > 12 Tet k > 1
be the smallest integer satisfying 1 + 2k > 2j0+j—L__1, and k > 1 be the largest integer such
that 4k + 2k + 1 < 200H-L We endow D = {0,1}* with the Hamming distance A defined for
5,68 € {0,1}* by

k
A(5,8) :Z|5k—5;|.
k=

We consider b > 0 and define h(;(x) ford e D, x € R by

k
hs(z) =b Z 8102011k (@) + (1= 000, 0 iy ()
k=1 k=1

We also set ' '
() = MY/ 20y
and
q = MY0250(1=1/0) 4 blz«’lj:—l
We then define for § € D and = € R,
fs(@) = (1= q)C(x) + g(x) + hs(x).
We show after the present proof:

Lemma 32. Suppose that the parameters j > —1, jo > 0, b > 0 are chosen in such a way that
2jo+i=L > 19 and such that

(77) p2I0/PoI(@+/2) 1. < a1 R

(78) MY0io(/p=1/0-0) < 4 R

(79) b27/2970/0 < qa 010
(80) 200/0%% < q,MY0n~1
(81) g <1

In the above conditions, ai,as9,as,as are suitable terms depending only on p,0,¢ and the wavelet
basis.

Then, F = {fs, 0 € D} is a collection of densities included in By ,.(C1R) N To(CoM). Any
density fs satisfies
sup [z]'/% f3(x) < C3 M0,

|z|>1
Moreover,
(82) inf sup E [di(f, /)| > cb2iot3/2,
I feF

where ¢ only depends on p, 0, and the wavelet basis.

We first prove when 6 < p
(83) inf sup E [d1(/, )]
[ feBy o (CLR)NTp(C2 M)
> ¢R(1=0)/(1+a=08/p) pr(a+1-1/p)/(at1-0/p) , —a(1-0)/(a-+1-6/p)
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For this, we define jg as the smallest integer such that

1 a+1

2j°[5_T] < R

a+1

M7 no«

Note that jo tends to infinity when n grows up. Therefore the condition 20t7=L > 12 is satisfied

when n is large enough. We define ¢; and ¢o small enough so that c‘chQ <as, clcg < ayq, cico < ag.

Since 6 < p, we may take n large enough and define the largest integer j > 0 such that
2 < clM1/9n2_j°/9.
We define
b= 2?1

We may check that (77), (78), (79) and (80) are fulfilled. Note that ¢ tends to 0 when n grows up
and is therefore smaller than 1 when n is large enough. We then deduce (83) from (82).

When 6 = p, the above reasoning works when RP > M /c]?. This condition ensures the existence
of 7 > 0. It is worth mentioning that the lower bound

R(1-6)/(+a—6/p) p(a+1-1/p)/(a+1-0/p) ,, ~a(1-6) /(a-+1-6/p)

follows from

(84) Hlf Sup E |:d1(f7 f)] > CM]—'y:l—Gn_ﬁ/
I fEBS oo (C1R)NTe(C2 M)

when § = p and RP < M/c{*. The proof of which is given below.

We now show (84). We set j = —1, consider ¢, ¢2 such that co < a4 and /c1c2/2 < ag, define j
as the largest integer such that
9Jo/0 < clMl/‘gn,
and b? such that
270/0p2 — CQMI/GTL_I.
We may check that the conditions of the lemma are met hence the result.
We finally prove
inf sup E[ai(f, /)]
f fGBg,oo(CﬁR)ﬂ'Tg(CzM)
> (RY/2a+1) (a+1-1/p)/(1-6)(20+1) | o/ (20+1)

We define jo > 0 such that 2/0—1 < c?/(l_e)Ml/(l_e) < 290 where ¢; = 2 - 1519, We define j as
the smallest integer such that

M~10R29-i(a+1) < =1950(2/p=1/9)

Since j tends to +0o when n grows up, the condition 20+~ > 12 is fulfilled when n is large
enough. Besides, ¢ < 1/2 and (78) holds true if Ry, My are large enough. Moreover, we set

b = ¢y R2I0/Pg—ila+1/2)

where co = min {al, 1/a4}. We conclude by applying Lemma 32 as above. O

Proof of Lemma 32. We begin by showing two lemmas relating to the properties of hs and g.
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Lemma 33. For all § € 9, the map hs is compactly supported on [270~1 270 and belongs to
7.1/poj(a+1/2—1
Bp o (bk; /poi(a+1/ /p)ljzo) .

Moreover, |hs| € Ty (clb92j9/22jo),

(85) / ha () dar = b1,
and

[ hslloe < 202772,
We therefore also have

|Sl|lp ’x‘l/efhg(x)‘ < (331)23'/22jo/€.
z|>1

Here, ¢y, co,c3 only depend on the wavelet basis and 6.
Sketch of proof of Lemma 33. We remark that the supports of 1/71]-72“1,,f and 'lzj’2L+1k/ are disjoint
when k # k’. Therefore,

[126]lc0 < bsup 19201k lloo < bmax{]|Blloc, 277214 oo }-
We then deduce from Lemma 2.1 of [CL20],
ksl € To (Insll% (@ + 1)),

which shows |hs| € Ty (clb92(j/2)92j0) )

We get (85) by noticing that [ ¢ =1 and i 1 = 0 as the wavelet basis is bi-orthogonal and that
¢ =11 O

Lemma 34. The map g is compactly supported on [270=2 2002 [t satisfies
/ g(x) dz = MV/o9i0(1-1/0),

Besides, for all x € [270~1 270],
g(x) > 471 M1 /0975019
It belongs to
B (C4M1/02jo(1/p—1/9—a)> () Ta(es M),
and satisfies

sup |z|"0)g(x)| < cgM?.
|z[>1

Here, cy4, cs5,cg only depend on ¢, 0

Sketch of the proof of of Lemma 34. We only prove that g belongs to the Besov class. The wavelet
coefficient of g is denoted for 7/ > 0 and k' € Z by

= ooty
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Yet,

5},1« — pMY/09(1/2=1/0)jo /90(117)7/)j'+j0,k' (z) dz.

In particular,

”5;, Ip < pM/0250(1/p=1/0=0)9—j'(a+1/2-1/p)
hence the result. O

We now turn to the proof of Lemma 32. By choosing a; and as appropriately, we deduce from
(77) and (78) that g and hs lie in By (R). We deduce from (81) and from the (quasi) triangle
inequality for the (quasi) norms || - ||, that f5 € By (c7R). Note that (79) yields g(z) > 2| hs]|oo
for all z € [270~1 2J0] if a3 is suitably taken. In particular, f5 is non-negative and is therefore a
density. Moreover, (79) implies |hs| € Tg(M) and hence f5 € Tp(csM ). Besides,

sup [z["/* f5(x) < cod°.
jo|>1

We now observe that fs(x) = (1—q)¢(z)+g(z) for all z & [270=1 270]. And, for all x € [2/0~1 270],
we have
fs(x) > 8 11 /09=50/0,
Consider now j € {1,...,k} and 4,8 € D satisfying §; # &; and oy, = 0y for all k # j. Then,

(f(;(a;) - fé’(x))2 d
min{ f5(z), fs(z)}

< M-1P900/0 / (hs(x) — hyy ()2 da

R2(fs, f5) < % T

< oM~ Y/0950/0p2,

We may therefore fulfil condition (76) by choosing a4 thanks to (80). Lemma 31 then entails: any
estimator 0 € D satisfies

supE [A(g, 5)} > ck.
6€D

We have for all §,¢" € D,
di(fs, for) = di(hs, hs)
= c10b2772A(6,6")
as the supports of 1[_)]-,2L+1 i are disjoint when k varies.
Let now f be an estimator of f and § € D such that
di(f, f5) = inf di(F, s)-
We have,

—_

gggE [d1(f5, f)] 23 gggE [di(fs, f5)]

> 011b2_j/2/;3.

We use the definition of k to conclude. O
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E.2. Case yu, =vp, p# 1,0 =a/(2a+1—1/p). When p > 1, we consider two arbitrary numbers

51 < S in
1 1 1 1—-1/p
200+ 1" 2a + 1 1-1/0])"°

When p < 1, s1 < sg are arbitrary numbers lying in

Lo, 1-1p] 1
20 + 1 1-1/0)"2a+1)"

We define the largest integers jo, j; such that 270 < n®t and 27! < n’2. We set

ai/p—l _ R2a/(2a+1)M—(l+2a—1/p)/(2a+1)7

a4y = RY/2aFD) p(1+2a=1/p)/(20+1)
We define for all j € {jo, ..., 1} the largest integer ¢; > 0 such that
9% < g,290/(0=1/p) p=a/((2a+1)(1=1/p))

We define when p < 1 the smallest integer ¢ > 1 satisfying 20¢/(1-1/P) < 1 /4. When p > 1, t is
rather defined as the smallest integer such that 2°*/(1=1/P) > 4. We consider the subset

J = {jo+kt, k€N, k < (j1 — jo)/t}

of {jo,...,j1} and observe that the intervals [26~1,2%] are disjoint when j varies in .J. Besides,
as j1 — jo is of the order of logn, J is non-empty when n is large enough.

We define for n large enough the smallest integer k; > 1 satisfying 1 +2k; > 26i+t3=L=1 "and the
largest integer E‘j > 1 satisfying 21@» +2k;+1< oliti—L,

We consider a > 0 to be specified later on, and set for j € J, x € R,
gj(x) = aM 027410 o270 1)

g(@) = g;(@).

jed
We show:

Lemma 35. For all £ > 0, there is ng such that g lies in By (€) if n > ng. Moreover, g satisfies

(86) sup |z|Y0g(x) < 22+Y0ant/0.
z€eR

Proof of Lemma 35. We first show that g belongs to the Besov class. We denote for 7' > 0, k¥’ € Z,
the wavelet coefficient of g by

5;",14 = /9($)¢j’,k/(x) dz.

It is equal to

JjeJ
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Minkowski’s integral inequality yields when p > 1 is finite:

||5;",-H;D < aM1/€Z2—Zj/€2Zj/2 [Z

jeJ k' €Z

/ D@y, i () da

p] 1/p

as p € By (p) and hence g € By ,,(¢) when n is large enough. This result is also true when p = oc.
When p < 1, we merely use the inequality (3, xx)” < >, x} to get

185 It < (a ( M1/9> ZQ tap/fgt/2 § / @)oo (@ )d:z:p

k'eZ

<Cla AL/ ZQ i (a+1/6—1/p) 2—j’(a+1/2—1/p)7

jeJ

< C} <aM1/9>p Zg—fjp(aﬂ/@—l/p) 2—j’p(a+1/2—1/p),
jeJ
which leads to the same result.

We now turn to the proof of (86). Since g is compactly supported on (0,400) we may suppose
that > 0. It is straightforward that p(z) < 21/933_1/91(1/4 9y (z) for all z > 0. We deduce,

1/6
2 0g(z) < abM? Z( > / (27 %)
jed
< a2'/O Mo Z 1[2ej72 2ej+2] (z).
jeJ ’
fj—1’2€j]

Since the intervals [2 are disjoint, the sum is not larger than 4, hence the result. O

We put D =" ._;k;, and identify the set

D= {(5j7k)j€J,ke{1,...,l§j}’ djk € {0, 1}} ;

jedJ

with {0,1}7.
Let now for all j € J,
bj = agn /et 9=tin=i/2
We also set for all x € R, and 6§ € D,
k;
hs,j(x) = b; Zéyk%%H k+k)( z),
k=1

x) =) hs(x)

jed
We show:

Lemma 36. For all j € J, supp hsj C [26=1 24]. Moreover, hs belongs to By« (c1R), and for
all n > ng, 2|hs(z)| < g(x). Here, ¢y only depends on the wavelet basis and o, p.



NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 63

Sketch of the proof of Lemma 36. We only show that 2|hs(x)| < g(x). Since the supports of hs ;
are disjoint when j varies, we have

Supw€[22371 i ‘h&(m)‘ < Sup$€[22371 2 j} ‘h(s’-] (x)‘
inf a1 9t g(x) — inf 06146 g;(x)
=y Il

= T aM1/09-4;/0"

We conclude by noting that the right-hand side of this inequality tends to 0 with n (uniformly
in 7). O

We introduce
0= [ (9la) + ho(a) .

This term does not depend on § as the integrate of hg is zero. It is equal to

g = abM/? Z 9l (1-1/6)
jeJ
and tends therefore to 0 when n grows up. We then consider the density fs defined for all § € D
and z € R,

The two preceding lemmas ensure fs € By ., (c2RR) and

sug 2|0 f5(x) < s MM,
S

We set % = {fs, § € D}, and endow D with the distance A defined for §,¢" € D by

A(8,0) = 27/, Z 16, —

jed

Note that the supports of TZJ]'72L+1(k+Ej) are pairwise disjoint when k € {1,... ,l;:j} and j € J. In

particular, for all §,¢" € D,
163~ gt =  [161) A6

Consider now an estimator f of f and define § € D such that
dl(f57f) = gg%dl(f(%f)
The triangle inequality entails

(87) sup E [di (£, )] 2 (1/2) sup E [ (5. f3)]

fez



64 MATHIEU SART

We now check that the assumptions of Lemma 31 are met. We consider 9, 0 eD,jeld ke
{1,...,k;}, and suppose that 0,/ p = 5;'/,14 for all (j', k") # (j,k). We have,
ol;/9
= 2aM1/0
ol;/9
< C4ij
2253‘(1/9—2)
= AR

< C5a_1n_1.

h2(fs, f) /(fa(x) — f5(2))* da

p20/(201)9=j

The right-hand side of this inequality is smaller than 1 /(2n) if a is large enough. We deduce from
Lemma 31 and (87) that any estimator f satisfies

sup E [dl(f, f)} > 5y 277%b;k;,
fer jeJ

> crag|J|n~ /et

We conclude by noticing that |J| > cglogn where cg > 0 only depends on «, p, s1, $2. O

E.3. Case pp, =vy , p=1, 0 = a/(2a+1—1/p). We consider a > 0 and define the largest j

such that
9J < a—l/(2a+1)R2/(2a+1)M—2/(1+2a)n1/(2a+1) (log n)—2/(2a+1) )

We introduce two arbitrary numbers s1 < s2 in (0, a/(4a + 2)). We define the smallest integer rq
and the largest integer rq satisfying
n’t <20 L 2" < 2,
We define for all r € {ro,...,r1}, the smallest integer k, >1 satisfying 1 + 2k, > 22r+i—L=1"and
the largest integer k, > 1 satisfying 2k, + 2k, + 1 < 227+i—L,
We set for all x € R,
gr(z) = aM?27 4 p(27% )

g(z) = g (),

r=rg
where ¢ is the density introduced at the beginning of Section E. The lemma below gathers the
properties of g and is proved as Lemma 35.

Lemma 37. For all ¢ > 0, there is ng such that g belongs to By ,,(¢) when n > ng. It moreover
satisfies

sup z?g(z) < 16aM?.
r€R

Let

D= {(514,7‘)166{1,...,]_%},7 Ok,r € {0, 1}} )

re{ro,...,m1}

which we identify with {0, 1} where D =377 k.
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Moreover, we define for all z € R, r € {rg,...,r1}, 6 € D,

Er
hsr(x) = by Z Ok 241 (ktk, ) (),

k=1
where
bT’ — Rl/(ZOH-l)M20c/(20c+1)2—j/22—27’(10g n)—l/(2a+l)n—a/(2&+l).
We then set
1
ho(x) = hsp(x)
r=ro
and have:

Lemma 38. For allr € {ro,...,r1}, supp hs, C [22"1,2%"]. Moreover, hs belongs to By . (c1R),
and satisfies 2|hs(x)| < g(x) for all x € R and n > ng. Here, ¢1 only depends on the wavelet basis
and o, a.

We introduce

g= / (9(2) + hs(a)) da

= aM? Z 272,

r=ro
We then set for all § € D and « € R,
fs(@) = (1= q)C(x) + g(x) + hs(x).
As ¢ tends to 0 when n grows up, it is smaller than 1 if n is large enough and fs is a density.

We gather all the f5 in the set # = {fs5, § € D}, and endow it with the distance A defined for
5,8 € D by

r1 Er
A@G,0) =" b Y ok — 0.
k=1

r=rg

We have for all §,d" € D,
15 = forlln = 22792 (6, 8")
as the supports of T)[_)j’2L+1(k+ET) are pairwise disjoint when k € {1,...,k,.} and r € {rg,...,r}.
We consider 6,8’ € D, r € {ro,...,r1}, k € {1,...,k.}, and suppose that dps ,» = Oy 4o for all
(K',r") # (k,r). We have,
WS fy) < a” M2 [ (f5(0) ~ fi(@))? do

< cza” I M2217p?

< cya LR/ 20D 2/ (Q0t1) (1gg ) =2/ (2041) =20/ (2041) 9

< esq20/(2at1) =1,

The right-hand side of this inequality is smaller than 1/(2n) if a is large enough.
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We deduce from Assouad’s Lemma 31 that any estimator f satisfies

sup E |di(f, /)] = 277/ Z by,

feF

r=ro
> 67(7,1 — 7o+ 1)R1/(2a+1)M2a/(2a+1)(log n)—l/(2a+1)n—a/(2a+1)‘
It then remains to notice that r; — rg + 1 is of the order of logn. O

F. PROOF OF PROPOSITION 4

We only need to prove the proposition when o = 1 /p — 1, what we assume below. We define
Jjo > 2 as the smallest integer such that (n? + 1)277° < 1/4 and consider j; > jo.

We set for j € {jo,...,j1}, kj = 2(nP +1)(2779 — 1) and
K; = {k;j,k'j—l—l,k;j+2,...,kj—|—np}.

We introduce for k € Z, I;), = [k277, (k4 1)277). Note that I;; C [0,1/2) for all j between jo
and j; and all k € K;. Moreover, I;; NIy =0 if j # 5/, no matter (k, k') € K; x Kj.

We set D = (j; — jo + 1)(n? + 1) and write the elements 6 of {0,1}” as § = (6,k)5€ Lot } K -
We endow {0,1}” with the Hamming distance defined for all 6,6’ € {0,1}” by

A(5,0') = Z > 185k —

J=jo k€K

We set for all 6 € {0,1}” and x € R,

22] Z 5]k11

] =jo keK;j
We show below after the present proof:

Lemma 39. For all ¢ > 0, D large enough, and § € {0,1}7, @5 belongs to By o (e)-

We define for z € R,
fs(x) = ps(x) + p1-s(x — 1/2).

Thereby, fs is a compactly supported density on [0,1] lying in By (R) if D is large enough.
Moreover, for all 6,8 € {0,1}7,

@i f) = 206,

Recall that the square h? of the Hellinger distance is not larger than half of d;. We conclude by
applying Assouad’s lemma and by choosing j; large enough. O
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Proof of Lemma 39. We have for all h > 0,

/\%Hh ot ypdt< ZWZ/\lIMHh 1y, ()" dt

J=Jo keK;

) J1 ) . »
gﬁ QJPme{Z ],h}
J=Jo k‘EKj

1)
2(n? + ZZ”’mm{Z J h}
J=jo
nP+1 ,_ —p

Dp h

n+1 .,
SCW}TJ

Consider now some odd number 7 larger than o and note that

<c

T

28565)(0) = 32 () (-0 foste+-k0) — st + = ).

k=0
The above entails that for all D large enough,

/ AL (os) P dt < (e/2)P R,

By noticing that

n?+1 4l _i(1—
sl < > 2770 < (g/2)7

Dr
j=jo

when D is large enough, we conclude that ¢s belongs to SB;‘,OO(e). O

G. PROOF OF PROPOSITION 1.

If f is a density, Fj; <1 and

> Fir=1

kEZ
We deduce from the elementary inequality

(xi) oxs

keZ kEZ
that M must satisfy M > 1 if f € Ty(M). This proves the first assertion.
We now show the first part of the second point. We deduce from (2) that for all j > 0 and k € Z,

279 (k+1/2)

-y S e

j'=—1Kk'€Z 2-J k 1/2)
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Let L > 0 such that [~L, L] contains the supports of ¢ and 1. The above integral is zero if
k & Kj ;s where

Kjip = [—1/2 i mmaxtdO} (i _ L) 1/2 4 207 maxl0) (g 4 E)] .
We deduce

o0
i 2.0 /2
Fip<a > Y |Bjw| lrek,, 27 mxU=232h
J=—1KeL

where ¢; depends on ¢, only. Now, using the same elementary inequality as previously,

ZFﬁkgcﬁ’ Z Z Z mj’vk'

p —pmax{j—3j'/2,7'/2
Lhek, 27" 1=3'/23"12}

kezZ ke€Z j'=—1Kk'e€Z
(o @]
SE DD Kl By |[P 2T,
j=—1k'eZ
o
< Z Z 1811 |” [Qj(l—p>+j’(p/2—1> n Q—j'p/z}
j=—1k'eZ
o
<oR Y {2j(1_17)2—j/170 4 2—j'p(a+1—1/p)}
j'=-1

< chpzj(l—;D)’
which gives the first part of the second point.

The proof of the second part of the second point, as well as the proof of the third point is quite
easy, and we move directly to the proof of the fourth point. For all k & [-27 —1/2,27 +1/2],

277 (k+1/2)

Fir < Ab/ |z~ da.
2-3 (k—1/2)
In particular, for all k > 27 4+ 1/2,
279 (k+1/2) , b .
Fjp < Ab [279(k —1/2)] " da < Ab27900) [(k —1/2)]7"
23 (k—1/2)

and for all k < —27 —1/2,
Fjp < Ab2790=0 [ —1/2)]7°.

The number of k ¢ [—27 —1/2,27 +1/2] such that F};; > t is therefore not larger than
2[4/ 90D 1]
Moreover, the number of k € [—2/ — 1/2,27 4+ 1/2] such that Fj; > t is not larger than
1/b
- b_ - ; 1-1/b
AP et (Sn) e

ke[—21—1/2,20+1/2] keZ

<[t )T



NON LINEAR WAVELET DENSITY ESTIMATION ON THE REAL LINE 69

Now,
1/b 1/b
sup<{t 1p. >t p = sup §t 1p >t
>0 { k% e } te(0. 11{ 1% e }
< (2j+1 + 2)1_1/b +2 <A2—j(1/b—1) + 1) )
which concludes the proof. O

H. PROOF OF EQUALITY (1) IN (L'(R),d;).

The following arguments come mainly from [HKPT12]. We introduce the Kernel K defined for

xz,y € R by
y) =Y bz —k)o(y—k).

kEZ
We put for J >0, K (z,y) = 2/ K(27x,27y) and
Kif(x J/ Kj(z,y)f

We also set

J
K f = Z apdr + Z Z 5]’,1@7;]'716-

keZ =0 k€eZ
When f € L%(R), K;f is the (oblic) projection of f on the space spanned by the basis (¢x)kez
where ¢ (z) = 27/2¢(2’2 — k). Therefore, K;f = K, f for all f € L2(R).

Since ¢ and ¢ are two compactly supported bounded functions, there exists an integrable
function F' such that |K(z,y)| < F(z — y) for all z,y € R. This entails that K is continu-
ous in (L'(R),d;). The same thing holds true for K /. and hence, by using a density argument,
K;f = K/ f for all f e LY(R).

Since K;f — f in (L%(R),ds), we have for all f € L%(R)
2
/ </ K (22 ,y)dy — 1> f*(z)dz — 0 when J — 400.
R \J/R

We deduce (see Lemma 8.4 of [HKPT12]) that [, K(z,y)dy =1 for all z € R.
Therefore, we have for all f € L!(R),

IKsf— fll, < /R K (2, 9)) | () — F(2)] dedy

S/RF(t) </R|f(a;+2—=’t)—f(a;)\ dx> i

This entails K;f — f in (LY(R),dy). O
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